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Abstract

Nonparametric regression is developed for data with both a temporal and a cross-sectional
dimension. The model includes additive, unknown, individual-specific components and allows
also for cross-sectional and temporal dependence and conditional heteroscedasticity. A simple
nonparametric estimate is shown to be dominated by a GLS-type one. Asymptotically optimal
bandwidth choices are justified for both estimates. Feasible optimal bandwidths, and feasi-
ble optimal regression estimates, are asymptotically justified, with finite sample performance
examined in a Monte Carlo study.
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1. Introduction

The advantages of panel data have been exploited in many econometric model settings, following
the early and influential contributions of Cheng Hsiao (see e.g. Hsiao (1986)). Much of the lit-
erature stresses parametric regression and/or time trending effects, alongside unknown individual
effects. Nonparametric models lessen the risk of misspecification and can be useful in relatively
large data sets, and have already featured in panel settings. Ruckstuhl, Welsh and Carroll (2000)
asymptotically justifed nonparametric regression estimation when time series length 7" increases and
cross-sectional size IV is fixed, and there is no cross-sectional dependence. Henderson, Carroll and Li
(2008) estimated non-parametric and semi-parametric (partly linear) regressions. Robinson (2012)
efficiently estimated a nonparametric trend in the presence of possible cross-sectional dependence;
the present paper considers similar issues in a model in which the nonparametric regression is a func-
tion of a possibly vector-valued observable stationary sequence that is common to all cross-sectional
units. As in the previous reference, T' is asssumed large relative to N, as can be relevant when the
cross-sectional units are large entities such as countries/regions or firms. Disturbances may exhibit
cross-sectional dependence due to spillovers, competition, or global shocks, and such dependence, of
a general and essentially nonparametric nature, is allowed.

We describe an observable array Yy, e =1,--- ,N,t=1,--- T, by
Et:Al+m(Zt)+Uzt7 ’i:l,"',N, tzla"'7T7 (1)

where the \; are unknown individual fixed effects, Z; is a g-dimensional vector of time-varying sto-
chastic regressors that are common to individuals, m is a nonparametric function, and U;; is an
unobservable zero-mean array. The common trend model of Robinson (2012) replaced Z; by the
deterministic argument ¢/7. He showed how to improve on simple estimates of m by generalised
least squares (GLS) ones using estimates of the cross-sectional variance matrix of U;;. Employing
instead a stochastic Z; requires somewhat different methodology and substantially different asymp-
totic theory, is more relevant in some circumstances, and also admits the possibility of conditional
heteroscedasticity of U;;. Furthermore, though he discussed implications of serial dependence in
Uit, the results of Robinson (2012) assumed temporal independence; we allow U to be a weakly
dependent stationary process with nonparametric autocorrelation. In addition, whereas Robinson
(2012) focussed on mean squared error (MSE) properties, we also establish asymptotic normality of
estimates of m. Throughout, asymptotic theory is with respect to 7' — oo, with either N — oo
slowly relative to T, or N fixed.

While (1) is of practical interest in itself, our interest in it can be more broadly motivated from
a semiparametric model involving also time-varying, individual-specific regressors. For example, if
Y+ denotes a house price index of Eurozone countries, Z; the interest rate set by the European
Central Bank, and X;; country-specific covariates (such as GDP, inflation and stock market index),
we consider the partly linear specification:

Yie = Ni + X0y + m(Zy) + Uy (2)
For a given cross-sectional ordering, differencing (2) over i gives
Yie—Yicii=XN— N1+ (X — Xio10) v+ Ui = Uiz1p, i=2,---, N,
and then differencing over ¢ gives

(Yi - Yi—l,t) - (Yi,t—l - Yi—l,t—l) = [(Xit - Xi—l,t) - (Xi,t—l - Xi—l,t—l)]/’Y
+(Uit —Ui—14) — (Uip—1 — Uic10-1), (3)
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t=2,---,T. Denote by 4 an estimate of v obtained from (3) by, for example, least squares, at a
rate that can be faster under suitable conditions than the nonparametric rate which would apply
to estimation of m. Thus the methods developed in the paper should be justifiable with Y;; in (1)
replaced by Y — X/,7.

The plan of the paper is as follows. Section 2 introduces a simple kernel estimate of m and
presents its asymptotic MSE and the consequent optimal choice of bandwidth, and establishes its
asymptotic normality. Section 3 presents generalized least squares (GLS) estimates of m using
the unknown cross-sectional covariance matrix of Uy, with asymptotic properties. In Section 4
estimates of the cross-sectional covariance matrix are inserted and asymptotically justified. Section
5 presents a small Monte Carlo study of finite sample performance. Proofs of theorems are provided
in Appendix A, while Appendix B contains some useful lemmas, of which Lemma 6 constitutes
an additional contribution in offering a decomposition of U-statistics of order up to 4, under serial
dependence.

2. Simple non-parametric regression estimation

We can write (1) in N-dimensional vector form as
Y.t:)\—&-m(Zt)lN—i—U,t, t:L'-',T, (4)

where Yt = (Y1t7 e 7YNt),7 A= (Ah e aAN)/a In = (17 e 71)/7 U-t = (Ulta e aUNt)/7 the prime
denoting transposition. In (1), A; and m are identified only up to a location shift. As in Robinson
(2012), the (arbitrary) restriction

N
> Ai=0 (5)
i=1
identifies m up to vertical shift and leads to
Ya, =m(Z) 4+ Uas, (6)

where we introduce the cross-sectional averages Y4; = Zfil Yit/N, Uar = Zf\il Ui/N. From
(6), we can nonparametrically estimate m using the time series data (Ya, Z;). We employ the
Nadaraya-Watson (NW) estimate

~ _ mn(2)
m(z) - ’ﬁld(Z) ’

where the numerator and denominator are given by

)= () Pt = (552),

t=1

a is a positive bandwidth, and
q
K(u) =[] k), w=(ui,uz,- ug), (7)
j=1

where k is a univariate kernel function. More general, non-product, choices of K, and/or a more
general diagonal or non-diagonal matrix-valued bandwidth, could be employed in practice but (7)



with a single scalar bandwidth affords relatively simple conditions. Let Ky, ¢ > 1, denote the class
of even k satisfying

/ kE(u)du =1, / wk(u)du=0, i=1,---,0—1, sup(l+ |ul"TY)|k(u)] < cc.
R R u

We introduce regularity conditions on Z;, U;; similar to those employed by Robinson (1983) and
a number of subsequent references on nonparametric time series regression.

Assumption 1 For all i > 1, (Z],Uys, -+ ,Uy)" is a jointly stationary a-mixing process with
mizing coefficient «;(j). Define a(j) = max «;(j). For some pu > 2,
1

o0

Za1_2/“(j):0(n_1), as n— Q.

j=n
Assumpton 2 For alli > 1, t>1, E(Uy|Z;) =0 almost surely (a.s.).
Assumption 3 Z; has continuous probability density function (pdf) f(z) .
Assumption 4 f(z) and m(z) have bounded derivatives of total order s.

Assumption 5 The conditional expectation functions wij(z) = E(UpUjp|Z: = 2), 1,j =
1,2,---, are uniformly bounded and continuous.

Strictly, these and other assumptions need hold only at those z at which m is to be estimated,
but for simplicity we present them globally.

Assumption 6 k(u)es.
Assumption 7 As T — oo, a+ (Ta?)”" — 0.

Let f;(z,u) denote the joint pdf of (Z;, Z;1;), j # 0, and f;k(z,u,w) denote the joint pdf of
(Zt, Zyyjy Ziyjyr), 5 # 0, j+k #0. Denote by C a generic positive finite constant.

Assumption 8
(i) For some & > 0, sup, ||z]|*f(2) < oo.
(ii) Supz,7l/ fj(z7u) S 07 j Z 1; supZ7'lL77H fjk(z7 u7 w) S C7 j7 k Z 1'

Assumption 8 (ii) is natural given that Assumption 3 implies boundedness of f. Assumption 8
(i) is from Hansen (2008) and is later needed to obtain a uniform rate of convergence.

Assumption 9 For > 2 of Assumption 1, Elm(Z)|* < 0o and E|Uy|* < C < o0, i>1,t > 1.

Assumption 10 For alli > 1 and some ¢ > p, the conditional moment functions E(|U;t|°|Z: = 2)
exist and are continuous at Z; = z.

Assumptions 9 and 10 are both from Robinson (1983).

As always the randomness of m4(() gives rise to difficulty in obtaining an exact expression for
the MSE of m(z), so we study an the "approximate" MSE,

MSE, (m(z)) = Vi(m(2)) + B2(1(2)),

where i
Vi(m(z)) = W, Bs(m(z)) = E(ma(2) m(z),



and we stress kernel order s, since this asymptotically affects the approximate bias Bs and hence
MSE;; as usual these are decreasing in s, a higher order kernel exploiting assumed smoothness.

Define
K= / k2 (u)du, x, z/u£|k(u)|du< oo, L=1,..,s,
R R

the N x N matrix Qn(z) to have (7, j) th element w;;(2), and

NOEDIEDY O {m)/ ()}

o 94,94,

Theorems 1-3 are essentially restatements of earlier results so proofs are not given. Define

_ 1§VQN(Z)1N

un(2) e

By a ~ b we mean a/b — 1 as T — 0.

Theorem 1. Under Assumptions 1-10, and if f(z) >0, as T — oo,

MSE, (m(z)) ~ ;2?}8 + {fp(z) ¢s(z)}2. (8)

The first term on the right reflects the variance of the cross-sectional average Uy;. We do not
express the result in terms of an approximation to vy(z) as N — oo so (8) is valid for both N
fixed and N increasing with T. Note that vy (z) = vaj w;j(z)/N? reflects the strength of cross-
sectional dependence in Uy, and arose also in Robinson (2012). As discussed there, in case N
increases with T, vy (2)

O(N~1) is analogous to a common weak dependence assumption in time
series. Boundednes of the w;;(z) implies only vx(z) = O(1), allowing "long-range cross-sectional
dependence". On the other hand, when vy (z) — 0 the rate of convergence of /m(z) improves.

Define the MSE-optimal bandwidth

opt
ms

alP’ (z) = argmin

a

st (1 )1
Tarf(z) L f(z) ° '
Theorem 2. Under Assumptions 1-10,

a

opt 1y (KU (2)un(z rrer
26~ (R

Next we establish asymptotic normality.

