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Devwudfw

Zh ghyhors d vlpsoh elqrpldo prgho ri oltxlglw| dqg fuhglw ulvn lq zklfk d erqgkroghu

kdv wkh rswlrq wr wlph wkh vdoh ri klv vhfxulw|/ jlyhq d glvwulexwlrq ri srwhqwldo ex|huv/ elgv

dqg oltxlglw| vkrfnv1 Zh h{dplqh dv d ehqfkpdun wkh fdvh zlwkrxw ghidxow dqg �qg wkdw

rxu prgho suhglfwv d ghfuhdvlqj whup vwuxfwxuh ri oltxlglw| suhpld/ lq dffrugdqfh zlwk

wkh hpslulfdo �qglqjv ri �6���a dqg �jAaj,tNA +4<<4,1 Wkhq/ zh vwxg| wkh ghidxow

ulvn| fdvh dqg vkrz wkdw fuhglw ulvn lq�xhqfhv oltxlglw| vsuhdgv lq d qrq0wulyldo zd|1 Zh

�qg wkdw oltxlglw| vsuhdgv duh dq lqfuhdvlqj ixqfwlrq ri wkh yrodwlolw| ri wkh �up*v dvvhwv

dqg ohyhudjh 0 wkh nh| ghwhuplqdqwv ri fuhglw ulvn1 Ixuwkhupruh zh vkrz wkdw erqgkroghuv

duh pruh olnho| wr vhoo wkhlu kroglqjv yroxqwdulo| zkhq erqg pdwxulw| lv glvwdqw dqg zkhq

ghidxow ehfrphv pruh suredeoh1 Ilqdoo|/ lq d vdpsoh ri XV frusrudwh erqgv/ zh �qg

vxssruw iru wkh wlph wr pdwxulw| h�hfw dqg wkh srvlwlyh fruuhodwlrq ehwzhhq fuhglw dqg

oltxlglw| ulvnv1

Nh| zrugv = fuhglw ulvn/ oltxlglw|/ vwuxfwxudo prghov1
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Fuhglw ulvn dqg oltxlglw| ulvn kdyh ehhq sxw iruzdug dv wzr ri wkh pdlq mxvwl�fdwlrqv

iru wkh h{lvwhqfh ri |lhog vsuhdgv deryh ehqfkpdun wuhdvxu| qrwhv ru erqgv +vhh 8�t�ji

+4<8<,,1 Zkloh d udslgo| jurzlqj erg| ri olwhudwxuh kdv irfxvhg rq fuhglw ulvn2 vlqfh

�ji|NA +4<:7,/ oltxlglw| kdv uhpdlqhg d uhodwlyho| xqh{soruhg wrslf/ lq sduwlfxodu iru

ghidxowdeoh vhfxulwlhv1 Wkh sxusrvh ri wklv sdshu lv wr ghyhors d vlpsoh vwuxfwxudo prgho

ri oltxlglw| dqg fuhglw ulvn lq dq dwwhpsw wr ehwwhu xqghuvwdqg wkh lqwhudfwlrq ehwzhhq

wkhvh wzr vrxufhv ri ulvn1

Wkurxjkrxw wkh sdshu/ zh gh�qh oltxlglw| dv wkh delolw| wr vhoo d vhfxulw| txlfno| dqg

dw d sulfh forvh wr lwv ydoxh lq iulfwlrqohvv pdunhwv1 Zh wkxv wklqn ri dq looltxlg pdunhw dv

rqh lq zklfk d vl}hdeoh glvfrxqw pd| kdyh wr eh sdlg iru d srvlwlrq wr eh oltxlgdwhg1

Vwuxfwxudo fuhglw ulvn prghov dorqj wkh olqhv ri �ji|NA +4<:7, duh riwhq fulwlfl}hg rq

wkh iroorzlqj wzr frxqwv1 Iluvw lw lv dujxhg wkdw wkh ohyhov ri |lhog vsuhdgv jhqhudwhg e|

wkh prghov duh wrr orz wr eh frqvlvwhqw zlwk revhuyhg vsuhdgv1� Wklv pd| yhu| zhoo eh d

uhvxow ri vshfl�fdwlrq huuruv1 Krzhyhu lw vkrxog eh qrwhg wkdw vxfk fdvxdo hpslulflvp idlov

wr wdnh lqwr dffrxqw wkdw wkhvh prghov rqo| sulfh fuhglw ulvn1 Li sulfhv rq frusrudwh erqgv

uh�hfw frpshqvdwlrq iru rwkhu vrxufhv ri ulvn vxfk dv looltxlglw| wkhq rqh vkrxog h{shfw wr

�qg wkdw wkhvh prghov ryhusulfh erqgv1

D vhfrqg fulwlflvp riwhq eurxjkw xs lv wkdw wkh ohyhov ri fuhglw vsuhdgv rewdlqhg zlwk

prvw vwuxfwxudo prghov duh qhjoljleoh iru yhu| vkruw pdwxulwlhv dqg wkdw wklv lv lqfrqvlv0

whqw zlwk hpslulfdo hylghqfh1e Rxu prgho lpsolhv qrq wulyldo oltxlglw| suhpld iru vkruw

pdwxulwlhv dqg fdq wkxv uhvlvw wklv olqh ri fulwlflvp1

Lq uhfhqw hpslulfdo zrun rq fuhglw vsuhdgv/ �AajitNA dqg 7�AaBijtBA +5333, vkrz

wkdw dowkrxjk h{whqvlrqv ri wkh �,BW" dqg �N! +4<:9, prgho duh riwhq deoh wr fdswxuh

odujh sduwv ri wkh yduldwlrq lq vsuhdg lqglfhv/ gxulqj vrph vxe0vdpsohv wkh| idlo wr gr

vr1 Wklv vxjjhvwv wkdw dqrwkhu idfwru h{rjhqrxv wr wkhlu prgho lv dw sod|1 $�uujj

+4<<<, hvwlpdwhv d wzr idfwruD prgho ri erqg sulfhv rq frusrudwh ghew gdwd1 Klv �qglqjv

vxjjhvw wkdw klv idfwruv duh qrw vx�flhqw wr prgho |lhog vsuhdgv1 Zh srvlw wkdw d qdwxudo

fdqglgdwh iru dq dgglwlrqdo idfwru vkrxog eh rqh wkdw fdswxuhv wkh looltxlglw| ri frusrudwh

ghew pdunhwv1

Zh prgho fuhglw ulvn lq d prgl�hg�ji|NA +4<:7, iudphzrun1 Dowkrxjk lqwhuhvw udwh

ulvn lv dq lpsruwdqw ghwhuplqdqw ri frusrudwh erqg sulfhv zh devwudfw iurp lw lq rughu wr

doorz dq| lqwhudfwlrq ehwzhhq fuhglw dqg oltxlglw| ulvn wr eh dqdo|}hg lq lvrodwlrq1 Vwuxf0

wxudo prghov zlwk vwrfkdvwlf lqwhuhvw udwhv kdyh ehhq sursrvhg iru h{dpsoh e| 7��6"N/

Cj��6B dqg XBA $j�jA|ji +4<<6,/ ��j,tjA/ 7BB�-j`�j�N dqg 7BA|B��,BiB +4<<6,

dqg bBA} +4<<<,1

Zh lqwurgxfh wzr glvwlqfw vrxufhv ri oltxlglw| ulvn1 Iluvw zkhq wkh �up lv vroyhqw/ wkh

25ii uLh i @4T*i �,BW" @?_ �N! E�b.S�c 7��6"Nc Cj��6B @?_ XBA $j�jA|ji E�bb��c wNA}t|Buu
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ehduhu ri d erqg lv vxemhfwhg wr udqgrp oltxlglw| vkrfnv1 Vxfk vkrfnv fdq iru h{dpsoh

uh�hfw fdvk frqvwudlqwv ru uhedodqflqj ri wkh lqyhvwru*v sruwirolr ehfdxvh wkh vshfl�f erqg

lv qr orqjhu dssursuldwh iru khgjlqj ru glyhuvl�fdwlrq sxusrvhv1 Zlwk d fhuwdlq suredelolw|

kh pd| kdyh wr vhoo klv erqg lpphgldwho|1 Wkh sulfh kh zrxog kdyh wr vhoo dw lv dvvxphg

wr eh d udqgrp iudfwlrq ri wkh sulfh lq d shuihfwo| oltxlg pdunhw1 Wkh glvwulexwlrq ri

wklv iudfwlrq lv prghoohg dv d ixqfwlrq ri wkh qxpehu ri wudghuv dfwlyh lq wkh pdunhw iru d

sduwlfxodu erqg1

Wkh vxsso| vlgh ri wkh pdunhw lv dq hqgrjhqrxv ixqfwlrq ri wkh vwdwh ri wkh �up dqg

wkh suredelolw| ri oltxlglw| vkrfnv1 Zkhq wkhuh lv qr oltxlglw| vkrfn/ wkh erqgkroghu vwloo

kdv wkh rswlrq wr vhoo li wkh sulfh kh fdq rewdlq lv jrrg hqrxjk1 Dowkrxjk li d erqgkroghu

frxog krog wkh erqg xqwlo pdwxulw| kh zrxog dyrlg dffhswlqj d glvfrxqw dowrjhwkhu/ kh zloo

vhoo li wkh sulfh lv ehwwhu wkdq wkh h{shfwhg ydoxh ri zdlwlqj dqg h{srvlqj klpvhoi wr wkh

ulvn ri ehlqj irufhg wr vhoo dw d ohvv idyrudeoh sulfh1

Wkh vhfrqg lpsruwdqw dvvxpswlrq zh pdnh lv wkdw khwhurjhqhlw| lq oltxlglw| lv pdlq0

wdlqhg lq wkh pdunhw iru glvwuhvvhg ghew1 Erqgv wkdw zhuh uhodwlyho| looltxlg ehiruh ghidxow

uhpdlq ohvv oltxlg wkdq rwkhu glvwuhvvhg erqgv1 Wklv lv vxssruwhg e| hpslulfdo hylghqfh1

bB}Aji +4<<9, vwxglhv wkh pdunhw iru glvwuhvvhg ghew dqg �qgv wkdw phglxp dqg vpdoo

ghidxowhg lvvxhv rxwshuirup wkh uhwxuqv rq odujhu +dqg khqfh pruh oltxlg, lvvxhv1 Wkh

uhodwlyh vl}h ri lvvxhv lv olnho| wr eh lqyduldqw wr zkhwkhu d �up lv vroyhqw ru lq ghidxow

+dw ohdvw sulru wr wkh lvvxh ri uhvwuxfwxuhg dvvhwv,1 Khqfh zh zrxog h{shfw wkh oltxlglw|

ri dq lvvxh wr eh srvlwlyho| uhodwhg wr wkh yroxph rxwvwdqglqj/ ehiruh dqg diwhu �qdqfldo

glvwuhvv1

Zh �qdoo| doorz iru pdunhw0zlgh oltxlglw| vkrfnv zkhuh wkh phdq qxpehu ri wudghuv

vxgghqo| idoov gxh wr dq h{whuqdo hyhqw1 Uxvvld*v uhfhqw ghidxow iru h{dpsoh wuljjhuhg d

�ljkw wr txdolw| lq pdq| fuhglw ulvn| pdunhwv lqfoxglqj wkh XV frusrudwh erqg pdunhw

zkhuh oltxlglw| soxpphwhg1

Rxu prgho lpsolhv wkdw oltxlglw| vsuhdgv duh ghfuhdvlqj dqg frqyh{ ixqfwlrqv ri wlph

wr pdwxulw|1 Wklv lv frqvlvwhqw zlwk hpslulfdo hylghqfh rq pdunhwv iru Wuhdvxu| vhfxulwlhv1

�6���a dqg �jAaj,tNA +4<<4, h{dplqh wkh |lhog gl�huhqwldov ehwzhhq XV Wuhdvxu|

qrwhv dqg eloov 0 vhfxulwlhv zlwk gl�hulqj oltxlglw| dqg �qg wkdw whup vwuxfwxuhv ri oltxlglw|

suhpld lqghhg kdyh wklv sduwlfxodu vkdsh1 lj6Vu dqgP�i�} +4<<:, vwxg| oltxlglw| h�hfwv

rq Jhupdq jryhuqphqw erqgv dqg wkhlu �qglqjv vxssruw wkh frqfoxvlrqv ri �6���a dqg

