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to estimate the parameters. Like models with autoregressive dynamics, ours nests I(1) behaviour, but
unlike the nonstandard asymptotics in the autoregressive case, estimates of the fractional parameter can
be asymptotically normal. For three of the estimates, establishing this property is made difficult due to bias
caused by the individual effects, or by the consequences of eliminating them, which appears in the central
limit theorem except under stringent conditions on the growth of the cross-sectional size N relative to
the time series length T, though in case of two estimates these can be relaxed by bias correction, where
the biases depend only on the parameters describing autocorrelation. For the fourth estimate, there is
no bias problem, and no restrictions on N. Implications for hypothesis testing and interval estimation are
discussed, with central limit theorems for feasibly bias-corrected estimates included. A Monte Carlo study
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1. Introduction

Important features of many econometric models for panel data
are unobserved individual fixed effects and temporal dynamics
that possibly allow for nonstationarity. When the cross-sectional
dimension is large the individual effects cause an incidental param-
eters problem that heavily determines methodology, which has
been predominately developed in the context of autoregressive, in-
cluding possibly unit root, dynamics. A recent textbook treatment
is Hsiao (2014). The present paper focuses on the incidental pa-
rameters problem in the context of fractional dynamics, which of-
fer some advantages over autoregressions. A simple model for an
observable array {y;} is

Ae (L; 0) ie — o) = &, (1)

fori=1,...,N,t =0,1,...,T. The unobserved individual ef-
fects {a;, i > 1} are subject to little, if any, more detailed specifica-
tion in the sequel; the unobserved innovations {g;,i > 1,t > 0}
are throughout assumed to be independent and identically

* Corresponding author. Tel.: +44 20 7955 7516; fax: +44 20 7955 6592.
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distributed (iid) and to satisfy Ee;s = O,Esﬁ < o00;6pisa(p+ 1)x1
parameter vector, known only to lie in a given compact subset &
of RP*1; L is the lag operator; forany # € © and each t > 0,

t
ML;O) =) 1O 2)

j=0
truncates the expansion

o0
ALO) =) x5O,
j=0
where the A;(0) are given functions. We are concerned with
A (L; 0) having the particular structure
rLO) =AY (L8,
where § is a scalar, £ isap x 1 vector, 0 = (6, E/)/, the prime denot-

ing transposition, and the functions A? and v (L; £) are described
as follows. With A = 1 — L, A% has the expansion

- i rg->9
Al = (8L, 7)) =
;’() 1) F(=8)rG+1
for non-integer § > 0, while for integer 6 = 0, 1,...,m;(8) =

1G=0,1,...,8) (=18 —=1)--- (8 —j+ 1) /j!, taking 0/0 =

0304-4076/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1and 1 (.) to be the indicator function; v (L; £) is a known function
of its arguments such that for complex-valued x, |¢ (x; £)| # 0,
|x] < 1and in the expansion

Y (L&) =) vE 0D,
j=0

the coefficients v; (£§) satisfy
Vo(§) =1,  ¥;(6) =0(exp(—c(§))), 3)

where ¢ (£) is a positive-valued function of /. Note that

Jj
A (O)=> T @)Y (&), j=0. 4)
k=0

The fractional operator A® bestows possible stationary (when
0 < 8 < 1/2) or nonstationary (when § > 1/2) long memory on
Vir — o, while ¢ (L; €) adds possible short memory structure, for
example representing the autoregressive operator of a stationary
and invertible autoregressive moving average process with com-
bined order p, or of an exponential spectrum model (Bloomfield
(1973)). The truncation in (2) is motivated mainly by a desire to al-
low for § > 1/2, when A~% and thus A~ (L; 6), do not converge.
On the other hand we can write (1) as

Vie = o + A (L 0p) eie = o + A1 (L; Op) {eie1 (£ > 0)}.
It is possible that &; is empty, i.e. p = 0 and v (x; £) = 1 a priori,
in which case for each i, y;; — «; has pure fractional dynamics. Our

interest is in statistical inference on 6, = (80, Sé)/, and especially
on §y with &; regarded as a nuisance parameter.

For each i we can call y; — ; an I (8¢) process. Temporarily tak-
ing ¢ (x; £) = 1 for simplicity, we can write

t
Yie = ;i + Zﬂj (—b0) &it—j> (5)

j=0

whence when §g = 1,
t
Yie = a; + Z Eit—j. (6)
j=0

The latter results also on taking o = 1 in the autoregressive
scheme popular in the dynamic panel data literature:

t
Vi =ait+ Y plei. (7)
j=0
The typical alternatives to p = 1 covered by (7) are the stationary
ones p € (—1, 1) or the explosive ones p > 1. Other versions of
the autoregressive panel data model are

Yie =&+ pYic—1+e, t>0, (8)
and
Yie = & + Uie,  Uie = pUjr—1+ &, t >0, 9)

with p € (—1, 1]; note that (9) implies that

Yie = (1= p)ati + pYir—1 + &ie, t >0,

so that ¢; is eliminated when p = 1. The usual aim in (7), (8) or
(9) is estimating p or unit root testing. As one recent reference,
Han and Phillips (2010) develop inference based on generalized
method-of-moment estimates. Note that in the fractional model
(5), the weights m; (—dp) have decay or growth that is, unlike in
(7), not exponential but algebraic, since, for any &,

7 (8) = F(_8)1—5—1(1 +0G™") asj— ooc. (10)

The moving average weights in the more general model (1) have
the same rate, in particular, by (4) and summation-by-parts,

j—1 k J
3 (0) =D (Tk (®) = Tkt ) DY (E) + Y Y (€)
k=0 1=0 =0

j—1
=Y (16) ) (11 (8) — Tore1 (B) + ¥ (1:£)

k=0

j—1

=D (k) =1 ) D WE = D @)

k=0 I=k+1 I=j+1

=¥ (1;6) 7; ()

j—1
+0 ( G — k)2 exp(—c () k) + exp (—c (S)J'))
0

k=l

_ ‘/I(l;é).73,1 1 .
= T’ (T0U ) asj—> oo, (an

using (10) and (3), where we note that the exponential decay re-
quirement in the latter ensures that (11) holds for all § > 0.

As is well known from the time series literature the fractional
class described by A; (L; 6p) has a smoothness at §, = 1 (and else-
where) that the autoregressive class lacks. A consequence estab-
lished in that literature is that large sample inference based on an
approximate Gaussian pseudo likelihood can be expected to entail
standard limit distribution theory; in particular, Lagrange multi-
plier tests on 6 (for example of the I(1) hypothesis §o = 1) are
asymptotically x? distributed with classical local power proper-
ties, and estimates of 6y are asymptotically normally distributed
with the usual parametric rate (see Robinson (1991, 1994), Be-
ran (1995), Velasco and Robinson (2000), Hualde and Robinson
(2011)). This is the case whether § lies in the stationary region
(0, 1/2) or the nonstationary one [1/2, co) (or, also, the negative
dependent region (—oo, 0)).

If N is regarded as fixed while T — o0, (1) is just a multivariate
fractional model, with a vector, possibly stochastic, location. But in
many practical applications N is large, and even when smaller than
T, is more reasonably treated as diverging in asymptotic theory if T
is. In that case inference on 6, is considerably complicated by an in-
cidental parameters problem. In this paper we present and justify
several approaches that resolve this question. We throughout em-
ploy asymptotic theory with respect to T diverging, where either
N increases with T or stays fixed, and both cases are covered by
indexing with respect to T only. In (1) the interest is in estimating
0y (efficiently, perhaps with some a priori knowledge on the range
of allowed values) and testing hypotheses such as I(1), 5o = 1, or
of absence of short memory structure, which might entail ¥y = 0.
Hassler et al. (2011) have recently developed tests in a panel with
a more general temporal dependence structure which is allowed
to vary across units, and with allowance for cross-sectional depen-
dence, but without allowing for individual effects and keeping N
fixedas T — oo.

The following section introduces four rival estimates of 6.
Three are versions of time series conditional-sum-of-squares (CSS)
estimates, recently treated in a general fractionally integrated set-
ting by Hualde and Robinson (2011), one of which ignores the
fixed effects, while the other two correct for them by regres-
sion and first differencing, respectively. The fourth is a Gaussian
pseudo-maximum likelihood estimate (PMLE) based on the dif-
ferenced model, and is somewhat more onerous computationally.
Section 3 contains consistency theorems. In Section 4 the estimates
are shown to be asymptotically normal. For the 3 CSS estimates,
unless the restriction on the growth of N relative to T is very strin-
gent, asymptotic biases in the central limit theorem are present,
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though for two of them bias-correction is possible. The PMLE suf-
fers no such bias. In Section 5 we describe the implications of our
results for hypothesis testing and interval estimation, numerically
compare biases, and justify feasible bias correction. Section 6 con-
sists of a Monte Carlo study of finite-sample performance of our
methods. Section 7 discusses possible extensions. Theorem proofs
appear in Appendix A. These depend in part on two Propositions,
stated in Sections 3 and 4 but proved in Appendix B. Our proofs
also use technical lemmas, stated and proved in Appendix C; we
draw attention here to Lemma 3, which is a technical tool that is
central to the consistency proofs, and Lemma 4, which is of some
independent interest.

2. Parameter estimation

We consider four different, but asymptotically equivalent and
efficient, methods of estimating 6y in (1). All these estimates are
implicitly-defined and entail optimization over ® = D x &, where
Z is a compact subset of RP and D = [§, §], where

1
§>max<0,50—5>, 8o € D, (12)

which implies that §g > 0and § > 8y — % for § € D. The choice of
D thus implies some prior belief about the whereabouts of g, for
example to cover the possibility o = 1, D can only include nonsta-
tionary §-values, § > % On the other hand there is no upper limit

on 8. In Hualde and Robinson’s (2011) study of CSS estimates in the
pure time series case, D is effectively unrestricted. There may ac-
cordingly be scope for relaxing our restrictions on D, though these
restrictions appear to play a role in ensuring that the approxima-
tion errors stemming from the presence of the individual effects «;,
or from the measures we take to eliminate them, are small enough
to enable our estimates to be consistent and asymptotically nor-
mally distributed. The choice of £ can naturally embody stationar-
ity and invertibility restrictions on ¥ (L; £), for example, forp = 1
and in the first-order autoregressive case ¥ (L; §) = 1 — &L, we
might take & = [n — 1,1 — n] for arbitrarily small positive 7.
In general it is assumed that (3) holds for all £ € & with c (y)
satisfying

igfc &)=c">0. (13)

Also, it is assumed that for & € =, i (x; &) is continuous in £ and,

forall & # &, [¥ (x; &)| # |¥ (x; &0)| on a subset of {x : |x| = 1}
of positive Lebesgue measure. All our estimates optimize objec-
tive functions that cross-sectionally aggregate time series objective
functions.