Assumption 11 Ta97? — 0 as T — 0.

Let AY/2 denote the unique matrix square root of a positive definite matrix A and I; the d x d
identity matrix.

Theorem 3. Under Assumptions 1-11, for fized points z; € R, i =1, ...,d, such that f (z;) > 0,
and Qn(z;) is nonsingular for all N;i=1,...,d, as T — oo,

(Tat)s V2 (i) = (), () - m(zd))/ 4 NY(0,1),

where Vi is the d x d diagonal matriz with ith diagonal element k9vn(z;)/ f(z)-



3. Improved estimation

We now develop more efficient estimates of m, analogously to Robinson (2012), allowing also for
conditional heteroscedasticity. The identifying condition (5) of the previous section was arbitrary.
In general we can rewrite (4) as

Ve = A" 4+ m(Z)1x + U,
where, for a given N x 1 weight vector w,
w AW =0, (9)

leading to
U)/Y.t == m(w)(Zt) + w’U‘t.

There is a vertical shift between m(*) identified by (9) and m identified by (5), namely, m()(z) —
m(z) = w'A for all z. As in Robinson (2012) we an choose w to minimize variance. In place of
the factor vy (z) of the previous section, we have vy, (2) = Var(w'U.|Z; = z) = w'Qy(2)w, and
deduce the optimal w = w(z),

w*(z) = argminun, (2) = (UyQn(2) y) " Qn(2) iy,
w

imposing
Assumption 12 The matriz Qn(z) is nonsingular for all N.

Correspondingly an optimal NW estimate is

() = ngi . (10)

where
T
() = 3 K (22 oy v

t=1

Define
MSE, (m*(z)) = V,(m*(2)) + BX(m*(2)),
where . 2 (5
V' (2) = g e B ) = - (o),

where m*(z) = m(z) + w*(z)’\ with m and A as in (1), and let

oy (2) = ( 'NQN(Z)_llN)il.

Theorem 4. Under Assumptions 1 -10 and 12, and if f(z) >0, as T — o0,

Iy (2 sa° 2
MSE(m*(z)) ~ Taqj;gz; + {);(Z) @s(z)} .

The bias contribution is as in Theorem 1 of the previous section.



Define the MSE-optimal bandwidth

opt
m*s

api s (2) = argmm

Koy ()~ {Xsas - }2
Tarf(s 1 TS
Theorem 5. Under Assumptions 1 -10 and 12,

2 (o) = (L)

ENEE

Theorem 6. Under Assumptions 1-12, for distinct fized points z; € RY, i = 1,...,d, such that
f(zi) >0, and QN (z;) is nonsingular for all N,i=1,....d, as T — oo,
!
(Ta?) V=12 (107 (21) = m* (1), 170" (20) =m0 (20)) —a Nal0, L),

where m*(z) = m(z) +w*(2)'\ with m and X from (1) and V*y is the d x d diagonal matriz with
ith diagonal element k%vx (2)/f(2).

As in Robinson (2012) vx(z) < wn(z) unless Qn(z) has an eigenvector 1y, where Robinson
(2012) discussed the extent to which the latter occurs in factor and spatial autoregressive models.
The rate of convergence of m*(z) depends on the rate of increase, if any, of v} (2); when N — oo as
T — oo, m*(z) converges faster than m(z) if vy (2)/vi(2) — 0.

Conditional heteroscedasticity in U;; implies that w*(z) varies with z, so (unlike in Robinson
(2012)) the difference between m*(z) and m(z) varies with z,

m*(z) —m(z) = w*(z)'\. (11)

Thus for comparability one can first carry out optimal NW estimation for each z of interest, then
adjust to a common baseline by means of an estimate of A in (4). Defining the temporal and overall
averages Yjq = 77! Zthl Yi,,i=1,..,N, Y4 =N"" Zfil Yia, we estimate \; by

N=VYia—Yau, i=1,..N.

Now

S|
Nl =

A 1 & 1
t=1

t=1
= Z Uit — 1

and under Assumptions 1 and 5 this is O, (T*I/ 2) , implying Niis VT —consistent, and thus converges

T
> m(z) + NLT > Uit)

t=1 t=1 i=1

N
> Us,

14=1

MH

~
Il

faster than our nonparametric estimates of m.

4. Feasible optimal estimation

Given Qp(z) is unknown, m*(z) is infeasible.  Feasible estimation requires an estimate that ap-
proximates Qy(z) sufficiently well for large T, and possibly large N. For this purpose we use (cf.
Robinson (2012)) the residuals

U =Yy —Yia —(Z) +Yau, i=1,...N, t=1,..,T.



N N N /
Defining U.; = (Ult, .U Nt) , to allow for nonparametric conditional heteroscedasticity we employ

the kernel estimates .

Z L((Z—2)/h) U U,
Qn(z) == - ; (12)
> L((Zi—2)/h)

for a scalar bandwidth h and ¢—dimensional kernel function L, where h satisfies different conditions
from a and will thus be chosen differently, and L need not be identical to K, motivated by the
fact that L will be assumed to have compact support, to facilitate technical treatment of the ratios
L((Z:—2)/h) /f(Z:),1]f(2) not necessarily being integrable; however, L is assumed to have product
form analogous to K given by (7). In some circumstances we may be prepared to assume the U; are
conditionally homoscedastic (or to have parametric conditional heteroscedasticity), where theoretical
justification is more similar to that in Robinson (2012), and for the sake of brevity we focus only on
the smoothed nonparametric estimate (12).

Theoretical demonstration that Q (z) can be replaced by Qy (2) involves treatment of U-statistic-
like quantities, for which S-mixing assumptions on Z; and U;; are more effective than a-mixing ones.

Assumption 13 For alli > 1, (Z],Ux, - ,Ui)’ is a jointly stationary vector S-mizing process
with mizing coefficient 8,(j) and is a-mizing with mizing coefficient c;(j). Define 5(j) = max §,(j)
and a(j) = max a;(j).

(i) For some 6 > max{8,2q}, B(j) =0(;7%) as j— ooc.

(ii) For some s> 1+q, a(j) =O0(j~*) as j— oo.

Assumption 13 (ii) (which was required in Hansen (2008)) is implied by Assumption 13 (i) if
0 > .

Assumption 9’ For any p, max E|U|P < oco.
K3

Assumption 9’ greatly strengthens the moment condition on Uy in Assumption 9 and is required
to simplify the result and proof of Theorem 7 below.

Assumption 14 The kernel k(-) used in the preliminary stage NW estimation is an even and
uniformly bounded function that belongs to Ks and satisfies |k(u)| < Cexp(—|ul).

Assumption 15 For all i, j > 1,w;;(2) has uniformly bounded derivatives of total order p.

q
Assumption 16 L(u) = H l(uj), where £ € K, is even and uniformly bounded with bounded
j=1
support.
Assumptions 15 and 16 together help to ensure that the bias of each element of the estimate (12)
of Qn(z) is O(hP).

Assumption 17 (i) As T — oo, Th™{P:2s} _ oo,

(ii) For some o = j;é:g with s as in Assumption 13 (i), logT/(T°h?) — 0 as T — oc.

Assumption 17 (ii) is from Hansen (2008) and implies Th? — oo, which is needed to make the
variance of the first stage estimate of f tend to zero.



Denote by @;;(z) the (4,7)"" element of Qn(2).

Theorem 7. Under Assumptions 2, 3, 4, 8, 9, 13-17, for arbitrarily small e > 0, as T — oo,

| Jax |wij(2) — wij(2)| = Op(Rrn), N >1,

where
Ry, = WP 4+ 1 4 (Thote) ™7

(13)
The rate (13) is important in establishing Theorems 8 and 9 below.

Recall that Theorems 2 and 5 provide optimal bandwidth choices when Qn(z) is known. Our
feasible optimal bandwidths are

’ m*s

apt (s) = (LN Gt () _ (LTl

" Tx2d,(2)? Tx3®s(2)?
where R
. 1yQn(2)1 . ~ B -1
in(z) = NN ) = (10 ()1

and ®,(z) is a consistent estimate of ®(z).

The next theorem shows that the infeasible and feasible optimal bandwidth choices are asymp-
totically equivalent under additional conditions. Denote by ||.|| the spectral norm of a matrix.

Assumption 18 The estimates f and ® are such that asymptotically,

f(2) = f(2)
3(2)) - ®%(2))

O, (Il (I I (=) = ()
Oy (1190 (2) 712 (2) = 2 ()] )

Assumption 18 is unprimitive, but ensures that the errors in estimating f(z) and ®2(z) are negligible,
so as to yield asymptotic equivalence of feasible and infeasible optimal bandwidths.

Assumption 19 If N — oo as T — oo, NRrp = o(1).
Assumption 19 requires that the rate Rpy obtained in Theorem 7 converges sufficiently fast to 0.
Assumption 20 As N — oo,

Nl;VQN(Z)_QlN
(InQn(2)"1N)?

12n5(2) 7 + — o(1).

Assumption 20 was discussed in detail in Robinson (2012), where it was noted that a sufficient
(but not necessary) condition for the second term on the right hand side to be bounded is that the
greatest eigenvalue of Qn(z) is bounded; see Robinson (2012) for an example where this term may
be bounded although the greatest eigenvalue of Qx(2) may diverge with N.

Theorem 8. Under Assumptions 2, 3, 4, 8, 9, 12-20, as T— oo,

~opt ~opt
TG, O,
Ams (Z) Q> s (Z)



Next, we define a feasible optimal NW estimate as

(o ey ) 1y 0 e Y k(A2
m*(z) — t=1
ma(z)

Assumption 21 Let v = min{2s —e,p} for an arbitrarily small ¢ > 0, where p is as in
Assumption 15. p,s,a,h, N are such that p > s and as T — oo, Th9t?¥ — oo, Ta972* = O(1) and
NhY = o(a®).

Assumption 21 actually requires the bandwidth h, used in the preliminary stage, to decay slower
than the bandwidth a since s < . We need to impose greater smoothness assumption on €2
compared to m and f by requiring p > s in order to make sure that non-parametric estimation of €
yields small enough bias. Since Theorem 4 shows that 7m*(z) has exact rate v} (2)"/? (Taq)_l/2 +a®

in probability, our final theorem justifies 7*(z) as adequately approximating it.

Theorem 9. Under Assumptions 2, 3, 4, 8, 9 and 12-21, as T — oo,

W (2) — *(2) = o, (v}‘v(z)l/Q (Ta?)" Y + as) .

