Supplementary materials for the paper “Nonparametric
Eigenvalue-Regularized Precision or Covariance Matrix Estimator”-
Simulation results and the proof of Theorem [I, Theorem [B, Lemma

[, Theorem [Bl and Theorem [6] in the paper.

1 Simulation Experiments

We demonstrate and compare the performance of our estimator to other state-of-
the-art estimators under various settings. Hereafter, we abbreviate our method
as NERCOME for estimating 3, or €2,, which comes from the name Non-
parametric Eigenvalue-Regularized COvariance Matrix Estimator. The method
proposed in |Abadir et all (2014) is abbreviated as CRC (Condition number
Regularized Covariance estimator), while the nonlinear shrinkage method in
Ledoit and Wolf (2012) is abbreviated as NONLIN. We call the grand aver-
age estimator 15% in [Abadir et all ([ZDM) the CRC grand average. Finally,
the method in ) is abbreviated as POET. We also include in
some cases the graphical LASSO, abbreviated as GLASSO, as in

M), and the adaptive SCAD thresholding, abbreviated as SCAD, which is a
special case of POET without any factors. We create five different profiles:

(I) Independent data y; ~ N(0,3,), where 3, = QDQ". The orthogonal
matrix Q is randomly generated each time, and D is diagonal with 40%
of values being 3, and 60% being 7.

(IT) Same as (I), except that X, =1T,.

(IIT) The data is from a factor model y; = Ax; + €;, where A has size p x 3,
with elements in A generated independently from N (0,22). The x;’s are
independently generated from N (0, 2I,.), while the €,;’s are independently
generated from the standardized t¢3 distribution.

(IV) (Sparse covariance matrix). The covariance matrix 3, is sparse and is
randomly generated each time, with 20% non-zeros, and independent data
Yt ~ ]\7(07 Ep)

(V) Same as (IV), except that y; = X,z; where the z,’s are independent
containing independent standardized t; random variables.

Profiles (I), (II), (IV) and (V) are for non-factor model, with profile (II) being
excluded in Theorem [ since the loss of an ideal estimator is exactly 0 when
¥, = 0%I,. Profile (II) is for factor model. Profiles (III) and (V) test the
robustness of our method to fat-tailed distributions, since assumption (F1) rules
out an error distribution of ¢3, while assumption (A1) rules out ¢5 being the
distribution of the independent random variables.

Recall that NONLIN is proved to be asymptotically optimal with respect to
the Frobenius and the inverse Stein’s loss functions when the data is not from

a factor model (see the results in [Ledoit and Wolf (2013a) for more details).




Hence we expect that NERCOME should be close to NONLIN in performance
for the non-factor model profiles, but better than NONLIN for profile (III), since
NERCOME is proved to be asymptotically optimal in Theorem [3 for data from
a factor model.

We simulate 500 times from the seven profiles under all different combina-
tions of n = 200,400,800 and p = 50,100, 200,500, and calculate the mean
efficiency loss defined in ([£2]) with respect to the Frobenius loss and the in-
verse Stein’s loss given in [@3) and (ZI0) respectively. For profiles (IV) and
(V), we include 5 more loss functions for comparisons. See Table [Il and the
paragraphs therein for details. For both NERCOME and CRC, we use M = 50
permutations for each split of the data, which gives a good trade-off between
accuracy and computational complexity. We use the 7 different split locations
as in (£8) for NERCOME and CRC. We also demonstrate the performance of
NERCOME using the automatic choice of m by minimizing g(m) defined in
([ET). The CRC grand average estimator defined in (18) of [Abadir et al! (2014)
will also be included for comparison, which takes average over the 4 CRC esti-
mators calculated on the split locations 0.2n,0.4n,0.6n and 0.8n respectively.

In the titles of the subsequent graphs, the inverse Stein’s loss is abbreviated
as the Stein’s loss to save space.

Figure [l shows the mean efficiency loss over 500 simulations for various
methods under profile (I). Clearly, the graphical LASSO and the SCAD adap-
tive thresholding are not performing as good as other methods in terms of the
Frobenius loss function, since the covariance and the precision matrices under
profile (I) are only approximately sparse. The graphical LASSO has the worst
performance, which is to be expected since it concerns with the sparse precision
matrix rather than the covariance matrix estimation. NONLIN is the best in all
scenarios, followed by NERCOME with m chosen automatically by minimizing
#0), and CRC grand average. It is fair to say that NONLIN, NERCOME
and CRC grand average all perform well in absolute terms. Comparing the
performance at different split locations for NERCOME and CRC, we can see
that CRC attains a minimum with a smaller split m, and performs better when
m is not large. The opposite is true for NERCOME, which usually is at the
smallest efficiency loss when m is large. This is consistent with the condition
m/n — 1 for asymptotic efficiency in Theorem Clearly, the choice of m
that minimizes g(m) in [@7) is good, since the resulting mean efficiency loss is
close to the minimum for NERCOME. We can also see that for CRC, averaging
over estimators with split locations from 0.2n to 0.8n, which is the CRC grand
average estimator suggested in [Abadir et all (|2_Q1_4]), may result in suboptimal
performance, since the CRC is usually suboptimal when m is small.

We have omitted the mean efficiency loss with respect to the inverse Stein’s
loss for profile (I), since the graphs are very similar to the Frobenius loss’s
counterparts in Figure [l

Figure 2l shows the actual Frobenius loss and inverse Stein’s loss for various
methods for profile (IT). The efficiency loss in (£2) is always 1 for any imperfect
estimators, since it is easy to see that Siqeal = ¥, = 0?1,. Even for ¥, = 071,
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Figure 1: Mean efficiency loss with respect to the Frobenius loss for profile

(I). SCAD and GLASSO are included only when p < 500 to save computational
time. NERCOME with m automatically chosen is to minimize g(m) in (1)
over the split locations in ([{8). CRC shares the same split locations. Only
NERCOME and CRC are varying over different split locations.