It is helpful to define

7 (0)=A L 0)1=2,(1;0),
so using (4),

t—k

an ) Z V; (§)
t t—k

=Y U @® ) m ). (14)
k=0 j=0

In the pure fractional case v (L; §) = 1 from summing coefficients
of I/ on both sides of the identity AA%~! = A9,

t
w(®) =) 4®) =
j=0

t
T @)=Y m@=m@E-1). (15)
k=0

2.1. Uncorrected CSS estimation

Our first approach is essentially CSS estimation which ignores
the «;. Define

1 N T
N7 2o 2 G L0y, (16)

=1 t=0

L 0) =

and

Y = argminLV (9).
T gge@T()

Notice that, writing

' (L; 0o) &, (17)
we have forall6 € ©,

A (L ) yie = Ae (L; 0) (o +vie) = Ae (L; ) vie + 70 (O) . (18)
The term t; (f) «; in (18) contributes a bias. From (11),

V(18 s —5-1
7 (0) = ———t o(t . 19
t (0) (-4 + 0( ) (19)
Thus the bias decays to zero for § > 0, but more or less slowly, and
its presence explains the need for asymptotic theory withT — o0,

in order to achieve consistent estimation of 6.

Vit =A

2.2. Fixed effects CSS estimation

Instead of ignoring the o; we now start from a CSS-type objec-

tive function based on fractionally differencing the y; — «;, and
then concentrate out the «;. Define
Lr 0,1, o) = o ZZ(M (L; 0) (ie — a)* .
i=1 t=
Differentiating gives
3 2 <
—Lr (0,aq,..., = — Ae (L; 0) yi
Sl @ron o) = o t:ZO( ¢ (L; 0) yic
A (L)) A (1;0), i=1,...,N,
and thence
air (0 Ae (L; 0 0 i=1,...,N,
&ir (0) = SW(Q)Z( ¢ (L 0)yio) 7 (0)
using (14) and defining
Seer(@) =1+ T;— @) tr (0),
(@)= (1 O),....tr (6).

Thence introduce
L5 ©) =Ly (0.8a11O),....anr ()
T

N
YN (e W 0) (vie — Gur ) (20)

i=1 t=0

5|

and

oF _ s rF
0; = arg gélg Ly ().

The summands in L§ (0) are squared fractional residuals after re-
gression on the final end effect t; (0).

Since
. L ar(®)
i 0 t 9 A.[ L 0 it 9
Qir (0) = th’ (©) O (L O)yi) = e+ —
where

T
ar(0) =Y 7 (0) A (L; 0) i, (21)
t=0
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note that
air ()7 (0)
SITT (0)

and by comparison with '9*;1 there is again a term contributing

bias. We show that nevertheless /9\‘; is consistent though a bias
correction may be desirable for statistical inference.

Ae (L5 0) (Vie — Gi (0)) = A (L; 6) vie — : (22)

2.3. Differenced CSS estimation
Applying another standard approach to eliminating the «;, first-
differencing gives:
t=1,...,T.
We might then attempt to fully whiten the data by forming the
Zit (0) = her (L) (Ayie), t=1,....T,
where 6V = (5 — 1, E/)/. Define

12 9) = N7 Z Zzu ®) (23)

i=1 t=1

Ay = Avye,

and
oP = arg min L2 0).
Note that
2 (0) = A (L 077) (Avie) + (Ae—q (L 67)
— e (L;01)) (Avge)

= e (L; 0) vie — A (0T V) L'AR;T (L; 60) £t

= At (L; ) vie — 2 (07) g0 (24)
This results from
A1 (LOTY) = (L01) = =2

and from
2 (L;077) (Ave) = vn+2 A e

Ae (L 9) Vit,

() It

V) vy

because

() -

1 (677) Zma—w} k(®)

k=

j—1
= = DYk )

k=0

j—1
=Y+ Y@ m@E—1)
k=1

j—1

- ZmH (CERVE//EN()
+nj(8—1)—nj 16—1)
= ws>+2w, (&) (e (8= 1)

— k1 (5 —D)—mm1(-1

+m (-1
=1 (0). (25)
since fort > 1, from (15)
TG —=1)—m_1(—1) =m (). (26)

From (25)

At (9(71)) =7 (0),

so

zit (0) = A (L; 6) vie — 7 (0) €. (27)

In view of (18) and (27) there is a bias contribution of the same
order as that for the uncorrected estimate ;. But something has

been gained because the «; have been eliminated and, as with @}F ,
it will be possible to institute a bias-correction.

2.4. Pseudo maximum likelihood estimation

The previous estimates all employ versions of the CSS prin-
cipal, where the Gaussian pseudo-likelihood is approximated by
ignoring potential dependence and heteroscedasticity in the ap-
proximately whitened data. Here we develop a PMLE based on the
fractionally adjusted first differences z; () (as distinct from, for
example, the PMLE based on pure first differences Ay;; in an au-
toregressive setting of Hsiao et al. (2002)). From (27), for t > 1

Zie (60) = &ir — T (Bo) €io,

whence, denoting o = Ee2,

Cov (zi5 (6o) , zit (B0)) = Uo s (0o) ,
where

ws (0) =1(=1)+ 7 (0) e (0).

Introduce the T x T matrix 27 () = (ws (0)) and the T x 1
vectors iy () = (z1 (0),...,z7(@)),i = 1,..., N. Define the
approximate Gaussian pseudo log—likelihood

N

QT(G,gz):_Z: log(2m) + — loga + - 10g|QT(6’)|

i=1
1
+5 52 0) 27 (9)21‘1(9)}-

Differentiating,

—QT (6.0° 2{202 — 5aZr O 27 @)z (0>}

i=1
leads to

_ 1 ¢ _
G (0) = = ; Z; (0) 27" () zir (0),
and the concentrated function

Qr (0,57(0)) = {—log(ZnH—log (@)
N T
+§ og | T()|+2]

= ——(1 + log(2m)) — — log 7 (0)

-3 log |27 (0) |.
Thus define

L} (0) = exp :—iQf (0,5%®) — 1+ log(Zn))}

=121 0) 1767 6),
and the PMLE
0 = arg min Ly ).
For computations, note the formulae
7 (0) 77 (0)

Seer(0) |21 (0) | = Ste1(0). (28)

2 O =Ir -
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3. Consistency

Consistency proofs are facilitated by noting that all four of the
objective functions introduced in the previous section are approx-
imately equal, and are of the form

Lt (6) = Ar(0) + Br(0),
where

1 1w )
ArO) =5 ;Aﬂw), Ar(®) = - ; (he (L; 0) vir)

and Br(0) is a measurable function of &, 1 < i < N,t < T, of
smaller order of magnitude. Hualde and Robinson (2011) showed
under conditions on €1, t = 1,2, ..., that are implied by ours,
that the statistic

6} = argminA;7(6)

0e®
is consistent for 6. They were thus concerned with the single time
series case, but due to the identity of distribution across i, and

model constancy across i, their results easily extend to establish
consistency of

O = arg minAr (0).
T gImin 7(0)
We state first the following Proposition which is used to prove

consistency of each of our estimates, along with Theorem 1 of
Hualde and Robinson (2011). Define

O = in Ly (6).
T arggggr()

Proposition 1. Let

sup [Br(0)| —,0, asT — oo. (29)

e
Thenas T — oo

/9\'[ —>p 90.

Theorem 3.1. If Y 1 , & = 0,(N) as N — 00, as T — oo,

au
GT —p 00.

Theorem 3.2. AsT — oo,

F
GT —p 90.

Theorem 3.3. AsT — oo,

'éTD —p 90.
Theorem 3.4. AsT — oo,
’é\ﬁ —p 90.

Note that these results hold without assumptions on N, which
might be fixed or increase with T at any rate.

4. Asymptotic normality

The following Proposition is not new when N = 1 (cf. Robinson
(1991)), but we include it to demonstrate that N may increase with

T. Define
P& =y " (L&) = qu, &

and, for ¥ (L; &) differentiable in v,

9 ,
X (L:§) = 5 logh (L 6) = (log A, (3/08") log ¥ (L; &))

=Y x@®U
j=0
SO
X E) = (xy &), x5 )
where
J
XE == X ® =) h @V,

k=1

with {ﬁj (&) = (0/0&) ¥ (§), and we assume (cf (3
0 (exp (—c (£))). Define also

)) that y; (£) =

1 N

9
wr = ———— IT(GO) -
2 (NT)? ,Z 96

where

N T
1 Zzgitfih
NT)2 =1 =1
t—1
fie =) xe—j (6o) &3 (30)
j=0
noting that
Aﬂ(m = Z(A[ (L 0) vi) 5 xt (L; 6) vie

and A (L; 6p) viy = & while, fort > 1,

d
— A (L; Op) vie

3
A (L; Gp) A1
36 ag - (L 00) 1

(L; 6o) it
X (L; §) & (L; o) A"
= x (L; §) {ei 1(t = 0)}
= Jit- (31)
Introduce the (p + 1) x (p + 1) matrix

(L; 6o) it

B (&)

DX @ x @

=1

7’ /6 DGV
j=1

= i @i D a0 ) x5 ©)
j=1 j=1

)

and assume B (&) is non-singular.

Proposition 2. AsT — oo,
wr —q N (0, 09B (&) . (32)

Now assume that 6y € Int (®), and for all x on the complex unit
circle ¥ (x; &) is twice continuously differentiable in ¥ in a neigh-
bourhood of &y; note that (3) implies that all derivatives in x on
|x| = 1of ¥ (x; £), and thus of ¢ (x; &), exist and are bounded.

Theorem 4.1. Let Y\, a? = 0,(N) asN — oo. When 8y > 1,as
T — oo,

1 —
(NT)Z (BF — 69) —a & (0. B7" (£0)) (33)
if.as T — oo, NT'™%%0 Jog’ T — O when &y € (3,3), NT 'log*T

— Owhen 8 = 3, and NT™' — 0 when 8, > 3.
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Note that Theorem 4.1, like Theorems 3.1-3.4, allows N to grow,
but a slower rate than T, and arbitrarily slowly for §; close enough
to 3 L from above, and no central limit theorem is available when

80 < 1

Defme 7 (8) = (8/36) ¢ (8), so from (14),

0
() = -7 (0)
t—k t—k
= [Z 1 (8) Z v (§) an (8) Z W (é)} (34)
Let
T

Seer(0) = Y 1 (6) 1 (6).

t=1

Theorem 4.2. AsT — o0,

(NT)? (BF — 60 — T (69)) —a V (0,B7" (&0)) , (35)
where

R e )
bT (0) =B (%') STTT(9)7

with b% (9) = 0 (log T1(8 < 3) + 1(8 > 3)). Thus

(NT)Z (BF — 6o) —a & (0, B (%)) (36)

if.asT — oo, NT~'log’T — Owhen 8y < ,andif NT™' — 0
otherwise.