Based on Theorem 9, one could establish an asymptotic normality result for m*(z), with the
same limit distribution as m*(z) (see Theorem 6).

5. Finite sample performance

A small simulation study compares finite sample performance of the three estimates m, m* and m*.
It is of interest to see the extent to which the feasible optimal estimate m* matches the efficiency
of the infeasible optimal estimate m* and whether it is actually better than the simple 7m(z), given
the sampling error in estimating Qn(z). Our simulation design closely resembles that of Robinson
(2012). In (1) weset ¢ =1, m(z) = 1/(1+ 22) and generated \1,--- ,Ax_; as independent N(0, 1)
variates, kept fixed across replications, with Ay = —A; —---—Ay_1. We generated the U;; according
to the factor model
Uis = bi(Zy)n, + V0.5ei, i >1, t>1,

where b;(z) = bi(1 + |2)~V/4, with the b; generated as independent N(0, 10) variates, kept fixed
across replications, and the sequences {Z;},{n,;},{€it},i = 1,---, N generated as independent
Gaussian first order autoregressions, with innovations having unit variance and four different values
of the autoregressive coefficient p were employed p = 0,0.2,0.5,0.8. This setting gives rise to strong
cross-sectional dependence, varying degrees of temporal dependence, and conditional heteroscedas-
ticity of the U;; where the factor loadings were functions of Z;, engineering the desired conditional
heteroscedasticity of the covariance matrix. In particular,

Qn(z) = 0.5y + b(2)b'(2),

where the N x 1 vector b(z) has ith element b;(z). The points at which the functions are esti-
mated, and the second stage bandwidth choice, are in line with those of Robinson (2012): the
one-dimensional regressor was generated to have mean 0.5 and variance %, so the bulk of obser-
vations lie in the interval [0.1], and with d = 1, z; = 0.25, 25 = 0.5, 23 = 0.75. The second stage

10



bandwidth parameters were set to be a = 0.1,0.5,1. Because of the need for oversmoothing in the
first stage, required by Assumption 21, we set the first stage a to be 1.2 times the second stage ones.

Tables 1 reports Monte Carlo MSE for the various settings, with (N, T") = (5,100) and (N, T) =
(10,500). There are 2 x 4 x 3 x 3 = 72 cases in total and each case is based on 1000 replications.
There are throughout substantial improvements with increase in (N, T). The reduction in MSE by
using m™* relative to m mainly reflects the extent of cross-sectional correlation. The reduction in
MSE is more pronounced for smaller a, where variance dominates bias. As expected m* mostly
performs better than m*, but in 11 cases of the 72 the reverse outcome is observed; these all
happened for larger a (0.5 or 1).

Tables 2 and 3 respectively report relative Monte Carlo MSE of /m* and m* to /m and were
designed to facilitate comparison between differing strengths of serial dependence. In Table 2,
greater serial dependence often leads to (sometimes significant) improvement in the performance of
m* relative to m, in fact, the MSE ratio for m* is smaller when p = 0.8 compared to p = 0 in every
case. Indeed for a = 0.5 and 1 there is monotone improvement in relative performance of m* with
increase in p. In Table 3, similar patterns to those of Table 2 are seen.

11



Table 1: Monte Carlo MSE

N=5 T=100 N=10 T=500

P z a @m mm* @m* mm mm* ]ﬁs\Em*
0 025 0.1 0.4092 0.0107 0.1398 | 0.0758 0.0014 0.0172
0.5 | 0.1117 0.0141 0.0131 0.0359 0.0126 0.0152

1 0.1129 0.0246 0.0147 | 0.0431 0.0234 0.0251

0.5 0.1 0.2817 0.0062 0.0523 0.0659 0.0008 0.0103
0.5 | 0.0991 0.0022 0.0111 0.0228 0.0004 0.0036

1 0.095 0.0021 0.0107 | 0.0219 0.0004 0.0038

0.75 0.1 0.5918 0.011 0.1274 0.1236 0.0014 0.0206
0.5 | 0.1416 0.0157 0.0235 | 0.0421 0.0134 0.0103

1 0.123 0.0246 0.0326 | 0.0455 0.0223 0.0166

0.2 025 0.1 0.4344 0.0115 0.1526 0.0851 0.0015 0.018
0.5 0.1541 0.0151 0.0145 0.0456 0.0128 0.0155

1 0.1582 0.0256 0.0167 | 0.0537 0.0236 0.0254

0.5 0.1] 0.3108 0.007 0.0522 | 0.0802 0.001 0.0106
0.5 0.145 0.0031 0.0128 0.0336 0.0005 0.004

1 0.1417 0.0031 0.0125 0.0326 0.0006 0.0041

0.75 0.1 | 0.6228 0.0114 0.1538 | 0.1436 0.0015 0.0214
0.5 | 0.1899 0.0166 0.0247 | 0.0544 0.0135 0.0106

1 0.1713 0.0256 0.0342 0.0567 0.0225 0.0169

0.5 025 0.1 0.5717 0.0157 0.2047 | 0.1261 0.0021 0.025
0.5 | 0.2836 0.0181 0.0223 | 0.0747 0.0132 0.0176

1 0.2953 0.0285 0.0245 0.0851 0.0241 0.0278

0.5 0.1 0.4658 0.01 0.0701 0.1109 0.0014 0.013
0.5 | 0.2868 0.0061 0.0203 | 0.0653 0.0009 0.006

1] 0.2812 0.0061 0.0202 | 0.0648 0.001 0.0061

0.75 0.1 0.8636 0.0164 0.2183 0.2013 0.0021 0.0276
0.5 | 0.3462 0.0198 0.0332 | 0.0914 0.014 0.0125

1] 0.3139 0.0286 0.0416 | 0.0895 0.0229 0.0186

0.8 025 0.1 1.3983 0.0321 0.829 0.2814 0.0046 0.0664
0.5 0.8153 0.0295 0.0561 0.1935 0.0151 0.0285

1] 0.8284 0.0398 0.056 | 0.2097 0.0259 0.0387

0.5 0.1 1.0854 0.0231 0.1601 0.2623 0.0032 0.0288
0.5 0.8281 0.0172 0.0523 0.192 0.0026 0.0163

1 0.8193 0.0173 0.0515 | 0.1915 0.0027 0.0163

0.75 0.1 1.9009 0.0344 0.7075 | 0.4748 0.0045 0.0709
0.5 0.9368 0.0321 0.0666 0.2372 0.0158 0.0225

1 0.8578 0.0401 0.0727 | 0.2184 0.0247 0.0281
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Table 2: Relative MSE: MSE(m*(z))/MSE(m(z))
N =5,T =100

z  a\p 0 0.2 0.5 0.8
0.25 0.1 ] 0.0261 0.0265 0.0275  0.023
0.5 | 0.1262  0.098 0.0638 0.0362
1] 0.2179 0.1618 0.0965  0.048
0.5 0.1 0.022 0.0225 0.0215 0.0213
0.5 | 0.0222 0.0214 0.0213 0.0208
1] 0.0221 0.0219 0.0217 0.0211
0.75 0.1 | 0.0186 0.0183  0.019 0.0181
0.5 | 0.1109 0.0874 0.0572 0.0343

1 0.2 0.1494 0.0911 0.0467
N = 10,T = 500
z a\p 0 0.2 0.5 0.8

0.25 0.1 ] 0.018 0.0176 0.0167 0.0163
0.5 ] 0351 0.2807 0.1767  0.078
1105429 0.4395 0.2832 0.1235

0.5 0.1 0.0121 0.0125 0.0126 0.0122
0.5 | 0.0175 0.0149 0.0138 0.0135
1] 0.0183 0.0184 0.0154 0.0141

0.75 0.1 ] 0.0113 0.0104 0.0104 0.0095
0.5 | 0.3183 0.2482 0.1532 0.0666
1104901 0.3968 0.2559 0.1131
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Table 3: Relative MSE: M SE(m*(z))/MSE(m(z))
N =5,T =100
z  a\p 0 0.2 0.5 0.8
0.25 0.1 ] 0.3416 0.3513 0.3581 0.5929
0.5 | 0.1173 0.0941 0.0786 0.0688
1] 0.1302 0.1056  0.083 0.0676
0.5 0.1 0.187 0.168 0.1504 0.1475
0.5 0.112 0.0883 0.0708 0.0632
1] 0.1126 0.0882 0.0718 0.0629
0.75 0.1 | 0.2153 0.2469 0.2528 0.3722
0.5 | 0.166 0.1301 0.0959 0.0711
1] 0.2650 0.1997 0.1325 0.0848
N =10, T = 500

z  a\p 0 0.2 0.5 0.8
0.25 0.1 | 0.2269 0.2115 0.1983  0.236
0.5 | 0.4234 0.3399 0.2356 0.1473
1105824 0473 0.3267 0.1845
0.5 0.1 | 0.1563 0.1322 0.1172 0.1098
0.5 | 0.1579  0.119 0.0919 0.0849
1] 0.1735 0.1258 0.0941 0.0851
0.75 0.1 | 0.1667  0.149 0.1371 0.1493
0.5 | 0.2447 0.1949 0.1368 0.0949
1] 0.3648 0.2981 0.2078 0.1287
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Appendix A. Proofs of Theorems 7-9

Proof of Theorem 7. Writing L; = L((Z; — 2) /h), f(z) = (Th9)™" Zthl Ly,

@ij(2) — wij(z) = (Th?)~ ZLt{UnUﬁ wij(2)}/f(z) == R + R, (14)

where .
R = 3 LUy — N /FE). B =3 LUl — Uall) /7).
t=1 t=1
Under Assumptions 13, 15 and 16, it can be shown that RE;) =0, ((Thq)fl/2 + hp> , RZ(-Jl-) being

the estimation error of the NW estimate of E(U;Uj|Z; = z) = w;;(z). Next, we show that Rl(»?) =
O, (Rry). Denote d; = Upa — Ui and e, = m(Z;) — m(Zy), so U = Uiy + d; + e; and thence

UinUjt — UiUjy = (di + e0)(dj + e) 4+ Ui (dj + e) + Uje(di + ey), (15)
T ~
RZ(?) = (Thq)71 ZLt{(dZ + et)(dj + et) + Uit(dj + et) + th(di + et)}/f(Z) (16)
t=1
Now f(z) = f(z) + 0,(1) from Assumptions 3, 4, 13, 14 and 17 (ii), so
1 1
— = == Op(].). (17)

flz)  [(z)+0p(1)

