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Long-Term Optimal Investment in Matrix Valued Factor Models*

Scott Robertson’ and Hao Xing?

Abstract. Long horizon optimal investment problems are studied in a factor model with matrix valued state
variables. Explicit parameter restrictions are obtained under which, for an isoelastic investor, the
finite horizon value function and optimal strategy converge to their long-run counterparts as the
investment horizon approaches infinity. Additionally, portfolio turnpikes are obtained in which finite
horizon optimal strategies for general utility functions converge to the long-run optimal strategy for
isoelastic utility. By using results on large time behavior of semilinear partial differential equations,
our analysis extends, to a nonaffine setting, affine models where the Wishart process drives investment
opportunities.
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1. Introduction. When investment opportunities are stochastic and the market is
incomplete, optimal strategies in portfolio choice problems rarely admit explicit forms. The
primary difficulty is that hedging demand depends implicitly upon the investment horizon.
This motivates the approximation of optimal policies, and one useful approximation occurs
in the limit of a long investment horizon. Long horizon analysis removes dependence on the
investment horizon, but still maintains the relationship between investor preferences, under-
lying economic factors, and dynamic asset demand. Long-run approximations typically take
two forms: first, the long-run optimal investment or risk sensitive control problem identifies
growth optimal policies for isoelastic utilities; second, the portfolio turnpike problem connects
optimal policies for general utilities with those for a corresponding isoelastic utility.

In this article, in addition to studying the aforementioned two formulations of long-run
problems, we are particularly concerned with connecting the finite horizon and long-run prob-
lems. Specifically, our goal is to prove convergence of finite horizon optimal policies to their
long-run counterparts. Importance of this convergence has been emphasized by Buraschi,
Porchia, and Trojani in [8]: “How do both optimal investment in risky assets and covariance
hedging demand vary with respect to the investment horizon? This question is important
for life-cycle decisions as well as for pension fund managers.” From a theoretical point of
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view, confirmation of the long-run convergence is necessary to validate long-run analysis, and
though heuristics often indicate convergence, from a mathematically rigorous standpoint it is
not a priori clear that the long-run policies arise as the limit of finite horizon policies.

For isoelastic utilities, the risk sensitive control (or long-run optimal investment) problem
has been addressed by many authors from different aspects: see [5, 6, 4, 19, 20, 39, 18, 44,
14, 26, 29]. When specified to a Markovian framework, these studies typically identify and
analyze an ergodic Hamilton—Jacobi—Bellman (HJB) equation. The ergodic equation is usually
obtained via a heuristic argument, where one first derives the finite horizon HJB equation,
and then conjectures that for long horizons, the logarithm of the value function decomposes
into a spatial component © and a growth rate component A. The HJB equation then arises
by substituting AT + 9(-) into the finite horizon HJB equation.

The above derivation indicates that finite horizon and long-run problems are parallel. Of
primary importance is to connect these two problems. Indeed, let v(T,-) be the logarithm of
the value function for the problem with an investment horizon T'. As T approaches infinity,
does v(T,-) — AT — (-) converge? If so, in what sense? Does the optimal strategy for
the finite horizon problem converge to its long-run analogue? Affirmative answers to these
questions verify the intuition underpinning the study of the risk sensitive controls and provide
consistency between the finite and infinite horizon problems.

For general utility functions, portfolio turnpikes provide a useful approximation for op-
timal policies. Qualitatively, turnpike theorems state that in a growing market, when the
investment horizon is far in the future, the optimal trading strategy of a generic utility is
close to the optimal trading strategy of its isoelastic counterpart. Turnpike theorems were
first investigated in [43] for utilities with affine risk tolerance and have since been extensively
studied: in particular we mention [40, 49, 28, 32, 11, 34, 31, 17, 15]. Turnpike theorems sug-
gest that for long horizons, a generic utility investor may use the associated optimal isoelastic
strategy. In [25] it is shown that indeed, in the long run, an investor with generic utility can
employ the associated optimal isoelastic portfolio with minimal loss of utility.

For the risk sensitive control and turnpike approximations, we summarize the desired rela-
tionship between the finite and long horizon problems in Statements 2.5 and 2.8, respectively.
Verification of these statements confirms the convergence of value functions, optimal wealth
processes, and optimal investment strategies for finite horizon problems to their long-run ana-
logue. Each of Statements 2.5 and 2.8 have been proved in [24] in a univariate state variable
model where, additionally, the hedgeable and unhedgeable shocks have constant correlation.
The present paper extends these results to a matrix valued factor model setting while also
allowing for stochastic correlations.

In this article, we work with a multiasset factor model where the state variable, as an
autonomous diffusion, takes values in the space of positive definite matrices, thus generalizing
the Wishart process [7]. We choose to work with matrix valued factor models for two reasons.
First it is documented in [8] that matrix valued diffusions, used to model the covariance
matrices of asset returns, can reproduce several empirical features and provide a natural
framework to study the implications of stochastic correlation on portfolio choice. Second, as
argued in [16], affine models on the canonical state space fail badly at forecasting future bond
yields. Therefore matrix valued processes provide an alternative state variable for interest
rates. Due to these reasons, matrix valued processes have been applied not only to option
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pricing [22, 23, 12, 13] but also to portfolio optimization. For portfolio optimization, beyond
[8], in [30] the isoelastic problem is solved in the Wishart case via a matrix Riccati differential
equation, [2] considers logarithmic utility, and [47] discusses indifference pricing.

In contrast to the aforementioned results, which exploit the affine structure of the Wishart
process, our results rely upon large time asymptotic analysis of partial differential equations
with quadratic nonlinearities in the gradient. Using the framework developed in [48], we are
able to consider general, nonaffine, matrix valued state variable models. Moreover, stochastic
correlation between the state variable and risky assets can be treated, whereas a special
(constant) correlation structure is needed to ensure the affine structure. However, having
only the analytic results in [48] is not enough. To link these analytic results to portfolio
optimization problems, a verification result is essential. To this end, our Proposition 3.6
extends [30, Theorem 3.1] to the standard class of nonnegative wealth processes. In fact,
the framework introduced in [48] can also be used to study models with vector valued factor
models; see [48, section 3.1]. However, we do not pursue this direction in the present article,
and instead use matrix valued models to illustrate our methodology.

We introduce explicit restrictions on the model parameters (cf. Assumption 3.1), under
which Statements 2.5 and 2.8 hold for the general class of matrix valued factor models. This
confirms numerical experiments in [8], which showed the hedging demand converges to a
steady-state level when the remaining time to maturity is long. For isoelastic utility (i.e.,
when aP/p, 0 # p < 1), our parameter restrictions are mild when p < 0 and sharp when
0 < p < 1. In particular, when our parameter restrictions (as well as a technical boundary case:
see Example 3.2) are violated, the portfolio optimization problem with 0 < p < 1 becomes
ill-posed for horizons beyond some critical value, hence the associated long-run problem is
ill-posed as well.

Our analysis, when applied to affine models, also yields new insight into the multivariate
setting. Indeed, we construct a multivariate example (Example 3.12) where the affine nature
of the value function and optimal policy depends entirely upon the dimension of the state
variable in comparison with the number of assets. This phenomenon happens due to the
noncommutative property of matrix product and hence does not appear in univariate models.

After the model and Statements 2.5 and 2.8 are introduced in section 2, the main results
are presented in section 3. The key parameter restrictions are presented in Assumption 3.1
and are illustrated by three examples. The main convergence results are then presented: see
Theorem 3.8 for the long-run limit results and Theorem 3.10 for the turnpike results. All
proofs are deferred to appendices. Finally, we summarize several notations used throughout
the paper:

o M?F is the space of d x k matrices with M¢ := M9 For z € M¥* 2/ is the
transpose of z. For x € M9, Tr(x) is the trace of z and ||z|| = /Tr(@=). 14 is the
identity matrix in M? and 1,4 the d-dimensional vector with each component 1.

e S¢ is the space of d x d symmetric matrices, and Si ., the subset of positive definite
matrices. For x € Si+, v/ is the unique y € S‘Lr such that y2 = z. For z,y € S‘Lr,
x > y when x — y is positive semidefinite.

e For E ¢ M™k F c M™ " and v € (0,1], C*7(E; F) is the space of £ times continu-
ously differentiable functions from E to F' whose derivatives of order up to ¢ is locally
Hoélder continuous with exponent +.
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2. Setup. Let (€, (Fi)e>0,F,P) be a filtered probability space with (F)i>0 a right-
continuous filtration. Following the treatment in [24], all N-negligible sets are included into
Fo.' Consider a financial model with one risk-free asset S and n risky assets (S%,...,S™).
Investment opportunities are driven by an Si L -valued state variable X, which is described
below.

2.1. A Si_i_-valued state variable. Let B = (B%); ;_; 4 be an M“valued standard
Brownian motion on (2, (F;)i>0,F,P). The state variable X is an extension of the Wishart
process (see [7]). More precisely, X has dynamics

(2.1) dX; = b(X;)dt + /XudBN + AdBlVX;,  XpeS?,.

Here, b € C17(S4 Nl S%) is a given function and A € M? is constant. When b is a linear function
of X, we recover the Wishart process; see Example 2.2 below. For general b, we require that
(2.1) admits a unique strong solution taking values in SEIH, ie., P* [Xt € Sle for all t > ()] =
1, for all z € S‘i o, where P* is the probability such that Xq = z a.s. To enforce this
requirement through restrictions upon b and A, the results as well as notation of [42] are used.
Namely, given § € R, define Hy : Si + —~Rvia

(2.2) Hs(z;b) == Tr ((b(z) — (1 + 6+ d)AN) 27 1), zeSt,

Here, we have explicitly identified the drift function b in Hg, since in what follows Hg will be
used with various b. To understand Hs, note that It6’s formula implies the drift of log(det(X}))
is Ho(X¢;b). Thus, the following assumption ensures that (2.1) admits a unique S, -valued
strong solution (X¢);e[0,00); f- [42, Theorem 3.4].