�jAaj,tNA +4<<4, dv wr wkh vkdsh ri wkh whup vwuxfwxuh ri oltxlglw| suhpld1

Lq dgglwlrq wr wkh vkdsh ri wkh whup vwuxfwxuh/ rxu prgho lpsolhv wkdw wkh ohyho ri

oltxlglw| suhpld lv fruuhodwhg wr wkh suredelolw| ri �qdqfldo glvwuhvv1 Wkh suhpld zloo eh

kljkhu zkhq ghidxow lv olnho| dv erqgkroghuv zloo kdyh ohvv wlph wr orrn iru dwwudfwlyh r�huv

dqg pd| kdyh wr oltxlgdwh wkhlu srvlwlrqv rq xqidyrudeoh whupv1

Ixuwkhupruh/ zh vkrz wkdw wkh rswlpdo wudglqj ehkdylru ri wkh erqgkroghu lv d ixqfwlrq

ri wlph wr pdwxulw|/ �up ulvn dqg ohyhudjh1 Wkh erqgkroghu*v ehkdylru lv vxppdul}hg e|

wkh glvfrxqw wkdw kh lv zloolqj wr vhoo klv vhfxulw| dw1 Zkhq wlph wr pdwxulw| lv vkruw wkhuh

lv d uhodwlyho| vpdoo fkdqfh wkdw kh zloo eh irufhg wr vhoo klv erqg dw dq xqidyrudeoh sulfh1

Kh zloo wkxv eh xqzloolqj wr dffhsw d odujh glvfrxqw1 Krzhyhu zkhq wkh erqg pdwxulw| lv

glvwdqw kh zloo eh zloolqj wr vhoo dw d uhodwlyho| orzhu sulfh1 Khqfh rxu prgho lpsolhv wkdw

wkh pdunhw iru uhfhqw ylqwdjhv vkrxog eh pruh dfwlyh wkdq vhdvrqhg rqhv dqg lw suhglfwv
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wkdw wudglqj vkrxog eh pruh dfwlyh wkh ulvnlhu wkh lvvxh1 Zkhq wkh �up lv qhdu ghidxow wkh

suredelolw| ri d vxgghq vkruwhqlqj ri d erqg*v h�hfwlyh pdwxulw| pd| eh vxevwdqwldo dqg

wkh zloolqjqhvv ri erqgkroghuv wr vhoo zloo lqfuhdvh1

Uhgxfhg irup prghov ri fuhglw ulvn vxfk dv $�uu�j dqg 7�A},j|NA +4<<<, ru wBAaN

+4<<;, duh w|slfdoo| deoh wr lqfoxgh oltxlglw| dv d frpsrqhqw ri wkhlu wrwdo vsuhdgv1 Lq wklv

fodvv ri prghov/ ghidxow rffxuv %e| vxusulvh% dw d udqgrp gdwh dqg zlwk udqgrp lqwhqvlw|1

Krzhyhu lq wkhvh prghov/ rqo| djjuhjdwh vsuhdgv fdq eh ghulyhg iurp dfwxdo gdwd dqg rqh

fdqqrw glvwlqjxlvk d vlwxdwlrq zlwk d kljk oltxlglw| suhplxp dqg olwwoh ghidxow ulvn iurp

rqh ri d yhu| oltxlg exw ulvn| erqg1 Vhsdudwlqj oltxlglw| iurp fuhglw vsuhdgv lv qrw rqo|

wkhruhwlfdoo| lqwhuhvwlqj/ lw lv dovr qhfhvvdu| iru khgjlqj dqg sruwirolr pdqdjhphqw1 Lq

rughu wr vhw xs h�hfwlyh vwudwhjlhv iru wkhvh sxusrvhv lw lv qrw vx�flhqw wr phuho| nqrz

krz pxfk frpshqvdwlrq rqh uhfhlyhv ru sd|v iru gl�huhqw ulvnv/ exw dovr wr zklfk ulvnv

rqh lv h{srvhg wr dqg wr zkdw h{whqw1

Wkh wNA}t|Buu +4<<8, prgho olhv forvh wr rxuv lq vslulw1 Kh phdvxuhv wkh ydoxh ri

oltxlglw| iru d vhfxulw| dv ydoxh ri wkh rswlrq wr vhoo lw dw wkh prvw idyrudeoh sulfh iru d jlyhq

wlph zlqgrz1 Dowkrxjk rxu uhvxowv duh qrw gluhfwo| frpsdudeoh ehfdxvh wkh dxwkru ghulyhv

xsshu erxqgv iru oltxlglw| glvfrxqwv iru d jlyhq vdohv0uhvwulfwlrq shulrg/ klv gh�qlwlrq ri

oltxlglw| frphv forvh wr rxu rzq1

Wr gdwh/ C+W�NA dqg XBAAj|j,ONtW� +4<<:, lv/ wr rxu nqrzohgjh/ wkh rqo| sdshu

zklfk h{solflwo| prghov wkh oltxlglw| ri frusrudwh erqgv hqgrjhqrxvo|1 Wkh| xvh d vwudwhjlf

edujdlqlqj vhwxs lq zklfk wudqvdfwlrqv wdnh sodfh ehfdxvh lqyhvwruv kdyh gl�huhqw ylhzv

derxw edqnuxswf| frvwv1 Dowkrxjk vrph ri wkhlu suhglfwlrqv duh vlplodu wr rxuv/ wkhlu

gh�qlwlrq ri oltxlglw| ulvn gl�huv vljql�fdqwo|1 Qrwdeo|/ dv wkhlu oltxlglw| suhpld duh olqnhg

wr wkh khwhurjhqhlw| ri lqyhvwruv* shufhswlrqv derxw wkh frvwolqhvv ri �qdqfldo glvwuhvv/

wkhlu prgho suhglfwv wkdw oltxlglw| vsuhdgv lq Wuhdvxu| ghew pdunhwv vkrxog eh }hur1

Wzr ri wkh suhglfwlrqv ri rxu prgho duh wkdw |rxqj lvvxhv vkrxog eh pruh oltxlg wkdq

vhdvrqhg rqhv dqg wkdw oltxlglw| vsuhdgv vkrxog eh fruuhodwhg zlwk wkh ohyho ri fuhglw ulvn1

Wdnlqj fuhglw udwlqjv dv phdvxuhv ri ghidxow ulvn dqg fkrrvlqj wzr sur{lhv ri oltxlglw| +wlph

hodsvhg vlqfh lvvxdqfh dqg yroxph rxwvwdqglqj,/ zh whvw wkhvh k|srwkhvhv rq d vdpsoh ri

d wkrxvdqg XV frusrudwh erqgv1 Zh �qg wkdw djh d�hfwv frusrudwh erqg vsuhdgv zlwk d

srvlwlyh vljq= roghu lvvxhv fduu| d suhplxp ryhu |rxqjhu rqhv1 Dv suhglfwhg/ zh dovr �qg

hylghqfh ri d fruuhodwlrq ehwzhhq ghidxow ulvn dqg oltxlglw| suhpld dv phdvxuhg e| dprxqw

rxwvwdqglqj= wkh lpsdfw ri wklv oltxlglw| sur{| rq |lhog vsuhdgv lv juhdwhu iru orzhu0udwhg

vhfxulwlhv1

Wkh vwuxfwxuh ri wkh sdshu lv wkh iroorzlqj1 Vhfwlrq 5 suhvhqwv wkh prgho dqg ghvfulehv

wkh ghidxow jhqhudwlqj phfkdqlvp dqg wkh vrxufhv ri looltxlglw|1 Vhfwlrq 6 dqdo|}hv oltxlglw|

vsuhdgv lq wkh ghidxow0iuhh fdvh dqg uhsruwv wkh jhqhudo vkdsh ri wkh whup vwuxfwxuh ri

oltxlglw| vsuhdgv lq wklv frqwh{w1 Vhfwlrq 7 dqg 8 ghvfuleh wkh ghidxow ulvn| fdvh dqg

lwv lpsolfdwlrqv iru erqg wudglqj uhvshfwlyho| zkloh vhfwlrq 9 lqwurgxfhv wkh srvvlelolw|

ri pdunhw0zlgh oltxlglw| vkrfnv1 Vhfwlrq : uhsruwv rq rxu hpslulfdo whvwv rq wkh prgho*v

suhglfwlrqv dqg vhfwlrq ; frqfoxghv1
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2 A�i �L_i*

Zh dvvxph iru vlpsolflw| wkdw djhqwv duh ulvn0qhxwudo1 Zh wkxv dyrlg wkh lvvxh ri ghwhu0

plqlqj d vxlwdeoh htxlydohqw pduwlqjdoh phdvxuh iru dq looltxlg dqg wkhuhiruh lqfrpsohwh

pdunhw1S Dowkrxjk ulvn dyhuvlrq dqg wkh dvvrfldwhg ulvn suhplxp pljkw d�hfw wkh txdq0

wlwdwlyh rxwsxwv ri rxu prgho wkh| duh xqolnho| wr fkdqjh wkh txdolwdwlyh uhvxowv1

Wkh xqfhuwdlqw| uhodwlqj wr wkh �up ydoxh iy|j
|'A

|'f
lv prghoohg xvlqj d vwdqgdug elqr0

pldo irupxodwlrq. lq zklfk � ghqrwhv wkh yrodwlolw| ri wkh �up*v dvvhwv dqg �w lv wkh wlph

lqwhuydo ehwzhhq wzr qrghvH1 Wkh ulvn0iuhh lqwhuhvw udwh u lv dvvxphg wr eh frqvwdqw1 Iro0

orzlqj �ji|NA +4<:7,/ zh dvvxph wkdw wkh �up lv �qdqfhg e| d vlqjoh lvvxh ri glvfrxqw

ghew zlwk pdwxulw| W dqg surplvhg sulqflsdo uhsd|phqw S= Zh frqvlghu wkh ydoxh ri wkh

shuihfwo| oltxlg erqg Eu +w, wr eh wkh ehqfkpdun djdlqvw zklfk zh zloo frpsduh wkh ydoxh

ri dq looltxlg glvfrxqw erqg EU +w, = Wkh sulfh ri d %oltxlg% vhfxulw| lv jlyhq e| wkh sulfh

wkdw zrxog rewdlq xqghu wkh dvvxpswlrqv pdgh lq d �ji|NA +4<:7,0olnh vhwwlqj1

Dw pdwxulw| wkh kroghu uhfhlyhv wkh sulqflsdo uhsd|phqw zkhq wkh �up lv vroyhqw ru d

iudfwlrq ri wkh ydoxh ri wkh �up zkhq lw lv lq ghidxow1

Eu +W , @ plq +S> yA �N, >

zkhuh N uhsuhvhqwv wkh frvwv ri �qdqfldo glvwuhvv1 Wkhvh duh wdnhq wr lqfoxgh erwk gluhfw

frvwv +ohjdo ihhv hwf1, dqg lqgluhfw frvwv dulvlqj iurp vxerswlpdo rshudwlqj ghflvlrqv +gxh

wr h1j1 ryhu ru xqghulqyhvwphqw lqfhqwlyhv lq �qdqfldo glvwuhvv,/ orvw exvlqhvv uhodwlrqvklsv/

hwf1

Zh dvvxph wkdw dw pdwxulw| wkh �up lv oltxlgdwhg dqg surfhhgv duh glvwulexwhg wr wkh

uhvshfwlyh fodlpdqwv1 Wkhuh lv khqfh qr pdunhw oltxlglw| sureohp dw wklv gdwh dqg wkh

looltxlg erqg sulfh lv

EU +W , @ Eu +W , =
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Zh dvvxph wkdw �qdqfldo glvwuhvv lv wuljjhuhg zkhq wkh ydoxh ri wkh �up*v dvvhwv uhdfkhv

dq h{rjhqrxv orzhu erxqgdu| O1 Zh kdyh vshfl�hg O dv d iudfwlrq j ri wkh suhvhqw ydoxh

ri wkh ghew*v sulqflsdo =

O @ j h{s+�uW,S=

Zh wkxv lpsrvh dq xsshu erxqg rq wkh �up*v ohyhudjh lq whupv ri lwv %txdvl0ghew udwlr%1b

Zkhq d uhdol}dwlrq ri �up ydoxh y| ehfrphv nqrzq zh revhuyh li wkh �up lv vroyhqw1

