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Abstract

This paper introduces a nonparametric Granger-causality test for covariance
stationary linear processes under, possibly, the presence of long-range
dependence. We show that the test is consistent and has power against
contiguous alternatives converging to the parametric rate T-½. Since the test is
based on estimates of the parameters of the representation of a VAR model
as a, possibly, two-sided infinite distributed lag model, we first show that a
modification of Hannan’s (1963, 1967) estimator is root-T consistent and
asymptotically normal for the coefficients of such a representation. When the
data is long-range dependent this method of estimation becomes more
attractive than Least Squares, since the latter can be neither root-T consistent
nor asymptotically normal as is the case with short-range dependent data.
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410 LQWURGXFWLRQ

Vlqfh Judqjhu E�bSb�/ zkhq dqdo|}lqj uhodwlrqvklsv ehwzhhq hfrqrplf yduldeohv/

wkh frqfhsw ri fdxvdolw| kdv ehhq d edvlf vxemhfw urxwlqho| lqyrnhg lq wkh hfrqr0

phwulf2hfrqrplf olwhudwxuh1 W|slfdoo|/ whvwv iru fdxvdolw| duh frpprqo| shuiruphg

lq wkh frqwh{w ri xquhvwulfwhg yhfwru dxwruhjuhvvlyh +T �- E� �, prghov zlwk � d �0

qlwh nqrzq srvlwlyh qxpehu1 Vhh dprqj rwkhuv/ Judqjhu E�bSb� ru Jhzhnh E�bH2�

zkhq wkh gdwd lv vkruw0udqjh ghshqghqw/ ru iru yduldeohv vkrzlqj vwrfkdvwlf0wuhqg

ehkdylrxu/ vhh Vlpv hw do1 E�bbf� ru Wrgd dqg Skloolsv E�bb��1 Vrph h{whqvlrqv duh

lq Krvr|d E�bb�� zkr dqdo|vhv fdxvdolw| iru vwdwlrqdu| vkruw0udqjh ghshqghqw sur0

fhvvhv zklfk gr qrw qhfhvvdulo| kdyh d T �- uhsuhvhqwdwlrq ru O wnhsrko dqg Srvnlww

E�bbS�/ dqg uhihuhqfhv wkhuhlq/ zkr doorz iru dq lq�qlwh rughu T �- prgho1 Krzhyhu/

wkh deryh prghov gr qrw fryhu wkh vr0fdoohg orqj0udqjh ghshqghqw surfhvvhv zklfk

kdyh dwwudfwhg lpphqvh dwwhqwlrq lq uhfhqw |hduv lq wkh hfrqrphwulf olwhudwxuh1 Wkh

remhfw ri wklv sdshu lv wkxv wr lqwurgxfh dqg dqdo|}h d fdxvdolw| whvw zklfk doorzv

iru orqj0udqjh ghshqghqfh1 Lq dgglwlrq/ wkh whvw grhv qrw uho| rq dq| vshfl�f �qlwh

sdudphwhul}dwlrq ri wkh prgho dqg fryhuv surfhvvhv zklfk gr qrw srvvhvv d �qlwh rughu

yhfwru dxwruhjuhvvlyh prylqj dyhudjh ET �-��� uhsuhvhqwdwlrq vxfk dv Eorrp�hog*v

E�b.�� h{srqhqwldo prgho1

Wr �{ lghdv/ ohw d elyduldwh revhuydeoh fryduldqfh vwdwlrqdu| yhfwru �| ' E+|c %|�
�

vdwlvi|

� Eu��| '
"[
�'f

���|3� ' 0|/ | ' �c 2���c A /

zkhuh 0| lv d elyduldwh pduwlqjdoh gl�huhqfh vhtxhqfh dqg �f lv wkh lghqwlw| pdwul{1

Wkh lqwhuhvw lv lq whvwlqj wkh qxoo k|srwkhvlv Mf= +| > %|/ wkdw lv +| grhv qrw fdxvh

%|/ djdlqvw wkh dowhuqdwlyh k|srwkhvlv M� G +| ', %|/ wkdw lv +| fdxvhv %|1

Wkh pdlq dwwulexwhv ri wkh whvw/ ghvfulehg ehorz/ duh> 4, lw lv qrqsdudphwulf/ wkdw

lv/ zh gr qrw lpsrvh dq| vshfl�f sdudphwulf prgho iru wkh gdwd/ 5, lw lv frqvlvwhqw/ 6,
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lw kdv srzhu djdlqvw A3�*2 frqwljxrxv dowhuqdwlyhv/ dqg 7, lwv olplw glvwulexwlrq fdq

eh rewdlqhg/ vd|/ iurp wkh glvwulexwlrq ri wkh vxsuhpxp ri wkh vwdqgdug Eurzqldq

prwlrq1 Wkxv/ wkh sdshu h{whqgv suhylrxv zrun lq wzrpdlq gluhfwlrqv1 Iluvw/ zh doorz

iru d jhqhudo fryduldqfh vwdwlrqdu| olqhdu surfhvv dqg vhfrqg/ vlqfh lw lv qrqsdudphwulf/

zh dyrlg wkh gdqjhu ri srvvleoh plvvshfl�fdwlrq1

Qrz zh eulh | glvfxvv wkh pdlq lghdv ri wkh whvw1 Iroorzlqj Vlpv E�b.2� ru Krvr|d

E�b..�/ d whvw iru Mf lv htxlydohqw wr whvwlqj zkhwkhu wkh frh!flhqwv S E�� duh vlpxo0

wdqhrxvo| htxdo wr }hur iru doo � 	 f lq

+| '

"[
�'3"

S E�� %|3� n �|/ +414,

zkhuh/ e| frqvwuxfwlrq/ . d�| m%rc�4 	 r 	4o ' f/ dqg %| dqg �| duh/ srvvleo|/

orqj0udqjh ghshqghqw surfhvvhv1 Dowhuqdwlyho|/ wkh qxoo k|srwkhvlv Mf lv htxlydohqw

wr
f[

�'3"

S E� � �� ULt EZ�b� ' f ;b 5 dfc �o /

ru

7W E>� ' +i

#] >

f

#
f[

�'3"