SCAD thresholding and graphical LASSO are not as good as other methods in
terms of both loss functions. This can be explained by the fact that even if all
the off-diagonal elements of the covariance and the precision matrix estimated
from the data are correctly killed off, the diagonal elements are left untouched.
Hence, the errors in the diagonal elements will still stack up in the Frobenius or
the inverse Stein’s loss. On the other hand, CRC, NERCOME and NONLIN are
in principal setting the eigenvalues to be as close to p; X,p; as possible. Under
¥, = O'QIp, pr¥,p; = o2, which is the correct magnitude. The off-diagonal
entries will then be close to 0 since Pdiag(c?,...,0?)PT = P(c?L,)P" = 021,
no matter what orthogonal P we use. Hence, we can see that the advantage of
CRC, NERCOME and NONLIN comes from the fact that the class of estimators
3(D) = PDP" is particularly good when the true covariance matrix is diagonal,
with the same entries on the main diagonal throughout. The actual performance
of CRC, NERCOME and NONLIN are very close in this case.

It is clear that for both NERCOME and CRC, the best split location is
when m is the smallest. This can be seen for NERCOME by noting that, when

e 5 ~
_ 2 _ NP T 212 : P,
¥, =01, ”EW_EPHF = 1 (p1;32p1;i —0°)°. Hence, in order to minimize



Mean Frobenius loss, p =50, n = 200 Mean Frobenius loss, p = 100 , n = 400

- - CRC o

|
— - —NERCOME
o, 15F T T T T T T T T T T T X7 CRCgrand average [] o 1.5F
8 —<— NERCOME, auto. m 8
g —6— NONLIN )
=3 =}
£ 1 —+—SCAD e 1
g — x —GLASSO _ g
w - w
0.5 0.5 >
== e — e e o = = — &
2 40 80 120 160 165 179 40 80 160 240 320 350 370
Split location Split location
Mean Stein’s loss, p = 100, n = 800 Mean Stein’s loss, p = 500 , n = 800
0.5 T T T 1 T T T
04F — = — —X — = = H— — — — M — — = = = e — = 0.8 B
, /
[%] 7/ 1]
B o3t ’ 8 o6t
w 7/ w
£ 4 £ -
£ 0.2 7 L 04r /
7} B 7] -
01 P 02 LT
o) ——— o o e
57 160 320 480 640 729 758 57 160 320 480 640 729 758
Split location Split location
Figure 2:  Mean Frobenius loss (upper row) and inverse Stein’s loss (lower

row) for profile (II). SCAD and GLASSO are absent for p < 500. Refer to the
descriptions of Figure [Il for further details.

the loss, we want ig to be as close to UQIP as possible. It means that no = n—m
should be made as large as possible, which implies that m should be as small
as possible. The automatic selection for NERCOME clearly performs well even
in this case.

For profile (IIT), all the methods perform badly in terms of Frobenius loss
with high efficiency losses, hence the corresponding figure is not shown. This
can be explained by the fact that since the factor model has 3 spiked eigenvalues
of order p, any error in estimating those eigenvalues will be hugely reflected in
the efficiency loss.

On the other hand, Figure [8] shows a huge improvement for CRC and NER-
COME when the inverse Stein’s loss is concerned, while POET performs the
worst and NONLIN stays at around 50% efficiency loss. In one simulation run
for n = p = 200, NONLIN returns a singular covariance matrix, and hence the
inverse Stein’s loss is undefined. This case has to be removed for calculating the
mean of efficiency loss. Note that NONLIN always results in a positive semi-
definite covariance matrix. However, when n = p = 200, it corresponds to ¢ = 1
with exactly 1 zero eigenvalue for the sample covariance matrix. This case is not
covered in Theorem 4 of [Ledoit and Péchd (2011), and the fact that the data
is from a factor model violates the important assumption in [Ledoit and Péché
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Figure 3: Mean efficiency loss with respect to the inverse Stein’s loss for profile
(III). The mean efficiency for NONLIN when n = p = 200 (upper left panel) is
calculated after removing one simulation result with singular covariance matrix.

(IM) and |[Ledoit_and Wolf (2[!1;35]3), that we are able to write y; = E;/ta,
with z; having independent and identically distributed entries. Hence, although
rare in practice, it is not surprising to see a singular covariance matrix estima-
tor for NONLIN. On the other hand, we have proved in Corollary @ that our
estimator is almost surely positive definite even for data from a factor model,
although assumption (F1) is not satisfied here.

CRC grand average performs the best now, since it appears that all the split
locations between 0.2n and 0.8n are indeed giving good performance to CRC and
NERCOME. Part of the reason that POET is not as good as CRC, NERCOME
and NONLIN is related to the fact that 3. = I,, which gives advantages to the
class of estimators 3(D) = PDP", with arguments similar to the explanations
of why SCAD thresholding and graphical LASSO perform worse under profile
(II).

For profiles (IV) and (V), we investigate the performance of various estima-
tors in estimating sparse covariance matrix. NONLIN, NERCOME and CRC
are all rotation-equivariant estimators, and regularize through stabilizing the
eigenvalues. Hence they are not recovering the sparse structure, unlike the
thresholding estimator SCAD. On top of the two original loss functions, we



introduce 5 more to gauge the performance:

Ly, = B =8, L= %) =tx(Z7'8) — logdet(S ') — p,

LiE2)=|=-%

P
) L6(252):Z|)‘i(2_2)|7
i=1

(5 8) = (S + & - 2x128"?

).

L3 is the Frobenius norm on the difference of the inverse covariance matrices;
Ly is the Stein’s loss; Ls is the operator/spectral norm of the difference; Lg is
the nuclear norm of the difference. Finally, L7 is called the Fréchet loss. We
use Ly and Lo for the Frobenius and the inverse Stein’s loss, respectively.