We look next at the following terms in the numerator of (16):

(Th9)~ ZLt{dd + Ugd; + Ujed; . (18)
t=1

From the implied weak correlation across t of U;; and Var(U;) < C implied by Assumption 9’,

T B 1 T i
i NTZZUlt TZULt T;UAt—T;U“:Op(T 12).

t=1 i=1

Therefore, the contribution of the first term in braces in (18) is
1 .
didj 7 ;Lt =0, (T7") f(z) =0, (T7").
The other contributions to (18) are both of form
i ZT:L U =0 (T—W) % O ((Tfﬂ)*l/“’) -0 (T‘lh‘q/2>
JTha i tYit 2 P P )

because Zthl LiU;+/ (Th?) consistently estimates E(U;:|Z; = z) = 0, with zero bias and the usual
variance. Thus, Rg) = Op (Rrp). The remaining terms in the numerator of (16), are

T
(Th?)™ Z Li{el + Upe, + Ujies + dier + djeq}. (19)
t=1
Consider
T
(Th?)~ ZLt{et + Uit€s + Ujt€y + di€y + djés }, (20)
t=1
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introducing the leave-one-out counterpart of e;, namely &; = (I; — nt)/ft, with f, = f(Zt),

T
b= (Th))™" > Ka{m(Z)—m(Z.)}, ne=(Th)~ Z KotUas,
s=1,s#t s=1,s#t

for Ky = K ((ZS - Zt) /h) . Now (20) is bounded by A7 + By + Cr + D + O(T_1/2){ Er+ F‘T}7
where

Ap = Thqz| t|f2aBT Thqz| t|f2> T =

C T
T ZLtUﬁfT , E
t=1 t

Thq ZlLt ’Lt =

C Iy
TthLtft"

t=1

D

C T
WZLtZ , Fr =

t=1

T =

Bounds for these quantities will be obtained below. First we consider the asymptotic equivalence
between (19) and (20).

We have
er — & = (ThY) ' Ku{m(Z,) — m(Z)} + (Th9) ' KyUay = (Th) ™" K(0)Uq.
We need to show negligibility of
Thq ZLt —et +Uzt(et —et)—l—UJt(et —et)—l-d (et —et)—i-d (675 —et)}
First,
L5 LU, € d e ¢ LU
m; H{Uir(er — €) + di(er — €)} < (Thq Z +Uat

=0, ((rhn)™ (W + (1h1) %)) + 0, ((Thq)_ T—1/2 (Th) ™) = oy (Re),

Z LiUnUas| +

Thq

noting that (Th?)~ ZLtUnUAt is the NW estimate of E(UyUa¢|Z, = ) Zw” )/N, with
t=1

bias O (h?) in view of Assumptions 15 and 16, and variance O ((Th?)~!), while (T'h?)~ Z LUay

is the NW estimate of E(Ua|Z, = z) = 0, with zero bias and variance O ((Th?)~!).

Next,
T T
Thq Z — et = Thq Z et — et 2675 + (et - ét))
= (Th%)~ Z L& Uy — (ThY)™ Z LU3,]. (21)
The second term is
(The)~ ZLtUAt (Th?) ™" K(0)0, (hp v (Thq)_/2) = 0,(Rrn),

noting that the MSE of the NW estimate (Th?) ™' Y°,_; L3, of E(U3,|Z; = z) = Y1, wij(2)/N?
is O(h?" + (Th9)~1') in view of Assumptions 13, 15 and 16. The first term of (21) satisfies the same
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upper bound as Cr + Dr noting the similarity of (Thq)_1 Zthl Li6,U4; to (Thq)_1 23:1 L.eUj;.
To bound Cr and Dy, Assumption 9, is repeatedly used. The same proof, and therefore the same
upper bound, applies to the first term of (21) by replacing Us; with U, and using E|U|P < oo for
all even p > 2 from Assumption 9'.

To complete the proof of Theorem 7 we need to show that

A7 + By +Cr + Dy < CRpy, (22)
Er + Fr <CTY*Rpp,. (23)
The quantities Ar,--- , Fr can be decomposed into two types of terms. Write
1
ft ft ftft

The first type of term in the decompositions of Ar,---, Fr involves 1/f; and takes the form of
a U-statistic; bounding them is complicated by serial dependence in Z; and Uj;. These terms
will be analyzed using Lemma 6, which bounds the difference between such U-statistics and their
counterparts under independence. Bounding the first type of term, first, the asymptotic order of the
expectation of the U-statistic kernel under the corresponding independent process will be derived
and, secondly, the remainder terms evaluated, applying Lemma 6. The second type of term involves
(f— ft) / fif+, and to analyze these we use a uniform rate of convergence result, in particular, Hansen
(2008): under Assumptions 4, 8 (ii), 13 (ii), 14 and 17 (ii),

sup
z€RY

C\1/2
’ - ((logT (Th?) ) + h8> , (25)
where s was defined in Assumption 4. Note for later use that Assumption 17 (ii) implies
Th?t® — oo for some small ¢y > 0. (26)

In the rest of the proof, we denote

2
v = ;re, for arbitrarily small € € (0,¢,/3), (27)

where 6 is in Assumption 13 (i).
Upper bound on Ap. We show that for some € > 0,
Ar = O(ri7), where rip = (Th?)™> (T2h2q*6 n T2h3q(1*7)*6) , (28)

which implies (22) for Ap. We first write, using (24),

2

Ar = Th‘lz| t|f2+Thqz| o t( 272 )

P =17
27

< CAL +C oz, AT (29)

where

c I
"o __ 2
Ar = Thqz| t|f2’ AT_Thq;wt'”t'
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We can consider nax (f2 = f2)/(f2 f?)| because any t with corresponding (Z; — z)/h falling outside
the bounded support of L is assigned zero weight. We show that

EA/T = O(TlT), (30)
EA,/JQ = O(T’lT), (31)
ft ftz o q\—1 1/2 s| _
max |t = 0, (logT(Th ) ) + 1) = o0,(1), (32)
which implies (28).
To bound A7, let Ztl,m 1tk,/ denote summation over non-overlapping indices (¢, - ,t) for k > 2,
whence
|L |
B(Ay) = (Th) " B( Z " U3, K2 1) (33)
t1,t2=1 t1
+(Th9)™ (Z |“'U Uney Koy, K ) 34
f At U Ats Nt 1t Nty ts ( )
t1,ta,t3=1 t1
= (Th9) "3 (Ayr + Aor). (35)

To prove (30), it remains to show that for ¢ = 1,2,
AiT S CTlT. (36)

Noting that Ay and Asr are expectations of second and third order U-statistics, we can apply
Lemma 6 (i) and (ii). Denote W; = Wyr = (Z], U1, -+ ,Unt)’, where N = Np may increase with
T. Let {Wt} denote an i.i.d. process with the same marginal distribution (for a single ¢) as W, and
independent of {W,}.

To prove (36) for ¢ = 1, note that A;r is a second order U-statistic with kernel
(b (Wta ) ‘Lt|ft 2(]Atfftzs
By Lemma 6 (i),

|Aur| = |Z/E¢T(Wt7WS)| < T(T = 1)| B¢ (W1, Wa)| + CT My, (37)

t,s
Denote expectation under a serially independent process by E*. Trivially,
E(¢T(Wt? WS)) =FE" (|Lt|ft_2UisKth) =FE" (|Lt|ft_2E* (UisKt23|Zt)) .
By Holder’s inequality with p,r > 1 and p~! + 771 =1,
1 1

B (U3.K212) < [B" (10a*12)]7 [B7 (1Kl 120)]" = [E (104:)]* [B* (1Kol 122)]

where the last step holds because of the supposed independence between U,, and Z;. Assumption 9’
yields E(|U 44|?) < oo for arbitrarily large p, so we can choose r = 1+ for an arbitrarily small ¢ > 0.
Since Assumption 14 implies [ |k(u)|*"du < oo, we have E* (|Kys|*"|Z; = z) = O(h?) uniformly in z
by Lemma 1. Therefore, E* (U3, K}|Z, = z) = O (hﬁ) =0 (hq’qg/(lJrg)) uniformly in z. Hence

E(6r(Wi, Ws)) < ChTH5E (f72|Lil) = 0 (n2775), (38)
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where the last step follows by Lemma 3, and ¢ = ¢ (1 + g)_l is arbitrarily small positive, given
¢ > 0 can be set arbitrarily small.

Next define
~ 1 ~ o 1
Myps = | max (E|¢T(Ws, W75 + E|opr(WWy))| 17”) ’

<s<t<T

where (BT(WS, Wi) = op (W, W) + o (Wy, W), and these and other subscripted M quantities are
expressed in somewhat different form in Appendix B. We have

3=

1

Elop (W, W) 7=

1 _r_
(1) < (1) (sl )

- 0 (h2qf fii) ,

where the last step follows using Lemma 4 (i) and choosing r = 1 + ¢ for arbitrarily small ¢ > 0.
Similarly,

Blop(We, Wy)| 77 = 0 (w1 1),

1 T — * — = 1 _ 2q¢
Blop(Wa, Wo)| ™5 = B (|f; P LO3 K3 77) = (275
This gives M};? < Ch2(0-M=*5"
arbitrarily small.

= O(R*1=M=¢) where € = 2¢(1 — 7)s/(1 +¢) > 0 is

Hence, the above upper bound on M%;y, together with (37) and (38) implies (36) for ¢ = 1.
From (37),
A =0 (T2h2q*€) +0 (ThQ’J(l*V)*E) .

