Supplementary material for Nonlinear Shrinkage Estimation of Large
Integrated Covariance Matrices

1 Market Trade Simulations

We simulate intra-day price data and construct minimum variance portfolio for each of the
seven methods compared in Section 4-2.

Following Barndorff-Nielsen et al. (2011) and Fan et al. (2012), we simulate p = 100
and p = 200 stock prices for 210 days, which is 42 Weeks of trading days. We use X o)
X, @) —I—Et , where X, @ is the underlying log-price, and et ) models the market microstructure
noise, with et ~ N(0,0.0005%) and are assumed to be independent of each other. The log-

(@) -

price X,;" is generated by

dXt(i) = uDdt + p(i)a§i)dB§i) +{1 - (p<">)2}1/20§")dm +0v94z, (i=1,...,100),

where {W;}, {Z,} and the {B"'}’s are all independent standard Brownian motions. The
processes {Z;} and {W;} play the role of factors, when a real market usually has a market
factor in the asset returns. The spot volatility afi)
Ornstein-Uhlenbeck process

thi) = a(i)(ﬁ(i - Qt )dt + ﬁlz dUy

= eXp(Qt ) follows the independent

where the {Uti }s are independent standard Brownian motions. We use (;(* 50 : 1 ) o), p) =
(0.03:17@, —:)32 ). 0. 75:)3 1/40:B5f), —0.7) and v\ = exp(ﬁ((]i)), where the :)sg) s are indepen-
dent and uniformly dlstrlbuted on the interval [0.7,1.3]. The initial value of each log-price

is set at Xo(i) = 1 and the starting spot volatility gg) = 0.

We simulate the trading times independently from the price data assuming the trans-
action times for each stock follow independent Poisson processes with rates Aq,..., Ago
respectively, where \; = 0.014(23400) (i = 1,...,100), because normal trading time for one
day has 23400 seconds.

After simulating the data, we split a trading day into 15-minute intervals, and set the
price data for each stock at the end of each interval as the price observed at the trade right
before the end of the interval. The data is used to calculate various integrated covariance
matrix estimators. At the start, we invest 1 unit of capital using (14) constructed from
different estimators of X,. We re-evaluate the portfolio weights every week, using either
the past 8 weeks or 4 weeks of data as the training set. To gauge performances, we compute
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Table 1: Market trades simulation results. Standard errors for weekly maximum exposures
are subscripted. Graphical lasso is omitted because of non-convergence issues. RCV, real-
ized covariance; Grand Avg, grand average; NONLIN, nonlinear shrinkage; POET, princi-
pal orthogonal complement thresholding; SCAD, adaptive thresholding with the smoothly
clipped absolute deviation penalty.

p =100 p =200
Annualized Annualized Sharpe Maximum Actual | Sharpe Maximum  Actual
Return  Std. Dev.  Ratio Exposure (%) Risk | Ratio Exposure (%) Risk
Weekly rebalancing with 4-week training windows
Theoretical 14.6 15.5 0.94 3.31.2 13.1 0.91 2.9 13.1
RCV 23.1 15.4 1.50 14.45 5 14.5 0.92 18.26 5 16.6
Proposed 21.0 15.3 1.37 7.52.6 13.4 0.98 9.135 13.6
Banding 23.2 15.2 1.53 8.33.0 13.6 1.12 9.83.5 14.2
Grand Avg 21.1 15.2 1.38 7.52.6 13.4 0.98 9.235 13.6
NONLIN 21.1 15.2 1.39 7496 13.4 1.03 8.73.6 13.6
POET 21.2 15.3 1.38 7.62.7 13.4 1.03 7.939 13.6
SCAD 21.1 15.0 1.41 8.13 13.5 1.20 10.841 14.3
Weekly rebalancing with 8-week training windows