Table [ shows the results for profile (IV) when p = 200. Other combinations
of (n,p) are omitted to save space. Sample covariance always leads to huge
efficiency loss and hence is not shown. It is clear that when X, is sparse, SCAD
thresholding can take advantage and usually has negative efficiency loss when
the dimension is not too close to the sample size. However, if the dimension
is close to the sample size, SCAD has difficulty in finding a good threshold-
ing parameter, resulting in large efficiency losses across different loss functions.
NONLIN usually outperforms CRC grand average and NERCOME apart from
SCAD, and efficiency loss is usually getting smaller for NONLIN when sample
size gets larger while dimension stays fixed. NERCOME follows NONLIN closely
in all (p, n) combinations, and outperforms in several occasions, especially when
dimension is close to the sample size. In fact NERCOME seems to do particu-
larly well in the Frobenius loss for the inverse and the Stein’s loss. CRC grand
average, on the other hand, does not usually have decreasing efficiency loss as
sample size increases. On the contrary, many actually increase as sample size
increases while dimension stays fixed, showing that averaging on different splits
is not always a good idea, especially when n is large compared to p, which is
a setting that [Abadir et all (|2_Q1_4]) used. Figure[ll also shows this phenomenon.
In all cases, we can see that among the three eigenvalues-stabilizing methods,
NERCOME either outperforms, or is close to the best performer.

The same table shows the results for profile (V) when p > 100. With fat
-tailed distribution, it is more difficult for SCAD to find a good thresholding
parameter (except when n is 8 or more times larger than p). CRC grand aver-
age still shows an increasing efficiency loss in general when n is getting larger.
NONLIN is now less dominant among the three eigenvalues-stabilizing meth-
ods, with NERCOME outperforming both of the other methods in more (p,n)
combinations. NONLIN has produced two singular covariance matrices in the
p = n = 200 simulations, showing that when assumption (A1) is violated, NON-
LIN can in fact produce singular covariance matrix. NERCOME and CRC
grand average still produce positive definite covariance matrices in those two
cases. Again, among the three methods, NERCOME either outperforms or is
close to the best performer in all (p,n) settings.

Figure M shows the boxplots of the efficiency loss of the averaged ideal es-

timator ildeal,m,M =M1 Z?& =

Ideal,m

for various profiles. We show this



Profile (IV)

Ly Lo L3 Ly Ls Leg L7
NERCOME | 3.8(1.0) 3.5(1.0) 0.7(1.3) 1.0¢1.6) 5.2(1.8) 1.7(0.4) 2.5(0.6)
p = 200, CRC 30(05) 2.7(()‘5) 1.8(1&) 1.7(14) 2.8(13) 1.3(03) 2.5(05)
n = 200 NONLIN 26(18) 35(67) 24(106) 12(32) 36(67) 12(07) 23(26)
SCAD 182(10) 167(09) 122(10) 164(13) 104(23) 95(05) 176(10)
NERCOME 2.8(05) 2.5(04) 1.2(1&) 09(12) 3.2(12) 1.2(02) 2.2(04)
p = 200, CRC 36(05) 33(05) 4.7(09) 4.5(11) 2.1(12) 1.5(03) 37(06)
n = 400 NONLIN 1.7(0.4) 1.7(0.5) 0.6(0.9) 0.8(1.0) 1.6(1.3) | 0.8(0.2) | 1.500.4)
SCAD 188(07) 170(07) 157(09) 194(12) 86(23) 96(04) 186(08)
NERCOME 2.6(03) 2.5(03) 4.0(10) 3.1(09) 1.9(10) 1.1(02) 2.6(04)
p = 200, CRC 4.6(05) 4.9(05) 9.5(10) 8.1(10) 1.7(12) 2-1(02) 5-4(06)
n = 800 NONLIN 1.5(03) 1.5(03) 1'0(08) 1'0(08) 1.2(09) 07(02) 1.4(03)
SCAD 6.6(1.4) 5.6(1.4) 5.5(1.6) 5.7(1.6) 6.028) | 3607 | 61(1.9)
Profile (V)
NERCOME | 7.2(3.4) 6.9(2.5) 0.52.6) 0.3(3.2) 8.0(3.4) 3.2(1.1) 5.5(1.9)
p = 100, CRC 5.72.2) 5.2(1.9) 5.1(3.2) 5.1(4.1) 4.73.1) | 24@1.1) | 542.9)
n = 200 NONLIN 8.1(10.5) 6.4(3.4) 1.0(3.1) 2.9(7.1) 9.5(15.1) | 3-7(3.5) 6.4(7.8)
SCAD 390(76) 343(28) 25.4(2_4) 34.2(5'5) 33'2(15.6) 207(31) 367(57)
NERCOME 5.0(14) 4.7(13) 3.4(27) 2'8(26) 5.2(27) 2'2(06) 4.3(1&)
p =100, | cre 6.2(1.1) 6.4(1.1) 10.6(2.6) | 9-22.7) 3.8(2.6) | 27(0.5) | 6-8(1.2)
n = 400 NONLIN 5.1(40) 4.4(15) 1.0(20) 2.1(29) 5.4(10‘7) 2.4(1&) 4'2(26)
SCAD 11.76.8) | 10.600) | 33140 7.8(5.6) 14.9(16.3)| 4.9(2.5 | 10.5¢5.4)
NERCOME 4'3(08) 4.3(07) 70(23) 4.9(20) 36(26) 1.9(04) 4.3(07)
p = 100, CRC 7.1(10) 8.4(10) 17'4(26) 12.5(21) 4.1(27) 33(05) 8.4(10)
n = 800 NONLIN 4.4(42) 39(14) 1.5(17) 2.4(27) 4.0(94) 2.0(10) 38(27)
SCAD 9.9(8.0) 8.7.m 16.3(5.1) | 14.56.8) | 1.0(17.4)| 6.0(2.5) | 10.8(6.4)
NERCOME | 4.3(1.4) 4.0(1.5) 0.9(1.8) 1.3(2.2) 5.7(2.4) 1.9(0.6) 2.8(0.9)
p = 200, CRC 3.2(0.8) 2.8(0.7) 1.9(1.8) 1.9(2.3) 3.3(1.8) 1400.3) | 2.70.8)
n = 200 >kNONLIN 50(68) 4.0(59) 1.0(&7) 1.3(45) 9-3(1&6) 2-1(16) 37(47)
SCAD 343(63) 29.1(22) 190(18) 275(41) 41.6(17‘5) 17.4(20) 31.2(42)
NERCOME 2'9(01’5) 2'6(06) 1'5(18) 1.3(20) 30(18) 1.3(03) 2.4(07)
p = 200, CRC 3'5(06) 3.3(05) 4.7(14) 4-6(18) 1-9(18) 1.5(03) 3-7(06)
n=100 | NONLIN | 3.5(49) 2.51.1) |[MOOGE 09026 | 6301406 | 1.50.9) | 25027
SCAD 297(44) 256(15) 203(13) 27.2(27) 29'6(164) 15.2(12) 28'1(28)
NERCOME 2.6(04) 2.5(03) 4.0(13) 3.1(14) 1.8(15) 1.1(02) 2.6(04)
p = 200, CRC 4.6(05) 4.9(05) 9.4(13) 8.1(14) 1.6(15) 2-0(02) 5'4(06)
n = 800 NONLIN 2.5(44) 1'9(08) 0.1(11) 08(22) 3'5(106) 1.1(07) 1.9(24)
SCAD 7.2(5.2) 5.8(1.9) 5.7(2.0) 8.0(3.3) 11.8(16.9)| 2.7(1.2) 7.0(3.4)
Table 1: Mean efficiency loss (%) with respect to different loss functions for

