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An analytical solution for the two-sided Parisian stopping time,

its asymptotics and the pricing of Parisian options

Angelos Dassios, Jia Wei Lim

Department of Statistics, London School of Economics

Houghton Street, London WC2A 2AE

Abstract

In this paper, we obtain a recursive formula for the density of the two-sided Parisian
stopping time. This formula does not require any numerical inversion of Laplace trans-
forms, and is similar to the formula obtained for the one-sided Parisian stopping time
derived in Dassios and Lim [6]. However, when we study the tails of the two distributions,
we find that the two-sided stopping time has an exponential tail, while the one-sided stop-
ping time has a heavier tail. We derive an asymptotic result for the tail of the two-sided
stopping time distribution and propose an alternative method of approximating the price

of the two-sided Parisian option.

Keywords Brownian excursion, Double-sided Parisian options, Tail asymptotics

1 Introduction

Parisian options were first introduced by Chesney, Jeanblanc and Yor [4]. They are path
dependent options whose payoffs depend not only on the final value of the underlying asset,
but also on the path trajectory of the underlying above or below a predetermined barrier L.

For example, the owner of a Parisian down-and-out call loses the option when the underlying



asset price S reaches the level L and remains constantly below this level for a time interval
longer than D, while for a Parisian down-and-in call, the same event gives the owner the right
to exercise the option. Parisian options are a kind of barrier option. However, they have
the advantage of not being as easily manipulated by an influential agent as a simple barrier

option, and thus protect against easy arbitrage.

Previous literature has largely focused on using Laplace transforms to price Parisian options.
In Chesney et al. [4], Dassios and Wu [8], and Schréder [11], the problem is reduced to finding
the Laplace transform of the Parisian stopping time, which is the first time the length of the
excursion reaches level D. In Chesney et al. [4], the Laplace transform of the stopping time
was obtained using the Brownian meander and Azema martingale, while Dassios and Wu [7]
introduced a perturbed Brownian motion and a semi-Markov model to obtain the Laplace
transform. In both of these, an explicit form for the Laplace transform of the distribution of
the Parisian stopping time was found. Other methods of pricing Parisian options include the
PDE method, studied by Haber, Schonbucher and Wilmott [10], the simulation method, as
in Anderluh [1] and Bernard and Boyle [3], and the combinatorial approach in Costabile [5].
In Dassios and Lim [6], a recursive solution for the density of the one-sided Parisian stopping
time was found and a procedure for pricing Parisian options was proposed, that does not

require any numerical inversion of Laplace transforms.

There are also other types of Parisian options. Cumulative Parisian options, which are
related to the total excursion time above (or below) a barrier, are studied in Chesney et
al. [4], two-sided Parisian options are introduced in Dassios and Wu [8], and double barrier
Parisian options in Dassios and Wu [7] and Anderluh and Weide [2]. In this paper, we study
the density of the two-sided Parisian stopping time. Using the same method as in Dassios and
Lim [6], we obtain a recursive formula for its density. The formula obtained has some similarity
to that of the one-sided case. The advantage of this method compared to that in the previous

literature is that there is no Laplace transform to invert. This increases speed, and the formula



is not an approximation, hence accuracy can be almost exact. Furthermore, we find that the
two-sided stopping time has an exponential tail, and we derive an asymptotic result for it.
However, a study of numerical results and graphs show that the one-sided stopping time has
a heavier tail. Based on the asymptotic result, we propose a new method of approximating

the two-sided stopping time.

Finally, we use the results to price two-sided Parisian options, which are options that get
knocked in or out when the underlying either stays D units of time above or below the barrier.
These were first introduced in Dassios and Wu [8]. The Laplace transform of the pricing
formula was given in their paper. Our approach does not require any numerical inversion of

the Laplace transform.

Section 2 sets out some definitions and notations. Section 3 derives the density of the two-
sided Parisian stopping time. Section 4 gives the result for the asymptotic tail probability
of the above distribution. Section 5 gives some numerical results and graphs comparing the
distributions of the one and two-sided Parisian stopping times. Section 6 shows how to use

the results to price two-sided Parisian options.