S E� � �� e3�Z�b

$
_b

$
' f ;> 5 dfc �o /

zkhuh +i E@� ghqrwhv wkh uhdo sduw ri d frpsoh{ qxpehu @1 Wkhuhiruh wkh k|srwkhvlv

whvwlqj fdq eh ghvfulehg dv

Mf G 7
W E>� ' f ;> 5 dfc �o djdlqvw M� G 7

W E>� 9' f lq { � dfc �o +415,

zkhuh { kdv Ohehvjxh phdvxuh juhdwhu wkdq }hur1

Jlyhq hvwlpdwhv ri S E��/ vd| eS E��/ dqg xvlqj Ulhpdqq*v glvfuhwh dssur{lpdwlrq ri

lqwhjudov e| vxpv/ 7W E>� fdq eh hvwlpdwhg e|

7A E>� ' +i

3C �

�

d�>o[
R'�

#
f[

�'3"

eS E� � �� e3��bR

$4D +416,
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zkhuh bR ' ZR*� / R ' �c ���c� / dqg � ' � EA � lv d qxpehu zklfk lqfuhdvhv vorzo|

zlwk A / wkdw lv �3� n�A3� $ f1 Wkh whvw fdq wkxv eh edvhg rq zkhwkhu ru qrw

7A E>� lv vljql�fdqwo| gl�huhqw wkdq }hur iru doo > 5 dfc �o e| wkh lpsohphqwdwlrq ri d

ixqfwlrqdo ri 7A E>�/ vd| d Nroprjrury0Vpluqry whvw1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq/ zh ghvfuleh

dqg prwlydwh wkh hvwlpdwlrq whfkqltxh ri wkh frh!flhqwv S E��/ zkrvh vwdwlvwlfdo surs0

huwlhv duh jlyhq lq Vhfwlrq 71 Vhfwlrq 6 ghvfulehv wkh vwdwlvwlfdo iudphzrun1 Dovr/

vlqfh rxu vwdwlvwlfv dqg surriv duh edvhg rq wkh vshfwudo ghqvlw| pdwul{ hvwlpdwru ri

�| dqg wkh furvv0vshfwuxp ehwzhhq %| dqg �|/ zh jlyh vrph xvhixo vwdwlvwlfdo surshu0

wlhv ri wkhp1 Lq Vhfwlrq 8/ zh vwxg| wkh surshuwlhv ri E���� dqg zh surylgh wkh whvw

iru Judqjhu0fdxvdolw| dqg lwv lpsohphqwdwlrq1 Lq Vhfwlrq 9/ zh glvfxvv wkh fkrlfh ri

� dqg krz wkh uhvxowv ri Vhfwlrqv 7 dqg 8 duh h{whqghg wr jhqhudo R0glphqvlrqdo

gdwd1 Ilqdoo|/ Vhfwlrq : jlyhv d vxppdu| ri wkh sdshu1 Wkh surriv ri wkh uhvxowv duh

frq�qhg wr Pdwkhpdwlfdo Dsshqgl{ D zklfk dsso| vrph whfkqlfdo Ohppdv jlyhq lq

Pdwkhpdwlfdo Dsshqgl{ E1

510 HVWLPDWLRQ SURFHGXUH DQG LWV PRWLYDWLRQ

Lq wklv vhfwlrq zh ghvfuleh wkh hvwlpdwlrq whfkqltxh ri wkh frh!flhqwv S E�� lq

E���� dqg glvfxvv zk| lw lv pruh ghvludeoh wkdq Ohdvw Vtxduhv Eu7.� hvwlpdwhv lq

wkh suhvhqfh ri orqj0udqjh ghshqghqfh1 Wr dffrpsolvk wklv/ zh dgrsw wkh iuhtxhqf|

grpdlq dssurdfk zkrvh phulwv kdyh ehhq suryhq wr eh qxphurxv dqg dssolhg lq

vhyhudo frqwh{wv1 Iru h{dpsoh/ lw zdv xvhg zkhq whvwlqj iru fdxvdolw| lq wkh slrqhhu

zrun e| Judqjhu E�bSb�/ ru lq Jhzhnh E�bHS� wr dqdo|}h wkh qhxwudolw| ri prqh|1

Uhfhqwo|/ Krvr|d E�bbD� kdv vkrzq wkh xvhixoqhvv ri vshfwudo dqdo|vlv lq frqwudvw wr

wlph grpdlq phwkrgv zkhq dqdo|}lqj wkh fdxvdolw| dprqj hfrqrplf yduldeohv/ vhh

dovr Jhzhnh E�bH2�1 Dqrwkhu h{dpsoh lv lq wkh h!flhqw hvwlpdwlrq ri wkh sdudphwhuv

lq d uhjuhvvlrq prgho/ vhh wkh fruqhuvwrqh zrun e| Kdqqdq E�bS��/ dqg h{whqghg wr
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pruh jhqhudo prghov xvhixo lq hfrqrphwulfv e| Kdqqdq dqg Whuuhoo E�b.�� dqg uhfhqwo|

e| Urelqvrq E�bb�� zkr dovr doorzhg iru gdwd ghshqghqw vprrwklqj lq wkh vshfwudo

hvwlpdwlrq1 Rqh udwlrqdoh ri wkh dssurdfk olhv lq wkdw rqo| plqlpdo frqglwlrqv ri

wkh surfhvv duh qhhghg/ olnh vwdwlrqdulw|/ dqg qr h{solflw dvvxpswlrqv rq lwv g|qdplf

vshfl�fdwlrq duh wkxv uhtxluhg1

Lq wkh iuhtxhqf| grpdlq/ wkh odj vwuxfwxuh jlyhq lq E���� lv ghvfulehg e| wkh iuh0

txhqf| uhvsrqvh ixqfwlrq � Eb� '
S"

�'3"
S E�� e3��b/ vr S E�� lv lqwhusuhwhg dv wkh �|�

Irxulhu frh!flhqw ri � Eb� ' s3�%% Eb� s+% Eb�/ wkdw lv/

S E�� ' E2Z�
3�

]
2Z

f

� Eb� e��b_b/ +514,

zkhuh s+% Eb� dqg s%% Eb� duh wkh lqglfdwhg hohphqwv ri wkh vshfwudo ghqvlw| pdwul{/

s�� Eb�/ ri �| gh�qhg iurp wkh uhodwlrqvkls

.
�
E�� � .��� E��n� � .���

�
�
'

