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Abstract We consider functionals measuring the dispersion of a d-dimensional
distribution which are based on the volumes of simplices of dimension k < d formed
by k 4+ 1 independent copies and raised to some power d. We study properties
of extremal measures that maximize these functionals. In particular, for positive
0 we characterize their support and for negative § we establish connection with
potential theory and motivate the application to space-filling design for computer
experiments. Several illustrative examples are presented.

Keywords Potential theory - Logarithmic potential - Computer experiments -
Space-filling design
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1 Introduction

Let 2 be a compact subset of R? and .# be the set of probability measures on
the Borel subsets of 2. We shall consider the class of functionals ¢ 5 : # — RT
defined by

wkﬁ(u) = Wkﬁ(ﬂa R 7/’0) ) (1)

where

Wh(g(,ul,...,,uk_,_l) :/.../”f/,f(ozl,...,zk+1)u1(dx1)...uk+1(dxk+1),
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for some ¢ in R and k € {1,...,d}, with ¥ (x1,...,2ky1) the volume of the k-
dimensional simplex (its length when k£ = 1 and area when k = 2) formed by the
k + 1 vertices x1,...,Zk4+1 in R®. The volume Vi (x1,...,25+1) can be computed
by the formula

1
Ty, o) = |det(A4)|"/?,

with
A=X"X, X=[(xs—xz1) (x3—21) - (Zppr1 — 1) , (2)

where the matrix X has size d x k. Define the potential of ; at z € R? by

Pk,&,,u(x) = kaﬁ(ﬂa ceey My 595) ) (3)

where ¢, is the delta-measure at z and p appears k times on the right-hand side.
Note that max,e g Prou(r) > Ygs(p) for all p in 4 since [ Py, (x) p(dz) =
VYr,s (1)

The case § = 2 corresponds to an extension of the notion of Wilk’s generalized
variance and is considered in [11]. In this paper we investigate properties of the
functional (1) for general 4.

2 The case § > 0

When ¢ is positive we are interested in the maximization of the functional ¥y 5(u),
1 € # , and properties of an extremal measure p* where the maximum is attained.

2.1 Functionals based on powered distances: k = 1

For k = 1, the functional vy, s(-) defined by (1) corresponds to

drs() = E{llz1 — 22|}

where x; and x5 are supposed to be i.i.d. with the measure u. Properties of measures
that maximize 11 5(p) for § > 0 are investigated in [2]. In particular, it is shown
there that for any § > 0 the mass of an optimal measure is concentrated on the
boundary of 2  and that the support only comprises the extreme points of the
convex hull of Z" when § > 1. Also, the optimal measure is unique for § < 2; it is
supported at no more than d + 1 points when § > 2.

We can give a more precise statement than in Theorem 2 of [2] for 0 < § < 2,
using the concavity of 11 5(-), which follows from results discussed in [13] and is
based on the fact that B(\) = A\* is a Bernstein function for all 0 < a < 1. Indeed,
using concavity of ¢ 5(-), the measure p* is extremal (i.e., it maximizes 11 5(f)
with respect to pu € ) if and only if the directional derivative

Fy, s(p;v) = lim P15l = )p+ av] — i s(p)

a—0t «

satisfies Fy, ;(uy;v) <0 for all v € .#. Direct calculation gives

Fov, (i) =2 [ [ Psa@y ) = 500 ()

and we thus obtain the following.
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Theorem 1 For any 0 < 6 < 2, the measure p* mazimizes 11 s5(p) with respect to
w € A if and only if
max P1 - (2) = Y15(17) .

Equivalently, p* minimizes maxye 2 [P1 s, (x) — ¥1,5(p)] with respect to p € A .

In connection with the statement of the theorem, we may notice that the ex-
tremal measure 1* does not necessarily minimize max,c g~ P15, (), see [2, Th. 14].
In the next section we show how some of the properties that hold for £ = 1 can be
generalized to the functionals ¢y, s(-) with &k > 2.