Theoretical 21.2 15.8 1.34 2449 13.1 1.56 2.294 13.1
RCV 25.9 15.6 1.66 10.051 13.8 1.14 12.76.9 14.6
Proposed 23.1 15.6 1.48 6.151 13.2 1.66 8.64.7 13.4
Banding 24.5 15.8 1.55 5.82.9 13.3 1.65 7239 13.5
Grand Avg 22.5 15.6 1.44 6.23.1 13.2 1.65 8.64.7 13.4
NONLIN 22.8 15.7 1.46 6.03.0 13.2 1.65 8.04.5 13.4
POET 22.7 15.6 1.45 5.62.8 13.3 1.61 6.85.7 13.4
SCAD 24.2 15.8 1.53 5.62.5 13.3 1.65 7.843 13.5

the annualized return i and the annualized out-of-sample standard deviation &, defined
similarly as those in Section 4-2, together with the Sharpe ratio 1/ and the actual risk of
portfolios.

From Table 1, all methods, except for the realized covariance, are similar in terms of the
actual risk. The annualized returns are higher for all methods when using 8-week training
windows instead of 4, while the annualized out-of-sample standard deviation or the actual
risk do not change much. The maximum exposure level also decreased in general as we
change from 4-week training windows to 8-week. Overall, all measures from all methods
are not too different from one another. The results in Section 4-2 in the paper are quite
different.



2 Proof of Results

Proof of Lemma 1. Since M is finite, if we can show
|diag(PY" &Y PP diag PV ®PY)) — 1] - 0

almost surely for 7 = 1, then the result of the lemma is established. Dropping the super-
script (j) in all notations, we are proving

|diag(PT®.P)diag ™ (P{®P;) — 1|| — 0

almost surely. Write Py = (p11, ..., P1p), it is equivalent to showing
P P2pP1i — P1;PPu
max 0
i=L,...p P1; PP
almost surely.
We can write
Tn,l 1/2 1/2
AX, = (/ ﬁdt) 3127, (1)
Tnt—1

where the Z,’s are independent of each other and each Z, is a p dimensional vector with
independent standard normal entries. Then we can decompose

pl,®opi; — P, PPy .
! ! — i1+[i2 (Z:]-a"'ap)a

pa‘q)pli
where
I = pl®opy; — 0y’ > ten (P}, ®'°Z,)? I ny' > eer, (pL,®'/*Z,)* — pL,®py;
i = . 1= -

p{iq)pli pfi‘I’pu

Since we can write

ny' > (PL®°Z)* = pf;(ny' Y ®'°2,2;®*)py; (i=1,....p).

Lels el

andny' > el H'/2 ZgZ}‘I’l/ 2 is a proper sample covariance matrix for estimating ®, Lemma
1 of Lam (2016a) implies almost surely,

max |[;| — 0.

1=1,..,p



.....

-1 (pL,®'/%Zy)* 1 1/2 1/2
max |[;;] = max =
1=1,.. 1=1,..., D plZ@plz
- 1/2 1/2
Ny ! Zeelg (zgq}zl/p - 1)pfi‘1’ / 2,2;® / P
= max
i=1,...,p P PP
1
<max7—1‘1+ max |I;2]) — 0
= e, | ZT®Z,/p (1+ max L))

almost surely, if we can show further that maxyey, [(Zf ®Z¢/p)~" — 1| — 0 almost surely.
Using Lemma 2.7 of Bai & Silverstein (1998),

E{Z;®Z; — tr(®)}° < Ke{E?| 201" tr(®?) + E|20.1|tr(®°)},
where Ky is a constant independent of ¢, n and p. This implies that, since tr(®) = p,

71 ®Z,
p

tr3(P?)
I’

tr(@ﬁ)}

+E,Zg71 12
2"

Lelr

6
E(max — 1‘ ) < H2K6{E3‘Z€,1‘4

= O(ngp™®).

The rate in the last line comes from Assumption 2 that ;0] = +2® has all its eigenvalues
uniformly bounded away from 0 and infinity, so that tr*(®?) = O(p?) and tr(®°) = O(p),
and the fact that the higher order moments of the z,;’s are all finite since they are all
normally distributed.