When §; > % the restrictions on N for (36) are the same as

those for (33) for/G\TU but when 8, < 1 they are weaker, and do not
strengthen with decreasing dy, indeed (36), unlike (33), holds for
8o € (0, %] Moreover, whereas Theorem 4.1, like Theorem 3.1, im-
poses some restriction on the ¢, this is avoided in Theorem 4.2. The
recentering in (35) avoids any restrictions on N. Note that b; )
is a known function of . When § < 1, in the pure fractional case
¥ (L; &) = 1,from (15) 7, () > 0, whence Lemma 3 in Appendix C
implies that S;;7(#) < 0, and thus bf (9) < 0.

Define
T
Sexr(0) =D 7 (0) xe (€).
t=1
Theorem 4.3. When 5y > ;,as T — oo,
(NT)? (B2 — 6 — T~'b2 (60)) —a N (0, B~ (&) , (37)
where
b2 () = =B~ (§) (S47(0) — Sey1(0))
and b? (6) = O(T""# 1ogT1(8 < 3)+log* T1(8 = 1)+1(8 > 1)).

Thus, when §¢ > %,

(NT)? (60 — 66) =4 N (0, B~ (&) (38)

if,as T — oo, NT'=%0 log’ T — 0 when &y € (3, 1), NT 'log*T

— Owhen 8 = 1, and NT~' — 0 when §, > 1.

The result (38) is the same as (33) for’G\}’, except that it imposes
no restrictions on the «;. As with (35) forgf, (37)avoids any restric-
tions on N, but it requires 89 > %, as (33) and (38), due to the slow
convergence of the term causing the bias in the CSS which are of
similar nature in both the uncorrected and difference CSS estima-
tion. The bias term bD (0) lacks the deflating factor S} (6) < 1 of

T

’é\TF, making it of larger order of magnitude than b; (0) when 6y < %
and italso involves the additional term S, , 1 (8). This is O(1) for all 6
(see Lemma 1in Appendix C) and is thus dominated asymptotically
by S;:7(6) when §y < % In the pure fractional case ¥ (L; §) = 1,
when § < 1from (15) 7; (8) > 0, and thus S;,7(6) < 0, and since
S:+7(0) < 0 as previously observed, there is some cancellation in
the bias, while when § > 1, Zfil (8§ —1) = —1, and it is readily
seen that S;,7(#) > 0 for all large enough T.

Theorem 4.4. AsT — oo,

(NT)2 (67 — 6p) —a & (0, B~ (&0)). (39)
Theorem 4.4 demonstrates superiority of /97; in that it imposes no
restrictions on N or §, to compensate for its somewhat greater
computational complexity relative to our other estimates.

5. Statistical inference

In the present section we develop the results of the previous
section for statistical inference on 6y. Our results allow for exam-
ple testing of a short memory composite null hypothesis §o = 0
against long memory alternatives, testing an /(1) composite hy-
pothesis o = 1, and testing the short memory component, for
example the pure fractional null i (L; §) = 1 with §y unspecified,
or the composite null ¥ (L; §) = 1— Y7, vol/, with unspecified

8o and ¥jo,j = 1, ..., p. Theorems 4.1-4.4 suggest that@\F AD and
/9\}’ are more useful than OT’ with potential for bias correction of oF K

§$ , thereby relaxing the restrictions on the rate of increase of N

relative to T, and since inference based on is /O\T" straightforward,
requiring no bias correction, we do not discuss this further in the
present section.

We first consider Wald hypothesis testing on 8, focusing on the
pure fractional case ¢ (L; £) = 1. The leading case, mentioned in
the Introduction, of testing the I(1) null o = 1, turns out to be
the most favourable. Since 7;(1) = 0,1 < t < T, it follows that
bk (1) = b? (1) = 0. Thus the results (36) and (38) are respectively
identical to (35) and (37), and so (NT)'/? @ —1) and (NT)"/?
(3\? — 1) are asymptotically ¥ (0, 6/72) with no restrictions on
N. Another case that is sometimes of interest is the I(2) hypothesis
8o = 2.1Itis easy to see that S;;7(2) = S;:7(2) = Siyr(2) = 1,
so bf (2) = —6/7% b (2) = 0, and 8F is simply bias-corrected,
while no correction of 3? is needed. In general, for other null hy-
potheses, for example §, = % (the boundary between the station-
ary and nonstationary regions), we can carry out the bias correction
by evaluating b’ (89) and b? (§o) at the null, which is straightfor-
ward given Lemma 3 in Appendix C, and applying (35) and (37).

Some numerical comparisons of the biases are of interest. Ta-
bles 1 and 2 present the scaled biases of?S\; and?S\? for selected val-
ues of T and §. We find that b; (8) decreases monotonically in § and
in T, sharing the sign of §, whereas b? (8) is positive and increasing
in |§ — 1| (though not symmetrically) and is mostly decreasing in
T (note that scaling with respect to T has already been carried out).

For interval estimation b%. (65) and b? (69) need to be estimated,
while when a short memory parameter vector v, is present this
must be estimated even for hypothesis testing on &, only. We in-
troduce the feasibly bias-corrected estimates

B =B 10 @),
B = B2~ T2 (D)

The following theorems indicate that these estimates entail
stronger restrictions on N (and in some cases on §g) than the in-
feasible bias-corrected ones featured in (35) and (37), but milder
restrictions than the uncorrected ones #F and #P. In particular, 6°
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Table 1 Table 3
Scaled asymptotic bias b§ (8) x 100/T of fixed effect estimate, ¥ (L; £) = 1. Approximation (40) to asymptotic bias of fixed effect estimate b§ (6) x 100/T.
T §: 0.3 0.6 0.9 1.0 1.1 1.4 T §: 0.3 0.6 0.9 1.0 1.1 1.4
5 —-17.77 —11.04 —2.25 0 1.76 477 5 —19.57 —45.57 —2.55 0 1.64 421
10 —11.54 —6.64 -1.17 0 0.85 2.24 10 —14.00 —22.79 —1.28 0 0.82 2.11
100 —2.25 —1.04 —0.13 0 0.08 0.21 100 —2.80 —2.28 —0.13 0 0.08 0.21
Table 2 Table 4
Scaled asymptotic bias b? (8) x 100/T of differenced estimate, ¥ (L; §) = 1. Approximation (41) to asymptotic bias of difference estimate b‘T’ (§) x 100/T.
T 8 0.3 0.6 0.9 1.0 1.1 14 T S 0.3 0.6 0.9 1.0 1.1 14
5 27.05 5.43 0.20 0 0.14 1.17 5 55.27 82.64 0.44 0 0.20 1.28
10 28.94 451 0.14 0 0.08 0.63 10 52.17 41.32 0.22 0 0.10 0.64
100 18.90 1.18 0.02 0 0.01 0.06 100 26.21 4.13 0.02 0 0.01 0.06

still requires §¢ > % as @%’ and both estimates require N to increase

slower than T3, though as with 6Y, the rate for 62 is heavily 8-
dependent, such that N cannot increase much faster than T when
8o approaches % from above.

Theorem 5.1. AsT — oo,
—600) >4 N (0,B7" (&),

if.asT — oo, NT3log® T — 0 when 8, <

1
80>i'

(NT)? (0F

5 or NT™3 — 0 when

Theorem 5.2. When &y > },as T — oc,

1 o~
(NT)Z (6f — 60) >4 N (0,B7" (&),
if NT'=%% 1og®T — 0 when 8, € (3, 3), orif NTlog'°T — 0
when 8y = 3, orif NT—> — 0 when § > 3.

Simplified corrections are possible that improve on our original
F and D estimates, but by less than our feasible bias-corrected ones.
Inthe case ¢ (L; €) =1,

6logT 1
bi(a)z—{ ;g +0(1)} (a<5>
3logT 1
—{ = +0(1)}1<5=2>
1
hh(o-1). @
6T logT

D _ 1-26 1
br (%) = {712(1 “amra—ez o0 )} ! (5 = 2)

N {310g2T+O(l T)}1<5—1)
273 0% T 2)
-2 1 5—1
_{ 6w (8) T +/ ((1—x) —1>dx
25—1)B(,8)  Jo X

logT _s 1
oS ) (s 2), an

where w (§) = ¥ (28) — ¥ (8) — (26 — 1)~ !, defining the digamma
function y (x) = (d/9x) log I" (x); this follows from Lemma 1 since
with 7; (8) = 7; (6 — 1), we have Z;’io 'L'jz @) = (26 — 1B(3,
)7L YT O) 70) = 1(8/36) Y7 7 (6). (3/35) logB(S,
) =228 —y@)Nand Y2 5@) /i = [, (1-x""=1)/
xdx. The leading terms in (40) and (41) could be used in simpler bias
correctlons For example a simple blas corrected Fixed effects esti-
mate is 8F —61log T/ (7 (2T) for 8 < 3, where the correction is free

of ST. But which correction to use requires knowledge of whether

N {6a)(8)
T

or not we are in the stationary region, and the theoretical improve-
ments over the original bias-uncorrected estimates are small, not-
ing the approximation errors above and bearing in and that the
effect of inserting estimates of &y in most of the corrections needs
to be taken into account. Tables 3 and 4 illustrate the approxima-
tions, and are directly comparable with those of Tables 1 and 2,
respectively. The approximations work reasonably well when &y is
close to 1, but otherwise are less precise.

6. Simulations

In this section we conduct a simulation study of the finite sam-
ple properties of our estimates of 6. in the pure fractional case,
6 = §. We concentrate on the Fixed Effects and Difference esti-
mates and the PML estimates, in both original and feasible bias-
corrected forms, and the PML estimates, but not for Uncorrected
estimates, which heavily depend on the magnitude of the fixed ef-
fects o relative to the idiosyncratic errors ¢, whereas the others
are invariant to the specification of ;.

We focus first on the pure fractional case, & = §. We generate
the g; as standard normal, noting that the estimates are invariant
to the variance of g;;. We consider different choices of N, T and 6.
In particular we set T = 5, 10 and 100 as in Tables 1-4, and to
consider the effect of increasing the overall sample size, we used
when T = 5, 10 three combinations of NT (100, 200 and 400) so
the range of values of N oscillates from N = 20to 80 for T = 5 and
from N = 10 to 40 for T = 10, while when T = 100 we took only
NT = 200 and 400, i.e. N = 2 and 4 (thus omitting the case NT =
T = 100 since we cannot remove fixed effects with a single time
series). The values of §y include a stationary one (§o = 0.3), which
is the most problematic from the point of view of bias, a moder-
ately non-stationary one (§o = 0.6), values around the unit root
(89 = 0.9, 1.0, 1.1), and a more nonstationary one (69 = 1.4). Op-
timizations were carried out using the Matlab function fminbnd
with D = [0.1, 1.5], and the results are based on 10,000 indepen-
dent replications.