2.2 Functionals based on powered volumes: k > 2
2.2.1 A necessary condition for optimality

First note that the existence of an extremal measure follows from the continuity of
Ye(z1, ..., Tps1) in each x;, see [2, Th. 1].

Similarly to the case £ = 1, we can compute the second order derivative of the
functional ¥y 5(-). Indeed, for any o, p1 in A4, we have

*Yp5[(1 — a)po + ap]
Oa?

=k(k+1) [Wrs(tos - - - 1o, p1, H1)

a=0

+ ks (Ho, - - -5 #0) — 2Wk 5(Hos - - - 5 Hos p1)] 5
— k(k+1) / / Pes( ) [0 — 2] () o — 2] (dy)

where Py s(z,y) = [ ... [ %(z1,. .., 2k—1,7,y) pio(dx1) . .. po(dzk_1). The proof is
by direct calculation, using the symmetry of the kernel #,°(z1,...,zx11) in (1).

For k =1, Py s(x,y) = ||z — y||°, and v 5(-) for § < 2 is concave as discussed
above. For § = 2, concavity of ¢;1/2k(') is proved in [11] for any k € {1,...,d}. We
are not aware of any similar result for k> 1and & # 2, so that we have no guarantee
that iy s(-), even raised to some power less than 1, is concave for § # 2. Therefore,
we can only give a necessary condition of optimality for a measure p* maximizing
Y s(+). A similar result for £ = 1 is Theorem 2 in [2].

Theorem 2 For any 0 < 0, if the measure p* mazimizes Yy 5(p) with respect to
uwE M, then

max Py s, () = Yrs(p”)
and Py s+ () = Ui (%) on the support of p*.

The proof relies on a straightforward extension of (4) to k > 1:
Fous() = (6 1) | [ Proslie) v(de) — o)

2.2.2 Support of extremal measures

Below we indicate some properties concerning the support of extremal measures
that generalize those in Section 2.1.

Theorem 3 For any 6 > max{0,k + 1 — d}, the support of any measure {1 mazi-
mizing ¥y s(1) is a subset of the boundary of Z .
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Proof For § > 1, we can simply use the convexity property of the Ly norm and
multilinearity of the determinant. Indeed, from Binet-Cauchy formula, the squared

volume ”f/kz(xl, ..., Tg+1) can be written as
{zi}i - {zenti
1 : : :
V(1 ahg) = )2 Z det? ' ' ' - ()
Vo 1<ig<ia< - <ip<d {‘Tl}ik {$k+1}z‘k
1 1

Each determinant in the right-hand side of (5) is linear in 1, so that, when ¢ > 1,
7/165(:101, ..., Zg+1) I8 a strictly convex function of x;. This implies that the potential
Py s,z (x71) is strictly convex in ;. We then follow similar arguments to those in the
proof of [2, Th. 3]. Suppose that z; is an interior point of 2", and consider a sphere
S(z1,7) centered at x; with radius 7 included in 2. Strict convexity of Py s . (-)
implies that Py s .x (z1) is strictly smaller than the mean value of Pys px (z) on
S(x1,7). From Theorem 2, this mean value is less than or equal to ¢y s(1*), and x;
cannot be support point of 7.

For § < 1, the proof uses subharmonicity of Py s,z (-) as in [2, Th. 3]. We only
need to prove that for fixed zs, ..., Tg41, %f (z1,...,Tk+1) Is a strictly subharmonic
function of 7. From Lemma 2, see Appendix, we have

d

*Vo(x1,...,x _
Z c 2 k1) =66 +d—k—1)7 (w1, 2,...,apq1) (L A1),
=1 N1}

with A defined in (2) and 1; = (1,...,1)" € RF. The right-hand side is strictly
positive when 6 > k+1—d. O

Theorem 4 For any 6 > 1 and any k € {1,...,d}, any measure pj mazimizing
Yi.s(1) is supported on extreme points of the convex hull of Z .