Assumption 2.1. AN’ > 0, b is locally Lipschitz and of linear growth, and infxeS‘jr+
Ho(z;0) > —
Note that (2.1) is shorthand for the following system:

d d
AX7 = by (Xp)dt + ( X) dBFA; + ( X) dBF Ay, ij=1,....d.
t j t Z: t t 1)j1 Z: t] t 1\l J
For i,j =1,...,d, define a¥ S I M by

ap(@) = (Vo)ahu+ (Vo) ha,  ki=1,....d weSl,

Then the above system takes the form

(2.3) dX} = bij(Xy)dt + Tr (a¥ (X,)dB})

'A subset A of Q is N-negligible if there exists a sequence (B )n>0 of subsets of Q such that for all n > 0,
B, € Fn, P[Bn] = 0, and A C Up>0Byn. This notion is introduced in [3, Definition 1.3.23] and [45]. Such
completion ensures, for all 7' > 0, the space (2, Fr, (F)o<i<r,P) satisfies the usual conditions. Hence all
references below on finite horizon problems with completed filtration can be used in this paper.
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and a direct calculation using AA’ > 0 shows that for any x € S‘fr Land 0 € s,
d y /
(2.4) > 6T (a” (akl> ) (2)0k = ATr (£0AN'0) > c(x)]|0]?
ij ke l=1

for some constant ¢(x) > 0. Therefore volatility of X is nondegenerate in the interior of S¢ .

Ezample 2.2. The primary example to keep in mind is when X is the Wishart pro-
cess (cf. [7]):

(2.5) dX; = (LL' + KX; + X;K') dt + \/ XedB\' + AdBj\/ Xy,
where K, L € M. Then Assumption 2.1 is satisfied when
(2.6) LL'> (d+1)AA > 0.

Indeed, calculation shows that Ho(z;b) = Tr ((LL' — (d + 1)AA)2™!) + 2Tr (K). Thus, (2.6)
implies Ho(x;b) > 2Tr (K) on S, then Assumption 2.1 holds.

2.2. The financial model. Having fixed notation and established well-posedness for the
state variable, we may now define the financial model. As mentioned above, there is one

risk-free asset S° and n risky assets (S!,...,S™) whose dynamics are given by
dsy
(2.7) —r = r(Xy)dt, Sy =1,
St
ds; S j i ,
(2.8) o = (r(X0) + p(X0) dt + > oij(Xpdzi,  Sy>0, i=1,....n.
t

j=1

Here, r € CV(S?’H;R), JIRS Clﬁ(Sle;R"), o€ C’Q’W(S?H;Mnxm), and Z = (Z',...,2Z™) is an
R™ valued Brownian motion. That o is of full rank as well as the existence of mean variance
ratio, i.e., v : Si + — R such that = oo’v on Si ., are ensured by the following assumption.

Assumption 2.3.
(i) When m >n, S(z) = 00'(z) >0 forz € S1,. Thenv =X 'p.
i) When m < n, o’o(z) > 0 for x € S?, and there exists v € C17(S?_;R") such that
++ ++
w=Xv.

When m = n, o can be chosen as V'3 without loss of generality, so that the assumptions
in (i) and (ii) coincide.

To allow for potentially stochastic instantaneous correlations between asset returns and
the state variable, we define Z in terms of the Brownian motion B which drives X and an
independent R™-valued Brownian motion W. Specifically, let C € 02’7(8i +;Mde) and
p € C*7(S1,;R%) be such that the following holds.
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Assumption 2.4. p/p(z)CC'(z) < 1,, for each x € S, .
Set D := /1, — p/pCC" € C?7(S%,;S%). We then define Z by

A d t m t
(2.9) Z]:= Z/Cjk(Xu)dBIudpl(Xu)—i-Z/ Dji(X,)dWE — t>0,j=1,...,m.
k=170 k=170

By construction, Z is an m-dimensional Brownian motion. Furthermore, the instantaneous
correlation between Z and B is d(Z7, B¥), = Cjp(X,)pi(Xy)dt, for 1 <j <m,1 < k,l <d. In
particular, when m = d, C = 14 and p € R? is constant, d(Z?, BI'); = dijpidt, where 6;; = 1
for i = 7 and 0 otherwise. Then Assumption 2.4 reduces to p'p < 1 on Si 4. This particular
correlation structure is assumed in [8, 30, 2, 47]. Here, the matrix C introduces a general
correlation structure and allows for dependence upon the state variable X.

2.3. The optimal investment problem. Consider an investor whose preferences are de-
scribed by a utility function U : Ry — R which is strictly increasing, strictly concave, and
continuously differentiable and satisfies the Inada conditions U’(0) = oo and U'(c0) = 0. In
particular, we pay special attention to utilities with constant relative risk aversion (CRRA)
U(x)=aP/pfor 0 #p < 1.

Starting from initial capital, this investor trades in the market until a time horizon T' € R ..
She puts a proportion of her wealth (m:);<7 into the risky assets and the remaining into the
risk-free asset. Given her strategy =, the price dynamics in (2.7) and (2.8) imply that the
wealth process W™ has dynamics

(2.10) dyyv‘ifﬂ = (1(X) + S(X)(X))dE + wo(X0)dZs.

The set of admissible strategies are those m which are F-adapted and such that PV >
Oforallt <T]=1forall xe SflF +. Let us recall the notion of supermartingale deflator. A
positive supermartingale M, starting from My = 1, is a supermartingale deflator if MW7 is a
supermartingale for any admissible strategy 7. In (A.1) below, a class of supermartingale de-
flators is constructed, whose presence excludes arbitrage opportunities; cf. [36]. The investor
seeks to maximize the expected utility of her terminal wealth at T" by choosing admissible
strategies, i.e.,

(2.11) E [U(WF)] — Max.

In the remainder of this section, we will focus on the optimal investment problem for
CRRA utilities and derive the associated HJB equation via a heuristic argument. To this end,
define the (reduced) value function v via

(2.12)
sup E {

7 admissible

1 1
- Wy =w,X; =a| = —wPe?T—47), 0§t§T,w>0,x€S§lr+.
p

(Wr)? »
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Next, set L as the infinitesimal generator of (2.3):

d N , d
(2.13) L= % Z Tr (a” (akl) > D(Qij),(k:l) + Z bij D(ij),
0,5,k =1 ij=1
where D;;) = 0,5 and D(2ij),(kl) = 8§ijxk,. The standard dynamic programming argument
yields the following HJB equation for v:
1 & 3 /
(214) o =Lv+ 5 Z D(Zj)’UT‘r <CLZ] (akl> > D(kl)v +pr
i,k =1
d
+sup ] pr’ | Tv+ Z UCaijpD(ij)v + %p(p -Dr'S7p, t>0,z¢€ Si+,
g ij=1

0=0v(0,z), ze€S%i,.
The optimizer 7 in the previous equation can be obtained pointwise and is given by
(2.15)

1 |
— 1 (EZ/ + ijzl JCa”pD(ij)v> (t, ), m > n,
1—0p ’ d
w(t, z;v) = . ) t>0,2€8,.
. o(o’o)™! (O'/I/ + ijzl Ca”pD(ij)v> (t,x), m <n,
J— p b

Define ¢ := p/(p — 1) as the conjugate of p and the function © : SﬂlrJr — SﬁlrJr via

o' lo(x), m > n, d
reSi,.
1, m < n,

(2.16) O(z) = {

Plugging the formula for 7 in (2.15) into (2.14), a lengthy calculation yields the following
semilinear Cauchy problem for v:

(2.17) vi(t, ) = Fv](t, x), 0<txeSi,,
v(0,z) =0, xeSle.
Here, the differential operator § is defined as
T d T )
(218)  §i=5 > AwpDiyen T 2 Dy +5 D DA P +V
i\j k=1 ij=1 i,k l=1

with

(2.19) Ay gy () = Tr <a@'j (akl>,> (),

V(z) :=pr(z) — qu’Eu(a:), i,5,k,l=1,...,d,x € Sﬂlr+.
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Note that 7 in (2.15) and § in (2.18) take different forms depending on m > n or m < n (with
the two forms coinciding at m = n) and that using the definition of L from (2.13) we have

d d
, 1 _
(2:20) §=L—q> vVoCalpDuy+5 D DapAun.enDPan + V-
l7j:1 i7j7k7l:1

In section 3 well-posedness of (2.17) is proved under appropriate parameter assumptions,
and it is shown that the solution v, with appropriate growth constraint, to (2.17) is the reduced
value function in (2.12). Moreover the optimal strategy for (2.12) is given by

(2.21) ! = n(T —t, X¢;v), 0<t<T,

for m(-,;v) from (2.15). We want to emphasize that we need (2.17) and its associated portfolio
optimization problem to be well-posed for all time horizons T' > 0. Our parameter restriction
will achieve this goal. In particular, when 0 < p < 1, violation of our parameter restriction
may lead to an infinite value function when the investment horizon is beyond some critical
level; see Example 3.2 below. In this case, the long-run problem introduced below is ill-posed.

2.4. Long horizon convergence. The long-run behavior for a CRRA investor is closely
related to the ergodic analog of (2.17), given by

(2.22) A=3](z), axesi..

A solution to (2.22) is defined as a pair (A, v) where A € R and v € C?(S?_; R) which satisfy
(2.22). In particular we are interested in the smallest A such that (2.22) admits a solution.
Note that by definition of §, solutions v to (2.22) are defined up to additive constants.

When the state variable lies in E C R?, under appropriate restrictions (cf. [33, 26]), there
exists a smallest A such that (2.22) has a solution (\,?) and such that the candidate reduced
long-run value function, accounting for the growth rate, is AT+ 0(x). The candidate long-run
optimal strategy is

(2.23) 7 = m(Xy; 0), t>0,

where 7(-;0) comes from (2.15) with v replaced by v which does not have a time argument.
Here, when the state variable is matrix valued, Proposition 3.7 below establishes the existence
of such (A, ).