Finally, since n, = O(n'/?) and p has the same order as n, we have O(nyp~3) =
O(n=%/?). Since 3 ., n~%? < 0o, through the Borel-Cantelli lemma, we have proved that
maxep, | Z§ ®Ze/p — 1| — 0 almost surely, meaning that maxyey, |(Zf ®Ze/p)~' — 1| — 0
almost surely as well. This completes the proof of the lemma. [J

Proof of Theorem 1. Dropping the superscript (j), by Lemma 1, ® = P diag(PT®,P;)PT
defined in (7) is almost surely positive definite since all its eigenvalues are almost surely
pl®py; (1 = 1,...,p) as n,p — oo such that p/n — ¢ > 0, and Assumption 2 ensures
that these values are uniformly bounded away from 0 and infinity. Hence, the proof of the
theorem completes if we can show that tr(E?CV) /p > 0 uniformly almost surely.



To this end, consider

r(ZY) /17%‘_ Y AXGAX, /172 dt'
t - t
0 0

b b
‘ZZ 1anl %ZdtZ}‘I)Zg /1 ) )
- Ve dt
p 0

Zi®Z; ‘/ St
p

< max

From the proof of maxycy, }Z}‘I)Zg /p— 1} — 0 almost surely in the last part of the proof
of Lemma 1, we can replace nsy there by n and conclude that

tr3 (B2 tr(®°
E<max r(d >+E|ZM|HL6>}
1<f<n p p

VAL YA
p

0 3, |4
—1‘ ) gnKG{E 201
=O(np™3) = 0(n™?).

Since Zn21 n~2 < oo, we can conclude that max,—; _, }Z}@Zg/p — 1‘ — 0 almost surely.

.....

This shows that tr(E?CV) /p — fol y2dt almost surely, which is uniformly larger than 0 by
Assumption 1. This completes the proof of the theorem. [J

To prove Theorem 2, we first present the following lemma and its proof. We drop the

superscript (j) in the definition of P1 B, )( =1,2; j=1,..., M) defined in (7) through

the lemma, which is true for each j =1,..., M.

Lemma 2 Let all the assumptzons in Lemma 1 hold, together with Assumption 4 and

5. Denote by Ul > e > U,(Jl the eigenvalues of <I>1 with corresponding eigenvectors
Pil,...,Pip, and vy > --- > v, the eigenvalues of ® defined in (5) with corresponding
eigenvectors pu,...,pp. 1Then there exist positive functions d,(-) = 0(-) and distribution

functions Fy = F such that almost surely,

_121{>(1)}—)F1( 121{m>v}_>F()

Jj=1 Jj=1

P ZPM‘I’PM ! —>/ S1(A)dFL (A ZPZ (I)pll{x>vj}_>/
j=1



We do not write down the explicit form of the functions d,(-) and d(-) since they are not
important for the proof of any subsequent theorems. Interested readers are referred to
equation (2.7) and (2.9) of Lam (2016a).

Proof of Lemma 2. Write AX, = ( /™" %zdt)lmq)l/ng as in (1). Define

Tn,—1

Do =1 BVPLLIDY, By =0t Y VLI (i=1,2),
/=1 LeT;
(4)

which are all proper sample covariance matrices. Let v > > v},fiam be the eigenvalues

1,sam
of ®; sum With corresponding eigenvectors pii sams - - -, Pipsam- AlSO, let U1 gam >+ > Up sam
be the eigenvalues of ®g,,, with corresponding eigenvectors pi sam; - - - ; Ppsam. SUPPOse we
are able to show the following. Almost surely,

p_ltr{(‘fl,sam —2I,)7'} - p_ltr{(‘i;l —2I,)7 '} =20 (zeCY),
pr{(Peam — 2L,) '} —pMr{ (@ —2L,) '} = 0 (2 €C),
p_ltr{(‘i;l,sam —2L,) '@} — p_ltr{(i'l —2I)7'®@} >0 (ze€CY),
ptr{(Peam — 2L,) '@} —pHtr{(® —2I,) '@} — 0 (2 € C).