Proof As shown in the proof of Theorem 3, the potential Py s ,x (x) is a strictly
convex function of x when § > 1. Suppose that zg € 2" is not an extreme point of
the convex hull of 2. Then, xg can be written as a linear combination of such points
z;j with strictly positive weights summing to one. The potential Py 5 .- (zp) is then
strictly less than the weighted sum of potentials at the z;, which, from Theorem 2,
are all less than or equal to ¥y s(u*). By the same theorem, zy cannot be in the
support of py. 0O

3 The case 6 <0

When ¢ < 0, we are interested in the minimization of the functional ¢y s(u) =
E{#2(x1,...,2k41)}, p € . Equivalently, we can consider the maximization of

1/’;{5(#)7 the continuous extension of which at 6 = 0is exp (E{log[¥% (21, . ., k+1)]})-
We thus define

S EDE @, o)) for 6 #0,
Dres (1) { exp (E{log[”//k(zfi. S Tr41)]}) for 6 =0.

The results in Sections 2 have shown that when § > 0 the support of a measure
that maximizes % s is sometimes finite and is always included in the boundary of
Z when k < d—1. The situation is quite different for § < 0, the case we investigate
in this section.

In the case k = 1, the investigation of the properties of extremal measures uj ;
and optimal values 25 5= 9175(,@’ s) is one of the main concerns of potential theory,
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see e.g., [12]. This is equivalent to studying the asymptotic behavior of the so-called
Fekete points, defined as follows. Given a natural number n and a real § < 0, the n

points X, = (z1,...,2,) € 2™ are called Fekete points when they maximize
1/5
~ 2
D15(Xn) = | —— i = 41° (6)
n(n o 1) 1§;§n ’
for § < 0 and
~ 2
Z1,0(Xn) = exp m Z log ([|lzi — ;1) (7)

1<i<j<n

for 6 = 0, or equivalently minimize the s-energy, s = —d, defined by &¢)(X,,) =
Yi<icj<n |Ti — 2] 7° for s > 0 and by E0(X,) = Di<icj<n log llzi — z;|| 7! for
s=0.

We shall denote by FT(LS) a set of n Fekete points, s > 0. For instance, when
Z = [-1,1], then the set FT(LO) is uniquely defined and coincides with the zeros

of (1 -z )P' (z), where P,_; is the Legendre polynomial of degree n — 1. One

n—1
may note that FT(LO) corresponds to the support of a D-optimal design measure for

polynomial regression of degree n — 1 on [—1, 1], see, e.g., [3, p. 89).
The (logarithmic) transfinite diameter of 2 is defined by

n—oQ

7O(2) = lim exp {_n(n2 0 é"(o)(F,(LO))} (8)

where the convergence to the limit in (8) is monotonic (in the sense that the expo-
nential term in non-increasing with n). The logarithmic potential associated with

we M is P = [log(1/||z — t||) u(dt), the corresponding energy is defined by

IO () = / PO (2) p(dz) / / log -——— p(dt) p(dz) .

Similarly, the transfinite diameter of order s > 0 is
9 -1
G2y =1 2 ()
w0 =t {2 s

the s-potential for p is P( (2 = [|lz —t||~* p(dt) , with associated energy

I () = /P<> p(dz) //” " p(dt) pu(dz).

The minimum energy problem involves the determination of
INZ) =inf{I®(u) :pe .}

The logarithmic capacity of 2", denoted by cap(® (2Z), is defined by cap(®(2") =
exp{—I\” (2)}; its s-capacity for s > 0is cap(®)(2") = [I1(2)]~. If cap©®(2) >
0, then the extremal measure i ; exists with capO( ) = D1,0(17 o). Also, for any
s > 0, if cap®(Z) > 0 then pi,_s exists and cap®(Z) = [Z1,—s(p7,_4)]°- One
of the main results in potential theory is that the capacity of 2 coincides with its
transfinite diameter: cap(®) (2") = 7(8)(2") for all compact sets 2. It also coincides
with sup,e 4 Z1,0(p) when s = 0 and with sup,,c ,[%1,—s(1)]® when s > 0. When
cap®®)(2°) > 0, which happens in particular when 2 is a compact subset of R? and
0 < s < d, then puj _ exists, it is called s-energy equilibrium measure and is the
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weak limit of a sequence of empirical measures associated with Fekete points. Even
if cap(®)(27) = 0 and no measure p exists with 1¢) () < oo, it is still interesting to
study the limiting behaviour of empirical measures of Fekete points, see [4].