Comparing the finite and long horizon problems, we are interested in proving the following
claim.

Statement 2.5 (long horizon convergence).
(i) Define h(T,z) :=v(T,x) — AT — d(z) for T >0 and x € S¢ . Then

nT,)->C and Vh(T,)—=0 inC (SiJr) as T — oo.

Here C' is a constant, V = (D(ij))lgingd 1s the gradient operator, and convergence in
C (Si 1) stands for locally uniformly convergence in Si 4
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(ii) As functions of x € Sfur the finite horizon strategies converge to the long-run counter-
part, i.e.,

lim 7n(T,;v) ==n(;0) inC <Si+> .

T—oo

(iii) Let «7 and & be as in (2.21) and (2.23). Let WT and W be the wealth processes
employing 7 and 7, respectively, starting with initial capital w. Then for all z € Si n

and all t >0,
T
(2.24) P* — lim sup VY“ - 1‘ =0,
T=oo0<ust | Wy
t !/
(2.25) P*— lim [ (7l —#,) 2(Xy) (7] — #u) du = 0.
T—o0 0

Here P* — lim stands for convergence in probability P*.

In Statement 2.5, (i) claims that the reduced value function for the finite horizon problem
converges to its infinite horizon counterpart; moreover (ii) indicates that the finite horizon
optimal strategy also converges, in feedback form, to a myopic long-run limit. In addition
to these analytic results, (iii) states convergence in probabilistic terms: that is, the ratio
between optimal wealth processes and distance between optimal strategies, when measured
in a finite time window [0, ], converges to zero in probability. Under appropriate parameter
assumptions, Statement 2.5 is proved in [24] when the state variable is R-valued and has
constant correlation with risky assets. In section 3 below, we significantly extend this result
to verify Statement 2.5 in the matrix setting.

2.5. Turnpike theorems. Consider two investors: the first one has a general utility func-
tion U which satisfies conditions at the beginning of section 2.3; the second investor has a
CRRA utility U(x) = 2P /p for 0 # p < 1. The two investors are connected through the ratio
of their marginal utilities as follows.

Assumption 2.6. With R(x) := U'(z)/zP~! it holds that
(2.26) lim R(z) = 1.

zToo

Assumption 2.6 ensures that preferences of the two investors are similar for large wealths.
The next assumption ensures that the market described in section 2.2 is growing over time.

Assumption 2.7. Forr(x) as in (2.7) there exist constants 0 < r < 7 such that r < r(z) <7
for all x € S‘j_+.

For the investor with general utility U, set 717 as the optimal strategy of (2.11) and W1
as the associated optimal wealth process starting from initial wealth w. We are interested in
proving the turnpike theorem.

2The logarithmic utility case is excluded here, since [24, Proposition 2.5] already shows that turnpike
theorems hold in a general semimartingale setting including the current case.
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Statement 2.8 (turnpike theorem). For allz € S, and all t > 0,

1,T
(2.27) P? — lim sup|—— — 1| =0,
T—o00 u<t o
t
(2.28) P’ — lim [ (xb —#,) 2(X,) (7kT — 7,) du =0,
T—o0 0

where 7 from (2.23) and W is the wealth process starting from w following 7.

The first convergence above states that the ratio, when measured in a finite time window,
of the optimal wealth process for the generic investor and the long-run wealth process for the
CRRA investor is uniformly close to one in probability as the horizon becomes large. The
message behind the second convergence is that, as the horizon becomes long, the optimal
investment strategy for the generic utility investor approaches the long-run limit strategy of
the CRRA investor. Such a result is called an “explicit” turnpike using the terminology of [24].

3. Main results.

3.1. Parameter restriction. To establish Statements 2.5 and 2.8 for models introduced in
section 2.2, we introduce a key set of conditions on the model coefficients. In these conditions,
¢ is a universal positive constant which may be different from line to line.

Assumption 3.1. For some integer ng the following hold:
(1) [o(@)[| + |r ()| + v'Ev(z) < (1 + |[z]]) for ||| = no.
(2) There exists § € R so that

Tr(b(z)'z) < =Blz||> + ¢ for ||z]| > no.
(3) There exists a matriz M > (1 + d)AA" such that
b(z) > M —cx forzecSt,.

++

r(z) - V'¥v(x) -
Sup - 1y < %9, Sup - 1\ <00,
le|<no 1+ Tr(z=?) lel<no 1+ Tr(z~1)
(b)
/
by
either >0 or liminfyiy(x) or liminf@ >0,
lzl—c0 |zl lzl—o0 ||zl

where B comes from item (2).
(5) When 0 <p<1,
(a) r and v'Xv are bounded from above on ||z| < ng, and

of r(z)

1 —_—— > —00.
Jzl|<no 1+ Tr(z—1)
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(b)
B>0 and B%2>8VdTr (AA') (1-— q/\%/\%)x,

where B comes from item (2), /\20 is the supremum of eigenvalues of CC' on
S‘j__i_, )\% = SUP,egd | p'p(x), and x is the smallest X such that

pr(z) — qv'Sv(z) < x|zl + ¢, ||z =no, for some constant c.

In particular, when r and V'3v are bounded from above on ||x| > ng, then B
1s only required to be positive.

Let us illustrate the parameter restriction in Assumption 3.1 via several examples. The
first example shows that Assumption 3.1 is mild when p < 0 and is sharp when 0 < p < 1.

Ezample 3.2 (Heston model). The simplest example is where the state variable follows a
one-dimensional state variable suggested by Heston. The model, studied by [38] and [41], is
specified as

dS; = St((T + I/Xt)dt =+ 1/ XtdZt),
dXt = b(f — Xt)dt + a/ XtdBt,

where r € R, £ > 0, b > 0, a,v # 0, and B, Z are one-dimensional Brownian motion with
instantaneous constant correlation p. Assumption 3.1 is specified as

(1) bl > a?/2,

(2) when 0 < p <1, b+ quap > 0 and (b + quap)? > —qva?(1 — qp?).
Item (1) is the standard Feller’s condition making sure that X does not hit zero in finite time.
When p < 0, no additional condition is needed. When 0 < p < 1, item (2) is exactly Case 1
in [35, Theorem 3.2]. Except a boundary case, where b+ qrap > 0 and the second inequality
in item (2) above is an equality (cf. Case 2 in [35, Theorem 3.2]), item 1 in Remark of [35,
Page 467] shows that the condition in item (2) above is almost the necessary and sufficient
condition for well-posedness of the utility maximization problem for all finite time horizons.
In other words, if the condition in item (2) and the boundary case are violated, there exists
a critical time horizon T,, beyond which the value for the utility maximization problem is
infinite. In such a case, both the long-run problem and the convergence problem are ill-posed.

The next example, motivated by [9], illustrates the flexibility of Assumption 3.1 when the
state variable X is small.

Ezample 3.3 (inverse Heston model). Consider the model

4y = 5y( o v+ 2Vt +

Xi Xy 2.0
dXt = b(g — Xt)dt + a/ XtdBt,

dZs,

where v,/ >0, b > 0, a,vg # 0,1 € R, and B, Z are one-dimensional Brownian motion with
instantaneous constant correlation p. In this model, interest rate varies with the state variable
and the mean variance ratio is an affine function vgx 4+ v1. In particular, when v; > 0, the

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/16/18 to 158.143.37.159. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

OPTIMAL INVESTMENT IN MATRIX VALUED FACTOR MODELS 411

sharp ratio of stock vpv/X + \’/’—% increases when the interest rate increases. This is empirically
relevant because a high interest rate usually diverts investment away from the equity market.
Therefore in equilibrium stocks need to have a higher sharp ratio to attract investors. We
focus on p < 0 in this example. In this case, Assumption 3.1 only requires b¢ > a?/2, which

ensures X > 0, and hence is necessary for finite interest rate and excess return.

The canonical multivariate example is when X is a Wishart process as in Example 2.2.
This model has been studied in [8, 30, 2, 47].

Ezample 3.4. Following the aforementioned literature, we consider the case where the
dimension of X is the same as the dimension of the Brownian motion Z, i.e., m = d, and C
in (2.4) is an identity matrix. Consider the following model:

dsi

gi = (T(Xt)+M(Xt))dt+U\/ XidZy, i=1,...,n,
t

where r(z) = ro + Tr (r12) for some ro € R and r; € M?, u(x) = oxo’v for some o € M"*?
and v € R", and X follows the dynamics (2.5) with d(Z!, B/}, = &;;p,dt for some p € R In
this case, Assumption 3.1 specifies to

(1) LL' > (d+ 1)AN,

(2) when p < 0, r satisfies 71 +r} > 0, and

either r1 +7r] >0 or o'v/o >0, or (=K +qApV'o)+ (=K + qApV/o) >0,
(3) when 0 < p < 1,
(=K 4+ qApv'o) + (—K + qApv'o) > €ly,
where € is a positive constant such that
€ = 4VdTr (AN) (1= gp'p)llp(r1 + 11) — g0’ v/,

In the previous parameter restrictions, item (1) is slightly stronger than the well-posedness
condition (2.6). The restriction in the p < 0 case is mild. It asks that either r(x) or v/Yv(x)
has linear growth, or a Wishart process X with dynamics

dX; = (LL' —= KX, — X;K)'dt + \/ X, dBiA' + AdBj\/ X4,

with K(r) := —K +qApv/o, is mean-reverting. When 0 < p < 1, item (3) above requires that
the force of mean-revision to be sufficiently strong. Note that this condition is sharp, since it
includes Example 3.2 when d = 1.