We first explore the accuracy of the asymptotic approximations
for the biases in Theorems 4.2-4.3, and whether feasible bias cor-
rection produces better centering properties. In Table 5 we observe
that the uncorrected Fixed Effects estimate;ﬁ has abias inline with
that predicted in Table 1 when § = 0.3 and T = 5, but in general
it has larger bias (in absolute value) than predicted by the magni-
tude of b'; (80) /T for large T and small 8. For §o > 1.0 the bias
is small, as predicted, and the accuracy of the approximation im-
proves with increasing N. The right panel of Table 5 shows that fea-
sible bias correction removes a large fraction of the bias of/B\F when
8o = 0.3, but for all the smallish §; the blases while reduced are
still substantial. In some cases the biases of(S and 8F do not change

monotonically with §p and T. For the D1fferer1ce estimate 8 we ob-

serve that Table 6 shows more monotonic properties of bD (80) /T
found in Table 2, even for the smaller NT, and that bias correctlon
works in 8? quite well when 8o > 0.6. Table 7 illustrates the far
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Table 5
100x Empirical bias of fixed effect estimates:s\;, S5t
Uncorrected estimates’é\; Bias-corrected estimates 3; = 57; — bk (73}”) /T
So: 0.3 0.6 0.9 1.0 1.1 14 0.3 0.6 0.9 1.0 1.1 14
T NT = 100 NT = 100
5 —19.95 —45.42 —19.43 —6.51 —-0.33 2.37 —0.42 —26.69 —12.57 —4.69 —-1.62 —2.48
10 —17.80 —21.13 —4.27 —-1.81 —0.42 0.50 —5.11 -11.34 —222 —1.41 —1.11 -1.73
T NT = 200 NT = 200
5 —20.00 —48.28 —14.06 —2.49 125 3.69 —0.47 —29.01 —8.34 -1.70 —0.52 -1.26
10 —18.92 —20.23 —2.88 —-0.91 0.24 151 —6.15 —-10.32 -1.17 —0.72 —0.57 —0.76
100 —12.95 —7.99 —1.54 —0.71 —0.19 0.43 —5.05 —-3.07 —0.76 —0.63 —0.57 —0.66
T NT = 400 NT = 400
5 —20.00 —49.62 —-9.11 —0.88 1.75 4.49 —0.47 —-30.13 —4.48 —-0.57 —0.18 —-0.53
10 —19.58 —-19.32 -2.20 —0.45 0.59 2.01 —6.77 —-9.37 —0.65 —0.36 —0.28 —-0.29
100 —13.38 —-7.31 -1.11 —-0.35 0.13 0.83 —5.45 —244 —0.40 —0.31 —0.28 —0.26
Table 6
100x Empirical bias of difference estimates §’T3 1.
Uncorrected eStilTlateS/E\-? Bias-corrected estimates ETD = E’TJ — b2 (/57;) /T
So: 03 0.6 0.9 1.0 11 14 0.3 0.6 0.9 1.0 1.1 1.4
T NT = 100 NT = 100
5 21.80 5.64 —0.76 —-1.05 —0.85 —0.46 11.58 1.17 —1.36 —-1.28 —-1.09 —158
10 17.91 3.63 —0.93 -1.10 —1.00 —-0.93 6.04 —0.56 -131 -1.22 -1.13 -153
T NT = 200 NT = 200
5 2234 6.13 —-0.28 —0.56 —0.36 0.66 13.01 2.22 —0.66 —0.67 —0.54 —-0.51
10 18.63 4.14 —0.44 —0.60 —0.50 —0.00 8.07 0.50 —0.69 —0.66 —0.60 —0.62
100 15.12 2.59 —0.50 —0.59 —0.54 -0.33 404 —-0.37 —0.65 —0.62 —0.59 —0.64
T NT = 400 NT = 400
5 22.65 6.42 —0.00 —-0.29 —0.09 123 13.77 2.79 —-0.29 —-0.34 —-0.25 0.03
10 19.06 447 -0.15 —-0.31 —-0.21 0.43 9.13 1.10 —0.34 —-0.34 —0.30 —0.20
100 15.71 2.94 —0.20 —0.30 —0.24 0.06 5.56 0.22 —0.32 —0.31 —0.29 —0.26
Table 7 6 &g values as before, and for £, = —0.5, —0.3, 0.3, 0.5. In view of
100 Empirical bias of PML estimate 3} . the large number of potential cases, Tables 14 and 15 report Monte
So: 03 06 09 10 11 14 Carlo bias and mean square error respectively for only the, supe-
T NT — 100 rior, PMLE. As might be expected the biases of and mean square
5 0.18 —186 117 —0.98 —084 132 errors of?SWT’ increase markedly relative to the pure fractional case,
10 _058 143 ~1.09 ~1.00 094 127 though intg\rpestingly by no means always increasing with |&y|, the
T NT = 200 figures for £; being broadly comparable. Empirical coverages of d;
5 —031 —0.98 —058 —0.49 —042 047 likewise deteriorated relative to Table 13, and are not reported in
10 —0.54 —0.76 —0.56 —0.51 —0.47 —0.52 order to conserve on space.
100 —0.55 —0.65 —0.56 —0.53 —0.52 —0.57
T NT = 400 7. Final comments
5 —-0.31 —0.46 —-0.28 —-0.23 —-0.20 -0.17
10 —0.33 —-0.38 —-0.28 —0.26 —-0.24 —0.23 . . . .
100 —0.28 —031 —027 —026 —0.25 004 We have established asymptotic properties of four estimates of

superior bias properties of the PML estimate :37; which are much
better than those of the previous bias-corrected estimates.

Tables 8-10 report (scaled) Monte Carlo square error across
simulations for the three estimates, in both uncorrected and fea-
sible bias-corrected versions in case of:S\f and?f?. For all estimates,
performance improves with increasing 8o, T and NT, predom-
inately monotonically, and with bias correction when imple-
mented. The asymptotic standard error, (6/7%) /(NT), which gives
0.61, 0.30 and 0.15 for NT = 100, 200 and 400, respectively, are
poorly approximated for low 8, but in a number of cases quite well
approximated for larger &q.

Tables 11-13 report empirical coverage of 95% confidence in-
tervals for §o based on our central limit theorems. The:S\’; estimate
achieves the most accurate coverage, although the results leave
something to be desired when §; = 0.3 and 0.6, but the bias-
corrected 8% and 87 also generally perform reasonably, at least for
the larger &, especially by comparison with intervals based on un-
corrected estimates.

We next incorporated autoregressive short memory, FAR(1),
taking p = 1and ¢ (L; £) = 1 — &L, generating data for the same

the time series parameters in the fractional panel model (1), find-
ing that the simplest one is the least useful practically, two others
are useful at least after bias-correction which may limit the mag-
nitude of N relative to T, and the fourth requires no bias correction
and is valid for all sequences N as T increases. We have focused on
a relatively simple model in order to get ideas across, as even here
some details are complicated, but a number of modifications and
extensions are possible.

1. All our procedures are justified under large-T asymptotics.
It seems possible to consider methods that are likely to be valid
under N — oo andfor T — oo, in particular a PMLE based not
on the fractionally adjusted first differences z;; (¢) but on the pure
first differences Ay;. However, though theory with N — oo only
seems relatively straightforward, the covariance matrix of the vec-
tor (Ayja, ..., Ay;r) does not have the simple identity-plus-rank-
one-matrix structure of 27 (6), and theory with T — o0 seems
harder than for our methods, and may also require focusing on
80 € (1/2,3/2).

2. There are alternative ways of introducing short memory pa-
rameterizations. If §o < 1/2 is assumed we can employ the un-
truncated model

A(L; 6p) (Yie — o) = eyt (42)
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Table 8
Empirical MSEx 100 of fixed effect estimates’g;, 5.
Uncorrected estimates:ﬁ Bias-corrected estimates gf =7§; —bh (:S\;) /T
So: 0.3 0.6 0.9 1.0 1.1 14 0.3 0.6 0.9 1.0 1.1 14
T NT = 100 NT =100
5 4.00 2295 15.76 6.69 2.64 0.75 0.02 8.64 8.90 4.08 1.79 0.66
10 3.51 8.09 2.05 1.37 1.10 0.68 0.55 3.98 1.38 1.06 0.94 0.67
T NT = 200 NT =200
5 4.00 24.04 9.49 2.15 0.87 0.51 0.00 8.91 5.23 131 0.61 0.35
10 3.69 6.29 0.88 0.61 0.52 0.40 0.48 2.69 0.59 0.48 0.45 0.36
100 2.17 1.56 0.52 0.45 0.42 0.35 0.71 0.81 0.43 0.40 0.39 0.35
T NT = 400 NT = 400
5 4.00 24.73 432 0.62 0.42 0.42 0.00 9.16 226 0.39 0.29 0.19
10 3.86 4.94 0.2 0.29 0.26 0.25 0.49 1.76 0.27 0.23 0.22 0.20
100 2.09 0.99 0.25 0.22 0.20 0.19 0.58 0.41 0.21 0.19 0.19 0.18
Table 9
100x Empirical MSE of difference estimates?S\TD. 8.
Uncorrected estimates;S\‘TJ Bias-corrected estimates :S}D = 73? — b (:S?) /T
So: 0.3 0.6 0.9 1.0 1.1 14 0.3 0.6 0.9 1.0 1.1 14
T NT = 100 NT = 100
5 5.79 143 1.19 120 1.19 0.82 3.96 1.95 1.37 1.25 1.17 0.80
10 4.09 1.01 0.92 0.93 0.93 0.73 3.17 1.56 1.03 0.96 0.92 0.72
T NT = 200 NT = 200
5 5.51 0.93 0.59 0.60 0.59 0.47 2.93 0.97 0.67 0.61 0.57 0.44
10 3.90 0.60 0.45 0.46 0.45 0.40 1.88 0.73 0.49 0.46 0.45 0.39
100 2.72 0.45 0.39 0.39 0.39 0.36 159 0.60 0.41 0.40 0.39 0.36
T NT = 400 NT = 400
5 5.40 0.70 0.30 0.30 0.30 0.27 2,51 0.54 0.33 0.30 0.29 0.24
10 3.85 0.42 0.22 0.23 0.22 0.21 1.42 0.36 0.24 0.23 0.22 0.21
100 2.68 0.27 0.19 0.19 0.19 0.18 0.95 0.29 0.20 0.19 0.19 0.18
Table 10 5. It would be possible to incorporate exogenous variables that
100 Empirical MSE of PML estimate 3% vary with t, or with i and t, perhaps in a linear regression frame-
8- 03 06 09 1.0 11 14 work; this raises an additional initial values issue, see Hsiao et al.
" (2002).
g 2’27_ 1 992 126 109 100 075 6. Time trends can be introduced, perhaps with coefficients that
10 156 1.40 0.94 087 083 068 vary over the cross section in the same way as the «;, for exam-
T NT = 200 ple «; can be replaced in (1) by «; 4+ B;t. The additional coeffi-
5 146 1.08 0.60 052 048 0.40 cients can be eliminated by extending our approaches for dealing
10 0.90 0.67 0.45 0.42 0.40 0.36 with (1), for example taking second differences, but the details are
100 0.63 0.50 0.39 0.37 0.36 0.34 more involved. Nonparametric trends can also be considered, see
T NT = 400 e.g. Robinson (2012).
5 0.82 0.52 0.29 0.25 0.23 0.21 7. We allow for cross-sectional dependence and heteroscedas-
10 0.47 0.33 0.22 0.20 0.19 0.18 ticity in the y; via the «;. However, conditional on the «; the y;
100 0.32 0.25 0.19 0.18 0.18 0.17

as in the stationary long memory literature. Without such a restric-
tion on &y, we can consider, as in Hualde and Robinson (2011), for
example,

AL (i — i) = ¥ (L £o) e, (43)
where A? = " 7; () I/ (cf (2)). However, under both (42) and

(43), ’Q\TF and ’O\TD have additional bias components, due to {gj,t <
0}, that are again given functions of 6y, and are of similar orders
of magnitude to the biases so far encountered, but involve infi-
nite series in general, and complicate matters considerably. Fur-
thermore a PMLE of 6, under both (42) and (43) would involve an
objective function far harder to handle theoretically and computa-
tionally than LY. (9).