Fekete point are extremely difficult to construct, except for a few particular
cases. When s = 0, Fekete points necessarily lie on 05 (%), the outer boundary
of 2. This implies that the extreme (equilibrium) measure K1, is supported on
D00 (Z7) too. Consequently, cap®(2Z) = cap(® (9.0 (Z)). If the outer boundary
Oo0(Z7) is a continuum, then supp(uj g) = 0o (2"). In general, 0o (27) \ supp(uf o)
has capacity zero.

Ezample 1: d =1, 2 = [0,1]. The extremal measure 7 , has the arcsine density
1
T/ t(1 —¢t)

on [0, 1] and cap(®)(2°) = 1/4. More generally, the measure i s maximizing 71 5(1)
with § € (—1,0] corresponds to the Beta distribution on [0, 1] with density

Wo(t) =

1 1
ms(t) = ,
O B s a0/ Jra o
see, e.g., [14]. This distribution is uniform for § = —1, with & (F,(LO)) growing

as n? logn, and, as mentioned in [4], the limiting distribution of Fekete points is
uniform for every 6 < —1.

Ezample 2: 2 = %4(0,p). As indicated in [4], the extremal measure uj ; maxi-
mizing % 5(-) is uniquely defined for —d < 6 < 0 (as the ||-energy equilibrium
measure). From [6, p. 163], —d < § < 2 — d, it has the density

B C
#0) = G ey

x € $Bq(0,p),

where C' = RO7n=%21(1—6/2)/T'(1 — (d+6)/2). For 2—d < § <0, 13 s is uniform
on the sphere §4(0, p). For § < —d, any sequence of Fekete points is asymptotically
uniformly distributed in %,4(0, p), with &(—°) (F,Ef&) growing as n? logn for § = —d
and as n'~%/¢ for § < —d, see [4].

To the best of our knowledge, no theory is available which would cover the case
k > 1. In the next section we only present results concerning a particular example
which illustrate the difference with the case k = 1.

4 Particular case: 2" = %4(0, p)

Take 2" = %4(0, p), the closed ball of R? centered at the origin 0 with radius p.

Case § = 2. Let po be the uniform measure on the sphere S4(0, p) (the boundary
of %4(0,p)). Then, the covariance matrix V,, = [xa' po(dz) is proportional to
the identity matrix I, V,,, = p*I4/d. Take k = d. We have

(d+1)p*
f}g’g xvad,’z[V#O}x = T gdigr

where Vy,,[V,] = [(d 4 1)/d!] det(V,,)V,; " is the gradient of 1q2(u) considered as
a function of V,,, see [11]. From Theorem 4.1 in the same paper, this implies that
Ho maximizes g 2(p).

= trace{Vyu, V. [Viol}
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Let pg be the measure that allocates mass 1/(d + 1) at each vertex of a d
regular simplex having its d + 1 vertices on Sy(0, p), with squared volume p??(d +
1)4+1 /[d?(d!)?]. We also have V,, = p*I,/d, so that pq also maximizes 42(-). In
view of [11, Remark 4.2], po and pg maximize ¢y o for all kin {1,...,d}.