Li qrw/ wkh erqgv duh zruwk =

Eu +w, @ pd{ +O�N> 3, >

EU +w, @ pd{ +O�N � �> 3, >

zkhuh � lv dq dgglwlrqdo frvw uh�hfwlqj looltxlglw| lq wkh glvwuhvvhg ghew pdunhw1 Wklv frvw

lpsolhv d kljkhu h{shfwhg uhwxuq iru suhylrxvo| looltxlg ghew lq wkh glvwuhvvhg ghew pdunhw/

dv revhuyhg lq sudfwlfh1�f Qrwh wkdw lq frqwudvw wr C+W�NA dqg XBAAj|j,ONtW� +4<<:,/

zh gr qrw dvvxph wkdw edqnuxswf| frvwv duh lqyhvwru vshfl�f1

Lq rxu prgho/ wkh iroorzlqj hyhqwv rffxu jlyhq wkdw wkh �up uhpdlqv vroyhqw/ l1h1 y| A O

+Iljxuh 4 vxppdul}hv wkh vhtxhqfh ri hyhqwv,1 Iluvw wkh erqgkroghu zloo �qg rxw zkhwkhu

kh zloo eh irufhg wr vhoo klv erqg gxh wr vrph h{rjhqrxv oltxlglw| vkrfn1 Vxfk vkrfnv

pd| rffxu dv d uhvxow ri xqh{shfwhg fdvk vkruwdjhv/ wkh qhhg wr uhedodqfh d sruwirolr lq

rughu wr pdlqwdlq d khgjlqj ru glyhuvl�fdwlrq vwudwhj|/ ru wr phhw fdslwdo uhtxluhphqwv1

Wkh erqgkroghu frxog iru h{dpsoh eh dq lqvxudqfh frpsdq| zklfk pd| idfh d vxgghq

mxps lq fodlpv ehfdxvh ri dq hduwktxdnh1 Wkh suredelolw| ri ehlqj irufhg wr vhoo gxulqj d

sduwlfxodu shulrg lv �1

Jlyhq wkdw kh lv irufhg wr vhoo/ wkh glvfrxqw wkdw kh idfhv lv prghoohg dv iroorzv1 Wkh

sulfh r�huhg e| dq| rqh sduwlfxodu wudghu lv dvvxphg wr eh d iudfwlrq h� ri wkh shuihfwo|

oltxlg sulfh Eu1 Zh dvvxph wklv iudfwlrq wr eh xqlirupo| glvwulexwhg rq ^3> 4`1 Kh pd|

krzhyhu rewdlq vhyhudo r�huv dqg zloo uhwdlq wkh ehvw rqh1 Jlyhq wkdw kh fdoov klv eurnhu

wkh odwwhu zloo rewdlq Q r�huv iru klp/ zkhuh Q lv dvvxphg wr eh Srlvvrq zlwk sdudphwhu

�

Q � Sr +�, >

vr wkdw � lv wkh h{shfwhg qxpehu ri r�huv��1 Rqh pd| dovr wklqn ri � dv wkh qxpehu ri

dfwlyh wudghuv lq wkh pdunhw iru d sduwlfxodu w|sh ri erqg1 Wklv qxpehu pd| gl�hu iru

lqvwlwxwlrqdo uhdvrqv1 Iru h{dpsoh/ edqnv duh ohvv olnho| wr eh dfwlyh lq wkh pdunhw iru
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dVt-1

uVt-1

keep bond

Vt-1

L

financial distress
BL=max(L-K,0)
BI=max(L-K-κ,0)

liquidity shock : forced sale

δ∗

voluntary sale

sell bond
proba θ

proba 1−θ

bondholder
observes distribution

Binomial Setting

Iljxuh 4= Wkh vhtxhqfh ri hyhqwv dw dq duelwudu| srlqw lq wlph w ? W 1

kljko| udwhg ghew dv d uhvxow ri wkh zd| wkdw fdslwdo uhtxluhphqwv duh vwuxfwxuhg1�2 Wkh

fkrlfh ri glvwulexwlrq dqg vxssruw iru wkh lqglylgxdo glvfrxqwv lv dgplwwhgo| vlpsolvwlf exw

zh uhwdlq lw iru looxvwudwlyh sxusrvhv1�� Wkh h{shfwhg ehvw iudfwlrq ri wkh oltxlg sulfh wkdw

kh zloo eh r�huhg zloo wkxv eh�e

��+�, � H

k
�� +�,

l
@

"[
?'f

h
3�

�
?

q$
�

q

q. 4
=

Zh dvvxph wkdw wkh glvwulexwlrqv ri oltxlglw| vkrfn duulydov dqg glvfrxqwv duh lqgh0

shqghqw ri wkh �up ydoxh xqfhuwdlqw|1 Wklv zrxog dsso| iru h{dpsoh wr rxu deryh fdvh ri

dq lqvxuhu idflqj d vxgghq mxps lq fodlpv1 Wkh h{shfwhg ydoxh ri wkh erqg jlyhq d irufhg

vdoh lv wkxv

H|

k
��+�,Eu +w,

l
@ Eu +w,H

k
��+�,

l
@ Eu +w, ��+�,>

zkhuh H| ^=` ghqrwhv frqglwlrqdo h{shfwdwlrq zlwk uhvshfw wr lqirupdwlrq dydlodeoh dw gdwh

w1 Li kh lv qrw irufhg wr vhoo +zlwk suredelolw| +4� �,, kh vwloo kdv wkh rswlrq wr vhoo klv

erqg vkrxog wkh ehvw r�hu pdgh wr klp eh dffhswdeoh1 Li kh ghflghv wr vhoo kh zloo uhfhlyh

d udqgrp sd|phqw ri
��+�,Eu +w, >

dqg li kh ghflghv qrw wr vhoo/ wkh kroglqj ydoxh lv

h
3o{|

H| ^EU +w. 4,` =
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Khqfh wkh ydoxh ri wkh looltxlg erqg +li wkh �up lv vroyhqw, lv

EU +w, @ ���+�,Eu +w,

. +4� �,pd{
�
Eu +w,H

k
��+�,

l
> h
3o{|

H| ^EU +w. 4,`
�
= +4,

Zh ghqrwh e| �W
|
wkh uhvhuydwlrq sulfh iudfwlrq deryh zklfk wkh erqgkroghu zloo ghflgh wr

vhoo dw wlph w dqg ehorz zklfk kh zloo nhhs klv srvlwlrq xqwlo wkh qh{w shulrg xqohvv kh

idfhv d oltxlglw| vkrfn1 Wklv doorzv xv wr uhzulwh

pd{
�
Eu +w,H

k
��+�,

l
> h
3o{|

H| ^EU +w. 4,`
�
>

dv�D=

H

k
Eu +w, h� +�, LhB:BW . h

3o{|
H| ^EU +w. 4,` LhB$BW

l
@ Eu +w,H

kh� +�, LhB:BW
l
. S

kh� � �
W

l
h
3o{|

H| ^EU +w. 4,` >

zkhuh L� lv wkh lqglfdwru ixqfwlrq wdnlqj wkh ydoxh 4 li hyhqw D lv wuxh dqg 3 rwkhuzlvh1

Wkh fulwlfdo ydoxh iru wkh r�huhg sulfh iudfwlrq �� +�,/ deryh zklfk wkh erqgkroghu zloo

ghflgh wr vhoo lv

�
W

| @
h
3o{|

H| ^EU +w. 4,`

Eu +w,
=

Wkh prwlydwlrq iru wkh udqgrpqhvv ri �/ l1h1 wkh lpsolflw dvvxpswlrq wkdw gl�huhqw

sulfhv iru wkh vdph vhfxulw| fdq eh uhdol}hg dw dq| rqh wlph lv wkh vdph dv iru wkh rffxuuhqfh

ri oltxlglw| vkrfnv1 Vrph djhqwv wudgh iru khgjlqj ru fdvk �rz uhdvrqv dqgpd| wkxv dffhsw

wr ex| dw d kljkhu +ru vhoo dw d orzhu, sulfh wkdq rwkhu wudghuv1�S

Wklv lv frqvlvwhqw zlwk wkh vwuxfwxuh ri wkh XV frusrudwh erqg pdunhw/ dq RWF pdunhw

grplqdwhg e| d olplwhg qxpehu ri ghdohuv1 Wklv vwuxfwxuh fdq ohdg wr lqirupdwlrq dv|p0

phwulhv wkdw uhvxow lq vhyhudo sulfhv ehlqj txrwhg lq d jlyhq pdunhw dw wkh vdph wlph�.1

Wkh yduldeoh �W| vkrxog eh wkrxjkw ri dv d %uhvhuydwlrq% sulfh = wkh orzhvw sulfh dffhswdeoh

wr wkh erqgkroghu wr vhoo klv vhfxulw|1

Lq rughu wr frpsxwh erqg sulfhv/ zh xvh edfnzdug lqgxfwlrq dv xvxdo lq d wuhh vhwwlqj1

Zh vwduw dw wkh pdwxulw| ri wkh erqgv zkhuh ydoxhv duh nqrzq dqg uroo edfnzdug wkurxjk

wkh wuhh xqwlo wkh lqlwldo gdwh1

Qrz wkdw zh kdyh glvfxvvhg rxu dvvxpswlrqv dqg uhvxowlqj prghoolqj iudphzrun zh

surfhhg wr suhvhqw rxu qxphulfdo uhvxowv1 Zh ehjlq zlwk wkh fdvh ri fuhglw ulvn0iuhh ghew

dqg wkhq surfhhg wr wkh fdvh ri frusrudwh ghew1
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� +it�*|t �? |�i #iu@�*| +�t!�uhii �@ti

Zh wkh fdvh ri d ghidxow ulvn0iuhh erqg �uvw1 Lq grlqj vr zh dfklhyh wzr wdvnv1 Iluvw/ zh

gh�qh d ehqfkpdun fdvh qhfhvvdu| wr dqdo|}h wkh lqwhudfwlrq ri fuhglw dqg oltxlglw| ulvn1

Zlwkrxw nqrzlqj zkdw wkh whup vwuxfwxuh ri oltxlglw| vsuhdgv orrnv olnh lq wkh fuhglw ulvn0

iuhh fdvh/ lw zrxog eh kdug wr vhh zkdw wkh ixoo lpsdfw ri wklv xqfhuwdlqw| lv1 Vhfrqg/ zh

doorz wkh lpsolfdwlrqv ri wkh prgho wr eh uhodwhg wr hpslulfdo uhvxowv zklfk duh dydlodeoh

iru wkh Wuhdvxu| pdunhwv1

Iru doo vlpxodwlrqv lq wkh iroorzlqj vhfwlrqv/ zh gh�qh d vhw ri sdudphwhuv zklfk zloo eh

xvhg xqohvv vwdwhg rwkhuzlvh1 Wklv lv wr idflolwdwh frpsdulvrqv ehwzhhq wkh ydulrxv judskv

dqg wdeohv1 Wklv edvh fdvh kdv wkh iroorzlqj sdudphwhuv = wkh wlph vwhs lv �w @ 4@45

+rqh prqwk,/ wkh ulvn0iuhh lqwhuhvw udwh lv u @ :(/ wkh dyhudjh qxpehu ri pdunhw0pdnhuv

dfwlyh iru wkh vhfxulw| lv � @ :> wkh suredelolw| ri d oltxlglw| vkrfn lv � @ 3=;:7( zklfk

fruuhvsrqgv wr d |hduo| suredelolw| ri 43( ri kdylqj dw ohdvw rqh vkrfn dqg wkh txdvl0ghew

udwlr lv t @ 3=91 Lq wkh qh{w vhfwlrq +ghidxow ulvn| fdvh,/ zh zloo vxssohphqw wkh edvh fdvh

zlwk ydoxhv ri edqnuxswf| frvwv dqg ri wkh ghidxow erxqgdu|1

Iljxuh 5

Iljxuh 5 sorwv wzr vshfl�fdwlrqv ri wkh oltxlglw| vsuhdg1 Wkh gdvkhg olqh/ zklfk lv

doprvw vwudljkw/ lv wkh oltxlglw| vsuhdg zkhq wkh erqgkroghu fdqqrw vhoo klv srvlwlrq ehiruh

pdwxulw| xqohvv kh lv irufhg wr gr vr e| d oltxlglw| vkrfn1 Wkh vrolg olqh lv wkh oltxlglw|

vsuhdg zkhq zh oliw wkh frqvwudlqw ri qr hduo| vdoh1 Lw lv wkhq d ghfuhdvlqj dqg frqyh{

ixqfwlrq ri wlph wr pdwxulw|1 Wklv fohduo| vkrzv wkdw lw lv wkh delolw| wr vhoo yroxqwdulo|

sulru wr pdwxulw| zklfk |lhogv wkh vkdsh ri wkh oltxlglw| fxuyh1 Wklv sduwlfxodu vkdsh lv

frqvlvwhqw zlwk hpslulfdo hylghqfh ri �6���a dqg �jAaj,tNA +4<<4, dqg lj6Vu dqg

P�i�} +4<<:, iru wkh XV dqg Jhupdq jryhuqphqw ghew pdunhwv uhvshfwlyho|1

�6���a dqg�jAaj,tNA +4<<4, vwxg| wkh pdunhwv iru XV Wuhdvxu| qrwhv dqg eloov ri

htxdo pdwxulw|/ lqvwuxphqwv zlwk lghqwlfdo lqwhuhvw udwh ulvn h{srvxuh dqg sd|r� vwuxfwxuh1

