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Abstract

In this paper we study the effects of transaction costs on asset prices. We
assume an overlapping generations economy with a riskless, liquid bond, and
many risky stocks carrying proportional transaction costs. We obtain stock
prices and turnover in closed-form. Surprisingly, a stock’s price may increase in
transaction costs, and a more frequently traded stock may be less adversely af-
fected by an increase in transaction costs. Calculations based on the “marginal”
investor overestimate the effects of transaction costs. For realistic parameter
values, transaction costs have very small effects on stock prices but large effects

on turnover.



Transaction costs such as bid-ask spreads, brokerage commissions, market impact
costs, and transaction taxes, are important in many financial markets.! Moreover,
considerable attention has focused on their effects on asset prices. A recent example
is the debate on how prices of NYSE stocks would be affected if a transaction tax is
imposed.? Transaction costs have also been proposed as an explanation for various
asset pricing puzzles such as the equity premium puzzle (Mehra and Prescott (1985))?
and the small stock puzzle (Banz (1981) and Reinganum (1981)).4

Although transaction costs are mentioned in many asset pricing debates, they are
generally absent from asset pricing models. Some papers introduce transaction costs,
but assume that assets are identical in all other dimensions.® This assumption is
restrictive. In the equity premium puzzle for instance, stocks are riskier than bonds,
while in the small stock puzzle, small stocks are not perfectly correlated with large
stocks. Some other papers relax the assumption that assets differ only in transaction
costs, assuming instead a riskless, perfectly liquid bond, and a risky stock that carries
transaction costs.® These papers treat asset prices as exogenous and determine the
optimal investment policy. They also compare the rate of return on the stock to
the rate of return that a perfectly liquid stock should have, so that the investor is
indifferent between the two stocks. However, the difference between the two rates can
be interpreted as the effect of transaction costs, only when the investor is constrained
to choose one of the two stocks and cannot diversify. In addition, the analysis is
not done in a general equilibrium setup where both stocks are present and prices are
endogenous. Heaton and Lucas (1996) endogenize asset prices in an one bond/one
stock model, but have to resort to numerical methods.

In this paper we develop a general equilibrium model with transaction costs. We
assume a riskless, perfectly liquid bond with a constant rate of return, and many
risky stocks that carry proportional transaction costs. Trade occurs because there
are overlapping generations of investors who buy the assets when born and slowly
sell them until they die. The model is very tractable and stock prices are obtained in
closed-form.

Our results are surprising and contrary to “conventional wisdom” about the effects

of transaction costs on asset prices. First, the price of a stock may increase in its



transaction costs. An increase in transaction costs has two opposing effects on the
stock’s demand. On the one hand, investors buy fewer shares, but on the other, they
hold them for longer periods. We show that either effect can dominate.

According to conventional wisdom, the effect of transaction costs on the stock
price depends on the stock’s minimum holding period, i.e. the holding period of the
marginal investor. For the marginal investor to be induced to buy the stock, the
price has to fall by the present value of transaction costs that he, and all future
marginal investors, incur (the “PV term”).” Our second result is, however, that the
PV term overstates the effect of transaction costs on the stock price. The reason is
that, with transaction costs, investors hold the stock for longer periods. Therefore
the marginal investor holds fewer shares and requires a smaller risk premium. The
difference between the effect of transaction costs and the PV term is important and
should not be neglected in practical applications. For small transaction costs €, the
effect of transaction costs is of order €, while the PV term is of order y/e.

Our third result is about how the effect of transaction costs on the stock price,
depends on the stock’s characteristics. According to conventional wisdom, a more
liquid stock or a riskier stock is more adversely affected by an increase in its trans-
action costs. Indeed, since such a stock is traded more frequently, the holding period
of the marginal investor is shorter and the PV term larger. We show, however, that
a more frequently traded stock may be less adversely affected by an increase in its
transaction costs. The reason is that the marginal investor greatly reduces his stock
holdings and requires a smaller risk premium. An empirical implication of our results
is that a cross-sectional regression of asset returns on transaction costs should include
the following two terms with opposite signs: (i) a nonlinear term in transaction costs®
and (ii) an interaction term between transaction costs and asset risk.

Our fourth result concerns the effect of a change in one stock’s transaction costs
on the price of another stock. According to conventional wisdom, if transaction costs
of a stock decrease, the price of a less liquid but correlated stock should increase,
since agents do not need to trade it as much. We show, however, that the price
may decrease. This result suggests that the introduction of a low transaction cost

derivative (such as an option or a futures contract) may decrease the price of the



underlying asset.’

In addition to stock prices, we study stock turnover and obtain it in closed-form.
A stock’s turnover decreases in the stock’s transaction costs and increases in the
transaction costs of other stocks. Omne would expect turnover to increase in the
stock’s risk, since investors would face a higher cost of deviating from their optimal,
no transaction cost, portfolio. We show, however, that turnover may decrease.

Finally, we calibrate the model. For realistic parameter values, transaction costs
have very small effects on stock prices but large effects on investors’ trading strategies
and turnover. In addition, turnover is small, because it is generated only by lifecycle
effects. Our results are very similar to Constantinides (1986) and Barclay, Kandel,
and Marx (1997).

The rest of the paper is structured as follows: in section 1, we present the model. In
section 2 we study agents’ optimization problem and market-clearing, and determine
a simple set of conditions that are sufficient for equilibrium. In section 3 we construct
the equilibrium in the benchmark case where there are no transaction costs. In section
4 we construct the equilibrium in the case where there are transaction costs. We then
study the effects of transaction costs on stock prices and turnover. In section 5 we
extend the analysis to the case where the short-sale constraint for some stocks is
binding. In section 6 we calibrate the model. Section 7 concludes, and most proofs

are in the Appendix.



1 The Model

We consider a continuous time overlapping generations economy. Time, ¢, goes from
—oo to oo. There is a continuum of agents. Each agent lives for an interval of
length T'. Between times ¢t and t + dt, dt/T agents are born and dt/T" die. The total

population is thus 1.

1.1 Financial Assets

Agents can invest in N + 1 financial assets. The N + 1’st asset is a riskless and
perfectly liquid bond. We assume that its rate of return is constant and equal to 7.
We also assume that the bond can be sold short. The first N assets are risky stocks.

Stock ¢ pays dividends at rate D;;, which follows an Ornstein-Uhlenbeck process

dD;y = —ki(D;y — D;)dt + o;db; . (1)
The constants D;, x;, and o, are the long-run mean, reversion rate, and instantaneous
standard deviation, respectively. The process by = (b14,.,by+) is a Brownian motion
on a probability space (2, F,P). The standard filtration of b; is F' = {F; : t €
(—o0,00)}. The instantaneous covariance between b;; and b, is p;;, and p;; is
normalized to 1. The total number of shares (i.e. the supply) of stock i is s; > 0,
and the price at time ¢ is P;;. Stock ¢ is not perfectly liquid, but carries transaction
costs that are proportional to the number of shares traded. The costs of buying or
selling x; shares are €;x;, with ¢; > 0. We assume that stocks cannot be sold short.
Our results hold, however, even when the short-sale constraint is not binding. The
shares of stock i held by an agent of age ¢ are z;;.'"° We assume that the process z;,

is adapted to F, absolutely continuous, and that its derivative!! is square-integrable,

T dxi,t 2
E(/O <dt> dt) < oo,

The agent’s wealth, W, is defined as the sum of the values of the stock and bond

i.e.

portfolio, i.e.

N
W, = Z Py + M. (2)

i=1



1.2 Endowments and Preferences

Agents are born with an endowment y of a consumption good, and do not receive any
other endowment over their lifetime. They derive utility from lifetime consumption.
Consumption takes the form of a flow ¢, for t € [0, 7] and a “gulp” Cr for t =T. We

assume that the process ¢; is adapted to F', continuous, and square-integrable, i.e.
T
E( / c2dt) < oo.
0
Utility over consumption is exponential, i.e.

T
u(ey, Cr) = —/ e =Pty — e=ACT=AT, (3)

0

We assume a “smooth” utility e=4“7=A7 rather than the constraint Cp > 0 that
is more standard and corresponds to A = oo, for technical reasons. We assume,
however, that A is large in order to obtain qualitatively similar results to the case
A = o0.

The assumptions that are essential to the tractability of the model are the follow-
ing. First, the riskless rate is constant. Second, dividends follow Ornstein-Uhlenbeck
processes and are thus normal. Third, utility over consumption is exponential, and
fourth transaction costs are proportional to the number of shares, rather than the
dollar value. These assumptions turn out to imply two key properties of the equilib-
rium, namely that stock prices are linear in dividends and that agents’ stock holdings
are deterministic.

The assumptions of constant riskless rate, normal dividends, and exponential util-
ity are admittedly special. However they are almost standard in market microstruc-
ture theory.!? They are also used in dynamic asset pricing theory'® since they are
one of the very few sets of assumptions under which the CAPM holds. This paper
shows that, under such standard assumptions, the effects of transaction costs can be

contrary to conventional wisdom.



2 Optimization and Market-Clearing

In this section we study agents’ optimization problem and market-clearing, and de-

termine a simple set of conditions that are sufficient for equilibrium.

2.1 Optimization

We first state the optimization problem. We then determine a set of conditions that

are sufficient for optimality.

2.1.1 The Optimization Problem

To simplify the optimization problem, we immediately assume the equilibrium dy-

namics of the stock prices, F;;. In equilibrium F;; is given by

~ . Dy~ D
Py=P;+ W (4)
The stock price, Py, is a long-run mean, P;, plus a linear function of the deviation
of the dividend, D, from its own long-run mean, D;. The sensitivity of P;; w.r.t.
D;;is 1/(r + k;), and is decreasing in the riskless rate, r, and the reversion rate, ;.
This is intuitive: if  and k; are high, an increase in the current dividend has a small
effect on the present value of future dividends. The instantaneous standard deviation

of P4 is 0;/(r+ k;). By appropriately redefining a share of each stock we can change

0;, and adopt the normalization
g

T+ K

~ 1. (5)

An agent chooses stock holdings, z;, and consumption, ¢;, to maximize expected
utility. The dynamics of his wealth, W, are given by

N N
AW, =Y (Djpdt + dPiy)xiy + rMydt — cdt — > ¢

i=1 i=1

d.ﬁl?@t
dt

dt. (6)

Using equations 1, 2, 4, and 5, we can simplify the wealth dynamics to

N N N
dW, = Z(Ez — rP;)xi,dt + Z Tipdbi g + rWidt — cpdt — Z €i

i=1 i=1 i=1

dl’i’t
dt

dt.  (7)

The first term in the RHS corresponds to the excess return on the stock portfolio

relative to the bond. The second term corresponds to the portfolio’s risk. The third

7



term corresponds to the return if all wealth were invested in the bond. The fourth
and fifth terms correspond to the consumption and transaction costs respectively.
Notice that, due to the dividend and price dynamics 1 and 4 respectively, the divi-
dends, D;;, do not enter in the wealth dynamics 7. Therefore, stock holdings, x;,
will be independent of the D;;’s. Since utility is exponential, the z;,’s will also be
independent of wealth, W;. The z,,’s will only be functions of the agent’s age, and
thus deterministic. This is a key simplifying property of the equilibrium.
At time 0 the agent buys x; shares of stock 7. His bond holdings thus are

N
My=y—> (Pio+€&)zip. (8)

i=1
Equations 2 and 8 imply that the agent’s initial wealth is
N
Wo=y— Z €T30, 9)
i=1
i.e. initial wealth, Wy, is equal to the endowment, y, minus the transaction costs. At
time 7" the agent sells x; p shares of stock . Equation 2 implies that the consumption
gulp is
N N
CT = MT + Z(P@T - Gi)ili'ij = WT — Z €T T (10)

i=1 i=1

Therefore the agent’s optimization problem, (P), is

T
sup —E(/O e~ =Pt 4 e~ ACT=AT)

(mi,e,ct)

subject to
N > Lit
th — Z ((Dz _ rPﬁ)xZ,tdt + xi,tdbi,t) + TWtdt - Ctdt - Z 61' d;’ dt?
i=1 =
N

Wo=y— Z €iZi,0,

=1
N

Cr=Wr — Z €Lq,T,

=1

and the short-sale constraint z;; > 0.