NERCOME, CRC grand average NONLIN and SCAD for profile (IV) and (V).
The standard deviation is in bracket (%). L; =Frobenius loss, Ly =inverse
Stein’s loss, L3 =Frobenius loss of inverse, Ly =Stein’s loss, Ly =Spectral norm
of difference, Lg =nuclear norm of difference, L; =Fréchet loss. Shaded cells
mean the number is negative. Bolded cells indicate the minimum among all
methods. For profile (V), when p = n = 200, NONLIN has two cases of singular
covariance matrix, which has to be removed for mean and standard deviation

calculations.
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Figure 4: Boxplots of efficiency loss of M~} Zf\il ﬁ(ltd)eal’m at split locations
defined in (£8F). Upper row: With respect to the Frobenius loss, with n =
400,p = 100. Lower row: With respect to the inverse Stein’s loss, with n =
200, p = 500. Left panel : For profile (I). Right panel: For profile (IIT).

because it is important for the ratio of loss L(X,, ildeal,m,M)/L(Epa flldeal) to
be going to 1 almost surely (i.e., EL(X,, ildeal,m,M) “%°0, which is what Figure
M is showing) to ensure our estimator ﬁm M to be almost surely asymptotically
efficient. From the figure, it is clear that for the profiles (I) and (III), the split
location m should be close to n for EL(X,, ﬁIdeal,,,L7M) to be close to 0. The
efficiency loss has a wide variability for profile (III) with respect to the Frobe-
nius loss (the upper right panel of Figure ). It certainly achieves 0 on average
for several split locations not close to n, so that the best m is not always close
to n for factor model with fat-tailed error distribution.

For profile (I), with negative efficiency loss in almost all 500 simulation runs
for the averaged ideal estimator iIdeaLm, a when split location is close to n (see
the left panels of Figure[), it is clear that using the eigenmatrix Py to form our
estimator and averaging over different permutations of the data can be better
than just using P from the full data set. Our estimator X,, ps in (@6) follows
the same spirit exactly.




2 Proof of theorems

We state an important Lemma first, which is in fact Lemma 2.7 of Bai_and Silverstein
(@) Then, we present two more lemmas before presenting the proof of The-
orem [

Lemma S.1 Lety = (y1,...,yp)" be a complex random vector with indepen-
dent and identically distributed (i.i.d.) entries satisfying E(y1) = 0, Ely;|* = 1.
Let A be a given p X p matrix with possibly complex entries. Then for any q > 2,

Ely"Ay — ()| < K, (B2l ' 2(AA") + Elys*r(AA")12)

where K is a constant depending only on q, and A* = A" is the Hermitian of
A.

Lemma S.2 For z € C*, we have || R (Z)H2

< 1

Im2(z) "
Proof of Lemma SIZ Denote Z the conjugate of z, and let > = P,D,PT. Then

|R1(2)]) = Amax(R1(2)Ra(2))
= Amax(P1(Dy — zL,) " 'PTPy(D; — zL,) " 'PT)
= Amax ({[D1 — Re(2)]? + Im2(z)}_1)
1
= Im?(z)

Lemma S.3 Let R be Hermitian, that is, it is symmetric with complex entries.
Then for a real square matriz B, we have [tr(BR)| < [Amax(B)||tr(R)]. Also,
ltr(ATRA)| < 2V/2||R||tr(ATA) for a real matriz A.

Proof of Lemma S[A Since R is Hermitian, it can be decomposed as R =
UDU?", where U is orthogonal and D is diagonal with complex entries. Writing
U= (uy,...,u,) and D = diag(dy, ...,d,), then

P
E T
diui Buz-
i=1

= |Amax(B)[[tr(R)].

tr(BR)| = [tr(U"BUD)| =

P

>

i=1

S |)\max(B)| :

Finally, writing A = (ay,...,a,),

5 . o\ 1/2
[tr(ATRA)| = Za;rRai = [ZaiTRe(R)ai + ZaZ-TIm(R)aZ-]
< (M Re(R)] + X2, [Im(R)]) " tr(A7A)
< (2Amax[Re(R) + Im*(R)]) /* tr (AT A)

=2'2|R|tr(ATA). O



Proof of Theorem . We prove part (i) first. Consider ¥V (z) — W () =
I + I, where

L=wW() - %tr (Ri(2)%,), I»— %u« (Ri(2)Z,) — ¥ (2),

with Ry (z) = (il—zlp)_l. A direct application of Lemma 2 of[Ledoit and Péché
(2011)) implies that pttr(Ri(2)X,) converges a.s. to W (%), and hence I, “3
0. It remains to show that I; “3 0 as well. _