Let now py be the measure that allocates mass 1/(k + 1) at each vertex of a k
regular simplex &y, centered at the origin, with its vertices on S4(0, p). The squared
volume of 2 equals p?* (k + 1)**+1/[k*(Kk!)?]. Without any loss of generality, we
can choose the orientation of the space so that V), is diagonal, with its first %
diagonal elements equal to p?/k and the other elements equal to zero. Note that
Yy 2(pr) = 0 for k' > k. Direct calculations give

kE+1 p*F k‘—l—l(d)p%

VYr2(pr) = o ﬁﬁwk(uo)z o\ ) g

with equality for k = 1 and k = d, the inequality being strict otherwise. Figure 1
presents the efficiency [t5,.2(tux)/%k.2(10)]*/* as a function of k when d = 20.

Fig. 1 Efficiency [t 2(1x)/%k,2(10)]'/* as a function of k when d = 20

Case 6 > 2. We can show that for any § > 2 the measure p maximizes 1q5(-) if
and only if it coincides with one of the measures pg introduces above.

The proof follows closely that of Theorem 7 in [2] which concerns the case k = 1.
We have

Vs = [ H i) ) ) o)
< max %‘5—2($1,...,xd+1)/“/{f(xl,...,xd+1)u(dx1)...u(dxd_H). (9)

Since 7 = maxy, 4., Ya(21,...,z441) = p?(d + 1)@+D/2/[d%/2 d)] and the uni-
form measure pip on the sphere §4(0, p) is extremal for ¥g2(-), we get

pzd(d + 1)d+1

o2 (d+1)6/2—d
Ya,6(p) < (dd(d')Q) baz(po) = p¥ (d+1)

(d!)‘S*l dds/2

On the other hand, this is exactly the value 94 5(itq). Therefore, for the measure p to
be extremal we need to have equality in (9), which requires that ¥g(x1,...,Z441) =
¥ for all (k + 1)-tuples that contribute to the integral. This forces the extremal
measure to have the form indicated.
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Consider the case d = 2, p = 1. Figure 2 presents the potential P s, (x(t)) with
x(t) = (cos(t),sin(t)) as a function of ¢ € [0,27] for 6 = 1 (left) and § = 4 (right),
with ps allocating weight 1/3 at each of the three points (1, 0), (cos(27/3), sin(27/3))
and (cos(4m/3),sin(4m/3)). The value of 1) 5(p2) is indicated in dashed line. The
figure illustrates the fact that po is extremal for 1 4(-) but is not extremal for ¢ 1 (+)
since the necessary condition of Theorem 2 is violated. The analytic forms for the
potentials are P 1 ., (2(t)) = (vV/3/18)+(v/3/9) cos(t)+(1/3) sin(t) for 0 < t < 27/3
and Py 4, (2(t)) = 57/128 + (3/16) cos(3t) for 0 <t < 2.

] 1 2 3 4 5 6 o 1 2 3 4 s 6

Fig. 2 Potential Py 5,,,, (x(t)), with z(t) = (cos(t),sin(t)), as a function of ¢t € [0, 27] (solid line)
and value of 15 5(u2) (dashed line) for § = 1 (left) and § = 4 (right); po allocates weight 1/3 at
each point of an equilateral triangle with vertices on S2(0,1)

Uniform measure on the circle S3(0,1). Assume that k =d =2, 2" = £(0,1), and
consider the uniform measure ps on S3(0, 1), which is optimal for 6 = 2.

Consider n-point sets X,, containing the points z; = (cos(27j/n), sin(27j/n)),
7 =0,...,n—1, with empirical measure converging to ps. The empirical version of
(1) is

9 n—2 n—1 s
¢2,6(Xn) = m ;j;l% (%Ju%‘)-

Direct calculations give

Vo1(Xp) = m cot(m/n) = % <1 + % +0 (n2)>
3n?

vealt) = S 2

bo3(X,) = % (1 T % +0 (n—z)>

W.a(X0) 45 n?

