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Abstract

We have established the asymptotic theory for the estimation of adaptive varying-coefficient
linear models. More specifically we have shown that the estimator for the global index pa-
rameter is root-n consistent without imposing, as a prerequisite, that the estimator is within
n~%-distance from the true value. To this end, we have established two fundamental lemmas
for the asymptotic properties of the estimators for parametric components in general semi-
parametric settings. Furthermore, the estimation for the coefficient functions is asymptotically
adaptive to the unknown index parameter in the sense that the first order of the asymptotic
distribution is the same as if the index parameter were known. The asymptotic properties
were derived for the observations from a strictly stationary (G-mixing process, which includes

both independent observations and time series as special cases.
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1 Introduction

We consider a class of adaptive varying-coefficient linear stochastic regression models of the form
Y;g :ao{aOTXt} +Xth0{a0TXt}+€t, (1.1)

where ¢ is time, Xy is a d x 1 predictor vector which may consist of some lagged values of Y; or/and
other exogenous variables, and E(g¢|X;) = 0. In model (1.1), the index parameter o is unknown,
and both functions ag(-) and bg(-), which are R! and R? valued respectively, are also unknown.
This model is coined as adaptive by Fan, Yao and Cai (2003) to indicate that the coefficients are
functions of unknown index variable aOTXt, in contrast to, for example, the functional-coefficient
models of Chan and Tsay (1993), and Cai, Fan and Yao (2000). This is a quite general form
of nonlinear dynamical model. For example, for X; = {Y;_1,Y;_2, - ,Yt_d}T, (1.1) reduces
to the adaptive varying-coefficient linear autoregressive model (Tong 1990, Xia and Li 1999,
Fan, Yao and Cai 2003). On the other hand, some financial econometrics models specify X; =
{Yie1,Yeo,-- Y2, U, Upq, - - ,Ut_q}T for some exogenous process Uy; see Hannan (1970),
Gourieroux and Jasiak (2001) and Hong and Lee (2003). Formally model (1.1) also includes
the popular single-index model and the generalized partially linear single-index models as special
cases; see Chapter 8 of Fan and Yao (2003) and the references within. The major advantage
of model (1.1) is that it does not suffer from the curse of dimensionality encountered often in
multivariate nonparametric modelling, since both aq(-), bo(-) are functions of univariate variables.

The estimation for model (1.1) with independent observations has been investigated in several
papers. Ichimura (1993) proposed the form of the model (1.1). Following the lead of Hérdle et
al (1993), Xia and Li (1999) estimated the index parameter oy by a computationally expensive
cross-validation method. By assuming this cross-validation estimator is within n ~%-distance from
oy for some § € (3/10,1/2), Xia and Li (1999) showed that the estimator is root-n consistent.
More recently, Fan, Yao and Cai (2003) established a new computationally efficient procedure
based on the profile least-squares local linear weighted regression. They also addressed the issue
of deleting locally insignificant variables to avoid overfitting. But no asymptotic properties of
their estimator have been established.

The main purpose of this paper is to establish the asymptotic theory for the estimation of



adaptive vary-coefficient linear modelling with the observations from a mixing processes, which is
applicable to both independent data and time series. We show that the estimator for the global
parameter oy is root-n consistent without assuming it to be within a n—°-distance from the true
value, which is a condition often imposed for the problem of this nature; see, for example, Hardle
et al (1993), Carroll et al. (1997) and Xia and Li (1999). Based on this result, we also show that
the coefficient functions ag(-) and bg(-) can be estimated asymptotically as well as if g were
given. Our asymptotic theory shows that two different bandwidths should be used in estimating
global parameter oy and local parameters ag, bg. This is consistent with the common knowledge
that a global parameter should be estimated in an undersmoothed manner.