3.2. Main results. After introducing all parameter restrictions, we come back to the long
horizon portfolio optimization problem. First, Lemma A.l below shows that the current
assumptions (Assumptions 2.1, 2.3, 2.4, and 3.1) verify [48, Assumptions 3.4-3.6]. Therefore,
[48, Propositions 2.5 and 2.7 and Theorem 3.9] can be used to study the long horizon problem.
To this end, let us first verify the heuristic argument in section 2.3.
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Proposition 3.5. Let Assumptions 2.1, 2.3, 2.4, and 3.1 hold. Then there exists a unique
solution v € C12((0,00) x S%,) N C([0,00) x S%.,) to (2.17) such that

sup (v(t,z) — ¢o(x)) < o0  for each T >0,
(t2)€[0,T]xS4

where ¢o(x) = —clog(det(z))+¢||z||n(||x|) +C for some positive constants ¢, ¢,C and a cutoff
function n such that n(r) =1 for r > ny+2 and n(r) =0 forr < ng+ 1.

In order to connect solutions v to (2.17) with the optimization problem (2.12), we uti-
lize the following verification result, whose proof is technically challenging and given in
Appendix A.

Proposition 3.6. Let Assumptions 2.1, 2.3, 2.4, and 3.1 hold. For v in Proposition 3.5 and
any T >0, (2.12) holds and © from (2.21) is the optimal strategy for (2.12).

On the other hand, for ergodic problem (2.22), [48, Proposition 2.3 and Lemma 5.3| yield
the following.

Proposition 3.7. Let Assumptions 2.1, 2.3, 2.4, and 3.1 hold. There exists (5\,27) solving
(2.22) such that v is unique (up to an additive constant) and X\ is the smallest X\ such that
there exists a corresponding v solving (2.22).

We are now ready to state our first main result, whose proof is presented in Appendix B.

Theorem 3.8. Let Assumptions 2.1, 2.3, 2.4, and 3.1 hold. Then the long horizon results
in Statement 2.5 hold.

To state the portfolio turnpike result, we need to make an additional assumption, which
is a mild strengthening of Assumption 2.4.

Assumption 3.9. For p and C in Assumption 2.4, p'pCC'(z) < 1, for all z € ST .

Under the previous assumption, it is possible to construct not only supermartingale de-
flators (cf. (A.1) below) but also equivalent local martingale measures Q7 for all T' > 0; i.e.,
QT is equivalent to P on Fp and e Jo"(Xw)dug is a QT local martingale on [0,7]. This is
needed to utilize duality results in [37] which establish the existence of an optimal strategy to
(2.11) for the generic utility U. On the other hand, when p'pCC’ = 1,,. The market model
is complete and the turnpike result has been established in [17].

We are now ready to state the following turnpike result.

Theorem 3.10. Let Assumptions 2.1, 2.3, 3.1, and 3.9 hold. Furthermore, assume that the
utility function U satisfies Assumption 2.6 and the interest rate function satisfies Assumption
2.7. Then the turnpike theorems in Statement 2.8 hold.

3.3. An example with nonexponentially affine value function. In the Heston model, the
value functions are exponentially affine in the state variable; cf. [38, 41, 35]. However, for the
Wishart model, as a multivariate generalization of Heston model, whether the value function
is exponentially affine depends on the dimension d of the Wishart process being less than or
equal to n, the number of risky assets. When d < n, the value function is exponentially affine.
However, when d > n, the agent’s reduced value function for the long-run problem may not
be affine, hence the long-run optimal value function may not be exponentially affine, and thus
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the optimal strategy 7 may not be affine. This is due to the noncommutative property of the
matrix product, and we give an example below.

To streamline the presentation, we assume that p < 0, r; +7; > 0, LL' > (d+ 1)AA’ > 0,
and o is of full rank. Hence all assumptions of Proposition 3.7, in particular, parameter
restrictions in Example 3.4, are satisfied. Therefore a solution (X, 0) to (2.22) exists. Consider
a candidate solution given by

(3.1) o) =Te (Mx), M=

First we present the result when d < n.

Proposition 3.11. Assume d < n and consider the following matriz Riccati equation

(3.2)
1
0=2MAQ — qgpp)N'M + (K — gApv' o)’ M + M(K — qApV'o) + 3 (p(r1+ 1) —qo'vi/o) .

There ezists a unique M € S solving (3.2) such that (\,0), with X = Tr(LL'M) + pro and
0(x) = Tr(Mzx), solves (2.22), and X is the smallest \ with accompanying v solving (2.22).

It is easy to calculate the solution of (3.2). In most mathematical software, it only re-
quires one comment. However, in order to solve the finite horizon problem, one needs to
solve a matrix Ricatti ODE. Therefore, long-run analysis reduces computational complexity
considerably in this case.

We next present an example in the d > n case showing that solutions (X, ) to (2.22)
cannot be of the affine form in (3.1).

Ezample 3.12. Taken =1,d =2 and
A =1, L:£12f0r6>\/§, K=1y, C =15,

(3:3) o= 0), v=veR, p=p(1 1) for0<2p?<1,
ro >0, r1=r1lsy for r; > 0.

Consider functions v as in (3.1). Writing the generic element X € Si . and the matrix M as

(T y 2 [ My My
(3.4) X_<y z>’ x,z >0,y < xz, M_<M2 Mg)’

we have that X(X) = 0 Xo’ = x > 0 so that Assumption 2.3 holds. Furthermore, LL'—3AA" =
(2—3)13 > 0 and for p < 0, —p(r1 +7}) +qo’'vv/o(x) > —2prily > 0. Thus, the assumptions
in Example 3.4 hold. A lengthy calculation shows that (cf. Lemma C.2 in Appendix C)

1
(3.5) Fh)== (2(M12 + M22) — 2qp2(M1 + M2)2 + 2M; — 2qpv(M; + Ma) + pri — 2QV2>

+y (4Ma (M + Ms) — 4gp*(My + Ma)(My + M3) + 4My — 2qpv (M + Ms))

3We can assume M = M’ without loss of generality since 2 € S1 implies (Mz) = (M'z) = (1/2)((M +
M')z).
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+ 2 (2(M3 + M3) + 2Ms + pry)
92 2 2

+ = (=20 (Mz + My)%)

+ pro + éQ(Ml + M3).

As can be seen from (7) in Lemma C.1 below, the problem term y?/x arises when evaluating
A from (2.19), since for d > n,

(3.6) VXO(X)VX = Xo'(0Xo')lo X = %X <(1)> (1 0)x= j yié ’

whereas, for arbitrary model coefficients, if d < n then VX O(X )\/X = X.

Thus, if F[v] = A for some constant ) it must be that each coefficient of x,y, z,3?/x in
(3.5) is equal to zero. By considering y?/x it follows that My + M3 = 0. Plugging this into
the coefficient of y gives My = 0 and hence M3 = 0. Then the coefficient of z being zero yields
0 = pry a contradiction since 1 > 0. Thus, the function v cannot be affine.

Appendix A. Proof of Proposition 3.6. We first define a class of supermartingale deflators
on [0, 7] for any T > 0. Given an M%valued process 7 with fOT 0| du < oo a.s., define M"
via (note that for a function g of S¢, we will write g, for g(X,))

(A1) M = e horudug (/ (~40uCudBupu + Tt (1udBY,) — p;n;O;GuOudBupu)>
t

x € <—/ (V{LO'uDu + p;n&C{L@uDu) qu>
t

d
t
= ¢ Jorudug / > " dBE (—(C'o'v)ip + n — (C'OCnp)rpr),
k=1

d
x & (— /ZdWL]f (D'o'v), + (D’@Cnp)k)u> , t<T.
k=1

t

t

When n = 0, elorudu ) defines the minimal martingale measure, provided the stochastic
exponentials are indeed martingales; cf [21]. Hence we call n a risk premia. For any admissible
strategy m, MTWT™ is a positive supermartingale. Indeed, using (2.9), (2.10), and (A.1),
the stochastic integration by parts formula shows that the drift of M7W™ has the following
integrand (omitting function arguments and time subscripts):
M"W™r' [Sv + oC (-C'e'vp' + 11— C'OCnpp') p— oD (D'c’v + D'OCnp)]

=M"W'r' [Sv -0 (CC'p'p+ DD") o'v+ oCnp — o (CC'p'p+ DD") ©OCnp|

= M"W™r' [cCnp — c©Cnp)

=0,
where the second identity follows from (CC'p'p + DD’)(z) = 1,,, and the third identity holds
due to 0O = o. Therefore MW7 is a positive local martingale, hence a supermartingale.
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The convergence of finite horizon problem (2.17) to the ergodic version (2.22) has been
studied in [48] for a general matrix setting. Let us check that our current assumptions (As-
sumptions 2.1, 2.3, 2.4, and 3.1) verify [48, Assumptions 3.4-3.6]. Therefore, [48, Propositions
2.5, 2.7, and Theorem 3.9] can be used to study the long horizon problem.

Lemma A.1. Let Assumptions 2.1, 2.3, 2.4, and 3.1 hold. Then [48, Assumptions 3.4-3.6]
hold.

Proof. In the current specification, the functions f and g introduced in [48, equation
(3.11)] are f(z) = z and g(x) = AA’, respectively, and the function B in [48, equation (3.3)]
is b.

Assumption 3.4 in [48]. Item (i) is clearly satisfied by the current specification of f and g.
Item (ii) follows from Lemma A.3 below.

Assumption 3.5 in [48]. Item (i) follows from the specification of f and g and item (1) of
Assumption 3.1. Item (ii) is exactly Assumption 3.1(2) here. Moreover (; in [48, Assumption
3.5] is exactly § here. Recall the form of V' from (2.19). Since both r and v/3v are assumed
to be of at most linear growth in Assumption 3.1(1), V is of at most linear growth as well.
To check V' is bounded from above on ||z| < mg, we split into p < 0 and 0 < p < 1 cases.
When p < 0, since qv/Yv > 0, we have V(z) < pr(z), which is bounded from above due to
Assumption 3.1(4)(a). When 0 < p < 1, since ¢ < 0 and both r and v'Xv are bounded from
above (cf. Assumption 3.1(5)(a)), V is also bounded from above on |z| < ng. Therefore [48,
Assumption 3.5(iii)] is verified.