3. The iid requirement over t of the ¢; could be weakened to
martingale difference and mild homogeneity assumptions as in
Hualde and Robinson (2011), but for aesthetic reasons we keep the
conditions simple by matching the iid assumption across i.

4, Variation in parameters across given subsets of the cross
section can be accommodated relatively straightforwardly since it
is only required that T increases in the asymptotics.

are cross-sectionally iid. It would be straightforward to relax this
requirement in case of fixed N, such as by allowing (e, ..., &nt)
to have an unrestricted covariance matrix. For increasing N the co-
variance structure can thus be thought of as nonparametric, and
more challenging to deal with, and in a different model with such
structure Robinson (2012) found it necessary to heavily restrict
the rate of increase of N with T. Alternatively a parametric form
can be employed, such as a factor model (see Ergemen and Ve-
lasco, 2014) or, when there is knowledge of spatial locations or
differences, a spatial model. Generally, cross-sectional dependence
raises questions of robust inference and efficient estimation, but
the bias issues encountered would remain much the same under
cross-sectional dependence.
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Table 11

s 5 SF 3
Empirical coverage of 95% CI based on 8}, 85
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Uncorrected estimatesﬁ\; Bias-corrected estimates E; = :S\; — by (?S\i) /T

8o: 0.3 0.6 0.9 1.0 1.1 14 0.3 0.6 0.9 1.0 1.1 1.4

T NT = 100 NT = 100

5 0.17 418 56.17 70.08 76.82 96.08 99.90 3.94 65.28 79.29 84.15 92.36

10 14.34 36.83 78.00 83.57 86.42 9551 98.30 53.69 84.70 87.72 89.10 93.66

T NT = 200 NT = 200

5 0.01 1.36 55.98 71.08 76.79 97.63 99.99 1.22 68.82 80.81 84.65 92.75

10 425 26.89 78.22 84.27 86.88 96.71 99.37 4875 85.69 88.36 89.50 94.12

100 34.47 61.87 87.23 89.64 90.79 96.23 66.33 78.74 90.46 91.34 91.77 95.04

T NT = 400 NT = 400

5 0 0.18 54.20 71.41 75.85 67.41 100.00 0.19 70.20 81.60 85.16 93.17

10 0.39 14.63 77.75 84.57 86.91 85.98 99.88 4174 86.03 88.66 89.75 94.59

100 16.27 52.86 87.56 90.04 91.09 91.50 59.08 77.94 90.87 91.72 92.10 92.35
Table 12
Empirical coverage of 95% CI based on@’, 8.

Uncorrected estimates?f? Bias-corrected estimates 5? = 3? —b? (3?) /T

8o: 0.3 0.6 0.9 1.0 1.1 14 0.3 0.6 0.9 1.0 1.1 1.4

T NT = 100 NT = 100

5 25.38 79.33 84.26 84.05 84.08 93.01 49.49 73.94 81.94 83.65 84.83 92.20

10 37.15 87.32 89.09 88.98 89.07 93.90 59.10 80.50 87.57 88.64 89.38 93.45

T NT = 200 NT = 200

5 5.84 71.93 83.90 83.75 83.94 94.13 36.60 7245 8191 83.56 84.79 92.79

10 11.91 83.00 89.31 89.16 89.14 94.75 50.94 80.10 87.96 89.01 89.54 94.01

100 24.68 89.49 91.70 91.61 91.64 95.27 59.11 84.83 90.95 91.53 91.81 94.97

T NT = 400 NT = 400

5 0.26 58.03 83.87 83.77 84.02 83.80 20.17 69.13 81.95 83.68 84.9 86.33

10 0.93 74.37 89.32 89.18 89.29 89.67 37.27 79.32 88.03 89.10 89.76 90.34

100 456 85.27 91.93 91.83 91.91 92.17 51.33 84.91 91.28 91.79 92.11 92.28
Table 13 . which is 0,(1), on choosing § > 0. From Lemma 1, S;.r(0) <
Empirical f95% Cl . 1_ e

mpirical coverage of 95% Cl based on &7 KT?™m3(278.9) |og T. Thus verification of (29), and thence the proof,

is completed by the estimate

So: 0.3 0.6 0.9 1.0 1.1 14

T NT = 100 nr(9) 2

5 5904 7141 83.97 8623  87.81 93.60 Z =0, (T 10gT) = 0y(1). O (45)

10 73.30 81.69 89.13 90.25 90.92 94.35 i=1

I NT =200 Proof of Theorem 3.2. From (20) and (22), I (8) = L; (8) —

5 58.88 71.45 84.41 86.74 88.21 94.10 N T T

10 73.34 81.97 89.59 90.67 91.30 94.94 (See7(O)NT) ™! Zi:] aizT(Q). We again check Proposition 1. From

100 82.29 87.63 91.91 92.42 92.69 95.41 1 .

; T — 400 Lemma 1, S;.7(0) = nT?>™*(z2739 for some 5 > 0. Thus adapting

5 59.08 7163 8498 8736 8885 9036 the methods of Lemma 2,

10 73.47 82.22 89.94 91.11 91.72 92.32

100 82.56 87.94 92.34 92.96 93.28 93.45 ir(0)

Appendix A. Proofs of theorems

Proof of Theorem 3.1. From (1

6) and (1

8), Li () = Lr(6) +

(NT) "N aiair (@) + (NT) ™! Zt b T2 O) N, . We check

Proposition 1. From (12) . =

Lemma2and Y | a?

=0y (N )

5 N 5 [N N
NT ZaiaiT(e) = o Z“?ZSUPG?T(Q)
i=1 i=1 =1 D&

1/2

172
0, [T "supE [sup aizT(G)]
i D,z

=0, (TSO*QeraX(%fﬁ,O)f] log? T)

= 0, (T2 D 10g? ),

— (80 —38) > O. Thus, using

1 1
op nrw)mzaﬂ(g) =% (7 SupE[S‘Lp UT(Q)D

D,u
log*T log*T
(ras) =0 ()
=0,(1). O
Proof of Theorem 3.3. From (23) and (27), ? (0) is

N T
L (0) — — Z% Zsio% > @) i)

nr<e> N,
Z Lr<9)——28,oaﬂ(e>

rrT(Q) ZN: 1)

uniformly. Then as in (44) and (45), supp =

N
-DYXii&h =

Yo eioair (60)
op (NT), to check Proposi-

supp 5 (Seer(0)
tionl. O
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Table 14
100x Empirical bias of PML estimate FAR(1) model @7’ ’;‘7'.’).
&o 5 &
8o 0.3 0.6 0.9 1.0 1.1 14 03 0.6 0.9 1.0 1.1 14
—05 T NT = 100 NT = 100
5 —6.81 —-19.15 —13.90 —9.28 —5.17 1.74 2.02 6.97 5.18 2.95 0.93 —1.56
10 —456 —6.68 —453 —3.65 -2.83 —0.90 2.46 341 2.26 1.85 1.51 1.14
T NT = 200 NT = 200
5 —8.19 —18.67 —10.38 —6.15 —291 2.96 2.34 6.51 2.93 0.81 —0.76 —2.66
10 —3.91 —461 —2.93 —221 —1.50 0.34 1.72 1.84 0.83 0.48 0.20 —0.14
100 -1.92 —2.05 —1.85 —1.62 —1.35 —0.57 123 1.16 0.94 0.83 0.73 0.63
T NT = 400 NT = 400
5 —8.30 —~16.99 —7.85 —4.40 —~1.70 3.69 2.08 5.44 128 —0.44 —1.72 —3.40
10 —291 —3.29 —2.05 —1.44 —0.79 0.96 1.07 0.98 0.14 —0.16 —0.41 —0.72
100 —1.06 —1.09 —-1.07 —0.89 —0.65 0.07 0.60 0.47 0.31 022 0.14 0.06
0.3 T NT = 100 NT = 100
5 —8.14 —21.19 —14.19 —927 —5.24 1.10 3.15 10.45 7.88 5.08 2.80 0.54
10 —4.90 821 —5.42 —435 —3.43 —1.54 2.88 5.12 3.55 2.96 2.54 2.20
T NT = 200 NT = 200
5 10.63 —22.07 —10.06 —5.33 —1.99 331 437 11.09 487 1.96 0.05 —1.50
10 —454 —5.41 —291 —2.10 —1.34 0.35 247 2.97 132 0.90 0.57 0.37
100 —222 —2.39 —2.03 -1.77 —1.48 —0.76 155 156 127 1.15 1.05 1.00
T NT = 400 NT = 400
5 11.49 —20.30 —6.48 —2.85 —0.25 439 463 9.89 2.07 —0.11 —1.50 261
10 —3.54 —3.43 -1.77 —1.12 —0.47 1.12 1.85 159 0.42 0.09 —0.17 —0.32
100 —1.14 —1.10 —1.05 —0.85 —0.61 0.04 0.79 0.62 0.48 0.39 0.31 0.30
0.3 T NT = 100 NT = 100
5 —3.65 —6.56 —2.56 —161 —~1.16 —1.56 1.08 3.45 1.46 1.36 1.79 461
10 0.61 —6.25 —6.04 —5.70 —5.35 —5.03 —1.60 3.67 3.87 3.86 3.89 461
T NT = 200 NT = 200
5 —8.90 —9.92 —4.80 —3.62 —2.82 —2.67 6.51 7.77 475 4.44 455 6.85
10 —0.69 —6.64 —5.83 —533 —488 —431 0.33 5.12 4382 468 461 5.11
100 0.19 —6.13 —6.55 —6.24 —6.00 —5.59 —0.75 471 5.30 5.16 5.11 521
T NT = 400 NT = 400
5 —13.07 —12.52 —6.00 —471 —3.85 —3.69 10.94 11.13 6.69 6.25 6.28 8.55
10 —0.56 —6.17 —5.45 —4.80 —422 —3.60 0.87 5.49 524 494 473 5.18
100 1.54 —351 —4.14 —3.86 —3.62 —3.37 —~1.39 2.98 373 361 3.54 3.77
05 T NT = 100 NT = 100
5 —0.90 136 4.09 473 5.29 527 —0.94 —-3.10 —4.01 —3.93 —3.80 —231
10 374 0.47 0.80 1.10 1.36 1.17 —487 —327 —3.19 —3.19 —-3.15 —224
T NT = 200 NT = 200
5 —3.56 —0.02 3.45 405 458 523 2.32 —0.92 —2.47 —2.32 —2.13 —1.34
10 272 —0.80 —0.34 —0.09 0.20 0.41 —3.06 —0.94 —0.88 —0.81 —0.79 —0.29
100 3.71 —2.76 —339 —322 —-3.10 —2.88 —441 0.69 1.45 1.44 1.47 1.60
T NT = 400 NT = 400
5 —6.13 —1.85 2.32 3.17 3.82 480 5.46 158 —0.69 —0.80 —0.74 —0.34
10 2.00 —2.06 —1.50 —1.08 —0.72 —0.23 —1.59 1.16 1.12 1.01 0.96 1.16
100 462 —253 —-3.10 —2.90 —2.67 —2.38 —4.48 1.44 2.14 2.08 2.00 2.04
~ 1 .
Proof of Theorem 3.4. We have [F () = &7 () + (|21 (0)|T in Lemma 2,
~2 D ~ D 1 ~2
— — — T — 2
162 (0) = L2 (0)+{52 0) — 1P (9)}+(|97 ®) ]| 1) 52 (6). i Gowof] 2.6)
In view of Theorem 3.3, checking Proposition 1 entails verifyin SUPE | SUPp | ——————— | | = Sup Sup ——<
& rrop ymg i D,E Seer(0) i D,5 See1(0)