At the technical level, our approach is also different from that of Hardle et al (1993) and Xia
and Li (1999). Although Lemmas 4.1 and 4.2 in section 4 below played a fundamental role in
deriving the asymptotic properties of the estimators, they themselves are of independent interest.
They provide a general framework for establishing the root-n consistency and the asymptotic
normality for profile M-estimators (such as profile maximum likelihood estimation or profile least
squares estimation) for global parameters in semiparametric settings, and may be view as an
analogue of the results of Chen et al. (2003) which dealt with generalised method-of-moments es-
timation only. We validated the conditions of those two lemmas under adaptive varying-coefficient
linear model (1.1) in terms of the empirical process theory of Doukhan et al. (1995).

A short overview of the paper is as follows: The model and the estimation method are stated
in Section 2. Its asymptotic properties is presented in section 3. Two general lemmas on the
consistency and the asymptotic normality of profile M-estimation are established in section 4. We
prove in section 5 the main results. A uniform convergence rate of the profile kernel regression

estimator is established in the Appendix.

2 Estimation procedure

It is easy to see that model (1.1) is not identifiable, as we may replace the (ag,bg) by (ap +

caOTXt, by — cag) for any ¢ € R. To overcome this problem, we represent the model in a reduced



form
_ T T T

where X _g is the remaining vector of X; with its d-th component deleted. Note (1.1) may always
be expressed in the form of (2.1) provided the last component of ag is non-zero. Furthermore,

we assume that ||ag|| = 1, the first non-zero component of «q is positive, and
E(Yi|X; =x) # agxBx +v"x +¢

for some 3,7 € R% and ¢ € R!. Then a,ag(-),bo(-) in (2.1) are all identifiable; see Theorem 1
of Fan et al. (2003). From now on, we always assume those conditions.
With observations {(Yz,X;), 1 <t < n}, Fan et al. (2003) proposed an iterative profile least

squares estimation as follows.

1. With given o« and Z; = aTXm_d, minimise

n

3 [Yt = e(Zi—2) = {b—d(Z — NV Xea| Kn{Zi— Yw{Z:) (2.2)
t=1

over 8 = 0(z,a) = (a, b, c,d), leading to the estimators

~
~ ~ ~

0(z,a,h) = 0(z,a) = {a(z,a,h), b(z,0,h)T, a(z, 0, h), b(z,a, H)T}T  (2.3)

~

{a(z, ), b(z,a)T, a(z,a), b(z,a)T}T = (@, b', ¢ d")7,

where f denote the derivative of a function f.

2. Let a = B, where B minimises
1 « . ~ 2
R(B) =~ [V (87X, a} = B{BTX:, 0} Xy, ] w(aXy). (2.4)
t=1

3. Repeat the above two steps with a = & until the successive values of R(c) differ insignifi-

cantly. The final estimator for the index parameter is denoted as a.

In the above expressions, K (-) is a kernel function, K,(-) = h~'K(:/h), h > 0 is a bandwidth,

w(-) = I_r () (L > 0) is a weight function controling the edge effect in the estimation.



In order to ensure that the estimator & is root-n consistent, the bandwidth h used in the
iteration should be smaller than O(n~1/%); see Theorem 3.1 below. Such a small % is not optimal

for estimating coefficient functions a and b for which a different bandwidth h should be used.

For fixed a, the sampling properties of the estimator 0 defined in (2.3) follows the standard
sampling theory of local linear regression estimation (Fan and Gijbels 1996, Fan and Yao 2003).
However it is more challenging to develop the asymptotic properties of estimator &. One fun-
damental difficulty underlying the complexity is the lack of an explicit expression for & which is
defined in an iterative manner. To get around this difficulty, we slightly alter the definition of the

estimator for e and let

~

a = argmin R, {a(-,a),b(-, ), a}, (2.5)
where

R.{a(-,@),b(a),al =

SENS

n
~ 2
3 [Yt —a{a"X;, 0} - b{a"X, a} "X, 4| w@'X,).  (26)
t=1

It is easy to see the backfitting iteration of (2.2) — (2.4) is an approximate and computationally
efficient way to evaluate & defined in (2.5) while the definition (2.5) itself is theoretically more
tractable. We sketch below how we will proceed with the theoretical investigation.

