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Abstract

Hedonic price indices are currently considered to be the state-of-the-art approach to
computing constant-quality price indices. In particular, hedonic price indices based on
imputed prices have become popular both among practitioners and researchers to analyze
price changes at an aggregate level. Although widely employed, little research has been
conducted to investigate their asymptotic properties and the influence of the econometric
model on the parameters estimated by these price indices. The present paper therefore tries to
fill the actual knowledge gap by analyzing the asymptotic properties of the most commonly
used imputed hedonic price indices in the case of linear and linearizable models.
The obtained results are used to gauge the impact of bias adjusted predictions on hedonic
imputed indices in the case of log-linear hedonic functions with normal distributed errors.
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1. Introduction

Price indices have become widespread in economic analyses to measure price changes
of goods on an aggregate level with respect to a base period. They are defined according
to standard formulae and do not involve any econometric model in their computation.
However, a major drawback related to classic price indices is their inadequacy to take
into account possible quality changes that may influence price changes at an aggregate
level. This drawback has prompted a great amount of research, leading Rosen (1974) to
define the economic framework necessary to the definition of the so-called hedonic price
indices.

In the last thirty years, three main approaches based on imputed prices have established
themselves as the most appropriate method for computing quality-adjusted hedonic price
indices: Single, double, and characteristic imputation. In contrast to their unadjusted
counterpart, hedonic indices do assume an underlying econometric model in their com-
putation, thus worsening the price index problem!, as illustrated by Hill and Melser
(2008). Since economic theory does not provide indications on the choice of the impu-
tation approach, researchers face the uncomfortable situation to choose among different
imputation methods, wondering how econometric models estimated at the micro level
affect affect the resulting price indices at the macro level.

A major domain of application of hedonic indices is represented by housing markets,
where sound indicators of the general price level are of primary importance. Mark and
Goldberg (1984) were among the first to compare hedonic imputed indices for housing
goods to other classic price indices. Meese and Wallace (1991) and Wallace (1996) com-
puted characteristic Fisher hedonic price indices based on non-parametric estimates of
the hedonic regression function. Wallace and Meese (1997) compared characteristic he-
donic indices with repeat-sales and hybrid-approaches. Kagie and Wezel (2007) used a
boosting algorithm to improve the prediction performance of decision tree based hedo-
nic models and computed single-imputed Fisher hedonic indices. Hill and Melser (2008)
investigated the price index problem for single-imputed, double imputed, and character-

istic hedonic price indices. von de Haan (2010) compared imputed Fisher and T6rnquist

IThe price index problem is defined as the non-equivalence of price index formulae: The computation

of different price indices leads, in general, to different results.



hedonic indices to the time dummy method. Dorsey et al. (2010) used a double imputed
Laspeyres index to measure the boom-bust housing cycle in the Los Angeles and San
Diego metropolitan areas from 2000 to 2008. Diewert (2011) proposed, among other ap-
proaches, Laspeyres, Paashe, and Fisher imputed hedonic price indices to measure house
price inflation.

As the above literature shows, research has focused on defining, computing, and finally
comparing hedonic price indices. The computed hedonic indices aim to draw conclusions
on the evolution of the market prices. However, these conclusions are usually based on
informal considerations. In fact, hedonic price indices have been rarely employed as vari-
able of interest in macro econometric analyses. This is mainly motivated by two factors.
First, the unavailability of such indices: Often hedonic indices are computed by private
real estate agencies that either do not publish them, or do not divulge the employed
methodology. This situation, as suggested by the publication of the manuals Hill (2011),
Eurostat (2012), OECD and Eurostat (2013), is probably going to change in the near
future, since official statistic agencies are progressively adopting hedonic price indices.
The second, and more important, reason is represented by the lack of theory surrounding
these indices. Up to the present, hedonic indices have been used merely as descriptive
statistical measures, neglecting the economic parameter they are actually estimating and
the role played by the underlying econometric model.

The aim of the present paper is to fill the actual knowledge gap, by determining the
asymptotic properties of Laspeyres, Paasche, and Fisher price indices for the single im-
puted, double imputed, and characteristic imputation methods in the case of linear and
linearizable hedonic regression functions. This approach should provide a better under-
standing of the theoretical parameter a hedonic index estimates and the influence of the
underlying econometric model on this parameter. In particular, a simulation study is
performed to evaluate the impact of bias adjusted predictions on hedonic indices.

The present paper is structured as follows. Section 2 reviews the imputation approaches
for the Laspeyres, Paasche, and Fisher price indices. The convergence in probability
of hedonic price indices in the case of linear and linearizable hedonic functions is then
established in Section 3. A simulation study to illustrate the obtained results is then

performed in Section 4. Section 5 concludes the paper.



2. Hedonic imputed price indices: A review

The three main imputation approaches adopted in the literature are considered in the
present paper to compute quality-adjusted price indices: Single, double, and characteris-
tics imputation methods. Hedonic price indices based on time dummy variables are not
analyzed in the present paper since they do not rely on traditional price index formulae.
Moreover, only the hedonic counterpart of the classical Laspeyres, Paasche, and Fisher
price indices are considered, although in section 3.3 we generalize the obtained results to
composite price indices relying on these hedonic indices. The adopted terminology and
the following definitions are based on Hill (2013).

Let P := (P},...,P!) € R™ and X" := (x},...,x! ) € R™*¥ denote a vector of inde-
pendent random prices and a matrix of random characteristics in period ¢, respectively.
The hedonic hypothesis states that in each time period the price of a good depends on

its characteristics:

Pit = ft(Xf) + E§ = ft(x;?l? ’fo) + 627 L= 17 ey Tty (21)

where .737;]- is the j-th characteristic of good 4 in period ¢, and the function f* describes
how the characteristics interact to build the price. The function f* is usually called
the hedonic regression function, or simply the hedonic function. We denote the hedonic
function estimated in period ¢ by ft . The set of the K observed characteristics is as-
sumed constant through time, i.e., no new characteristic affecting the price appears in
any time period ¢t = 1,...,T . The number of goods observed in period t is denoted by ny,
and it is assumed that n; > K. The variable e§ represents a stochastic error term with
E(el) =0 Vi.