To this end, write Yo = (y21,-..,Y2n,), 50 that 3y = ny*! S YokY k-
Also, write yor = E;/Qz% for kK = 1,...,ny with zy; being one of the z;’s in
assumption (Al). Using the independence of the zgy’s and Y, we have for
k=1,...,n2,2<q¢<6and z € Ct,

q
E{|a5202 R ()5 22k - tr(z;/?Rl(z)E},/Q)‘ ‘Yl}
< Ko(BY? |2gi |*tr?2 (2, Ry (2) Zp R (2))
+ B2k |*r(3)/° Ri(2) B, Ra (2) 21/ %)4/?)
< Ko(BY?|2gi|*]| 2 || “p?/2Tm ™9 (2)
+ Elzar [P 2 (2} *Ri(2) 2, R (2) /%))

max

< KpIm ™ (2)p? 2|2, | (BY? |20 ]* + p' =92 E|224[7) = O(p?),

where the second line uses Lemma S[I which is applicable by assumption (A1)
on zgy, and the second last line is by Lemma S[Bl The last line uses the as-
sumptions in (A1). We have

6
1
E(LPY) =E | |—tr | Ri(2) S yoryly | — —te(Ri(z }Yl
([ °[Y1) ‘pm( ; 2% p((
1 & ‘
= B { |y 2B (205 Pz — (R () ) vy

Define g, = zng;/QRl(z)E;/Qsz — tr(R1(2)%,). Then E(g;|Y1) = 0, and
9:[Y1 is independent of ¢;|Y; for i # j. We then have the expansion

n2

1

E(|Il|6) = pﬁnﬁ Z E(E(ghghglégizlgisgis|Y1))

i1,..,06=1

6n2 <ZE |g’L |Y1 +Z |gz

i#]

Y1)E(|g;*[Y1)

+ E(lgi*[ Y1) E(lg;1*Y1)]

+ 3 Bgl2IY) <|gj|2|Y1>E<|gk|2|Y1>) (8.1)

i#j#k
= O(p_6n§6 - [ng + 2na(ng — 1) + na(ng — 1)(ne — 2)]p6) = O(n;S),

10



where the last line used E(|g;:|7|Y1) = O(p?) proved before. Since 3, o ny° <
oo by assumption, we can apply the Borel-Cantelli lemma to conclude that
I; “¥ 0. This completes the proof of part (i).

Note also that since I; “3' 0, we have {1 (2) —p~tr(Ry (2)%,) X3 0. Using
the inversion formula [23]), it is easy to show that the inverse Stieltjes transform
for @1 (2) is ®1) () in (ZI3) on all points of continuity of ®{! (z), and that for
pHr(Ri(2)2y) is pt Y0 pT,E,p1iliy,, <x) on all points of continuity of the
function. Hence, using equation (2.5) ofSilverstein and Bai (1993), we conclude

that

P
() () - %prizppul{mgx} =0
i=1

as ni,p — oo with p/ny — ¢; > 0, which certainly include the case ¢; = 1. This
proves the last part of the theorem.

The proof for part (ii) of the theorem can be found in the proof of Theorem
4 of [Ledoit and Péchd (2011), from equations (45) to (50) by replacing ~ there
with 1/¢; and F' with Fy. Part (iii) is just an application of Theorem 4 of

i ¢ ). This completes the proof of the theorem. O

Proof of Theorem Let Yo = (y21,---,Y2n,) With yor = Axor + €2,
k=1,...,n5 Let Ri(z) = (£, — zI,)"'. Then with £, = AX,A + X, as in
BI3), we have

1 = 1
Etr(Rl (2)32) — Etr(Rl (2)X,) = D1 + Dy + D3, where

1 &
Dy= =3 (xhA" R () Aoy — (R () AB, AT}
=1
2 &
Dy = — 3 ATR
9 - I;x% 1(2)€ak,
1 &
Dy = =S (e (es — r(a()2)).
k=1

Consider D; first. Using assumption (F1), and defining
gi = X352 2AT R (2)AZY x5, — tr(R1(2)AS,AY),
for 2< ¢ <6 and z € C*, we have by Lemma S[IJ

E(lgr|?[Y1) < Ko(EY? |25, |*0r??(Z)/* ARy (2) AX, AT R, (2) AZ}/?)
+ B2k, 29t (BY2AT R (2) AX, AR, (2) AR/ 2)1/2)
< K,||ZY2ATR, () AX, AR, (2) AL/
(B2 19 + rElas, )

< K|S ||| AT (2) (B2 |25, | 4192 + rElag, 27) = O(p),

11



where we have used ||A|| = O(p'/?) implied in assumption (F2). Using the fact
that E(gr|Y1) = 0 and g¢;|Y; is independent of g;|Y; for ¢ # j by assumption
(F1), similar to the expansion in (S1), we have

1 & o _
E(Di") = 55 D2 (B9 giagisdisgi i Y1)) = O(nz ),
2 4y -ig=1

so that D; “3 0 by the Borel-Cantelli lemma., as Y o>t n2_3 < oo by assumption.
Now consider Ds. Define g, = x5, ATR1(2)€ax. We have for 0 < ¢ < 12 and
2 €CT,

E(lge|71Y1) < Bxs, |2 |2 | Al E || ]| Be ]| *1m=?(2) = O?),

by assumptions (F1) and (F2), and lemma S Hence, using the fact that
E(gx|Y1) = 0 and g;|'Y; is independent of ¢;|Y for ¢ # j, an expansion similar
to (GJ) leads again to

E(|D2|°) = O(ny?),

so that by the Borel-Cantelli lemma, we have Dy “3 0.
Finally, if we define gy, = &5, Ei/QRl (z)Ei/QSQk —tr(R1(2)X,), then following
exactly the same arguments as in the proof of Theorem [Il we can conclude

E(|Ds|°) = O(ny?),
so that through the Borel-Cantelli lemma we have D3 “3 0.
Hence, we have proved

a.s.

%tr[Rl(z)ig] - %tr[Rl(z)Ep] -5,

Then, using equation (2.5) of[Silverstein and Bai (1995), we conclude the almost

sure convergence of the inverse Stieltjes transform on all points of continuity =z,
that is,

1< ~ 1&E
5 Zpﬁlri22p1i1{kl7,§l‘} o 5 Zpifizpplil{kliﬁx} a*é) 0. O

=1 i=1

Proof of Lemma[ll We first assume (A1)” and (A2)’. For j =1,...,ns and
i1=1,...,p, define

23,52 pup}; 5 2205 — tr(2) *prip},20/%)
pTizppli '

gij =
Then for 2 < ¢ < 10, using Lemma S[I] and assumption (Al)’,
Ellgis Y1) < (P1:Z,P1i) Ky (B2, "0 (2, *pript 2y ?)
+E|22j|2qtr(2;1;/2plipﬂzzly/2)q)
= K (EV?|z95|* + El225*") = O(1).