With a given, the formula (2.2) divided by n is a consistent estimate of
2
R.(a(),b(-),) = E { (Y~ a(Z) = b(Z) X1, -a) w(Z0)| Ze = z}
- 2
—E (Yt —a(2) — b(z) Xt,_d) w(z)| Zy =25, (2.7)
Corresponding to (2.4), we define
2
Rla(). b)) = E{ (Y~ olZ0 ~ b(Z0™Xe-a) wl20) | (2.9

which is related to R(a(-),b(:), o) via

2
Rla()b0),a) = [ Rulat) b)) 2(e) ds = B{ (Vi = alZ) - bl20Xea) wl2) |, (29
where fz(z) = fz(z, @) is the density function of Z; = Z;(a) = a'X;. Note that with o given,
the minimiser of (2.7) is
ap(z, ) -1

= [B (X XT| Zila) = 2)|  [BXYilZi(e) = 2)], (2.10)
by(z, )



where

Xy = (1,XZ_d)Twith X¢,—q defined right after (2.1). (2.11)

It is easy to see from (2.9) that {ao(-, ), bo(:, )} is also the minimizer of (2.8) for any fixed a.
Now the true value of the index parameter should satisfy

o = argmin R(ao (-, o), bo(-, ), o). (2.12)

We may see intuitively that a(z,a) and E(z,a) defined in (2.3) are consistent estimators of
ao(z, @) and by(z, &) (see Theorem 3.2). The estimator a defined in (2.5) is a consistent estimator
of ap given in (2.12) (Theorem 3.1), as (2.7)is a consistent estimator of R(ag(-, ), bo(-, ), o).
Finally, do(z) = a(z,a,h) and Bo(z) = B(z,&,ﬁ) (see (2.3)) are, respectively, the consistent

estimators for ag(z) = ap(z, ap) and bg(2) = bo(z, ap) (Theorem 3.2).

3 Main results

3.1 Regularity conditions and notations.
We always assume {(Y;, X;)} is a strictly stationary process. Put
B = {a € R?: ||| = 1,the first non-zero element is positive, and the last element is non-zero},

and g;(a) = Y; — ap(a" X4, ) — bo(aTXt,a)TXt,_d, for a € B. Then ¢;(ag) = & defined in
(2.1). Note {e;} may not be an i.i.d. process. We denote by fg,(-|-) the conditional probability

density of £ given 1. Some regularity conditions are now in order.

(C1) (Moment conditions)
E|Y;|?" < 00, E||X¢]|9" < 0o and Flet|¢" < oo for some integer r > 1 and some real number
0 >4 — 2/r. Furthermore, sup,cp Flet(a)[?" < oo.

(C2) (Conditions on probability densities)

The density f,rx,(2) is continuous and bounded away from zero uniformly for o € B.
Furthermore, the joint probability density function of (a'Xy, -+, X;,) exists and is
bounded uniformly for any ¢t; < --- <ts;and 1 < s <2r —1 and a € B, where r is given in

(C1).



(C3)

(C6)

(C7)

(Inverse matrix conditions)

The matrix function A (z, ) = E (X X] | a"X; = z) is positively definite for |z| < L and

a € B, where X, is defined in (2.10).

(Conditions on the nonparametric functions)

The functions ag(z, &) and bg(z, o), defined in (2.10), are twice continuously differentiable
with respect to z and continuously differentiable with respect to . Also, the derivative of
R(ap(-, ), bg(+, ), ) defined by (2.8) with respect to e and the expectation involved are

exchangeable.

(Mixing conditions)
The Process {(Y;,X;)} is S-mixing with the mixing coefficients 3(t) = O(t~°) for some
b > max{2(or + 1)/(or — 2),(r +a)/(1 — 2/p)}, where r and g are specified in (C1), and

a>(ro—2)r/(2+re—4r).
(Conditions on the kernel function)

The kernel K(-) is a bounded and symmetric density function on R! with bounded support
Sk. Furthermore, it has a finite variance such that |K(z) — K(y)| < C|lz —y| for z, y € Sk

and some 0 < C' < 0.