] Z

3Z

s�� Eb� e
3��b_b � ' fc	�c	2c ���1

Gxh wr wklv lqwhusuhwdwlrq/ Kdqqdq E�bS�c �bS.�/ vhh dovr Euloolqjhu E�bH��/ sursrvhg

wr hvwlpdwh S E�� e| wkh vdpsoh +glvfuhwh, dqdorjxh ri E2���/

hS E�� ' �

2�

2�3�[
R'f

e�Re
��bR/ +515,

zkhuh e�R ' es3�%%cR
es+%cR/ dqg es+%cR dqg es%%cR duh hvwlpdwhv ri s+%cR dqg s%%cR uhvshfwlyho|/

zkhuh iru d jhqhulf ixqfwlrq } Eb�/ }R ghqrwhv } EbR�1

Wkh prwlydwlrq ri wkh hvwlpdwru lq E2�2�/ frlqhg e| Vlpv E�b.e� dv MU +Kdqqdq*v

lqh!flhqw, hvwlpdwru/ lv wkuhhirog1 Iluvw lv wkh delolw| wr hvwlpdwh wkh frh!flhqwv

S E�� luuhvshfwlyh ri wkh qxpehu ri odjv vshfl�hg lq E����/ zklfk zloo eh uhohydqw zkhq

dqdo|}lqj wkh surshuwlhv ri 7A E>� gh�qhg lq E����1 Vhfrqg/ vlqfh wkhuh lv qr jdlq e|

h{sorlwlqj wkh lqirupdwlrq rq wkh fryduldqfh vwuxfwxuh ri wkh huuruv �|/ dv Vlpv E�b.e�

vkrzhg/ wkh KL hvwlpdwru ehfrphv dv h!flhqw dv wkh Jhqhudol}hg Ohdvw Vtxduhv ECu7�
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hvwlpdwru1 Wklv prwlydwhv wkh u7. ri S E�� jlyhq lq Urelqvrq E�b.b�/ dowkrxjk xqghu

vwurqjhu dvvxpswlrqv wkdq wkrvh zh zdqw wr lpsrvh lq wklv sdshu1

Ilqdoo|/ wkh wklug prwlydwlrq/ zklfk pdnhv wkh hvwlpdwh lq E2�2� pruh dsshdolqj

zkhq wkh gdwd lv orqj0udqjh ghshqghqw lv dv iroorzv1 Dvvxph/ iru h{srvlwlrqdo vlp0

solflw|/ wkdw prgho E���� lv

+| '

^[
�'3o

S E�� %|3� n �|/ | ' �c ���c A / +516,

zkhuh erwk ^ dqg o duh �qlwh dqg nqrzq d sulru|1 Zkhq wkh gdwd lv vkruw0udqjh

ghshqghqw/ lw lv nqrzq wkdw/ xqghu vxlwdeoh frqglwlrqv/ wkh u7. lv urrw0A frqvlvwhqw

dqg dv|pswrwlfdoo| qrupdo1 Krzhyhu/ xqghu orqj0udqjh ghshqghqfh/ dv Urelqvrq

E�bbe� revhuyhg/ zkhq wkh mrlqw orqj0udqjh ghshqghqfh lq wkh uhjuhvvru %| dqg huuru

�| lv vx!flhqwo| vwurqj/ wkdw lv wkh surgxfw ri wkh vshfwudo ghqvlw| ixqfwlrqv ri %| dqg

�| lv qrw lqwhjudeoh/ wkh u7. lv qr orqjhu urrw0A frqvlvwhqw dqg pruh lpsruwdqwo|/ lw

orvhv wkh fhqwudo olplw wkhruhp surshuw|1

Prwlydwhg e| wklv revhuydwlrq/ Urelqvrq dqg Klgdojr E�bb.� vkrzhg wkdw d fodvv

ri iuhtxhqf|0grpdlq zhljkwhg u7./ lqfoxglqj Cu7 +zlwk sdudphwulf huuru vshfwudo

ghqvlw| ixqfwlrq, dv d vshfldo fdvh/ lv urrw0A frqvlvwhqw/ dv|pswrwlfdoo| qrupdo dqg

Jdxvv0Pdunry h!flhqw lq prgho E2���1 Pruh jhqhudoo|/ wkhlu uhvxowv duh dovr ydolg zkhq

S E�� lv nqrzq xs wr d vhw ri sdudphwhuv w/ wkdw lv S E�� ' S E�( w� iru doo �/ lq E����1 Wkh

lqwxlwlrq zk| wkh hvwlpdwru lq Urelqvrq dqg Klgdojr E�bb.� lv urrw0A frqvlvwhqw dqg

dv|pswrwlfdoo| qrupdo lv ehfdxvh wkh zhljkwhg ixqfwlrq srvvhvvhv d }hur vx!flhqwo|

vwurqj wr frpshqvdwh iru wkh vlqjxodulw| ri wkh vshfwudo ghqvlw| ixqfwlrq lqgxfhg e|

wkh mrlqw orqj0udqjh ghshqghqfh ri %| dqg �|1 Vr/ vlqfh s3�%% Eb� srvvhvvhv d }hur dw

b ' f/ vhh F; ehorz/ zh fdq h{shfw wkdw es3�

%%cR ehfrphv +dv|pswrwlfdoo|, d zhljkwhg

ixqfwlrq vdwlvi|lqj wkh frqglwlrqv ri Urelqvrq dqg Klgdojr E�bb.�1 Lq idfw/ lw lv vkrzq

lq Wkhruhp 4 ehorz wkdw wkh prgl�fdwlrq ri wkh MU hvwlpdwru jlyhq lq Ee��� dfklhyhv

urrw0A frqvlvwhqf| dqg dv|pswrwlf qrupdolw|/ vr wkdw wkh MU hvwlpdwru lv lqghhg d
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ghvludeoh hvwlpdwru1