For the latter rate, we have
Th2a(=n=c = p2p3a=n=¢(ppal="1)=1 — (7231 =7 =€),
where the last step holds by Assumption 17 (ii), which implies Th? — co.
To prove (36) for ¢ = 2, note that the U-statistic kernel function of Asp is
Or(We, Wa, Wo) = £ |Le| UnsUnr Ko K.
The proof structure follows that for Ajr. By Lemma 6 (ii),
| Azr| < TO|Edp (W1, Wa, Wa)| + C(T?Mga; + TMy3"). (39)
The expectation under independence is
Elpp(Wy, Wo, W)l = E* (7 |Lt| E*(Uas K15 Z) E*(Unr Kir| Z4)) = 0,

because by Assumption 2, E*(UasKys|Zi) = E*[KysE*(Uas|Zs)|Zi] = E*[Kys - 01Z;] = 0. Next, will
use Lemma 6 (ii) to bound Mr3 and Mp12. We show that

My = | max (Elop(Ws, W, W)™ + Blép(We, W, W) [ 77) = O(h* 55, (40)

max_(E|by (Wi, W, W,)| 77 + E|bp (Wi, Wy, W,)|757) = O(h%47 ), (41)

1<s<t<T

M3

which with (39) imply Ayr < CT?h39( =7~ 4 OTh*( =1~ < CT?h39(1=7)~¢ hecause ThI—7) —
oo by Assumption 17 (ii). This proves (36) for i = 2.
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To prove (40), we need to isolate cases when the variables that enter ¢, fall in either two or
three independent subsets. The methods and conditions used to derive the upper bounds apply
uniformly over 1 < r,s,t, < T so the max operator is redundant: we are concerned only with how
the arguments W,., W, W, are divided into independent subsets. For the case of two independent
subsets, the symmetry between Wy and W, in ¢, means that it suffices to consider two distinct
cases, namely {Wt7 W, W,.} and {I/T/,,7 Wy, Ws}.

For {Wt, W, W,.}, we show that

. e B 1 _ i _2q¢
Blor(We, We, W) |75 = By (|£72L| ™7 Bror (|0asUarKus K| 77 1 22) ) = O (7755
(42)
where E, ;. denotes expectation taken under {W,, Wy, W,.}. To show (42), note that for p,w > 1,
-1 -1
ptw =1,

Et,sr <|UASUAT-K—tsI{tr‘ﬁ |Zt = Z)

L
w

1
< |:Et,sr (‘UvAstAr’ﬁ |Zt = Z)i| ! |:Et,sr (|I(ts[(tr|ﬁ |Zt = Z)]

P 1 w 1
_ _ T—v p =5 w
= [Et (|UASUA,-| )] {Et (KtsKt,-F 2 = z)} ,

by the presumed independence between {U 4,, U4, } and Z;. By the Schwarz inequality and Assump-
tion 9,
_ _ _p_ _ _2p_ _ 2p \11/2
Eor (|Uas0ar| 77) < [E (|04 77) B (|04 77)] <€ <00
for arbitrarily large p > 1. We set w = 1 4 ¢ for arbitrarily small ¢ > 0. Now,

w

Et,sr <|I(ts[(tr‘m ‘Zt = Z) < sup f\r—s|(vay) / ‘K(
v,y

v—2z

h

)|11“vdv

< [ 1K (U5 I dy = 00
uniformly in z by Lemma 1. The above estimates together with Lemma 3 imply the bound (42):
_1 _ _ _1 _1 q
Evor (11720077 Bvr (1040 Ko Kir 77 12) ) = B (|£72L 77 ) O(hT59)
0 (hq X hm) 0 (th*f%) .
The contribution for {Wr, Wi, Wi} in Mris is bounded by
~ 1 _ _ 1 _ 1—
Ets,’r|¢T(Wta W87 WI)| liw = (Ets,r |ft 2LtUAsKts| = Ets,r (‘UA7'Kt’r'| K ‘Zt>)
) (h%) , (43)

applying Holder’s inequality:

1

w q

- |Zt = 2) < Ets,r (|UAr|ﬁ)% Ets,r (|Ktr|% ‘Zt = Z) = O(hﬁ%

Ets,r (|UA7’KtT|1

where we note that, by Lemma 1, E (|Kt,.|% |Z: = z) = O(h?) uniformly over z, with w =1 +.
Now, since W, and W; are dependent,

Eig r (|ft72LtUAsKts’ﬁ) <C [Ets,r (‘UAs|ﬁ)]% |:Ets,7‘ (’f{QLths‘ﬁ)} = _0 (h%) ,
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again with w = 1+ ¢, and completes the proof of (40). The contribution to My for (W, Wy, W,.)
is no greater than that of the two cases presented above, since the steps to get to the upper bounds
in the cases of {Wt, W, W,.} and {V~Vr, Wy, Wi} apply to that of (Wt, WS, Wr)

To prove (41), under dependence between all three time points

2q

B (|17 L0 K Uan K |77 ) < C [ (|UAS|%)]% (2 (120 |™7)] " _o (n5)

_ 2

with w = 1 4, for an arbitrarily small ¢ > 0 and Assumption 9’ yielding (|UASI l‘p”) < 00, and
Lemma 4 (i). This rate dominates those of the contributions from (Wt, Ws, W,.) and (W, W, V~Vr)
presented above and proves (41), and completes the proof of (30).

To prove (81), note that A/ differs from A’. only in lacking the factor f{2 in its summand, so
clearly EAY. has the same bound as EA’..

To prove (32), note first that since f(z) > 0,1 =1,2,--- ,d, for T large enough there exists ¢ > 0
such that tgli;lof(Zt) > ¢, due to the bounded support of L, continuity of f, and h — 0. Now

=12
212

The second factor is O,(1), while

X‘f ft max |ft |maX ‘ft_Q‘.

m
tL,,;eo t:Ly 0 t:Ly £0

max
t:L47#0

max ‘f — f?| = max ‘(ft—ft)2—|—2ft(ft—ft)’

t:Ly 720 t:L ;é

o ]+ 2 max 1l 10— = 0y [ (SE2) 7 1 ar) = oyt
= e | g ingo e Tt T I T P T R

since by (25),

max | f — fi] < sup|£(2) - f >\=Op<(l°gT>l/2+hS>,

t:L¢#0 Tha
and
—1
F—2
= = ].
t:HLl?;é(O Ii ’ <tr£1t120ft |> Op(1),
> — 2| — i > . :
because min [ f7] > min |77 - max |2 = f2 = min |fil + 0p(1) = e+ o0,(1). Thus (32) i
proved.

Upper bound on Br. We show that
Br = Oy(rar), where rap = (Th")™® (Top31+2: 4 22042 4 p2p3a(-042) - (44
which also implies (22) for Br. We have

-7
212

BT<BT+ max

!/ "
max, Bl = By + 0,(1) B,

by (32) and where
T T

1 1
I 2
BT Th‘12| t|f27 mtzzl‘.[/t“t
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It suffices to show that EB/. = O(rer), EB!, = O(rar). We have E(Bf) = (Th9)™® (B +
Bsr), where

/
|Lt1|

f2
t1,to=1 t1

Bir = B( fme, = me) K2,

T /
L
Bor = E( > M{mt1 = M, PR {mu, — mts}Ktlt:;),

2
t1,ta,t3=1 ftl

writing m; = m(Z;). We show that

Bir

0 (T2h2q+2 + Th2q(1*7>+2) : (45)

Bar

O (Top2rtas 4 2y t2). (46)

Now B is the expectation of a second order U-statistic with kernel ¢p(Wy, Wy) = fi 2| Le|{ms —
ms}2K7%. By Lemma 6 (i),

Bir < CT?|E¢r (W, Ws)| + CT My,
Thus to prove (45), we show that
|Egy (Wi, Wo)| < CR2*2, Mpy < CR2TH 75,
Under independence,
E(or (Wi, Wy)) = E* (f *|Lel{my — ms Y K7) = B (f7 2| Lol B ((me — my)* K7 Z,)) = O(R*172),
by Lemmas 2 and 3, while, similarly to Ayp,
Mar < B (1721 77 [me = m) Koo 77 ) 4 B (|£72L] 77 [(me — ma) K| 77 ) = O (h204 75 ),
by Lemma 4 (iii), as desired, proving(45) .
To prove (46) we show
Byr = O (T3h3q+2s 1oT2pBa-n+2 4 Thzq(l—y)w) ’ (47)

which is O (T3h37725 4 T2h3‘J(1_"’)+2) as desired because of Assumptions 17 (ii). Note that Bor is
a third order U-statistic with kernel

(ZST(Wt, W, Wr) = ft72|Lt\(mt - ms)Kts(mt - mr)Ktr~ (48)
By Lemma 6 (ii),
| Bar| < T2|E(¢7 (W, We, W) + C(T* My + TMyg").

To prove (47), we show

‘E(d)T(Wt) Wsa Wr)‘ S Ch2q+2sa (49)
Mgy < CH*FT55 (50)
Myps < Ch20H 125 (51)
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We have

\E(¢p (We, We, W) | = |E* (f;7 2| Ll (me — mig) Kys(my — my ) Koy ) |
< E* (£ 2Ll |E* ({my — ms) Kys| Z2)| | E* ((my — myp) K| Z4))|)
< Ch2(11+s)E* (ft72‘Lt|) -0 (h3q+23) ,

by Lemma 2 (i) and Lemma 3, to prove (49). The bound (50) follows like that of Ayr above. To
prove (51), due to the symmetry between W and W, in (48), it suffices to consider two distinct
cases when there are two independent subsets. For (W, W, Wt),

1 1
Esr,t [‘ftszt‘ = Esr,t (‘(mt - ms)Kts(mt - mr)Ktr| 1= |Zt)i|
< OW TS B (|72, 7] = 0 (W),
because uniformly over z, under Assumption 4 and by Lemma 1
Esr,t <|(mt - ms)Kts(mt - an)‘Kvtr|ﬁ ’Zt>

< sup fii(w.1) / [{m(2) — m(w)}K (

zZ—w

)7 dw

[ Hmz) = mi) e G2 ™y
<[ [ K@) =0 (ne=).

For (Wt7 W, We);

1

Eirs {|ft72Lt(mt - mr)Ktr|ﬁ Eir s (|(mt — ms)K,gs|ﬁ |Zt)}

< CHt S By (11772 Luome mT)Ktryﬁ) =0 (nrtes),

by Lemma 2 and then applying Lemma 4 (iii). The same bound follows in the case of (W,., W, W),
by the same steps. Under dependence across all three time periods,

Mrs =FE thith(mt — my) Ky (M — ms)Kts}ﬁ}

5 q1/2 2 _q1/2
< Bl 2 nume = m) Ko 7] B |52 L - ma) K| 7]

)

which is O (hQﬁ%) by Lemma 4 (iii), which yields (51) and completes the proof of (46). Finally,
EB/. = O(rar) follows in the same way as EB/., in view of the similarity of BY. to Bf.. Thus (44)

is proved.