2.1.2 The Optimality Conditions

We now study the optimization problem (P). The main tool for studying consump-
tion/investment problems with transaction costs is dynamic programming. Dynamic
programming is used, for instance, in all the papers that assume one stock, and are
cited in footnote 6. With many stocks, however, dynamic programming becomes very
complex. The state space becomes large, since one state variable must be introduced
for each stock. We will study (P) using the calculus of variations instead of dynamic
programming. More precisely, we will determine a set of sufficient conditions for a
control (x;4,ct) to be locally optimal. Since (P) is concave, the control (z;,¢;) will
be globally optimal. We determine the sufficient conditions in proposition 1, proven
in appendix A. Before stating the proposition we define v =1 —ra/A, and A, by

ra

A, corresponds to the coefficient of absolute risk-aversion of an agent of age ¢t. Since
A is large, 7 € (0,1) and A; increases with age t. Agents are more risk-averse when
old because with a shorter horizon their consumption reacts more to an adverse price

shock.
Proposition 1 Consider N continuous and piecewise C* functions x;, in [0, T]. Sup-
pose that for each x;, there exist 0 <t; < t; < T such that

(Z) Tit = Tjo > 0 Vte [O,t@], d.ﬁCl’t/dt <0 Vte [tl,lgl], and Ty = 0 Vte (tAZ,T],

(i)

[Z . N
/ (Dl - 7"P7; +re; — At Z pi7jl'j7t)€_rtdt - 267; = O, (12)
(iii)
_ _ N ~
Di —rPi+re;— Ay Zpi,jﬂfg’,t =0 Vtel[t,t], (13)
j=1

(iv) Ay Zﬁv:l pij%it increases YVt € [0,t;],
and
(v)
_ _— N A
Di—TPi—FTEi—Athi’jllijt S 0 \V/te (tl,T] (14)

j=1

Then there ezists i, such that (x4, c;) solves (P).

9



Proposition 1 provides a set of sufficient conditions for stock holdings, z;,, to be
part of an optimal control. Condition (i) states that holdings of stock i are constant
in an interval [0,¢;], strictly decreasing in [t;, ], and 0 in (¢;, T]. The agent thus buys
stock 7 when born, and sells it slowly between ¢; and #;. He sells the stock as he gets
older because he becomes more risk-averse. He starts selling at ¢; rather than 0, i.e.
not immediately after he buys, because of transaction costs. If t; < T, the agent
does not hold stock i in an interval (;, 7] of positive length. In fact, the short-sale
constraint for stock ¢ is binding in this interval. In the next sections we show that
the short-sale constraint is binding, if stock ¢ is highly correlated with other stocks
that have larger transaction costs.

Conditions (ii) to (v) are first-order conditions. Condition (ii) is a first-order
condition for the shares of stock i, z; o, that the agent buys when born. This condition
states that the agent’s payoff does not change in the first order if he buys some
additional shares at time 0 and sells them at time ¢;. Indeed, we can write condition
(i) as

4 N
/0 (D; —rP; — A, z:lpi’jxj’t>6_rtdt —e(14+e7) =0. (15)

j=
The first term inside the integral, D; — rP;, corresponds to the increase in the excess
return on the stock portfolio, from buying the additional shares. The second term
corresponds to the increase in risk. It is the product of stock ¢’s contribution to
portfolio risk, Zﬁvzl pijT;¢, times the coefficient of absolute risk-aversion, A;. The
last term corresponds to the transaction costs incurred at times 0 and ¢;. All terms

are discounted at interest rate r.

Condition (iii) is a first-order condition for the shares of stock ¢, x;;, that the
agent holds at time ¢ € [t;,1;], i.e. when he is selling the stock. This condition states
that the agent’s payoff does not change in the first order if he sells some shares at
time t 4+ dt rather than at time ¢. Indeed, multiplying by dt, we can write condition
(iii) as

N
(D; —rPy)dt — Ay pijujedt + regdt = 0.
j=1
The first term corresponds to the increase in excess return from holding the shares

until time ¢ 4+ dt. The second term corresponds to the increase in risk. The last term

10



corresponds to the savings from incurring the transaction cost at time t + dt rather
than at time ¢. Condition (iv) ensures that the agent’s payoff decreases if he buys
some additional shares at time 0 and sells them at time t < ¢;, or if he sells some
shares at time ¢ < t; rather than at time ¢;. Finally, condition (v) ensures that the
agent’s payoff decreases if he sells some shares during the “short-sale interval” (;, 7]

rather than at time ;.

2.2 Market-Clearing

We first study market-clearing in a “stock” sense and then in a “flow” sense. The
market for stock 7 clears in a “stock” sense if total holdings at a given point in time
are equal to the stock’s supply. To compute total holdings, we note that there are
dt/T agents with age between ¢ and ¢ + dt, and each holds z;; shares. Therefore, the
market clears in a “stock” sense if

T dt
/0 xi’tT = S;. (16)

The market for stock i clears in a “flow” sense if the number of shares bought in a
given time interval is equal to the number of shares sold. If condition 16 is satisfied,
the market clears in a “stock” sense at each point in time, and thus automatically
clears in a “flow” sense. A more direct and perhaps more intuitive way to show that
the market clears in a “flow” sense, is to compute the number of shares of stock i
bought and sold between times ¢ and ¢ + dt. For the number of shares bought, we
note that the buyers are the agents born between ¢ and ¢ + dt. Since there are dt/T
such agents and each buys ;o shares, the number of shares bought is z; ¢dt/T". For
the number of shares sold, we note that the sellers are the agents who at time ¢ have
age greater than ¢;. Since at time t 4 dt these agents have age greater than ¢; 4 dt,
they collectively own x;,,dt/T fewer shares. Therefore the number of shares sold is
xi;dt/T and is equal to the number of shares bought. The turnover of stock i, V;, is
defined as the stock’s trading volume between times ¢t and t + dt, divided by dt and

by the stock’s supply. It is equal to

V=2 (17)



To construct the equilibrium in the next sections, we determine numbers P; and
functions z;; that satisfy the following simple set of sufficient conditions. First,

conditions (i) to (v) of proposition 1, and second, the market-clearing conditions 16.

12



3 Equilibrium Without Transaction Costs

In this section we study the benchmark case where the ¢;’s are zero. We construct the

equilibrium in proposition 2. Before stating the proposition, we define the function

f(t) by t "
£(t) = % (At +/t AS> _ (18)

The function f(t) corresponds to total stock holdings when agents start selling at

time ¢.

Proposition 2 Define P; by
D;  aXiipiss

e N 19)
and x;; by
ra
Tit = Sim. (20)

Then the conditions of proposition 1 and the market-clearing conditions hold.

Proof: Equation 11 implies that the z;;’s are C' in [0,7]. Condition (i) of
proposition 1 holds since the z;,’s are strictly decreasing in [0, 7] and thus ¢; = 0 and
t; = T. The only other condition of proposition 1 left to check is (iii). Equations
19 and 20 imply that it holds. Finally, equations 18 and 20 imply that the market-
clearing conditions 16 hold. Q.E.D.

The equilibrium has a very simple form. Consider first equation 20 that gives
agents’ stock holdings. To obtain stock holdings at age s, we simply need to multiply
stock holdings at age t by A;/A,. Therefore all agents hold the same stock portfolio,
which is the market portfolio. Agents buy the market portfolio when born and sell it
slowly until they die. Turnover is the same for all stocks.'* Indeed, the definition of

turnover, i.e. equation 17, and equation 20, imply that the turnover of stock i is

Tio ra

Tsi  Tf(0)Ay

The pricing equation 19 has the CAPM flavor. Stock i’s price, P;, is the present

‘/;-:

value of the dividend, D;, minus a risk premium. The risk premium depends on
the coefficient of absolute risk-aversion, a, and the stock’s systematic risk, i.e. its

covariance with the market portfolio, Zj-v:l PijSj-

13



4 Equilibrium With Transaction Costs

In this section we study the case where the ¢;’s are not zero, and the short-sale
constraint is not binding. In the next section we extend the analysis to the case
where the short-sale constraint is binding.

To construct the equilibrium, we make 3 assumptions. The first 2 assumptions
ensure that the short-sale constraint is not binding. The constraint will be binding
if stocks are highly correlated but differ substantially in transaction costs. Indeed,
because of the high correlation, the gains to diversification are small. The optimal
investment is determined by transaction cost considerations, with low transaction
cost stocks being sold first and the other stocks afterwards. Assumption 1 ensures

that there are gains to diversification, i.e. stocks are not perfectly correlated.

Assumption 1 The correlation matriz

is positive definite.

Assumption 2 ensures that the gains to diversification are larger than the differences
in transaction costs. For notational simplicity, we state the assumption in terms of

the stock prices, P;, that are endogenous and defined in proposition 3.

Assumption 2 For P;’s defined by equation 28, the column vector

-1 o .
1 - P1,N D1 — ’l“Pl +T€1

(22)
PN1 - 1 EN—T?N—FTGN
18 strictly positive.
To motivate the vector 22, assume that stocks are highly positively correlated but dif-
fer substantially in transaction costs. Assume, for instance, that stock 1 has the low-

est transaction costs. Since stocks are highly positively correlated, the non-diagonal

terms of the correlation matrix are negative and large. Since, in addition, stock 1

14



has lower transaction costs than the other stocks, the first term of the vector 22 is
negative, and assumption 2 is violated. Assumption 2 is satisfied in the no transaction
costs case. Indeed, equation 19 implies that

El — T’Fl 1 - P1,N S1

f(0)
ra B B

Dy —1rPn PN1 - 1 SN
Therefore, the vector 22 is simply (ra/f(0))(s1, ., sy) > 0. By continuity, assumption
2 is always satisfied for small transaction costs.

Our third assumption is

Assumption 3  For any {by,.,b0;} C {1,.,N}, the non-diagonal terms of the
matriz .
1 -« Pbybs

(23)
Pbibr - 1

are negative.

Assumption 3 implies that the stocks are substitutes in the following strong sense.
Suppose that there are no transaction costs and that agents can only invest in stocks
b1, .,b; and in the bond. The demand for a stock has then to increase in the price of
another stock. Indeed, equation 13 implies that the demand of an agent of age ¢ is
given by X

1 1 . pbhbi Db1 — Tﬁln

A T
Poiby - 1 Dy, — 1Py,
An implication of assumption 3, obtained by setting ¢ = 2, is that p,; > 0, i.e. stocks
are positively correlated. Assumption 3 is satisfied, for instance, when p;; = p >
0, V4, k, j # k. Besides being quite realistic, assumption 3 ensures that stock holdings
are (weakly) decreasing with age, a key simplifying property of the equilibrium.'® In
section 4.1 we construct the equilibrium, and in sections 4.2 and 4.3 we study the

effects of transaction costs on stock prices and turnover.
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4.1 Construction of the Equilibrium

We first give some useful definitions. We define the function g(¢) by

t A,
g(t) = / (1= 28y, (24)
0 At
The function g(t) corresponds to the benefit of buying an additional share at time 0
and selling it at ¢, gross of transaction costs. We also define the function 1(¢, b, {b1, ., b;})
for ¢ = (¢4, .,Cw), {b1,.,0;} C{1,.,N},and b € {1,.,N}, by

-1
1 - Pbib; Cbl

I(C, b, {b1, ., bi}) = G — (Popys -5 Pop;) . . |- (25)
Poib; - 1 Cbi

The vector ( in this definition will be the transaction costs vector € = (€1, .,€x), or a
linear combination of the correlation vectors p_; = (p1.4, -, Pnj)-

We now construct the ¢;’s, i.e. the times at which the agents start selling the stocks
or, equivalently, the stocks” minimum holding periods. Without loss of generality, we

assume that stock 1 minimizes
€k
Z;‘V:I Pk,j5j

over all stocks k. Therefore it has small transaction costs, €;, and large systematic
risk, Zévzl p15sj. Stock 1 is the first stock that agents start selling, and ¢; is defined
by

g<t1) _ 3 €1

ft)  raXilpus;

Agents start selling stock 1 first because this is the cheapest way to reduce portfolio

risk. Similarly, we assume that stock 2 minimizes

€k — Pk,1€1
N N
22521 PhgSj = Pl 251 P1,55]

over all stocks k > 2. Therefore, in addition to having small transaction costs and
large systematic risk, it has a small correlation with stock 1. Stock 2 is the second

stock that agents start selling, and ¢, is defined by

g(t2) 2 €2 — P2,1€1

f(t2) ra E;-Vﬂ P2,85 — P21 Ej'vzl /)1,1‘5]'.