Lw lv zruwk phqwlrqlqj wkdw Klgdojr dqg Urelqvrq E�bbb� kdyh uhfhqwo| surylghg

dv|pswrwlf mxvwl�fdwlrq ri Kdqqdq*v E�bS�� Cu7 hvwlpdwh zkhq wkh vshfwudo ghqvlw|

s�� Eb� lv xqnqrzq dqg erwk %| dqg �| duh/ srvvleo|/ orqj0udqjh ghshqghqw1 Krzhyhu/

wkh odvw dssurdfk lq wkh jhqhudo iudphzrun ri prgho E���� vhhpv gl!fxow wr lpsohphqw

lq hpslulfdo vwxglhv dqg edvhg rq wkh suhylrxv frpphqwv/ lw lv h{shfwhg wkdw wkhuh

lv qr jdlq lq h!flhqf|1 Lw vkrxog eh qrwhg wkdw zkhq wkh vlqjxodulwlhv ri s�� Eb�

dqg s%% Eb� gr qrw frlqflgh/ dsso|lqj Urelqvrq dqg Klgdojr*v E�bb.� uhvxowv/ xqghu

vxlwdeoh frqglwlrqv/ wkh u7. zloo eh urrw0A frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo1

610 VWDWLVWLFDO IUDPHZRUN DQG DV\PSWRWLF SURSHUWLHV

RI WKH VSHFWUDO GHQVLW\ PDWUL[ HVWLPDWRU

Dv wkh hvwlpdwru lq E2�2� dqg wkh whvw iru Mf +dqg wkhlu surriv, hpsor| wkh hvwlpdwh

ri wkh vshfwudo ghqvlw| s%% Eb� dqg wkh furvv0vshfwud s+% Eb� dqg s�% Eb�/ lw vhhpv

dssursuldwh wr h{dplqh wkh surshuwlhv ri wkh vshfwudo ghqvlw| pdwul{ hvwlpdwh ri d/

iru h{dpsoh/ ��glphqvlrqdo fryduldqfh vwdwlrqdu| olqhdu surfhvv 5|1 Ohw s Eb� eh wkh

vshfwudo ghqvlw| pdwul{ ri 5| gh�qhg iurp wkh uhodwlrq

� E�� ' .
�
E5� �.5�� E5�n� � .5��

�
�
'

] Z

3Z

s Eb� e3��b_b/ � ' fc	�c	2c ���1 +614,

Ohw 5|} ghqrwh wkh }|� hohphqw ri 5|/ wkh dxwrfryduldqfh +vshfwuxp, ixqfwlrq ri

5|} e| �}} E�� Es}} Eb�� dqg wkh furvv0fryduldqfh +furvv0vshfwuxp, ri 5|} dqg 5|� e|

�}� E�� Es}� Eb��1

Zh zlvk wr hvwlpdwh s Eb� rq wkh edvlv ri A revhuydwlrqv ~A ' i5|c | ' �c ���c Aj1

Zulwlqj

U Eb� '
�

2ZA

#
A[
|'�

5|e
�|b

$#
A[
|'�

5|e
3�|b

$�

/
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zh hvwlpdwh s e| es Eb� ' �

26n �

6[
�'36

U
�
b� n b

�
/ +615,

zkhuh 6 ' dA*e� o zlwk � dv gh�qhg lq Vhfwlrq 4 dqg b� ' E2Z�� *A / � '

fc	�c ���c	 dA*2o1

Wr h{dplqh wkh surshuwlhv ri es Eb�/ ohw xv lqwurgxfh
Frqglwlrq F4 Iru } ' �c ���c �/ wkhuh h{lvw �} 5 Efc4�/ _} 5 dfc�*2� dqg k 5 Efc 2o/

vxfk wkdw

s}} Eb� ' �}b
32_} E� n� Ebk�� dv b$ fn

dqg s}} Eb� : f iru doo b 5 dfc Zo1

:



Frqglwlrq F5 Iru } ' �c ���c �/ s}} Eb� lv wzlfh frqwlqxrxvo| gl�huhqwldeoh lq dq|

rshq vhw rxwvlgh wkh ruljlq/ dqg���� Y�Yb�
s}} Eb�

���� ' �
�
b3�32_}

�
dv b$ f n iru � ' �c 21

Ohw xv gh�qh wkh frkhuhqfh ehwzhhq 5|} dqg 5|� dv-}� Eb� ' s}� Eb� *
�
s
�*2
}} Eb� s �*2

�� Eb�
�
1

Frqglwlrq F6 Iru } 	 � ' 2c ���c �/ m-}� Eb�m lv wzlfh frqwlqxrxvo| gl�huhqwldeoh lq

dq| rshq vhw rxwvlgh wkh ruljlq dqg iru vrph q 5 E�c 2o/

m-}� Eb��-}� Ef�m ' �
�
bq
�
dv b$ f n 1

Frqglwlrq F7 i5|j lv d fryduldqfh vwdwlrqdu| olqhdu surfhvv gh�qhg dv

5| '
"[
�'f

l�0|3�/

"[
�'f

��l���2 	4/

zkhuh l
f
lv wkh lghqwlw| pdwul{/ l� duh E� � �� pdwulfhv dqg n(n vwdqgv iru wkh

qrup ri wkh pdwul{ (1

Frqglwlrq F8 i0|j lv d vwrfkdvwlf surfhvv zlwk �qlwh irxuwk prphqwv/ zkhuh. E0| mI|3� � '

f/ . E0|0�| mI|3� � ' . E0|0�|� ' s d1v1/ . E0|��0|�20|�� mI|3� � ' >
�c��c�2c��

vxfk wkdw��>
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�� 	 4 iru doo ��c �2c �� zkhuh I| lv wkh j0dojheud ri hyhqwv jhqhudwhg

e| 0rc r � |/ dqg wkh mrlqw irxuwk fxpxodqw ri 0|���c �� ' �c ���c � dqg � ' �c ���c e

vdwlv�hv
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zklfk lv wzlfh frqwlqxrxvo| gl�huhqwldeoh lq dq| rshq vhw rxwvlgh wkh ruljlq/ dqg

s
3�*2
}} Eb� #} Eb�/ } ' �c ���c �/ lv d qrq0}hur �qlwh yhfwru zkhuh #} Eb� ghqrwhv wkh