(Conditions on the bandwidth)

The bandwidth h satisfies the conditions

2(r—1)a+(er—2)

lim h=0 and lim inf nh  (aftDe >0 (3.1)

n—oo n—oo

for some integer r > 3. Furthermore, there exists a sequence of positive integers s,, — 00

2(or—2)
such that s,, = o((nh)/?), ns;® — 0 and s,hZ7@ =2 > 1 as n — oo.

Remark 1. Conditions (C1) and (C2) may appear to be stronger than the standard ones

imposed for nonparametric regression estimation. This is due to the fact that we need to establish

the uniform convergence for nonparametric regression estimators for a(-, &) and b(-, @) for given

o € B in order to obtain the root-n consistency for @. In fact the moment condition E(e/*tl) < oo

employed by Hérdle et al. (1993) and Xia and Li (1999) is stronger than the moment conditions



in (C1). The f-mixing condition (C5) is not very strong either. Many linear and nonlinear time
series satisfy this condition; see, for example, section 2.6 of Fan and Yao (2003). The bandwidth
condition (C7) is also standard for this type of problem. Note (3.1) holds for h = O(n~1/%) if
a>{(r—>5)o—2}/{50—2r+ 2} with o > max{2(r —2)/5,2/(r —5)} and r > 5. It also holds for
h=0Mn"Y4if a > {(r —4)o — 2} /{40 — 2r + 2} with ¢ > max{(r — 2)/2,2/(r —4)} and r > 4.

Before we end this section, we define some notation that will be used in the rest of the paper.
Let Xi0 =1, D, = {1,2,--- ,n}, Sy = [-L, L], pix = [w'K(u) du and v; x = [u'K*(u) du.
Let S and S be 2 x 2 matrices with, respectively, pi4j—2 x and v;4 ;2 k as the (4, j)th elements.
Let s = (,uZK,,ug,K)T be a 2 x 1 vector.
Put 0y(z,a) = (ao(z, ), bo(z,a)T, ao(z, a),bo(z,a))T, where ag(z,a) = dag(z, a)/dz,
bo(z, ) = dbg(z, ) /z. Similarly, we write do(z, @) = 8%ag(z, ) /0z? and by(z, a) = 8?bg(z, @) /922

For notational convenience, we write

... d)T = g(z7a) = (a(z,a),b(z,a)T)T. (32)

go = go(z, ) and g = g(z, ) are defined in the similar manner. Assume g(z, ) is second order
differentiable. Denote by g1 = g1(z, ) the d x 1 vector whose jth element g{ = g{(z,a) =
0g’ (z,a)/0z, and go = ga(z, ) the d x d matrix whose (i, j)-th element g;j = ggj(z,a) =
0g'(z, ) /0’ . Similarly, we define go; = go1(2, @) = dgo(2, @) /92, go2 = go2(z, ) = Igo(z, ) /0T
and g1 = g1(z, @) = 98(z, @) [0z, 82 = 82(2, ) = 0g(2, &) /DT

1/2 " We also use the notation

The Euclidean norm of g is denoted as before by ||g|| = (g"g)
Igllg = sup|.j<r,acB lI8(2, @)|| for a continuous function g defined on Sy, x B (c.f., § 5.2). Under
assumption (C4), such a norm can apply to go(z, ) and its first order partial derivatives.

For a € B fixed, we are also concerned with an alternative norm of g(z, ) as a function of
z. For any nonnegative integer x and any smooth function g : S,, — R?, define the differential
operator D"g(z) = d"g(z)/dz", note S, = [—L, L] is the support of w(-) and is a bounded, convex

subset of R! with nonempty interior. For some ¢ > 0, let [¢] be the largest integer not greater
than ¢, and define (if it exists)
lgllocp = max sup [D%g(z)] + sup 12 IE =P

0<k<[g] |z|<L 222 |Z - Z,|¢_[(zﬂ
|z|<L




Further, let C’f(Sw) be the set of all continuous functions g : Sy, +— R? with ||g[ls.¢ < c¢. With
these notations at hand, we will define a function space G in Subsection 5.2. Clearly, under
assumption (C4), such a norm may apply to the function go(z,) and its first order partial

derivatives (with a fixed) with ¢ = 2 and ¢ = 1 respectively.

