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CONVEX DUALITY FOR EPSTEIN-ZIN STOCHASTIC DIFFERENTIAL
UTILITY

ANIS MATOUSSI AND HAO XING

ABSTRACT. This paper introduces a dual problem to study a continuous-time con-
sumption and investment problem with incomplete markets and Epstein-Zin stochastic
differential utilities. Duality between the primal and dual problems is established. Con-
sequently, the optimal strategy of this consumption and investment problem is identi-
fied without assuming several technical conditions on market models, utility specifica-
tions, and agent’s admissible strategies. Meanwhile, the minimizer of the dual problem
is identified as the utility gradient of the primal value and is economically interpreted
as the “least favorable" completion of the market.

1. INTRODUCTION

Classical asset pricing theory in the representative agent framework assumes that
the representative agent’s preference is modeled by a time-additive Von Neumann-
Morgenstein utility. This specification restricts the relationship between risk aversion
and intertemporal substitutability, leading to a rich literature on asset pricing anom-
alies, such as the low risk premium and high risk-free rate. To disentangle risk aver-
sion and intertemporal substitutability, the notion of recursive utility was introduced
by [Kreps and Porteus| (1978), Epstein and Zin| (1989), Weil| (1990), among others. Its
continuous-time analogue, stochastic differential utility, was defined by |[Epstein|(1987)
for deterministic settings and by [Duffie and Epstein (1992a)) for stochastic environ-
ments. The connection between recursive utility and stochastic differential utility has
also been rigorously established by Kraft and Seifried|(2014) recently. Recursive utility
and its continuous-time analogue generalize time-additive utility and provide a flexible
framework to tackle the aforementioned asset pricing anomalies, cf. Bansal and Yaron
(2004), Bhamra et al.|(2010), and Benzoni et al.|(201 1)), among others.

The asset pricing theory for recursive utility and stochastic differential utility builds
on the optimal consumption and investment problems. For Epstein-Zin utility, a specifi-
cation widely used in the aforementioned asset pricing applications, its continuous-time
optimal consumption and investment problems have been studied by Schroder and Ski-
adas| (1999, [2003)), (Chacko and Viceiral (2005)), [Kraft et al.| (2013)), Kraft et al.| (2017),
and Xing| (2017). These studies mainly utilize stochastic control techniques, either
the Hamilton-Jacobi-Bellman equation (HJB) in Markovian settings or the backward
stochastic differential equation (BSDE) in non-Markovian settings, to tackle these op-
timization problems directly. We call this class of methods the primal approach. How-
ever, the HIB equations that arise from these problems are typically nonlinear, and
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2 ANIS MATOUSSI AND HAO XING

BSDEs are usually nonstandard. Therefore, currently available results obtained via the
primal approach still come with unsatisfactory restrictions on either market models,
utility specifications, or agent’s admissible actions.

In contrast, for portfolio optimization problems for time-additive utility, a martin-
gale (or duality) approach was introduced by |[Pliskal (1986), |Cox and Huang| (1989),
Karatzas et al.| (1987), Karatzas et al.| (1991), and |He and Pearson| (1991). Instead of
tackling the primal optimization problem directly, a dual problem was introduced whose
solution leads to the solution of the primal problem via the first-order condition. For
time-additive utility, this dual approach allows unnecessary assumptions to be stripped
away and portfolio optimization problems to be solved with minimal assumptions on
market models and utilities, cf. Kramkov and Schachermayer| (1999, 2003) for terminal
consumption and Karatzas and Zitkovi¢ (2003) for intertemporal consumption.

This paper proposes a dual problem for an optimal consumption and investment
problem in incomplete markets with Epstein-Zin utility. It is a minimization prob-
lem of a convex functional of state price densities (deflators). Similar to the primal
problem, the dual value process aggregates the state price density and future evolution
of the dual value process. Hence, the dual problem also takes a recursive form; we
call it the stochastic differential dual. Similar to time-additive utility, the solution of
this dual problem can be economically interpreted as the least favorable completion of
the market; i.e., the agent’s optimal portfolio does not contain the fictitious assets that
are introduced to complete the market, cf. He and Pearson| (1991) and Karatzas et al.
(1991).

In contrast to time-additive utility, the convex functional appearing in the dual prob-
lem does not follow directly from applying the Fenchel-Legendre transformation to
the utility function. Instead, we utilize a variational representation of recursive utility,
introduced by |Geoffard| (1996)), [El Karoui et al. (1997) and Dumas et al.| (2000), to
transform the primal problem to a min-max problem, which leads to a variational repre-
sentation of the dual problem. This dual variational representation can be transformed
back to a recursive form thanks to the homothetic property of Epstein-Zin utility in the
consumption variable.

We assume that the risk aversion 7y and elasticity of intertemporal substitution (ELS)
1 of Epstein-Zin utility satisfy either v¢p > 1,9 > 1 or y¢ < 1,9 < 1. This class
includes a large portion of cases where Epstein-Zin utility is known to exist in the
literature; see Proposition @ Moreover, this class allows the dual variable v for the
min-max problem to be chosen from an admissible class of processes that are uniformly
bounded from below. For Epstein-Zin utility, this notion of admissibility is easier to
check than the integrability conditions used in |El Karoui et al.|(1997) and |Dumas et al.
(2000).

The dual problem gives rise to an inequality between the primal value function and
the concave conjugate of the dual value function. When this inequality is an identity,
there is duality between the primal and dual problems, or there is no duality gap. Con-
sider market models whose investment opportunities are driven by some state variables.
We obtain duality in two situations: 1) non-Markovian models with bounded market
price of risk, together with v¢) > 1,¢ > 1 or v¢y < 1,9 < 1; 2) Markovian models
with unbounded market price of risk, including the Heston model, the 3/2 model, and
the Kim-Omberg model, when 7, > 1. The latter market and utility specifications are
widely used in the aforementioned asset pricing applications.

The duality between primal and dual problems allow us to simultaneously verify the
primal and dual optimizers. On the primal side, technical conditions on utilities and
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market models in [Kraft et al.[(2013)) are removed. Moreover, Xing (2017) introduced
a permissible class of strategies which is needed to verify optimality of the candidate
strategy. Thanks to duality, this permissible class is removed, and the primal optimality
is established in the standard admissible class, which consists of all nonnegative self-
financing wealth processes. On the dual side, the super-differential of the primal value
is identified as the minimizer of the dual problem, extending this well-known result
from time-additive utility to stochastic differential utility. In the primal approach, the
super-differential of the primal value is identified via the utility gradient approach by
Duffie and Skiadas| (1994). In this approach, one needs to show that the sum of the
deflated wealth process and the integral of the deflated consumption stream form a
martingale for the candidate optimal strategy. This martingale property now becomes a
direct consequence of duality.

The remainder of the paper is organized as follows. A dual problem is introduced
for Epstein-Zin utility in Section 2] The main results are presented in Section [3] where
duality is established for two market and utility settings. In the second setting, we first
introduce two abstract conditions that lead to duality. These abstract conditions are then
specified as explicit parameter conditions in three examples. All proofs are presented in
Sectiond]and basic facts about the Epstein-Zin aggregator are recorded in the appendix.

2. CONSUMPTION INVESTMENT OPTIMIZATION AND ITS DUAL

2.1. Epstein-Zin preferences. Let (Q, (F;)o<i<7, F,P) be a filtered probability
space whose filtration (F;)o<¢<7 satisfies the usual assumptions of completeness and
right-continuity.

Let C be the class of nonnegative progressively measurable processes defined on
[0,7] x Q. Forc € C and t < T, ¢; represents the consumption rate at the time
t, and cr stands for the lump sum consumption at the time 7. We consider an agent
whose preference over C-valued consumption streams is described by a continuous time
stochastic differential utility of Kreps-Porteus or Epstein-Zin type. To describe this
preference, let § > 0 represent the discounting rate, 0 < v # 1 be the relative risk
aversion, and 0 < 1 # 1 be the elasticity of intertemporal substitution (EIS). Define
the Epstein-Zin aggregator f via

-1

P 1
2.1)  fleu):= 5%((1 —y)u)'"8 —60u, forc>0and (1 —~)u >0,
P
where 0 := 11_—% Given a bequest utility Ur(c) = 6%’ where € > 0 represents the

weight of the bequest utility comparing to the intertemporal consumption, the Epstein-
Zin utility for the consumption stream ¢ € C over a time horizon 7’ is a semimartingale
(Uf)o<i<T which satisfies

T
22) Ug = Bi[Ur(er) + / Fles, U)ds|, forallt € [0,T].
t

Here E;[-] stands for the conditional expectation E[-|F;]. This utility specification ex-
cludes the cases with unit EIS (¢ = 1) and zero bequest, which we will comment on in
Remarks and 33| later.