16



To generalize this construction, we set S; = {1,.,i} and Sy = ), and assume that

stock ¢ minimizes

I(e, k,S;i—1)
I(20 p.gsjs ky Sica)
over all stocks & > 4. Stock i is the i'th stock that agents start selling, and t; is
defined by

(26)

g<tl) o 3 [<€7i7 Sifl)
ft)  ral(S pysji, Sic1)

In proposition 3 we construct the stock prices, P;, and stock holdings, z; ;. Proposition

(27)

3 is proven in appendix B.

Proposition 3 If A is large, then 0 < t; <. <ty <T. Define P; by

— D L ISN  poasik, Seq) T ik, Sk_
r k=1 f(tk) I(p_ ks Ky Sk—1)
and x; ¢ recursively by
—1 o o
L1t 1 - P1,N D1 — TPl + rey
-~ (29)
- At . . B _.
TNt pni -1 Dy —1rPn +ren
fort € [ty,T] and
Tpy = Thy, k>4,
—1 o o
L1t 1 - Pri-1 Dy —1rPy +re
1
= E B B
Ti 14 pi-1p - 1 Diy—rPi 1 +71e
-1
1 - Pli-1 P1i - PN Tit
— . ) . ) . (30)
Pi-11 - 1 Pi-14: - Pi—1,N TNt

fort € [ti—1,t;] (to =0). Then all conditions of proposition 1 and the market-clearing

conditions hold.

Equations 29 and 30 give agents’ stock holdings for t € [ty,T] and t € [0,tx],
respectively. For ¢t € [0,¢1] holdings of all stocks are constant. For ¢ € [t, t5] holdings
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of stocks 2 to N are constant, while holdings of stock 1 decrease. Agents use only
stock 1 to reduce portfolio risk. More generally, for t € [t;_1,t;] holdings of stocks i
to N are constant, while holdings of stocks 1 to i — 1 decrease. Finally, for t € [ty, T]
holdings of all stocks decrease. With transaction costs, the composition of the stock
portfolio depends on age. Low transaction cost stocks, held for short periods, are
mainly in the portfolios of young agents, while high transaction cost stocks, held for
long periods, are in the portfolios of old agents. Equation 28 gives stock prices in
closed-form. In sections 4.2 and 4.3 we use equations 28, 29, and 30 to study the

effects of transaction costs on stock prices and turnover.

4.2 Stock Prices

In this section we study how a stock’s price depends on its and other stocks’ trans-
action costs. Propositions 4 and 5 examine how the stock’s price depends on its
transaction costs, and how the effect of transaction costs depends on the stock’s char-
acteristics. Both propositions are proven in appendix C. Before stating the proposi-

tions we define Ty by (2 +v) — 3ye ™" —rT} =0, and Ty by 2ye ™72 — 1 =0.16

Proposition 4 If T < T, then P; decreases in ¢;. If T > T}, then P; increases for

small €;, and decreases for large ¢;.

The surprising result of proposition 4 is that a stock’s price does not always
decrease in its transaction costs. If T' is large and ¢; small, it increases. To provide an
intuition for proposition 4 we assume that there is only one stock and that transaction
costs increase from €; to €] > €. In figure 1 we plot agents’ stock holdings as a
function of age, for ¢; and the corresponding equilibrium price P; (solid line), and for
¢ and P; (dashed line). When transaction costs increase, agents buy fewer shares,
ie. 77 < x10. However, they hold these shares for longer periods, i.e. they hold
x shares for ¢}, > t;,. Total stock holdings, i.e. the area under each curve, may
thus increase or decrease. Stock holdings increase when T is large because agents
are selling during a very long period. Therefore, the effect that they sell more slowly

dominates the effect that they buy fewer shares.
INSERT FIGURE 1 SOMEWHERE HERE
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Proposition 5 If T < Ty, then OP;/¢; increases in t;. If T > Ty, then OP;/0¢;

decreases for small €¢;, and may increase for large €;.

Proposition 5 shows that a stock with a shorter minimum holding period, ¢;, is not
always more adversely affected by an increase in its transaction costs. If T is large
and ¢; small, it is less adversely affected. In corollary B.2, proven in appendix B, we
show that a stock’s ¢; increases in its transaction costs, €;, and decreases in its supply,
s;, which is a measure of the stock’s risk. Proposition 5 thus implies that more liquid
stocks or riskier stocks may be less adversely affected by increases in their transaction
costs. This result is surprising since these stocks are more frequently traded.

To provide an intuition for proposition 5, we examine the first-order condition for
the shares of stock i, x;, that an agent buys when born (i.e. equation 15). We can
write this equation as

P, = z _ 6.1 e _ f(fl Ay Zé\[:l pijTjee” "t dt

r '1—e 1 —e Tt

, (31)

and interpret it as a pricing equation. Stock i’s price, P;, has to be such that the
agent is induced to buy the marginal z;o'th share and hold it for ¢t <¢;. Equation 31
is a valuable tool for providing intuition for our results.

Equation 31 shows that the price, P;, is the present value of the dividend, D;,
minus two terms. The first term compensates the agent for transaction costs. We

call this term the “PV term”, and write it as
€i(142e7 " 4 2e7 2t 4 ),

This is equal to the present value of the following transaction costs. First, the costs
that the agent incurs buying and selling the x; ¢’th share, at times 0 and ¢;. Second,
the costs that the next agent who buys the share incurs, at times ¢; and 2¢;, and so
on. According to conventional wisdom, the effect of transaction costs on the stock
price is equal to the PV term.

The second term compensates the agent for buying a risky stock, and is thus a
risk premium. The risk premium increases in the stock’s contribution to portfolio
risk, Z;V:l pijTi, for t <t;, and in the coefficient of absolute risk-aversion, A;. Very

importantly, the risk premium changes with transaction costs. Indeed, the lifetime
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pattern of stock holdings changes. As figure 1 shows, agents buy fewer shares and
hold them for longer periods. Therefore they hold fewer shares for ¢ < ¢;, and the
risk premium decreases. The PV term thus overstates the effect of transaction costs
on the stock price. The difference between the effect of transaction costs and the PV
term is important and should not be neglected in practical applications. Equation
28 shows that the effect of transaction costs is of order €, while the PV term is of
order y/e.!" The PV term measures correctly the effect of transaction costs in two
special cases. First, when agents are risk-neutral (Amihud and Mendelson (1986))
and second, when stocks are riskless (Vayanos and Vila (1997)). In both cases the
risk premium is zero.

Equation 31 shows why a stock with a shorter minimum holding period, ¢;, may
be less adversely affected by an increase in its transaction costs. On the one hand,
the PV term increases more in response to an increase in transaction costs. On the
other hand, agents greatly reduce their stock holdings during the shorter minimum
holding period. Therefore the risk premium decreases more, and the overall effect is
ambiguous.

Corollary 1 and proposition 6 examine how a stock’s price, P;, depends on the
transaction costs of the other stocks, €. Corollary 1 examines the case ¢ < k and is
proven in appendix B, while proposition 6 examines the case ¢ > k and is proven in

appendix C.
Corollary 1 P; is independent of €, fori < k.

Corollary 1 shows that a stock’s price is independent of the transaction costs
of less liquid stocks. If ¢ increases, agents buy fewer shares of stock k£ and hold
them for longer periods. To adjust for that change, they buy more shares of stock ¢
and hold them for shorter periods. Since stock ¢ is more liquid, agents can exactly
“undo” the change in their holdings of stock k and keep stock ¢’s contribution to
portfolio risk, Zj-vzl pi;xj¢, unchanged for each time t. (This is easiest to see in
the extreme case where ¢; = 0. In that case t; = 0, and equation 13 implies that
ijzl pijris = (D; — rP;)/A;, Vt, independently of ¢;.) Therefore ¢;, the PV term,

the risk premium, and P; remain unchanged.
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Proposition 6 If T' < Ty, then P; decreases in e, for i > k. If T > T, then P;

increases for small €;, €., and may decrease for large €;, €.

Proposition 6 shows that a stock’s price does not always decrease in the transaction
costs of more liquid stocks. If T is large and ¢;, €, small, it increases. To provide a
simple intuition for this result, we note that that if ¢, increases, stock 7 will be
traded more frequently. Therefore, by proposition 5, it may be more or less adversely
affected by its own transaction costs, i.e. its price may decrease or increase. We
can also provide a more direct intuition using equation 31. If ¢, increases, agents
buy fewer shares of stock k and hold them for longer periods. Since stock i is less
liquid, agents cannot “undo” the change in their holdings of stock k, and start selling
stock ¢ earlier. Therefore t; decreases (as we show in corollary B.2) and the PV term
increases. At the same time, since agents buy fewer shares of stock k and stock 7 is
positively correlated with stock &, the risk premium decreases, and the overall effect
is ambiguous.

A natural conjecture is that changes in transaction costs of the most liquid stocks
have the strongest effect on the prices of the other stocks, since they affect most
agents’ portfolios. Corollary 2 shows that this conjecture is true in the special case
pij =p =>0,Vi7, 1 # j. The corollary follows from proposition 6 and is proven in

appendix C.

Corollary 2 Suppose that p;; = p > 0,Vi,5,1 # j. If T < Ty, then OP;/0ex
increases in k for k < i. If T > Ty, then OP;/0e, decreases for small €;, €x, but may

increase for large €;, €.

Corollary 2 shows that if the correlation between all stocks is the same, the effect
on P; of an increase in ¢, is stronger (either more negative or more positive) the
more liquid k is. The corollary cannot be extended to the case where the correlations
between stocks differ. We can choose, for instance, the most liquid stock to be
independent of the other stocks, so that an increase in its transaction costs does not

affect their price.
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4.3 Stock Turnover

In this section we study stock turnover, defined by equation 17. We compute turnover

in proposition 7, proven in appendix D.

Proposition 7 The turnover of stock i is

. myp _ Ta 1 I jyzl p.1Sjrs 1, Si—1)
" Tsp Tsi \ f(t)Ay, I(p.isi,Sic1)

ol 1 ISy sy 4:Si1) p.y. i, Sj—l\{i})) (32)

S F@)A, HpyidiSi-)  I(pid, Si-\{i})

Proposition 8 examines how a stock’s turnover depends on its and other stocks’

transaction costs. The proposition is proven in appendix D.
Proposition 8 V; decreases in €; and increases in € for k # i

The intuition for proposition 8 is simple. If ¢; increases, V; decreases since agents
buy fewer shares of stock ¢ and hold them for longer periods. If €, increases, agents
buy fewer shares of stock k and hold them for longer periods. To adjust for that
change, they buy more shares of stock ¢ and sell them faster, i.e. V; increases. The
result that V; increases in ¢, depends crucially on assumption 3, i.e. that stocks are
substitutes.

We also examine how V; depends on stock i’s risk, as measured, for instance, by
the stock’s supply, s;. If s; increases, t; decreases, i.e. agents start selling the stock
earlier. One would thus expect V; to increase. V; may however decrease, if stock
1 is correlated with other stocks that have higher transaction costs. To economize
on trading these stocks, agents hold a large fraction of stock ¢ initially and a small
fraction later. If s; increases, gains to diversification become more important than
economizing on transaction costs, and agents have to hold stock i for longer periods.
Therefore V; may decrease. Using equation 32, one can check that V; increases with
s; when, for instance, stock ¢ is independent of the other stocks, while V; decreases

when there are two stocks, ¢ =1, p;2 > 0, and ¢ = 0.
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5 Binding Short-Sale Constraint

In this section we extend the analysis to the case where the short-sale constraint
is binding. For simplicity we assume that there are only two positively correlated
stocks, and set p; 2 = p € [0,1]. Assumption 1’ ensures that the short-sale constraint

is binding.

Assumption 1’ Suppose that p < 1 and

€; < €5

S; + psj S+ ps;

fori#j €{1,2}. Then, for P; and P; defined by equation 28,

Dz’ — T’Fz‘ +re; — p(EJ — ij + TEj) S 0. (33)

Assumption 1’ is the “opposite” of assumptions 1 and 2 of section 4, i.e. the parame-
ters s, Sq, €1, €2, and p € [0, 1] satisfy assumption 1" if and only if they do not satisfy
assumptions 1 or 2.*® In section 5.1 we construct the equilibrium, and in section 5.2

we study the effects of transaction costs on stock prices.

5.1 Construction of the Equilibrium

Without loss of generality, we assume that

€1 < €9
S1+ psa T Sa+psi

(34)

i.e. stock 1 has a smaller ratio of transaction costs to systematic risk than stock 2.
Stock 1 is the first stock that the agents start selling. Condition 34 is the same as in
section 4. However, now it implies that ¢; < €y, i.e. stock 1 has smaller transaction
costs than stock 2.1 In proposition 9 we construct the stock prices and stock holdings.