According to (2.1), even if we identify a class of good with an appropriate set of char-
acteristics, the price of the individual goods randomly varies. Therefore, assuming that
characteristics and/or error terms are continuously distributed ,the quantity of a good
purchased at a given price must be set equal to 1 in classic price index formulae. Let
Z(),t, ﬁO,t, and F\O,t denote the estimated Laspeyres, Paasche, and Fisher price index. Let
us assume that the same set of n goods is observed in the base period 0 and the current

period t. Under mild conditions on price distributions in the two time periods, the weak

law of large numbers implies that
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Table 1: Hedonic price indices with linear or linearizable hedonic functions
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where ppo and ppt denote the mean price in the base and current period, respectively. In
this case, classic Laspeyres, Paasche, and Fisher price indices thus converge toward the
same unknown parameter given by the ratio of the mean prices in the two time periods.
Although the same set of n goods has been observed in the two time periods, the estimated
price ratio may be influenced by temporal changes in the underlying characteristics.
Moreover, very often we don’t observe exactly the same n goods in two time periods.
This occurs, in particular, in the case of infrequently sold goods, e.g. houses, or goods
possessing a rapidly changing technology, e.g. mobile phones, PC, etc. In this case,
randomly sampling the same type of goods (e.g. single-family houses) in the two time
periods and computing the ratio of prices Y i, Pf(x%)/ .0, PP(x?) leads to even greater
quality variations, since the characteristics’ distribution might have changed. To address
this problem, several imputation approaches have been proposed. They are reviewed in

the next section.

2.1. Imputation approaches in hedonic indices

Three main approaches have been proposed in the literature to cope with the quality
variation problem: Single, double, and characteristic imputation. The index formulae of
these approaches for the Laspeyres, Paasche, and Fisher indices are shown in Table 1 in
the case of prices imputed in the original scale.

Let ﬁ)gft, }ﬁgﬁt, and ITI\Fgft denote the estimators of the Laspeyres, Paasche, and
Fisher single imputed hedonic price indices, where 0 and ¢ represent the base and current
time periods, respectively. The base period is chosen among the time periodst =1, ...,T.
Single imputed hedonic price indices use the hedonic function to impute prices of each
good in base/current period according to the hedonic function estimated in the other

time period. Imputed prices in one period are then compared to observed prices in the



other period.

In contrast to single imputed indices, double imputed hedonic price indices impute prices
for both time periods. Once the hedonic functions for the two periods have been es-
timated, the set of characteristics in one period is evaluated according to the hedonic
function estimated in the other period. By construction, this guarantees that the quality
of the goods does not change between periods, and so prices can be directly compared.
We denote the estimators of the Laspeyres, Paasche, and Fisher double imputed hedonic
price indices with ﬁ]\[/gft, ]ﬁgft and HIF &', where 0 and ¢ represent the base and
current time periods, respectively.

Instead of imputing prices for each good in a given period, characteristic hedonic price
indices compute a representative good for one time period, and then impute the price of
this characteristic good using the estimated hedonic functions in the two periods. The
characteristic good is thought to appropriately represent the quality of the set of goods
in one time period and is usually defined as being the mean vector of the characteristics.
Also, in this case, since only the characteristic good is considered, quality does not change
across periods, and prices are directly comparable. Let ﬁI\Lf{;, ﬁﬁ?gf;, and HIF Sf; de-
note the estimators of the Laspeyres, Paasche, and Fisher characteristic hedonic price
indices. The representative good in one time period is defined as the mean vector of the

characteristics

1 nt 1 nt
X o= (T, LT = ()l > aly).
Ly L

3. Convergence in probability of imputed hedonic price indices

Although widely employed, the above defined indices have been used as empirical
quantities, without knowing the parameter they are estimating. In particular, their
asymptotic convergence has not been investigated, thus casting doubts on the use of
such indices in official statistic and in macroeconomic analysis. To derive such proper-
ties, the hedonic function f! considered in the hedonic hypothesis must be specified and
an estimation technique accordingly adopted. We consider two case of figure, linear and
linearizable hedonic functions.

In the rest of the paper we will refer to the usual hypothesis of the linear regression model.
These hypothesis include a linear functional form of the data generating process, exo-

geneity of the regressors, linear independence of the regressors, and homoskedasticity of



the error term (See Greene (2011), page 92 for an explicit statement of these hypotheses).

3.1. Imputed hedonic indices with linear or linearizable hedonic functions

The following linear hedonic model
P = (@i, wig) = X/B" = By + Biaiy + o+ Biewipe, i=1,om (31)

is first assumed in each time period. Refer to Table 1 for the computation of imputed
hedonic indices according to this model. The following proposition identifies the theoretic

parameters toward which imputed hedonic price indices converge.

Theorem 3.1. Let (P!, a}), i =1,...,n; be a random sample of n; independent random
variables belonging to period t (t = 1,...,T). We assume that the characteristics’ vector
x are i.i.d. with py = B(x') < 400 Vi. If the usual hypotheses of the linear hedonic

7

model in (3.1) hold in each time period, then

_ . o / t
i) HILY,, HILg’t, and HILSht converge in probability toward Z,’OZU.
5 ) ’ 0

@

t

i) ﬁg’;, }Tﬁ?git, and ﬁﬁ?g’; converge in probability toward Z,"‘tgo.
) k) ? 'Tt

See the Appendix for a proof of the proposition. Since the three approaches are
equivalent under the linear hedonic function assumption, their respective sample price
indices converge toward the same parameter under very general assumptions. This is
particularly important: In the case of linear hedonic functions the hedonic imputation
approach does not worsen the price index problem. Moreover, a simple interpretation
of the population parameter estimated by Laspeyres and Paasche indices is possible: By
identifying the market quality with the mean vector of the populations’ characteristics,
price changes correspond to the re-pricing of the market quality in different time periods.