2 Definitions

We will use the same definitions for the excursions as in Chesney et al. [4]. Let S be the under-
lying asset following a geometric Brownian motion, and Q denote the risk neutral probability

measure. The dynamics of S under Q is

dS; = St(T‘dt + O'th), So =z, (21)

where W; is a standard Brownian motion under @, and r and ¢ are positive constants. For

simplicity, assume zero dividends. Let K denote the strike price of the option and we introduce



the notations

2
m—1<r—a>, b—lln<L), k—lln<K),
o 2 o T o x

so that the asset price Sy = xe?(™+Wi) - Also define
g7, =sup{s < #|Ss = L}, d} , =inf{s > 1S, = L},

with the usual convention that sup() = 0 and inf () = co. The trajectory of S between gf’t and
dit is the excursion which straddles time ¢. We are interested here in ¢ — gf’t, which is the
age of the excursion at time ¢. We further denote by gg/t and dEVt the excursion lengths when

the underlying process is the Brownian motion W. For D > 0, we now define

i p(S) = inf{t >0[Lls,50(t—g7,) > D}, (2.2)
T p(S) = inf{t >0l1ls,<r(t —g7,) > D}, (2.3)
TLo(S) = 7 p(8) AT p(S). (2.4)

Thus, TZ p(S) denotes the first time that the length of the excursion of process S above the
barrier L reaches level D, while 7, ,(S5) denotes the first time the length of the excursion of
process S below L reaches level D. We also introduce the following notation for the stopping
times pertaining to the standard Brownian motion W instead of S. Furthermore, without loss
of generality, as any time ¢ of interest can be expressed in units of the window length D, we

let D =1 from now on.

n = inf{t > 0[Lwsslt — glf) > 1, (2.5)

7 = inf{t > 0[lw,<p(t — gpy) > 1}. (2.6)



The two-sided stopping time is the minimum of the two one-sided stopping times with the

same barrier. We denote it by 7, and we have
T = 7_b+ ATy .

We note however that we have taken the window length of both sides to be the same (i.e., 1

in our case).

The owner of a Parisian min-in option receives the payoff only if there is an excursion be-
low the level L or above level L which is of length greater or equal to . This will be the
case if 77,(S) < T, where T is the maturity time of the option, and 77,(S) = 77,p(S). The
price Cl-mm(x,T) of a Parisian min-in call with initial underlying price x, maturity 71", and

parameters K, L, D, r fixed, is
Cmin(z, T) = Eq [e*TTL{TL(S)ST}(;ceff(m”WT) - K)+] . (2.7)

We introduce a new probability measure P, which makes Z; = W; + mt a standard Brownian

motion under P. Applying Girsanov’s Theorem, we have
Cin(z,T) = Ep [e-CH3mIT1 gy emr (geo?r — K)*} . (2.8)

To simplify, also let
*Cznm(l'a T) _ e(r—&—%m?)TCZmin(x, T). (2.9)

We denote by F; = 0(Zs,s < t) the natural filtration of the Brownian motion (Z;,t > 0).

Then 73, is an Fi-stopping time, and by the strong Markov property of Brownian motion

*C4z,T) = Bp [1{Tb§T}E [emZT (xe”ZT—K)+|]-}bH (2.10)



0 1 _(y_ZTb)2
l{n,gT}/ e™ (e’ — K)" —————=e 2T dy| . (2.11)
—00

= F
P 2n(T — 1)

We will first study the density function of 7, which we will denote by f3(¢), and then use it

to obtain the price of a Parisian min-in call option.

3 Density of the two-sided Parisian stopping time

In this section, we give an analytical formula for the density of the two-sided Parisian stopping

time. The formula is very similar to that for the one-sided stopping time.

Theorem 3.1 Denoting by fo(t) the probability density function of 19, we have
n—1
k
fot) = (-1)F Lyt — 1), forn<t<n4+1,n=12 .., (3.1)
k=0

fort > 1, where Li(t) is defined recursively as follows:

Lo(t) = 771/{5’ fort >0, (3.2)

t—k —
/1 Ly(t —s) jTS !