}|� urz ri # Eb�1

Frqglwlrq F: � 2*A n �*� $ f1

Sulru wr vwdwlqj vrph uhvxowv rq wkh vshfwudo pdwul{ hvwlpdwru/ es Eb�/ vrph glvfxv0
vlrq derxw rxu frqglwlrqv lv lq rughu1 Frqglwlrqv F40F6 ghdo zlwk wkh ehkdylrxu ri

s Eb�1 Iru iuhtxhqflhv b $ fn/ wkh| duh wkh vdph xvhg hovhzkhuh e|/ vd|/ Urelqvrq

E�bbD@c K� dqg wkxv/ klv frpphqwv dsso| khuh/ zkloh iru iuhtxhqflhv b lq dq| rshq vhw

rxwvlgh wkh ruljlq/ wkh| duh vwdqgdug1 Frqglwlrqv F7 dqg F8 duh uhvwulfwlyh lq wkh

olqhdulw| wkh| lpsrvh/ exw qrw rwkhuzlvh1 Dowkrxjk Frqglwlrq F8 fdq eh zhdnhqhg wr

fryhu pruh jhqhudo surfhvvhv iru wkh lqqrydwlrq 0| dv lq Krvr|d dqg Wdqljxfkl E�bH2�/

zh nhhs lw lq lwv suhvhqw irup wr dyrlg h{wud qrwdwlrqdo frpsolfdwlrqv ri wkh udwkhu

ohqjwk| surriv ri vrph ri wkh uhvxowv1

H{dpsohv ri surfhvvhv vdwlvi|lqj F40F8 duh dv iroorzv1 Ohw 1| eh d ��glphqvlrqdo

xqrevhuydeoh fryduldqfh vwdwlrqdu| olqhdu surfhvv zklfk srvvhvvhv d frqwlqxrxv dqg

erxqghg dzd| iurp }hur vshfwudo ghqvlw| pdwul{ dqg frqvlghu wkh �owhu

5| '
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C E�� 1|3�1 +616,

Ohw C} Eb� ghqrwh wkh }|� urz ri wkh pdwul{ C Eb� '
S

"

�'f
C E�� e��b vxfk wkdw

C} Eb� b
_} whqgv wr d qrq0}hur �qlwh yhfwru dv b$ fn/ iru } ' �c ���c �1 Iru lqvwdqfh/

ohw 1| eh d vwdwlrqdu| lqyhuwleoh yhfwru dxwruhjuhvvlyh prylqj dyhudjh ET �-��� sur0

fhvv zlwk ��_ lqqrydwlrqv dqg ohw hdfk 5|} eh iruphg e| vhsdudwh iudfwlrqdo lqwhjudwlrq

ri wkh fruuhvsrqglqj 1| hohphqw/ vr wkdw
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�
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Wkhq F40F8 krog1 Lq wkh sduwlfxodu fdvh ri 5| ehlqj vfdodu/ lwv vshfwudo ghqvlw| ixqfwlrq
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/ � Z 	 b � Z/ +617,

zkhuh f � _ 	 �*2/ dqg zkhuh XEb� dqg xEb� duh wkh �� dqg �- sro|qrpldov

uhvshfwlyho|/ kdylqj qr }hurhv lq ru rq wkh xqlw flufoh1 E��e� lv wkh idploldu iudf0

wlrqdo dxwruhjuhvvlyh prylqj dyhudjh E�-8U��� prgho/ vhh iru lqvwdqfh Judqjhu

dqg Mr|hx{ E�bHf� ru Krvnlqj E�bH��1 Dqrwkhu prgho zklfk h{klelwv orqj0udqjh gh0

shqghqfh lv wkh iudfwlrqdo Jdxvvldq qrlvh +s}?, surfhvv lqwurgxfhg e| Pdqghoeurw

dqg Ydq Qhvv E�bSH�/ zkrvh vshfwudo ghqvlw| ixqfwlrq/ vhh Vlqdl E�b.S�/ lv

s Eb� '
ej2

5K E2_�

E2Z��n2_
ULt EZ_� t�?2 Eb*2�

"[
�'3"

����� n b

2Z

����3232_

+618,

zkhuh j2

5 ' . E5| �. E5|��
2
	4 dqg K E�� ghqrwhv wkh jdppd ixqfwlrq1 Iurp E��e�

dqg E��D�/ zh revhuyh wkdw wkh �-8U�� dqg s}? prghov gr qrw uhsuhvhqw wkh vdph

surfhvv/ dowkrxjk wkhlu vshfwudo ghqvlw| ixqfwlrqv ehkdyh dv gb32_ dv b$ fn/ iru d

jhqhulf �qlwh srvlwlyh frqvwdqw g1 Iru d uhylhz ri wkhvh prghov/ vhh Ehudq*v E�bbe�

prqrjudsk1

Frqglwlrq F9/ zkhq b $ fn/ zdv dvvxphg hovhzkhuh lq Urelqvrq E�bbDK�/ vr klv

frpphqwv dsso| khuh dovr/ zkloh iru iuhtxhqflhv b lq dq| rshq vhw rxwvlgh wkh ruljlq/

wkh frqglwlrq lv vwdqgdug lq vshfwudo ghqvlw| pdwul{ hvwlpdwlrq1 Wkh vhfrqg sduw ri

wkh dvvxpswlrq lv qrw vwurqj/ vhh iru lqvwdqfh wkh frpphqwv pdgh diwhu E����/ rqfh b_}

lv lghqwl�hg dv s
3�*2
}} xs wr frqvwdqwv1 Ilqdoo|/ Frqglwlrq F: jlyhv wkh xsshu erxqg

rq wkh udwh ri � wr lq�qlw|1 Lq sduwlfxodu/ � fdqqrw lqfuhdvh idvwhu wkdq A �*23B iru

dq| f 	 B 	 �*21

Ohw es}� Eb� ghqrwh wkh E}c �� |� hohphqw ri es Eb� lq E��2�1

Sursrvlwlrq 4 Dvvxplqj F40F:/ iru }c � ' �c ���c �/
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zlwk wkh frqyhqwlrq wkdw � E@� ' J E@� ' f li @ ' f dqg zkhuh

�}�cR ' es}�cR � s W}�cR dqg sW}� Eb� '
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26n �
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Surri1 Wkh surri lv d vwudljkwiruzdug dssolfdwlrq ri Sursrvlwlrq 4 ri Klgdojr dqg