Although theoretically appealing, the asymptotic results demonstrated in Theorem
3.1 rest on the linearity of the hedonic function. In practice, however, linear hedonic
functions are restricted to specific cases where an economic model implies the use of such
functions. In most cases, the distribution of the error term in the regression model (2.1) is
asymmetric and suffers of heteroskedasticity. To address these problems, a transformation
of the dependent variable is usually performed, and a linear hedonic model assumed. In
particular, the log-linear regression model represents the most used hedonic function in

the literature, since it usually leads to normally distributed error terms. Therefore, we
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Table 2: Hedonic price indices with linearizable hedonic functions

further investigate the asymptotic convergence of imputed hedonic price indices in the
case of linearizable hedonic functions. We consider the following hedonic model in each
time period t:

9P =fi(x)+e=x/B"+€,i=1.n, (3.2)

where ¢ is a transformation of the dependent variable that is a priori known. For sake of
simplicity we assume the same transformation ¢ in all time periods. We assume that the
transformed model satisfies the usual assumptions of the linear regression model. The
error terms €!, in particular, are assumed to be homoskedastic.

Let h = ¢! denote the inverse transformation. Table 2 shows Laspeyres, Paasche,
and Fisher imputed hedonic indices in the case of linearizable hedonic functions. The
formulas contained in Table 2 use biased predictions in the original scale. As we will
see in Subsection 3.2, obtaining asymptotic results for the formulas of Table 2 when
making unbiased predictions is straightforward in the standard case of log-linear models
with normally distributed errors. However, without distributional assumptions on the
error terms computations are considerably more complicate and are beyond the aim of
the present paper. Moreover, many of the hedonic price indices published by statistics
agencies use naive (i.e. biased) predictions when computing hedonic price indices in the
original scale. The results of the present section may thus be useful to interpret hedonic
price indices actually employed by statistics agencies and as a starting point for the

asymptotic analysis with unbiased predictions.

Theorem 3.2. Let (P!, a), i =1,...,n; be a random sample of n, independent random
variables belonging to period t (t = 1,...,T). We assume that the characteristics’ vector
a are i.i.d. with py = B(x') < 400 Vt. If the usual hypotheses of the linear hedonic

7

model (3.2) hold in each time period and h € C*, then
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where V) denotes the I-th derivative of h.

See the Appendix for a proof of the theorem for Laspeyres indices. The proof for
Paashe indices is similar.
Theorems 3.2 is a generalization of theorem 3.1: When the identity transformation
g(x) = x if performed, we obtain the same population index formulas as in the linear
case. When the transformation is different from the identity, however, the linearization
of the hedonic model comes at a price: In contrast to the results obtained for linear
hedonic functions, the different imputation approaches are neither equals nor asymp-
totically equivalents. Moreover, additional assumptions on the central moments of the
transformed variable are needed to guarantee the convergence in probability of single
imputed indices. Interestingly, characteristic hedonic price indices don’t need additional
hypothesis to converge in probability under model (3.2).
In the case of characteristic imputation, the quality is still identified with the mean vector
of the characteristic in a given time period, and indices estimates the ratio of the repricing
(in the original scale) of such a vector in another time period. On the other hand, single
imputed hedonic indices also take into account higher moments to define the quality.
Attentive readers might have noted that Theorem 3.2 does not state any result concerning
double imputed hedonic price indices. In fact, asymptotic convergence of double imputed
indices could not have been established in the case of linearizable hedonic functions due
to the predictions’ dependence. Let us consider Laspeyres indices. Following an approach
similar to the proof of Theorem 3.2, we have
plin,, 0 & 0, h(xV8)

plim ﬁI\Lgft =

. 1 no or A0 .
no,nL—>+00 plim,, e D i h(x}'3%)
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Unfortunately, whereas the convergence of the numerator can easily be assessed using the
weak law of large numbers, the denominator’s convergence is more difficult to determine.
This is primarily due to the stochastic dependence of the xV BO. Therefore, usual weak
laws of large numbers cannot be used. Moreover, as demonstrated in Property 3 in the
Appendix, the sufficient conditions for convergence in probability implied by Chebychev’s
inequality are not satisfied: The variance of the denominator will in general not tend to
zero (results obtained in Proposition 3 thus show that even a second order approximation
similar to the one performed in the proof of Theorem 3.2 is not possible). This seems
to be of primary importance if double imputed hedonic indices are used as indicators of
the general price level in econometric analyses of the market: Using a random variable
that might not estimate a theoretic price change for a fixed quality may lead to erroneous

conclusions.

3.2. Imputed hedonic indices and log-linear hedonic models

In the hedonic literature, the log-linear model has established itself as the reference

model. We thus consider the regression model
In(P) =x'B" +¢€, i=1,..n,:. (3.3)

Since prices are usually skewed to the right, a log transformation usually leads to sym-
metrically distributed prices. The following Corollary shows the relation between single

imputed and characteristic price indices when log-linear hedonic function are assumed:

Corollary 3.1. Let (P!, a), i =1,...,n; be a random sample of n; independent random
variables belonging to period t (t = 1,...,T). We assume that the characteristics’ vector @
are i.i.d. with py = E(a') < 400 Vt. If the usual hypotheses of the linear hedonic model
(3.3) hold in each time period, then

ul /3t
; st ch ; — >iZ0 301716
i) HILY, = LRy HILS, with LR, :

7
5o #2030 4 O
1=0 T

l
' oo Hatigtyct
ii) HIPg, = PRy, HIPS, with PRy, — =01

‘umt/BO

Z?io !
where LRy and PRy, are defined as the Laspeyres and Paashe ratio, respectively.

Single imputed Laspeyres and Paasche hedonic indices thus converge toward a char-

acteristic hedonic index of the same type times a factor under model (3.3). This factor

10



may be interpreted as price variation measured by single imputed indices net of the price
variation accounted by characteristic indices. To better understand its role, formulas
of Corollary 3.1 with second order terms only (see Property 2 in the Appendix for the

computation of the second central moment):

2 tlzx t 2 tlzxt t 2t

LRQt ~ —E//B 3/6 and PR()t ~ i IB o7 16 +00-€
T2+ B7EwB + 0% ’ 248 5P

2

The matrices ¥xo and Yy« are positive-semidefinite, and the variances 0% and 0% are

positive. Let us consider a simple case of figure in which only physical characteristic
of the goods have been considered. In this case, characteristics’ shadow prices 3° and
B" are expected to be positive in all time periods. Moreover, due both to production
constraints and consumer preferences, we usually observe strongly positively correlated
physical characteristics, such that the off-diagonal elements of the matrices Y40 and Y ¢
are all greater than zero. Therefore, factors LRy, and PRy, are expected to be positive
in all time periods.