To check [48, Assumption 3.5(iv)], we discuss p < 0 and 0 < p < 1 separately. When
p < 0, since V' has at most linear growth and we have seen that it is also bounded from above,
therefore V' is bounded from below or decays linearly. When either lim inf| ;oo 7(z) /||| > 0
or liminf g 00 ¥'Ev(2)/||z|| > 0, V decays linearly. Hence [48, Assumption 3.5(iv)(a)] is
satisfied. When 8 > 0, [48, Assumption 3.5(iv)] is satisfied as well.

When 0 < p < 1, observe that Tr (f(z)) Tr (g(x)) = Tr(z) Tr (A’A) < VdTr (AA) ||z
Therefore the constant o in [48, Assumption 3.5(i)] can be chosen as v/dTr (AA’). Lemma,
A.3 shows that % can be chosen as 1 — gp?. Moreover, 7; in [48, Assumption 3.5(iii)] can be
chosen as —x here. Finally the constant 16 in [48, Assumption 3.5(iv)(b)] can be improved to
8 due to the currently specification of f and g. This is because & in the second inequality of
[48, equation (5.7)] can be improved to /2. Indeed, let ¢g = ¢((]1)+¢(()2)—|—C = —clog(det(z))+
¢||z||n(||z||) + C for some positive constants ¢, ¢, C' and a cutoff function 7 such that n(r) =1
for r > ng + 2. Calculation shows

d d - ,
= > Dupdy Tr <a” (a“)>D<kl>¢§)+ > D 82)Tr< " (akl)>D<kZ>¢o2
i,4,k,[=1 i,7,k,1=1
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Therefore the statement of [48, Lemma 5.2] still holds with 45a;é? therein replaced by 2Fa; 2.
In conclusion, Assumption 3.1(5)(b) verifies [48, Assumption 3.5(iv)(b) |.
Assumption 3.6 in [48]. Calculation shows that

H(z;b) = Tr ((b(z) — (L + e+ d)AN )z~ ).

Hence [48, Assumption 3.6(i)] is ensured by Assumption 3.1(3) here. For [48, Assumption
3.6(ii) and (iii)], the proof in [48] only requires these conditions to hold when ||z|| < ng; see
[48, Lemma 5.5]. Observe that limge ()0 Tr (z71) + C'log(det(z)) = oo for any C. Therefore
[48, Assumption 3.6(ii)] is satisfied when it is restricted to ||z| < ng. Finally [48, Assumption
3.6(iii)] follows from either Assumption 3.1(4)(a) or (5)(a). [ |

After verifying assumptions in [48], existence and uniqueness of solution to (2.17) is estab-
lished in Proposition 3.5. In order to prove the verification result Proposition 3.6, we need to
introduce some notation. For a fixed ¢ € C(127((0,00) x S, ,R), the regularity assumptions
on the coefficients and ellipticity assumption in (2.4) ensure that the generalized martingale
problem on Si 4 for

(A.2)

d d d
- 1 . -
LT = 5 E Aig) k1) D g, ety + E bij + E : A,y DT = t,) | Diijy, ¢ =T,
irjk,l=1 ij=1 k=1

has a unique solution (IP"b’T’x) ; cf. [46]. When ¢ does not depend upon ¢ we will write Lo

d
TESY |

and denote the solution as (P¢’x) . The martingale problem for £%7~" is well-posed if the

zGSi+
coordinate process X does not hit the boundary Si Iy P?T%_a.s., before T for any = € S‘i L
Similarly, if ¢ does not depend upon time, then well-posedness follows if the coordinate process
does not hit the boundary in finite time P%*-a.s. for any x € Si e

For the given ¢, define the stochastic exponential

(A.3)

. d d
zpt = ¢ /0 > dBH —q(Co'viepi+ Y (a;fl - Q(C"@CG”P)kPl) Dijo | (T = u, Xu)

k=1 ij=1 .

. m d

x & / Y dWli | —¢(D'o'v)i —q > (D'OCAp)Dij¢ | (T —u, Xu)| , t<T.

0 k=1 Q=1 .
For ¢ not depending upon time, write Z¢ for Z»T and note that Z¢ is defined for all ¢ > 0.
Recall from section 2.1 that Assumption 2.1 ensures the well-posedness of (2.1). Hence the
martingale problem for L in (2.13) is well-posed. Now if the martingale problem for £%7~ is
also well-posed, it follows from [10, Remark 2.6] that the first stochastic exponential on the
right-hand side of (A.3) is a P*-martingale on [0,T]. On the other hand, since X and W are
P*-independent, it follows from [36, Lemma 4.8] that Z%7 is also a P*-martingale on [0, 7.
Therefore, we may define a new measure P»1>* on Frp via dP?T* JdP* |z, = Z?’T. Moreover,
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Girsanov’s theorem yields that X has generator £»7~ under P?7*. When ¢ does not have
a time argument and the martingale problem for £¢ is well-posed, the same argument as
above yields that Z¢ is a P®-martingale on [0,00). Hence a new measure P»® is defined via
dP?* | dP*| Fr = Z?, T > 0. Note that P?* is consistently defined on Vr>oF7. Last we recall
that P? is ergodic if X is recurrent under P? and there exists an invariant probability measure.

Remark A.2. Set ¢ = © from Proposition 3.7; if P®® is well defined, then Girsanov’s
theorem together with (2.8) and (A.3) yield the following dynamics of S under P%*:

d
1
r(X) + 7 | Zv+ ) 0CaMpDyd | (T~ t.X0) | dt
=1

das; _
St

m
+ZO‘ZJ(Xt)ng, 1=1,...,n,

where Z is a P%* Brownian motion. Comparing the previous dynamics with 7 in (2.23),
it follows that 7 is the optimal strategy for a logarithmic investor under P?*. Hence its
associated wealth process W has the numéraire property, i.e., W/ Wis a P®_supermartingale
for any admissible wealth process W.

For the proof of Proposition 3.6, we prepare the following two lemmas, whose proofs are
postponed until after the proof of Proposition 3.6.

Lemma A.3. Let Assumptions 2.3 and 2.4 hold. Let A and A be as in (2.19). Set
[, 0<p<l, [ 1=, 0<p<],
(A4) ”‘{1—q%ﬁ,p<a and “_{1, p <0,

where )% is the supremum of eigenvalues of C'C' on SSIH_ and )\Z = SUPgesd | pp'(x). Note that

Assumption 2.4 implies )%)\% <1, hence both k and K are strictly positive. For all x € Si+
and 0 € S, we have

d d d
(A5) & Z 05 Aiz), (ki) (2) 0k < Z 0ij Ay, k) (2)0k < Z Ay, k) () -
,7,k,l=1 1,7,k,l=1 ©,5,k,l=

For n € C127((0,00) x S1,R), define the function 7 : S%, — M? via

d
(AG) nkl(tux; ¢) = Z a;{“]lD(/LJ)¢ (ta l‘), ki=1,...,d,t >0,z € Si+
ig=1

Define n! = n(T —t,X4;¢), t € [0,T]. When ¢ is v from Proposition 3.5 (resp., ¥ from
Proposition 3.7), then n(T'—-, X.; v) (resp., n(X.;0)) is expected to be the optimal risk premium
for the dual problem of (2.12) (resp., its long-run analogue). The following result is the key
to proving Proposition 3.6.
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Lemma A4. Let ¢ € C27((0,00) x SE,,R) satisfy ¢r = F[¢] on (0,00) x ST, where
§ is defined in (2.18). For any T > 0, let 1y = 7(T — t, X¢;0), ;¢ = (T — t, X5 9), for
t € [0,T], and let W™ and M" be the associated wealth process and supermartingale deflator,
respectively. Then, the following identities hold:

(A.7) plog (WF) — plog W) + ¢(0, X7) — ¢(T — t, X;) = log (Z%’T> —log <Zfb’T) ,

glog (M) — qlog (M) + (1 = q)(6(0, Xr) — 6(T — 1, X)) = log (23" ) ~ 10g (20",

where Z%7T is given in (A.3).
Using Lemmas A.3 and A.4, the proof of Proposition 3.6 is now given.

Proof of Proposition 3.6. From Lemma A.1, [48, Assumptions 3.4-3.6] are satisfied, and
since these imply the assumptions of [48, Lemma 4.1] to the matrix case, the well-posedness
of the martingale problem for £¥T~ follows from [48, Lemma 4.1]. Since the martingale
problem for L is also well-posed, it then follows from the discussion after (A.3) that Z%7 is a
P*-martingale. Applying Lemma A.4 to v, it then follows from (A.7) and v(0,z) = 0 that

7\ P M ¢ 1/(1—q)
(A.8) E [(%‘) ]-'t] = V(T=tX0) — (E KMZ’;> D for all t <T.