<



Wkh gl�huhqfh ehwzhhq wkhvh lqvwuxphqwv olhv lq wkh oltxlglw| lq wkhlu vhfrqgdu| pdunhw1

Wkh| �qg wkdw wkh |lhog vsuhdgv rq wkhvh vhfxulwlhv gl�hu rq dyhudjh e| derxw 75 edvlv

srlqwv dqg wkdw wkh gl�huhqwldo lv d frqyh{ dqg ghfuhdvlqj ixqfwlrq ri wlph wr pdwxulw|1

lj6Vu dqg P�i�} +4<<:, whvw iru wkh h{lvwhqfh ri d oltxlglw| vsuhdg lq orqjhu jryhuq0

phqw erqgv lq wkh Jhupdq pdunhw1�H Wkh dxwkruv �qg d vwdwlvwlfdoo| vljql�fdqw dyhudjh

vsuhdg ri 4: edvlv srlqwv1 Wklv ohyho dqg wkdw irxqg e| �6���a dqg �jAaj,tNA +4<<4,

lv zhoo zlwklq wkh udqjh ri rxu uhvxowv iru uhdvrqdeoh sdudphwhuv dv vkrzq lq Iljxuh 51

Qrwh wkdw d ghfuhdvlqj ixqfwlrq iru |lhog vsuhdgv grhv qrw phdq wkdw oltxlglw| kdv d

vpdoohu lpsdfw rq sulfhv iru orqj erqgv1 Rq wkh frqwudu|/ dv zloo eh vkrzq lq wkh qh{w

vhfwlrq/ shufhqwdjh sulfh gl�huhqfhv duh odujhu iru orqj erqgv1

Wkh delolw| ri wkh erqgkroghu wr ghflgh zkhwkhu ru qrw wr vhoo klv vhfxulw| yroxqwdulo|

lv ydoxdeoh dv kh pd| eh deoh wr dyrlg xqidyrudeoh vdohv iroorzlqj oltxlglw| vkrfnv1 E|

h{dplqlqj wkh ydoxhv ri �W
|
dorqj gl�huhqw qrghv lq d jlyhq elqrpldo wuhh +Iljxuh 44, zh

�qg wkdw �W
| ghfuhdvhv lq wlph wr pdwxulw|1 Zh zloo h{dplqh wkhvh lvvxhv lq pruh ghwdlo lq

vhfwlrq 81

Wkh uhodwlrqvkls ehwzhhq wkh fulwlfdo sulfh iudfwlrq dqg wlph wr pdwxulw| fdq eh h{0

sodlqhg dv iroorzv1 Wkh orqjhu wkh wlph wr pdwxulw|/ wkh pruh olnho| dq dgyhuvh oltxlglw|

vkrfn dqg dvvrfldwhg odujh sulfh glvfrxqw1 Ghfuhdvlqj wkh wlph wr pdwxulw| pdnhv lw pruh

suredeoh wkdw wkh erqgkroghu fdq krog klv erqg wr pdwxulw| dqg dyrlg vhoolqj klv erqg dw

d glvfrxqw1

Wklv lqwxlwlrq lv frpsdwleoh zlwk wkh qrwlrq wkdw wkh oltxlglw| ri rq0wkh0uxq erqg lvvxhv

lv frqvlghudeo| ehwwhu wkdq wkdw ri vhdvrqhg lvvxhv1 Krzhyhu/ qrwh wkdw vlqfh zh kdyh wdnhq

wkh ghpdqg vlgh ri wkh pdunhw wr eh h{rjhqrxv/ zh gr qrw vxjjhvw wkdw rxu prgho h{sodlqv

wklv vw|ol}hg idfw lq ixoo1 Krzhyhu li wkh zloolqjqhvv wr vhoo lv kljkhu hduo| lq wkh olih ri d

erqg wkhq lw zloo fhuwdlqo| frqwulexwh1 Iru d glvfxvvlrq ri wkh gl�huhqfhv ehwzhhq uhwxuqv

ri wkh prvw uhfhqw Wuhdvxu| dxfwlrq dqg r�0wkh0uxq vhfxulwlhv/ vhh bBi}B +4<<5,1

Qrwh dovr wkdw zh ljqruh wudglqj frvwv= wkhvh dovr whqg wr jhqhudwh orzhu oltxlglw|

iru erqgv forvhu wr pdwxulw| ehfdxvh zkhq erqgv duh h{shfwhg wr eh sdlg edfn vkruwo|/

wudqvdfwlrq frvwv ehfrph sursruwlrqdwho| kljkhu1 Wkxv wudqvdfwlrq frvwv frxog ixuwkhu

lqfuhdvh wkh vsuhdg dw wkh vkruw hqg ri wkh whup vwuxfwxuh1

e +it�*|t �? |�i #iu@�*|�h�t!) �@ti

Lq wklv vhfwlrq zh dgg fuhglw ulvn lqwr rxu iudphzrun lq rughu wr looxplqdwh wkh lqwhudfwlrq

ehwzhhq oltxlglw| ulvn dqg wkh srvvlelolw| ri �qdqfldo glvwuhvv1

Zh �uvw suhvhqw wkh vkdsh ri oltxlglw| vsuhdg fxuyhv lq wkh wzr fdvhv zkhq yroxqwdu|

vdohv ehiruh pdwxulw| duh suhfoxghg ru doorzhg1 Zh wkhq dqdo|}h wkh uhvshfwlyh vkduh ri

|lhog vsuhdgv h{sodlqhg e| oltxlglw| dqg fuhglw ulvn dqg vkrz wkdw oltxlglw| suhpld fdq eh

yhu| odujh lq rxu prgho1 Erxqgv duh wkhq rewdlqhg iru sulfh glvfrxqwv +wkh gl�huhqfh eh0

wzhhq wkh sulfh ri d oltxlg dqg dq rwkhuzlvh lghqwlfdo looltxlg erqg, dqg vrph frpsdudwlyh

�HA�i) UL4T@hi |�i )�i*_t Lu @ t@4T*i Lu *@h}i �tt�it E�tt�i t�3i �t �ti_ @t @ ThL ) uLh *�^��_�|)� @}@�?t|

|�Lti Lu t4@**ih �tt�it L�ih |�i Tih�L_ �bb2�be� �** �e� ML?_t �? |�i�h t|�_) �ihi �tt�i_ Mi|�ii? �bH2 @?_

�bbe ��|� �?�|�@**) �f )i@ht |L 4@|�h�|) @?_ �@_ @ hit�_�@* 4@|�h�|) Mi|�ii? f�D @?_ �f )i@ht�
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vwdwlfv ri wkh oltxlglw| vsuhdgv duh surylghg lq vxevhfwlrq 7171 Ilqdoo|/ erqgkroghu wudglqj

ehkdylru lv dqdo|}hg lq wkh odvw vxevhfwlrq1

e�� 5�@Ti Lu |�i Aih4 5|h�U|�hi Lu w�^��_�|) 5Thi@_t

Iljxuh 6

Ohw xv �uvw uhylhz vrph qrwdwlrq1 Uhfdoo wkdw � ghqrwhv wkh suredelolw| ri d oltxlglw|

vkrfn lq d jlyhq wlph lqwhuydo �w1 Wkh sdudphwhu � fdq eh wkrxjkw ri dv wkh qxpehu ri

wudghuv dfwlyh lq wkh pdunhw iru d sduwlfxodu frusrudwh erqg1 Ohyhudjh lv phdvxuhg e| wkh

txdvl0ghew udwlr t zklfk uhodwhv wkh ulvn0iuhh suhvhqw ydoxh ri ghew frpplwphqwv wr wkh

fxuuhqw dvvhw ydoxh/ zkloh � lv d uhgxfhg irup phdvxuh iru wkh frvw ri looltxlglw| lq wkh

pdunhw iru glvwuhvvhg ghew1

Dv ehiruh/ wkh edvh fdvh iru vlpxodwlrqv zloo eh �w @ 4@45> u @ :(/ � @ :> � @ 3=;:7(/

t @ 3=91 Zh qrz dgg sdudphwhuv vshfl�f wr ghidxow ulvn = wkh yrodwlolw| ri dvvhwv lv � @ 3=6>

edqnuxswf| frvwv duh N @ 43 dqg wkh vxssohphqwdu| frvwv iru looltxlg vhfxulwlhv duh � @ 43=

Ilqdoo|/ wkh ghidxow erxqgdu| lv O @ j h{s+�uW,S> zkhuh j @ 41

Zh qrwh wkdw vsuhdgv duh vwloo ghfuhdvlqj lq ghew pdwxulw| vr wkdw wkh txdolwdwlyh

vkdsh ri wkh oltxlglw| whup vwuxfwxuhv grhv qrw fkdqjh zlwk wkh lqwurgxfwlrq ri fuhglw ulvn

lqwr wkh dqdo|vlv +Ilj1 6,1 Wklv lv lq olqh zlwk wkh uhvxowv ri wNA}t|Buu +4<<7, zkr

vwxglhg wkh Mdsdqhvh pdunhw dqg irxqg vlplodu sdwwhuqv iru fuhglw ulvn| erqgv lvvxhg e|

wkh Mdsdq Ilqdqfh Frusrudwlrq ri Pxqlflsdo Hqwhusulvh/ wkrvh ri wkh Wrn|r Phwursrolwdq

Jryhuqphqw dqg ghehqwxuhv ri wkh Lqgxvwuldo Edqn ri Mdsdq1�b

Wkh ghfuhdvlqj whup vwuxfwxuh ri oltxlglw| fdq khos wr h{sodlq d vw|ol}hg idfw iru kljk

judgh frusrudwh erqg vsuhdgv1 Vwuxfwxudo Phuwrq0w|sh prghov fdqqrw h{sodlq wkh �dw

�bA�i @�|�Lh @*tL �?_t ��4Tt �? tThi@_t @hL�?_ t� |L ti�i? )i@ht |L 4@|�h�|) M�| |�iti @hi _�i |L

tTiU��U�|�it Lu |�i a@T@?iti 4@h!i|�
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vkdsh ri whup vwuxfwxuhv ri vsuhdgv deryh Wuhdvxu| ehqfkpdunv iru kljk judgh erqgv dv

uhsruwhg e| $�uujj +4<<;,1 Wkhvh prghov surgxfh lqfuhdvlqj whup vwuxfwxuhv ri fuhglw

vsuhdgv iru orz ulvn vhfxulwlhv1 Krzhyhu li zh dgg wkh oltxlglw| frpsrqhqw/ rqh fdq uhfrq0

floh d vwuxfwxudo prgho zlwk d �dw whup vwuxfwxuh ri vsuhdgv/ wkh lqfuhdvh lq fuhglw vsuhdgv

ehlqj r�vhw e| wkh ghfuhdvh lq oltxlglw| vsuhdgv +vhh Iljxuh 72f> rewdlqhg xvlqj � @ 3=5,1