Proposition 9 is proven in appendix E.
Proposition 9 If A is large, the equations
g(t1)(Dy —rPy +rey) — 26, = 0, (35)
g(t2)(Dy — 1Py 4 1€3) — 265 — p(g(ty)(Dy — rPy + rer) — 2€1) = 0, (36)
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D, —

P+ e Dy —rPytrey
Afl -r At2 -0 <37>
)= f) =~ 5
M(Dl—rpl—l—rﬁl) = 81, (38)
ra
and

t o J—

fi;) (Dy — 1Py +1ey) = 59, (39)

have a solution, (ty,1,,ty, Py, Ps), such that 0 < t, < t; <ty < T. Define Toy by

EQ — TFQ + réo
Ay

33’27t = Vt & [tg,T] and .T27t = .1727,52 Vt € [O, tz). (40)

Define also x1; by

Tt = 0Vte [tAl,T],

El — 7"?1 + ey
Ay

Then all conditions of proposition 1 and the market-clearing conditions hold.

— p.%'gﬂg Vt € [tl,tAl), and xl,t = xl,t1 Vt € [O,tl) (41)

L1t =

Equations 40 and 41 give agents’ holdings of stocks 2 and 1 respectively. Agents
start selling stock 1 first at time ¢;. By time #; they own no shares of stock 1 and the
short-sale constraint becomes binding. Agents start selling stock 2 at time ¢,. The
stock prices, P, and Ps, are jointly determined with the times ¢y, 1, and t,, by the

non-linear system of equations 35 to 39.

5.2 Stock Prices

To study the effects of transaction costs on stock prices, we have to solve the non-
linear system of equations 35 to 39. We can obtain closed-form solutions only for small
transaction costs. In addition we have to assume p = 1, since if p < 1, the short-sale
constraint is not binding for small transaction costs. For large transaction costs or
p < 1, we solve the system numerically and obtain similar results. In proposition 10,
proven in appendix F, we determine P; and P, for small transaction costs, p = 1,

and, for simplicity, A = oo, i.e. v =1.

Proposition 10 Suppose that € is small, p = 1, and A = oo. The stock prices, P,

and P, are given by

py= D1 _alsats) ( (- 2<T;t*—1—e:;“>>)

o ) rTfO)  (L=e)f(0)
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+€ = e—”*)}(O) + o(e), (42)
and
5 Dy a(si+s9) 2(L — ‘TT(P;#) C2(1—e)
P = fo) e ( (—e™)f0) TI0) )

where t* is defined by

In corollary 3, proven in appendix F, we examine whether the price of a stock

decreases in its transaction costs.

Corollary 3 IfT < T, then P, and P, decrease in e, and ey respectively. If T > Ty,
then Py increases in €; only if t* is sufficiently large, and Py increases in ey only if

t* 1s sufficiently small.

Comparing corollary 3 with proposition 4, we conclude that the conditions for
a stock’s price to decrease in its transaction costs are weaker. The stock price can
decrease even when 7" > T and e is small, provided that the stock is in small supply.
Indeed, equation 44 implies that t* is large if s; is sufficiently larger than s;. To
provide an intuition for why the stock price decreases when the stock is in small
supply, assume that the stocks are identical, so that P, = P,. Assume also that s,
is small and that P, increases in response to an increase in €. Since s, is small,
the increase in e; does not affect P;. Since, in addition, the stocks are perfectly
correlated, investing in stock 1 dominates investing in stock 2. Therefore agents do
not invest in stock 2, which contradicts equilibrium.

In corollary 4, proven in appendix F, we examine whether more liquid stocks are

more adversely affected by increases in their transaction costs.

Corollary 4 If T < 1.08/r, then OP,/0¢; < OPy/0ey. If T > 1.08/r, then there

exist some t* such that the opposite holds.
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Corollary 4 shows that the more liquid stock 1 is always more adversely affected
by an increase in its transaction costs, if 7 < 1.08/r. This condition is weaker than
the one in proposition 5, which was 7" < log(2)/r = 0.69/r. An intuition for why the
condition is weaker, is the following. When the short-sale constraint is binding, the
stocks are sold in sequence: the more liquid stock 1 is sold first, and the less liquid
stock 2, second. In response to a small change in transaction costs, prices adjust
so that stocks are still sold in the same sequence. Therefore the lifetime pattern of
stock holdings does not change much (relative to when the short-sale constraint is
not binding). Stock holdings during a stock’s minimum holding period, as well as the

risk premium, do not change much either, and the change in the PV term dominates.
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6 Calibration

We now study the effects of transaction costs for realistic parameter values. We
assume that there is only one stock. We set agents’ “economic” lifetimes, T', to 40
years, and the riskless rate, r, to 5%. We set A to oo, and choose the coefficient of
absolute risk aversion, a, using the “average” rate of return on the stock, r; = D;/P;.
We assume that a is such that, in the no transaction costs case, r; = 10%.

In table 1 we study the effects of transaction costs on the stock’s rate of return. In
the first row are the transaction costs, expressed as a fraction of D, and in the second
row is the stock’s rate of return. To express transaction costs as a function of P,
we need to multiply €;/D; by r; which is close to 10%. If, for instance, ¢;/D; = 0.2,
then ¢; /?1 is close to 0.02. Table 1 shows that transaction costs have a very small
effect on the stock’s rate of return. If, for instance, transaction costs increase from 0

to 2% of the stock price, the rate of return increases by 16 basis points.
INTRODUCE TABLE 1 SOMEWHERE HERE

In table 2 we study the effects of transaction costs on the stock’s minimum holding
period and turnover. In the first row are the transaction costs, expressed as a fraction
of D;. In the second row is the stock’s minimum holding period. In the third row is
the stock’s turnover, and in the fourth row is the percentage reduction in turnover,
relative to the no transaction costs case. Table 2 shows that transaction costs have
a large effect on the stock’s minimum holding period and turnover. If, for instance,
transaction costs increase from 0 to 2% of the stock price, agents wait for 12.8 years
before starting to sell, and turnover decreases by 10.28%. However, turnover is small:
even without transaction costs it is 3.81%. Turnover is small because it is generated
only by lifecycle effects. Since turnover is small, it is perhaps not surprising that

transaction costs have very small effects on stock returns.
INTRODUCE TABLE 2 SOMEHWERE HERE

Constantinides (1986) assumes that trading is generated by portfolio rebalancing.
He finds very small effects of transaction costs on asset returns but large effects

on agents’ trading strategies. Our results are thus very similar to his. Aiyagari and
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Gertler (1991) and Heaton and Lucas (1996) assume that trading is generated by labor
income shocks and consumption-smoothing. They find larger effects of transaction
costs on asset returns. Huang (1997) assumes that trading is generated by random
liquidity shocks. He shows that transaction costs have larger effects when liquidity
shocks are random that when they are predictable.

In our example, transaction costs increase the rate of return, i.e. decrease the
stock price. The value of T" above which transaction costs increase the stock price is
Ty = 56.4. The value of T' above which the surprising results of propositions 5 and 6

hold is smaller however: Ty = 13.9.
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7 Concluding Remarks

In this paper we develop a general equilibrium model with transaction costs. We
assume a riskless, perfectly liquid bond with a constant rate of return, and many
risky stocks that carry proportional transaction costs. Trade occurs because there
are overlapping generations of investors who buy the assets when born and slowly
sell them until they die. The model is very tractable and stock prices are obtained
in closed-form. Our results are surprising and contrary to “conventional wisdom”
about the effect of transaction costs on asset prices. First, the price of a stock may
increase in its transaction costs. Second, the effect of transaction costs is smaller than
the present value of transaction costs incurred by a sequence of marginal investors.
Third, a more frequently traded stock may be less adversely affected by an increase
in its transaction costs. Fourth, a stock’s price may decrease when the transaction
costs of a more liquid and correlated stock decrease. For realistic parameter values,
transaction costs have very small effects on asset returns but large effects on investors’
trading strategies and turnover.

The analysis can be extended in a number of realistic directions. First, transaction
costs can be assumed fixed, rather than proportional to the number of shares. We
conjecture that this is feasible because stock prices will still be linear in dividends and
agents’ stock holdings deterministic. Second, transaction costs can be endogenized
as a function of turnover. Since turnover and transaction costs will be mutually
reinforcing, multiple equilibria may exist, with interesting welfare implications. The
analysis may be relevant for the government bond market, where very similar bonds

have very different transaction costs and turnover.
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Appendix

A Proof of Proposition 1
We first prove two useful facts in lemma A.1.

Lemma A.1 Consider N continuous functions x,;, and two adapted, square-integrable

processes hy g, hoy, in [0,T]. Then

T N T T
E (efo Zlej’tdbj’t(/O hl,tdt+/0 h2,tdbi,t)> =

T 't T N
E (/ e Jo POANEIRLINES 3 AD DARD D Pa‘,kxj,sévk,st(th —hay Y pi,jxj,t)dt> . (A)

0 =

If hiy, hoy are (deterministic) functions in [0,T], then

T N T T
E (6_ fO Zj:l .Z’j,tdbj,t (/ hl,tdt +/ hQ,tdbi,t)> =
0 0

T N N T N
6% Jo Lims s Prpsinds /0 (hit — hay Z Pi,jl‘j,t)dt. (A.2)

J=1

Proof: We first prove A.1. The process
T —~N T T
T — o Xt ([Tt [ hydtyg)
0 0

is an Ito process. It6’s lemma implies that the drift term is

T N N
eI It (oS puiir)

=1
1 (TSN o T T N N
+oe Jo 2= J’tdbj’t(/o hl,tdt-i‘/o hodbie) DD pikTirTer

j=1k=1

Denoting the LHS of A.1 by fr, we thus have

d TN N 1NN
% - (6 Jor gty — oy Pi,jxj,T)) +3/r > piktirtrr. (A3)
j=1 J=1k=1
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Denoting the RHS of A.1 by gr, and inverting the expectation and the integral,
we get
T T N N t N N
gr = /0 et Ji Zim T et P Jo Lyt (hl,t —hay Y pi,jw> )dt.
j=1

Differentiating w.r.t. T, we get

dQT f xi4dbi ¢ 1 S
T = 0 cj=1 TR (th—hMZPz,J%T) +§9TZZ/JJ,MJ',T%T- (A.4)
j=1 j=1k=1

Equations A.3 and A.4, together with the fact that fy = go = 0, imply that fr = gr.

For fact A.2, we use fact A.1, invert the expectation and the integral, and use

( f() Jj= 1 Ty, sdb] 9) 6% fot E;'v:1 Z]kvzl pj’kxj’srk’sds. QED

We now prove the proposition.

Proof: Consider a control (z;;,¢:), an alternative control (z;; + his, ¢t + hey),
and their convex combination (z;; + ah;t, ¢ + ahey). Denote by U(a) the utility
associated to the convex combination and to a particular sample path. If U(«a) is

concave in « and has a right-derivative U’(0) for a = 0 (as it will) then
U'(0) > U(1) = U(0)
and
EU'(0) > EU(1) — EU(0). (A.5)

Therefore a control (z;,, ¢;) such that EU’(0) is negative for all (h;;, hey), is optimal.
To prove the proposition, we use this result and proceed in three steps. First, we
compute U’(0) assuming that the z;,’s are deterministic and satisfy condition (i) of
the proposition. Second, we define the consumption ¢;. Third, we use conditions (ii)

to (v) and show that EU’(0) is negative.
Determination of U’(0)

We first compute U(«). Equations 7, 9, and 10 imply that the consumption gulp
at time T for the control (x;; + ahiy, ¢t + ahey) is Cr(zi + ahiy, ¢t + ahey), where
the function Cr(z;4, ¢;) is defined by

Cr(zit, ) = / )a:zte (T tdt—l—/ sz (T8 qb, t
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dxi,t

T T N
—/ cte’"(T’t)dt—/ Zei
0 0 =1

Therefore

N N
eI 0at — 3" gaige™ =3 emwir. (A.6)
i=1 =

U(a) = — [ eertohan-itgy _ o-ACriouctabipertahedaT (A7)
0

Equation A.6 implies that U(«) is concave in « and has a right-derivative for a = 0.