that
sup [L7 (6) = &7 (6)] = 0,(1),
a (46)

sup
D&

2 @) 17 — 1| =o(D),

since this and (from Theorem 1 of Hualde and Robinson (2011))
sup L? (6) = 0,(1) imply that sup} (6) = Op(1). From (28),

. 1 &

17 ©0) =32 ) = = > 2z O) {Ilr — 27" @)} zir ©)
i=1

_

N
, 2
NTS,.1(6) 2z @ = @) 47

i=1

Now z () Tr(0) = Y17 (0) (e (L; ) vie — 7 () €10) =
air (@) — €ip (Szz1(6) — 1). Then using Lemma 1 and proceeding as

+20¢ <1 + supS;ﬁ(@)) ,
D,z

which is 0 (T?®~2 Jog* T + 1) so, noting that 8o — § > 0, (47) is
0p (T?%~D"110g*T) = 0, (T"* log*T) = o0, (1) uniformly, to
check the first part of (46). Finally, from (28), for K a generic finite
constant,

1 1 _
120 () |7 =1 =Seer(0)T —1=0(T"" (Seer(6) — 1))
< KT*™*G =301 jog T < KT 2 Jog T — 0,
uniformly, to check the last part of (46). O

Proof of Theorem 4.1. By the mean value theorem,0 = (9/96) L¥
®Y) = (3/96)LY (6p) + MY (Y — 65), where MY is the ma-
trix (92/9096") LY (6) with each row evaluated at a mean value
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Table 15
100x Empirical MSE of PML estimates FAR(1) model (;37’ ?T’)
&o & &
8ot 0.3 0.6 0.9 1.0 1.1 14 0.3 0.6 0.9 1.0 1.1 14
—0.5 T NT = 100 NT = 100
5 477 11.19 10.23 7.41 497 2.64 2.19 4.05 4.83 4.14 3.37 2.59
10 3.27 3.83 2.40 2.07 1.83 1.55 1.73 2.14 1.84 1.74 1.67 1.60
T NT = 200 NT = 200
5 333 8.14 4.75 2.80 1.75 1.18 1.24 2.43 2.07 1.56 1.27 1.16
10 2.00 1.76 1.03 0.89 0.80 0.70 0.94 0.97 0.80 0.77 0.75 0.73
100 1.24 0.95 0.69 0.65 0.63 0.59 0.77 0.72 0.66 0.65 0.65 0.65
T NT = 400 NT = 400
5 2.31 5.51 2.06 1.16 0.77 0.67 0.70 1.36 0.84 0.67 0.62 0.65
10 1.08 0.82 0.48 0.42 0.38 0.34 0.48 0.45 0.39 0.38 0.37 0.37
100 0.60 0.43 0.32 0.30 0.29 0.27 0.37 0.34 0.32 0.32 0.31 0.31
—-0.3 T NT = 100 NT = 100
5 5.92 14.26 1291 9.63 7.04 422 3.36 7.04 8.81 7.68 6.55 5.10
10 4.04 5.56 3.85 333 2.98 2.51 2.67 3.97 3.64 3.43 3.26 3.05
T NT = 200 NT = 200
5 4.48 11.90 6.48 3.88 2.53 1.71 2.10 521 441 3.22 2.52 2.05
10 2.67 2.66 1.39 1.19 1.05 0.92 1.58 1.87 1.38 1.30 122 1.18
100 1.66 1.27 0.89 0.84 0.81 0.77 1.26 1.18 1.05 1.03 1.02 1.03
T NT = 400 NT = 400
5 3.51 8.80 2.50 1.38 0.98 0.93 1.34 3.45 1.66 1.20 1.04 1.01
10 1.57 1.12 0.59 0.52 0.48 0.45 0.89 0.81 0.62 0.60 0.59 0.58
100 0.82 0.55 0.40 0.38 0.36 0.35 0.63 0.55 0.50 0.49 0.49 0.49
0.3 T NT = 100 NT = 100
5 8.99 10.18 8.07 7.65 7.36 591 7.60 891 8.44 8.24 8.09 6.76
10 6.81 7.62 6.82 6.67 6.52 6.11 6.25 7.35 7.08 7.03 6.96 6.68
T NT = 200 NT = 200
5 7.23 8.05 6.03 5.61 5.28 4.37 5.87 7.14 6.37 6.14 5.92 5.24
10 533 5.93 491 4.71 4.55 4.20 474 5.77 523 5.12 5.01 474
100 3.96 488 452 4.36 4.28 4,06 3.79 4,95 479 4,69 4,63 447
T NT = 400 NT = 400
5 6.46 6.91 4,63 424 3.94 3.22 5.16 6.29 5.00 4.76 4.56 4.12
10 4.03 443 3.60 3.35 3.15 2.83 3.54 4.42 3.90 3.71 3.55 3.31
100 2.77 2.87 2.59 2.46 2.38 2.28 2.58 3.00 2.85 2.76 2.70 2.62
0.5 T NT = 100 NT = 100
5 6.53 6.83 6.39 6.19 5.97 437 6.85 7.56 7.26 6.94 6.55 4.40
10 6.74 6.05 5.62 553 5.42 476 6.98 6.40 6.06 5.96 5.84 5.04
T NT = 200 NT = 200
5 483 4.96 4.57 4.39 4.18 3.12 473 5.25 4.93 4.65 4.32 2.92
10 5.42 4.47 4,01 3.92 3.83 3.45 533 4.55 4.18 4.09 3.98 3.53
100 4.48 3.98 3.79 3.73 3.69 3.52 451 3.94 3.77 3.72 3.68 3.52
T NT = 400 NT = 400
5 3.57 357 3.22 3.04 2.83 2.04 3.37 3.63 3.29 3.05 2.76 1.77
10 425 3.29 2.89 2.80 2.70 2.37 411 3.27 293 2.84 2.75 2.40
100 3.40 2.80 2.63 2.57 2.51 2.36 3.28 2.77 2.61 2.57 2.52 2.37

between ¢ and 6F. Now (3/00) LY (Bo) = = Y1, Y1 (HA  while, since Y{_ 7% = Yi_ 0 Xm0 xCiei = Yoimo (L)
(L; 60) yi)« (L; 60) yie, where, using (30) and (31, 2 00y = 29 xO)ey,

eie + 100, Hhe (L Oo) yie = fir + tlay, with 10 = 7, (60), 70 = 77
7, (6p) for brevity, with similar abbreviating notation used subse- T 2 T—1 || T—t 2

quently. Thus E thofir ZOOZZ Z gerj

t=1 t=1
L9 2 N T
(NT)2 7L¥ (6o) = 2wr + 1 Zal Z ft &t + Tt 1[) =1 /Tt 2
06 T2 == <kY (Do G+nj
N t=1 \j=1

2 200

: : 48

(NT); ;“ ;’f f “8 " Nowfors > o, Y= =0(tlogt +t71),t > 0,

T—t ;-1 ) -8
- t+ =0({(t+1 log (t +1)),t > 0, so the sec-
By Proposition 2, wr —4 N (0, o4B (&)). The second term on ()%(ﬁ_t]eim i(n (43 is (« ) 8 )

2
the right of (48) is O, ((N/T)E HZLl (tPei + i) 1

1/2
‘) ' N\? !
() 0p [ 1> (™ log?t+72)F +1
t=1

Now T
T 2 T 5 T £t — ) 50\ 2 N 1 loxT . ’
.0 .0
doile| <K @I <kd (D ——]) . :<f) op(—og11(80<—>+log%T1(50:—>+1>.
t=1 t=1 =1 \j=1 T TS—2 2 2
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Likewise the final term in (48) is

1
N\2 <& logt 1
OP ((T) Z]<t260 +t50+1>>
t=

1

LA 1-28¢ 2
=\7 0, (T logT1(8¢ < 1/2) + log® T1(8p = 1/2)

+ 16 > 1/2)).
Thus the last two terms in (48) are 0, (1) under the stated condi-
tions on N and T. The result follows if (82/3636") LY (6o) — 20¢B
(&) and My — (3%/0606") LY (6p) — 0. Because we do not have

to contend with the (NT)% norming it is not hard to show that the
«; have negligible effect, and the second limit is established using
Theorem 3.1 and the proof of Theorem 2 of Hualde and Robin-
son (2011), while to save space we justify the first only in the
pure fractional case v (L; §) = 1. Writing x: (1) = — Y ;_;j~'l/,
(9%2/082) LY (8) is

2 N T
230 (o @ e+ o @) 406 ) (A + 4

i=1 t=0

+ (6 Abe+ e 0 A7)
8—4

x (e (D Aot e (0 47 %)}

and so (8%/082) LY (8o) is

7 M. T
NT Z Z (Xt ) Ar+1a1 + xe (1) Sit> (Afoai + 81[)

_(Xt L) AP + xe (L) 81[) x (Xt (L) AP0 + xe (L) ‘9it)~

By arguments similar to those previously used this differs by 0,(1)
from

T

Z [ G e +0, (|06 2 20) 2] + (e 0 7))

=0
2| < log? t , 72
Tz[z o, (") | = 2% ©
Proof of Theorem 4.2. By the mean value theorem,0 = (3/96) Li
(6F) = E {(2/00) L} (60} +[(3/00) L] (8) — E {(3/00) L (60) }]
+ Mz (9} — 90), where Myr has a similar interpretation to Mry.
Writing Er (0) = A (L; 0) (Yit — (0)), we have from (22) and
(17), ,T = a;7(6p) = ZLO e and thus &, () = &ir — 7 ZST:O
0645/ ;. Also, since (3/30) & (0) = (3/30) A (L; 0) vie — (3/
89) (air (0)/Sz21(0)) Tt (0) — (air (0) /See(9)) T (0), we have, using
the orthogonality, acrosst = 0, 1, ..., T, of & () to ; (0),