We call a consumption stream ¢ admissible if the associated Epstein-Zin utility U®
exists, moreover it is of class (D) and satisfies (1 — v)U° > 0. The class of admissible
consumption streams is denoted by C,. All existing sufficient conditions for existence
of Epstein-Zin utility in the literature are summarized in the following result, which, in
particular, implies C, # .
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PROPOSITION 2.1 Let the filtration (Fi)o<i<1 be the augmented filtration generated
by some Brownian motion.

(i) (Schroder and Skiadas| 1999, Theorem 1) When either v > 1,0 < ¢ < 1, or
0<vy<1,9>1, foranyc € C such thatE[foT cidt+ch) < oo foralll € R,
there exists a unique U° such that Eless sup, |Uf|"] < oo for every £ > 0.
(ii) (Xing, 2017, Propositions 2.2 and 2.4) When -y, > 1, for any ¢ € C such that
E[foT Mt + e ] < oo, there exists a unique U° of class (D).
For general filtration (Fi)o<t<T,
(iii) (Seiferling and Seifried, 2015, Theorems 3.1 and 3,3) When vip > 1,9 > 1, or
v < 1,9 < 1, for any ¢ € C such that IEU;)T chdt + c4) < oo forall £ € R,
there exists a unique U® such that Eless sup, |Uf|¢] < oo for every £ € R.
In all above cases, (1 —v)U > 0 and U§ is concave in c.

Remark 2.2. For our main results in Section[3} we will work with the admissible set C,,
whose associated Epstein-Zin utility admits mild integrability properties. As a result,
these main results establish optimality of the optimal consumption stream c* in a large
admissible class. Moreover, to verify the membership of ¢* in C,, one only needs to
check that U exists and is of class (D), rather than the integrability assumptions of ¢
presented in Proposition [2.1]

2.2. Consumption investment optimization. Consider a model of financial mar-
ket with assets S = (SY S, ...,S™), where S° is the price of a riskless asset,
(St,--.,8™) are prices for risky assets, and S is assumed to be a semimartingale whose
components are all positive.

An agent, starting with an initial capital w > 0, invests in this market by choosing
a portfolio represented by a predictable, S-integrable process 7 = (7, 7!, ... 7").
With 7! representing the proportion of current wealth invested in asset i at time ¢, 7) =
1—->""", 7} is the proportion invested in the riskless asset. Given an investment strategy
7 and a consumption stream c, agent’s wealth process W(™¢) follows

,C ,C S m,c
(2.3) AV =W T 220 _ar, W = w.

A pair of investment strategy and consumption stream (7, ¢) is admissible if ¢ € C, and

W) is nonnegative. The class of admissible pairs is denoted by .A. This admissibility

outlaws doubling strategies and ensures existence of the associated Epstein-Zin utility.
The agent aims to maximize her utility at time O over all admissible strategies, i.e.,

2.4) Up= sup UL.
(m,c)eA

We call (2.4) the primal problem.

2.3. Dual problem. Rather than tackle the primal problem directly, we introduce a
dual problem in this section. To formulate this dual problem, we focus on Epstein-Zin
utility satisfying the following parameter restriction:

2.5) v >1 and > 1.

The restriction y1») > 1 is equivalent to the convexity of f(c,u) in u, see Lemma
part (i). The case where f(c,u) is concave in u can be treated similarity, see
Remarkbelow. The convexity (resp. concavity) of f(c,u) in u implies preference
for early (resp. late) resolution of uncertainty (cf. Kreps and Porteus|(1978) and|Skiadas
(1998). On the other hand, because {y¢) > 1,9 > 1} = {v,¢p > 1} U{0 < 7y <
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1y > 1}, ensures the existence of Epstein-Zin utility due to Proposition
When ~¢ = 1, Epstein-Zin utility reduces to the time-additive utility with constant
relative risk aversion vy, whose dual problem is well understood. Therefore we focus
on y¥,¥ > 1 when we introduce the dual problem and only compare with the time-
additive utility case at the end of this section.

The convexity of f(c,u) in u leads to an alternative representation of stochastic dif-
ferential utility. This variational representation was first proposed by (Geoffard|(1996))
in a deterministic continuous-time setting, and extended by |[El Karoui et al.| (1997) and
Dumas et al.|(2000) to uncertainty. Let us recall the felicity function F°, defined as the
Fenchel-Legendre transformation of f with respect to its second argument:

(2.6) F(c,v):= inf (f(c,u)4+wvu), forc>0,v> 0.
(1—=y)u>0

As y1p,1p > 1 implies § < 1, we have from Lemma [A.T] part (ii) that

= (59 —v

F =¢°
(671/) 61_7 0_1

1-6
) , forc>0,v>d0,

moreover F'(c, ) is concave in ¢ and concave in v when ¢ > 0 and v > d6, f and F'
satisfy the duality relation

2.7) f(e,u) = sup (F(c, v)— Vu), forc > 0,(1 —~v)u > 0.
v>060

To introduce the variational representation, define
(2.8) V := {v | progressively measurable and v > §6}.

Foreachv € V,c € Cy, s,t € [0, T, define

T s
UpY =B [k 7Ur(cr) +/ Ky F(cs,vs)ds|, where K} :=exp (—/ Vudu).
t t

The following result is a minor extension of (EI Karoui et al.| |1997, Section 3.2) and
(Dumas et al., 2000, Theorem 2.1).

LEMMA 2.3 Forany c € C,,

c __ c,v
Us =supUy.
vey

Using Lemma [2.3] the primal problem in ([2.4) is transformed into

T
Up= sup supE {/@5 +Ur(er) + / koo F (cs, Vs)ds]
2.9) (m,c)e AveY ’ 0 ’

T
=sup sup E [I{g,TUT(CT) + / Ko, F'(cs, Vs)ds] .
veV (m,c)eA 0

For a given v € V), the inner problem in the second line above can be considered
as an optimization problem for a bequest utility U7 and a time-additive intertemporal
utility F'(¢, v), parameterized by v, which can be viewed as a fictitious discounting rate.
To present the dual problem of this inner problem, we define the Fenchel-Legendre
transform of Ur and F' (with respect to its first argument):

(2.10)

Vr(d) :=sup(Ur(c) —de), G(d,v):=sup(F(c,v)—dc), ford>0,v>db.
c>0 c>0
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Lemma [A T]part (iii) shows that
1-9

1oy 2t S = AN
Vr(d) =€ l—vd v, G(d,u)—é’Yl_Wd 71 )

ford > 0,v > §0. Moreover G(d, v) is convex in d and concave in v.
Recall the class of state price densities (supermartingale deflators):

D:={D|Dy=1,D>0,DW™ + [*Dc,ds
is a supermartingale for all (7, c) € A}.

We assume that

D#0.
Introducing the dual problem to the inner problem in the second line of (2.9), we obtain
(2.11)

T
Uo <sup it {B|wl o Vr((str)'yDr) + / R GG ) yDsvs)ds]

+ wy}

T
< 'f{~ E[”V v )"lyD /”G”—le,sd}
< oitep VS E[Ro.rVr((kor)yDr) + | hio,G(ko.) " yDs, v ) ds

+wy}.

Now the inner problem in the second line of (Z:I1)) can be viewed as a variational
problem. In order to transform it back to a recursive form, we use the power function
form of V7 and G in d to get

1 v
HS,TVT((KS,T)ilyDT) = (HS,T)WVT(Z/DT) = “(;Y,TVT(yDT)v
1 v

KS,SG((KS,S)_lyDSvys) = (ﬁg,s>;G(yD87VS) = K(’)Y,SG(meVS)'

Plugging the previous two identities to the second line of (Z.T1)) and introducing

DL v T v
V7 = B [w] Ve luDr) + / 52 GyDy,v:)ds),
¢
we transform (2:11)) to

yD,=
2.12 < inf K .
( ) Uo < y>(%,ri)eD (EEE Vo + wy)

The inner problem is of variational form. In order to transform it to a recursive form,
we introduce the convex conjugate of G with respect to its second variable

(2.13) g(d,v) := sup (G(d,v) —vwv), ford>0,(1—~)v>0.
v>60

Lemma[A-T] part (iv) shows that
d=v
P —1
Additionally we introduce an analogue of stochastic differential utility for the dual prob-
lem.