If shadow prices of one of more characteristics decrease 8" = 8%+c with ¢ = (cy, ..., ck), ¢;
0, j =1,..., K, the multiplying factor for Laspeyres indices will be smaller than 1. In this
case of figure, Laspeyres single imputed indices amplify the price drop as measured by
Laspeyres characteristic indices (LR < 1). On the other hand, if shadow prices tend to
be higher in the period under review 8' = 8°4-c with ¢ = (cy, ..., ck ), c;>0,7=1,.. K,
the Paashe factor amplifies the price increase as measured by Paashe characteristic indices
(PRy: > 1). In general, if shadow prices B', t =1,...,T are approximatively constant
through time, we expect to have LRy, < 1 and PRy; > 1 in every time period.

This systematic relationship is particularly relevant when cross-country comparisons of
the general price level are effectuated using different quality-adjusted price indices (for
example, Laspeyres single imputed and characteristic). For example, a country whose
prices are measured with a single imputed approach might display a greater volatility
with respect to the country whose price are measured with the characteristic approach
(for example, see the difference already present in the same market for Laspeyres and
Paashe single imputed and characteristic indices in the left side of Figure 2). This greater
volatility, however, is only due to a different parameter being estimated, and not to any
structural difference between the two markets.

The following Lemmas show that single imputed indices are finite when transformed

prices and shadow prices follow a normal distribution.

11



Lemma 3.1. Let us consider a log-linear hedonic function with inverse transformation
h(z) = e®. If both the transformed prices @'3" + € and the shadow prices =3 (resp.
/B + et and 2'B°) are normally distributed, then Laspeyres (resp. Paashe) single im-

puted hedonic price index are finite.

See the Appendix for a proof of the lemma in the case of Laspeyres indices. We
now turn to the convergence of imputed price indices when unbiased prediction in the
original scale are performed. Since the hedonic model is log-linear and we assume normal
distributed errors, we simply add the usual bias correction term %((ft)Q to the predictions
of the formulas contained in Table 2 (see Hill (2013)) before retransforming in the original
scale. It is worth noting that to the author’s knowledge no study has been conducted to

evaluate the magnitude of this bias correction on imputed hedonic price indices.

Lemma 3.2. Let (P!, ), i = 1,...,n be a random sample of n, independent random
variables belonging to period t (t = 1,...,T). We assume that the characteristics’ vector
o are i.i.d. with py = B(x') < 400 Vi. If the usual hypotheses of the linear hedonic

(]

model (3.3) hold in each time period and € ~ N(0, (o%)?) Vt, then

i) If the l-th central moments ,ulmo,ﬁmre() and ,ulmo,ﬁt exist VI, then

l

/ t, 1, t\2 14

p gB +5(0") =) /gt
e >iZo T

) — .
plim HIL{% = :
0t w' B0 018010
nQ,nt—r+00 ela0 2 %
/ t, 1 t\2
—_— n B +5(c")
- : xch __ e
i) plim HILGY = < 5T s,
no,nt—+0o e ol 2

ii1) If the l-th central moments ,ulmo,ﬁmre() and ,ulmo,ﬁt exist VI, then
l

/gt o
KB %) zt/ Bt et
e T Zl:o 11

) —
plim HIP{ = —.
0, w 50+l(0.0)2 n t/,30
no,meeo e ? Y20

/gt 1 t\2
e”ztﬂ +j(¢7)

u/tﬁo+%(00)2 )
e =

iv)  plim I?I\ngth =

no,nt——+00

where ﬁl\Laff, ﬁg?,[ﬁé? and Ijﬁ’gfth denote the sample imputed hedonic indices

based on unbiased prediction in the original scale.

See the Appendix for a proof of the lemma in the case of Laspeyres indices.
As shown in the above formula, we expect a much larger impact of bias correction on
single imputed indices than on characteristic indices. In fact, if the volatility ! remains
constant through time, bias correction does not affect population characteristic indices.

We also have the counterpart of Corollary 3.1:

12



Lemma 3.3. Let (P!, ), i = 1,...,n; be a random sample of n; independent random
variables belonging to period t (t = 1,...,T). We assume that the characteristics’ vector @
are i.i.d. with py = E(a') < 400 Vt. If the usual hypotheses of the linear hedonic model
in (3.3) hold in each time period of the linear hedonic model in (3.3), then

l
H 0y gt
02 % (zu)ﬁ

i) HILy] = LRy HIL; with LRj, = e3¢

T .
H20y/30 40
V) BY+e
N

i
. *S1 * sch 7 * —1(ot)2 >iZo M(act)/l#
i) HIPy = PR, HIPY" with PR}, = e 2\7) == 1L
) ) ) ) Zoo “(wt)/ﬁo

=0 i

We close this section with two remarks. First, as sample indices’ formulas Table 1 and
2 illustrate, there is not only a strong non-linearity in the sample indices used to estimate
population indices, but also an apparent stochastic dependence between the numerator
and the denominator in their formulas. For these reasons, it seems unrealistic to derive
the asymptotic distribution of such indices with standard approaches even in the case
of simple linear hedonic functions, therefore suggesting the use of resampling methods
to determine their distribution. See Brachinger et al. (2012) for the construction of
confidence intervals of elementary hedonic price indices.
Second, the convergence results obtained throughout this and the previous sections rely on
the usual hypothesis of the linear regression model. However, as long as the estimation
technique implies a convergence of the shadow prices ff, ..., B toward the 8, ..., 3%
defining the theoretical linear data generating process, the convergence results remain
valid. This is particularly importance, since it allows the use of other regression models/
regression techniques than the usual one. Ridge regression, for example, could be used
to estimate penalized shadow prices in each time period, and subsequently compute
sample hedonic indices that converge according to the formulae established in the previous

sections.