1 N T
(NT)? —LF Go)=2(ND)"* ) > <n Zr e,s)
rrT s=0

i=1 t=1

<8it 50 Z T 515) (49)

71T s=0
—f N T T
2 (NT) .o o
= Zu)’r - 507 E E T, Eit E T Eis
T i=1 t=1 s=0

T

B 2(NT)_ sztofltzf £

n’T i=1 t=1

T i=1 t=1

_2 T T 2
+2(’:Q ZZn & (Z rs"eis) : (50)
s=0

The second term in (50) has mean and covariance matrix respec-
tively

5 1
2(NT)’ r N\z SO
- D3 ey e = (§) 2o

rrT i=1 T
4 T T T T N
. 07 0_0
Nf 1)1, T, Ty ) E (irgisEittiu
t=1 u=1 r=0 s=0 i=1
—E (eiséir) E (Sirgiu))

sy Yo
T
osgrrz <ZTr t) (th Tt) 71)

4‘70 290 ¢0-10. 4

2 _
T T 211T + TSSTTS'ETT +0 (T l) = 0(1)

asT — oo,Whel‘esng = ZrT 1 0. Since E (isfie) = E(Eis ZJ:(}

Xﬂ;gzj) =o0¢x2,1(0 <s < t)fort > 2, the next termin (50) has
mean

1
() 5
T S?rT

since, from Lemma 3 in Appendix C, the expectation is o2 Z[T 7

Zi 3T =2y, rt t0. The norm of its covariance matrix
is dommated by the term in the top left hand corner,

i Z Zj*]k 11.01.01.01.0
0 =

2
2(70 S‘[‘[T

(Zq HZr ):-(ﬁ)s

ttT

100

T
Z Jk Y ) ) +o(T7),

40 T
—Seet Z

which is 0 (T™% log T + T~"log?T) = o0 (1). The last term in (50)
has expectation

_* T 2
2 (Ng;) Z Z 2010F (Z 70 8is>
Sn’T i=1 t= s=0

1
N\Z 202 2 so
= <7> 320 Z ZT = (7) 20¢ BTT,
T STIT t=1 STTT

and its covariance matrix is
450 4 N 4 T 2
BT E 0.,
T 515 - T €is
i=1 s=0

xi

t=1 s

‘L'O ototo =o(1),

M"

1



448 P.M. Robinson, C. Velasco / Journal of Econometrics 185 (2015) 435-452

as T — oo, since, as is readily shown, the fourth moment is
0(5%2;). Overall, we deduce that (NT)? LF (6y) + 202 (N/T)?
S9.. /S0 —4q N (0, 04B (&)). Using similar techniques as before,
the probability limit of the second derivative term is 20§B (&0),and
the result follows. O

Proof of Theorem 4.3. We start with an analogous development
as before. We have z;; (6p) = &jr — rtosio, and (0/00) zi (6p) = fir —

9,0 Thus (NT)2 (3/30) L2 (6p) is

2 N[ @
22 (a 57 <eo>) Zit (6o)

(NT)% i=1 =1
S D!
= (fic — t0e0) (e — le00) - (51)
(NT)1 i=1 =1
Expanding (51),
10 S
(NT)2 @h (60) = 2wy — —— Ze,oz
2 t=1
2 S0y et 23 i
.0
1 €io Tt 5it+ 810 Tt t
(NT)2 i=1 =1 T)f =1 t=1

reveals the same asymptotically (0, aOB (&0)) term wr, while,
noting that f;; = ijl Xj€i.t—j + Xt€io and employing similar ar-
guments to before and §y > % it is readily seen that the remaining
part of (51) differs by o, (1) from its expectation, which is 2 (N/T)%
03 (Seer(Bo) — X1, %) = 2 (N/T)? 03 (St (B0) — Seyr(Bo)),
since the second term has variance matrix

T T tAs 2
o (13 S Pt 41 (Z % ||)
t=1

t=1 s=1 j=1

-

=o(1),
that of the third one is O ( LS 2 0’||) = 0 (1), while that

of the last term is 40T ! (Zt 1101} ) (Zt ] Ttotto) = 407!
Sz#1(00)Sri1(6p)’, whose norm is

1 2
o (st 1o

=0(T"*01log’ T) + 0 (1) = 0 (1)

because 6¢ > %. The probability limit of the second derivative term
is obtained much as before. O

Proof of Theorem 4.4. We have (3/30) L} (6p) = 7 (6) (3/36)

12 (60)|T + 1221 (60)|T (3/0) G2 (6). Thus, denoting 2% (9) =
(9/96;) 21 (9), where 6 is the jth element of 6,

ad 1 152 (6 )
26, — L7 (6o) = |21 (60)IT [UT;O)frace (-Qr_l (6o) 21 (90))

1 & -
— 7 22 00) 21" (60) 21 (60) 25 (00) 2 (%)}
i=1

2 N
+ o 120 @I Y 2 (60) 21" B) 2t (B0)
i=1

where ziT (9) is the jthrow of Z;. (6p) = (9/90) zir (0). The term in
braces has expectation zero because 32 (6p) equals (NT)~! times

N
PIPIEACIEI Z(Zqz,t(%))

i=1t T i=1 \t=1

S B (f )

1 t=1 T =1

Mﬂ

Il
-

Mz

i

s0 07 (f) has expectation

s? ol
ag(1+ w1 - >_ng (0 = 1)+ (2 = 1)) = o2,

and because

1 & A
E (NT ;Zﬁ-r (6o) 27 (60) 25 (60) 27" (60) Zir (.90))

_ Uozt —1 j
=T race | $2;° (6p) 27 (6o) | -

On the other hand,
2 N 5 N T
NT Zir{T (60) 27 (60) zir (60) = NT Z (Z Zit (6o) zie (60)
i=1 =1 \r=1
T
(Z Zit (90) T; ) (Z Zit (00) TP)) .
T'ET t=1 t=1
Now

N T

2 N T . 2
T D D e (00) zi (60) = Z > (fie — ei0) (i — 7ei0)
i i=1 t=1

2 LI 202
NT Z Z( OTtOEgizo - TrOE (fitSiO)) = TO ngr - Z ttOXIO
i=1 t=1 t=1
2002
=T (SPir —S27)
while
2 N T
— > D o) Zzn o) T
NTS”T i=1 t=1
2 N T T
0
= i 2 2 i = te0) @ 3 (e = 7o)
71T i=1 t=1 t=1

has expectation
TS?

< (Zfltfo Z T st) rrT Z T; ’E (fiegio)
T
S (52— 1))

2 T t
j=1 s=1

1T t=1

T
- UO er Z t[ Xto + ozsng (S'(L')'ET ]))
t=1

T—1
= TSO (Z (Z T4 Xj ) €it Z €isTs — Syr l) SSXT

TtT
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207
00 (ngT S?)(T (S‘?TT 1) SE)(T + Srz'T (SE‘ET 1))
TSrrT
207
= 290 (5, 0,)
because

T t—1
0 .0
Zn qu =2 W 2

¢ =1
t

2
0 0 L0 0,0
Tt <§ :Trijj _Ter>

2

i=1

T
t=
T
0.0 0,0 _ 0 0
2 :TtTt _2 :TtXt _STI'T_SI)(T’

=1 t=1

-

from Lemma 3 in Appendix C. It follows that E (d/90) L? (6p) = 0.

By similar means to those used before it may be shown that (NT)'/?
{(3/00) L% (60) — E (3/00) LY (60)} = 2wr + 0,(1) =4 N (0, 40¢
B (£5)). We again omit the details of the convergence of the second
derivative term. O

Proof of Theorem 5.1. We have (NT)? (67 — 6,) = (NT)? (6 —

6 — T~'bE (Bp)) — (N/T)2 (bE (BF) — bE (6p)). It suffices to show
that the second term on the right is 0,(1). By the mean value

theorem, bt (6F) — b (69) = (8/86') b (6%) (6F — 6o). Looking
just at the case ¢ (L; &) = 1 for brevity,

—bF 0
vy ©)

6 a ] 2
= _; STTT(O)%S‘E%T(Q) - SrfT(e)%srrT(e) S”T(Q)

9
= o( 55571 S (0) + (Sm(e))zsifr(e))

cofurns=2)1o-2)

from Lemma 1, with the same orders holding more generally. Since
OF — 0y = 0,(||bE (o) || /T + (NT)~2), where b (9) = O(log T1
G <3)+16 > ),
(N/T)2 (6% (BF) — b}, (60))
~0, ((N/T)z log? T(log T/T + (NT)"2) )
S

k]

op(N% ~3 108> T + log? T/T) 8

1

(N/T)2 (bf (67) — by (6))

N[ =

0, ((N/DF 7+ () )

1
= 0, (N3 T3 4T7), 55> 5

and these are o(1) under the stated conditions. O

Proof of Theorem 5.2. As in the previous proof, (NT)? (5? —6o)
1 1
= (NT)z (6P — 6o — T~'b2 (6p)) — (N/T)2 (bR (6F) — bR (60)),

with b2 (62) — b2 (65) = (3/86") b2 (6*) (6P — 6p) and
7bD( ) _O< a TIT(Q)H H TXT(Q)H)

20"
1(s tlogT1(s=2) +1(s> 2
<7 (0} = - > —
2) o 2 2))

log?>T

=0 (T% —1
applymg Lemma 1 again. Since 62 — 6, = 0,(|[b2 (@0)| /T +
(NT)"?), where b2 (0) = O(T'"?logT1(8 < 1) + log’ T1(8 =

D+ 16> ),

(N/T)? (b2 (B°) — b2 (6o))

=0, ((N/T)? T~ Jog? T( T-2010g T 4 (NT)’%>)

5 1
<z,
)

(N%TT‘”@ log? T 4 T2 Jog? T)

(?) (69 @) 12 @)

1
(N/T)? (b2 (B°) — B2 (60)) = O, ((N/T) (17" + (NT)™2) )
1.3 1 1
- op(NzT ST ) bo> 3.
which are o(1) under the stated conditions. O
Appendix B. Proofs of propositions
Proof of Proposition 1. Define v (L; 0) = A (L; AL 6) =
A0y (L3 0) ¢ (L; ) = Y1 vj () I, and note that i, (L; 6) v

;:0 Vj (9) Vit—j and

sup vy (6)] < Ksupjo—*~! < K271 < G127 (52)
€] D

forsome ¢ > 0.Forn > OletN, = {6 :]6 — 6l < n} N,, =

{6:60 ¢N,,0 € ©}. Writing £1 (0) = Ly (6) — Lt (6o). P@ € N,)

<p (infﬁn 0 ®) < o) <p <sup@ IVr 0] = infy, U (9)), where
Vi (0) =U (0) + Ly (6o) — Ly (8) with