Therefore the optimality of 7 follows from [26, Lemma 5] and (2.12) is verified using (A.8),
(A.7) with ¢ = v, and the martingale property of Z"7. [ ]

Proof of Lemma A.3. From (2.18),

d
Z Zz] (kl ekl Z Gz]Tr( ( )) le—q Z 9”,0 Z] C/@Caklpakl

7]7kl 1 ,],k’l 1

Define the matrix Y via Y := Zgjzl ag@-j for k,l =1,...,d. It then follows that

Z 0;;0' (a7) C'OCAM by = p'Y'C'OCY p.
3,9,k l1=1

We claim that
(A.9) 0<pY'C'OCY p < NGATE (YY)

Admitting this fact and plugging back in for Y yields

d d B ,
(A.10) Z 0:jp (a') "c'eca poy < M )\ Z 0;;Tr <a” <akl) > ()0
7]7kl i7j7k7l:1

If p <O, thenq>0and(Ao)holdsforﬁ—l—qAQAQandm—l IfO<p<1,thenqg<0
and hence (A.5) holds for k =1 and K = 1 — g\, )\2
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It remains to show (A.9). First, p'Y'C’"OCY p > 0 follows from © > 0. On the other hand,
since by construction © <1 (see (2.16)), we have
PY'C'OCY p < pY'C'CYp < NEGp'Y'Yp = AgTr (Ypp'Y'),
where the second inequality holds since C'C' and CC’ have the same eigenvalues. On the
other hand, note Tr (NMN’) < AyTr (NN') for any N € M¢ and M € S¢, where )y is the

maximal eigenvalue of M. Therefore, using the fact that the largest eigenvalue of pp’ on Si n
is A2, we obtain Tr (Y pp'Y) < X2Tr (Y'Y”) and confirm (A.9). [ ]

Proof of Lemma A.4. The following proof follows exactly the same steps as [27, Lemma
B.3]. However, here we work with a semilinear equation and a matrix valued state variable.
In particular, matrix valued coeflicients complicate notation and calculations considerably.
Therefore, for clarity, we present a detailed proof here.

First of all, set

A :=plog (WF) — plog W[') + ¢(0, X1) — ¢(T — ¢, X),
B := qlog (M7) — qlog (M{") + (1 — q)(¢(0, X7) — ¢(T — t, Xy)).

The identities in (A.7) are verified in the following four steps:
(1) Use the dynamics for W™ in (2.10), the definition of M" in (A.1), and the definitions
of m, n in (2.15) and (A.6) to write

A= /Al du—l—Z/ A2kldBkl+Z/ A3Eawk,

k=1

B:/ B1,du + Z/ B2kld3k1+2/ B3kawk,
t

k,l=1

(A.11)

(A.12)

where A1,B1 : [0,7] x S¢, — R, A2,B2 : [0,7] x S, — M and A3,B3 :
[0,T] x Sﬂlr . — R™. These functions with time subscripts represent, for example,
Al, = AL(T —u, X,).

(2) Add and subtract

2 1 <& (T 2
/ ( 2“) du+2kzl/t (A35> du,
/ (szl du + = Z / B3k ! du,

to the right—hand side of A and B, respectively, to obtain

A= / AL, + - Z( 24)" + 137 (a8)") du + log(21) - log(20).

(A.13)

i

’ 1< W2, L k)2 5 =
B:/t B1u+2k§z;1 (Bzu) +2;(B3u> du + log(Zr) — log(Zy),
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where
(A.14)
d m ~ d m
Z=¢ / > A2lldBl + / > Astawl], Z2=¢ / > B2dBl + / > B3Law)
kl=1 k=1 k=1 k=1

(3) Show that for u < T and x € SL,

Al+ % zd: (Azkl)2 + <A3k>2 (T —u,x) = (—¢¢ + §[¢]) (T — u, ) =0,

N =

“E'?‘
T
Mz IM:

[

B1+;§:(B2’“l)2+2 (B3*)" | (7~ u.2) = (~6, + §(6]) (T~ w.2) = 0.

(4) Show that Z = Z = z%T.
Combining the above four steps, (A.7) is then verified.

x>
~
I

—
T

1

Remark A.5. For notational ease the following conventions are used: (1) we will omit ftT
and the integrator du from all integrals; (2) we will suppress the argument (7' — u, X,,) from
all functions; (3) we will also drop all time subscripts. Thus, for example, we will write

T T T
f+g’dBp—|—h'dW:/ f(T—u,Xu)du+/ 9(T — u, Xu)’dBup(Xu)—l—/ MT —u, X,)' dW,.
t t t

The first identity in (A.7) is now shown. Using p'pCC’" + DD’ = 1,, and the dynamics of
W™ in (2.10), Ito’s formula gives (A.12), where

1
Al =pr+pr'Sv — ipw/Ew — ¢+ Lo,

d
(A.15) A2 = p(C'o'mYepi + Y aly Do,
i,7=1
A3k = p(DIO'/T&')k.

While the second step follows from definitions of Z and Z, we move on to the third step.
For uw <T and x € Si ., it follows that

1 & 2 2
INEEDD (Azkl) +y (A3k)
k=1

k=1
1 1 d ..
= pr+pr'Sy — Jpr'Sx — ¢+ Lo+ Sp*n'oCC'a'npp+ pr’ | 3 0Ca”pDij6
2,71
1 d ii (k! 1,5, 1
+5 Y DpoTr (“J (o) ) Duné + gpmoDDo
0,9,k 0=1
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d
1 ..
= §p(p — D)7'S7r + pr'Sv + pr’ Z aCa pD ;¢
ij=1
1 & NN
(A16)  +pr—oi+ Lo+ > Dgjo Tr (a” (akl> ) D (1)
i, =1

The terms above containing 7 are
1 d g
ip(p —Dr'Sr +pr’ | Zv+ Z oCa” pD; o
ij=1

Using (2.15), we obtain the following expression for the quadratic function in the previous
line:

d d
1 g 1 .
—gqy’Eu —q E V'aCa pD ;¢ — 54 E Dipeg o (a®) C”@C’aklpD(kl)qﬁ
ij=1 ikl =1

for both cases m > n or m < n. Thus, substituting the previous expression into (A.16), using
the expressions for A,V in (2.19) and § in (2.20) gives

1< 2 2
INEEDD <A2kl> +y (A3k)
k=1

kd=1
1 d - 1 d Ly
=pr—Sqv'Sv —q > VoCa”pDyije — 5 > Djos' (o) C'OCa™ pDyiay
ij=1 i,5,k,1=1
1 d ij (k)
— i+ Lo+ 5 Z Dj¢Tr ( a (a ) Dy o
ig k=1

d d
. 1 _
= —¢t -+ L(ZS —q E I//O'CCLUPD(,U)(Z) + 5 E D(Z])¢A(Zj),(kl)D(kl)¢ + |4
1,j=1 i3,k 0=1

= —¢r + 5[9)
(A.17) =0,

finishing the third step. For the last step, recall the definition of Z%T from (A.3). Comparing
with the definition of Z in (A.14), it suffices to show that

d
A2M = —q(C'o' vk + > (a;c]l - Q(Clgcaijp)kpl) Do,
(A.18) v

d
A3F = —q(D'o'v)p — q Z (D'@Caijp)k D(ij)gb.

1,j=1
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Using (2.15) for m > n it follows that (recall © = ¢'Y "o when m > n)

d d
p(o’'n) = —qo’S7 | S+ Z 0Ca”pDjyd | = —qo'v—gq Z ©Ca" pD ;9.
i,7=1 1,7=1

Similarly, using (2.15) for m < n gives (recall © = 1,, for m < n),

d d
p(o'n) = —qo’o(c’o) ™t | o'v + Z CaijpD(ij)qZ) =—qo'v—q Z @CaijpD(ij)qb.
i,j=1 i,j=1

Therefore, in both cases m > n, m < n we have, using the definition of A2, A3 in (A.15),
that

d d
A2M = p(C'o'm)ep + Y afDijyd = —q(C'o'v)pr + > <a2]l - Q(C/GCaijﬂ)kpz) Do,

i,j=1 i,j=1
d ..
A3" = p(D'o'm)y = —q(D'o’v) — ¢ Y (D'OCa" p)p Dyij 0,
ij=1

which verifies (A.18).
The proof for the second identity in (A.7) is similar. First, using the definition of M" in
(A.1), It6’s formula yields the second identity in (A.12), where

(A.19) Bl=—qr+(1-q)(—¢t+ Lo)

d
> (= (C'V)epr+ i — (C'0Cnp)p)’
k=1

+Z o' V) + ( D’@C’np)k)2 ,
=1

d
B2 = ¢ (—(C"o'V)kpr + e — (C'OCnp)ip1) + (1 — q) Z a Diijy¢

ij=1
B3" = —q ((D'o’v); + (D'©Cnp)y) -
Using (1 — ¢)p = —q we obtain
d m
1 ki 1 k2
(4.20) Bl 3 (B2 )+ 5 2(B8) = (1= o + (1= 0)(~0u-+ L)

d
1
- 59(1 —q) E (—(C'o'v)pr + i — (C'@Cnp)kpl)2
k=1

+Z (D'o"v)i, + (D'OCnp)k )
=1
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d

+q(l—q) Y (=(C'o'v)ipi + nu — (C'OCnp)ipr) ) Dyijy o
i,4,k,[=1
2

d d
1
+ 5= 0*> | D aiDaye
k,l=1

ij=1

Now, using p'pCC" + DD’ = 1,, gives

d m
Z (C'o"V)kpr + i — (C"OCP)kpr) 2+ Z 'o'v) + 17/@(777,0)/&)2
=1 =1

=V'oCC'o'vp'p+ Tr (n'n) + o' C'OCC'OCnpp'p — 2v'5Cnp

+ 20/ aCC'OCpp p — 20/ C'OCNHp +1V'o DD o'v

+ o' C’"ODD'OCnp + 2v/'c DD'OCnp
=1Vo(CC'p'p+ DD")o'v+ p'n/C'O(CC o' p+ DD"OCnp

+20/0(CC'p'p + DD")OCnp + Tr (n'n) — 2/0Cnp — 2p'n'C'OCnp
=V'Sv+ p'nC'OO0CHp + 20'00Cnp + Tr (n'n) — 20/aCnp — 29"y’ C'OCnp
=V'Sv+ Tr (n'n) — p'n'C'OCnp,

where the last equality follows since the definition of © in (2.16) implies both ©© = © and
00 = 0. We also have

d
> (~(C")rpr + ma — (C'OCnp)rpr) ayy Disjyo
’J’k’l 1

d
=" (~V'oCap+Tr (ifa") — o'/ C'OCaY p) Dy,

ij=1
d d B 2
S (S atime) = 3 Do (o0 (o)) Do
k=1 \ij=1 igkl=1
Plugging all of this into (A.20) yields
1 1 < 2 1
(A.21) — [B1+5 > (B2kl> +5 > (B3Y)
—4 k=1 k=1
1
=pr—¢i+ L — ¢ (V'Sv+Tr (n'n) — p'n'C"OCp)
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d
+q Y (-VoCalp+Tr (n'a”) — p'n/COCAY p) Dj¢