Lipi(t) = ds, fort>k+1. (3.3)

Proof. The Laplace transform of the density of 7y is (see Dassios and Wu [8])

- 1
RO = vam) - s

where W(x) is

U(z) =1+ x\/ﬂe%/\f(m),

and N (z) denotes the standard normal distribution function. Note however, that the formula

given in Dassios and Wu [8] differs from this because the function ¥(x) is defined differently.



Now, we have

L (e (Vi) -evm) = Fanf [T Leta- 7
_ ; ﬁ( f&mdm)_ﬁ
_ 6_+/ e\_fds (3.4)

[ ([ [
- \/; 6/ z;si
- \f< r/ /)

~ @76
fo(B) = \/775( +rfoo = S) (3.5)
00 k
_ e—ﬁz <f/ < ) . (3.6)
We denote

2 = = (e [ < ) (3.7)

As I:l(ﬁ) — 0 as 8 — oo, and ﬁk(ﬁ) is continuous and decreasing in (3, there exists * > 0
such that the above expansion from line (3.5) to (3.6) is valid for all § > *. Furthermore, if

L denotes the Laplace transform operator, we have the following Laplace inversions

o («%) - ﬂlﬁ (3.8)
g5 [ am) = Y e, 59



because the LHS of (3.9) is the product of two functions whose inversion is known, so by

taking their convolution we get

5_1< 1 /""e‘ﬁsds) _ /tlll ds
o0/mB ), 2532 0 2my/T — 52832 21

_ [vEss) o vieT

B [_27#\/5] ort L

1
Hence, taking the Laplace inversion of equation (3.7), we obtain that Ly, is the k" convolution
of (3.9), and Ly is the expression obtained in (3.8). Finally, we note that for n <t < n + 1,

Li(t) is zero for k > n, so we only need a finite sum up to n, where the series expansion is

valid for 5 > *. Hence, we have the recursive solution. =

For b > 0, we are only interested in the case {1} < 1}, where T}, is the first hitting time of
level b, since if Ty, > 1, 7, = 1. We have the following recursive solution for the density of 7

on the set {T}, < 1}.

Theorem 3.2 For b > 0, we denote by f(t,Ty < 1) the probability density function of the

two-sided stopping time T, on the set {T, < 1}. We have

i
L

AT, <1) =Y (=1)F Lyt —1), forn<t<n+1,n=12 .., (3.10)
0

£
Il

fort >0, where Li(t) is defined recursively as follows:

1 2 2 s t—1
Lo(t) = 1{o<1tg1}7r7\/i6 2+ 1{t>1}r\/i€ N\ =\ ] (3.11)
t—k [a 1
Liia(t) = /1 Li(t — s) irs ds, fort>k+1. (3.12)

Proof. We have

B e*ﬁfb(t)l{TKl}] E [e*ﬁ(Tb+To)1{Tb<1}}



T 1
Lnen) Gz — v

] Bl gyl (1 [~ b\
. 8 Y {Ty<1}
R I R (7 ) )

- E[e*

Furthermore,

Lo(t) = £ (E[eﬁj%{naﬂ)

b2 L g bz 1
=1 ds+1 e
{0<t<1}/ \/% W\/ﬁ {t>1} 0 27TS W\/m
22 2 © 9 2 x2
=1 T2\ ———dr+1 T ——5d
{0<t§1}/\% - 27r€ 22 — b2 T+ {t>1}/b - 27re 2 —p2

vk

> 1 v [ 1 _y 1
{0<e<t} ¥ omy/21 ty — b2 {>1) v o \/ty — 62
2 b2 22

* 1
=1 e 2t 5% dx—i—l e o / “2tdx
{o<t<1} — \/E /(; /727”5 {t>1} — /7 \/’ /7271_

1 b2 2 t—1
= Lyo<<y \[6 2+ 1oy \[6 2tN< t>‘

The L for £k =1,2,... is derived in the same way.

And for b < 0, we have

fb(t7Tb < 1) = f—b(taT—b < 1)a

due to the symmetry of the standard Brownian motion. m

4 Tail distribution of the two-sided Parisian stopping time

In this section, we prove that the two-sided stopping time 7y has an exponential tail, unlike
the distribution of the one-sided stopping time 7, . This is as expected, because the one-sided
case involves the hitting time of a Brownian motion, which follows a heavy tailed distribution

with infinite expectation, while the two-sided one involves the hitting time of a Brownian



motion reflected at zero, which has an exponential tail. We present some numerical results
and graphs to see what happens when ¢ — co. Furthermore, we compare this to the one-sided

stopping time 7, , which has a heavier tail as we will see.