3.2 Asymptotic properties.

We state the asymptotic properties of our estimation procedure in two steps. First Theorem 3.1
states that a(z, o, h), defined in (2.3) with h = O(n~'/?), is asymptotically normal for any o € B
fixed. Furthermore the same result still holds if « is replaced by a root-n consistent estimator.
Theorem 3.2 presents the asymptotic normality for the estimator &, defined in (2.5), with the

standard root-n convergence rate provided h = o(n~*).
Theorem 3.1 Let conditions (C1)-(C7) hold. Let h = O(n~'/). Then it holds for o € B that
~ 1
Vah [Hn {G(z,a, h) — 00(z,a)} — SHB()(1+ oP(l))} L N{o,A(2)}, (3.3)

where H,, = diag(1,h) ® Ijxq, with Igxq the d x d identity matriz and @ the sign of Kroneck

product,
B(2) = {(S7') ® luxa} (iio(2, ), bo(z,))T = ((do(z, o), bo(z, o) a0, - ,o)T € R
and
AG) = {f2(2)} 7 (87'887) @ (671 (2)G()G(2))

and G(z) and G(z2) are two d x d matrices with, respectively, Gij(z) = E(Xpim1 Xy j—1|Z = 2)
and ém(z) = E(et(a)?Xt,—1X1j-1|Zt = 2) as the (i, j)th elements.

Furthermore, (3.3) still holds if a is replaced by & provided & — o = Op(n_l/2).

Theorem 3.2 Let conditions (C1)-(C7) hold. Set Z? = alX;. Then, if 0 > 6, r > 3d and

nht = 0(1), nh33" — 0o as n — oo, it holds that

Vi {a —ag+ Ty Bh2(1+op(1)} 2 N (0, rl—V(r;)T) , (3.4)



where, setting go1; = go1(Z¢, o) and ozt = go2(Zf, o),
B =E ({iao(20) + bo(20) X —a} UL) g kemaxc
_ T T T T 0
'y =2F |{g01:X; +8o2e p XeX; 8oue Xy + oot ¢ | w(ZY),
V = e} 2] — {BEX]1Z)HEXXT |20} HEXET 120} |

and Ty is a generalized inverse of 'y, with Uy, = E (Xugh, XX |Z¢9) Gy 1 (Z9)Xew(Z7) +goo Xew(ZY),
==Xy {c’zo(Zto) + l')o(ZtO)TXt,_d} w(ZyP), and Go(z) is a d x d matriz whose (i,7)th elements
GY%(2) = E(Xt i1 X1 51|20 = 2).

Furthermore, if nh* = o(1), then (8.4) reduces to
Vila—ag) 2 N (O,P;V(r;)T) . (3.5)

Corollary 3.3 Under the conditions of Theorem 3.2, with & defined in (2.5) with h = o(n~*)

as the estimator of o in Theorem 3.1, we have
= 1., D
Vnh |, {B(z,a,h) - 00(z,a0)} — SHBo(:)(1+or(1))| & N{0,A0(2)},  (36)

where h = O(n~1/%), H, = diag(1,h) ® Ijxq, and Bo(z) and Ag(z) are defined in the same way
as B(z) and A(z) with o replaced by a.

This corollary easily follows from Theorems 3.1 and 3.2.

Remark 2. (i) The estimator 8(z, &, h) is asymptotically adaptive to unknown cg in the sense
that a(z, a,h) and a(z, o, h) share the same (first order) asymptotic distribution.

(ii) For a # oo, E{et(a)} # 0. However the estimator 5(2, a, h) is still asymptotic unbiased

due to the least squares property; see Lemma 5.1 below.