7,j=1

1 . ij (k)

5(1—(]) Z D(ij)gﬁTr a (a) D(kl)¢
,7,k,l=1

On the right-hand side, terms involving n are

d d
1 5
(A.22) —*qTr (n'n) + 54p'n'C"OCnp +4q > Tr (n/a”) Dije —q > p'n'C'OCA pD;j)¢.
,j=1 i,j=1

For 7 in (A.6), the following identities hold:

zd: D¢ Tr ( (akl)/> Dy b,

7]7 7l 1

d
' C'OCHp =3 Dyyé p'(a”)C'OC" Dy,
i,5,k,1=1

d

d
Z Tr (n’aij) D(ij)(ﬁ = Z D(ij)¢ Tr (aij (akl),) D(kl)é,

17.]:1 iaj’k’lzl

d d
Z p’n’C’@CaijpD(ij)gb = Z Do Pl(aij)/clecaklpD(kl)Gﬁ

ij=1 ikl =1
Using above identities in (A.22), we obtain the following expression for (A.22):
1 & g / 5
54 Z Dy (Tr (a” (akl) > — p’(a”)'C’@Caklp> D 1) ¢-
0,4,k l=1

Inserting this into (A.21) gives

d m
1 1 1
—— | B1+ 2 B2Y)? + =) (B3!)?
1—gq + 2 Z ( T 2 Z 3)
3,j=1 =1
1 d
=pr— ¢t + Lo — §QV/EV Z v UCCL”pD(”)qS
4,7=1
1 d .
+50-a) Y DupoTe <a” (akl) > Dy
i,7,k,I=1
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d
=—¢;+Lop—q Z V'oCa pD ;¢
=

d
Z <Tr <a (akl>/> — qp'(aij)’C"@Caklp> Dyd + pr— %qV'Zu

Py
=—¢¢+ [ ]
-0,

l\')\»—l

where the second to last equality uses (2.19) and (2.20). Thus, the third step is complete.
Turning to the last step, comparing Z%7 in (A.3) with Z in (A.14), it suffices to show

d
B2M = —(C'o' v+ (a}jl - q(C’@Caijp)kpz) D(ij)#,
ij=1

d
B3" = —¢(D'o’v), — q Z (D’@Caijp)k D59
ij—=1

Using the definitions of B2 and B3 in (A.19) it suffices to show that

g — 4(C'OCnp)rpr + (1 - q) Z aig Dy = Z (i - a(C'OCap)ipr) Dy,

3,7=1 i,7=1
d ..
(D'OCnp)i = > (D'OCa" p)D;5¢.
i,5=1

Since ng; = ZZ =1 akl ij)® from (A.6) the last two identities readily follow, finishing the
proof. |

Appendix B. Proofs for section 3.2.

Proof of Theorem 3.8. Having verified all assumptions of [48, Theorems 2.11 and 3.9] in
Lemma A.1, Statement 2.5(i) readily follows from the previous reference. Note that Vh =
Vv — Vo, Statement 2.5(ii) follows from VA(T,-) — 0 in part (i) and the form of 7 in (2.15).

To prove part (iii), let us collect two facts from [48]. First [48, Proposition 2.3(i)] implies
that P%®, as the solution to the martingale problem for £?, is a well-defined probability
measure. Therefore the discussion after (A.3) proves that P%® is equivalent to P* on F; for
any t > (0. Second,

. t 4
. ]P)’U,"l) -
(B.l) TIEI;OE ) E D(ij)hA(ij),(kl)D(kl)h(T —u, Xu) du| =0.
i,j,k,l:l

Indeed, since the integrand in (B.1) is independent of the Brownian motion W, (B.1) is proved
in [48, Theorems 2.9 and 3.9].
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Let us use the previous two facts to prove (2.25) first. To this end, using (2.15), we obtain
in either case m > n or m < n,

(x(T = t,230) = n(a;9)) Sa) (7(T — t,250) — 723 0))

d
1 ..
S (-p? 3" Duyhe'(a7)C'OCA pDpyh | (T — t, )
p i,5,k,0=1
= (137’))2 Z D) h'Tx <aw <akl> ) Daayh | (T'—t,2)
p i,5,k,0=1
A2 \2 d
D _
= k(1 —p)? Z DijyhAgij), ey Db | (T —t,2),

2,9,k =1

where the first inequality follows from (A.10) and the second inequality follows from the first
inequality in (A.5). Then (B.1) yields

t
. po.x T o~ T = _
TlgroloIE [/0 (T — Fu) B(Xy) (7 — ) du| = 0.

This implies the convergence in probability P®*, hence in P*, since P%* is equivalent to
P* on F;.

To prove (2.24), apply the first identity of (A.7), where we choose ¢ = v from Proposition
3.5 and m = 77 from (2.21). Taking the difference of this identity when t = ¢ and t = 0,
respectively, yields

p
(WtT) _ gz T r(T)—o(T—1.X0)
w

On the other hand, apply the first identity of (A.7) again, but choose 7 = 7 from (2.23)
and @(t,z) = M + 0(z), where (), 9) comes from Proposition 3.7 and the current choice of ¢
satisfies ¢ = F[¢] due to (2.22). Taking the difference of this identity when ¢ = ¢ and ¢t = 0,
respectively, we obtain

w

~ p
<Wt> _ Zfe;\TJrﬁ(a:)fS\(T*t)*ﬁ(Xt)_

Therefore, the ratio between the previous two identities reads

1

v, T ?

(B.2) WE _ (20 e -nr—ix |
Wi 7z} ’

where h is defined in Statement 2.5(i). It has been proved in part (i) that A(T,-) — C for
some constant C. Therefore eMT#)—h(T—t.Xt) 5 1 a5 as T — co. In the next paragraph, we
will show
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v, T
(B.3) P — lim “L— =1.
T—o0 Z;)

Plugging the previous two convergence back into (B.2), it follows that

PP — lim Mft =1.
T—o00 Wt

Recall from Remark A.2 that WT/W is a PP -supermartingale. Combining the previous
convergence with Scheffé’s lemma, we obtain

lim EW"”[ L
T—o0 Wt

W o

Applying [24, Lemma 3.9] under P%%, the previous convergence then yields

Wi
Wy
Hence (2.24) is confirmed after utilizing the equivalence between P%* and P*,

It remains to prove (B.3). To this end, using (A.3) for v and 9, and the definition of h, it
follows that Z, 170 = (LT),, where the P**-local martingale L7 takes the form

P® — lim sup =0.

T—o0 0<u<t

LT :/ Z dB" Z (a;gl — q(C”@Ca”p)kpl) Dijyh | (T —u, Xy)

0 ki=1 ij=1

t m d -
+/ d AWl | —q¢ ) (D'OCa p)pDijyh | (T —u, Xy),  t<T,
0 k=1 ij=1

where B and W are P* independent M? and R™ dimensional Brownian motions. Calculation
using p'pCC" + DD' = 1,, and ©O = © shows that
d

t ..
[LT, LT]t = /(; Z D(Z])h (A(z]),(k’l) - q(l - q)p/ (GU)/ C’@Caklp> D(kl)h (T —u, Xu)du
1,5,k,l=1

Using (A.10) at @ = Dh € S% it follows for p < 0 (0 < ¢ < 1) that

d

t
T T i
L7, L ]tS/O > DiijhAgs) iy Danh | (T = u, Xo)du
1,,k,l=1

and for 0 < p <1 (¢ < 0) that

t d _ . ’
(", L"), < /0 Y Dyjh <A(z'j),(kl) —q(1—g)AZA, Tr <a” (akl) )) Diayh | (T — u, Xu)du
igel=1
1 212 ¢ a 1
<(1- ECJ(l — A, Z DijhAgz ayDanyh | (T — v, Xy)du,

1,7,k,l=1
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where the last inequality uses Lemma A.3. From (B.1) it thus follows that

Jm 7 ([L7, LT)] = o,

which implies P?® — limp_,oo[LT, LT]; = 0. Combining the previous convergence and the fact
that LT is continuous local martingales, it follows that P> —limz_,o €(L”); = 1, hence (B.3)
holds. |

Proof of Theorem 3.10. Given results in [48, Theorems 2.9 and 3.9], the statement follows
from the same argument in [24, Theorem 2.9]. We now check that the assumptions in [24]
are satisfied in the current setting. First, for each T' > 0, there exists a probability measure
QT such that Q7* is equivalent to P* on Fr and such that e~ Jor(Xuw)dug ig 5 QT local
martingale on [0,7). Indeed, let 6 : S, + R¥ be a continuous function and set

. d
Zt:é"(—/ Zek(Xu)dW5> .
t

0 p—1

The continuity of 8 and the IP independence of X and W ensure that Z is also a P*-martingale;
cf. [36, Lemma 4.8]. Under Assumption 3.9 we may choose § = D'(DD’)"1¢'v, and it follows
that @ is continuous. Since Z is a P*-martingale, for each 7' we may define a probability Q7%,
which is equivalent to P* on Fr, via dQ7* /dP*|r, = Zp. Using Girsanov’s theorem, a direct
calculation shows that e Jo"(Xu)dug jg Q7T*-local martingale. Therefore [24, Assumption
2.3] is satisfied. On the other hand, Propositions 3.5 and 3.6 combined imply that the value
of the optimization problem in (2.12) is finite for all T > 0. Therefore [24, Assumption 2.4] is
satisfied as well. On the other hand, Assumptions 2.6 and 2.7 are exactly [24, Assumptions
2.1 and 2.2], respectively.
Therefore [24, Proposition 2.5] proves that, for all £ > 0,