Theorem 4.1 Let Fy(t) be the tail of the distribution of the two-sided Parisian stopping time

To with barrier 0. It has an exponential tail. Ast — oo, we have

Fy(t) ~ 20 A7) (4.1)

for some constant 5* > 0 such that —5* is the unique solution of the equation

1 o—PBs e B

Proof. First, we have

" 1
W(v/28) — Py/mB

o
B (fol L\/?ds-i- %)

For simplicity, as any function h(t) with Laplace transform iL(/B), when shifted by 1, has
Laplace transform

L(h(t—1))=e (), for t > 1,

we can exclude e=? in the numerator from our calculations, and shift the resulting function
at the end of the calculations by the window length 1 to obtain the actual tail. The intuition
behind this is that, because the window length is 1, the stopping time will not occur before

time 1, and hence it is only useful to study the density for ¢ > 1. We then have

1 1

5 - ) "o
B pds+e5) 1+ - gdnde

10



o0 —u [Y(1—e—Bvy L _
— / e~te o A=T ) Tamdy g,
0

= F (efﬁXT) ,

. . . , - . , 1
where X7 is a subordinator (non-decreasing Lévy process) with Lévy measure 50575 forv<1

at an independent exponential time 7' ~ Exp(1). Hence, we observe an interesting connection
between the distributions of the Parisian stopping time and that of the Lévy process X7. This
suggests possibilities for further study. The first step above follows from (3.4) and the second

step can be derived as below:

1 B 1 1 v Bu 1
/0 (1—e )203/2 dv = /0 /0 Be du2v3/2 dv
1 3 1 1
— /o Be /u 50372 dvdu
1 8 1
= Be Pt ( - 1) du
f e

L g=Ps e~ P

Next, we define two new discrete random variables T and T':

T = > (k- 1hl{g_1yper<in
P

T = Zkhl{(k—l)h<T§kh}
k=0

so that 7 < T < T. They have probability functions

P(T=kh) = e*1-eh k=0,1,..,

P(T =kh) = e *Dhp ¢ k=1,2, ...

11



We note that T is the upper bound for 7" and T is its lower bound. Hence, we have that

P(T <t)<P(T <t)<P(T <t), and thus

P(X7>x) < P(Xr >x) < P(Xp > 2),

because X; is a subordinator and hence increasing. We then proceed to show that, as h — 0,

both P(X7 > x) and P(Xr > x) converge to the same limit.

We have

o
E <6_/BXT) - Z e_kh(l — e_h)eikhfol(lie_ﬂv)mzé/z dU’
=0

and

o
E (e—ﬂXZ> — e—(k)—l)h(l _ e—h)efkhfol(lfe_ﬁv)2U;/2dv'
k=1

First, consider E (e‘ﬁXT). We define the function g (53) as

_ 1o __—Bv 1
e h fy(1—e )2v3/2dv’

an(B) =

and note that g, (/) is the Laplace transform of Xj,
Qh(ﬁ) —F (e*ﬁxh> _

We also denote G, () as the distribution of X, and Gp,(x) as its survival function. Then

o0 1 —Bv >
ze—kh(l _ e—h)e_khfo (1—e A )Qvé/zdv — Ze_kh(l — e_h) (gh(ﬁ))k

k=0 k=0

12



Now, let L(x) be the tail distribution P(X=% > ), and f(ﬁ) its Laplace transform. So we have

A R %—(eﬁ’)”

A B —an(B)e"

L) = —BA

_ e—hlfgﬂh(ﬁ)
1= gn(B)e™"’
and thus,

= . Y . nl—an(B)
L(B) (1—9h(5)6 h) = e hT
Lo - L@ = il

Inverting the Laplace transform on both sides and writing the second term as a convolution,

we have

L) - [ T~ y)dGi)e ™ = o)

Let g* > 0 be such that —3* is the solution to the equation

1
1
— _ﬁv =
1+/0(1 ) grmdv = 0.