Equations A.6, A.7, and condition (i) of the proposition, imply that

T
U'(0) :/ ae™ P g di+
0

acrpr [ [T & yol Tt Ty T—t r Tt
e~ A / > (Di = rPi)hiye TVt +/ > hige" T by, —/ heem T dt
0 =1 (U — 0

N ti\dh ti dh; T
ARt | (=) gy At (-t /
Zez / o dt /t iy e dt + s

=1 g

dhi
dt

GT(T_t)dt + hi,oerT + hi,T))
(A8)

Consumption

We define the consumption flow by

t AQ N N
= Co —|— / Z T 5db; s + = / Z Z i %i s%j sdS, (A.9)

i=1j5=1
and the consumption gulp by Ae 4T = ge=%7 ..

a 1. A
CT = ZCT + Zlogg (AlO)

The first term in equation A.9 is the consumption at time 0, that we determine later.
Consumption at time ¢ is different from consumption at time 0 because of the second,
third, and fourth terms. The second term corresponds to intertemporal substitution,
and its sign depends on the comparison between the interest rate, r, and the discount
rate, . The third term corresponds to unexpected wealth changes between times 0
and t. Equation 7 implies that the unexpected wealth change at time 0 < s < t is
Zf\;l z; sdb; s. The change in consumption flow is a fraction A;/a of the wealth change.
To motivate the term Ag/a, we note that the change in the consumption gulp is a
fraction a/A of the consumption flow change, by equation A.10. The definition of

A, i.e. equation 11, ensures that the present value of the consumption changes is
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equal to the wealth change. Finally, the fourth term corresponds to precautionnary
savings. Since consumption at time t is uncertain as of time 0, the agent prefers it
to be greater in expectation than consumption at time 0. The fourth term is simply
equal to the variance of the third term, times a/2.

Before showing that FU’(0) is negative, we need to check that the control (c; s, x;i+)
satisfies equations 7, 9, and 10. This is equivalent to checking that

Cr= CT(ximCt), (A-U)

where Cr and Cr(x;+, ¢;) are defined by equations A.10 and A.6 respectively. The def-
initions of C'r(z;4, ¢t), ¢, and Cp imply that equation A.11 holds if ¢( is appropriately

chosen and if

a TA Y TN T t AN
L LS gdby, = / e T, — / / 2o N sdby s | @0t
A/o a;$’t ! 0 izzlx’te o 0 aizzlx’ )€
(A.12)
Integrating by parts the last term and using the definition of A;, i.e. equation 11, it
is easy to check that equation A.12 holds.

EU’(0) is Negative

We now use expression A.8 and conditions (ii) to (v) of the proposition to show
that EU'(0) < 0. We first consider the terms in h.;. Using the definition of Cr, we

can write these terms as
T T
E(/ ae™*Pth, dt) — E(ae*“CT*ﬂT/ hepe"T0dt). (A.13)
0 0

The definition of ¢; implies that expression A.13 is 0 if

T t N T N N
E(/ e fo As Zi:l xivsdbivSJr% ft Az Zi:l Zj:l pivjxi,sxj,sdshc’tefﬂ‘/dt) —
0

T T T
B / o= Jy AL b / he e "tdt). (A.14)
0 0

Equation A.14 follows from fact A.1.
We now consider the terms in h;;. The definitions of ¢; and Cr imply that these

terms have the same sign as
T N T __ _ T
E {e‘ Jo Aty wiedbig (/ (D; — rP)hi e T Vdt 4 / hie" Db,
0 0
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o it | r(T—t) gy _/ it r(T—) gy ¢ / W M= gi 4 1 T 4 B '
) |a|e o dt G| dt |© T haoe”™ & hur)
(A.15)
Using integration by parts
dhzt T t) dhzt T zt
- (=gt / Ddt > — / e T=qt
wodt Tl a
T
= —(hig — hig e’ ™) — / rhy "0 d
t;
This fact implies that expression A.15 is negative if expression
T _ T
{ fO At 1%, tdbj ¢ (/ (Dz . ’I“Pi)hi7t€_rtdt +/ hi,te_rtdbi,t
0 0
ti dhlt —rt —rt; T —rt
—ei(/ dt7 e ""dt + hig+ hige”" —/ rhie”"dt) (A.16)
0 t;

is negative. We decompose this expression into

fO At CEJ tdbj ¢ T ) D) —rt T —rt
( . (Dl — Tpi + TEi)hi’te dt -+ . hi,te dbi’t) <A17>

and

T ti _ t;
E {e Jo 4 X5y ey (/ (D; — rP;)hie”""dt + / h; e~ " db;
0 0
dhi

t;
—EZ(/O dt

Expression A.17 corresponds to the interval [t;, T]. We will show that it is negative

e "'dt + hio + hmie_”i)) } : (A.18)

using conditions (iii) and (v). Expression A.18 corresponds to the interval [0,¢;]. We

will show that it is negative using conditions (ii), (iii), and (iv).
Interval [t;, T

Using fact A.1, we can write expression A.17 as

T
B (/ e fot As Zj\;l xj,sdbj,s"!‘% ftT As Z;V:1 ZkN:I P kT, sTk,sdS
t;

N
(Ez — T’Fi —f- re; — At Z pi,jfﬁj,t)hiﬂgdt) . (Alg)

j=1
Since x;; + hi; > 0 and z;, = 0 for t € (&;,T], hsy > 0 for t € (#;, T]. This fact and

conditions (iii) and (v), imply that expression A.19 is negative.

Interval [0, t;]
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Using integration by parts

ti _ t;
/ (Dz — Tpi)hiﬂge_rtdt + / h@t@_rtdbi’t = (/
0 0 0

t; ti _ ti dh
+ / ( / (D; — rP;)e " ds + / e’"sdbis> Yt.
0 t t ’ dt

This fact, together with
dhz t
i, i z ,0 + /

imply that expression A.18 can be written as

ti _
{ DY ”*’Jtdbﬂ</ (D —r )_”dt+/ e "db;, — (1+6_”")> hz‘vo}Jr

{ — fy A b (/t /t’ D. P —”ds+/ e db;  — €e ‘”)dzz’tdt

t; .
—/ € dhi e_rtdt>}. (A.20)
0

ti

(D; —rP;)e"dt + / €_Ttdbi,t) hio
0

dt

Using fact A.2, we can write the first term of expression A.20 as

LAY SN kg dt b §s) al i
e 2Jo Tt iuj=12uk=1 P k3t Thst (/ (Dz — TPZ' — At Zpi7j$j’t)6_rtdt - EZ(l + B_Ttl))hi70.

0 =
This is 0 because of condition (ii). We will show that the second term of expression

A.20 is
t; t N T N N
B {/ i o Jy As D e Thsdbj sty [, As D1 Do PikTj s Th,sds
0

dhi
.

iy /ti(ﬁ- —rP;— A g: irig)e Pds — e | — e | dt
dt . 2 K3 S]:1 pl,j J,S 2 2 dt

(A.21)
To obtain the terms in D; — rP; and ¢;, we use fact A.1. To obtain the term in

A, Z;V:l pii%js, we need to compute

t; t; dhjz
{ f At 1 Tj,edbj </O (/t ersdbi’s)#dt>} . (A22)

Inverting expectation and integral and rearranging, we get
[ (B B St Bt [T s [ o)
0 dt t ’
Since the process dh;,/dt is adapted, we get

t; t A )
/ (E(e Jo As 323 wiedbis %)E(e Ji As s s / e—”dbi,s)> o
0 t
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Using fact A.2 to compute the second expectation, and inverting back expectation
and integral, we obtain the term in A, Z;V:l pijT;s in expression A.21. To show that

expression A.21 is negative, we distinguish two cases.
Case 1: dh;/dt >0

The term in square brackets has the same sign as
ti _ N
/ (Dz — ’I”PZ‘ — As Z pi,jl’j,s)eimdS - Eieiﬁi - eie*” <A23>
t ;
7j=1
The derivative of expression A.23 w.r.t. ¢ has the same sign as
o - N
—(DZ — T’Pi — At Z pi,jxj,t) + 1€;.
j=1
Condition (iv) implies that this expression increases in ¢, and thus expression A.23

is convex in ¢. Since expression A.23 is 0 for ¢ = 0 (because of condition (ii)) and is

—2¢;e7 <0 for t = t;, it is negative.
Case 2: dh;/dt <0

The term in square brackets has the same sign as
ti o N
— / (D; —rP; — A Z pijTjs)e ds+ e — e (A.24)
t ;
7j=1
The derivative of expression A.24 w.r.t. ¢ has the same sign as
o - N
(Dz — TPZ' — At Zpi,jxj,t) + 7€;.
j=1
Condition (iv) implies that this expression decreases in ¢. Since it is 0 at ¢t = ¢;,

(because of condition (iii)) it is positive in [0, ¢;]. Therefore expression A.24 increases

and, since it is 0 for ¢ = t;, it is negative. Q.E.D.
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B Proof of Proposition 3

We first prove lemmas B.1 to B.5 and corollary B.1. The lemmas and the corollary
establish some matrix algebra results. These results are needed when there are two
or more stocks, and are used in appendices B, C, and D.

Lemma B.1 Suppose that {b1,.,b;} C Sy and j <i. Then

1
1 - Pby b, Cb1

I(C,b;, {b1,.,b:}\{b;})
Ty by (b)Y

Pbiby - 1 Cbi .
J

Proof: By rearranging rows and columns, we can assume that j = i. Using the

“block inverse” formula

~1
( A B ) - ( A+ A'B(D — CA'B)"'CA™' —A'B(D - CA'B)"! )

C D —(D—-CA'B)tCcA™! (D-CA'B)™!
(B.2)
for A the submatrix formed by rows and columns 1 to ¢ — 1, we find that
-1
1 - Pbybs Cbl
— I<<7bi7{b17‘7bi—l})
I(,O.,bi, bi, {bb ) bifl})
Pbibr - 1 Cbi )
i.e. equation B.1 for j = 1. Q.E.D.
Lemma B.2 Suppose that {b,.,b;} C Sy, j # k and j,k <i. Then
~1
1 - Pbib;
= : (B3)
L(p. > brs {01, -, b F\{br }) .
Pbiby - 1 bk
and
~1
1 - Poyb;
_ [(p-7bk7bja{b1>'7bi}\{bj7bk})
](p-,bka bk’a {bl7 ) bl}\{bk})](p,ij bj? {blv ) bl}\{b]7 bk})
Poi b - 1

j’k (B.4)
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Proof: By rearranging rows and columns, we can assume that k£ = 7. We use

equation B.2 for A the submatrix formed by rows and columns 1 to ¢ — 1, and get

-1
1 - Poib
1
I(p.,bia bia {bla ) bi—l})

Po; by - 1

i.e. equation B.3 for k =i, and

-1 -1

1 - Pbib; 1 1 - Pbibioq Pb1,b;

[<p~7bi7 bi? {b17 ) bi*l})
Pbiby - 1 Iy Pbi_1,b1 - 1 Pbi_1.,b;
(B.5)

Lemma B.1 implies that

-1

1 - Pbibi—a Pby b
_ I(p.,bivbj>{bl7‘Jbi—l}\{bj}>. (B6>
I(P.,bja bj7 {bb 9y blfl}\{bj})
Poi_1,by - 1 Pbi_1,b;
Equations B.5 and B.6 imply equation B.4 for k = i. Q.E.D.

Corollary B.1 contains some immediate and useful implications of lemma B.2.

Corollary B.1 Suppose that {by,.,b;} C Sy, j # k and j, k <i. Then

[(p.,bk7bk,{bl,-,bi}\{bk}) >0 (B?)
-1
1 - Pbibi— Poy b,
>0 (B.8)
Pbi_1,br - 1 Pb;_1,b;
I(p.p,, 05, {b1,., bi}\{bj, br.}) > 0 (B.9)

Proof: Inequality B.7 follows from equation B.3 of lemma B.2 and the fact that
the matrix in the statement of the lemma is positive definite. Inequality B.8 follows
from assumption 3, equation B.5 and inequality B.7. Inequality B.9 follows from

assumption 3, equation B.4 of lemma B.2 and inequality B.7. Q.E.D.
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Lemma B.3 Suppose that for the vector ¢ = ({3, .,(n) we have

-1

I . ;N G
> 0. (B.10)
pn1 -1 (N
Then .
1 P1,i G
> 0. (B.11)
Pi1 1 Cz
forallt < N.
Proof: Inequalities B.10 are equivalent to
G 1 - P1L,N T
= ) ) , (B.12)
(N pN1 -1 nN

where n; > 0. Multiplying the vector of the first ¢ equations B.12 by the inverse

matrix of
L pu
(B.13)
Pin 1
we get
-1 ~1
L p G m L pu Pli+1 - P1,N Ni+1
= +
pi1 - 1 Gi i pi1 - 1 Piit1 - PiN NN
(B.14)

Inequalities B.8 of corollary B.1 imply that all elements of the matrix multiplying
(Mix1,-,mn) are positive. Since the 7;’s are strictly positive, the RHS of the above
equation is strictly positive. Q.E.D.