3.3. Convergence in probability of composite indices

The convergence in probability of the Laspeyres and Paasche hedonic price indices

can then be used to establish the convergence in probability of the Fisher indices.

Corollary 1. The Fisher hedonic price indices ]—Tﬁfgft, ﬁ?gft, and }ﬁght converge
in probability toward the geometric average of population Laspeyres and Paashe hedonic

price indices.

13



Based on the Fisher formulae contained in Table 1 and 2, the proof trivially follows

from the continuous mapping theorem. Importantly, Corollary 1 can easily be generalized
to show that convergence results of elementary (i.e. unweighted) price indices can easily
be exploited to derive asymptotic results of composite ones. As long as the composite
price index formula satisfies the smoothness condition, the continuous mapping theorem
allows us to use the results obtained for elementary price indices to derive those of the
composite ones.
An interesting case is represented by composite market indices that are given as a linear
combination of elementary sub-indices. Let us consider, for example, a composite hedonic
index HC), aiming to describe price changes of a market possessing .S distinct segments.
The usual approach is to compute the sample ITIE’O’t as a convex combination of segment
(elementary) price indices HI 0.t

5
ITIE’M = clff_f\fo,tl + ...+ CSITI\IO’tS, Zci =1, ¢ >0Vi,

i=1
where H1 ot denote either hedonic Laspeyres, Paashe, or Fisher price indices computed
using a certain imputation method. Since we have demonstrated the convergence in
probability of these indices, we can use the convergence preservation to obtain
plim HCo, = c'Hlp,' + ...+ S HIy,5.
no,n¢—>+00
This results remains valid even if instead of predetermined weights ¢/, j = 1,...,S we
consider estimated relative expenditure weight ¢; = 327 P// 3" P, where P? denotes
prices observed in segment j. In this case, we simply have to consider the convergence in

probability of weights in the computations.

4. Simulation study

In this section we perform a simulation study to further investigate the convergence
properties established in Section 3. The simulated data will serve two purposes. The first
purpose is the computation of Laspeyres, Paashe, and Fisher population hedonic indices
for single imputed and characteristic approaches. The second purpose is to investigate the
empirical convergence in probability of sample indices toward the population index they
estimate. In particular, we analyse the impact of bias corrected predictions on indices

ratios.
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The simulated data are based on the hedonic housing data of the city of Ames (lowa)
presented by De Cock (2011), which are freely available on the data archives of the Journal
of Statistics Education.

As explained in the data description file, the data set includes information from the Ames
Assessor’s Office used in computing assessed values for individual residential properties
sold in Ames from 2006 to 2010 (monthly). For sake of simplicity, only 5 out of the 80
variables contained in the data set have been considered in the present simulation: Sale
price (P, in USD), lot area (Lot, in square feet), total basement surface (Bas, in square
feet), above ground living area (Liv, in square feet), size of garage (Gar, in square feet).
Moreover, to base our simulation on more realistic estimates, the data has been grouped

in 18 quarters, from the first quarter 2006 to the second quarter 2010.

4.1. Simulated data

In this section we describe the procedure employed to simulate the log-linear regression
model presented in (3.3). The main objective is to simulate house prices and character-
istics that are realistic according to the observed housing data of the city of Ames. The

following procedure has thus been adopted in each quarter t =1, ..., 18:

1. Estimation of the log-linear hedonic model using the observed data contained in

the Ames data set:
log(P}) =~ + viLot; + v5Bas; + y5Liv; + yfGarf + ¢, i =1,....n,.

In particular, we estimate the variance o2 of the error term.

2. Simulation of 3000 vectors of characteristic ' using a truncated multivariate nor-

t* tx
P i3
min’ “maz

mal distribution: & ~ N (e, Yt | [2 ]), where e and Yze have been
set equal to robust estimates of the characteristics’ empirical mean and covariance

. and x¥_  of the density

min max

matrix, respectively. The lower and upper bounds a
have been chosen equal to the minimum and maximum values observed in each time
period.

3. Simulation of log-prices log(p")* are obtained by predicting the values of the sim-
ulated characteristics according to the hedonic models estimated at point 1 and

adding a simulated random error:
log(P})" = 4o + Hiwi + %5235 + 5755 + Fiei + €7, i =1,...,3000,
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Figure 1: Convergence in probability of imputed indices

where ei* follows a normal distribution with mean equal to zero and variance

2 __~2
Ot+=0 .

The use of a truncated normal distribution based on robust estimates of the mean vector
and covariance matrix, avoids to create vectors with implausible characteristic values
and/or characteristic combinations. Importantly, the estimates 6621, ...,65218 allow us to
simulate error terms that take into account volatility changes over time. Therefore,
although simulated, the above procedure provides plausible data on which apply the

results of the theoretical section.

4.2. Convergence in probability and population indices

Throughout this section, the base period has been set equal to the first quarter ¢t = 1.
To empirically analyse the convergence in probability of imputed hedonic indices, 300
samples have been drawn for a given sample size. The sample size n has then been
progressively increased from 500 to 3000 observations by steps of 500 units. Using the
same approach illustrated by Lafaye de Micheaux and Liquet (2009), we estimate the
probabilities Pb, = P(| HI, — HI ||> ¢), ¢ > 0, where HI,, = (HI,..., HIT) and
HI = (HI',..., HIT) denote the vectors of sample and population hedonic indices for
the T' = 18 quarters, respectively.
Figure 1 shows estimated probabilities Pb,, (n = 500k, k = 1, ..., 6) of Laspeyres, Paashe,
and Fisher hedonic price indices for ¢ = 5%. The chosen threshold is extremely low, since
on average a sample price index must not be distant more than 0.05/18 = 0.28% in a given

quarter. For each index, single imputed and characteristic approaches are considered. All
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Quarter LR,; LR}, PRy, PR}, FR,, FR,