Upper bound on Crp. From (24), Cr < C% + CY., where

1 & l 1 & fi— f
= —— S LU L|, Cf = |—Y LUl ",
T tYit 9 T tUatlt
The ; fe Tha ; fefe
We shall show that
, ~2 (37 3g+2— 37 4q(1—~)+2— 27 2¢(1—~)+2— 1/2
Cr = Oy(rsr), where rap = (Th?) (T R L TR C+ TR €) (52)
C = Op(rar +h*~ + (Th*™) ' log T), (53)
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implying (22) for Cr.

We first prove (53), noting that

T
I 1 ft
< - L f
Cf = g 2| Ao I |+<ft)}
fimfrn 1 —
< Jt T Itz - 2 '
- tgl?;«)é(0| fe | (Thq ;Mt‘Uu)JFBT (54)

By (44), Br = Op(rar). The first term in (54) is O (h=%/(1+9)) = O(h™¢) for some small € =
gs/(1 4 <) > 0 with arbitrarily small ¢ > 0, because, by Lemma 3,

BIILIUZ) < (BILI") ' (BlUa) ' < Ohrte = ot~
where we set w = 1+¢ for an arbitrarily small ¢ > 0 with E|U;|?? < co by Assumption 9'. In view
of (32) the first term in (54) is Op( (Th‘”s)_1 log T+h?$7¢), to prove (53).
To prove (52) it suffices to show that

1

) (T3h3q+2 E+T3h4q(1 ¥)+2— 6+T2h2q(1 ¥)+2— 5) (55)

Write

Ly, L
E(Cé“) Thq Z Z ( - ﬁUitl Uits Kty 12 Kt (mt1 - mtz)(mts - mt4))

t1,to= 1t3,t4 1 ftl ft3

T !

SN (B 1)+ 1B )} = (TH) ™ (Cur + Cor + ).

t1,to=1 t3,ta=1
where [y Uy U I3 = [1, s ,T}4 with
L = {(t1 =ts,ta =ta),(t1 =ta, ta =13)},

L = {(ti=t3,t2 # 1a), (b = tayta # 13), (Is = o, 11 7 1), (fa = ta, 11 # 13)}
Is = {(t1 #13,t2 #ts)}.

We show that

Cir = O(T?*h*t21c), (56)
Cor = O(T3h>T317¢), (57)
Cap = O(T3h4q(177)+2*6+T2h2q(1*’\/)+276>7 (58)

which proves (55).

To prove (56), note that

T
L, L
Cir < § U2K2, ms)? 4 | 2L 22U U | K,
1T . (ft e = ma )5 U

s(mt - m3)2)

IN

T
3 Z (L2 U2K2 ( —-m )2) < CT2h2+2q—€
ft itT ts s —= )
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because by Holder’s inequality, setting r = 1 + ¢ with arbitrarily small ¢ > 0, and E|U;|?*P < oo for
arbitrarily large p > 0 by Assumption 9’,

E(f72L2UE K2 (my — my)?) < C(E |7 Lks(my — ma) )" (B [U)*)

M=

Il
-

t,s

C(h2q+2r)1/r < ChQT?Jr? < Ch2+% _ O(h2q+276)’

IN

by Lemma 4 (iii).
To prove (57), it suffices to show that
E(ILE|f fo Ly Ly Ui, Uieg Koy, Kigry (muy, — my,)(ma, — my,)|) < CR*T397¢0 (59)
We need to check (59) in the following four cases.
Case 1, (t1 = t3,t2 # t4). The expectation in (59)becomes

E(ft72L§Uz%|KtsKtr(mt - mS)(mt - mr)D
<(E |f;2L§KtsKtr(mt —myg)(my — mr)|w)l/w (E |Uit|2p) Hr

(3¢+2w)

<Ch™w = O(h*317°), (60)

selecting w = 1 + ¢ for arbitrarily small € > 0, using Lemma 4 (iv) and Assumption 9’, and taking e
€ (0,3qg/(1+<)‘1).

Case 2, (t1 = ta,t2 # t3). The expectation in (59) is
E‘ftflfs_lLthUitUisKtsKrt(mt - ms)(mt — m,«)|
From the inequality (ab)® < a® + b2, (59) follows similarly to (60).
Case 3, (t3 = ta,t1 # t4). The argument is the same as in Case 2.
Case 4, (to = t4,t1 # t3). The argument is the same as in Case 2.

To prove (58), note that Csp is the expectation of a fourth-order U-statistic, whose kernel is
S (We, Wo, We, Wa) = fH £ LiLe U Use Koo Ko (g, —mig) (my — ).
By Lemma 6 (iii),
|Csr| < T* B¢y (Wi, Wa, Wa, Wy)| + C(T* Mypi7y + T2 My + T2 My, 7).
Under independence,

B (Wi, Wa, Ws, Wa) = E* (7 LyJyo(my — my) E*(Ui| 2, Z))
xE” (fT’_lLTKTu(mT - mu)E*(Uz'r|Zru Zu)) = O,

by Assumption 2. We will show that

My < CRYT TS5 = O(piat 5o, (61)
My3, Mpy < CR2F 7515 = O(h20+ 155 79), (62)

which proves (58).
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To prove (61), as noted in the proof of Lemma 6 (iii), M7112 is the maximal (1 —~)~*th moment
when partitioning the four time periods into either three or four independent subsets. There are
three distinct combinations of dependence to be considered in the case of three independent subsets.

For (W,., W,, Wt, VNVS)7 one can separate out expectations,

1 1 _ 1
Eru7t,s [‘ft_lLtUit‘ e Eru,t,s (‘Kts(mt - ms)| = |Zt):| Eru,t7s |:’fr 1LrUi7‘Kru(mr - mu)| 17W:|

S

= ORI x B x hCTHEI) = (et i) = o (i)

by Lemma 2 (ii), Lemma 3, and Holder’s inequality with Assumption 9’, where we set w = 1+ ¢ for
arbitrarily small ¢ > 0,

Erups[| Kus (me — my)| 77 | Z,] = O(h9777), (63)

q

Bl LiUa| ™7 < (B|U| ™) (BIf7 L ™) = O(h ), (64)
and by Lemma 4 (iii),
_1 p w
Eru,t,s |:|fr_1LrUi7‘Kru(mr - mu)‘ 17w:| S (E|Uir|ﬁ)1/p(ETu,t,s|fr_1LTKru{(mT - mu)}|ﬁ)1/w
= O(hP+T55)w) = O(h o +777).
For (W, Wy, Wy, W,.), the (1 — 'y)_lth moment of the kernel is

_1
sutr{‘ft 1LtL UztUzr} sutr (|Kts(mt_ms)Kru(mT _'r7’L'L1,)‘17AY ‘Ztvzr)}
< Ch?q—i-ﬁ % th—e -0 <h4q+7—e) 7 (65)

because the inner conditional expectation evaluated at Z; = z, Z,, = u is bounded by

supf|u s| w y </‘K(

uniformly over z and u due to Lemma 1, and, noting the independence between W; and W,., by (64),

2) tmle) - m(w)}

10N\ 2
) — O(h?1* )

while

Eutr (|f;1f;1LtL,,UitUir|ﬁ) —E (|f;1LtUit}ﬁ) E (|f;1LrUM|ﬁ) —0(h¥)=0 (W 18) = 0 ().

For (Wy, W,., Ws, W,,), by (63),

_1 _1
Etr s u{ |ft fr 1LtL UztUzr} Etr s,u <|Kts(mt ma)‘ = ‘Zt) Etr,s,u (|K7"u(mr - mu)| 1= |Z7"> }

< Ch2(q+ﬁ)Etr,s7u ‘f:&71fr_lLtLrUitUir|ﬁ =0 (hlzqu X h2q+ﬁ712r<) O (h4q+776) )

since by Lemma 4 (ii),

BT T L UUse | ™7 < (B|UnUse| 75 (B 7 f7 Lo L | 755) Y = O %) = O(h ),

setting w = 1 + ¢ for arbitrarily small ¢ > 0. This proves (61).
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For both M7 3 and M4, one finds the upper bound that holds for all relevant combinations of
dependence:

“ft 1LtL UltU”,Kts( ms)Kru(mr 7mu)|ﬁ}

2 2 \1/2
S (E |ftflLtUiths(mt — Mg |17W E ’fﬁlLrUirKru(mr My, | )
E|ft 1Lt thg(mt m. ){1 w)l/QP(E'|U ‘1 7)1/71)
2
X (B || 7 LU K (. — ma)|| 75) 2 (B (U, 225
— RS — 0 (h2q+ﬁ*ffi) :
by setting w = 1 + ¢ and Lemma 4 (iii), which proves (65).

Upper bound on Dr. By (24), Dy < Dl. + D/, where

:LZT:LUE Dl ZL Uy L1t
T The t=1 SR Th‘l e it
We show that
D, Op(rar), where ryp = (Th?)~2 (T*h29=¢ 4 T2p3—)"/?, (67)
logT
Dl 0, (ryr + % 4R, (68)
where 717 is as in (28), to prove (36) for Dr.
To prove (68), similarly to the proof of (53),
1 & fi— fi ’ n? log T
" t— Jt t 1 25—€
DTﬁm;th Uit 77, +?}—Op(7’1T+Thq+e +h77)
using (28) and (32) .
To prove (67), it suffices to show
E(Dy)? < C(Th?) ™" (T3h%1— 4 T2p217°). 69
T
Now
/1 \2 q Lt1 Lt3 7 7
E(Dy)* = (Th?) Z Z f 72 Ui Uity Ko K31 Uata Uiy
t1,ta=1 tg,t4 1 1 ts

T

=(Th)™" Y Z {111 )+ 1L,E[--]+1,E[ -]}

t1,to=1 tg,ts=1

= (Th?)™* (D11 + Dar + Dsr),

where Iy, I and I3 are as before. Then (69) follows on showing that for arbitrarily small € > 0,

Dir = O(T2h2 ) = O(T2h24~°), (70)
Dor = O(T?h*~ 1) = O(T?h%), (71)
Dyp = O(T*4H 4 T2 ) = O (T84 4 T20%) (72)
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To prove (70), as in the proof for Cyr,

M=

Dir E(ft_szUfthiUiS + |ft_lLtfsilLsUitUistAthAs’ Kfze)

t,s

2q5
S
9

E(f2LIULUA,KL) < CT?R* 7+

IN

M= L

3

t,s

)

1

because we set r = 1 + ¢ for a very small ¢ below,

T
> BUSLURUAKE) < (B8 L") (B [Uaas|7) 7 < OB < o,

t,s=1

by Lemma 4 (i) and Assumption 9, which proves (70).
To prove (71), it suffices to show that
E(1L,E|fi " fr; Le, L, U, Uit,Uat, Uat, Kty 1, Ky, |) < Ch*1™ 1 (73)
According to the definition of I3, we need to check (73) in four cases.
Case 1, (t1 = t3,ta # t4). We have

E(f LU K1 Ky UasUar|) < (B|f 2 L2 KK |“) Y (B U |UasUar ) ”
< Ch¥ < opdr T, (74)

setting w = 1+¢ for a small ¢ > 0, and using Lemma 4 (v), and Holder’s inequality and Assumption
9.