Lemma B.4 Consider 2 vectors ( = ((1,.,(y) and 0 = (01, .,0N) and suppose that
I(¢, k,S;—1) > 0 for alli and k > i. Then

1(0,i,5,-1) _ 1(0,k,S;_1) N I(0,k,S;_1) < 1(0,k, S;)
I(Cviasi—l) ](gﬂkasi—l) I(C7k7si—1) o ](Cy k:7S’L)

< (B.15)
for k > 1.
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Proof: Using formula B.2 for the matrix B.13 and for A the submatrix formed

by rows 1 to ¢ — 1 and columns 1 to ¢ — 1, it is a matter of algebra to check that

. 1(p.k, 8, Si-1)
I(C, Kk, S;) =1(C, k,Si—1) — I(C, 1, Sim1) ————F7— B.16
(C? ) ) (C 1) (C v 1) ](p.,iaz’si—ﬁ ( )
and similarly for 8. Lemma B.4 follows then from inequalities B.7 and B.9 of corollary
B.1. Q.E.D.

Lemma B.5 Suppose that for the vectors ( = (C1,.,(n) and n = (n1,.,Mn) we have
I(C, i, Si71> =1 Vi. Then

i I(p.i K, Sk-1) )
ST, S B.17
g kzzzlnkj(p-,kakvsk—l) ( )

The converse also holds.
Proof: Equation B.16 implies that

. . . I(p;,i—1,5_
I(G,8,Si1) = 1(G, i Sima) = 1(Gyi = 1, Sia) f(/()p.’ i1 5'2)2)

](p.,ia 7’ - 17 Si*Q)
I(pi—1,i— 1,5 5)

I(p.i;i—2,8 3)

I(Ca i? Si*S) - [(C7 I — 27 Si*3) [(p 9 i —92 5,73)

—1(¢,i—1,5i)

= 1(p.i, k, Sk-1)
=.=1((,1,5) — Ik, Sp_q) L,
(¢, 4, S0) kz::l (¢ k 1)I(p_,k, kS )
Therefore
— I(p.is k, Sk-1)
1(¢,1,5;_1) = ¢ — Ik, Spq) 2L, B.18
(C ? 1) C ;;1 (C k I)I(P.,k, k?7 Sk—l) ( )

Suppose that 1(¢,i,S;_1) = n; Vi. Equation B.18 implies equation B.17. Conversely
suppose that equation B.17 holds Vi. Using equation B.18 and proceeding recursively,
we find that I(¢,4,S;_1) = n; Vi. Q.E.D.

We now prove the proposition and corollaries B.2 and 1.

Proof: We first show that the ¢;’s are well-defined by equation 27 and that
0<t; <.<ty <T. We then show that the conditions of proposition 1 and the
market-clearing conditions hold. At the end of the proof, we motivate our construction

of the equilibrium.

The t;’s
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We first show that for k > i, [(Zj-v:l p.iSi, k,Si—1) > 0. Noting that I(p_;, k, S;—1) =
0 for j € 5;_1, we get

N
I(Z p.7j8j,k, Si—l) = ](p.7k,k, Si—l)sk + Z I(p”j,k’, Si_1>8j. (Blg)
j=1 jeti NIk}

Inequalities B.7 and B.9 of corollary B.1 and the fact that s; > 0 imply that the RHS
of equation B.19 is strictly positive.

We now show that
[(671750) < < [<€7N7 SN*l)

0< —_<.< . (B.20)
[(Zjvzl p,7j3j,Z,So) I(Zjvzl p,,ij,N, SN71>
Consider ¢ < ' < k. Using condition 26 for stocks ' and k, we get
I(e,i’,Si/_l) I(E, k?,Si/_l)
N - < N :
](ijl p.385: 1 Si—1) I(Zj:l p.jSj> k, Sir—1)
Lemma B.4 implies then that
I i 1 "
(€7k751 1) < (67k7S’L ) (B21)

I(Zjvzl P..jS5> ka Si/fl) B I(Ejvzl PS5 k? Sz’) ‘
Using condition 26 for stocks i and k, and inequality B.21 for i <1’ < k, we get
I(e,i,SZ-_l) I(E,k, Si—l) ](67 k‘,Sk_l)
1032521 p.585,0,8im1) — 155 p.sy, kb, Sica) — 1255 0.8, Ky Sk-1)

Finally, it is immediate to check that g(t) is strictly increasing and is 0 at ¢t = 0,

and that f(t) is strictly positive and decreasing. As a result, g(t)/f(t) is strictly
increasing and is 0 at ¢ = 0. Since ¢g(7T") > 0 and f(7T") = 0 for A = oo, inequality
o) _ 2 I(eN Sy
HT) = raI(30L pjs;, N, Sno1)
is satisfied for large A. Equations 27, B.20, and inequality B.22 imply then that the
t;’s are well-defined and that 0 <i¢; <. <ty <T.

(B.22)

Conditions Hold
It is immediate to check that the z;,’s are continuous and piecewise C! at [0, 7.

Condition (i)

Assumption 2 implies that inequalities B.10 hold for ( = D — 7P + re. Lemma
B.3 and equations 29 and 30 imply then that dx;,/dt < 0 in [t;,T]. Since x;; = x;4,
in [0,¢;], condition (i) holds.
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Condition (iii)

The definition of the z;;’s makes it clear that condition (iii) holds.
Condition (ii)

We first write equation 28 as

(310585, k, Skea) I(p.i, k., Sie1)

— — |
D;—rPi+re=ra)

. B.23
=T j) kS (523
Equation B.23 and lemma B.5 imply that
ft), = = ‘ 3 .
7I(D —rP -+ Te, 1, Si—l) = I(Z P.iSi %, Si—l)- (B24)
ra ;
7=1
Equations 27 and B.24 imply
g(tl)[(ﬁ — F + T€, i, Sifl) — 2[(6, i, Sifl) =0. (B25)

To show that condition (ii) holds, we proceed recursively. We assume that it
holds for stocks 1 to ¢ — 1 and show that it holds for stock ¢ (i can be 1). Combining
condition (ii) for stock k£ < i and condition (iii) for stock k and t € [y, t;], we find

4 N
/0 (D — 1Py + e — Atjz_:lphjxj’t)e”dt — 26, = 0. (B.26)

Using condition (iii) for stock k and ¢ = ¢;, we can write equation B.26 as

t; - o A N
A ((Dk - TPk: + TEk)(l - A—t) - At Zpk,j(xj,t — J7j,ti)) G_Ttdt — 2€k = 0.
t; j=1
Noting that z;; = z;;, for j > i and t € [0,¢;], and using the definition of g(t), i.e.
equation 24, we can write the above equation as

i—1

_ _ t;
g(t;))(Dy, — rPy + reg) — /0 A, Z P (T — a:j7tz.)e_rtdt — 26, = 0. (B.27)
=

Proceeding for stock i as we did for stock k, we conclude that proving condition (ii)

for stock 7 is equivalent to proving
- - ti 1—1
g(tz)(Dl — TPI' + TEZ') - / At Z pi,j(xj,t - l’j,ti)€_rtdt - 26,’ = 0. (B28)
0 :
7j=1
Using the ¢ — 1 equations B.27 to eliminate

t;
/ Ap(wpy — Ty, )e L
0
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for k < 7 in equation B.28, we conclude that equation B.28 is equivalent to equation

B.25.

Condition (iv)
To show that A, Zﬁvzl pijxjs increases in [0,¢;], we will show that A, Z;V:l PiiTjt
increases in [ty_1,t] for & < i. Equation 30 implies that it is equal to a constant

term plus

—1
1 - PlEk-1 Pk -  PLN T

N
Ay _<pi,17 o Pik—1) . ) . . . + Z Pi,iTj
j=k
Pr-11 - 1 Pk—1k - Pk—1N TN
The coefficient of z; > 0 for j > k, in the above expression is

-1
1 - PlE-1 P15

AvQ pig = (Pigs s pik-1) . : : = A (p_j, i, Sk-1)-
Pk-11 - 1 Pk—1,5

Inequality B.9 of corollary B.1 implies that I(p_;, 4, Sk_1) > 0. Since A; is increasing,

the above expression is increasing.

Market-Clearing Conditions

We finally show the market-clearing conditions. We will show that
N g XN ,
ZPLJ‘/ Titm = > pigsi Vi (B.29)
j=1 0 j=1

and conclude, from assumption 1, that fOT zidt/T = s;, Vi. We also proceed recur-
sively, assume that equation B.29 holds for stocks 1 to ¢ — 1 and show that it holds
for stock .

We write condition (iii) for stock k < i as

ﬁk—rpk+rek N
J— pk7.a';.7 :0
At ; J gt

We integrate this equation from t; > ¢, to T and add to it the same equation for

t = t; and multiplied by ¢;. Using also the definition of f(t), i.e. equation 18, we get

ft) 5 _ 5 - ti rdt
D, —rP _ N . / o at
. (Dy, — 7Py +rey,) ;:1:/%,] R
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_% . /Tx. @_/ti(w. . )@
_J: pk’] 0 J:tT 0 Jht Jti T :

1

Since x;¢ = x4, for j > ¢ and t € [0,¢;], we can write the above equation as

flt) = = N T gt it dt
ra (Dk — TPk —I—Tek) = ;pk’j/o xjyt? —;/0 pk,j(xj,t — ZEjﬂgi)?. (B30)

Since equation B.29 holds for stocks 1 to i — 1, we can write equation B.30 as

f(t)

ra

(D —rPy + reg) = Z Pk iSj — Z/o P (e — xjm.)?. (B.31)
j=1 j=1
Proceeding for stock ¢ as we did for stock k, we conclude that proving equation B.29
for stock ¢ is equivalent to proving

f(t)

ra

- o N 1—1 ti dt
(DZ — ’I"Pi + ’I“EZ') == Z pi7j8j — Z[} pi,j(xj,t — zjii)?' (B32)
j=1 J=1

Using the ¢ — 1 equations B.31 to eliminate

/ti (ke — )—t
z Tkt
, Tkt kti)

for k£ < 7 in equation B.32, we conclude that equation B.32 is equivalent to equation

B.24. Q.E.D.

We can now work backwards and motivate our construction of the equilibrium.
First, we fix the ¢;’s and the P;’s, and define the x;¢’s from condition (iii). Second, we
derive equations B.25 and B.24 using condition (ii) and market-clearing respectively,
and proceeding as in the proof. Third, we determine the t;’s and the P;’s. To
determine the t;’s we simply divide equation B.25 by equation B.24. To determine
the P;’s we solve the N equations B.24 using lemma B.5.

In corollary B.2 we study how the minimum holding period of a stock depends on

its and other stocks’ transaction costs, and on its supply.

Corollary B.2 The minimum holding period of stock i, t;, increases in €;, is inde-

pendent of €, for i < k, decreases in € for 1 >k, and decreases in s;.

Proof: We use equation 27 and the fact that g(¢)/f(t) is strictly increasing. To

prove the comparative statics w.r.t. the transaction costs, we note that I(e,i,S; 1)
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increases in ¢;, is independent of ¢, for ¢ < k, and, from inequality B.8 of corollary
B.1, decreases in ¢ for ¢ > k. To prove that ¢; decreases in s;, we use equation B.19,

and inequality B.7 of corollary B.1. Q.E.D.
We finally prove corollary 1.

Proof: We use equation 28 and the result of corollary B.2 that ¢; is independent
of ¢ for 7 < k. Q.E.D.
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C Proofs of Propositions 4, 5, and 6
We first prove lemma C.1.

Lemma C.1 Consider the function h(t) defined by

2/'(t)
r(g () f () —g@) (1))

If T < Ty, h(t) is increasing, while if T > Ty, it is decreasing for small t and may

h(t) = + 1. (C.1)

then become increasing. If T < Ty, h(t) is negative, while if T > T}, it is positive for

small t and then negative.