12



At the same time, E(g;;|Y1) = 0 and g;,;,[Y1 is independent of g;,;,|Y1 when-
ever j; # jo. Hence,

_ 10

Pi;22P1i — P1; XpP1i

FE < max
1<i<p

P1;2pP1i =
P na
< Z @ E(E{gij, ** 9ijio[Y1})
i=1 “j10
1
10
< {zn—l(z B+ S S E VDR V)
i=1 2 j=1 q1,q2#1 ji1#j2
q1+g2=10
3
X H (g5, YD)+ Y > H E(gl, Y1)
q1,92,9371  j1#j2#7s k=1 q15e,qaFL  J1#£J2FJ3F#ja k=1
q1+q2+g3=10 q1+-+qa=10
5
© 3 Mewm)]
JiFF#ds k=1
= O(pny "[ng + 4P5> + 4P 4 2P}2 + PP2])

where PI'? = na(ng — 1)+ (no —r + 1). Since 3, o, pny® < oo by assumption,
the Borel-Cantelli lemma completes the proof of this part.

Now consider data from a factor model, with assumption (F1)’ satisfied. We
can decompose

P1:i22P1; — PI; 2ppu

=Dy + Dy + D3, where

pT'Eppli
x5T8L/ 2 ATpypT, ASY *x5; — pT,AX,Apy;
D = — Zgw, gij = TS b :
K3
D 1 Zd d 523‘22/21)11'1)322/252]‘ — P1;XcP1i
= — L dy = 7
n2 i N N P1;XpP1i

X5, 21/2A P1iP1; 2 1/2 52]
p 2pplz

D?):n_QZh/L]) L]:

Using Lemma S[I] for 2 < ¢ < 10,
E(l9i;|[Y1) < (P1;ZpP1s) "Ko(PLAS, ATpui) (B2 w5, [* + Blzs;*)
< Ko (B |a5,|* + Blas;[*) = O(1);
E(|di|"[Y1) < (P, Zpp1i) 1Ko (PT;Zep1a) (B2 o5 |* + Elé2;[*)
< K (B2 |&;]* + E|&5;[*7) = O(1).

13



For 4 < ¢ < 10, using the c¢,-inequality,

/2
PLAX, ATpy; \*?
E(lhi;|7Y1) = E (gi‘—l—l— ‘Yl
(| z]| | ) ( J p’fizppli

lee . q/2
-FE (dlj + M) ‘Yl , with
p1i2pp1i

PLAY, A"py; "’
) <<g”' + PSS ) [ ) < CopBllgn ¥ + 1) = o),
1= pEle

E E%Eiﬂpupﬂzimﬁzj
P1;2pP1i

a/2
) ‘Y1 < Co2(BE(di|"?1Y1) + 1) = O(1),

where C, /5 is a constant. Hence, E(|h;|?|Y1) = O(1) for ¢ > 4. For 2 < ¢ <
4, it is easy to see that E(|hi;|?Y1) < EY2(|hi;|?1Y1) = O(1), and hence
E(Jhij]71Y1) = O(1) for 2 < ¢ < 10. Then since E(g;;|Y1) = 0 and g¢;,;,[Y1 is
independent of g;,;,|Y1 whenever j; # jo, an expansion exactly like (S2)) will
show that

o

showing that max;<;<, |D1] %0, since Y o1 pny ° < 0o by assumption. Using
the same expansion (S2) and the arguments above, we can also show that

max |D1|10
1<i<p

) = O(pny°),

max <j<p |Da|, maxi<i<, |D3| “3 0. This completes the proof of the lemma. [J
Before proving Theorem [l we state and prove a lemma, first.

Lemma S.4 Let assumptions (A1) to (A4) be satisfied. Then assuming %, #
o1,
~ 5 ~ .
| Z1deatm — Zp |5 as. log det(X1deal,m >, ) as |
= 5 ; = - .
[Z1daear — [ log det(Z1gem X, ')

Proof of Lemma S[} Consider the Frobenius loss first. For \; the ith largest
eigenvalue of S,, with corresponding eigenvector p;,

1S 2 _ .
P | B1deas — B[, = p~ ' tr(diag(P" X, P) — PTX,P)?
n
=p 'Y _(PrE,p:)’ — 2p ' tr(P"E, Pdiag(P" X, P))
=1

+p tr(3)

14



.. IS 2 _ _
so that similarly, p IHEIdeal,m — E,,HF =0p ltr(Ei) —p '3 (P E,p1s)?

But with assumption (A3), we have

P
p_ltr(Ef,) =p! Zrﬁl 3 /TQdH(T).

i=1

Moreover, with the convergence result in Theorem 4 of [Ledoit and Péchd (2011))
indicating that (see equation ([27)) as well) for all € R, we have

P x
Ap(e) = p S DI, pil ey 5 Als) = / S(NAF(N),

i=1 -

where F'(-) is such that
P
F(N) =p7") 1pany S F(N),
i=1

we have for any continuous function g(-) over the positive real line,

P

P GBI E R e 55 [ 96PN (53)

i=1

With this, it is easy to see that then
1S 2 a.s.
| Srea — Zp2 48 /T2dH(T) _ /62(A)dF(>\),

which is nonzero in general, except when X, = 0?1, At the same time, we have
(see equation (Z9]) and the descriptions therein as well)

x

p
DD R TP / 51 (NE; (M),

i=1 —o°

where Fj(-) is such that

p
Flp()\) = p_l Z 1{)\1i§)\} a;sy Fl()\)

i=1

But since m/n = ny/n — 1, we have p/ni,p/n both going to the same limit
¢1 = ¢ > 0. Theorem 4.1 of Bai and Silversteirl (IZM) tells us then both F), and
F,, converges to the same limit almost surely under assumptions (Al) to (A4).
Hence F' = F; almost surely,implying d;(-) = d(-) almost surely (See Remark 1
in section [Z.2] as well). This immediately implies that, similar to (S3)),

p x T
pil Z(pfizppli)Ql{Alin} a;s}. / 6%()‘)dF1 (A) = / 62()‘)dF(>‘)a

i=1 -

15



and hence

P S rdearm — S5 ¥ / T2dH(T) — / S2(N)dFy(\)
= / T2dH(T) — / S2(N)AF(N).