Iljxuh 7

e�2 A�i �L4TL?i?|t Lu v�i*_ 5Thi@_t

Iljxuh 8

2fA�i *@U! Lu t4LL|�?itt Lu |�i U�h�it �t _�i |L |�i Thiti?Ui Lu @ M@hh�ih �? |�i |hii�
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Pdunhwdelolw| suhpld duh dq lpsruwdqw sduw ri wkh wrwdo |lhog vsuhdg iru vkruw pdwxul0

wlhv/ ohvv vr iru orqjhu erqgv +�jxuhv 809/ rewdlqhg xvlqj wkh edvh fdvh sdudphwhuv2�,1 Wklv

iroorzv iurp rxu prgho ri fuhglw ulvn zklfk suhglfwv wkdw ghidxow lv xqolnho| iru yhu| vkruw

pdwxulwlhv1 Wklv txdolwdwlyh uhvxow lv frqvlvwhqw zlwk wkh uhvxowv ri wNA}t|Buu +4<<7, zkr

�qgv d vlplodu vsolw iru Mdsdqhvh gdwd1

Iljxuh 9

Wdeoh 4 uhsruwv fuhglw vsuhdgv dqg oltxlglw| vsuhdgv +lq edvlv srlqwv, iru ydu|lqj ohyhov

ri dvvhw ulvn +�, dqg pdwxulwlhv/ xvlqj wkh edvh fdvh sdudphwhuv1 Wkh wdeoh xvhv wkh vdph

ydoxhv iru �2 dq W dv lq �ji|NA +4<:7,1

�
2 Pdwxulw| Fuhglw Oltxlglw|

3=36 5 64 ;8

3=36 8 :7 69

3=36 43 ;8 4;

3=43 5 584 <<

3=43 8 5:8 74

3=43 43 558 54

3=53 5 865 467

3=53 8 6:< 88

3=53 43 597 5;

Wdeoh 4 = Fuhglw dqg Oltxlglw| vsuhdgv +esv1,

Wkhvh uhvxowv vkrz wkdw fuhglw dqg oltxlglw| ulvn fdqqrw eh wuhdwhg lqghshqghqwo|1

Rqh fdqqrw vlpso| dgg d oltxlglw| suhplxp deryh fuhglw vsuhdgv1 Wklv lv hvshfldoo|

lpsruwdqw zkhq whvwlqj frusrudwh ghew prghov1 Vsuhdgv deryh ehqfkpdunv zloo eh zlghu

2�{| ' �*�2c o ' .Ic � ' .c w ' f�H.eIc ^ ' f�Sc j ' f��c g ' �fc V ' �fc } ' ��
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iru vshfxodwlyh0judgh ghew qrw rqo| wr frpshqvdwh iru fuhglw ulvn exw dovr ehfdxvh ghidxow

ulvn lpsdfwv rq oltxlglw| vsuhdgv1

e�� 5Thi@_ �L�?_t

Lq rughu wr jdlq vrph lqwxlwlrq iru wkh ehkdylru ri sulfh glvfrxqwv/ zh zloo qrz wxuq wr

Iljxuh : zklfk sorwv wkhvh glvfrxqwv li qr hduo| vdoh lv doorzhg/ wkrvh lq wkh xquhvwulfwhg

fdvh dqg �qdoo|/ wkhlu erxqgv1 Sulfh glvfrxqwv fdqqrw eh juhdwhu wkdq wkh lpphgldwh

sd|phqw ri wkh dgglwlrqdo edqnuxswf| glvfrxqw � li wkh erqg lv vxemhfw wr ghidxow ulvn1 Lq

wkh ghidxow ulvn0iuhh fdvh/ lw fdqqrw h{fhhg wkh dyhudjh h{shfwhg glvfrxqw luuhvshfwlyh ri

wudghuv txrwhv 4� �= Wkh sulfh glvfrxqw lv wkxv erxqghg deryh e| pd{
�
�> 4� �

�
Wkh glvfrxqw lv erxqghg ehorz e| 4 � �

W
> rwkhuzlvh wkh erqgkroghu zrxog eh zloolqj

wr lpphgldwho| vhoo r� klv srvlwlrq1 Zlwklq wkhvh erxqgv/ wkh glvfrxqw lqfuhdvhv dqg lv

frqfdyh/ uh�hfwlqj wkh kljkhu suredelolw| ri dq dgyhuvh oltxlglw| vkrfn1 Qdwxudoo|/ wkh

suredelolw| ri d oltxlglw| vkrfn gxulqj wkh olih ri d yhu| orqj erqg whqgv wr 4 dqg li

qr hduo| vdoh lv doorzhg/ wkh vsuhdg frqyhujhv wr lwv xsshu dv|pswrwh1 Krzhyhu wklv lv

qrw wkh fdvh zkhq zh fdq vhoo gxulqj wkh olih ri wkh erqg ehfdxvh wkh suredelolw| ri d

yroxqwdu| vdoh dovr lqfuhdvhv zlwk wlph wr pdwxulw| dqg wkxv r�vhwv vrph ri wkh lpsdfw

ri wkh lqfuhdvlqj olnholkrrg ri d vkrfn1 Lq idfw/ lw frqyhujhv wr wkh orzhu erxqg/ ehfdxvh

iru orqjhu pdwxulwlhv wkh suredelolw| wkdw d erqgkroghu vhoov lq dqwlflsdwlrq ri d oltxlglw|

vkrfn dssurdfkhv rqh122
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'LVFRXQW�LI
QR�HDUO\�VDOH�
DOORZHG

1-δ*

7LPH�WR�PDWXULW\��\HDUV�

'LVFRXQW�LI�
HDUO\�VDOH�DOORZHG

3
UL
FH
�G
LV
FR
X
Q
W�
�S
HU
FH
Q
W�

/,48,',7<�35,&(�',6&28176

Max(κ,1-δ  )

Iljxuh :

22A�i hi@tL? |�@| |�ihi �t ?L _�tUL�?|�?} igiU| uL**L�t uhL4 L�h tTiU��U@|�L? Lu ^�L|it �? �**�^��_ 4@h!i|t
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e�e �L4T@h@|��i 5|@|�Ut

Rxu pdlq �qglqjv vr idu duh wkh ghfuhdvlqj vkdsh ri wkh whup vwuxfwxuh ri oltxlglw| vsuhdgv

dqg wkdw wkh| lqfuhdvh lq fuhglw ulvn dv phdvxuhg e| ohyhudjh +txdvl0ghew udwlr, dqg �up

dvvhw ulvn +vhh wdeoh 4 dqg 5,1 Zh qrz surfhhg wr vwxg| lq juhdwhu ghwdlo krz wkh frp0

shqvdwlrq iru oltxlglw| ulvn ghshqgv rq rwkhu prgho sdudphwhuv1

Wkh iroorzlqj �jxuhv vkrz krz wkuhh ri wkh prvw lpsruwdqw sdudphwhuv ri rxu prgho

lpsdfw rq oltxlglw| vsuhdgv iru gl�huhqw pdwxulwlhv1 Zh �uvw frqvlghu � zklfk lv wkh

suredelolw| ri idflqj d oltxlglw| vkrfn1 Iljxuh ; uhsruwv wkh whup vwuxfwxuhv ri oltxlglw|

vsuhdgv iru ydulrxv ydoxhv ri � fruuhvsrqglqj uhvshfwlyho| wr dq dqqxdo suredelolw| ri dw

ohdvw rqh oltxlglw| vkrfn ri 8( +� @ 3=759(, > 43( +� @ 3=;:7(, > 53( +� @ 4=;75(, dqg

83( +� @ 8=946(,1 Dv h{shfwhg/ wkh juhdwhu wklv suredelolw|/ wkh juhdwhu wkh oltxlglw|

vsuhdg ehfdxvh wkh pruh olnho| wkh erqgkroghu lv wr eh irufhg wr vhoo dw dq xqidyrudeoh

sulfh1

Dv zh douhdg| phqwlrqhg/ oltxlglw| suhpld lqfuhdvh lq fuhglw ulvnlqhvv1 Iljxuh < sorwv

oltxlglw| vsuhdgv iru ydulrxv ohyhov ri yrodwlolw|1 Krzhyhu/ fuhglw ulvn lv qrw rqo| d pdwwhu ri

ghidxow suredelolw| +pdlqo| lq�xhqfhg e| ohyhudjh dqg yrodwlolw|,/ exw lv dovr ghwhuplqhg

e| wkh orvv uhdol}hg lq ghidxow1 Wkh odvw �jxuh +�j1 43, sorwv wkh uhodwlrqvkls ehwzhhq

wkh dgglwlrqdo orvv lqfxuuhg e| looltxlg vhfxulwlhv xsrq ghidxow dqg wkh oltxlglw| suhplxp1

Rqfh djdlq d srvlwlyh uhodwlrqvkls lv irxqg1

Iljxuh ;
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Iljxuh <

Iljxuh 43

D �L?_�L*_ih Ah@_�?} �i�@��Lh

Lq wklv vhfwlrq zh dqdo|}h wkh zloolqjqhvv ri d erqgkroghu wr vhoo klv vhfxulw| dw d glvfrxqw

wr wkh sulfh wkdw zrxog suhydlo lq d shuihfwo| oltxlg pdunhw1 Zkhq �qdqfldo glvwuhvv

dssurdfkhv/ wkh erqgkroghu uhdol}hv wkdw wkhuh lv dq lqfuhdvhg olnholkrrg wkdw klv rswlrq wr
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vhhn rxw idyrudeoh r�huv sulru wr pdwxulw| zloo ehfrph zruwkohvv1 Khqfh kh zloo eh zloolqj

wr vhoo dw d orzhu sulfh1 Djdlq wklv zrxog vxjjhvw wkdw wudglqj yroxph lqfuhdvhv dv ghidxow

ehfrphv pruh olnho|1 Dq hpslulfdo vwxg| rq kljk0|lhog ghew e| 7W��,6BA/ �B+,jtt

dqg �i�Wj +4<<6, vxssruwv wkh lghd wkdw dqwlflsdwlrq ri ghidxow uhvxowv lq juhdwhu wudglqj

dfwlylw|1

Iljxuh 44 looxvwudwhv lq d elqrpldo wuhh wkh shufhqwdjh sulfh glvfrxqwv2� wkdw duh df0

fhswdeoh wr wkh erqgkroghu dv d ixqfwlrq ri wlph wr pdwxulw| dqg sur{lplw| ri ghidxow1

Zh vhh wkdw wkh forvhu zh duh wr pdwxulw|/ wkh orzhu wkh dffhswdeoh glvfrxqw ehfdxvh wkh

erqgkroghu rqo| kdv d vkruw wlph wr zdlw ehiruh wkh erqg lv uhghhphg dqg wkh olnholkrrg

ri d irufhg vdoh dw dq xqidyrudeoh sulfh lv vpdoohu1 Rq wkh rwkhu kdqg/ zkhq wkh lvvxhu

ri wkh erqgv dssurdfkhv �qdqfldo glvwuhvv/ wkh erqgkroghu zloo eh pruh zloolqj wr vhoo klv

vhfxulw| dw d juhdwhu glvfrxqw wr dyrlg wkh ulvn ri idflqj uhrujdql}dwlrq frvwv1

w @ 3 4 5 6 7 8 9 : ; < W

3=33

4=75

5=96 3=33

6=8; 4=75

7=5: 5=96 3=33

7=:7 6=8; 4=75

8=3; 7=5: 5=96 3=33

8=6: 7=;8 6=8; 4=75

8=;3 8=7; 7=98 5=96 3=33

:=38 9=:< 9=5: 7=<; 4=75

45=63 44=:6 43=;5 ;=9< 3=33

ghi= ghi= ghi= ghi=

ghi= ghi= ghi= ghi=

ghi= ghi= ghi=

ghi= ghi= ghi=

ghi= ghi=

ghi= ghi=

ghi=

ghi=

Iljxuh 44 = Shufhqwdjh glvfrxqwv +4� �
W

| � 433,/ zlwk �w @ 4> W @ 43=

Wdeoh 5 irfxvhv pruh vshfl�fdoo| rq wkh lpsdfw ri ghidxow ulvn rq oltxlglw| glvfrxqwv1

Ghidxow ulvn lv phdvxuhg e| ohyhudjh +txdvl0ghew udwlr= S h{s+�uW ,@y, dqg wkh yrodwlolw|

ri dvvhwv = �= Wkh glvfrxqw wkh erqgkroghu lv uhdg| wr vhoo klv erqg dw fohduo| lqfuhdvhv lq

erwk ohyhudjh dqg yrodwlolw| dqg fdq uhdfk frqvlghudeoh ohyhov1 Wkhvh uhvxowv duh urexvw wr

wkh fkrlfh ri wkh rwkhu prgho sdudphwhuv +�> �>N>�> u,=

2�_i�?i_ @t EE�3 BW| �f �ff� �
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Ilup ulvn +�,