Yy

g(d,v) =¥ ((1— 7)1})177} —60v, ford >0,(1—~)v>0.
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Definition 2.4. For y > 0 and D € D, an Epstein-Zin stochastic differential dual for
yD is a semimartingale (VtyD)OStST satisfying

T
(2.14) vyl =R, [VT(yDT) + / g(yDs, %V}D)ds}, forallt € [0, 7.
t

Similar to Epstein-Zin utility, we denote by D, the class of state price densities D
whose associated stochastic differential duals V¥P exist for all y>0,(1- 'y)VyD >0,
and V¥P is of class (D). Sufficient conditions for the existence of stochastic differential
duals are summarized as follows, which imply D, # 0.

PROPOSITION 2.5 Let the filtration (Fi)o<i<1 be the augmented filtration generated
by some Brownian motion.
(i) When either v > 1,0 < ¢ < 1, 0or0 < v < 1,9 > 1, foranyy > 0 and
D € D such that E[fOT Didt + D%] < oo for all £ € R, there exists a unique
VP satisfying @I4), (1 —4)VYP > 0, and Elesssup, [VIP|Y] < oo for
every £ > 0.
(ii) When~y,v > 1, foranyy > 0, D € D such thatE[fOT Dg_wdt+D§1771)/7] <
oo, there exists a unique VYP of class (D) satisfying (1 — v)VYP > 0 and
(2.14).

Coming back to the right-hand side of (2.12)), an argument similar to Lemma [2.3|
then yields

LEMMA 2.6 Forany D € D, andy > 0,
VP = sup VP,
veV

Combining the previous result with (2.12)), we obtain the following duality inequal-
ity, whose right-hand side is called the dual problem.

THEOREM 2.7 Assume that v > 1 and v > 1. Then
(2.15) sup U§ < inf (inf VP +wy).

(m,c)EA y>0 " DeD,

A diagram illustrating relationship between various functions introduced above is
presented in Figure 1, starting from the primal problem in the upper left corner and
ending at the dual problem in the bottom left corner.

Remark 2.8. When 1) = 1, Epstein-Zin utility reduces to time-additive utility with
constant relative risk aversion . Then (2.2)) and (2.14) reduce to the following standard
form of primal and dual problems,

T o=
Uf =E, e*‘sTUT(CT)—F/ de % = ds|,
t I—v
D _dr T 1 4, y=1
V/T =E e 7 VT(yDT)+/ 6ve 7= (yDs) 7 ds| .
t

The duality inequality (2.15) follows from duality between the power utility and its
convex conjugate, together with the fact that E [cr Dy + fOT csDs] < w.

Remark 2.9. When f(c, ) is concave in u, i.e., y1 < 1, we can replace the supremum

(resp. infimum) in 2.6), 2.7), and (2.13) by infimum (resp. supremum). Then the
same statement of Theorem [2.7]holds when 1) < 1 and ¢ < 1.
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Recursive Variational

concave conjugate in u

Primal  Ur(c), f(c,u)

Dual Vr(d), g(d,v)

convex conjugate in v
|

FIGURE 1. Double Fenchel-Legendre transformation

Remark 2.10. Theorem 2.7 excludes the unit EIS case (¢ = 1). This is because the
dual domain V in (2.8) for the variational representation is specifically designed for the
non-unit EIS case. For the unit EIS case, the HIB equations in optimal consumption
and investment problems are typically linear in the utility variable, hence it is easier to
work with the primal approach; see (Schroder and Skiadas, [2003|, Section 5.6),/Chacko
and Viceiral (2005)), and [Kraft et al.| (2017).

3. MAIN RESULTS

For a wide class of financial models specified below, this section shows that the

inequality is actually an identity, i.e., there is no duality gap. Moreover optimal
primal optimizer (7*, ¢*) and dual optimizer (y*, D*) will be identified as follows
(3.1 [max, Us=Us =VZP 4wy = I;lgg(DH’lE%la VEP 4+ wy).
3.1. Market setting. We work with models with Brownian noise. Let (F;)o<i<7 be
the augmented filtration generated by a k + n-dimensional Brownian motion B =
(W, W), where W (resp. W) represents the first & (resp. last n) components. We
will also use (F}V)o<i<r (resp. (FV L)ogth) as the augmented filtration generated
by W (resp. W).

Consider a model of financial market where assets S = (SY, S, ..., S™) have the
dynamics

n
() dS)=Stndt, ds; =S|+ pi)dt+ > P dWPI), i=1,m,
j=1
where 7, i1, o0 and p are F" -adapted processes valued in R, R, R"*" R"*¥ respec-
tively, and satisfy fOT la¢|?dt < oo as. for a = r,pu,0,p. Moreover ¥ := oo’ is
assumed to be invertible. For an R"*"-valued process p satisfying pp’ + p~(pt) =

1, xn (the n-dimensional identity matrix), the n-dimensional Brownian motion W? is
defined as W* := [ psdW, + [, pxdW3-. Define

DY =e 1l Tsdsg(—/u’sz;lasdwg)t, t€[0,T].
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It follows that each component of DS is a nonnegative local martingale, hence a su-
permartingale. The process D is called a supermartingale deflator, whose presence
excludes arbitrage opportunities, cf. Karatzas and Kardaras| (2007).

For (7, c) € A, agent’s wealth process W(™¢) follows

(3.3) th(W’C) = Wt(ﬁ’c)[(rt + mype)dt + o dWY] — cudt,

which implies D° € D.

3.2. Candidate optimal strategy. We consider a dynamic version of the primal and
dual problem by introducing the primal and dual value processes

é D . D
U7“:= esssup Uf and V!”:= essinf VY7,
(7,8 EA(mc.t) DED.(D,1)

where

A(m, e, t) :={(7,¢) € A : (7,¢) = (m,¢) on [0,¢t]},
Do(D,t):={D €D, : D=Don|0,t]}.

Due to the homothetic property of Epstein-Zin utilities, we speculate that U™ ¢ and V¥
have the following decomposition:

(3.4) Ur = 1=

)Nl — P =1 d
— W)Y and - VYR = 2 (yDy) T Y,

for some processes Y? and Y.

Let us recall the martingale principle: U® + [; f(cs, US)ds (resp. vvP 4
Jo 9(yDs, %Vi{D )ds) is a supermartingale (resp. submartingale) for an arbitrary (7, c)
(resp. D) and is a martingale for the optimal one. For Markovian models, the mar-
tingale principle is a reformulation of the dynamic programming principle. For non-
Markovian models, it can be considered as the dynamic programming for BSDEs, cf.,
eg. Hu et al.| (2005). The following result determines the dynamics of Y? and Y'¢ using
the martingale principle. Moreover, candidate optimal strategies for both primal and
dual problems are identified. In particular, the candidate dual optimizer D* follows

dD; /Df = —rydt + & dW; + nf dWi,
for some &£* and n*.

LEMMA 3.1 The ansatz (3.4) and the martingale principle imply that both (Y?, ZP)
and (Y%, Z%), for some processes ZP and Z°, satisfy the BSDE

T T
(3.5) Y, =loge +/ H(Y,, Zs)ds —/ Z,dWs, tel0,T],
t t
where H : Q x R x RF — R is given by

v _¥
(3.6) H(y,z) == 52M2' + %uéE;latptz’ + 9%6 0Y + hy — 60.

Here, suppressing the subscript t,
(3.7)
Yi=o00", M:= 1+ 177“’/)’0’2_10@ and h:=(1—~)r+ %M’E_lu.
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The function H, interpreted as the Hamilton of the primal and dual optimization prob-
lem, has the following representation

1 1
H(y,2) =(1 = 7)re — 60+ 3]2% + (1 — ) sup [—z+ e oY1 g w}

+(1=v)sup [7 378 + 7' (e + Utﬂtzl)}
(3.8) x

y Y
:(1_7)7‘t_69+0%6_9y+%|z‘2
+(1—7 inf [L 52_’_7}2_162/]7
( )m*"f"fé”ratp#n’:o 2’y(| | | ‘ ) 5

whose optimizers are
¥
ﬂ-(t7 Z) = %E;l(ﬂt + OtPt Z/)a E(y) = §we gya

&(t,2) = —(py + 2p,0,) 57 Loepe + 2, n(t,z) = —(up + zpo)) Sy oupy

In the next section, we will start from the BSDE (3.3) and show that it admits a
solution (Y, Z). Define

wy =n(t, Zy),

3.9) & :E(tv Zt)v ng = ﬁ(t7 Zy), Yy = w—'er(,’ and
dD} D} = — ridt — (4} + Zipyo))S; o dW, + ZdW,y
= —redt + €AW, + ) dWE.