(2)

The left hand side of the above can in fact be written as differences of Stieltjes transforms
of certain nondecreasing functions. The differences in their inverse Stieltjes transforms
must then converge to 0 almost surely as well, i.e., at the point of continuity x of these
nondecreasing functions, almost surely,

p p
P s 0T Y sy =0,
j=1

j,sam 1
p p
p_l Z 1{m20j’sam} - p_l Z 1{x2vj} — 07
p j=1

p p
p_l Z pfj,sam@plj,saml{mzv(_l) } - p_l Z p}‘jq)pljl{mzvj(_l)} — 07

j,sam

j=1 j=1
p p
p_l Z pj’:'[‘,sam@pjﬁam]‘{fzvj,sam} - p_l Z pjépjl{xva} - O
j=1 j=1

Interested readers are referred to Lam (2016a) or Ledoit & Péché (2011) for the definitions
of Stieltjes transform and its inversion. Theorem 4 of Ledoit & Péché (2011) indicates that
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for all = € R, there exist functions §;(-) and d(-) with corresponding distribution functions
F; and F' such that almost surely,

p—121{)\> 1) } — Fl()\)

= ] sam

7=1
p
p_l Z 1{)‘2Uj,sam} — F()\)7
j=1
- z; plj samq)plj sam {m>vj(ls)am} — / 51 dF
J
o Z p] Samépj sam]-{m>vj sam - / dF()\)
7=1

At the same time, since p/ni,p/n — ¢ > 0, Theorem 4.1 of Bai & Silverstein (2010) says
that the two limits F} and F are equal, and since 0,(-) and d(-) depend on F; and F' and
on the same ¢ > 0, we must have d;(-) = d(+) also.

With the above, (3) immediately implies the results we need. Hence it remains to show

2).

To prove the first and third results of (2), consider

p_ltr{(:I;l — zIp)_1<I>k}
= p_ltl" [{Ip - ((ﬁl,sam - ZIp)_l(‘I)l,sam - (ﬁl)}_l(q)l,sam - Z]:p)_l(ﬁk}
= p_ltr{(&)l,sam — zIp)_1<I>k} +R (k=0,1),

R = Z P [{(®1gam — 21p) T (Prsam — 1) (P gam — 2L,) @Y (K =0,1).



The term R comes from a Neumann series expansion, which is valid since almost surely

r= H(:I;l,sam - ZIp)_l((’f.l,sam - (’f’l)H S “((AI;l,sam — ZIp)_lH H(AIsl,sam — &)1}}

1 1 _
= ()] | Zez, 7 1‘H¢1,samH
@ g
~ |Im(2)] i m_l H”l ;ZZZZ
[22]° (1 + Vo) |
= Im(2)] or W‘l‘ — 0,

where we used Lemma S.2 of Lam (2016b) to conclude H(‘il,sam —2L,) 7| < 1/]Im(z)]. We
used Theorem 5.11 of Bai & Silverstein (2010) for ||ny" > ,c;, ZoZ7|| < (1+ v/¢)* almost

surely, since p/n; — ¢ > 0. Finally, the term maxcy, }(Z}@Zg/p)‘l — 1} — 0 almost surely
by the last part of the proof of Lemma 1. Hence almost surely,

7)< 30 B — 1) < )

0,
2 ’ (1= r)[im(z)]

so that we have proved the first and third results in (2). For the other two results, the
proof follows exactly the same lines as before after replacing <I>1 sam DY &, and <I>1 by b,
This completes the proof of the lemma. []

Proof of Theorem 2. Observe that

ZA(J

r(A)
p

()

KH)

If we can prove that EffLoss(%,, ifff) < 0 almost surely, then we can follow exactly the
same lines in the proof of Theorem 6 in Lam (2016a) to complete the proof Theorem 2.

Since M is finite, we drop the superscript (j) in E , and define
~ (B o p(BRV

Sp=—? P =—""_"P diag(PT®,P,)PT.
p p




It remains to show that EffLoss(3,, f)m) < 0. Consider the Frobenius loss first. Define
0= [} 2dt, § = tr(ZFY) /p and S1gem = Pdiag(P*®P)P". Then

—1/2 g_eA -12||& _ -2
G R L

0s5(2p, ) < {p_l/zeuq)ldeal_(I)HF P Rraens — @

.....

the proof of Theorem 1 Slnce we are equlvalently assuming that p~—/ 2H<I>Idoal — <I>HF 40,

it remains to show that p‘l/zH:I\) — <I>HF/(p_1/2H<I>IdCal — <I>HF) — 1 almost surely. Observe
that

p[e -2y p 'S (ph®epu — ph®@pu)* | p7Y|Pudiag(PIEP)PT - B
P @raca — @[5 p—l}}Pdlag PT®P)PT — &|2  p!||Pdiag(PT®P)PT — ®|%

By Assumptions 4 and 5, and the results of Lemma 2, almost surely,

pY|Pidiag(PT®P,)PT — @2 = p~Ltx(®2) — p! Z pl.&py:)?