3143 3148 3153 3158 3163

3153 8178 8178 8178 8178 8179

Txdvl 3173 8178 8178 817: 818: 8195

ghew 3193 8178 817: 819; 81:< :138

udwlr 31;3 8179 81;< 914: <16; <1;5

Wdeoh 5 = Wkh dffhswdeoh +w @ 3, glvfrxqw dv d ixqfwlrq ri ohyhudjh dqg �up ulvn1 Edvh

fdvh zlwk �w @ 4 dqg W @ 431

S �@h!i|���_i 5�LU!t

Vr idu zh kdyh wdnhq wkh suhydlolqj pdunhw frqglwlrqv zklfk wkh erqgkroghu idfhv wr eh

�{hg1 Lq rwkhu zrugv wkh dyhudjh qxpehu ri wudghuv zloolqj wr wudgh d jlyhq erqg zdv wdnhq

wr eh d frqvwdqw1 Wklv grhv qrw doorz iru dgyhuvh vkrfnv wr wkh hfrqrp| dffrpsdqlhg

e| zruvhqlqj fuhglw0pdunhw frqglwlrqv1 Zh qrz uhod{ wklv dvvxpswlrq lq dq dwwhpsw wr

prgho wkh h�hfwv ri %�ljkw wr txdolw|% rq |lhog suhpld1 Dq h{dpsoh ri vxfk d vxgghq

oltxlglw| froodsvh lv jlyhq e| wkh uhfhqw Uxvvldq fulvlv1 Zkloh XV frusrudwh Edd vsuhdgv

kdg rvfloodwhg lq d udqjh ri derxw 4530483 edvlv srlqwv iru vhyhudo |hduv/ wkh| vxgghqo|

vxujhg wr ryhu 533 edvlv srlqwv zkhq Uxvvld dqqrxqfhg wkdw lw zrxog vwrs sd|lqj lwv ghew

reoljdwlrqv1 Lqyhvwruv uhdfwhg e| zlwkgudzlqj wkhlu prqh| lqyhvwhg lq fuhglw ulvn| dvvhwv

zruogzlgh1 Pdq| erqgv frxog qrw hyhq eh txrwhg iru zhhnv ehfdxvh ri d odfn ri ghpdqg

dqg wudqvdfwlrqv1

Zh dvvxph wkdw qrupdo pdunhw frqglwlrqv duh uhsuhvhqwhg e| dq dyhudjh qxpehu ri

wudghuv �� dqg wkdw zlwk suredelolw| �
� wkhuh lv d ghwhulrudwlrq lq wkh zloolqjqhvv ri

wudghuv wr ghdo zlwk frusrudwh erqgv wr wkh h{whqw wkdw wkh Srlvvrq sdudphwhu iru wkh

h{shfwhg qxpehu ri r�huv gursv wr �� ? �
� 1

Wklv h{whqvlrq zloo qrw d�hfw wkh vwuxfwxuh ri rxu erqg sulflqj irupxod +4, dw d jlyhq

qrgh lq wkh elqrpldo wuhh exw zloo lq�xhqfh wkh iudfwlrq ri wkh ixqgdphqwdo ydoxh ri d

erqg uhdol}hg lq d vdoh1 Lq sduwlfxodu/ wkh suredelolw| ri rewdlqlqj d jlyhq qxpehu ri r�huv

fdq qrz eh zulwwhq dv

S +Q @ q, @
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h
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4
D

dqg wklv zloo gluhfwo| d�hfw wkh h{shfwhg iudfwlrq wkdw d erqgkroghu frxog h{shfw wr rewdlq

erwk lq wkh hyhqw ri d irufhg vdoh dqg d suhhpswlyh wudgh12e

Dowkrxjk zh gr qrw suhvhqw wkh uhvxowv uhodwlqj wr wklv h{whqvlrq/ zh qrwh wkdw lw

grhv qrw dowhu wkh txdolwdwlyh uhvxowv ri wkh prgho dqg wkdw lw kdv olplwhg lpsdfw rq wkh

txdqwlwdwlyh rxwsxwv1
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Lq wklv vhfwlrq zh lqyhvwljdwh zkhwkhu frusrudwh erqg gdwd vxssruw rxu prgho*v suhglfwlrq

wkdw oltxlglw| dqg fuhglw ulvn vkrxog eh srvlwlyho| uhodwhg1 Ixoo vwuxfwxudo hvwlpdwlrq ri rxu

prgho olhv eh|rqg wkh vfrsh ri wklv sdshu1 Udwkhu/ zh whvw wklv lpsolfdwlrq e| orrnlqj iru

hylghqfh ri d srvlwlyh fruuhodwlrq ehwzhhq ghidxow ulvn dqg oltxlglw| vsuhdgv lq rxu gdwd1

Zh duh dovr lqwhuhvwhg lq whvwlqj wkh ghfuhdvlqj vkdsh ri wkh whup vwuxfwxuh ri oltxlglw|

vsuhdgv1

Dv d jhqhudo prgho iru wkh erqg vsuhdg V
�
| ri lvvxh l dw wlph w>zh xvh

oqV�
| @ �f . ��[

�

�c| . ===. �?[
�

?c| . ��\�c| . ===. �6\6c| +5,

zkhuh [ vhulhv duh �up0 ru lvvxh0vshfl�f yduldeohv vxfk dv dprxqw rxwvwdqglqj ru wlph

diwhu lvvxdqfh zkloh \ yduldeohv duh frpprq wr doo lvvxhv dqg fdq eh pdfurhfrqrplf ru

pdunhw yduldeohv1 Vxfk d orjdulwkplf vshfl�fdwlrq jxdudqwhhv srvlwlyh vsuhdgv1

Wkh gdwd frqvlvwv ri ryhu d wkrxvdqg XV }hur0frxsrq erqgv uhfrughg prqwko| iurp

4<;9 wr 4<<91 ]hur0frxsrq erqgv duh sduwlfxoduo| zhoo vxlwhg iru d vwxg| ri oltxlglw|

ehfdxvh wkh| duh qrw eldvhg e| frxsrq h�hfwv12D Xqohvv vwdwhg rwkhuzlvh lq vxevhfwlrq

+:14, wkh yduldeohv duh wdnhq iurp Gdwdvwuhdp1

Vxppdu| vwdwlvwlfv

Qxpehu ri erqgv 43<9

Qxpehu ri revhuydwlrqv 87496

ri zklfk

Lqyhvwphqw judgh erqgv 7<<;:

Vshfxodwlyh judgh erqgv 4:8<

Qrq udwhg erqgv 574:

Phdq vsuhdg :9es

Phdq wlph wr pdwxulw| 45=5< |hduv

Phdq erqg djh 8=37 |hduv

Phdq yroxph ' 439P

Vsuhdgv duh fdofxodwhg dv wkh gl�huhqfh ehwzhhq wkh ulvn| erqg |lhog dqg wkh ulvn0iuhh

udwh rewdlqhg e| wkh �j,tNA dqg 7�j}j, +4<;:, surfhgxuh1 D pruh ghwdlohg ghvfulswlrq

ri wkh frqvwuxfwlrq ri vsuhdgv lv surylghg lq dsshqgl{1

.�� A�i _@|@

Zh lqfoxgh irxu frpprq yduldeohv +yrodwlolw|/ dq djjuhjdwh phdvxuh ri ohyhudjh/ d fuhglw

f|foh lqglfdwru dqg wkh ulvn0iuhh udwh, zklfk vkrxog fdswxuh joredo wuhqgv lq frusrudwh

erqg vsuhdgv1 Wkhvh \�yduldeohv duh qrw lqgh{hg e| wkh erqg lvvxh l dv wkh| gr qrw

ghshqg rq wkh vshfl�f vhfxulwlhv1
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41 Yrodwlolw|

Dvvhw yrodwlolw| dqg ohyhudjh duh wkh wzr prvw lpsruwdqw ghwhuplqdqwv ri ghidxow ulvn

lq d �up0ydoxh edvhg prgho ri fuhglw ulvn1 Dvvhw yrodwlolw| lv krzhyhu qrw gluhfwo|

revhuydeoh iru prvw �upv dqg lw lv w|slfdoo| sur{lhg lq hpslulfdo zrun e| wkh yrodwlolw|

ri wkh vwrfn zkhq wkh lvvxlqj �up kdv sxeolfo| wudghg htxlw|1 Lq wklv sdshu/ zh zloo

eh irfxvvlqj rq dq djjuhjdwh phdvxuh ri dvvhw yrodwlolw| dfurvv �upv dqg zloo xvh

wkh yrodwlolw| ri wkh vwrfn pdunhw dv d sur{| iru dvvhw yrodwlolw|1 Zh kdyh fkrvhq wr

lqfoxgh lpsolhg yrodwlolw| udwkhu wkdq klvwrulfdo yrodwlolw|2S ehfdxvh lpsolhg yrodwlolw|

lv d iruzdug orrnlqj phdvxuh +wkh wudghuv* h{shfwdwlrq ri yrodwlolw|,1 Wkh phdvxuh ri

lpsolhg yrodwlolw| zh xvh lv wkh Fklfdjr Erdug Rswlrqv H{fkdqjh YL[ lqgh{ zklfk

lv d zhljkwhg dyhudjh ri wkh lpsolhg yrodwlolwlhv ri hljkw rswlrqv zlwk 63 gd|v wr

pdwxulw|1 Zh h{shfw wkh yrodwlolw| wr hqwhu wkh uhjuhvvlrq zlwk d srvlwlyh vljq/ vlqfh

d juhdwhu yrodwlolw| lpsolhv d juhdwhu ulvn ri ghidxow dqg vkrxog eh uh�hfwhg lq kljkhu

vsuhdgv1

51 Ohyhudjh

Vlploduo|/ zh xvh dq djjuhjdwh phdvxuh ri ohyhudjh lq rxu uhjuhvvlrqv1 Ohyhudjh lv

fdofxodwhg dv Ghew2+Ghew . Htxlw|, iurp vhulhv h{wudfwhg iurp wkh X1V1 Ihghudo

Uhvhuyh*v Iorz ri Ixqgv Dffrxqwv12.1 Zh h{shfw d srvlwlyh vljq iru ohyhudjh dv

kljko| ohyhuhg �upv kdyh d kljkhu suredelolw| ri ghidxow1

61 Wkh fuhglw f|foh

Wkh fuhglw f|foh lqglfdwru phdvxuhv wkh yroxph ri frusrudwh ghew lq wkh pdunhw1 Zh

kdyh qr vwurqj ylhz derxw wkh h{shfwhg vljq iru wklv yduldeoh1 Rq wkh rqh kdqg/ rqh

frxog dujxh wkdw lw vkrxog kdyh d qhjdwlyh olqn zlwk vsuhdgv/ dv odujh dprxqwv duh

lvvxhg zkhq vsuhdgv duh wljkw dqg kljk vsuhdgv whqg wr srvwsrqh ghew lvvxdqfh e|

frusrudwlrqv1 Rq wkh rwkhu kdqg/ d odujh �rz ri ghew lq wkh pdunhw vkrxog surgxfh

dq r�hu vkrfn zklfk fdq rqo| eh pdwfkhg e| ghpdqg dw wkh frvw ri kljkhu vsuhdgv1

71 Wkh ulvn0iuhh udwh

Frusrudwh |lhogv fdq eh eurnhq grzq lqwr d ulvn0iuhh udwh frpsrqhqw dqg d vsuhdg1

Krz wkhvh wzr frpsrqhqwv lqwhudfw kdv ehhq d pdwwhu ri ghedwh lq wkh olwhudwxuh1 Gr

vsuhdgv lqfuhdvh zkhq wkh ulvn0iuhh udwh ulvhv ru gr wkh| ghfuhdvhB Uhfhqw hylghqfh

lq $�uujj +4<<;, kdv vkrzq wkdw rqh frxog h{shfw d qhjdwlyh vljq iru wkh ulvn0iuhh

udwh dw ohdvw iru lqyhvwphqw judgh erqgv/ l1h1 wkdw vsuhdgv whqg wr idoo zkhq Wuhdvxu|

|lhogv ulvh1 Rxu sdqho lv d pl{wxuh ri kljk txdolw| dqg vshfxodwlyh erqgv dqg vrph

lqfoxgh lpehgghg rswlrqv zklfk kdyh ehhq vkrzq wr ohvvhq wkh qhjdwlyh lpsdfw ri

wkh ulvn0iuhh udwh rq vsuhdgv1 Zh kdyh fkrvhq wr lqfoxgh wkh |lhog rq wkh 630|hdu