Proof: Using the definitions of f(¢) and g(), i.e equations 18 and 24, we get

d(1/A,) rat
a T

f1(t) = (C.2)

and

d(1/A;)
g(t) = / 0 / Age™"ds. (C.3)
Plugging back into equation C.1, and simplifying by ra/T and d(1/A;)/dt, we get

2
(fo e Tsds + 71 & tT Z—i)

Using equation C.4 and the definition of Ay, i.e. equation 11, we get

ht) = — + 1. (C.4)

rT — (2+7) + 3ye T
T — (1 —erT)

h(0) =

and
14T

1—e T

h(T) = —
R'(t) has the same sign as the derivative of

t [P Ase~m5ds (T ds
—rsd 0“'s iy
/0 ¢ st t t A

It is easy to check that this derivative has the same sign as

t t d(A.e"s
Ate" —/ Ase ds :/ smds.
0 0 ds
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If T < Ty then 2ye™™ — 1 > 0. In this case A,e™"" is increasing and so is h(t). If
T > Ty, then 2ye™™" — 1 < 0. In this case A,e™"" is decreasing for small ¢ and may
then become increasing. The same is true for A(t). If T < Ty, then h(0) < 0. h(t)
is either increasing, or decreasing and then possibly increasing. Since h(7T) < 0, h(t)
is negative. If 7' > Tj then h(0) > 0. Since h(7T) < 0, h(t) is decreasing and then

possibly increasing. Therefore it is positive for small ¢ and then negative. Q.E.D.
We now prove proposition 4.

Proof: Equation 27 implies that
a(l/f<tz)> . _f/(ti) 1 2 (C5)

a[<€7i75i*1) f(ti>2 (g/f) ( )Ta[(zj 1P. ]S]7Z7S’L 1)

Differentiating equation 28 w.r.t ¢; and using equation C.5 we find

8F@ XZ: 2f,( ) 1 a[(E,j, ijl) I(ﬂ.,i7j7 ijl)
dei o rf(t;)*(g/f) () O€; I(p.j,3,55-1)

Noting that I(e, j, S;j_1) is independent of ¢; for j < ¢, and using the definition of h(t)

+ 1.

we can write the above equation as
OP;
8@-

= h(t,). (C.6)

Proposition 4 follows then from lemma C.1, and the fact that ¢; is small for ¢; small

and vice-versa. Q.E.D.
We now prove proposition 5.
Proof: The proposition follows from equation C.6 and lemma C.1. Q.E.D.
We now prove proposition 6

Proof: Differentiating equation 28 w.r.t ¢, £ < ¢ and using equation C.5 we

find

an _ zz: 2f/(tj) 1 @](G,j, Sj—1> ]<,0.,i7j7 Sj—l)
Oer, s rf(t;)* 9/ 1)) Oae  I(p.j:d: Sj-1)

that we can write, using the definition of h(t), as

8?2 2f’(tk> I(pwj?Sj—l)
— I(e, 7, B ——"
Oer,  1f(tr)? (g/f (tx) aGkZ €.J: 5i-1) I(p.j,J,55-1)
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3 (hlty) — b)) )
RV RR R R

Using lemma B.5 for ( = € and 7 defined by n; = I(€, i, S;_1), we conclude that

(C.7)

[ . [(P.z’>j> Sj—l) O¢;
— I(e,7,5;1)—/—————= = = 0.
Oey, Z ( e 1)[(,0.7j>975j—1) Oey,

J=1

Noting also that I(e, j,S;_1) is independent of ¢ for j < k we can write equation C.7

as
= h(t;) — h(t et Bl I C.8
Oe J';rl( () = hlt) der,  Ip.,4,5-1) (©8)

Inequality B.8 of corollary B.1 implies that 0I(e, j, S;—1)/0ex < 0 for j > k. In-
equalities B.7 and B.9 of corollary B.1 imply that I(p_;,7,S;-1)/1(p.;,J,Si—1) > 0.
Therefore proposition 6 follows from lemma C.1. Q.E.D.

We finally prove corollary 2.

Proof: We first note that p; ; = p > 0Vi,j, i # j, implies that 01(e, j, S;_1)/0¢y
is independent of k for £ < j. Using equation C.8 for k and k£ + 1 < i and the fact

above, we get

— = (h(txs1) — h(t D e C.9
8€k 8€k+1 ( ( k:+1) ( k)>J:Zk;rl aEk I(p.,j;j;sjfl) ( )
Corollary 2 follows then from equation C.9 and lemma C.1. Q.E.D.
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D Proofs of Propositions 7 and 8

We start with proposition 7.

Proof: We first derive a linear system of N equations for the N unknowns z; .
We then show that its solution are the w;¢’s of the proposition.
The linear system

To derive the i'th equation of the system, we use condition (iii) of proposition 1.

Noting that x;;, = x; for j > 7, we can write the condition for stock £ < i and t = ¢,

as
i—1 N ) D
Dk - Tpk + reg
D PriTin D PriTio = 1 : (D.1)
=1 j=i ts
We can also write condition (iii) for stock ¢ and t = t¢; as
i—1 N ) D
Di — ?"Pi + re;
D PiiTis + D PiiTi0 = 1 : (D.2)
7=1 j=i i

Using the 7 — 1 equations D.1 to eliminate zj,, for £ < ¢ in equation D.2, we find

N , I(D—7rP+¢€,S;_
Z[(p.,jﬂusifl)xj,oz ( A, 1)-

j=i

7

Using equation B.24, we can write the above equation as

N , ral (XN poisi i, 81
Zl(p',j7z78i—l)xj70 = ( j=1 J <] )

j=1 f(tz)Am (D?))

Equation D.3 is the i’th equation of our linear system.

The solution

We now show that the z;’s defined by equation 32 are the solution to the linear
system. We plug the z;’s in equation D.3, and show that the coeflicient of 1/ f(t;) A,
in the resulting equation is 0 for j > ¢. This is obvious for 5 = i. For j > i the

coefficient is

j=1 o G A f
I(p.jyisSic1) = > I(p.jri,Si1) (P57 Si1\Md"})

j'=i I(p. i, S;\{J'}) (D.4)

Using lemma B.1, we can write equation D.4 as

49



I(p-,ja i7 Sifl) =

1 NG WES P1,j
(0,.,0,1(p.ir i, Si-1), -, L(p.j-1,1, Si-1)) . . : . (D.5)
pj-11 - 1 Pi-1
Using equation B.2 for A the submatrix formed by rows and columns 1 to ¢ — 1, we

can write equation D.5 as

I(p.;,1,8i1-1) = (I(p.s,1,Si-1), -, L(p_j-1,%,Si—1))

-1

I(p.;,1,Si-1) . I(p.j-1,1,5-1) I(p.j,i,5i-1)
(D.6)

Ip.ij—1,8i-1) - I(pj-1,5—1,81) I(p.j,j—1,8i-1)
The definition of 1({, b, {b1,.,b;}), i.e. equation 25, implies that the matrix in equation
D.6 is symmetric. Therefore the equation obviously holds. Q.E.D.

We now prove proposition 8.

Proof: We first define the function [(¢) by

= T OAC S5
A (070~ ()] (0)

Proceeding as in the proof of lemma C.1, we get

Therefore I(t) is positive and decreasing.
Equation 27 implies that

8[(6,@,51',1) ’ ra[(Zévzl p,’ij,Z-,Sifl).

We use equation D.8 to calculate 0V /0e;. Equations 32 and D.8 imply that
81/; _ 2 l(tz) 8[(€,i, Si—l)
e, Ty \(

N 1t;)  I(p.»i,Sj-1\i}) 91(e, 5, Sj-1)
j;rl [(p.:j7j7 ijl) [(p,z,Z,Sj,l\{z}) 8€k ) : (D9>

P.is i, Si—l) Oey,
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Inequality B.8 of corollary B.1 implies that 01(e,j, S;j_1)/0¢; < 0 for j > 4. Since
0I(e,i,S;-1)/0¢; > 0 and I(t) > 0, V;/0e; < 0.

We now show that dV;/de, > 0 for k < i. The proof for k& > i is similar.
Dividing by [(¢;), and using the facts that [(¢) is positive and decreasing, and that
01(e,j,Sj—1)/0€; <0 for j > i > k, it suffices to show that

1 al(inSi*l) . g: 1 I(IO.,j?iaSj*l\{Zl}) al<€7j7 ijl) <0
1(p.iyi, Si-1) ey, j=it1 I(p.j,3: Sj-1) L(p.i, i, Sji—1\{i}) ey, N
(D.10)

The definition of 1({, b, {b1,.,b;}) and lemma B.1 imply that inequality D.10 is equiv-

alent to
1 I(p.i Kk, Si-1\{k})
I(p.ii, Si—1) I(p. g, k, Si—1\{k})
L& Hps SN I kS D
j_zi—ij—l I(p_J,j, Sj—l) ](p.77;, i, S]—l\{l}> I(p.,ka kv S]—l\{k}) =0 (Dll)

To show that inequality D.11 holds, we first establish a useful identity. We compute

the term in the k’th row and 7’th column of the inverse matrix of

for 7 > 1, in two ways. First, we use lemma B.2. Second, we use equation B.2 for A
the submatrix formed by rows and columns 1 to 7 — 1, lemma B.1 and lemma B.2.

Since we should get the same result, the following identity holds

ook SAERD I(p.i. ke, S\ {1, 1)
Tt SN B SN RY) T 085\ D (0., K, 85\ (0 1))
1 ey S M) I b S\ R D12)

1(p.3, 3, 85-1) 1(p.iy i, S5 \{i}) L(p. s ko Sj—1\{k})
Equation D.12 used for j =i+ 1 to N implies that inequality D.11 is equivalent to

](P.,i, k, SN\{i7 k}) >0
I(p.i ity SN\ L (p. s b, Sn (i, k) —

which obviously holds. Q.E.D.
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E Proof of Proposition 9

Existence of a solution

We first show that equations 35 to 39 have a solution. For simplicity we assume
that A = co. The proof for A large uses the fact that the functions Ay, f(¢) and g(t)
are close to their counterparts for A = oo, and is available upon request. Eliminating

P, and P,, we get the following equations in ¢, t; and to

g(t1) _ 2¢
flt) — f(t)  rasi’ (E.1)
9(152)3 B g(t)) . 2(ex — per)
I O R (E2)
and
A f(t2) pAgl(f(tl) — f(h) _ N )

So 81
We treat ¢, € (0,T) as a parameter, and define #,({;) and #5(#,) by equations

E.1 and E.2 respectively. We assume first ¢; > 0. Since g(0) = 0, g(t) is strictly

increasing, f(t) is strictly decreasing, and €; > 0, equation E.1 has a unique solution

t1(t) € (0,4,), that is continuous in £;. Using equation E.1, we can write equation

E.2 as

21 2€9

g(th) <61 | “€2
o) 1) . + o > 0. (E.4)

g(t2)
f(tQ)SQ = p(

Since ¢(T) > 0 and f(T) = 0, equation E.4 has a solution ty(¢,) € [0,T), that is

continuous in #;. If ¢, = 0, t,(£1) = 0, and #5(#,) is defined instead from equation E.2.

We now plug #;(¢;) and t,(;) into equation E.3 and show that it has a solution,
t,. For t; close to 0, the LHS of equation E.3 is strictly positive. When #; goes to to
T, t1(f1) and t5(#;) go to limits in (0, T). Since A4; goes to oo the LHS of equation E.3
goes to —oo. Therefore a solution to equations E.1 to E.3 exists, as well as a solution

to the initial equations.
Proof that 0 <t; <t; <ty <T

We only have to show that t1 < t5. We assume first that p < 1. Defining t7 and ¢}
by equation 27, and using equation 28, it is easy to check that assumption 1’ implies

that
f(#)ps2 > f(t5)(s1+ psa). (E.5)
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To prove that {; < t,, we will assume the opposite and prove that (i) f(t1)pss <
f(t2)(s1+psa), (i) t1 < t7, and (iii) to > ¢5. Since f(¢) is decreasing, these three facts

will contradict equation E.5.

Proof that f(t1)psy < f(t2)(s1 + ps2)

We write equation E.3 as

P At2f<t2) i

f(t) = f(t1) + A sy (E.6)

The result follows from our assumption that £; > t,, and the facts that f(¢) is strictly

decreasing and A; strictly increasing.