‘ ’ iIdeal,m -3

We immediately have

p||F a;i‘ 1

)

a 2
||Eldea1 - EPHF
which completes the proof for the Frobenius loss.

For the remaining part, note that it is not difficult to show the inverse Stein’s
loss

p 'SL(Z,, Sideat) = p ' log det(ildealz_l)

=p IZIOg ppz 1zlog7'nz

Similar arguments as before show that

IZbg ,pi) “ / log(6(\))dF (\),

p! Z log(7i) =¥
i=1

—

log(7)dH (7).

Hence

p 'SL(X,, Stdeal) = p*log det(EIdeaIE D)

S /1og( /log YdH (T

which is nonzero in general except when X, = o2I. Moreover, similar arguments
as in the case for the Frobenius loss show that

-t Zlog plzzpplz)l{Ah<z} _> / 10g (51()\))dF1 ()\)

=1
- / log(§(\))dF(N).
Hence,
pilsL(Epaildeal,m - llogdet(zldealm2 1)

/log A)dF; (N) — /log(T)dH(T)
/ log (s (\) — / log()dH (7).
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This completes the proof of the lemma. [
Proof of Theorem[2 We first assume (A1), (A2)’, (A3) and (A4). Since we
have

p S0 — |5 = p7 [ diag(PTE2P) — PIE, Py
P

=p ! Z(Pfiizpu —pLiZpp)’ +p " Hildeal’m B EPH;
i=1

we can express the efficiency loss in (2)) with respect to the Frobenius loss as

EL(S,,

gm) —=1— (p ! p (p1122p12 prfizppli)Q

[ S1aent — B[

p_l Hildeal,m - EpHiﬂ ) -

p_1||§Idea1 - Ep”i—‘

With m/n — 1, we have p/m — ¢ > 0, same as p/n does. The conclusion from
lemma SH that the ratio of loss for the ideal estimators being almost surely 1
then implies that EL(,, — % ») ©30, if we can show that p Iy l(phEgph
plizppli)Q “2 0. But together with assumption D1 pn2 < 00, we can apply
Lemma [ so that -

) 2

since maxi<i<p(pF;E,p1:)? HE,,H = O(1) by assumption (A2)’. Hence,
EL(X®,,X,) 20 in this case.
Now consider the inverse Stein’s loss. We have

Pfigbpu — P1;2pP1i

P
pt Z(Pﬂ-zzpu —p1,Zpu)° < ( max

i1 1<i<p P1;2pP1i
© max (plzzppli)2 (B} 0;

1<i<p

SL(Z,, B, = tr(PTE,Prdiag ™ (PT,P,))
—~ logdet(PTE P diag ' (PTX,P,)) —

P1i%pP1i —-p+ ZlOg (pu 2p11> + SL(Epvildealam)

—1 pMEQPM lepplz
= Z hi(gi) + Z ha(9:) + SL(Zp, Stdeal,m),
i=1 i=1
where we define ¢g; for ¢ = 1,...,p, and the functions hy and ho, which are

differentiable on (—1, 00), to be

_ P1iZop1i — P1;2pP1i _ 1

—1, ha(x) =log(l+ x).
s 2(w) = log(1 +2)



With SL(2,, Sideatm)/SL(Ep, Stdeal) 3 1 by lemma SH

p_l ?:1 hl(gi)

pLSL(Z,, Stdeal)

~ —1
pil 1;:1 hQ(gl) p_ISL(EmEIdeal,m)
p 1SL(X,, X1deal) p~LSL(X,, Lideal)

— 0,

EL(Z,,E,,) = 1(

if we can show further that p=' >°"_ h;(g;) 30 for j = 1,2. To this end, by

Lemmal[l], g; is almost surely 0 for all 7. Hence, in particular, for n large enough,
we have |g;| < B < 1 almost surely, so that h;(g;) is well defined for all ¢. This
implies that for 7 =1, 2,

p
—1 . N < . ) — ) / . a.s.
P 3 halon) < g o) = g Lol ()| 5 0,
1=

where 7; lies almost surely in [—B, B] for all i for large enough n, so that the
h’:(ni)’s are bounded almost surely for all . This completes the proof of the
theorem. [

Proof of Theorem[d For the Frobenius loss,

~ 9 1 M ~ (i) 2 1 Mo i) 2
B0 =2 = |3 2 = < (52180 -3l
1 M () 2
SMZHEm EPHF’
i=1
so that
o Hildeal - Ep”iﬂ 1
EL(X,,Xn M) <1-— AN VRPN 2 LZM S
M Zi=1 Hzm - 2IDHF M=l prs,s%)
50,

since EL(%,, 25;)) %% 0 by Theorem[l This completes the proof for the Frobe-
nius loss.