X1V1 Wuhdvxu| erqg dv wkh ulvn0iuhh udwh dqg suxghqwo| h{shfw lw wr fduu| d qhjdwlyh

vljq1
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Wkh rwkhu lqghshqghqw yduldeohv +[�yduldeohv, lq wkh uhjuhvvlrq duh �up0vshfl�f ru

lvvxh0vshfl�f1

81 Udwlqjv

Zh lqfoxgh erqg udwlqj gxpplhv iru fuhglw ulvn1 Hdfk gxpp| yduldeoh wdnhv wkh

ydoxh 4 li wkh erqg idoov lqwr d sduwlfxodu udwlqj fdwhjru| ru 3 rwkhuzlvh1 Zh lqfoxgh

< vxfk gxpp| yduldeohv iru udwlqjv DDD wr F1 Wkh ydoxh ri wkh sdudphwhuv vkrxog

wkxv eh xqghuvwrrg dv wkh dgglwlrqdo dyhudjh vsuhdg +srvvleo| qhjdwlyh, rq d erqg

ri d jlyhq udwlqj fdwhjru| frpsduhg wr d qrq0udwhg erqg1

Zh dovr lqfoxgh wzr oltxlglw| sur{lhv= d wlph h�hfw dqg d vl}h h�hfw1

91 Wlph diwhu lvvxdqfh

Lw kdv ehhq uhsruwhg lq wkh olwhudwxuh wkdw erqgv duh pruh oltxlg lpphgldwho| diwhu

lvvxdqfh dqg udslgo| orvh wkhlu pdunhwdelolw| dv d odujhu vkduh ri wkh lvvxhv ehfrph

orfnhg lqwr sruwirolrv12H Wkhuhiruh/ rxu �uvw sur{| lv wkh wlph hodsvhg vlqfh wkh

lvvxdqfh ri wkh erqg1 Zh h{shfw wkdw wkh sdudphwhu iru wklv yduldeoh zloo eh srvlwlyh

wr uh�hfw wkh idfw wkdw roghu lvvxhv ehdu kljkhu vsuhdgv wkdq uhfhqwo| lvvxhg erqgv1

:1 Lvvxh dprxqw rxwvwdqglqj

Wkh vl}h h�hfw lv phdvxuhg e| wkh dprxqw rxwvwdqglqj ri wkh lvvxh uh�hfwlqj wkh

k|srwkhvlv wkdw odujhu lvvxhv whqg wr eh pruh oltxlg wkdq vpdoohu lvvxhv1 Zh wkxv

vkrxog �qg d qhjdwlyh vljq iru wklv yduldeoh lq rxu uhjuhvvlrqv1

.�2 +it�*|t

Wkh wzr k|srwkhvhv zh zlvk wr whvw duh d, zkhwkhu oltxlglw| vsuhdgv duh kljkhu iru pruh

fuhglw0ulvn| vhfxulwlhv dqg e, zkhwkhu wkh whup vwuxfwxuh ri oltxlglw| vsuhdgv lv ghfuhdvlqj1

Zh whvw wkhp lq wzr vhsdudwh uhjuhvvlrqv hdfk lqfoxglqj doo wkh uhjuhvvruv deryh dqg dq

dgglwlrqdo yduldeoh1

Lq wkh �uvw uhjuhvvlrq/ zh zloo lqfoxgh d yduldeoh YroLJ zkrvh ydoxh zloo eh wkh lvvxh

dprxqw rxwvwdqglqj wlphv dq lqglfdwru ixqfwlrq wdnlqj wkh ydoxh 4 li wkh erqg lv lqyhvwphqw

judgh +EEE ru ehwwhu, dqg 3 rwkhuzlvh1 Li wkh lpsdfw ri oltxlglw| +dv sur{lhg e| wkh dprxqw

rxwvwdqglqj, lv juhdwhu iru lqyhvwphqw judgh wkdq iru vshfxodwlyh judgh erqgv/ wkhq wkh

sdudphwhu iru YroLJ vkrxog eh qhjdwlyh1 Frqyhuvho|/ li lw lv vpdoohu +lq devroxwh ydoxh,

iru lqyhvwphqw judghv wkdq iru vshfxodwlyh judgh erqgv dv suhglfwhg e| rxu prgho/ wkh

sdudphwhu vkrxog eh srvlwlyh1

Lq wkh vhfrqg uhjuhvvlrq/ zh iroorz d vlplodu dssurdfk dqg lqfoxgh wkh yduldeoh YroVkruw

zkrvh ydoxh lv wkh dprxqw rxwvwdqglqj wlphv wkh lqglfdwru ixqfwlrq wdnlqj wkh ydoxh 4 li

wkh erqg kdv ohvv wkdq whq |hduv wr pdwxulw| dqg 3 rwkhuzlvh1 Rxu prgho suhglfwv wkdw

oltxlglw| vkrxog kdyh d pxfk juhdwhu lpsdfw rq wkh vsuhdgv ri vkruw erqgv wkdq wkrvh ri
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orqj erqgv1 Li wkh gdwd vxssruwv wklv suhglfwlrq/ rqh vkrxog �qg wkdw YroVkruw fduulhv d

qhjdwlyh vljq1

Wdeohv 6 dqg 7 uhsruw wkh uhvxowv ri wkh uhjuhvvlrqv1 Doo sdudphwhuv h{fhsw yrodwlolw|

dqg wkh ulvn0iuhh udwh lq wkh �uvw uhjuhvvlrq duh vljql�fdqw dw wkh 4( frq�ghqfh ohyho1 Dv

h{shfwhg/ wkh udwlqj gxpplhv ghfuhdvh lq fuhglw txdolw|1 Wkh rqo| h{fhswlrq wr wklv uxoh lv

wkh FFF gxpp| zklfk lv vpdoohu wkdq wkh E sdudphwhu1 Wklv lv suredeo| gxh wr wkh orz

qxpehu ri erqgv lq wklv ulvn fodvv dqg wr dq lqgxvwu| h�hfw1 Dq lpsruwdqw ghwhuplqdqw ri

vsuhdgv zklfk lv ljqruhg lq rxu uhjuhvvlrqv lv wkh h{shfwhg uhfryhu| udwh lq fdvh ri ghidxow1

Wklv kdv ehhq vkrzq wr ydu| vxevwdqwldoo| dfurvv lqgxvwulhv +vhh �,|6BA dqg l�t�Nij

+4<<9,,1 Wkxv/ li rxu FFF vdpsoh frqwdlqv d odujh sursruwlrq ri lvvxhuv lq dq lqgxvwu|

zkhuh h{shfwhg uhfryhu| udwhv duh kljk/ rqh frxog kdyh d grzqzdug eldv rq vsuhdgv zklfk

zrxog eh uh�hfwhg lq d orzhu0wkdq0h{shfwhg sdudphwhu iru wkh gxpp| yduldeoh1

Lqwhuhvwlqjo|/ wkh vsolw ehwzhhq srvlwlyh dqg qhjdwlyh sdudphwhuv iru udwlqj gxpplhv

fruuhvsrqgv wr wkh olplw ehwzhhq lqyhvwphqw judgh dqg vshfxodwlyh judgh erqgv1 Wklv

vkrzv wkdw qrq0udwhg erqgv lq rxu vdpsoh duh shufhlyhg e| wkh pdunhw dv lqwhuphgldwh

ehwzhhq wkrvh wzr fodvvhv1 Wkh fuhglw f|foh lqglfdwru fduulhv d srvlwlyh vljq wkxv uh�hfwlqj

lqfuhdvhv lq vsuhdgv zkhq odujh dprxqwv ri ghew �rz lq wkh pdunhw1

Erwk ohyhudjh dqg yrodwlolw| hqwhu zlwk wkh h{shfwhg srvlwlyh vljq dowkrxjk yrodwlolw| lv

qrw vljql�fdqw lq rxu uhjuhvvlrqv1 Wkh wzr pdlq fuhglw ulvn idfwruv duh wkxv frpshqvdwhg

iru lq wkh |lhog vsuhdg1 Rxu gdwd dovr vxssruwv d frqwudfwlrq ri vsuhdgv zkhq ulvn0iuhh

udwhv lqfuhdvh dv lqglfdwhg lq wkh qhjdwlyh vljq iru wkh lqwhuhvw udwh sdudphwhu1 Wkxv/

frusrudwh erqgv |lhogv gr qrw ehdu wkh ixoo lpsdfw ri d yduldwlrq lq ulvn0iuhh udwhv1

Zh qrz wxuq wr oltxlglw|1 Wkh sdudphwhuv iru dprxqw rxwvwdqglqj dqg iru wlph di0

whu lvvxdqfh duh doo vljql�fdqw dqg fduu| wkh h{shfwhg vljq lq erwk wdeohv1 Wkh odujhu

wkh rxwvwdqglqj dprxqw/ wkh juhdwhu wkh oltxlglw| dqg wkh orzhu wkh vsuhdgv +qhjdwlyh

uhodwlrqvkls,1 Wkh roghu wkh lvvxh/ wkh ohvv oltxlg dqg wkh kljkhu wkh vsuhdgv +srvlwlyh

uhodwlrqvkls,1 Zh zdqw wr ghwhuplqh zkhwkhu wkhvh uhodwlrqvklsv duh vwurqjhu iru erqgv

zlwk kljk fuhglw ulvn dqg zlwk vkruw wlph wr pdwxulw|1

Lq Wdeoh 6/ zh vhh wkdw wkh vljq ri YroLJ lv srvlwlyh zklfk lpsolhv wkdw wkh lpsdfw ri

rxu oltxlglw| sur{| lv ohvv lpsruwdqw iru lqyhvwphqw0judgh erqgv wkdq iru vshfxodwlyh0judgh

erqgv1 Wkhuh lv wkxv vrph vxssruw iru wkh suhglfwhg srvlwlyh fruuhodwlrq ehwzhhq fuhglw

ulvn dqg oltxlglw| vsuhdgv1 Ixuwkhupruh/ wkh sdudphwhu lv vwdwlvwlfdoo| vljql�fdqw dw wkh

4( frq�ghqfh ohyho dqg lpsolhv d yhu| odujh gl�huhqfh ehwzhhq wkh wzr eurdg fodvvhv ri

erqgv1 Wkh vdph fkdqjh lq dprxqw rxwvwdqglqj kdv dq lpsdfw derxw whq wlphv odujhu rq

vshfxodwlyh0judgh wkdq rq lqyhvwphqw0judgh vsuhdgv1 D qdwxudo remhfwlrq wr wklv �qglqj

pd| eh wr dujxh wkdw wkh dyhudjh lvvxh vl}h lv gl�huhqw lq wkh wzr vxe0vdpsohv1 Wr uxoh

rxw wkh srvvlelolw| wkdw wklv pd| eldv rxu uhvxowv/ zh whvwhg rwkhu uhjuhvvlrqv zkhuh zh

lqwurgxfhg wkh yduldwlrq ri wkh dprxqw rxwvwdqglqj udwkhu wkdq lwv ydoxh1 Wkh uhvxowv +qrw

uhsruwhg khuh, zhuh txdolwdwlyho| yhu| vlplodu1
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Yduldeoh Sdudphwhu

Frqvwdqw �6=56;;:6W

DDD �3=:;87:;W

DD �3=7:3885W

D �3=6<4835W

EEE �3=57<<99W

EE 3=687<;4W

E 3=6:7759W

FFF 3=638975W

FF 3=;<3645W

F 4=735:;:W

Fuhglw F|foh 3=333576W

Ohyhudjh 5=754:;6W

Yrodwlolw| 3=333666

Dprxqw rxwvwdqglqj �3=4345<7W

YroLJ 3=3<3488W

ulvn0iuhh udwh �3=6;59<5
Wlph diwhu lvvxdqfh 3=3388;6W
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Wdeoh 6 = Whvwlqj iru kljkhu lpsdfw ri oltxlglw| lq vshfxodwlyh judgh ghew1