Proof that ¢; <]
Using equation E.6, our assumption that f; > t, and the fact that f(t)A, is

strictly increasing, we get

(F(t) — P22 < ey,

S1
The above inequality and equation E.1 imply that

g(tl) < g(tl) S1 . 261 . 2[(6, 1, So)

f(t1) = f(t) — f(t) s1+ps2 ra(s) + ps2) N raI(Z?:1 p.;Si, 1, S0)

Using the definition of 7, we conclude that ¢; < 7.

Proof that ¢, > {;

Using equation E.3, we write equation E.2 as

9(t2) 2 p*s; - ~ 2(e2 — per)
so(1—p°) + m(g(b)z‘lm —g(t)A;) = — . (E.7)

Using our assumption that #; > ¢, and the fact that g(t)A, is strictly increasing, we

get
g(ts) 2(ez — pe1) 21(e,2,57)
> = > :
f(ta) = ra(l—p?)sq 7"@[(23:1 p.i55,2,51)

Using the definition of ¢35, we conclude that ¢ > 3.

If p = 1, the result follows from equation E.7, the fact that g(t)A; is strictly

increasing, and the fact (stated after proposition 9) that ¢; < es.

Conditions hold
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We now show that the conditions of proposition 1 and the market-clearing condi-
tions hold. Equations 37, 40, and 41 imply that

_ _ 1 1 N
X1t = (Dl —rPy + T€1> (z — A—A> s YVt € [tl,tl). (E8>
t t1

Therefore x;, is continuous at fl, and x;; and x5, are piecewise C!. Tt is easy to
check that conditions (i), (iii), (iv), and (v) of proposition 1 hold.

Condition (ii)

We proceed as in the proof of proposition 3. Proving condition (ii) for stock 1 is
equivalent to proving

tr

_ A
/0 (D1 — 1Py +re)(1 — 2)etdt — 2¢; = 0

Ay
i.e. equation 35. Combining condition (ii) for stock 1, and condition (iii) for stock 1
and t € [t1,1,], we get

i _ A
/ ((Dl —rPy+re)(1 — A—t) — Ai(z14 — x4 t1)> e "dt — 2¢; = 0. (E.9)
0 i ’

Proving condition (ii) for stock 2 is equivalent to proving

t2 _ _ A
/o ((Dg — 1Py +1er)(1 — At ) — Aip(x1, — :puz)) e "dt — 2e5 = 0. (E.10)

to

Using equation E.9 to eliminate

i1 i1 to
/o Ay et = /0 Ay(xry — xl,gl)e_”dt = /0 Ap(wry — x14y)e "Mt

in equation E.10, we conclude that equation E.10 is equivalent to equation 36.

Market-Clearing conditions

We finally show the market-clearing conditions. The definition of z9, shows that
the market-clearing condition of stock 2 is equivalent to equation 39. Using equation
E.8, it is easy to check that the market-clearing condition for stock 1 is equivalent to

equation 38.
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F  Proof of Proposition 10

We first prove the proposition and then prove corollaries 3 and 4.

Proof: Using the definition of t*, i.e. equation 44, it is easy to check that the

equilibrium equations 35 to 39 are satisfied for e; = €, =0, t; =0, {; = t, = t*, and

— ra(s; + sq)

Dl—rﬁzbl—rﬁz f(())

We now study the equilibrium equations for € small, assuming that 1, t1, to, P1, and

(F.1)

P, are close to their e = 0 values. We first determine ¢; and t5 — ¢; from equations
E.1 and E.7 respectively. Since g(0) = ¢’(0) = 0, equation E.1 implies that
29"0)8 _ 2¢
fO) = f(t)  rasi’
Equation C.3, the definition of A;, i.e. equation 11, and the fact that v = 1, imply
that

(F.2)

_d(1/A) A re "t

"(0) = =—. F.3
g'(0) dt|,_, 07 1T (F-3)
Using equation F.3 and the definition of t*, we can write equation F.2 as
T,e—th% _ 26 ‘ <F4)
21 —eM)f(0)  ra(sy + s2)
Equation E.7 implies that
sz d(g(t)A) oy 2(e2—e)
to — 1) = ——. F.5
() Ags dt |,_,. (t = 1) ra (E5)
Using the definition of g(t), i.e. equation 24, we get
d(g(t)At) d t _ dAt 1-— 6_”
——r 2 = — [ (A — Ay)e Pds = — ) F.6
dt dt /0 (e = Aeds = =57 — (6)
The definition of ¢*, and equations F.5 and F.6, imply that
1 dA, 1—e . 2(eg — €1)
to —t1) = ——. F.7
J(0)Ap dt |,_,. (ta =) ra(sy + s2) (F.7)

We now come to P; and P,, and first compute P; — P,. We can write equation

37 as

— — - = - = A
Dy —rPy+reg — (D1 — 1Py +71€1) = (D1 — 1Py + rey) (A—b - 1> . (F.8)

i
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Using equation F.1 and the fact that ¢, — #; is small, we can write equation F.8 as

ra(s; + s2) dA;

bQ—TFQ—I—TEQ—(El—T?l—FTGl): f(O)A dt
t* t=t*

(t2 — 11). (£.9)

We now compute P; and prove equation 42. Adding equations 38 and 39, we get

(El — Tﬁl -+ 7”61)(f(t1) — f(tAl) + f(tg)) + (Eg — TFQ + reg — (El — Tﬁl —+ TGl))f(tQ)
= ra(sy + $2). (F.10)

Using equation F.9 and the fact that f/(0) = 0, we can write equation F.10 as

(D1~ Py ra)(F(O) + 3 /" O)F + F(°) (b2 — 1)

ra(s; + sg) dA; .
t(ty — t1) = . F.11
FOA- dt |, J(E)(t2 — t1) = ra(s1 + s2) (F.11)
Equation C.2 and the definition of A;, imply that
d(1/Ay)| ra re "t
"(0) = — = F.12
o= F =g (F.12)

Noting that t; and ¢, — ¢; are small, and using equations C.2, F.1, and F.12, we can

write equation F.11 as

— — ra(sy +sz), re "l o rat* d(1/A:) R
(Dl — TPl + T’€1>f<0) —+ f(O) (— 2T 1 -+ T dt . (tQ — t1)>
ra(s; + sq) dA; R
(51 +52) d F&)(ta —t1) = ra(sy + s2). (F.13)

fO)Apdt|_,.
Using the fact that d(1/A;)/dt = —(dA;/dt)/A?, and the definition of f(t), i.e. equa-

tion 18, we can write equation F.13 as

_ — ra(s; +s2), re”"t ,  dA; 1 ~ra (T ds
D, —rP 0 - t ty—i)— [ —
(D1 —rPy+71e) f(0) + 7(0) ( 5T 1T 7 t:t*At*(Q I)T .. As>
= ra(sl -+ 32)_ (F.14>
Equation F.4 implies that
ra(s; + s) re‘TTt% _ 2¢1(1 —eT) (F.15)
RO T
Equation F.7 and the definition of A;, imply that
ra(sy + sg) dA; 1 (t—i )ra Tds 2r(ea—e) (T —t N 1 — e r(T=t7)
FO)  dt |, A7 VT e Ay 1t T rT '
(F.16)

o6



Equation 42 follows from equations F.14, F.15, and F.16. To obtain equation 43, we
note that equations F.7 and F.9 imply that

_ _ — — 2 —
DQ—TP2+T€2—<D1—TP1+7’61):%. (F17>
— e T
Equation 43 follows from equations 42 and F.17. Q.E.D.
We now prove corollary 3.
Proof: We first study P;. The definitions of A; and f(t) imply that
1—eT
0)=1— ——F—. F.18
(0) e (F.15)

Therefore the coefficient of €; in equation 42 is

rT—3(1—eT) 25 - =)

rT f(0) (1 —e7")f(0)

Since z — (1 —e™®) > 0, the second term is positive. It is 0 for t = T', and goes to oo

as t goes to 0. The result for P; follows.
We now come to P,. Equation F.18 implies that the coefficient of €5 in equation

43 has the same sign as
(1—e™)rT — (1 —e ™)) = 20rt" — (77T — 7)), (F.19)

Expression F.19is 0 for t = 0, and is —(1+e ™) (rT —(1—e")) <0 for t = T. Its

derivative has the same sign as
T — (1 —e ) = 2(em — e7"T=20)), (F.20)

Expression F.20 is rT —3(1 —e ™) for t =0, and is rT — (1 —e"7) > 0 for t = T.

Its derivative has the same sign as 2e "I~

— 1, and is either positive, or negative
and then positive. Therefore if 7T — 3(1 —e™"1) < 0, expression F.20 is negative and
then positive. Expression F.19 is thus negative. If 7T — 3(1 — e~"T) > 0, expression
F.20 is either positive, or positive then negative and then positive again. Therefore

expression F.19 is positive and then negative. Q.E.D.

The proof of corollary 4 is very similar to the proof of the second part of corollary

3. It is available upon request.
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Notes

'For a complete description of transaction costs see Amihud and Mendelson (1991).

For evidence on the magnitude of transaction costs see Aiyagari and Gertler (1991).

2Amihud and Mendelson (1986) regress cross-sectional asset returns on bid-ask
spreads and betas. Using these results, they argue (Amihud and Mendelson (1990))
that a .5% tax would decrease prices by 13.8%. Barclay, Kandel, and Marx (1997)
study changes in bid-ask spreads associated with the use of odd-eighths quotes in
the Nasdaq, and the migration of stocks from Nasdaq to NYSE or Amex. Using
their results, they argue that a tax would have much smaller effects. Umlauf (1993),
Campbell and Froot (1994), and Stulz (1994) present and discuss empirical evidence

on the effects of transaction taxes in Sweden and the U.K.

3 Aiyagari and Gertler (1991) and Heaton and Lucas (1996) examine whether trans-
action costs explain part of the difference in rates of return between bonds and less

liquid stocks.

1Stoll and Whaley (1983), Schultz (1983), Amihud and Mendelson (1986), and
Constantinides (1986) examine whether transaction costs explain the difference in

rates of return between large stocks and less liquid small stocks.

’See Amihud and Mendelson (1986), Aiyagari and Gertler (1991), Huang (1997),
and Vayanos and Vila (1997). In Amihud and Mendelson assets are identical because
agents are risk-neutral, while in Aiyagari and Gertler, Huang, and Vayanos and Vila

assets are identical because they are all riskless.

6See Constantinides (1986), Duffie and Sun (1990), Davis and Norman (1990),
Grossman and Laroque (1990), Dumas and Luciano (1991), Fleming et al. (1992),
Shreve and Soner (1992), and Schroder (1997).

"Amihud and Mendelson (1986) and Vayanos and Vila (1997) show that when
assets are identical except for transaction costs, the price indeed falls by the PV

term.
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8Amihud and Mendelson (1986) allow for the effect of transaction costs to be

nonlinear.

9For a survey of the literature on the effects of derivatives, see Chapter 2 of Allen

and Gale (1994).
1%We consider an agent born at time 0 and use ¢ for both time and the agent’s age.

"Since z;,; is absolutely continuous, it has a derivative almost everywhere, and is

the integral of its derivative.
2For a survey of market microstructure theory see O’Hara (1995).

BStapleton and Subrahmanyam (1978) assume a constant riskless rate, normal
dividends, and exponential utility and, like us, obtain linear prices and deterministic
stock holdings. However, they assume no transaction costs, and a finite, discrete-time

economy where all agents are born at time 0.

This result is consistent with Lo and Wang (1997), who show that all assets have

the same turnover under two-fund separation.

Increasing risk-aversion ensures decreasing stock holdings only when there is one
stock. Indeed, suppose that there are two stocks and that assumption 3 is violated,
i.e. the stocks are negatively correlated. Agents’ holdings of the less liquid stock
remain unchanged for a while because of transaction costs. Since agents become
more risk-averse with age, they hedge their holdings of this stock by increasing their

holdings of the more liquid stock.

16Tt is easy to check that both equations have a unique positive solution for any

value of y =1—ra/A € (0,1).

"Equation 24 implies that g(t) is of order ¢? for ¢ ~ 0. Equation 27 implies then
that t; is of order y/e. Therefore the PV term is of order \/e.

The only non-obvious step in the proof is that if s1, sg, €1, €2, and p € [0,1) do

29



not satisfy assumption 2, they satisfy assumption 1’. Equation 28 implies that

s;(1 —p%)
f(t5)

Since assumption 2 is not satisfied, inequality 33 must be satisfied.

D;—rPj+re; — p(D; —rP; +re;) = ar > 0.

YWhen p = 1, this is obvious. When p < 1, it is less obvious and follows from

assumption 1’. The proof is available upon request.
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