4 Two important lemmas

To establish the asymptotic properties for the estimator a, we first establish two important
lemmas. Those two lemmas are of independent interest as we do not make use of the specific
forms of g(z, &) and B in the proofs. Therefore they are applicable to the estimators for parameter

vectors in general semiparametric settings.



4.1 Consistency lemma

In this section, for generality, let B be a closed subset in R?, and G the space of functions of form
g(z, ), defined on S, x B, with a norm ||g||g. We are concerned with the functions g(z, ),
g(z,a) and go(z, ) in G. Let go(z) = go(z, ap). In Section 5, we will specify B and G with the

norm ||g|lg in the context of the model (2.1).

Lemma 4.1 Suppose that oy € B satisfies R(go(+), ag) = infaep R(go (-, &), &), and that:
(1) Rn(8(, @), @) < infacp Ry (8(+; ), ) +op(1).
(ii) For all § > 0, there exists €(6) > 0 such that

R(go( &), ) > R(go("), o) + €(9).

i
[|oe—ag||>8

(i1i) Uniformly for all o € B, R(g(-, ), ) is continuous [with respect to the metric || - ||g] in

g(-,a) at gO(‘va)‘
(i) 118(--) — go(-)llg = op(1).

(v) For all {6, } with 6, = o(1),

sup sup ‘Rn (g(7a)7a) _R(g(va)aa)‘ :OP(l)'
acB |g(a)—go(a)llg<dn

Then & — ag = op(1).

Proof. The proof is similar to that of Corollary 3.2 in Pakes and Pollard (1989) and Theorem
1 in Chen et al (2003). By condition (ii), for all § > 0,

P{lla — ap|| > 6} < P{R(go(-, &), a) — R(go(-), @0) > €(d)},
hence it suffices to show that

R(go(, @), &) — R(go("), ) = op(1). (4.1)

10



Note that

= R(go( @), @) - R(g(-,a),a) (4.2)
+R(E( ), a) - R, (8( @), @) (4.3)
+ Ry (8(1 &), @) — R(go(), o) - (4.4)

That the expression in (4.2) tends to 0 in probability clearly follows from conditions (iii) and (iv).

The absolute value of the expression in (4.3) is bounded above by

i}é% |R(g(> a)v a) - R, (g(v a)7 a)| = OP(1)>

which follows from conditions (iv) and (v). Finally, we have to show that the expression in (4.4)

~

tends to 0 in probability. As R, (g(-, &), @) = infaep Ry, (8(+, @), ) and note that

Ry, (g(‘,a),a) = {Rn (g(Wa)va) - R(g(Wa)va)}
+ {R (g(Wa)v a) - R (gO('aa)v a)} + R(gO(‘v a)va)

< zlé% |Rn (/g\(> a)7 a) - R (g(v a)7 a)|

=+ sup |R(/g\('>a)a a) - R (gO('7a)a a)‘ + R(gO('v a)7a) )

acB
ER1+R2+R(gO(’7a)7a)7 (45)
we have
R, (g(,a),a) < Ry + Ry + ilé%R(go(-,a),a) =Ri+ Ry + R(go("), ) - (4.6)

It follows, from conditions (iv) and (v) that Ry = op(1), and from conditions (iii) and (iv) that

Ry = op(1), and we thus deduce from (4.6) that, for any £ > 0, as n — oo, the probability
P{R, (8(,a),a) <e+ R(go("), o)} — 1. (4.7)

Similarly, by exchanging R, (g(-, @), ) and R (go(-, @), ) in (4.5), we can prove
P{R(go("),x0) <+ R, (8( @), &)} — 1. (4.8)

Therefore it follows from (4.7) and (4.8) that (4.4) tends to 0 in probability, and hence (4.1) is

proved. O

11



4.2 Asymptotic normality lemma

Suppose R (go(-, ), @) and Ry, (g(-, ), @) are differentiable with respect to ac. Denote the deriva-

tives of R (g(-, ), @) and R, (g(-, ), @) with respect to a by

Rgl a)a)= BECDD 2 (ga)a) =

dRy (g(‘v a)? a) ]
da

do

Then as ay and @ are the minimizers of R (go(-, ), @) and R, (g(-, &), ), respectively, we have

R(go( o), 0) = R(go("),0) =0 and R, (8(,a&),a) =0.