1 097 1.00 1.03 1.01 1.00 1.00
2 096 099 101 099 099 0.99
3 096 099 1.01 099 099 0.99
4 096 099 1.01 098 099 0.98
5 096 099 1.00 098 098 0.99
6 095 098 1.00 099 098 0.98
7 096 099 1.02 099 099 0.99
8 096 098 1.02 099 099 0.99
9 099 101 1.05 1.01 102 1.01
10 096 098 1.01 099 098 0.99
11 097 099 101 1.00 099 1.00
12 096 098 1.01 099 098 0.99
13 098 1.01 1.02 1.01 1.00 1.01
14 096 099 1.01 098 098 0.99
15 096 098 1.01 099 099 0.99
16 097 1.00 1.02 099 1.00 1.00
17 096 099 1.01 099 099 0.99
18 097 1.00 103 1.00 1.00 1.00

Table 3: Hedonic imputed indices ratios

the indices display roughly similar convergence rates toward their population parameter,
although Laspeyres indices seem to perform slightly worse than Paashe indices. Interest-
ingly, Laspeyres indices showed a much slower convergence rate with respect to Paashe
indices for some simulated data sets. This is probably due to a higher sensitivity of
Laspeyres indices to extreme values. This issue, however, is not treated in the present
paper.

Population indices of Laspeyres, Paashe, and Fisher hedonic price indices are shown
in Figure 2. The left and right side of the Figure contain graphics of population indices
resulting from biased and unbiased predicted prices in the original scale, respectively.
Each graphic illustrates a specific population index for single imputation and character-

istic approaches. Let us consider population indices based on biased predictions first.
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As expected, Laspeyres ratios are all smaller than 1, whereas Paashe ratios are always
greater than 1 (see Table 3). Fisher indices show approximatively the same value for both
the single imputed and the characteristic approach. Nevertheless, characteristic indices
are in general smoother than their single imputed counterpart, making the identification
of potential cycles/trends difficult. This potential drawback, however, seems not to be
present when unbiased predictions in the original scale are performed. In fact, in this
case the bias adjustment lowers the distance between single imputed and characteristic
indices, making the Laspeyres and Paashe ratios almost equal to 1 (see Table 3). Interest-
ingly, the bias adjustment seems not to impact Fisher price indices, which posses ratios
almost equal to 1 even before the bias adjustment. We thus reach the following important
conclusion. Bias adjustment is of utmost important not only from a micro-econometric
point of view, but also from a macro-econometric perspective: The price index problem
caused by different imputation approaches seem to vanish when unbiased predicted prices

are used.

5. Conclusions

Several important theoretical results have been obtained in the present paper. First,
the asymptotic convergence of single imputed, double imputed, and characteristics he-
donic price indices has been established in the case of goods possessing a linear hedonic
function. In this case the price index problem is not worsened by imputation methods,
alleviating an uncomfortable situation price statisticians have to face. Convergence re-
sults hold under mild assumptions, mainly dictated by the econometric models used to
estimate the hedonic functions in different time periods.

Second, the asymptotic convergence of hedonic indices with linearizable hedonic functions
has been established. The parameters estimated by single-imputed and characteristic he-
donic price indices have been identified, and the double-imputed hedonic approach was
found inappropriate to measure constant-quality price changes due to its possible lack
of convergence in probability. The obtained results show how, in general, the functional
form of the econometric model used to estimate the hedonic functions affects the param-
eter estimated by hedonic price indices. Depending on the hedonic approach, adopting
a non-linear functional form modifies the type of quality adjustment: Single imputed

hedonic indices also take the covariance structure of the regressors into account, whereas

19



characteristic hedonic indices mainly identify the quality of the characteristic with their
mean vector.

Third, under the assumption of log-linear hedonic functions, we established the analytical
relationship between single-imputed and characteristic hedonic indices, highlighting the
potential pitfalls this relationship might cause in econometric analyses. Finally, explicit
formulas taking into account bias adjustment of predicted prices for single and character-
istic imputed indices were given in the case of log-linear hedonic functions with normal
distributed errors.

These theoretical findings are complemented with a simulation study. In particular, the
convergence in probability of hedonic indices in the case of a log-linear hedonic model
with normal distributed errors has been empirically analysed. Two main results are ob-
tained with our simulation study. First, the convergence speed has been found similar
for all the indices, although Laspeyres indices seem to be more affected by extreme val-
ues than Paashe indices. Second, adopting a bias correction for predicted prices reduces
the distance between population indices estimated by single imputed and characteristic

hedonic indices, virtually eliminating the price index problem.
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Appendix A. Asymptotic properties of hedonic models

The following properties hold under the classical linear model hypothesis and the
hypothesis assumed in Proposition 3.1 and 3.2. The employed terminology is borrowed
from DasGupta (2011).

Proof of Theorem 3.1. We start by demonstrating that the three approaches are identical
when linear hedonic functions are considered, i.e. ﬁﬁ/git = ﬁI\Lgit = ﬁ]\Lght, and
HID Py, =HI Pf)ht HI Pg’”ﬁt This follows trivially from the fact that the average vector

of characteristics always belong to the regression line:

—_— . no 07 3t 1 XO/ t 507 At — o 0/ t — .
HILY, = 2= —L Xi ? = o 2ic S f = ’_“0/? = HIL§, = an 0/5 = HIL,.
> i b DA AU < c > ity %7 8°
and
o n Pt A pt <t/ At o ne 3t o
HIPy, = 2amn bl _ il X8 g S xS — HIPY,.