& kg
U®) =04y v (0)=0; (%f v (e*; 6)|" dn — 1)
=1 TS
. 2
= o2 l/n 1= e | L5 GELIN
2n Jn ¥ (e &)

Because U (0) is continuous, vanishes if and only if 6 = 6, and,
from Hualde and Robinson (2011), is otherwise positive, infm U @®)
> 0. It thus remains to show that supe |V (6)| —, 0. We have
Vr (0) = U (0) + Ar(6p) — Ar(0) + Br(6g) — Br(0), so in view of
(29) it suffices to show that supg |Ar(8) — Ar(6p) — U (8)| =, 0.
Now Ar(0) — Ar(6g) — U (0) is

1
2 2 2
— v (0) E — 0
j lt 0
NT 4 j=1 t=0
t j—1

T
PIDIPIP B IR LIR

1 t=1 j=1 k=0

T
> G-} ) —of Z vj(6),

j=1 j=T+1
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where
N T T—
w330 Y (6 - i)
@ |i=1 j=1 t=0
N T—j
<Y sup|d v O) ) (ef —o3) (53)
i=1 @ |ji=1 t=0
N T & j-1
sup [ Y > D @) @ik
@ |i=1 =1 j=1 k=0
N T t j—1
<Y sup | YYD @) vi0)eii—jsiii] - (54)
i=1 @ |t=1j=1 k=0

It follows from the proof of Theorem 1 of Hualde and Robinson
(2011), constancy of the v;(9) across i, and identity of distribution
of &; across i, that the i-summands in the right sides of (53) and
(54) are 0,(1) uniformly in i, whence (53) + (54) = 0, (NT). Finally

E;up)(,) T-1! Z]'T:o (G =1 v}O) + supg Y r v} (0) — 0 from
52). O

Proof of Proposition 2. The left side of (32) can be written wr =
1

T=2 Z[T:o rer, where rr = N72 ZL &it Zle one,-,t,j, and our

notation stresses the possibility that N increases with T. Denot-

ing by F;_; the o-field of events generated by {g;,i > 1,5 < t},

1

-2
P {E(ZLO rtT) (ZLO m) } ZLO rer =>4 N (0, 1) for any vec-
tor x such that ||| = 1 since (see e.g. Brown (1971)), E (17 |Fr—1)
= 0,t > 1 (by serial independence of the &), E ||rir||* = O(N‘2
Zh Z, 1(Z;=1f_2)2) < K (since ||r¢r|| is dominated by the
contribution from the first element of on) and T7! ZLO!E

(lral 1)

zero and variance

TZZ( (e (leral? )} e (b))

= O((NT)™"),
because, looking just at the case x is null apart from its first ele-

ment, whichis 1, E {E (”}:’r[T ”2 |Fr—1 )2} is

_F (H %'rer || 2) } —, 0, since its left side has mean

Appendix C. Technical lemmas
Lemma 1. AsT — oo,

Y (16T
SrrT(Q) = { (]

25 1
“asra—sz 00! (8 = 5)

L en2
+ [MlogT+O(1)} 1 (8 = 1)
T 2

+ {Zrﬁ ®) +O(T1_25)} 1 <5 > %)

j=0

N

yHT 1-28 1
) [[(1—28)F(1_5)2+O(T )}1(5<2>
{ I T+0(1>}1<5=;>]

+{ 7 (0) 7(6) + O(T'"* log T) 1( ;)

Semr (0) = {Z

j=1

+

Mg

1

.
Il

N

+0(T™ 5)] 106 >0);

1 1
Seir(@) = 0 <T1_2‘S log? T1 <8 < 5) +1log>T1 <8 = 5)

(o)

Styr(0) =0(1)1(8 > 0).

36

26

Proof of Lemma 1. For § < J, Z}:l =2 — fIT x‘z‘sdx‘ < K and
from (10) and (11), S;r7(8) = 1+ ¥ (1,2 (1 — 82 Y1,
*25(1+0(r*1)) Thus, since [| x~dx = (1 —28)*1T1*25+O(1)
< fl x"ldx =logT, the approx1mat10ns of S-7(0) for§ < 1
are readlly checked, whereas for § > 2, Seer(0) = ZJ 0T (9)
i T (0) = X217 (0) + O(T'~?°) from (10). Next, since
5(0) = (-7 @) ¥ (1; &) {logj + 0D}, 7 (0) ¥ (1; &)
x {1+0(7)})

Tt 2ogt —flTx‘z6 logxdx‘ < K, where

asj — oo, (55)

and, for § < 3,

Jix 2 logxdx = (1—28)"'T""% (logT + 0(1)), 8 < 1, [/ x7"
logxdx = 3 log”T, where f]T x Plogxdx = (1—28)7'71-2%
(logT +0(1)),8 < 3, flT x~'logxdx = 3 log® T, the approxima-
tions of the components of S;;7(6) with § < % may be checked,
whereas that for § > % follows because (10) and (55) imply
> i1 T (0) 7 (0) = O(T'~? log T). The remaining results follow
similarly and straightforwardly. O

Lemma 2. Uniformly ini,as T — oo,

2
E |:sup |air (9)|21| =0 (T‘So_é’LmaX(%_é’o) log? T) :
fe®

Proof of Lemma 2. We have A, (L; 6)vyy = Z;zo vj(0)ei—j, where
vj (f) was defined in the proof of Proposition 1. Thus air(8) =

S io Te(0) Yo vi(@)ei i = Y1 0 G()eic, where i (9) = Yo
T¢4j (6) vj (6). By summation-by-parts a;r(f) = t:O (ct(6‘) —
Cer1(0)) Yo sister (0) Yoi_g &ie- Now [er ()] = |71 (6)] < KT,
while ¢:(0) — c+1(0) = 35" (Teaj (0) — Teag1 (0)) v (0) +
77 (0) vr—¢ (0), SO

[c(0) — cey1(0)]

T—t—-1
K
SKOY k)T g @ -
=
K T—t—1 5 5] _t)So—S—l
=g 20 KT (56)
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For 8§ < &y (56) is bounded by Kt °~(T — t)% =% 4+ KT%(T —
t)%=5=1 which is bounded by Kt=2~'T%~% for t < T/2, and by
KT=(T — t)%=%=1 for t > T/2.For § = & (56) is bounded by
Kt=%~1logT for t < T/2,and by KT~%~1log T + KT % (T — t)~!
fort > T/2.For 8 > 8¢ (56)is bounded by Kt =%~ fort < T/2,and
by KT8~1 4+ KT=%(T — t)%~%=1 for t > T/2. Then we can write

<2 sup [¢¢(6) — ce+1(0)| sup |cr(0) — ¢ry1(0)]
0e® feO

)

T 2
E Eit
t=0

= O (T) and using Cauchy-Schwarz inequality

t T
X E Eis E Eie
s=0 =0

; 2
Now E ‘tho gir
E|Y i &is 2 p_o&ic| = O(t"/?r/2). Thus, uniformly in i for § <
80, E [Supgean(s<sy) lair (0) 7] is

[T/2]1T/2]
sup T200—9) Z Z t=8=3 =63

8<8o t=1 r=1

+ 2sup |C72- )
0O

1 1
+ sup —- (T — )=~ 1T — r)’o=~Tt2r2
8<bo Tzs t %/:Z]r %/221
+ sup T
§<8p

1 1
=0 (supP® DT 215 <~ ) +10g>T1 (5= -
8<80 2 5
+1 (6 > ;)} + T2C0=20+1 4. TH@)
-0 <T2<6o—2§)+1 72009 4 [og? T1 (é _ %))

2
=0 (T’So’émax(%’é‘m log T) for§ < 8y;

(/21
({Z(tr) %3 4 2% Z T -0 T —r) ()2

t,r=1 t,r=[T/2]

N } log2 T)
1 X 1 1, 2
=0|logT1 80>5 +log”T1 80=5 +T27%JogT
max (1 —39,0) 1 2 1\’
=0 (T 27°0" logT1 SO;AE +log“T1 30:5

2
=0 (Tmax(%—SO,O) log® T) for § = o;

uniformly; and for § > §,

[T/2]
(sup{Zt‘S V24 -8 Z (T —

)507571) £1/2
§>68g ¢=[T/2]

2
LTS24 128 })

=0(1(8 > 1/2) +1ogT1(8 = 1/2) + T/*7%01(8p < 1/2))2

= 0 (11270007 (85 2 1/2) +10og T1(5 = 1/2))’
-0 (Tmax(l/Z—SO,O) log T)2

The claimed bound is then readily assembled using § < §;,. O

for § > 4g.

Lemma 3. Forall 0,

D X&) T (0) = 1(0). (57)

=1

Proof of Lemma 3. We write 7; = 7;(8), ¥ = ¥; (), ¥j =
Yi(§), ¢ = ¢j(£), 1; = 11(0), Tt = 7; (). The first element of
Tis Yy Tk ZJ:(’; ¥;, which is the coefficient of L' in the expan-
sion of ¥ (L; £) (3/98) A%, where 7, is the coefficient of L¥ in the
expansion of (9/38) A®. But also

s (o] j (o] Lk %} .
¥ (L §) A logA:—j;‘njL ,;?,;W
t 1 t—k 1
SIS )
t=1 k=1
= —szfr kL' —ZZXlth KL,

t=1 k=1 t=1 k=1

. 9 )

3

3

so the top elements of both sides of (57) are equal. The vector
consisting of the remaining elements of the right side of (57) is
> o Tk Z;;g ¥, whereas the left side is

> xatg = (g D s k1//k> > Z Vi
=1

k=0 =0

t—1

i

,.,
|

—_

=~

S S—
= Tk
k=0 I

1»[fl (¢01.pt—s +---+ ¢[—5—]1/'/])

T
- o
Il
o

(7m0 (Yo + Y1 + -+ - + ) + 71 (Yo + Yy

I
Ayg

ctYs1) o+ Tsio)

(PoVri—s + -+ + r_s_13r1)

= moWo (¢o¥re + - -+ + Pe—1¥1) + (0 (Yo + Y1)
+7190) (Goe—1 + - + pe—a¥1) + (o (Yo
+ 91+ ¥2) 4+ 71 (Yo + V1) + o) (dovre—2

X 4

ot ps¥n) 44 (o (Yo + Y +
tYeD)+m o+ Y+ Ya) + oo
+ 7e_1¢h0) Y1

= Y + (o1 + 70 (Yo + Y1) + 71 0) Yo
+ (@ovod2 + (o (Yo + Y1) + m10) 1
+ (o (Yo + Y1 + ¥2) + 71 (Yo + Y1)
+72%0) Ve + -+ + V1 (ToWodi—

"(ﬂo(lﬂo+1ﬁ1+ Y1)+ (o + Y
oY)+ 1))
t—k
= Zﬂkzlﬁ],

k=0

since Zz 0 1/fl _; = 1(m = 0), which follows from the identity
¢ (L; 0) ¥ (L; 9)—1 o
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