T2 (n-1)(n-2)

drn(Xo) 3003 (1+z+0(n_2))

~ 25607
105 n?
V2o(Xn) = o Dm =2
17325 n?
V2slXo) = S Dy 2)

Figure 3 presents ¢ s(ps) as a function of 6 € [0,8]. The stars indicate the exact
values obtained from the expressions above.
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Fig. 3 9 s5(us) as a function of § € [0, 8], for ps uniform on S2(0,1)

By considering the potential P, 5, (-) at the origin O for ¢ close to zero, we can
show that the necessary condition of Theorem 2 for us being optimal is violated
for § < 0. Indeed, we have

Yo s(us) =1—(21og2) §+c182+0(6%),  Pas,.s(0) = 1—(2log2) 6+ca6%+0(5°),

with ¢; ~ 2.1946 and ¢ ~ 1.3721, so that Ps5,4(0) < t25(pns) for all § # 0.
However, for negative d, ¢ 5(-) should be minimized, the necessary condition for
optimality of p* becomes Ps 5, (x) > 12 5(p*) for any x € %4(0,1), and is thus
violated for pus at x = 0. Although us is not optimal for negative §, ¥2 5(ps)
remains finite for 6 > —2/3. If 2 is reduced to the circle S2(0,1), then the n-point
sets X,, are Fekete points (in the usual sense, for £ = 1) and can be considered as
generalized Fekete points for k = 2. One can show that 19 5(X,,) = O(n~(2+39)) for
§ < —2/3.

On the other hand, for £k = 1, the measure us is optimal for 0 < 6 < 2 and
1,5(ps) is finite for all § > —1; lim,, o0 EN(X,)/(n? logn) = 1 and &9 (X,,)
grows like '~ (¢ 5(X,,) grows like n=(179) for § < —1.

5 Generalized Fekete points and design criteria for computer
experiments

For a n-point sample, or design, X,, = {z1,...,2,}, n > k+ 1, as extensions of (6)
and (7), we define

1/6
-1
=~ n
Dis(Xn) = Z %Cé(xj17"'7xjk+l) ; 0#0,
E+1 o .
1<j1<je<--<jrp1<n

and

Dro(X,) = exp (k N 1) > log (74 (%, gy )]

1<j1<ja < <jry1<n

The functions @1’5(-) with § < 0 have been suggested as criteria to be maximized
for the construction of space-filling designs for computer experiments. An optimal
design X ; 5 maximizing P1,5(X,) is a set of Fekete points, as defined in Section 3.

In particular, @17_2() corresponds to the energy criterion considered in [1]; see also
[8,9].
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Lemma 1 Take 6 <0, k € {1,...,d}, and consider a design X,, with @k,g(Xn) >
0. Then, for any k' € {1,...,k}, the projection of X,, on any (d+1—k')-dimensional
linear subspace contains at least |n/k'| +n(mod k') distinct elements.

Proof Take k' € {1,...,k}, any (k' — 1)-dimensional subspace of R? contains &’
points at most since otherwise one could find k + 1 points in the same (k — 1)-
dimensional subspace, contradicting the property .@k,(s (X,) > 0. Consider the pro-
jection p; of one point z; of X, on a (d+ 1 — k’)-dimensional linear subspace. There
are necessarily k&’ points at most in X,,, including z; itself, that yield the same
projection p;. O

One may notice the difference with the usual projection properties considered
in design for computer experiments, where only projections onto fixed canonical
subspaces are considered. For instance, Latin hypercube design [7] ensures that all
projections on coordinate axes have exactly n points; however, it does not protect
against all points lying on a single line.