\dmlpd E�bbH� zkhq R vdwlv�hv � � R 	 d�Bo/ zkhuh d@o ghqrwhv wkh lqwhjhu sduw ri

@/ zklfk dssolhv Wkhruhp 5 ri Urelqvrq E�bbD@�/ dqg e| Sursrvlwlrq 4ES� ri Klgdojr

dqg Urelqvrq E�bbb� zkhq d�Bo � R �� iru B : f1 �

Sursrvlwlrq 5 Dvvxplqj F40F:/ iru @c Kc }c � ' �c ���c �/
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Sursrvlwlrq 6 Dvvxplqj F40F:/ iru }c � ' �c ���c �/
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710 WKH DV\PSWRWLF GLVWULEXWLRQ RI WKH KL HVWLPDWRU

Zkhq dqdo|}lqj wkh MU hvwlpdwru lq E2�2�/ dqg vlplodu wr wkh whfkqlfdo sureohpv

hqfrxqwhuhg lq pdq| rwkhu qrq2vhpl0sdudphwulf hvwlpdwruv/ vlqfh es%% Ef� wulhv wr hv0
wlpdwh s%% Ef� zklfk pd| eh lq�qlw|/ wkh MU hvwlpdwru lv txlwh gl!fxow wr dqdo|}h

dv lw vwdqgv1 Rqh zd| wr surfhhg lv e| wulpplqj wkh whup fruuhvsrqglqj wr R ' f

iurp E2�2�1 Krzhyhu/ dv lw zloo ehfrph fohdu zkhq h{dplqlqj E��.� lq Pdwkhpdwlfdo

Dsshqgl{ D/ wkh wulpplqj lqwurgxfhv d eldv sureohp wkdw rwkhuzlvh zrxog qrw h{lvw

li wkh iuhtxhqf| bf ' f zdv lqfoxghg1 Wkxv/ zh prgli| E2�2� wr

eS E�� ' �

2�

2�3��[
R'�

es3�

%%cR
es+%cRe��bR/ +714,

zkhuh
S

2�3��

R'�
@Re

��bR phdqv
S

2�3�

R'�
@Re

��bR n @�1 Lqwxlwlyho|/ zh kdyh uhsodfhg wkh

hvwlpdwru ri �f e| wkdw ri ��/ wkdw lv es3�%%c�
es+%c�1
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Wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwru jlyhq lq E2�2� zhuh �uvw hvwdeolvkhg e|

Kdqqdq E�bS.� iru d �qlwh/ srvvleo| ri xqnqrzq rughu/ glvwulexwhg odj prgho dqg

Euloolqjhu E�bH�� iru wkh lq�qlwh glvwulexwhg odj prgho/ zkhq erwk s%% Eb� dqg s�� Eb�

duh erxqghg dqg erxqghg dzd| iurp }hur1 Wkxv/ wkh dlp ri wklv vhfwlrq/ gxh wr wkh

srvvleoh dgyhuvh surshuwlhv ri wkh u7./ lv wr vkrz wkdw wkh hvwlpdwru gh�qhg lq Ee���

lv urrw0A frqvlvwhqw dqg dv|pswrwlf qrupdo xqghu wkh suhvhqfh ri/ srvvleo|/ orqj0

udqjh ghshqghqfh1 Ilqdoo|/ lw lv zruwk qrwlqj wkdw gxh wr wkh f|folfdo ehkdylrxu rieS E��/ wkdw lv/ eS E�� ' eS E� n 2� �/ S E��/ m�m ' � n�c ���/ fdqqrw eh hvwlpdwhg/ dowkrxjk

wkhlu frqwulexwlrq lv qhjoljleoh vlqfh
S
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�
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�
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A3�*2

�
e| F<

dqg F43 uhvshfwlyho| jlyhq ehorz1
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Dvvxph wkh iroorzlqj=

Frqglwlrq F; i�|j ' i+|c %|j
�
dqg i�|j duh fryduldqfh vwdwlrqdu| olqhdu surfhvvhv

gh�qhg dv

�| '
"[
�'f

x�0|3� /
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�'f

nx�n
2
	4 dqg �| '
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� 0�c|3�/

"[
�'f

��x�
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��2 	4/

zkhuh 0| dqg 0�c| vdwlvi| F8/ s�� Eb� dqg s�� Eb� vdwlvi| F40F6 dqg s�� Eb� dqg

ns�� Eb�n duh erxqghg dzd| iurp }hur1 Dovr/ x Eb� '
S

"

�'f
x�e

��b dqg x� Eb� 'S"

�'f
x�
� e

��b vdwlvi| F9 dqg i%|j dqg i�|j duh pxwxdoo| lqghshqghqw1

Frqglwlrq F< S Em�m� ' �
�
m�m

3�n�*2
�
iru vrph f 	 � 	 �1

Frqglwlrq F43 � 2A3� n� �3eA $ f zlwk � dv lq F<1

Frqglwlrq F; ghdov zlwk wkh uhtxluhphqw ri vrph vprrwkqhvv ri s�� Eb� dqg s�� Eb�1

Wkh uhtxluhphqw ri lqghshqghqfh ehwzhhq %| dqg �|/ dv lq Urelqvrq dqg Klgdojr

E�bb.�/ lv qhfhvvdu| iru wkh surri ri dv|pswrwlf qrupdolw|1 Zh eholhyh wkdw lw pljkw

eh srvvleoh wr uhod{ lw wr vrph h{whqw/ exw wkdw zloo hqruprxvo| frpsolfdwh wkh douhdg|

whfkqlfdo surri jlyhq lq Urelqvrq dqg Klgdojr E�bb.�1 Wklv fhuwdlqo| uhpdlqv dq rshq

txhvwlrq1 Frqglwlrq F< lpsolhv wkdw wkh �uvw ghulydwlyh ri � Eb� lv Olswfklw} frqwlqx0

rxv zlwk Olswfklw} sdudphwhu lq wkh lqwhuydo Efc �� �*2�1 Frqglwlrq F43 vwuhqjwkhqv

wkh dgplvvleoh ydoxhv ri � lq F:1 Vshfl�fdoo|/ wkh udwh ri lqfuhdvh ri � wr lq�qlw|

fdqqrw eh vorzhu wkdq A Bn�*Ee3�� iru duelwudulo| vpdoo B : f1

Wkhruhp 4 Dvvxplqj F;0F43/ iru dq| �qlwh froohfwlrq ��c ���c �^/

E�� A �*2 EeS E���� S E��� c ���ceS E�^�� S E�^��
� _
$ �

�
fcl ' il�o��joc�'�c��c^

�
zkhuh

l�o�� ' E2Z�3�

] Z

3Z

s3�

%% Eb� s�� Eb� e
�E�o3���b_b

zklfk fruuhvsrqgv wr wkh dv|pswrwlf fryduldqfh ehwzhhq eS E�o� dqg eS E���1
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E��� Ohw es��cR ' es++cR � es3�%%cR