Z?t . Xt’ﬁo r}t Zz . thlgo it',@O ) Z?t . Xt/ﬁo
Therefore, we demonstrate the convergence in probability for only one type of imputation
method. Due to its simplicity, we restrict ourself to the characteristic approach. For

Laspeyres indices we simply have

Ot - -

no,nt—+00 (plimy,, 1 oo X°)' (Plimy,, 4 o 3°) pooB

For Paasche indices we have:

phm H/'I\PCh _ (phmnt—H-OO it)/(phmnt—%‘roo Bt) _ I"l';(t/ﬁt
0, — -

s . _ . N 0"
n0,Mt 400 (phmnt—H—oo Xt),<phmno—>+oo /30) l’l’;tﬁ
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Property 1. Let h denote a smooth function. In any time period t and base period 0,

we have
i S k(@B _ 0 haB)
rig 3400 Zno PO Zno PO :
Proof. We first demonstrate that

plim 2?110 Ol?t = Z?(:,}()XO/?t.

nitoo Doy B 2 B
We consider first the convergence in probability of a single term x? B as ny — +00. The
probability distribution of the K-dimensional random variable (x{) does not depend on
n;. It can therefore be considered as converging in probability toward itself as n; — +o0o:

0

400 Xi = XV, Under the classical hypothesis of the linear regression model esti-

plim
mated in period ¢, we have that plim,,, ,, Bt = (B!. The multi-dimensional convergence
x”3 = x¥3". Using again the convergence preser-

preservation implies that plim,, .,

vation, we obtain (since the sum does not depend on n;)

no
phmnt—H—oo Z XO/ﬁt Z phmnt—H—oo <X?//6t) = Z X?I/Bt'
i=1
Since the denominator ), PP does not depend on n;, we also have that plim,, _,, > P =
>or0, PP Thus implying

phm 2?01 XO/IBt _ phmnt%Jroo ZZ lXO/IBt _ Z:lol XO/Bt.
n¢—r+00 Zno PO phmnt—>+oo Zno PO Zno PO

The continuous mapping theorem allow us to obtain the wanted result. Note: The propo-

sition remains valid if the denominator is replaced with y 7 x¥ ,80 since it represents a

random variable not depending on n;. O

Proof of Theorem 3.2. The convergence in probability of ﬁgft is first established. Us-

ing Property 1 we have
S heB) S hE)

plim HIL L0 , = plim

no - 1 ™o
ng,nt—+00 nQo,nt—>+0o0 Z PO no—r+00 70 Z PO
: no 0r 3t
. phmng—)-‘,—oo no h( ﬂ )
= m 5
phmno_>+OO e 2ict P,

Let us first consider the convergence of the numerator. We perform a Taylor series

expansion in p,3":

_Zh xVB") = 1 Zzh xoﬁ Olﬂt—u;oﬁt)l

i=1 [=0

23



Since the x}' 8" — p! 3" are independent and identically distributed random variables and
we assumed that their central moments of order [ existed VI, we have that (Khinchine’s
weak law of large numbers)

oo h(l) /0 t no
plim —Zh ) = 3 ) plim Y ) -

nog—-+4oo No

For the denominator we perform a Taylor series expansion in p!, 8t

1 no o0 l)
LS L - LSS
0 4= i=1 1=0

Since the xﬁ’ B+ € — uxt,B are independent and identically distributed random vari-
ables and we assumed that their central moments of order [ existed VI, we have that

(Khinchine’s weak law of large numbers)

OB 1
plim — > PP =" =2 plim — > (k)8 + € — pe ) =
no—+oo T “ Z lz_; l! s 00 Tt 2(( ) © )
- h ( xt6>
= l' lj’xt/ﬁt-‘rEt
1=0
Therefore,

h(l) I" oﬂt) 1
P =01 HMxogt

oo RO (Nxo 50) 1
1=0 I Hxorgogeo

Note: Although the above Taylor series expansion are not strictly necessary to establish

plim I?I\Lf)ft =

ng,nt—+0o

a convergence result, they are useful to investigate the the relationship between single
imputed and characteristic population indices.

For ]71\118@, we simply have

o M08
plim b = N = :
nomesioo 0 p ((phmmH Lo X0 (plim, o ,60)) I B)

O

Proof of Corollary 3.1. We demonstrate point i). The proof of point ii) is similar. Using
the fact that h)(x) = e VI, we simply have

h(l) I-" olat) .“ l
l t <0/ 3t w
A P e e 11 g et 3 : 2o 1
si B =0 I =0 "1 ch
HILO,t = R ( BO) 30 = 1 HILO,t'
oo Nxo ,U,l e'”xO ! 0/ 3040 oo Hy0150 .0
1=0 u x¥B0+€? Zz =0~ 1 1=0 u
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Proof of Lemma 3.1. As demonstrated in Theorem 3.2, we have that

hO (p! oY) gt !
l w08 oo Hyorgt
. /\si Zl =0 ' ’U/X()/ﬁt (A xO l:O —l|
plim HILY, = 0 - = l )
no,Nt—=+00 ’ © h (onﬁ ) l ! OBO o0 Mx0/30+60
1=0 Il Hxorgopeo €7 =0~ o

We demonstrate the convergence of the series in the denominator and numerator. Let
oxt gt denote the standard deviation of the transformed prices. Since #l(xt/[;z 4ot COT-
responds to the [-th central moment of a normally distributed variable, we have that
,uﬁ(t,ﬁt e = (1= 1)!!05{,5,@ Lo if [ is even and 0 otherwise, where (I —1)!! denotes the double

factorial of [ — 1. We thus have

i [1’5(0/50_;,_50 . Z (l - 1) XO/ﬁO_,_ 0 . i (2k - 1>!!0-)2(]§/ﬁ0+60 o
o Il B (2K)! B

=0 ’ I even k=1
0o (2’“)!0',2(18/&04_(0 00 0_2k
7 o 0 B
(2k)! 12k
k=1 k=1
k 0 2 k
_ Z xo’/@0+60 1 < Z (Uxo’ﬁo—l-eo) _ 60i0150+50
2k k! '
k=1

Since the series is monotonic and bounded, it is convergent.