— / T2dH(T) — / S2(A)dF;(N)
:/T%zH(T) —/52()\)dFs()\),

and

hence p‘l/zHZI; — <I>HF/(p_1/2H<I>IdCa1 — <I>HF) — 1 almost surely if we can also show that

pry P (ph‘bgpl, pL,®p1i)? — 0 almost surely. By Lemma 1, almost surely,

which is non-zero if ® # I,. This is also the almost sure limit of p‘lH'i'Ideal —

PL‘I’2PM - pfi‘I’plz
pi“I’Pu

p Z(pfi‘ﬁzpu — p1;®pui)* < max
=1

rrllax p1; ®p1; — 0.

.....

This completes the proof for the Frobenius loss.
For the inverse Stein loss, by Lemma 2, almost surely,

_1L(2p7 Eldeal Z log (I)pz ! Z lOg 'Un 7

— /log (\) — /lOg(T)dH(T),



where vy, ; is the ith largest eigenvalue of ®. Now consider the decomposition

p_lL(Ep, ip) = Il + IQ —+ 13 -+ I4 -+ I5,
I =log(6/6),

e (G (B,

pl ‘I)2plz

p
Ppy;
L=p (p;aipl) —1,
i P1; ®2p1

Ppy;
L= 1210g<p“ pl)

1=1 plz(I)2p12
15 ! Z IOg plz(ﬁplz Z log Un K
=1

We can prove that I, I5, I3, I, — 0 almost surely by the proof of Theorem 1, and the result
of Lemma 1. By Lemma 2, we can show that almost surely,

Is — /log(é()\))dF()\) —/lOg(T)dH(T),

so that p™ ' L(2,, Sigea)/{p ' L(Z,, £,)} — 1 almost surely, showing EffLoss(,, %,,) — 0
almost surely. This completes the proof of the theorem. [J

Proof of Theorem 4. For a matrix A = (a;;), define HAH1 = max; ¥, Jay| and
A, = max; >_j>1laij|. Then almost surely,

~—1

2 ”zHEp ', 1/2H‘1> o _ P22 00 (®@)}
[Wopt || i = < —
15270 1, 1T<I> 1 p)\min(i) )
_ )\max((/f)) < max;—i,..., pplzq)Zplz N maxi;=1,...p PE‘I’pu
)\min(:f)> B min;—q, .., P plz(I)2p12 Min—1,.., I’plz(I)plZ
Amax(P)
< = b
S (@) Cond(®),
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where we used the results of Lemma 1 for the almost sure convergence. For the theoretical
minimum variance portfolio wops,

p PSP e A A (@)

P2 = <
[Wopt|| . < s, 17®7', T pAun(®7)
)\max<q))
_ Amax(P) P).
)\min((ﬁ) Cond( )

For the actual risk bound, almost surely,

~

pRz(wopt> _ plTE 2 E 1 < p{p)\max( )j‘illaX(Ep)} _ {)\max(?)
(ITE "1 )? PPAL (3, ) Amin (®)

min

max;_ @ i max;— P 3
— < i Lo P plz 2p1 ) )\max(zp> — < . i Lo L pll pl ) )\max(zp)
min;—i p p12‘1’2plz MiNi=1,...p plZ‘I)pll

< {%((i))} Amax(2p) = Cond2(¢'))\max(2p).

Finally, for the theoretical minimum variance portfolio wpt,

}QAW@YJ)

ppEIE s, )

pR2(W0 t) = — - —
P (1r%'1,)2 s,

S )\max(zp) .

This completes the proof of the theorem. [
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