��� es+%cR���21 D frqvlvwhqw hvwlpdwru ri l�o��/ oc � ' �c ���c ^/

lv el�o�� '
�

2�

2�3��[
R'�

es3�%%cR
es��cRe�E�o3���bR1

Wkhruhp 4 lqglfdwhv wkdw wkh uhvxowv/ rewdlqhg e| Kdqqdq E�bS.� dqg Euloolqjhu

E�bH�� iru vkruw0udqjh ghshqghqw gdwd/ krog wkh vdph xqghu orqj0udqjh ghshqghqfh1

Lw lv lpsruwdqw wr revhuyh wkh iroorzlqj> ehfdxvh s%% Eb� � gb32_% dqg s�� Eb� �

gb32_� dv b $ fn e| F;/ zkhuh f � _%c _� 	 �*2/ wkh dv|pswrwlf fryduldqfh

vwuxfwxuh ri eS E��/ zkhq wdnhq dv d surfhvv lqgh{hg e| �/ ehkdyhv dv wkdw ri d orqj0

udqjh ghshqghqw surfhvv zlwk _ ' _��_%1 Lq sduwlfxodu/ zkhq s%% Eb� ' gs�� Eb� iru

doo b 5 E�Zc Zo/ eS E�� lv/ dv|pswrwlfdoo|/ dq ��_ Efcg3�� Jdxvvldq surfhvv1 Jhqhudoo|/eS E�� kdv d vshfwudo ghqvlw| E2Z�3�
s3�%% Eb� s�� Eb�1

810 D QRQSDUDPHWULF FDXVDOLW\ WHVW

Li lq E2��� o zdv d nqrzq �qlwh frqvwdqw/ d Zdog whvw iru Mf frxog hdvlo| eh lpsoh0

phqwhg iurp wkh uhvxowv ri Wkhruhp 41 Krzhyhu/ zkhq wkhuh lv qr nqrzq sdudphwhu0

l}dwlrq ri wkh prgho/ h1j1 ri S E�� lq E����/ lq whupv ri d �qlwh vhw ri sdudphwhuv/ w/

wkh uhvxowv jlyhq lq Wkhruhp 4 fdqqrw eh lpsohphqwhg lq d vwudljkwiruzdug pdqqhu1

Lq wklv iudphzrun/ rqh zd| ri whvwlqj iru Judqjhu fdxvdolw| pljkw eh e| �wwlqj dq

�- E� � prgho wr �| zkhuh � lqfuhdvhv vorzo| zlwk A dv lq O wnhsrko dqg Srvnlww

E�bbS�1 Krzhyhu/ wkhlu uhvxowv ghshqg khdylo| rq wkh dvvxpswlrq wkdw wkh gdwd lv

vkruw0udqjh ghshqghqw1 Vshfl�fdoo|/ wkhlu Dvvxpswlrqv 4 dqg 5/ dqg wkdw wkh vdpsoh

fryduldqfh ri wkh gdwd frqyhujhv wr wkh srsxodwlrq rqh dw wkh udwh A3�*2 duh qrw qhf0

hvvdulo| wkh fdvh xqghu orqj0udqjh ghshqghqfh1 Pruhryhu/ wkh dv|pswrwlf glvwulexwlrq

ri wkh vdpsoh fryduldqfh pd| qrw eh d qrupdo udqgrp yduldeoh/ vhh Wdttx E�b.D� ru

Kdqqdq E�b.S�1 Wkxv/ zh dgrsw wkh dssurdfk jlyhq lq E����1 Jlyhq wkh hvwlpdwhv ri
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S E�� lq Ee���/ frqvlghu

7A E>� ' +i

3C �

�

d�>o[
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#
f[

�'3�n�

eS E� � �� e3��bR

$4D 1 +814,

7A E>� irupv wkh edvlv iru wkh k|srwkhvlv whvwlqj lq E��2� dv iroorzv1 Lq Fruroodu|

4 ehorz/ zh vkrz wkdw xqghu Mf/ A
�*27A E>�

�e@&,+
', h� E>�/ d Jdxvvldq surfhvv zlwk

fryduldqfh vwuxfwxuh

g E>
�
c >

2
� '

�

eZ

] Z4�?E>�c>2�

f

s3�%% Eb� s�� Eb� _b/ +815,

zkhuh �
�e@&,+
', � ghqrwhv zhdno| frqyhujhqfh lq G dfc �o htxlsshg zlwk wkh Vnrurkrg

phwulf1

Vlqfh wkh ixqfwlrq g E>c >� lv qrqghfuhdvlqj dqg qrqqhjdwlyh/ h� E>� dgplwv wkh

uhsuhvhqwdwlrq � Eg E>c >�� lq glvwulexwlrq/ zkhuh � E>� lv wkh vwdqgdug Eurzqldq

prwlrq lq dfc �o1 Wklv uhsuhvhqwdwlrq/ Fruroodu| 4 ehorz dqg wkh frqwlqxrxv pdsslqj

wkhruhp |lhog

t�T
>Mdfc�o

��A �*27A E>�
�� ', t�T

>MdfcgE�c��o

m� E>�m ' g�*2 E�c�� t�T
>Mdfc�o

m� E>�m lq odz1

Ohw xv lqwurgxfh

Frqglwlrq F;* F; lv vdwlv�hg dqg lq dgglwlrq m%|m
e dqg m�|m

e duh xqlirupo| lqwh0

judeoh1

Revhuyh wkdw d vx!flhqw frqglwlrq iru wkh vhfrqg sduw ri �H� lv wkdw . m%|m
enB n