We call (7*, ¢*) and (y*, D*) the candidate optimal strategies for primal and dual prob-
lems.

Remark 3.2. The form of (7*,¢*) has been documented in various settings, see
(Schroder and Skiadas| [1999, Theorem 2 and 4) for complete markets, (Kraft et al.|
2013 Equation (4.4)), (Kraft et al., 2017, Theorem 6.1), and (Xing, 2017, Equation
(2.14)) for Markovian models. The form of D* can be obtained via the utility gradient
approach, cf. (Duffie and Epstein, (1992b, Equation (35)), (Duffie and Skiadas| |1994,
Theorem 2), and (Schroder and Skiadas| {1999, Equation (3)). The novelty of this paper
is to relate the utility gradient D* and the minimization problem in (3:8)), see Corollary
B.7below.

Remark 3.3. Lemma requires € > 0, in other words, the Epstein-Zin preferences
we considered has non-zero bequest utility. The case with zero bequest utility was
considered in Schroder and Skiadas| (1999). However the utility parameter restriction
Equation (8) therein excludes the v, > 1 case.

3.3. Models with bounded market price of risk. This section verifies the identity
(3.1), hence confirm the optimality of (7*,c¢*) and D*. We start with the following
restriction on model coefficients.

Assumption 3.4. The processes r and p'¥ =111 are both bounded.

This assumption allows non-Markovian models, but requires the market price of risk
v/ ('Y~ to be bounded. Markovian models with unbounded market price of risk will
be discussed in the next section, where more technical conditions will be imposed. We
will also assume the same restriction on utility parameters ~ and ¢ as in Theorem [2.7]
and Remark 2.9



CONVEX DUALITY FOR EPSTEIN-ZIN STOCHASTIC DIFFERENTIAL UTILITY 11

LEMMA 3.5 Suppose that yip > 1,9 > 1, or y¢p < 1,9 < 1, and Assumption [3.4)
holds. Then (3.3) admit a solution (Y, Z) such that Y is bounded and Z € Hgyp.

Having establish a solution (Y, Z) to (3.3), the following result verifies the opti-
mality of (7*,¢*) and (y*, D*) in (3:9). This result generalizes (Kraft et al) 2017,
Theorem 5.1) to non-Markovian models and establishes the optimality of (7*,¢*) in a
large admissible set.

THEOREM 3.6 Suppose that vip > 1,9 > 1, or v < 1,9 < 1, and Assumption|3.4)
holds. Then, (7*,c¢*) and (y*, D*) satisfy

3.10 Us=Us =V * = min( min VP + wy).

(3.10) (max, Ug = U 0T Hwy r;l;g( Jin Vo wy)
Therefore (7*,c*) is the optimal strategy for the primal problem, D* is the optimal
state price density for the dual problem, and y* is the Lagrangian multiplier.

As a direct consequence of Theorem the optimal state price density D* is iden-
tified as the super-differential of the primal value function, coming from the utility
gradient approach, cf. Duffie and Epstein| (1992b), |[Duffie and Skiadas|(1994)).

COROLLARY 3.7 Let the assumptions of Theorem hold. The minimizer D* of the
dual problem satisfies

t
Gy D —we e | [ ouf(e U ds|ous(e U ). te 0.)
0

and W™ ") D* 4 Jo Dicids is a martingale.

3.4. Models with unbounded market price of risk. Many widely used market mod-
els in the asset pricing literature come with unbounded market price of risk; for ex-
ample, Heston model in |(Chacko and Viceiral (2005), Kraft (2005), and |Liu| (2007),
Kim-Omberg model in Kim and Omberg| (1996) and [Wachter (2002). To obtain similar
results to Theorem [3.6]and Corollary we focus on the utility specification

v > 1,

and work with Markovian models, whose investment opportunities are driven by a state
variable X satisfying

(3.12) dX, = b(Xy)dt + a(X;)dW,.

Here X takes value in an open domain £ C R*, b : E — RFand a : E — RFXF,
The domain F is assumed to satisfy £ = U, E,,, where (E,,),, is a sequence of open
domains in F such that E,, is compact and E,, C E,, 1, for each n. Given functions
r:E—-Rpu:E—-R"o:FE—R"™ andp: E — R"** the processes r, jt, 7, p
in (3.2)) are the corresponding functions evaluated at X. Instead of Assumption
these model coefficients satisfy the following assumptions.

Assumption 3.8. r, 1, 0,b,a, and p are all locally Lipschitz in E; A := aa’ and ¥ =
oo’ are positive definite in any compact subdomain of F; dynamics of (3.12) does not
reach the boundary of E in finite time; moreover r + % 1/ Y711 is bounded from below
on F.

The regularity of coefficients and the non-explosion assumption ensure that the dy-
namics for X is well-posed, i.e., (3:12) admits a unique E-valued strong solution
(Xt)o<t<r. The assumption on the lower bound of r + % 'Sty allows for un-
bounded market price of risk and is readily satisfied when 7 is bounded from below.
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To present an analogue of Theorem [3.6and Corollary [3.7] let us first introduce two
sets of abstract conditions, which will be verified in two classes of models below.

Assumption 3.9.
6)) % =&(f 1_77 1S op(Xs)dW,) defines a probability measure P equivalent
to IP;
(i) EF[ [ h(X,)ds] > —oo, where h comes from (3.7).

When all model coefficients are bounded, as in Assumption [3.4] Assumption [3:9]is
automatically satisfied. When the market price of risk is unbounded, the last part of
Assumption [3.8and v > 1 combined imply that / in is bounded from above by
hmax = maxgzcg h(z), but not bounded from below. Nevertheless Assumption |3_9_|
allows us to transform (3.3) under P and present the following result from (Xing, [2017,
Proposition 2.9).

LEMMA 3.10 Let Assumptions[3.8 and[3.9 hold. For ~y,v > 1, (33) admits a solution
(Y, Z) such that, for any t € [0,T],

_ T P
(3.13) E]f[/ h(X,) ds} —80(T — ) + e%e@w—%hmax)T(T )<Y, <
t

< —00(T —t) + logE?[exp (/tT h(Xs) ds)},

and B fOT |Zs|?ds] < oc. In particular, because h < hpaz, Y is bounded from above.

Having constructed (Y, Z), (7*, ¢*) and D* in (3.9) are well defined. To verify their
optimality, let us introduce an operator §. For ¢ € C%(E),

k !/

G.14) §lo) =1 3 A2, o+ (b+ “Tvap'a'zflu) Vé+ 1V aMa'V+h,
i,j=1

where the dependence on x is suppressed on both sides. To understand this operator,

note that the solution (Y, Z) to (3.3) is expected to be Markovian, i.e., there exists a

function v : [0, 7] x E — R such that Y = u(-, X'). Then the BSDE (3.3)) corresponds

the following PDE:

P
Oyu + Flu] + 0%6_?" —00=0, u(T, z)=0.

As 0 < 0 when ~,% > 1, Y is bounded from above, and hence so is u. Therefore the
last two terms in the previous PDE are bounded, and § is the unbounded part of the
spatial operator.

Assumption 3.11. There exists ¢ € C?(E) such that
(1) lim,, 00 infchE\En Qb(fl:) = Q05
(i) §[¢] is bounded from above on FE.

The function ¢ in the previous assumption is called a Lyapunov function. Its exis-
tence facilitates the proof of a verification result, leading to the following result.

THEOREM 3.12 Suppose that ~, ) > 1, and that Assumptions[3.8} 3.9 B.T1| hold. Then
the statements of Theorem[3.6|and Corollary[3.7 hold.