We note that this equation has a unique negative solution, because the expression on the left
hand side of this equation is decreasing for negative 8. Furthermore, as § — 0, the expression

approaches 1, and as 8 — —oo, the expression approaches —co. Next, we define L (z) as
L(z)e®™® = L7 (z).
Then, we have

L*(m)eﬁ*‘r—/ L'z —y)e 7@ Vaa,(y)e™ = e "Ghlz)
0

L*(a:)—/o L' (x — )P vdG(y)e™™ = e " *G)(x).

13



By the key renewal theorem (see Feller [9] Chapter 11), we have that as © — oo,

Jo e e VG (y)dy

L'(z) — =
(@) T yeF 1dC(y)
ot (1 )
N —B* 4= n(B*)

1 *u 1
e’ (1 _ e 0= 557 d”)

1 * 0 v .
—p* (h fol eﬁ*vﬁdﬁ ¢ o (=e? brlel

We denote this by Cj,. When h — 0, we get

1 *
f() (1- e’ U)Q,Ull’)/Q dv
1 *
—pB* fo eb ”ﬁdv
-1
w1 ey 1 g 5
-5 (fo e J5dv — ) -5
= 277,

Likewise, we denote by I(x) the tail distribution P(X7 > x), and ?(ﬁ) its Laplace transform.

Similarly, we can compute

. (S
l(ﬁ) — 1 Qh(g) h
1-91n(8)
_ B
1—gp(B)e "

and thus,
1069) (1= anipye ™) = 290,

Inverting the Laplace transform, we have

14



and we define 1" (z) as

Then, we have

By the key renewal theorem,

Jo© e VG (y)dy
fO erB deh )
—hfol(l—eﬁ*”)

dv

1
203/2

1—e
B (nfy P gldv) e o (1= v

We denote this by C};,. When h — 0, we get
Qh = 267'8*.

Finally, note that

As h — 0, L"(z) and " (z) converge to the same limit as & — co. Hence, e/ Fy(z) also
converges to this limit as x — oo. Shifting the resulting function to the right by 1, we thus

have

Fy(t) = 2e7 8 =871
ast —o00. N

Remark 4.2 We can compute 8* numerically to be 0.854.

15



5 Numerical Results

The table below presents the survival functions for both 7y and 7, , computed using a time

step of h = 0.001 with R.

Table 1: One and two-sided survival functions for 0 < ¢ < 10
t Fy(t) Fy (t) t Fy(t) Fy (1)
1.5 0.555931 0.775033 | 6.0 0.015114 0.403422
2.0 0.369469 0.681770 | 6.5 0.010779 0.387956
2.5 0.242144 0.614236 | 7.0 0.007910 0.374142
3.0 0.159600 0.563552 | 7.5 0.006003 0.361704
3.5 0.105503 0.523602 | 8.0 0.004726 0.350429
4.0 0.070093 0.491082 | 8.5 0.003866 0.340146
4.5 0.046893 0.463944 | 9.0 0.003278 0.330718
5.0 0.031679 0.440854 | 9.5 0.002872 0.322033
5.5 0.021687 0.420896 | 10.0 0.002586 0.313997

We can see that the two-sided survival function goes to 0 much faster than the one-sided

one.

The following graph compares the density functions of the one and two-sided cases. The
red line represents fy(t) while the black line f; (), plotted against time. This graph suggests

that f; (¢) has a heavier tail.

fbart)
06 0.8 1.0
1

chind(fbar,

02
I

0.0

Figure 1: Graph of fy(t) and f; (t) versus ¢ for 0 <t < 50

16



The following graph depicts the tails Fy(t) (black) and the approximation Cg«e™#"t (red).

chind(Fbar, asymplolics)

Figure 2: Graph of Fy(t) and Cgee Pt versus ¢ for 0 < t < 20

It suggests that the asymptotic provides a good approximation for the survival function.

The following graph plots Fy, (t) against In (¢).