Case 2, (t; = ta,t2 # t3). The expectation in (73) is bounded by
E‘ft72Lt2Ui2tUith5K”| + E‘fs_2L§Ui2st%sKtsKrt )

whence (73) follows similarly as in (74).

Case 3, (t3 = ta,t1 # t4). The expectation in (73) is

E|fi Lo LoUnUss K Ko UasUnr |,

and (73) follows as in Case 2.

Case 4, (ta = tq,t1 # t3). The expectation in (73) is

E|fi ' Lof 7 LUnUss Koo K U3,

and (73) follows as in Case 2.

To prove (72), we show that

4
Dsr =0 <<T2q> {T3h4q(1*7)*4q((11:>)< + T2h3q<1”3“&+‘3>)(]> : (75)

Denote ¢p(We, Wy, W,., W,,) = ftflLtfs’lLsUitUirUASUASKtsKm. By Lemma 6 (iii),

|Dar| < T4 Edr (Wi, Wa, Ws, Wy)| + C (T3M};32 + T2 My + TQM}ZW) .
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The expectation under independence is, by Assumption 2,
Ed)T(Wla WQ, WBv W4) = E* (ftflLtfrilLrUitUithsKruUAsUAu)
=FE* (ftilLthsE*(UAs|Zt; ZS)E*(Uit|Zt7 Zs)) E* (fr_lLTKruE*(UAu|Zra Zu)E*(Uzr|Z7‘a Zu)) =0.
We will show that
Mri12 < Ch4q714%» (76)
Mras, My < ChP 18 (77)
which proves (75).

The proof of (76) is similar to that of (61). As noted in the proof of Lemma 6 (iii), Mpi12 is
the maximal (1 —+)~'th moment when partitioning the four time periods into either three or four
independent subsets. There are three distinct combinations of dependence to be considered in the
case of three independent subsets.

For (W,., W,, Wt, VNVS)7 one can separate out expectations,
1
1

Eru,t,s [’ft_lLthsUitUAs| 77:| Eru,t,s “f;lL'r'KruUirUAu‘ﬁ}

- B Uf;lLtUit\ﬁ E*(

KtSUAS‘ﬁ ‘Wt)i| E’ru,t,s {’f;lLrUirKruUAu‘ﬁ}
=0 (h2qf%> x O (h2q*%) =0 (h4q7 144‘2) ’

because by Lemma 1 and 3 and Assumption 9’ and setting w = 1 + ¢ for arbitrarily small ¢ > 0,

Elfi ' LU | ™5 <(E|Us|™5) P (E| 7 Ly ™5) Y = O(h), (78)
E|K 1 Uas| ™7 < (B|Uas|T7)VP(B|K| T5)V" = O(h), (79)

and by Lemma 4 (i), again with w =1+,

E L KU U 75 < (E|Usy | 75 E|U 4, 77)/2P(E UL K| T )Y
ru,t,s|f7~ resruEr Au' w_( | ““| v ‘ Au| 7) ( ru,t,s|fr r ru| 7)
2q 2g— 24s
=O(hw)=O(hq +)

For (Wt, Wr, Wsa Wu)?

B [ L LeUaUs | ™ B [|KusUts| ™ 12] Bar [|Krilaa ™ 1]

—0 (thff%) % O (hq*% % hq*%) ~0 (h‘*q*fii) 7

because
_ _1 _ P _w S
B || KesUs| 77 120] < (BI04 ) P(B [| Koo ™5 |2])1 < Ono= 3%,

by Lemma 1 and Assumption 9, setting w = 1 — ¢ for a small ¢ > 0. Noting the independence
between W, and W,, by (64),

Bawr (|7 L LU0 |77 ) = B (|7 10U ™7 ) B (|57 0| 77) = 003 = 0 (2= #5).

For (W, W, W,., W;), similarly to (66) and (79),

_ 1 _ 1 as
Btrson |17 LeUs |75 B |7 LU B U™ B || KOs ™7 12]12,] | = O (17755,
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since uniformly over z

E (thSUAS|ﬁ \Z, = z) <[E (|Kts|% \Z, = z)}l/p[E|UAs|ﬁ]1/* —0 (hq—fii—) ,

B LU |7 < (B Le| ] BN, [25]7 = 0 (he ).
by Lemma 1 and Assumption 9', setting r = 1+¢ and F |f[1LthUitUAu‘ = O(th_%) by similar
argument as in the proof of (66). This proves (78).
To prove (77), one finds the upper bound that holds for all relevant combinations of dependence:

_ _ _1
D) |:’ft_1LtUitUAuKtsUAsfr_lLrUirKru’ 17’Y:|

€L
2p

<C [E|f;1Ltf;1Lths|ﬁ]% [E|UitUAu\1%ﬁ (B0, Ol ]

1
—1 -1 e % Ap_ 1/2 = _4p /4] » 3g— 34s
<C [E | L f L K| H] <E|Uit\ 1—~) (E|UAu| 1—w) ~0 (h ‘ 1+<) :
setting w = 1 + ¢ and by Lemma 4 (vi) and Assumption 9'.
T
Upper bound on Ep+ Fp. By Lemma 3, (Th1)™" Z |L| = Op(1), so by Holder’s inequality,
t=1

T

T 2
1 1 n
BrtFr < G oI Mgy ol (%) )17
t=1 t=1

t
1 ) l 2 / /
l 1/2v _ 1/2 1/2
g ol (1) 181 = 0,417+ B

Thus, by (22)

Ron
T3 (Er + Fr) = Op(T V3 (A% + BY*) = 0, ({| =) = Op (R

since Assumption 17 implies T'Ryj, — oo. This completes the proof of (23).

We have shown that

logT

Ar+Br+Cr+ Dy +T7V*( Er + Pr) < C(TthrE

+ h® 7€+ rip + ror + 73T + 7’4T)- (80)
The proof of Theorem 7 is completed by showing that (80) is O(Rrp).
First, by Assumption 17 (ii),
(ThT+) M og T = log T (The<) ™2 5 (Th7+) ™% = o((Thet<) ™'?) = O(Ryw).
Second,
i = (ThTH) ™' 4 (TR ™ = O((Thet) ™) = o((ThT+) %) = O(Rpw),

since Th?t¢ — 0o by (26) and € < € from (27) and 3¢ < ¢, which holds because v < min{1/4,1/q}+
€ <1/4+ € by (27) and Assumption 13 (i). Similarly,

ror = O (h2376 + TlT) = O(h237€ + (TthrE)il) = O(RTh)
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Third, since ¢/2 — 2¢y > —e¢ and 1 — vq > —e by Assumption 13 (i) and (27),

P — (Thq+e—2)*1/2_|_(Thq)*1/2 pE—2avt1-e 4 (Thq+vq+e—1)*1
= 0((Thq+€>_1/2) = O(Rrp).

since Th93¢ — oo from (26) and (27). Finally,

ToT = (Thq+€)_1/2 + (Th%+€)_l = (Tthre)_l/z (1 + T_1/2> = O(Rxp). u

Proof of Theorem 8 The proof is straightforward given Theorem 7 and Assumptions 18-20. W

Proof of Theorem 9 For the same reason as in Robinson (2012, pp.28-29), it suffices to show
that
NRrp =0 (as + (Taq)_l/Q) )

which follows by Assumption 21. B

Appendix B. Lemmas 1-6

q
Consider K (u) = H k(uj). The first lemma is standard and no proof is required.
j=1

Lemma 1. Let [ |k(u)|(1+ |u|*)du < oo, for some a > 0. Then uniformly in z,

/ oo — 2||°

If m has continuous partial derivatives of order r on R? which are uniformly bounded,

K <“’ - Z) ‘ dw < hTtage / |u“k(u)|du(/ |k(u)|du>q_1 — O(he*).

r—1 1 q q alm(t17... 7tq) 14
m(z) —m(w) = ZE ooy Tt oty T, - o)
=1 i1=1 dp=1 51 ip £ i
1 a arm(ty t,) -
J— “ee ? 9 - ), 1
T ;::1 ;::1 Oty - Ot t‘zg(z = wi,) (81)

where z lies on the line segment joining z and w.

Lemma 2. Suppose m and f have bounded derivatives of total order up to s, k € Ks and
sup,, f(u) < 0.

(i) (Lemma 5 of Robinson (1988)) If Z1 and Zs are independent, then, uniformly over z,

>lez)‘:O(hq+s).

2 (m(z0) - iz (22

(i) If [ |u®k(uw)|*du < oo for some a >0 and Zy and Zs are independent, then uniformly over

2,

([t - mizy (252)

2= z) = O(h7*). (82)
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(iii) If have joint pdf f(u,v) satisfying sups [ f(u,u + 6)du < oo, then,

[tz - mzx (2 2)]

Proof. (ii) Notice that (81) implies |m(u) — m(v)|* < C|lu — v||*. Then the left hand side of (82)
is bounded by

) = O(h7*). (83)

¢ [l =l e () fludu = O,
(iii) The left hand side of (83) is bounded by

Cht / ([l *| K (w) |* (/f(v,v - hu)dv> du = O(h?+®).

Lemma 3. Let k be a kernel function with compact support and such that [ |k(u)|®du < oo for
some a > 0. Suppose that Z has continuous pdf f and z € RY is such that f(z) > 0. Then, for all

b>1,
E [|K((Z—z)/h)|} = O(h%).

F(2)

Proof. Since f is continuous and positive at z, there exist § > 0, € > 0 such that f(z + w) > ¢, for
|w| < e. Then |hu| < e, V|u| < 1, for T large enough. Thus as T — oo,

K(Z -2/, [ ufz/h . e
By )‘/ ‘h/ fz+hu) i

IN

hqal—bL |K (u)|*du = O(h9).