Remark 3.13. The proof of Theorem [3.6] (resp. Theorem [3.12)) implies that for any
solution (Y, Z) of (3.5) with ¥ bounded (resp. bounded from above), Y is the same
as Y? and Y'¢ which are uniquely identified via the primal and dual value functions in
(3:4). Therefore the following uniqueness results for (3:3) hold:
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e Suppose that y¢p > 1,9 > 1, or y¢p < 1,9 < 1, and Assumption [3.4] holds.
Then (3.3) admits a unique solution (Y, Z) with bounded Y.
e Suppose that v,? > 1, and that Assumptions hold. Then (3.3)

admits a unique solution (Y, Z) with Y bounded from above.

Remark 3.14. The optimality of (7*,c¢*) has been verified in (Xing, 2017, Theorem
2.14) under similar, but more restrictive, conditions. First, Xing|(2017)) restricts strate-
gies to a permissible class which is smaller than the current admissible class .A. It is the
duality inequality (2.15)) that allows us to make this extension. Secondly, (Xing, [2017]
Assumption 2.11) is needed to ensure c* satisfies the integrability condition in Propo-
sition [2.1] (ii). This integrability condition translates to model parameter restrictions,
see (Xingl |2017, Proposition 3.2 ii)) for the Heston model and (Xing, 2017 Proposition
3.4 ii)) for the Kim-Omberg model. Rather than forcing c* to satisfy this integrability
condition, which is a sufficient condition for the existence of Epstein-Zin utility, we
show that the class (D) Epstein-Zin utility exists for ¢*, hence ¢* belongs to C,, which
abstractly envelops all Epstein-Zin utilities and, in particular, contains those ones sat-
isfying the integrability condition. As a result the aforementioned model parameter
restrictions for the Heston model and the Kim-Omberg model can be removed in the
following examples.

Example 3.15 (Heston model). Consider a 1-dimensional process X following
dXt = b(f - Xt)dt + ay/ Xtth,

where b, ¢ > 0,a > 0, and bl > %aQ. These parameter restrictions ensure the existence
of a strictly positive process X. Given rg,r1 € R, Ag, A1, p € R™, and o : (0,00) —
R™*™ which is locally Lipschitz on (0, c0) and satisfies X(x) := oo (z)" > 0, consider
the following asset dynamics

dS;J = SI?(T’O + TlXt)dt,

) ) n N )\j ) )
dSi = 8i[(ro + X, )dt + ; o9 (X,) ((\/)% Y \/)Z) dt + dW{”)} ,

1=1,...,n.

This class of models encapsulates several special examples with 1 risky assets (n = 1):
e The Heston model studied in [Kraft (2005) and |Liu| (2007): A\g = 0, A1 € R,
o(x) = .
e The inverse Heston model studied in |Chacko and Viceira (2005): A9 = O,
A1 € R,U($) = ﬁ
e When )y # 0 and o(z) = \/, the previous model is not an affine model, but
is in the class of essentially affine models proposed by Duffee| (2002).
Denote O(x) := o(x)'S(x) " to(z). The following result specifies Assumptions [3.8]
3.9 and to explicit model parameter restriction.

PROPOSITION 3.16 Assume 7y,% > 1 and the following conditions:
(i) 71 +infeso 5 N O(2)A > 0;
(ii) Either r1 > 0 orinf,~o \{©(z)A; > 0;
(iii) bl > %aQ and bl 4 inf .~ 1_T"’a/\{)@(ac)p > %aQ.
Then the statements of Theorem[3.6land Corollary 3.7 hold.
Example 3.17 (3/2 model). Consider a 1-dimensional process X following

dX, = (pX, + qX2)dt + a X 2dW,,
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where p € R,a > 0,¢ < %a2. Feller’s test ensures the existence of a strictly positive
process X satisfying the previous SDE. Using X to model the variance process has
received a large amount of empirical support; see the survey in (Carr and Sun| 2007}
Page 109).

Given rg,r1 € R, A\, p € R™ o € R™"*", consider the following asset dynamics

dS? = S?(?"O + TlXt)dt,

45 = 5i[(ro + r X0t + 3 otV (M Fade + awp)], i =1om.
j=1

Denote © := ¢'X~!o. The following result provides sufficient conditions for Assump-

tions 3.8} 3-9] and 3.1}

PROPOSITION 3.18 Assume 7y, > 1 and the following conditions:
(i) r1 + %X@)\ > 0;
(ii) Either 11 > 0 or NOX > 0;
(i) ¢ < 1a® and q + 1_T’Ya/\’(%p < ia?
Then the statements of Theorem[3.6land Corollary[3.7 hold.

Example 3.19 (Linear diffusion). Consider a 1-dimensional Ornstein-Uhlenbeck pro-
cess X following

dXt = —bXtdt + G,dI/Vvt7
where a,b > 0. Given 9,71 € R, Mg, A1, p € R" and 0 € R"*"™ with ¥ := g0’ > 0,
consider the following asset dynamics

dS? = S?(?“O + TlXt)dt,

dsi = ¢ [(ro +rXo)dt+ 3o (N + M X.)dt + deJ)} L i=1,...,n.
j=1
This model has been studied by [Kim and Omberg| (1996) and Wachter| (2002) for time
separable utilities, and by Campbell and Viceiral (1999) for recursive utilities in discrete
time. Set ©® := ¢’ lo. The following result from (Xing} 2017, Proposition 3.4)
specifies Assumptions [3.8] [3.9] and [3.11]to explicit model parameter restrictions.

PROPOSITION 3.20 Assume 7,1 > 1 and either of the following parameter restrictions
hold:

(i) 1 =0and —b + %axl@p <0;

(ii) ;01 > 0.
Then the statements of Theorem[3.6land Corollary[3.7 hold.

4. PROOFS

4.1. Proof of Lemma[2.3} Note that {yi) > 1,9 > 1} ={y> 1,4 > 1}U{0 <y <
1,41 > 1}. The proof is split into two cases.

v > 1,1 > 1. We will first prove

4.1) Us > supUg”, forany c € C,.
veVy

To this end, it suffices to focus on v € V such that UOC ¥ > —o0. For such v, because

Ur, F < 0 when v > 1, therefore the process E; [/—157TUT(CT) + foT ﬁg,sF(CSv Vs)ds}
is of class (D). On the other hand, the class (D) property of U€ for ¢ € C, and the
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boundedness of k¥ for v € V ensure the integrability of IQ&TUT(CT), hence the class
(D) property of the process E; [« »Ur(cr)]. Due to F' < 0, we have

T
Ey {%’,TUT(CT) +/ KS,SF(CsaVs)dS} < kg Up" < Eelig pUr(er))-
0

The class (D) property of both upper and lower bounds implies the class (D) property
of kg .U,
As Ug'” and U§ are finite, both

UC+/ f(es,US)ds  and ng’_UC’”—i—/f@g)SF(c&us)ds
0 0

are martingales. It follows that U" + fo F(cs,vs) — vsUSYds is a local martingale.
Therefore there exists a local martingale L such that

AUy = Uy") = (Uf = UPY) = —dAg + dLy,

where A; = fot fes, US) — (F(cs,vs) —vsUE)ds is an increasing process due to (2.7).
As aresult, kg (U°—U") is alocal super-martingale. On the other hand, we have seen
that &57_ U is of class (D). Moreover, Hg’_ U¢ is of class (D), thanks to the boundedness
of " and class (D) property of U*. Hence the local super-martingale xg (U — U*")
is a supermartingale. Hence

4.2) U = U > B[k} (U — UR")] = 0.

Taking supremum in v, we confirm (@.1).

To show that the inequality in (#.I) is actually an identity, it suffices to identify v € V
such that U¢ < Ug’”. To this end, take v© := — f,,(c, U°). Lemmapart (i)and 0 <
1ensure v° € V. It then follows from (2:2) and @77) that U+ [, 5§ F(cs, v<)ds is
a local martingale, and hence a submartingale, due to F' < 0 and the class (D) property
of nb’i U¢. Therefore

T
(4.3) U§ < E|wtrUr(er) + / R F (co,vE)ds| = U™,
0

which concludes the proof.