For the series in the numerator we similarly have

i ﬂfi(O/Bt . Z (l - 1) 0 x0/ 3t Z (2k - 1) 0_ O/ﬂt
T Il B (2k)! -
=0 | even k=1
0o (2k)!ﬂi'8,ﬁt o) 2k o] 2

2
< § xOlﬁt — eaxo’ﬁt‘

Since the series is monotonic and bounded, it is convergent. The ratio of two convergent

_ Z —Qkk! _ UXOIBt _ Z (O-XO/ﬂt)kl <
(k) &= kl2k k! 2k

series is convergent. O

Proof of Lemma 3.2. The proof is similar to the proof of theorem 3.2. The convergence

in probability of ﬁI\LSft is first established:

— S0 X Bl (6)?
plim HIL{% = plim L 5 =
ng,Nt—r+00 ’ nQ,Nt—>+00 Z P
Z’V}O exi "plim,,, 4 Bt+%plimnt_>+oo(é't)2
= phm =1 70 0 =
nog—-+4o0o Z P
IR i i
0 Do e

= plim T —w oo
no—++00 i=1 Li
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_ KB+ ()
ng,nt——+00 ’ ng,nt——+oo eX B +§(0 )
. ePliMng 4 o0 %V Bt+1(51)?
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Proof of Lemma 3.3. We only demonstrate point i). The proof of point ii) is similar.

Using the fact that h()(z) = e* VI, we simply have

l l
[e'e] /‘I‘XOIﬁt 00 “(xo>/5t

. € x0
HILSZt — e%(ot)2 l:()l ! — e%(ao)2 =0 : i HILSCth
7 Bu;oﬂo oo Hx0180,0 oo Hx01g04.0 '
=0 [ =0 [l

Property 2. If in time period t a linear hedonic function is assumed, then

i) plim L3 Pf=p!,B

ng——+00

ii) plim o370, 2B = pui, B

ng——+oo

Proof.

i) Due to the linear model hypotheses, we have that E(el|x!) = 0. A stronger form
of exogeneity is not necessary, since the characteristics vectors xt, i = 1,....,m4
are assumed to be independent in a given time period. Using the law of iterated

expectations, we have
E(P) = Ext(E(P[x)) = Ex (x{8") = ptie8" < +00 Vi

According to Khinchine’s weak law of large numbers, the proof is complete.
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ii) Due to the fact that the estimated prices P! = x”B! are not independent, we

7

use the Chebyshev’s inequality to demonstrate the convergence in probability. Let

b= (e}, ...,€,,)" denote the vector of the random errors. We start by computing

€
the mean of the considered random variable. Using the exogeneity hypothesis, we
have E(e'|X") = 0. We condition on the whole characteristics matrix X’ and use

the law of iterated expectations.

E(x{B") = Ex: (E((x}) 5t)!Xt)

~ Ex: (B (! xt> (X)) (X)) X))
By (B <x (X (X)) (XYl X)) =
Ey ((x7)'8") = pieB' Vi.

We still have to show that lim V(n Yot xy B') = 0. We start by examining the
ng——+o00

variance matrix of the vector P! := (P}, ..., P! ). Let H' := X*(X"X")~'X" denote

the hat matrix at time ¢. Using the variance decomposition we have

V(P') = E(V(P|X")) + V(E(P'X")) = E(V(H'P'[X")) + V(X'8') =
= E(H'V(P'X)H") + V(X'8") = ¢*E(H) + V(X'8)

t

e ¥ 3" are also

Since the random variables x4, ..., x! are independent, the x3",.

7nt

independent. The off-diagonal elements of V (X'3") are thus equal to zero. On the
contrary, its diagonal elements are equal to V(x¥'8") = B"Y,.B". We thus have

V(P! = BYS 8 + 0’E(e/H'e;),

where e; = (0...010...0)" denotes a n;-dimensional column vector with the i-th com-

ponent equal to 1 and zero otherwise. The covariances are given by
Cov(F}, P}) = 0’E(e/H'e;).

Let Tr denote the trace operator and U a n; X n; matrix with components equal to

1. We have

V(niti_?pf) vat +—Zcov (P!, P =

iy

5“2 OB+ = 2 2021@ (e/H'e;) + —220—21@ (e/H'e;) =
it i#]
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where we have used the fact that, since the column vectors of U are equal to
(1,...,1), their projection in the vector space generated by X* correspond to the

identity function (the linear model contains a constant term).

Property 3. We assume a linearizable hedonic function in period t.

) plim 5 (@8 + e — B = B+

n¢—r—+00
ii) The mean n% Z?;l((wf)’ﬁt — p, 8% does not satisfy Chebychev’s sufficient condi-

tions for convergence in probability.
Proof.

i) The mean the considered sequence of random variables is equal to E((x¥3" + € —
p.B)?) = V(P = B"SxB" + 02V i (see Property 2). Since the (x/3! + €t —
u;tﬁt)z = 1,...,n; are independent and identically distributed, this completes

the proof (Khinchine’s weak law of large numbers).

ii) Since the (x3' — w3 are neither identically distributed, nor independent, we

use the Chebyshev’s inequality to prove the convergence in probability. The mean
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is equal to

ng

E(ﬂi z;<xt113t xt:B ZE Xt/ﬁt ;tﬁt)Q) _
- Z V) -
— nl i (,Bt/thﬁt + U2E(e§Htei)> —

= By, 3 + ETr HtZee

i=1
— "5+ TE(TH(HY) =
(K +1)0?

Uz

— 8", B as ny — o0.

= Btzxt/@t +

The variance is given by

ne

1 1
V(nt Zl(xt’/gt ;tﬂt)Z) _ E((n_t 3 (thﬁt o “Xtﬁ ) ) )
(ﬁtlgxtﬁt 4 (K _;tl)o- )2 —

LS BB~ B )

ity
- (Btlzxt/ﬁt>2 - Q(ﬂtlzxtﬁtW)—{_
(K+1)o,
<T>2 -

Z/L tl,@t + = Z t/ﬁt (ﬁtlz /6 )

iz 175]
2<,Bt/zxtﬁt (K + 1) ) _ (

U7 Ty

where ,u vt and 12 o ﬁt represent the fourth central moment and the higher order
covariance of the variables of x¥ Bt, 1 =1,...,ns. Clearly, the last two terms of the
above expression tend to zero when n; goes to infinity. Thus, in order to obtain a
zero variance when n; goes to infinity, we should have that

2 Z,U/ Y3t + = 2 ZM t/ﬁt ﬁtlzxtﬁ )
i#£] i#£]
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Since in general this condition is not satisfied, the variance of the sample second

central moment will not converge toward zero.
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