Remark 5.1 Based on the asymptotics in Theorem 3.4, we propose a new method of obtaining
the density of the two-sided stopping time when b = 0. From the recursions in Theorem 3.1,
we can compute the closed form formula for the density fo(t) for 1 <t < 4. Fort > 4, we

approximate the density with the asymptotics. We have from Theorem 3.1

Ly(t) = —=, fort>0.

[t () - Zon ()]

1

™t

1
us

17



t—1
L) = [ -9V

1 [/ Vi—s—1 Vi—s—1
= = ds — ds
w2 J t—s Vs(t —s)
1 —
= —2[2arctan(\/t—s—1)—2 t—s—ltl1
T

t—1
2 arctan ( t(til))

1 / s
3 2 arctan a1 \/E

t—2

2\/t—72 4 arctan =
2 w2/t '

ds

Hence, we have an approximation for the density:

%\/i forl <t <2
folt) = i forz<t=s
2t At Vi-2+ Wtan—l\/iJr ZVE=2 for3<t<d4

98*e=B"t fort >4

where * = 0.854. For b > 0, a closed form formula cannot be found, but we can similarly ap-
prozimate the density fy(t) with the asymptotic for large values of t. For fy(t), the asymptotic

formula as t — oo is

b

dt.
V2ms3

ft, Ty < 1) ~ 268%™ t+1>/ s

6 Pricing two-sided Parisian Options

6.1 Min-call-in Parisian call

A min-call-in Parisian call is a call option that gets knocked in, as the name suggests, when
either the underlying makes an excursion above the barrier or an excursion below the barrier

of a certain length. Here, we price a min-call-in Parisian call with the same window length

18



D =1 above and below the barrier.

Theorem 6.1 The price of a two-sided Parisian-in option on the underlying S as defined in

(2.1), with barrier L, strike price K, maturity time T > 1, and window length D =1, is

O (@, T) = xd(o +m) — Ko(m)
T
+\/§/ Jo(t; Ty < 1) (x9(0 +m, hy, b, p,t) +Y(—(0 +m), hy, —b, —p, 1)
0
-K (¢(—m7 hla _ba -0 t) + 1/1(77% h/ 9 ba |2 t))) dt? (61)

where fy(t; Ty < 1) is the density function of the two-sided Parisian stopping time with barrier

b as in Theorem 3.3, and

1—p 1—p
—z (N (=2) = Ny(=2,9))), (6.2)

b(z) = <N(b—m)—N\/1T (b—x,k;;T>>

12T+4bz k‘ - 2b - :UT
_62<Am—b—x)—AQ%<}b—x,Vﬁj)>, (6.3)

and

hy = ¢Hz_¢w—b—w+mm+T—w) (6.4)

S S S, _
My = e (b4 T 1)) (6.5)

1
VI+T -t

19



Proof. First, we note that 7, is an Fy-stopping time, and by the strong Markov property of

Brownian motion

*Cimm(x,T) = FEp _1{TbST}E [emZT (LUBUZT - K)+ |]__TbH
- - 1 s
: > 1 (-2n)?
= FEp 17,513 Ln,<7} /OO emY (zeV —K)+ me Ty dy]
- e 1 w-2g)?
+Ep | 1i1<13 (<7} /_OO e (zeY — K)t me L) dy] .
T, >1,7=1,s0
o 1 (=2r)?
= Ep |lip>nla<n /OO e (ze’V — K)T ;67%’(}@)2 dy]
- Joo 2 (T — 1)
1 b _w=22 1 2 e
_ \/m/_oo/]C "™ (ze”V — K)e 2(T71)\/% <e z —e 2 )dzdy

For Ty <

zp(o+m) — Kop(m

).

1, Z;, is independent of 7,. This is because of the strong Markov property of

Brownian motion. We can then think of Z;, as a Brownian meander, because it is a Brownian

motion starting at b and conditioned to stay above b up to time 1. The value at time 1 of the

Brownian meander is independent of the last hitting time of level b. Furthermore, we denote

the density of Z,, by v(dz). The density of Z, is that of the Brownian meander and we have

(see Yor [12] for more detail)

v(dz)

P(Z,, € dz)
b— 2z _(z—b?