Lemma 4. Let Z1,Z>,Z3 € R? have joint densities f(-,-,-), f(-,) and marginal density f(-) such
that sup f(u,v) < 0o, sup f(u,v,w) < oo and f(z) > 0, for a given z. Let k be a univariate kernel

u,v u,V,W

function with compact support, £ be a univariate kernel function, and let J{le(u)|* + |k (u) [P du < oo
q

for some a,b> 0. Let ¢ > 0. Then for the product kernels L(u H U(uj), K(u) = H k(uy):
. Zy =2\, 21— Za\ |© 1 — O(h21
0 ‘K( | T | =0
K(( Zl—z)/h) K((Zy —=2)/h)|* _ 2q
zl) /(2) ‘ -

b

(iii) 9| m(z0) - m(za)1L(2 - ) f(;l)c = O(h*"),
b a

() E| ’K<Z1{Z>’ ‘{mwn = m(Za)}{m(Z1) = m(Z (AT L) 5]

— O(h3q+20¢>7

b a
) ‘K Zlfz) ’L(Z1hZ2)L(Z1hZ3) f(;l)c = O(h%),
wi) B ||k RO AT S ] — o
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Proof. (i) Since sup f(u,v) < oo and f(z) > 0, for |z —u| < ch as h — 0,

[l ezl e

< Chzq/|K(u)|bdu/ \L(u)|"du = O(h27).

b‘L(u;v)

dzdw < Ch2q/ |K (u)|°|L(u — v)|*dudv

(ii) Similarly, since f(.) > 0 in a neighbourhood of z,

/ 'K((u —2)/h) K((v—2)/h)
f(u) f(v)

ol

a

f(u,v)dudv

adu>2 < Ch2q(/ K (w)]® du)? = O(h27).

(iii) As above,

U= 2\ b u-—-v af(uvv)
[ 1) ) - b () LD

< C’h2q+“/|K(u)|bdu/||u||“|L(u)\adu:O(h2q+a).

The proof of (iv) follows by the same argument as in (iii), that of (v) is analogous to that of (i), and
that of of (vi) is similar to that of (i) and (ii). W

The next three lemmas offer convenient tools in dealing with asymptotic behaviour of U-statistics
of B-mixing processes.

Lemma 5. (Yoshihara’s Inequality) Suppose {W;:} is a strictly stationary (B-mixing process
with mizing coefficient By (j), taking values in RY with marginal distribution function F. Let
1<t < - <tg,k>2 be integers and Fy, ... 4, the joint distribution function of (Wi ,---,Wy,).
Denote by {ép(w1,- -+ ,wg), T > 1}a sequence of functions on (R?)*. Then for 0 <y < 1,

’/¢T(w)dFt1,---,tk _/¢T(w)dFt17“'7tdetj+1""7tk

1—y
<4 </|¢T(w)1/(17)d{Ft1,'“ T Ft17"' it th+1,"' 7tk}> X /BW (tj+1 - tj)’ya

provided the right hand side exists.

The proof is in Yoshihara (1976) (who had the T'— free function ¢ instead of ¢, the extension
being mentioned in Robinson (1991)).

Before stating the next lemma, we need the following notation. By (7(1),--- ,m(k)) denote a per-
mutation of the set (1,- - , k). For example, for k = 3, (w(1),--- ,7(3)) € {(1,2,3),(1,3,2),(2,1,3),(2,3,1),
(3,2,1),(3,1,2)}. Define

Sp(wi, - we) = Y bp(We),Wa(e), (84)

(1), 7 (k)

where the sum Z is taken over all permutations of the set {1,--- ,k}. Note that ¢ is a sym-
(1), m(k)

metric function. For brevity, we write Fy, 1,1, = Fiy 15 15 (W1, Wa, w3), Fyy Fiy 1y = Fiy (w1) Fyy 14 (w2, w3),

and so on.

33



Mpy, = max / |op (wi, w2) |V VA Ey, 4, + Fy Fy
R24

1<ty <t <T

P 1/(1—
Mrz = _ max |G (wr, wa, w3) [V VALF, 1, 45 4 Fry Fiy i + Fioy o Fiy ),
1<t1<t2<t3<T JR3q

M1z = 1<ty oSty <T /Rg |y (w1, wa, ws)|Y VA Fy, By 4, + Fiy 4, Fry + B FuL B}
= = q

My = oty /4 |¢T(w1, w2, w3, w4)‘1/(177)d{Ft1,t27t31t4 + Ftlthyts,M
R4a

1<t1<ta<tz<ts<T
+Ft17t2Ft37t4 + Ft1,t2,t3Ft4}7

Mri3 = max (w1, w2, w3, wa) | CVA{F, Fry g 10+ Fry oty Frat
1<t1<to<ts<tq<T R4 ‘¢T( ’ ’ ’ )| { 1 2,t3,l4 1,12+ 13,14
JrFifl,t277f3Ft4 + Ftl,tth3Ft4 + Ftlth,tsFM + FtlFtZFt3at4}3
Mpi1p = max oy (w1, wo, ws, wy) |V VA Fy, 1, Fry Fry 4 Fyy Fryto Fi
1<t <tr<ts<ta<T [piq |¢T( ’ ’ ’ )‘ { 1,t2 5 13+ 1y 1+ t2,t3+ 14

+Ft1Ft2Ft37t4 + FtlthFtsFt4}'

Let {W;} denote a serially independent process with the marginal distribution function F, and
Ztl__“ tk-/ denote summation over non-overlapping indices (t1,- - ,t).

Lemma 6. In addition to the assumptions in Lemma 5, assume that for some 0 > 2, By (5) < Cj~¢
as j — oo. Then, for v satisfying v € ((2 + €)/0,1) with arbitrarily small ¢ > 0,

W) | X B Gr W W)~ T(T ~ DE (o7(W1. W) | < CTME™.
t1,ta
() | D Bor(Wi, Wi, Wi,) = T(T = 1(T = 2B (67(W3, Wa, W) ) ‘
t1,t2,t3
< CT*Myy) +CT My,
(iii) Z IE (QJ)T(WtUWtw Wt37 Wt4)) - T(T - 1)(T - 2)(T - 3)E (¢T(Wlﬂ W2v Wi’n W4)) '
t1,t2,t3,ta

< CT*Myy, + CT?Myyd + CT? My, .
Proof. (i) One can write

Z /E (¢T(Wt1’ Wtz)) = Z E ((bT(th ) Wtz) + QJ)T(Wtz ’ th)) :

1<t1,t2<T 1<ty <t2<T

For all 1 <t; <t9 < T, Yoshihara’s inequality yields:
| Elor (Wi, Wia) = 60 (Wi, Wa)l| < CM}5" B (t2 — 1),

|Blor (W, W) = 67 (W2, Wa)]| < OMI5" 8, (12 — ).

Therefore,

S El0r(Wa, Wa)) — ér(Wi, Wo)l | < OME," S Blta — 1)

1<t1,t2<T 1<t1<t2<T
T-1
1— . 1—
< CT Mg, Z Bw (i) < CTMypy”,
j=1

34



because the conditions of the Lemma on Sy, (j) and « imply 83, () = O(j~?+9)) and E¢p (W, W;) =
E¢qp (W1, Wa) for t # s.

(ii) One has

Z IE[¢T(Wt1 y WtQ? Wt3)]

t1,t2,t3

= Z Elor(Wey, Wiy, Wey) + -+ o (Wey, Wy, Wiy )]

1<ty <ta<t3<T

= Z E¢(Wt1,Wt2a Wts)v

1<t1<t2<t3<T

where (E)T is as in (84). For any 1 < t; < t3 < t3 < T, define t* := max{tz — to,t2 — t;} and
t, := min{ts — ta,t2 — t1}. Then by stationarity and Yoshihara’s inequality,

Elor (Wi, Wy, We,)] — dr(tr, ta, ta)| < CMgg” Bl (1),

dr(ty,ta,t3) = //(}T(whwg,wg)dﬂ)’t* (w1, we) F(w3),

|dr(t1,te,t3) — /&T(wla wa, w3)dF (wy) F(w2) F(ws)| < 4M%I;53V(t*)
Therefore ,

’EéT(Wt” Wi, We,,) — /¢T(w17w27w3)dF(w1)dF(w2)dF(w3)

< OMypy" By () + C My By ().

This leads to

S° B (6r(Why, Way, Way)) = T(T — 1)(T — 2) E(¢ (Wi, Wa, W)

ti,t2,ts

<cMp” Y AR +CMpy Y Bt

1<t1<ta<t3<T 1<t1<t2<t3<T
< O[T Mzps™ + T* Mz, (85)

To verify (85), note that from definition of t* and t,, and By, (j)? < Cj~ ()

By () < Clts — to] ~AH/D |ty — | 7OF/2),
B (t.) < Clts — to| =3+ 4 |ty — 11|~ 3+9).

Thus,
T T 2
> s <c (Z 1) ( s<1+5/2>> <CT,
1<ty <ta<t3<T t1=1 s=1
T T
Yoo ) <C Y -0 (Z 1) <C (Zs—@“)) T < OT”.
1<t <ta<tz<T 1<t1<t2<T tz=1 s=1

(111) For any 1 <t <ty <tz <ty < T, define t* = max{t4 — t3,t3 — to,10 — tl}, te, =
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min{ty — t3,t3 — ta,t2 — t1} and t,, = {t4 — t3,t3 — ta,t2 — t1 }\{t*, t«}. By similar steps to (ii),

t1,t2,t3,t4

< CMypi7, > By (t) + CMpyy > By (tm)

1<t1 <to<tz3<t4<T 1<t1 <to<tz3<ts<T

+CMy," > By (t%)

1<t1<to<tz<ts<T
< C (MIT? + My T + M3, T?).
The last bounds in (86) follows noting that Sy, (j)? < Cj~(3*¢) and therefore

57/[/(15*) < Cl|ts — t2|’(1+5/2)|t2 _ t1|—(1+5/2),
By (tm) < Cltg — to|~OF/D |ty — 1, |7(1F=/2),
By (t) < C(|ta — ta| =¥ 4 [t5 — o] =+ 4 |ty — 1y =2+9)),

Hence

T T 2
> |ﬂzv<t*>+/szv<tm>|<c< 3 1) (zs—<l+e/2>> <or

1<t1<to<tz<ts<T t1,ta=1 s=1
T
> < F jea( 3]
1<t1 <to<tz<ts<T 1<t <to<T t1,ta=1
T
< OTJ (Z S(2+E)> < CTd,
s=1

which proves (86) and completes the proof of (iii). B
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