For the inverse Stein’s loss, note that for any estimator 2,

~ ~—1

SL(E,,3) = tr((Ep 5N ) +log det(E; ).
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Hence

SL(EIH m, M =

||M§

M
(ONESS | 1 () -1
( S ) ) + log det (M Z; £.5")
M
1 NONSS 1 NON.
< M Ztr<(2p - 2m )Em,M) + M Z log det(zm Ep 1)
1=1 L

M . o
:%Ztr((zp—ifﬁ)(szM (&)1 >+—ZSL
=1

where the second line comes from the convexity of log det(X) where X is positive
semi-definite. Then
M O NONS
~ pLM Zi:l tr((zp - 2'm )(Em,l\/f - (Em ) 1))
EL(X,,Ypnm) <1-—

pLSL(Z,, Stdeal)

== |

-1
gy
N0
=1 EL(E Em )
“%o,
if we can show further that pLM Zle tr((Ep — ifi))(i;lM — (if?)_l)) 20,

since by Theorem [fl we have EL(3X,, E( )

of Lemma SHit is proved that p~!SL(X,, ZIdeal) converges almost surely to a
nonzero value when %, # o?1. For this, write the term as D; + Ds, where

) ©% 0 for each i, and that in the proof

M M
1 NG NONS 1 o)
:p—MZtr((Em _Ep)(zm) 1)’ Dy = pM Ztl‘ E _E )EmM)'
i=1
For Dy, writing P1; = (p1i,1,-- ., P1ip), we can use Lemma [Tl to deduce that

M
1 ~ (i
D, = —M E tr((diag(PfiE;)

- 0]
Py;) — PfiEpPli)d1ag 1(PL‘22 Pli))

(@)
_ Z zp: Pl ]22 P1ij — P1;; 2pPli
T oM <

i=1 j=1 Pi; ;22 Plij

M <(0)
< 1 A Pfi,jzz Piij — Pi; ;2pP1i,j
- M~ asise P1i j2pP1i

= (1) T -1
P1; ;22 Plij — Pl 2pPli,j
1 max 14,72 ] li,j<pF 1,9 a_é) 0.
1<j<p lezppu,j
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For Dy, define ig;@ = P1i(ﬁ Z;Vil diag(Pfjié])Plj)>P1i, and define also
1

SO NG
B; = (EéRC - Em,M)(EéRC)’ . Then
Sl S0 - N N PN () B
2,0 =(Zcre) MI=B) ' = (Bcre) T+ (Bore) Y BY (S.4)

k>1

Suppose maxi<; j<u ||P1i — Ple %30, to be proved at the end of this proof.
Then the above Neumann’s series expansion is valid, since then for large enough
n,p with p/n — ¢ > 0,

1 M s
IBi] < (2 S Py, — Pyy)diag(PT, S Py, )P,
j=1

©)

M
+ || D (P1; — Pyy)diag(P];E; P1j)(Pr; — Pyj)”
j=1

)

< ) [P1 — Pyj| llélggppfj,kzpplj,k (2 + || Py — Plj”)

<) -1
. .

. min min - 1-k)
<1s;§Ml§k§pp””“ 2 P1j

-1
) . -
- min min -y 1-k)
<1§j§M1§k§pp1]’k rP1j,

< Jnax [P 1 — Py [|Zp]| 2 + ||P1i — Py ||)/Amin(Zp) <30, (S.5)

where the second last line follows from Lemma [ when n, p is large. With (S4)),
Ds = D3 + Dy, where

M
! NN
Ds = P ;tr((ﬁp -3, )(Zcre) )7

M
1 NONE RN
D4p—MZt1‘<(2p2m)(ECRC) IZB;C)-

1=1 k>1

Similar to the analysis of Dy, using Lemma [Il we have

M

0]
D 1 L2 P1; 1 2pPlik — Pl 22 Plik
3= pM ZZ 1 . <@
i=1k=1 77> j=1P1; k22 Pljk

0]
PL,kzppli,k - Pfi,kzz Piik
Pf@k Eppli,k

< max max
1<i<M 1<k<p

T
“P1ik 2pPlik

<)
( i i <Pfj,k22 Pijk — Pij;2pP1jk

T
) P1jk2pP1jk
1<j<M 1<k<p Pl ZpP1jk ) I

a.s.

—1
+pfj7k2pp1j,k> = 0.
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For Dy, with ||BZH ©% 0 proved in (§F) and using Lemma [ we have

o)
Dy < 122’5\4H2 =3/ Ain L (Sene) - ; 1B )"

(|12 || + maxi<i< s maxi<x<p Pfi,kiéi)Pli,k)HBiH ag

- ming<j<p Miny<p<p PL,kig)Pu,k(l - ||BzH)

0.

Hence if we can show further that max;<; j<m ||P11- - Ple 220, the proof of
the Theorem is complete. To this end, using ([S.3]), we have for any 1 <i < M,

with Ay, denoting the kth largest eigenvalue of iiz),

P x
p! Z 9(P1i k. ZpPrik) L {r p<a) 3 / g(6(N)dF (M),
k=1 -0

since m/n — 1 implies that p/n,p/m — ¢ > 0. Setting g = 1, it is easy to see
that Ay, 1 is almost surely the same as Ayj for 1 <7,5 <M and 1 <k < p, as
n,p — oo. These imply that for 1 <1 < M, pJ; ; X,p1ik is almost surely the
same as 0(A11,%), and hence for 1 < 4,5 < M and 1 <k <p,

T T a.s.
Pu‘,kzppli,k - P1j,k2pplj,k — 0.

But pJ; 1. XpP1ik — P1jxZpP1jk = (P1ik — P1jk) " 2p(P1ik + P1jk), hence if
P1ik O P1j % are not eigenvectors of X, asymptotically (this excludes the case
3, = 0?1, which by assumption is not the case), then there exists a constant
a > 0 such that

(P1ige = PLk) Ep(Prik + Prjk) = [[Prig — Prjnl| - al|priw + prjr]| =30,

implying that for all 1 <+¢,5 < M, 1 <k <p, lei,k + P1j,kH 950 With the

correct orientation chosen, we must then have max;<; j<mr ||PZ _ PJ’H a3
Finally, if both p1; and pyj, are asymptotic eigenvectors of X, for some

1 < k < p, then assuming || X,p1ix — AP1s, k” = 0and || Zppujk—vP1j, k” =0,

(P1ik — P1jk) Bp(Prik + Prjk) = (Prik — P1sk)" (AP1ik + VP1jk)
+ (P1ik — P1jk) (ZpPiik — AP1ik
+ XpP1jk — VP1j.k)
= A =71 = pi;xP1jk) +o(1),

so that if A # ~, we must have ||p1i,k — plj,kH 3 0, which is what we want. If
A =7, then py; and pyjr are asymptotically spanning the same eigenspace,
hence maxi<; j<um HPZ —-P; || %0 still holds. This completes the proof of the
theorem. [
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