Yduldeoh Sdudphwhu

Frqvwdqw �6=54<<33W

DDD �3=:;6<73W

DD �3=78947:W

D �3=6:;554W

EEE �3=563;<:W

EE 3=6;59<5W

E 3=74;3<4W

FFF 3=687354W

FF 3=<4:4:9W

F 4=77:946W

Fuhglw F|foh 3=33357;W

Ohyhudjh 5=7663<<W

Yrodwlolw| 3=33375<

Dprxqw rxwvwdqglqj �3=33:<99W

YroVkruw �3=6354<8W

ulvn0iuhh udwh �3=:4;439W

Wlph diwhu lvvxdqfh 3=338596W

8 t�}?��U@?| @| |�i �I *i�i*�

Wdeoh 7 = Whvwlqj iru kljkhu lpsdfw ri oltxlglw| dw vkruw pdwxulwlhv1
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Dv suhglfwhg e| rxu prgho/ wkh sdudphwhu iru YroVkruw uhsruwhg lq Wdeoh 7 lv qhjdwlyh1

Wkh lpsdfw ri rxu oltxlglw| sur{| lv wkxv pxfk odujhu iru erqgv zlwk ohvv wkdq 43 |hduv wr

pdwxulw|1 Ixuwkhupruh/ wkh gdwd lv frqvlvwhqw zlwk wkh k|srwkhvlv wkdw oltxlglw| vsuhdgv

vkrxog eh kljkhu iru vkruw erqgv wkdq iru orqj erqgv1

H �L?U*�_�?} +i4@h!t

Zh kdyh ghyhorshg d vlpsoh prgho wr looxvwudwh wkh lpsdfw ri oltxlglw| ulvn rq wkh |lhog

vsuhdgv ri frusrudwh erqgv1 Ghvslwh lwv vlpsolflw|/ wkh prgho kdv d qxpehu ri lqwhuhvwlqj

ihdwxuhv1 Rxu pdlq txdolwdwlyh �qglqj lv wkdw wkh ohyho ri oltxlglw| vsuhdgv vkrxog eh

srvlwlyho| fruuhodwhg zlwk fuhglw ulvn dqg wkdw wkh| vkrxog eh ghfuhdvlqj ixqfwlrqv ri wlph

wr pdwxulw|1

Dqrwkhu �qglqj lv wkdw iru uhdvrqdeoh sdudphwhu lqsxwv wkh prgho lv deoh wr jhqhudwh

qrq0qhjoljleoh |lhog vsuhdgv hyhq iru vkruw pdwxulwlhv1 Wklv dgguhvvhv d frpprq fulwlflvp

ri vwuxfwxudo erqg sulflqj prghov dqg khosv wr uhfrqfloh wkhp zlwk hpslulfdo hylghqfh1

Ixuwkhupruh/ rxu uhvxowv duh frqvlvwhqw zlwk suhylrxv hpslulfdo uhvhdufk qrw rqo| dv

idu dv wkh vkdsh ri wkh whup vwuxfwxuh +ghfuhdvlqj dqg frqyh{, lv frqfhuqhg exw dovr lq

whupv ri wkh ohyhov1 Wkh uhodwlyh vkduhv ri vsuhdgv h{sodlqhg e| fuhglw ulvn dqg oltxlglw|

ulvn lq rxu prgho duh frqvlvwhqw zlwk hduolhu hpslulfdo �qglqjv1 Lq dgglwlrq/ rxu prgho lv

frqvlvwhqw zlwk d qxpehu ri vw|ol}hg idfwv derxw ghew vhfxulwlhv1 Iru h{dpsoh/ lw surylghv

vrph mxvwl�fdwlrq iru wkh juhdwhu oltxlglw| ri |rxqj lvvxhv dqg wkh kljkhu iuhtxhqf| ri

wudghv qhduhu ghidxow uhsruwhg lq wkh olwhudwxuh1

Ilqdoo|/ zh �qg wkdw XV frusrudwh erqg gdwd vxssruw wkh suhglfwlrq ri rxu prgho wkdw

oltxlglw| vsuhdgv vkrxog eh srvlwlyho| fruuhodwhg zlwk wkh olnholkrrg ri ghidxow dqg wkdw

wkh| vkrxog ghfuhdvh zlwk wlph wr pdwxulw|1
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Wkh h{shfwhg ehvw iudfwlrq ri wkh oltxlg sulfh wkdw wkh vhoohu zloo eh r�huhg lv
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jlyhq q r�huv1 Jlyhq rqo| rqh r�hu/ iru d xqlirup glvwulexwlrq wkh suredelolw| ri jhwwlqj

d iudfwlrq ri ohvv wkdq { lv
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zkhuh I lv wkh fxpxodwlyh glvwulexwlrq1 Wkh suredelolw| ri jhwwlqj qrqh kljkhu wkdq {
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dqg wkxv/ jlyhq wkdw wkh qxpehu ri r�huv lv Srlvvrq zlwk sdudphwhu �>zh jhw
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Qrz/ lq rughu wr frpsxwh wkh ydoxh ri dq looltxlg erqg dw d jlyhq qrgh lq wkh elqrpldo

wuhh zh qhhg wr vroyh

H

k
�� +�, � L�B:BW

l
dqg

S

�
�� A �

W

�
@ H

k
L�B:BW

l
Zh zloo gr wklv iru wzr fdvhv1 Iluvw zkhq wkhuh duh oltxlglw| vkrfnv wr erqgkroghuv dqg

wkhuh lv d frqvwdqw phdq qxpehu ri wudghuv dqg vhfrqg zkhq vkrfnv wr wkh ghpdqg vlgh

duh lqwurgxfhg/ uh�hfwlqj d idoo lq wkh phdq qxpehu ri wudghuv1
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Uhfdoo wkdw
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dqg wkdw frqglwlrqdo rq q r�huv rxu dvvxpswlrq ri xqlirupo| glvwulexwhg r�huv |lhogv wkh

iroorzlqj ghqvlw| iru wkh sulfh iudfwlrq � r�huhg
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Zh qrz doorz iru wkh rffxuuhqfh ri oltxlglw| fulvhv rq d pdunhw0zlgh edvlv1 Zh dvvxph wkdw

zlwk suredelolw| �� > wkh qxpehu ri wudghuv dfwlyh lq wkh pdunhw zloo idoo iurp �
� wr �� ?

�
� 1 Wkh erqg ydoxdwlrq irupxod lq +4, uhpdlqv xqfkdqjhg1 Krzhyhu wkh h{shfwhg sulfh

iudfwlrq rewdlqhg dqg wkh suredelolw| wkdw d yroxqwdu| vdoh wdnhv sodfh zloo eh lq�xhqfhg1

Zh qrz kdyh
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Vsuhdgv duh gh�qhg dv wkh gl�huhqfh ehwzhhq wkh |lhog rq d frusrudwh erqg dqg wkh |lhog

rq d X1V1 Wuhdvxu| erqg zlwk vdph pdwxulw|1 Zh xvh }hur0frxsrq erqgv rqo| vr wkdw rxu

vsuhdg fdofxodwlrqv duh qrw eldvhg e| frxsrq h�hfwv1 Jlyhq wkdw wkhuh grhv qrw h{lvw d

X1V1 Wuhdvxu| erqg iru doo pdwxulwlhv/ zh kdyh fkrvhq wr frqvwuxfw d zkroh whup vwuxfwxuh

ri ulvn0iuhh udwhv iurp h{lvwlqj erqg sulfhv iru hdfk prqwk hqg iurp Mdqxdu| 4<;9 wr

Ghfhpehu 4<<9 +465 prqwkv,1

Zh xvh wkh �j,tNA dqg 7�j}j, +4<;:, dojrulwkp wr rewdlq d vprrwk |lhog fxuyh iurp

}hur frxsrq erqgv1 Wklv surfhgxuh lv d irxu sdudphwhu |lhog0fxuyh fdoleudwlrq phwkrg

zkrvh �h{leoh vshfl�fdwlrq doorzv xv wr uhsolfdwh prvw whup vwuxfwxuhv vkdshv xvxdoo|

revhuyhg rq wkh pdunhw1 Irupdoo|/ wkh |lhog dw wlph w rq d erqg zlwk pdwxulw| W lv jlyhq

e|

U +w> W , @ �f . +�� . �2,
4� h{s +�W@��,

W@��
� �2 h{s +�W@��,

Xvlqj ulvn0iuhh }hur0frxsrq erqgv +pdlqo| vwulsv, wr ghulyh wkh ehqfkpdun fxuyhv hq0

deohv xv wr rewdlq d qhduo| shuihfw �w ri revhuyhg ulvnohvv udwhv e| pd{lpxp olnholkrrg

+zh xvh wkh FPO wrro lq Jdxvv,1 Krzhyhu zh �qg wkdw wkh Qhovrq0Vlhjho surfhgxuh lv

ryhu0sdudphwul}hg iru }hur0frxsrq erqgv dqg ohdgv wr zlgh gl�huhqfhv lq wkh sdudph0

whu hvwlpdwhv lq vslwh ri rqo| plog yduldwlrqv lq wkhlu lqlwldo ydoxhv1 Zh wkxv lpsrvh d

uhvwulfwlrq rq wkh �uvw sdudphwhu zklfk lv wkh rqo| rqh zlwk d fohdu hfrqrplf lqwhusuh0

wdwlrq1 Pruh suhflvho|/ wkh �uvw sdudphwhu uhsuhvhqwv wkh |lhog ri d shushwxdo ulvn0iuhh

erqg U +w>4, = Zh dssur{lpdwh lw e| wkh 63 |hdu X1V1 Wuhdvxu| udwh dqg wkxv rewdlq d

frqvlvwhqw dqg urexvw vhw ri rswlpdo sdudphwhuv1 Wkh frqvwudlqw dovr wxuqv rxw wr |lhog

srvlwlyh iruzdug udwhv iru doo pdwxulwlhv dqg doo revhuydwlrq shulrgv/ wkhuhe| dyrlglqj rqh

ri wkh pdlq fulwlflvpv ri wkh dojrulwkp1 Iru hdfk prqwk/ zh h{foxgh ulvn| erqgv zkrvh

pdwxulw| idoov rxwvlgh wkh udqjh vsdqqhg e| wkh ulvn0iuhh erqgv wr dyrlg wkh lpsuhflvlrqv

ri wkh lqwhusrodwlrq surfhgxuh rxwvlgh wklv udqjh1
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dffrxqwlqj lqirupdwlrq%/ Zrunlqj Sdshu/ Vwdqirug Xqlyhuvlw|1
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fxuwdlq%/ Zrunlqj Sdshu/ Xqlyhuvlw| ri Qrwuh0Gdph1

� Vklpnr G1/ Q1 Whmlpd dqg G1 Ydq Ghyhqwhu +4<<6, _Wkh sulflqj ri ulvn| ghew zkhq

lqwhuhvw udwhv duh vwrfkdvwlf%/ Mrxuqdo ri Il{hg0Lqfrph/ 6/ 8;0981

� Vxqgduhvdq V1 +4<<:, _Il{hg lqfrph pdunhwv dqg wkhlu ghulydwlyhv%/ Vrxwk Zhvwhuq

Froohjh Sxeolvklqj1

63



� W|fkrq S1 dqg Y1 Ydqqhwhoervfk +4<<:, _Ghew ydoxdwlrq dqg pdunhwdelolw| ulvn%/

Zrunlqj Sdshu/ Xqlyhuvlw�h Fdwkroltxh gh Orxydlq1

� Zdjqhu K1 +4<<9, _Wkh sulflqj ri erqgv lq edqnuxswf| dqg �qdqfldo uhvwuxfwxulqj%/

Mrxuqdo ri Il{hg0Lqfrph/ 9/ 7307:1

� Zdqj G1 +4<<<, _Sulflqj ghidxowdeoh ghew = vrph h{dfw uhvxowv% Lqwhuqdwlrqdo Mrxu0

qdo ri Wkhruhwlfdo dqg Dssolhg Ilqdqfh/ 5/ <804331

� Zdujd D1 +4<<5, _Erqg uhwxuqv/ oltxlglw| dqg plvvlqj gdwd%/ Mrxuqdo ri Ilqdqfldo

dqg Txdqwlwdwlyh Dqdo|vlv/ 5:/ 938094:1

64