Letting 0 tend to —oo in @1)5() yields maximin-distance optimal design, see [5],
equivalent to the solution of a sphere-packing problem. More generally, for a given
sample X,,, we define

@k’ioO(XTJ - 1§j1<j2r<n~1~n<jk+1§n A//k(wjl’ o ,mjkﬂ) ’ (10)

Then, Ty, —oo(Xn) < Dr.s(X,) for any § € R, with lims_, — oo Zk.5(Xn) = Di—oo(Xn).
Also, if X7, 5 € 2™ maximizes % 5(-) and X,

mk—oo € 2 is a maximin-optimal

design that maximizes .@k7_00(~), then we have the following bound on the maximin-
efficiency of X7 ; 5,

.@k,foo(X:L,kﬁé) >< n )1/6
Do X p o) \EHL

see [10, Chap. 8]. In general, @175() with 6 not too small is easier to optimize than
@17_00(-), see, e.g., [1,8]; one may expect the same to be true for k& > 1. Notice that
from the discussion in Section 3, it is recommended to choose § < —d to obtain
designs evenly spread over 2~ when maximizing % s(-). Also note that, contrary
to .@17_00(Xn) which only depends on the relative distances between neighboring

pairs of points, the value of @h_w(Xn) with k£ > 1 is influenced by the respective
positions of points whatever their relative distances, see Lemma 1.

Example 3. We report the maximin optimal designs we have calculated for values
of n between 5 and 8 for d = 2 and 2" = [0, 1]2. Note that we have in fact equiva-
lence classes of optimal designs, considering symmetries ({z}; — 1 —{z};, i =1,2)
and a permutation of coordinates; only one representant is indicated. We repre-
sent designs as matrices, with column ¢ corresponding to coordinates of the i-th
design point. Maximin-distance optimal designs (kK = 1) can be found for instance
at http://www.packomania.com/. We have used the following procedure to deter-
mine maximin optimal designs for @2,_00(-): () a global random search algorithm,

initialized at a random Latin hypercube design, generates a first design Xf,l); (i)

a local maximization (subgradient-type method, see Appendix) initialized at X,Sl),
generates a second design Xy(f); (#it) the configuration of the best design obtained
after several repetitions of steps (i) and (i¢) is used to determine analytically the
optimal design having this configuration. Although we only proved local optimality,
we conjecture that the designs presented are indeed optimal for Z5 _oo(+).
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The maximin-distance optimal design (k = 1) with n = 5 points is

. _[or101/2
slL= = 00111/2]"

with 71 oo (X2, o) = V2/2 =~ 0.70711. For k = 2, we get T, (X5 o) =0
since the presence of a central point produces two alignements of three points. On
the other hand, the optimal design that we have obtained for %, _o(+) is

. S [1/31 1 1-+/3/3 0
X572»°°_[ 002/3 1 \/3/3}’

With 1 oo (XZo _o0) = V2(1 — V/3/3) ~ 0.59771 and Zo_oo(XZs o) = V3/9 =~
0.19245.
For n = 6, there exists a continuum of maximin optimal designs X¢, _, of the
form
N 1121 1 12 0 0
6,2,—00 = [ 0 1/2—al—-a 1 1/2+aa] , a€0,1/2],

all with @2,700(Xg,2,700) = 1/8. Notice that Xz, ., and Xg, ., do not contain
any central point.
For n = 7, we have obtained

. 02/3 1 1 2/301/6
meoo_{ / / /]

00 1/43/4 1 11/2

with Zb oo (X2, o) = 1/12 = 0.08333.
The maximin optimal design for k = 2 and n = 8 is

X _lal 1 1-a00 ¢ 1-c
82— " 1001—-b 1 1b1—b b ’

witha = (7—/13)/18,b = (5-v/13)/6 and ¢ = (7—v/13) /9, with Zb (X0 o) =
(1+V13)(7 — v/13)/216 ~ 0.072376.

The designs X3, _ to X, ., are presented on Figure 4. The circles centered
at the design points have radius r,, = _@1’700(Xn)/2, with r,, < @1,700()(;,1,700)/2
since the designs X, are not maximin-distance optimal. On the other hand, any
triplet of design points forms a triangle with area at least %5 (X} 5 _ o). Note
that for each n equality is achieved for several triplets of points. For instance, when
n =5, the area of the four triangles ABE, ADE, CDE and BCD on Figure 4-top-left
equals 7 oo (X2 5 _ o) = V/3/9, and any other five-point design contains a triangle
with area A < /3/9.