0 <~ <199 >1. In this case, F,Ur > 0. We show Uj"” < oo for any ¢ €
Cq,v € YV first. To this end, for ¢ € C, and v € V, define an increasing pro-
cess A = [1 fcs,US) — (Fcs,vs) — vsUS)ds. Equation (2.2) then implies that
U+ [, Fes,vs) —vsUlds+ A is a martingale, hence k.U + [, k F(cs,vs)ds
is a local supermartingale. Taking a localization sequence (7, ), we have

U¢ > E

Tn AT
v C v
K0, r ATUr, AT + / Ko, F(csyvs)ds
0

Sending n — oo on the right-hand side, the class (D) property of U¢ and monotone
convergence theorem imply

(4.4) E

T
/ K875F(Cs,ys)d8] < 00.
0

Combined with E[x -Ur(cr)] < 0o, we obtain Ug™” < oo.
Because F' > 0, we have

T
E¢ (ko 7Ur(cr)] < m(”)ﬁtUtc’V < E, [ﬁgyTUT(cT) —|—/ ko o F'(cs, I/S)dS]
0
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Therefore xg .U“" is of class (D), and a similar argument as in the previous case
confirms (@.I). To show the inequality in (@.I)) is an identity, same argument as the
previous case shows that v € V and ngf,Uc + fo RS;F(CS, v¢)ds is a local martin-
gale. Moreover, due to F' > 0, @.4), and the class (D) property of U, we obtain that
kG U+ [, kG F(cs,vE)ds is a martingale. Hence (@-3) holds as an identity.

4.2. Proof of Proposition Let the filtration be generated by some Brownian mo-
tion B. Solving (2.14) is equivalent to solve the following BSDE

4.5)
D L =1 T(sw 1—y (1= Dl_% 561 yD
VP = 0T+ [ ) () T - 2y
T
—/ Z¥PaB,.
t
SetY; = 1777@757%‘/,}’17 and Z; = %ef%%ZfD. The previous BSDE translates to
4.6)
50 1 =1 T 17M T
Yt2677T67(yDT)T+/ [5“}%6—51#3(3,1)3)1—1”1@ 0 }ds—/ Z,dB;.
t t

) i)
i)y>1,0<th <lor0<~y<1,4)>1.Definey =Y 6 and Z = 22y 6 'Z.
Then (), Z) satisfies

This is exactly the type of BSDE studied in (Schroder and Skiadas|, {1999, Equation
(AT)). It then follows from (Schroder and Skiadas, 1999, Theorem A2) that the previous
BSDE admits a unique solution (), Z) with Eless sup, |V;|{] < oo for any £ > 0. (To

treat the terminal condition e =¥ (yDr)!~%, we consider an approximated termi-

P
nal condition { +e~%¥T¢¥ (y D7)~ with ¢ > 0 and its associated solution ()¢, Z¢).
Proceed as in the proof of (Schroder and Skiadas, 1999, Theorem A2), ) is constructed
as lim¢ o Y°). Coming back to (Y, Z), the statement in (i) is confirmed.

90 y=1

0 1
(ii) v,% > 1. Our assumption on D implies the integrability of e 7 Tey (yDr) 7
and fOT e %%s(yD,)' =¥ ds. Moreover, because v, > 1, we have § < 0, therefore
the generator of (@.6) is decreasing in the Y-component. This is exactly the type of
BSDE:s studied in (Xing}, 2017, Proposition 2.2). Then the statement in (ii) is confirmed
following the proof of (Xing,|2017, Proposition 2.2).

4.3. Proof of Lemma 3.1} The statement for the primal problem is proved in Xing
(2017), see the argument leading to equation (2.14) therein. In particular, because all
investment opportunities are driven by W, it suffices to consider the martingale part of
Y'P as a stochastic integral with respect to .

Let us outline the argument for the primal problem. Parameterize c by ¢ = ¢V and
suppose that

dYP = —HPdt + ZPdW,,
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for some processes H? and ZP. Calculation shows
4.7)
AW T = (1= )W) T e — @+ e — T Sem]dt + (1 — )W, o d WY,
de¥?’ = ¥ [~ HP + %\Z”\Q]dt + eYthdet.

Therefore the drift of V}’i g fo Cs, 1 — sp)ds is (after suppressing the sub-
script t)
¥ P 1op _l
WY {(1 — )= 80+ 31272 + (=) [—c+de 8 e ]
¥

+ (1 =)= §7Sr+ 7' (n+0p(27))] - H'}.

The martingale principle then yields the previous drift to be nonpositive, leading to
HP = HP(Y}P, Z?) with

1 1—

HP(y,2) =(1 = 7)1 — 80 + 3|22 + (1 = 7)sup [ — e+ 6~ 0¥ Ly
¢ 9

<=

(=) sup [ = 3T + 7 + o).

whose maximizer is obtained by calculation.
For the dual problem, suppose that
dY? = —Hldt + ZLdWy,
for some processes H¢ and Z¢. Calculation shows
(4.8)
y=1 y=1 y=1
dD,” =T2D, " [ =i — (&P + [mef*)]dt + 52D, T (§dW + 0 dW),
d

t

X v ﬁzd
der =e™ [-L1H! + #|Zd\2]dt+e 7 ZEdW.

=1
Therefore the drift of 17— (yD) et /'Y—l—f 9(yDs, 7= (yDs ) T eYs /'V)ds is (af-

ter suppressing the subscrlpt t)

871 -y

1 g s Ly 1 |r7d)2
2yD) T 7 {(1—7)7‘—594—9?6 0"+ |z
+(1 =) [ (€ + In?) - 2ez%) - 1.
Then the martingale principle implies that the previous drift is nonnegative, leading to
H? = HYY9 Z7) with
v Y
He(y,z) =(1 — y)ry — 660 + 9%6 oY+ %|z\2
+(1- inf [i &2+ nl? flfz/]
(1=7) .. SN 5 (117 + ") = 5

It then remains to obtain the minimizer for H®. To this end, consider the uncon-
strained problem

%(|§|2 + [nf?) - %52’/ + Xopt' 4+ Aoptn.
The first order condition yields

E=z—~Xop and n=—ylop .
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Plugging these optimizers into the constraint y + op¢’ + optn’ = 0 yields the La-
grangian multiplier A = %(u’ + zp'0’)¥ 7L, hence the form of minimizer £(¢, 2) and
n(t, z).

Plugging 7 (t, z), ¢(y) back into HP(y, z) and £(t, 2), (¢, 2) back into H%(y, z), we
obtain that both HP(y, z) and H%(y, z) are the same as H (y, z) in (3.6). Therefore both
(Y?, ZP) and (Y4, Z) are solution to (3.3).

4.4. Proof of Lemma Because /Y~ 'y is bounded, |p/'Xlop|? <
WX~ implies that 177"’,1/2_10;) is bounded as well. Therefore, dP/dP =
E(S 1_7“’ WX ospsdW,)r defines a probability measure P equivalent to P, hence
(3:3)) can be rewritten as

T T
(4.9) Y; =loge + / H(Ys, Zs)ds — / ZsdW g,
t ¢

where W =W — [ 177“’ pLo' Y7 1.ds is a P-Brownian motion by the Girsanov theo-
rem, and

. P
H(y, ) == LeMyz' + 0270V + hy — 60.

Here because the eigenvalues of o/X~!c are either 0 or 1, we have 0 <
2p'0’S " apz’ < z2p'pz’ < |z|?. This inequality implies that

0< 2> <zM;2' < %\z|2, when 0 < v < 1,

(4.10) e , )
0 < Z[z" < 2Mpz" < |27, wheny > 1.

Therefore the z-term in H is positive and has quadratic growth. On the other hand,
Assumption @ implies that / is bounded. We denote hmin = essinf;cp 7] he and
Amax = €ss SUPye(0,7] h:. Due to the exponential term in y, we introduce a truncated
version of

T T
4.11) Y," =loge —|—/ HYNYS, Z)ds — / ZM"W,  forn >0,
t t
where the truncated generator

P
H™(y,z) = 52M2" + 9%(6_??’ An) + hy — 56

is Lipschitz in y, has quadratic growth in z, and H"(0,0) is bounded. This is the
quadratic BSDE studied in |[Kobylanski (2000) and Theorem 2.3 therein implies that
(@TT)) admits a solution (Y™, Z™) with Y™ bounded and Z" € H?(P).

Note that {y) > 1, > 1} = {0 < 7 < L, > 1} U {7, > 1} and {y¢) <
Ly <1} ={0 <y < L,y <1}U{y > 1,99 < 1}. We split the following
discussion into two cases.