z—0b _(z-b?
e
2

e p)
2

2

1 cpydz + 1espy-
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Hence,

R N 1  (y=2n)?
Ep |1 1 e (pefY _KYE — TR0 ¢
P | n<1y {Tb<T}/ ( ) T y
> + 1 _ (=22
= / / fot; Ty, < v (dz)/ ™ (ze”? — K) me 2(T=0) dydt
oo _
(=) Z> 1 _=2)?
= / / / fb L‘ Tb < 1 Z b— my(xeay _ K)me 2%T7t) dydzdt
7T J—

z—b (z=b)? 1 _w=2)?
+ ; e 2 e(xe® — K)————¢ 2T-dydzdt
/ / / Al ) ( " y

V3 / / L T e (0o — )T gz
= e’ — K)———e - 2
’ o T — 1 y

\[// / AT, < 1) Z“’*)Q (e — K)oyt
b b < zre e - yaz
27T —

B \[/ / / Tl = e my@‘fay—K)#e_g(;?jd dzdt
N ’ /T — 1 y

\f// / Rt Ty < 1) Z“’Z)me( v ) gyt
xre e - z
ne 2my/T — 4

B \/z/ fb(ta Tb < 1)($¢(G +m, ha bap> t) - K’(?Z)(m’ h,’ b’p’ t))dt
0

= T
+\[2/0 fo(t; Ty < 1) (zp(—(0 + m), hy, b, —p,t) — Kp(—m, hy, b, —p, t))dt,

where the last step follows from:

\/>/ / / f(t; Ty < 1 T . e (xe? — K)———= ! e_( Qgﬁfz) dydzdt
P omyT — 1 Y
T b—z (b-272 _ (y—2b0+2)2 72b+z
= — T, <1 e2b(a+m) 6T‘,Ee(o—o—m)(g,(—%)76
\/g/o /—oo/k folt:To < 1) 2 om/T — 1

(y+2)?

- \ﬁ / T/ T[T T < et 2 0 by L 5 2
2Jo JosoJom® 2 2m/T —t ’

and

(W+2)* +z)2 sz)Z
PP G TP Ty (b z)e_ 5

=
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) dydzdt

t

(6.7)



o+m)2(14T—t)—2b(o+m T b e —(oc+m — 2
_ e( T -2 >27T T_t/_oo/k_Qb(b_z)eXp{_(er(b (2J(rT_)(t1)+T t)))} (6.5)
(2—(b—(0+m)))2}exp{_2(y+(b—(0+m)(1+T—t)))(z—(b—(0+m)))
2T —-t)/(1+T—1) 2(T —t)

exp{— tdydzdt

(o m)2( —t)—2b(c+m) 1 otm o0 u? wvtv2
L el oyt / / (=0 + (0 + m))e~ 25 qudy (6.9)
21— p?2 J-o
= ze 2Ty (— (0 +m), by, b, —p, t).

In the above, expression (6.3) is obtained from (6.2) by a manipulation of the exponents, and

y+(b—(o+m)(1+T—1))
VIHT—¢

from expression (6.3) to (6.4), we have used the transformation u = and

v=z—(b—(c+m)). m

6.2 Min-call-out Parisian Call

For the knock-out call with the same parameters, we have

Cr™(w,T) = Eg[Llinsn(Sr—K)te ]
= Bo[l(r,<iy(Sr = K) e ] = Eo [, <ty {r,<ry(Sr — K)e"]

! b _e? min
= /0 We 2% Cps(L, T — t)dt — (C7""(z,T) — (x¢(0 + m) — Kp(m))) .

6.3 Numerical results

The following table gives the prices of the two-sided Parisian option for different values of
initial asset price Sy and window length D, for parameters K = 95, L = 90, T" = 1 year,
r = 0.05 and o = 0.2. These values are obtained using the recursive formula for ¢ < 4, and

the asymptotics for ¢ > 4.
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Table 2: Price of Parisian min-in call
So D=1week D =2weeks D =1month D =2 months

80 2.817708 2.809610 2.660829 2.123282

82 3.471103 3.430688 3.145066 2.482966

84 4.203278 4.101558 3.737759 3.096815

86 5.050461 4.978642 4.724678 4.261088

88 6.535228 6.639547 6.589191 6.342500

90 6.897115 6.895460 6.891562 6.872088.
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