. m�|m
enB

	4 iru vrph B : f1

Fruroodu| 4 Dvvxplqj F;*/ F< dqg F43/ xqghu Mf/

A �*27A E>�
�e@&,+
', h� E>� /

lq G dfc �o zlwk wkh Vnrurkrg phwulf dqg fryduldqfh vwuxfwxuh g E>
�
c >

2
� jlyhq lq ED�2�1
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Ohw eg E>c >� eh wkh frqvlvwhqw hvwlpdwh ri g E>c >�/

eg E>c >� '
�

e�

d�>o[
R'�

es3�

%%cR
es��cR1

Wkhq/ Fruroodu| 4 dqg wkh frpphqwv pdgh deryh duh xvhixo iru whvwlqj Mf1 Iru h{0

dpsoh/ wkh Nroprjrury0Vpluqry whvw edvhg rq A �*27A E>� zrxog uhmhfw wkh qxoo li

t�T
q eg3�*2 E�c ��

��A �*27A E>�
�� / > 5 dfc�o

r
h{fhhgv dq dssursuldwh fulwlfdo ydoxh re0

wdlqhg iurp wkh erxqgdu| furvvlqj suredelolwlhv ri d Eurzqldq prwlrq/ zklfk duh

uhdglo| dydlodeoh rq wkh xqlw lqwhuydo1 Pruh jhqhudoo|/ vhh Nrxo dqg Vwxwh E�bbb�/ dv

eg3�*2 E�c ��A �*27A

�� eg E>c >�
�3�

E|�

�
�e@&,+
', � E>�

zkhuh
� eg E>c >�

�3�

E|� ' �?u
q
> 5 dfc �o / eg E>c >� � |

r
/ wkh olplwlqj glvwulexwlrq ri

dq| frqwlqxrxv ixqfwlrqdo ri eg3�*2 E�c ��A �*27A

�� eg E>c >�
�3�

E|�

�
fdq eh rewdlqhg

iurp wkh glvwulexwlrq ri wkh fruuhvsrqglqj ixqfwlrqdo ri � E>� rq dfc �o1

Dv lq rwkhu sureohpv lqyroylqj whvwlqj/ rqh nh| duhd ri lqwhuhvw lv wr nqrz wkh

surshuwlhv ri wkh whvwv xqghu frqwljxrxv ru Slwpdq dowhuqdwlyhv1 Wr wklv hqg/ ohw xv

lqwurgxfh

M@ G
f[

�'3"

S E� � �� ULt EZ�b� ' A3�*2� EZb� /

zkhuh � Ei� lv d frqwlqxrxv ixqfwlrq lq dfc Zo vxfk wkdw f 	 m� Ei�m lq d vhw { � dfc Zo

zlwk srvlwlyh Ohehvjxh phdvxuh1

Fruroodu| 5 Dvvxplqj F;*/ F< dqg F43/ xqghu M@/

A �*27A E>�
�e@&,+
', h� E>� n

] >

f

� EZb� _b1 +816,

Fruroodu| 5 wkxv lqglfdwhv wkdw wkh whvw kdv srzhu djdlqvw frqwljxrxv dowhuqdwlyhv
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E����1 Iurp Fruroodu| 5/ zh fdq hdvlo| vkrz wkdw wkh whvw lv frqvlvwhqw1 Iru wkdw

sxusrvh/ frqvlghu

M� G
f[

�'3"

S E� � �� ULt EZ�b� ' � EZb� 1

Iurp Fruroodu| 4 zh fdq wkhq lpphgldwho| suryh wkdw xqghu M�

A �*27A E>�� A �*2

] >

f

� EZb� _b
�e@&,+
', h� E>� /

dqg wkxv wkh frqvlvwhqf| ri wkh whvw1
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Wkh prwlydwlrq ri wkh deryh fulwhuld T6 lq ES��� lv wkdw dv vkrzq e|/ iru h{dpsoh/
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Wkhruhp 5 Dvvxplqj F</ F43 dqg dq reylrxv h{whqvlrq ri F; wr pxowlyduldwh gdwd/
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h{whqvlrq wr wkrvh ri Vhfwlrqv 7 dqg 8 dqg zkrvh ghwdlov fdq eh vhhq lq Klgdojr E�bbH�1

Fruroodu| 6 Dvvxplqj F</ F43 dqg dq reylrxv h{whqvlrq ri F;* wr pxowlyduldwh
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dowhuqdwlyhv/ lqwurgxfh
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Fruroodu| 7 Dvvxplqj wkh vdph frqglwlrqv ri Fruroodu| 6/ xqghu M@/
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Lq wklv sdshu zh kdyh �uvw vkrzq wkdw wkh dv|pswrwlf surshuwlhv ri Kdqqdq*v E�bS.�

KL hvwlpdwru krog wkh vdph xqghu orqj0udqjh ghshqghqfh/ pdnlqj wkh hvwlpdwlrq

surfhgxuh d yhu| ghvludeoh rqh lq ylhz ri wkh srvvleoh dgyhuvh surshuwlhv ri wkh u7./

dv vkrzq lq Urelqvrq E�bbe�1 Vhfrqgo|/ zh kdyh sursrvhg d qrqsdudphwulf Judqjhu0

fdxvdolw| whvw zkhq wkh gdwd srvvleo| h{klelwv orqj0udqjh ghshqghqfh1 E| phdqv ri

vshfwudo dqdo|vlv/ zh kdyh vkrzq wkh dv|pswrwlf surshuwlhv ri wkh whvw dqg h{dplqhg

lwv lpsohphqwdwlrq1 Pruh lpsruwdqwo|/ zh kdyh vkrzq wkdw wkh whvw kdv srzhu djdlqvw

frqwljxrxv dowhuqdwlyhv frqyhujlqj wr wkh qxoo dw wkh udwh A3�*21 Wkdw lv/ dowkrxjk

wkh whvw lv qrqsdudphwulf/ lw kdv dq dv|pswrwlf uhodwlyh h!flhqf| juhdwhu wkdq }hur

zkhq frpsduhg wr sdudphwulf whvwv edvhg rq d fruuhfw vshfl�fdwlrq ri wkh prgho1
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