1,7
u

lim PV 1>®
T
Wi

T1oo

-1

sup
u<t

> 6] =0,
(B.4)

t
lim po T [ / (mdT —7DY 2(X,) (7T = 7l) du > e| = 0.
oo 0

Here since the martingale problem for £V~ is well-posed (cf. [48, Lemma 4.1]), P70 ig
defined via (A.3) with ¢ = v. From the definitions of P*** and P"* it follows that

dIPw,T,z
dPﬁ,x

v, T
Pt
Fi Zt

Note that both events on the left-hand side of (B.4) are Fi-measurable. Therefore, (B.3)
implies (B.4) holds when P*7*® is replaced by P hence also by P%, since P?* and P* are
equivalent on F;. Last, the extension to Statement 2.8 is immediate after utilizing Statement
2.5(iii). [ |
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Appendix C. Proofs for section 3.3.
Lemma C.1. Forv= Tr(Mz) as in (3.1) it follows for d < n that

(C.1) Svl(x) = Tr <$ <2MA(1 —qpp )AN'M + K'M + MK — qo'vp' N'M

1
—qMApV'o + 5 (p(r1 +17) — qa’w/a)))
+ Tr (LL'M) + pro.

Ford>n

(C.2) Svl(x) = Tr<x <2MAA/M +K'M + MK — qo'vp’/N'M — qMApV'o

1
+ 3 (p(rl +7r]) — qa’m/a) ))
—2qTr (:w' (ama')fl 0mMApp’A'M> + Tr (LL’M) =+ pro.
Proof. Plugging in the model coefficients gives
b(z) = LL'+ Kz + 2K, af(z) = Vaghp + VA,
(ﬂs) =ro+Tr (7"116) o(x) =ovz, v(z)=v,
Therefore, using the definitions in (2.19), calculation shows that
(C.3) l_)”(w) =(LL'+ Kz + xK')ij — q(ma'up'A')ij — q(:ra'up'A’)ji,
Ay ) () = T (AN ) jy + 2 (AN ) i, + 25 (AN )i + 250 (AN )i,
1 1
V(x) = pro+ 5pTr (x(rl + r’l)) - iqTr (xa’w/a)
and
Agigy k(@) = i (AN ) j1 — q(vVaO (2)Va )i (App'N) i
+ 2 (AN)ji — ¢(V2O (2)vVx)a(App'N) i
+ 2k (AN )i — ¢(VxO(2) V@) ji (App' A )i
+ 2 (AN )i — ¢(VzO(2) V) ju(App' N )i

For the given v, D(;;yv = D(j5v = M;; and D(;j) yv = 0. Therefore
Z Agig), o) Diig) a0 = 0,

(C4) i,5,k,l=1

Z B@-jD(ij)v =Tr (:L‘ (K'M + MK — qo'vp'N'M — qMApz/a)) + Tr (LL’M) ,

,j=1
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where we have used repeatedly that M, X are symmetric and that Tr (ABC) = Tr (BCA) =
Tr (CAB) for matrices A, B,C. When d < n, it follows that ©(z) = 14 and A from (7)

simplifies to

Ay, oy (@) = zits (AN — qApp'N') ;) + zig (AN = qApp'A')
+ i (AN — qApp' ') + a1 (AN — gApp'N),,

and hence using the symmetry for AA" — qApp' A/,

d
(C.5) Z Ay .oy DajvDayv = 2Tr (z (MA(L — gpp’ A'M))) .

l\DM—l

Therefore, (C.1) follows using (C.3), (C.4), (C.5) and the definition of § in (2.18). When
d>n,

VIO (2)Vz = Va (0'S710) (2)Va = zo’ (awa’)_l ox;

thus, using (7) it follows that

(C.6)
1 &
5 Z Ay, k) Dy vDiayv = 2Tr (zMAN M) — 2¢Tr (ma (oxo’ )_ UxMApp’A’M)
3k l=1
Equation (C.2) now follows from (C.3), (C.4), and (C.6). [ ]

Proof of Proposition 3.11. Using Lemma C.1 it follows for d < n that if M solves (3.2),
then F[v] = A with A = Tr (LL'M) + pro. Now, with D = —M, (3.2) takes the form

1
D (2A(1 — qpp")A') D — D(K — gApv'o) — (K — gApv'o)' D — 3 (=p(ri +711) +qo'v/o) = 0.
Since the eigenvalues of pp’ are p/p and 0, then
2A(1 = qpp' )N > 2(1 — gp'p) AN > 0.

Furthermore, by assumption —p(r1 4+ 1}) 4+ go’vv/o > 0. Thus, the Riccati equation takes the
form

(C.7) DBB'D — DA — A'D — CC' =0,

where B = \/2A(1 — qpp')A', A = K —qApv/o, and C = (1/v/2)\/—p(r1 + ) + go'vi/o. By
[1, Lemma 2.4.1], if there exist matrices i and F; such that A—BF; < 0* and A’—CF, < 0,
then there is a unique solution M = —D to the above such that

(C.8) A —-BB'D=A+BB'M = (K — qAp o)+ 2A(1 — qpp’ )N’ M < 0.

“Here and in what follows, we write M < 0 for a given matrix M € M? with M + M’ < 0.
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Note that F; = B~ (14 —A) and I, = C (14— A’) are two such matrices. Hence (C.7)
admits a unique solution M such that (C.8) holds.
For ¢ = © = Tr(Mz), consider the generator £° from (A.2), which takes the form

d d d
o1 7 i v
£0=5 > Awpa P+ D | b+ D Ao M | Dy
i,5,k,1=1 ij=1 k=1
The drift (i.e., the first order term) above takes the form
b7+ Y Apy, M
k=1

N N/
= <LL' + <K —qApV o +2A(1 - qpp')A'M) T+ x (K —qApVo +2A(1 — qpp')A'M) )
]

- (LL’ 4 (A +BB' M)z + (A + BBM)')

v

Thus, we see that the process X with generator given by £? is a Wishart process of the form in
(2.5). Moreover, (C.8) implies that K := A + BB'M < 0, hence X is ergodic. Indeed, LL' >
(d+1)AA’ > 0 ensures X does not explode to the boundary of S¢ . Furthermore, consider

u(z) = —clog (det x) + ¢ ||z n([l]),

where ¢, ¢ are two constants to be determined later, and 7(y) is a smooth function satisfying
0<mn(y) <1,n(y) =1fory >1and 0 for y < 1/2. Observe that lim,| o u(z) = oo and
limgeg(z)—0 u(x) = oo, where both limits are uniform as = approaches the boundaries. On the
other hand, a calculation similar to that in [48, Lemmas 5.2 and 5.3] (with & therein equal
to 0) shows the existence of ¢, ¢, ¢ > 0 and a sufficiently large subdomain FE C Si . such that
LP(z) < —e for all z € ST, \ E. Therefore [46, Theorem 6.1.3] shows that P is ergodic.
Hence © is equal to Tr(Mzx) and X = Tr(LL'M) + pro. This fact follows from [48, Proposition
2.3] and [33, Theorems 2.1, 2.2] which shows the equivalency between L£? being ergodic and
A being the smallest A\ with accompanying solution v to F[v] = A. |

Lemma C.2. In the setting of Example 3.12, for v as in (3.1), §[v] takes the form in (3.5).

Proof. F[v] is given in (C.2) of Lemma C.1. Specifying to the example coefficients and
using the representation for X,M from (3.4),

1
2MANM + K'M + MK — qo'vp’ N M — ¢gMApV/ o + 5 (p(m + ri) — qaluu’a)

a2 11y, 10 1 0y 1 5(1 0
=2M" +2M qpl/(o O)M qpl/M(l O>+pr1 <0 1) J (0 0),

—9 ]\412_|']M22 M2(M1 +M3) (M1 M2> — qpv (M1 + Mo M2+M3)
My (My + Ms)  Mj + M3 0 0 ’

—apr (M1 + Ma 0) oo (1 0) L2 <1 0) ’
Mo+ M3 0 0 1 2 0 0
(2(MF + M3) + 2My — 2qpy(My + Ma) +pri — §quv®  2Ma(Mi + Mz) + 2Ma — gpv(Ma + Ms)
B ( 2Mo (M + M3) + 2Ms — qpv(Ma + Ms) 2(M3 + M3) + 2M3 + pry > '

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/16/18 to 158.143.37.159. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

432 SCOTT ROBERTSON AND HAO XING

Thus,

(C.9)
1
Tr <X <2MA'A’M +K'M+ MK — qo'vp’ N M — qMApv' o + 3 (p(r1+r}) — qa’ul/a)))

=z (2(M12 + M3) + 2M; — 2qpv(My + My) 4 pri — (1/2)qu2)
+y (AMa(My + Ms) + 4M> — 2qpv(Ms + Mj))
+ 2z (2(M3 + M3) + 2Ms + pry) .

Now, as for the nonconstant term on the second line of (C.2), from (3.6) we have

(C.10)
— 2¢Tr (XO'I(O'XO'/)ilUXMApp/A/M)

= (G ) (o))

r oy (M; + Ms)? (M7 + M3)(Ma + Ms)
= 200" <(y y2/x> <<M1 + Mp)(My + Ms) (M + Mz)? ))

=z (—2¢p* (M1 + M2)?) +y (—4qp® (M1 + Ma)(My + Ms)) + Zf (—2qp* (M + Ms)?).

Since Tr (LL'M) + pro = £2(M; + M3) + pro, (3.5) follows from (C.9) and (C.10). [ ]
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