Appendix

Lemma 2 Consider matriz A given by (2). The Laplacian of det®(A) considered
as a function of xq is

Z 82;{6;1}2 ) _ =2a(2a+d—k—1)det*(A) (1;A711k) , (11)

where 1, = (1,...,1)T € RF.
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n=6

I e
o PNOJ

Fig. 4 Optimal designs for 5];2,—00(') for n from 5 to 8; a = 3/7 in X§, _; the circles have
radius ély,oo(Xn)ﬂ

Proof We have
Odet(A) _, O0A
oot det(A) trace <A 5{$1}i)

Pdet(A) oo (L 94, 04
gz et (A IEne a{xl}i)

. 9A ., 0%A
+ det(A) trace® (A 18{x1}¢) + det(A) trace (A 18{&}?) ;

where 0A/0{x1}i = —[1,A] + A;1]] and 02A/9{x,}? = 21;,1]], with A; = ({2 —
21}iy s {mry — 21 }) T € RF. This gives

0?det(A)

I )? - 2 det(A) {1 A711,(1—AJATTA) + (1L A71A)%} .
155

Noting that 2;1:1 A Al = A, we have Zle Al A7LA; = trace(I}) = k and obtain

3 (i)~ S (17550)

= det?( Ztrace 1,4 + A1) ])
= 4 det? (A) 1,IA B

and

d 42
Za det(4) _ =2det(A)1, A" (d+1— k).



Extremal measures maximizing functionals based on simplicial volumes 13

Now,
Odet®(A) _1, ,, Odet(A)
—— =qadet* " (A) —+>
a{xl}i ( ) 8{1‘1}1
92det™(A) i <6det(A)>2 _, 9%det(A)
—— =ala—1)det* “(A4) | =—2 | +adet(4)* ——5%,
Y A W o
which finally gives (11). O
A subgradient-type algorithm to maximize Qk,—oo(')-
Consider a design X,, = (x1,...,2,), with each 2; € 27, a convex subset of R%,

as a vector in R"*?. The function Z,_o(-) defined in (10) is not concave (due to
the presence of min), but is Lipschitz and thus differentiable almost everywhere.
At points X,, where it fails to be differentiable, we consider any particular gradient
from the subdifferential,

V‘@kx*OO(Xn) = V’Ujhm’jkﬂ (Xn)

where xj,,..., 25, are such that ¥ (z;,...,25_ ) = @k),oo(Xn) and where
Vvji....jwsr (Xn) denotes the usual gradient of the function %% (xj,,...,z;.,,). Our

subgradient-type algorithm then corresponds to the following sequence of iterations,

where the current design Xflt) is updated into

Xét+1) — Py |:X7(7,t) +f}/tv.@k7—oo(xr(f)) )
where Pg-[-] denotes the orthogonal projection on 2" and v > 0, v \, 0, >, % =
0, Zt ’yt2 < 0.

Direct calculation gives

W_{O if j & {Jrs- o gk}

1/2 _ _— : .
MHxjte 7 det / (Aji,.. gy, ) trace {Ajl}m)jww} otherwise,
where
T
(37]2 le)T |:(£L'J2 — le) (.’E]3 — ;L'jl) . (mjk+1 _ l.jl):l
(‘rj3 - l.jl)
Ajla-»~7jk+1 = . 7
(jsr — mjl)—r
so that
{(zj, =) }e
trace {A.‘l . aAJl’JHl] -9 -1 {(zjs — ;) }e
J1yeesJk+1 a{x]_}l Gy TRl .

{(xjk+1 - mjl)}é j—1

for j € {j1,-..,Jk+1}, J # J1, and
{(@j, —xj,) }e

9A.: ) k {(sz _le)}f
1 Jisendkdl | § : -1
trace |:Aj17---,jk+1 M:| =2 v Ajl,...,jk+1 :

{(‘Tjk+1 - le)}f i
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