Define the ordinary derivative of R(g(-, a), ) with respect to o (if it exists) as

da™ dodo™ ’

Fl(g('7 a)7 a)

and the functional derivative I'y of R(g(-, &), o) with respect to g(-, ) at go(-, @) in the direction
g('? a) - gO(’v a) by

Pa(go(-, @), @)l @) = gol- )] = lim | R(go( ) + 7(g(- @) = go(- ). @) = R(go( ). a)| /7
(4.9)

(if the limit exists) for all g(-, o) satisfying go(-, &) + 7(g(-, @) — go(+, ¢)) € G with 7 € [0, 1].
Now we assume that & is consistent and «y € B. Therefore the parameter space B and G

can be replaced by small or even shrinking sets. Define By = {a € B : |la — ag]] < 0} and

gs={geg: lgl,a)—-go(,a)lg < d}.

Lemma 4.2 Assume that R, (g(-, @), ) is differentiable, with respect to o, with the derivative
R, (8(, @), @), and R (go(-, &), ) is second order differentiable with respect to o, with the first
order derivative R (go(-, a), o) and second order derivative T'1 (go(-, o), ). Suppose that ag € B

satisfies R (go(-, o), a0) = 0, that & — ag = op(1), and that:
(i) Ry (B( @), @) = op(n~'/72).
(ii) (1) T'1(go(-, @), ) is continuous at a = avp.

(2) T'1 =T1(8o(-, o), o) is of a generalized inverse, I'; .
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(i1i) For all av € By, the pathwise derivative, I'a(go(-, o), a)[g(-, @) — go(-, )] (c.f. (4.9)), of
R(go(-, @), @) exists in all directions g(-, ) — go(-, ) € G5, and satisfies: 1) uniformly for
a € Bs, | R(E( @), a) - R(go(- @), @) — Ta(go(-, @), )[8(-, @) — go (-, @)]|| = op(n~!/?);

2) for all (g(-, ), ) € Gs, xBs, with a positive sequence 6, = o(1): ||T'2(go (-, ), ) [g(+, ) —

go(-, @)] — Ta(go (', o), @o)[g(+ @) — go(, @o)][| < o(1)[l — exo-

(ZU) /g\(7a) € G with probability tending to 1, and ||/g\(7a) - gO('va)Hg = OP(1)7 ”/g\l(7a) -

go( a)llg = op(1), and [|g2(-, @) — g20(:, a)l[g] = 0p(1).
(v) For all sequences of positive numbers {d,} with 6, = o(1),

sup sup || R (g0, @) = R (gl ), @) = o (80 ( ), o) | = op(n2).

(vi) For some B, = O(n~"2) and some finite matriz Vi,
: . D
Vi { i, (80(-, o), x0) + Ta(go( o), @0)[E(- o) = 8o, @0)] = B} 2 N (0. 4).
Then /a(@& — o + 7 By) 2 N(0,9), where Q =TT VA(I])T.

Remark 3. The objective function defining the semi-parametric estimators in Chen et al.
(2003) is of a GMM (generalized method of moments) type and hence their general Theorem
2 does not apply directly to the least-squares (in this paper) or maximum-likelihood-like semi-
parametric estimators. Their argument however can be helpful for the proof of this lemma. Note
that the conditions (i), (ii) and (v) specified for the derivative of the objective function in this
lemma are basically similar to those on the GMM type objective function in Theorem 2 of Chen
et al. (2003) while the conditions (iii), (iv) and (vi) are different and modified from theirs: In
fact, condition (iv) is much weaker than that of Chen et al. (2003) which requires the convergence
of rate op(n~—1/*), and condition (vi) allows a bias term B,,.