Case0 <y < 1,7 >1,0ory > 1,7 < 1: In this case 0 < 6 < 1, hence the sec-
ond term in H" is positive, therefore H"(y,2) > hmin — 60 for all n. Compari-
son theorem for quadratic BSDE (cf. (Kobylanskil 2000, Theorem 2.6)) yields that
Y7 > loge + (hmin — 00)(T — t) > loge — (Amin — 00)_T, for all ¢t and n, where
f- = —min{f,0}. Asaresult, exp(—4Y") < ¢ ¥/? exp( (hmin —660)_T) for all n.
Take N := ¢ %/% exp(¥ (huin —6)_T). Forany n > N, H(Y"™, Z") = H"(Y", Z"),
therefore, (Y, Z) := (Y™, Z™) is a solution to {#.9).

Case v,% > 1,0r 0 < ,1 < 1:Inthis case § < 0, hence the second term in " is neg-
ative. As a result, @10) implies H" (y, z) < 3 max{l, 2 }|2[* + hmax — 6. Consider
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the BSDE
T T
5N 1 1 —n 2 SN =5
Y, =loge+ / [5 max{1, L}Z7 2 + huax — 59] ds — / ZrdW,,
t t

which has the solution Y; = log € + (hmax — 60)(T — t) and Z; = 0. Then the com-
parison theorem for quadratic BSDE yields that ¥;” < ?: <loge+ (hmax — 00)1 T,
for all ¢ and n, where f; = max{f,0}. As aresult, # < 0 implies that exp(—%Y") <
e ¥/% exp(—% (huax — 60) 1 T) for all n. Take N := ¢~ ¥/% exp(— % (hmax — 00)1.T).
For any n > N, H(Y",Z™) = H"(Y™, Z"), therefore, (Y, Z) := (Y",Z™) is a

solution to (#.9).

Finally, we will show Z € Hzgyo in both cases. For any stopping time 7, (4.9) and
Z € H*(P) imply

_ T _ T
%EIE[/ ZsMszgds} Y. —1oge—Eﬂj[/ 6%

Because Y and h are bounded, the right-hand side of the previous identity is bounded
by some constant C', which does not depend on 7. Therefore E, | fTT ZsMsZlds) < 2C
for any stopping time 7. Combining the previous inequality with .10), we confirm
Z € Hzuo(P). As (/Y7 1op is bounded, hence it belongs to Hgyo(P). It then follows
from (Kazamaki| 1994, Theorem 3.6) that Z € Hpyo(P).

»
e oY +h8—59ds]

4.5. Proof of Theorem For any solution (Y, Z) of (3.3) with bounded Y, and

7*, ¢*, D* defined in (3.9), let us define
=1
4.12) U; = ﬁ(wt*)lf“erf, and VV* = ﬁ(yDZ‘) 5 eY"/'V,

where W* = W(¢")_ Tt is clear that (1 — v)U* > 0 and (1 — v)V¥* > 0. We will
prove U*, V¥* are of class (D), and

T
@13 U =B [ e s+ Urovp),
t

T
(4.14) VI =Ei| / 9(yD3, 3VE")ds + Vr(yD7)],
t

forany y > 0 and t € [0,T]. Therefore (7*,c*) € A and D* € D,. Take y = y* =
w™7e¥0 and denote V* = V¥ +*. We have from W = w and D = 1 that

Up = w! e = ﬁ(y*)wT_ley(’/7 +wy* =Vi +wy* = in;%(Vg’* + wy).
Combining this identity with (2:13)), (3-10) is confirmed.

U* is of class (D) and it satisfies (4.13): Using (@.7), where (Y?,Z?) is replaced by
(Y, Z), H from (3:8), and (7*, ¢*) from (3:9), we obtain

(4.15)

d(Wy)' e

== o) e (80 () () e¥) T — 60) dt

S

+ W) T (L= ) () o1 d W + Z,d W]
— — W) T Y (05% e T = 0)dt + (W) T €Y [(1 = ) () o dWY + Z,dW5).
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This implies

t
(4.16) (Wt*)l_ﬂ’ e¥t = w'eYo exp ( — / (5w967%Y5 - 50)d3) Q,

0
where
4.17)

0, = 5(/(1 —7)(7T;)fgde5+/stWS) - 5(/LSdWS +/LdeS)
t
L= %M’Z_lap +ZM, Lt = 1777(// + Zp a2 topt.

9
t

Because Y is bounded, the first three terms on the right-hand side of {@.I6) are
bounded uniformly for ¢ € [0,7]. For the exponential local martingale @, note that
W topp/o’ ST < ST and ZMM'Z! < 2[1 + (+2)?]|Z|?. The bounded-
ness of /Y"1y and Z € Hgyo imply L € Hgyo as well. A similar argument yields
L+ € Hgwo. It then follows from (Kazamakil |1994, Theorem 2.3) that () is a martin-
gale, hence is of class (D). Coming back to (@, we have confirmed that (W*)I’V e¥
is of class (D), and so is U*.

To verify @13), @I3) shows that U* + [ f(ck, U%)ds is a local martingale. Taking
a localizing sequence (o), >1, We obtain

*

* T L[ (@)
Up + 69Et[ Usds} —E, [UTM" + §s) =
t t

e (-,

on {t < 0,}. Sending n — oo, the monotone convergence theorem and the class (D)
property of U* yield

—

T T 1=
* * * (Cs) v * 17l
U + 591Et{ Usds} ~E, [UT(WT) + | sl (- eds]
t t 1=
The class (D) property of U* ensures 60E;] ftT Ufds] < oo a.s.. Subtracting it from
both sides of the previous equation, @.13) is confirmed.

V¥* is of class (D) and satisfies (#.14): Using (#.8) together with D* from (3:9), where
(Y4, Z4) is replaced by (Y, Z), we obtain

=1l Y =1l Y =1 Yy
dD;) 7 e =—LovDp) 7 T T a4+ 2(Dy) T e dt
=1 Y
+ (D)7 e [(1 =) (x]) o dW, + ZidWy]

=1
The previous SDE for (D*) 7 e¥/7 has the following solution

=1 Yi Yo bowy,
(4.18) (Df) 7 e =en exp(—iéw/ e 0 sds—|—ﬁt)Qt,
Y 0 vy

where @Q); comes from @.I7). Because Y is bounded, the second term on the right-
hand side is bounded uniformly for ¢ € [0,7]. Therefore the class (D) property of @
—1

=1
implies the same property of (D*) 7 e¥/7 and V¥*. The discussion after (@-8) and
the optimality of £* and 77" imply that V¥* + [( g(yDj, 5 V¥*)ds is a local martingale.
A similar localization argument as the previous step confirms (@.14).
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Remark 4.1. A careful examination reveals that the previous proof only requires —Y/6
to be bounded from above and @) to be a martingale. Indeed, when —Y /6 is bounded
from above, both the third term on the right-hand side of (#.16) and the second term on
the right-hand side of (.18) are bounded. Combining with the class (D) property of @,
we reach the same conclusion. We record this observation here for future reference.

4.6. Proof of Corollary 3.7 We will prove that D* given in (3.1) satisfies the SDE
of D* in (3.9). As this SDE clearly admits an unique solution, this unique solution must

be given by (3.T1).
Denote W™ " by W* and U¢" by U*. Calculation using Z.I), (3-9) and @#12)
shows that

Df =wle Y exp [/Ot 80— 1)((1 —)UH) "5 () ¥ds — 594
(1= T ()

=exp [/Ot(ﬁ - l)dwe_%ygds - 59t]

On the other hand, set ¢* = ¢* /WW*. Calculation using (3:5) and (3:9) yields

V== @)+ 2Ry S at

— W) (7)) odW?

=)~ [ V= &)+ S i+ 2 epZ
L

(Wy) e

w—YeYo

awr)= =W

+ 70’ opZ }dt YWV (7*) odW P
de¥ =e¥ [ H(Y,Z) + ZZ'] dt + ¢ ZdWw.
Combining the previous three identities, we confirm
dD* =D* [ —y(r =)+ (0 —1)5Ye ¥ — 50
+ STy S epZ + L ZM 7~ HLY, Z)]dt
4 D*[—A(r*) o d WP + ZdW}
:D*{frJr (01— 2 +7)8% }dtﬂ)*[ (7Y cdWP + ZdW)
=—rD*dt + D* [—y(7*) cdW? + ZdW],

where the third identity follows from 6 + v — 1 — % =0.

For the second statement, when (3.10) holds, the first inequality in (2Z.11) must be an
identity. Hence E [W}D*T + fOT Dic; ds] = w, which implies the martingale property
of D*W* 4 fo D clds, because this process is already a supermartingale.

4.7. Proof of Theorem For any solution (Y, Z) of (3.3) with Y bounded from
above, we have —Y/6 bounded from above. On the other hand, (Xing, 2017, Lemma

B.2) proved that ) from ([@I7) is a martingale when Assumptions [3.8] [3.9] hold.
Therefore the statement readily follows from Remark [4.1]

4.8. Proof of Proposition[3.16} This proof is similar to (Xing| 2017, Proposition 3.2),
whose Assumption 2.11 is no longer needed here, see Remark [3.14]
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Assumption 3.8} One only needs to check 7 (z) + 217 w(z) 2(z) "t p(z) is bounded from
below on (0, o). To this end,

- 1
r(@) 455 u(z) () Yu(x) = To—l—%)\é@(aﬁ))\l+%A6@(m))\o;—I—(rl—i—%/\’l@(x)/\l)x.
Note that © is bounded on (0, 00), because its eigenvalues are either 0 or 1. Therefore
r(z) + %,u(a:)’Z(x)_l,u(:v) is bounded from below on (0, 0o) thanks to condition (i).
Assumption [3.9} Note 1777/1(30)’2(95)_10(33)/) = %(W + A1y/Z) O(x)p. Consider
the martingale problem associated to
L= [bﬁ + 1_T”Ya)\é@( x)p — (b — —’Ya)\’ 19(z)p ) x} O + 2a®202, on (0, 00).

Because O(z) is bounded and b¢ + inf,~q %a)\g@(x)p > 1a? in condition (iii),
Feller’s test of explosion implies that the previous martingale problem is well-posed.
Then (Cheridito et al., 2005, Remark 2.6) implies that the stochastic exponential in
Assumption(i) is a P—martingale, hence IP is well defined.

For Assumption [3.9](ii),
(4.19)
h(z) = (1—7)ro+ 1777)\69(95)/\1 + 127%)\6@(90))\0% + (1= + 7)\’ 10(x)A] .

Note that X and X = X ' have the following dynamics under P:

dX, = {bz + 17aN,0(2)p — (b - %ax’lep)xt} + ay/ X d Wy,

4%, = [(b— 52aN0p) X, — (b + 152aX;0p — a?) KF|dt — aX2aWV,
where W is a P—Brownian motion. As © is bounded, one has IE?[ fOT Xsds] < oo.
On the other hand, note that — (b¢ + inf o * raXyO(x)p — a?) < ;a” follows from
bl + inf ¢ —a)\’ 00(x)p > 2aQ It follows from (Carr and Sun, 2007, Theorem 4

and Appendix 4) and the comparison theorem for SDE that Eﬁ[ fOT X, ds] < co. Asa
result, ]EP[fOT h(Xs)ds] > —oo follows from @19) and v > 1.

Assumption[3.11} The operator § in (3:14) reads
§l6l(x) =La2202¢ + (b£+ a0 )pf( — L) e()p ):f;)azgz;
+ %Ma 2(8,0)% + (1 —y)ro + + 7)\'@( A1+ 7)\/9(33))\0%
+ (1= ) (r1 + N 0@ )z,
where M =1+ 177/)’@( x)p > 0 because p'Op < 1. Consider
¢(x) = —clogx + ¢,

for two positive constants ¢ and ¢, which will be determined later. It is clear that ¢(z) 1
oo when z | 0 or x 1T co. On the other hand, calculation shows

S[o](x) =C(z) + [1a20+ La?c® M — c(b£+ Z2aX(O(x)p) + 12_—7)\6@(:@/\0}%

+ [—(b—%m;@( )p )c+2a M+ (1= y)r + 5N O ()M }x

3a? and

%Ag@(x))\o < 0, the coefficient of L is negative for sufficiently small c. When
r1 or infy~o A]O(z)A; > 0, because v > 1 and O(z) is bounded, the coefficient of

where C' is a bounded function. Because b¢ + inf,~q 17Tﬂya/\6@(a:)p >
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x is negative for sufficiently small ¢. Therefore, these choices of ¢ and ¢ imply that
Fl¢l(z) L —oo when x | 0 or z T oo, hence §[¢] is bounded from above on (0, 00),

verifying Assumption[3.11]
4.9. Proof of Proposition[3.18} Note that
r(z) + %y(m)’ﬁ)*l%u(z) =719+ (r1 + %A'@)\)x.

Therefore Assumption follows from condition (i).  For Assumption [3.9]
1_—Wu(fzr)’ﬁfl%U\/;fp = %"’X@pﬁ. Consider the martingale problem associated
to

L:= [px + (q + 17TVCL/\'(9p)x2]8I + 3$a*2°02,  on (0,00).

Due to g + 1777@)\’ Op < %a2 from condition (iii), Feller’s test of explosion ensures

that the previous martingale problem is well-posed. Then the same argument as the
previous subsection ensures that IP is well defined. On the other hand,

h(z)=(1—~)ro+ [(1—7)r1 + 1_—7)\’@»\]95

Then EF] fo X,)ds] > —oc follows from v > 1 and EP[IT X,ds] < oo from (Carr
and Sunl 2007, Theorem 4 and Appendix 4).

Comparing to the previous subsection, the main difference here is the choice of
Lyapunov function ¢. To this end,

3ol (z) =3a*2°02¢ + (pz: + (q + 1_TAYCL)\’@,0> 1:2)8x¢ + i Ma*2®(9,¢)°
+A=y)ro+ 1 —7)r1+ 1_4)\'@)\]:3,
where M = 1 + = =1p'©p > 0. Consider ¢ € C?(0, 00) such that
() = —glogw forO<z <1 and ¢(z)==clogz forx > 2,

where ¢ and  are two positive constants to be determined later. Clearly ¢(x) 1 oo when
x ] 0orz 1t oo. When 0 < x < 1, calculation shows

F[o)(x) =C + {Qa c— (q—|— 17T"Ya)\’@p>g—|— 1a®Mc* + (1 —y)r + 127%)\’@)\}33

for some constant C'. Therefore, for any ¢ > 0, lim, o §[¢](x) is bounded from above.
On the other hand, when z > 2,

36)(x) = C+ [~ Sae+ (g+ 52aX@p e+ 2a?Me> + (1 - )y + 2 N0,

for some constant C. When either 71 or A’©\ is strictly positive, the coefficient of x
is negative for sufficiently small ¢. Combining the previous two cases, we confirm that
&[] is bounded from above on (0, 00), hence verify Assumption|3.11

APPENDIX A. BASIC FACTS
Direct calculations specify various functions introduced in Section[2.3]

LEMMA A.1 The Epstein-Zin aggregator f in 2.1), and its double conjugates F, G,
g, defined in (2.6), (2.10), (Z:13), respectively, satisfy the following statements.
(i) f(c,u) is concave in c. Forc, (1 — )u > 0,

~Fulesu) = 61— 0) T (1 — )u) T + 86,
Funleru) = 622235 (1 = yyu)-

-1

Sl
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Therefore f(c,u) is convex in w if and only if yip > 1.
(ii) When vy # 1,

=7 69—\ 7
0C 80—v
F(C’V):él—'y<0—1) ,  fore>0,%= >0,
36 — v\’
Fe. = - 69 —r-1
) ==t (FE)
—1-6
O 60—\
F,.(c, :50 " .
(o) =0 ——7e 01
Therefore F(c,v) is concave in c. Moreover F(c,v) is concave in v if and only
ifyy > 1

(iii) When ~ # 1,
1—
4 =1 /50 — Bt
_ Y v §0—v
G(d’y)_é’Yl_vd’Y (9_1> ., ford>0,%=r >0,

31 1 /60 —v\ 7
Gaa(d,v) 25771 v 1( V) o

-1
01l fgg -y
z 1= — Y
Gu(d,v)=6"——d v [ —— .
(@) (1 =7¢) (9—1>
Therefore G(d, v) is convex in d. Moreover G(d, v) is concave in v if and only
ifyp > 1
(iv)
d=v L
g(dvu) :511’1#_1((1_,},),0) 0 _597}1 d>0,(1—’7)'[}>0,
»

—gu(d,v) =6% (1 — 0)d (1 — y)v)~ 8 + 00,

Goo(d,0) =6V (v = 1)d' = ((1 = y)v)~
Therefore g(d,v) is convex in d. Moreover g(d, v) is convex in v if and only if
v =1

i’}
971
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