Proof. We only sketch the proof here. First we are establishing /n-consistency of & to ay.
Owing to @ — ap = op(1) and condition (iv), we can choose a positive sequence d,, = o(1) such
that P{||a — ao|| < o, [|8(, ) —go(-, a)|lg < In} — 1. So in the following we only need to look
at (g(-,a),a) € G5, x Bs,. In light of R (go(-, ), ap) = 0 and condition (ii), we have by Taylor

expansion that

R(go(-, @), a) =T (go(-, o), o) (@@ — o) (1 + 0p(1)), (4.10)
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which implies that & — ey has the same convergence rate as that of R (go(-, &), @) tending to 0.

Similarly to (5) and (6) of Chen et al. (2003), it is obvious that
IR (go(- @), @) || < || (go( @), &) — R(B( @), &) ||
+[|R (B( @), &) — Ry (&( @), &) + Ra (80(-, o), o) |
+ B (B( @), @) || + || = Bn (g0(-, o), @0) |

= D1+ Dy + D3+ Dy,

Dy < |R(&(- @), @) — R (gl @), &) — T2 (go( @), &) [8(, &) — go(-, Q)]
+ T2 (8o(-, @), @) [8(+, @) — go(-, @)] — T2 (o (-, @), o) [&(+; o) — o, o)l
+ T2 (g (-, o), o) [8(:, @x0) — o, )]
= D11 + D12 + Ds3.
Clearly, conditions (iii)(1) imply D11 = op(n~/?); condition (iii)(2) and (4.10) imply Dy =
|R (go(-, &), &) || xop(1); condition (vi) implies D13 = Op(n~/?) and Dy = Op(n~'/?); condition
(i) implies D3 = op(n~/?), and condition (v) implies Dy = op(n~'/2). Therefore it follows that
IR (go(-,@),a) | x (1 —0p(1)) = Op(n~'/?), and hence & — ag = Op(n~1/?).
Next, set Ln(ar) = Ry (&0(-, @), @0) + 1 (@ — @) + T2 (g0 (-, o), o) [&(- o) — go(-, o). It

is obvious that

I£a(@)] < [|Rn (-, @), @) — La(@)|| + | R (B( @), @) |

= D5 + D¢ + D7 + Dsg.

Clearly, conditions (iii) and (iv) together with & — ag = Op(n~/2) imply D5 = op(n~'/?); in
view of R (go(-,a),a9) = 0, it follows by Taylor expansion with condition (ii)(1) as well as
& — ag = Op(n~1/?) that Dg = op(n~1/2); condition (v) implies D7 = op(n~1/2); and condition

(i) implies Dg = op(n~/2). Therefore L,(a) = op(n~/?), which leads to

a—ag+I7B,=-T] {Rn (go(+, @), ) + T2 (go(+, o), o) [8(+, o) — ol )] — Bn} +op(n~'/?),
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and hence the lemma follows from condition (vi). O.

5 Proof of main results

The following lemma is basic and is used throughout.

Lemma 5.1 Let gi(a) = Y; — ag(a" Xy, ) — bo(a’ X, a)TXt,_d =Y —go(a"X;,)"X;. Then

for any measurable function g(-,a) = (a(-,a),b(-,a)T)T on R, we have
Eey(a){a(e X, a) +b(a X, 0) Xy g} = Bey(a)gla’ Xy, o)X, =0, (5.1)

where X; was defined in (2.11).

Proof of Lemma 5.1. Note that the left hand side of (5.1) equals
/ [E { (Yt —ag(z, ) — by(z, a)TXm_d) (a(z) + b(z)TXm_d) ‘ a'X; = ZH fz(2) dz,
and that by the definition of ag(-, ) and by(-, ) in (2.10),
E{ (Y} —ap(z,a) — by(z, a)TXm_d) Xt‘ a'X, = z} =0.

Therefore (5.1) follows. O

5.1 Proof for Theorem 3.1.

It follows from (2.2) by least squares that

0(z,0) = Bz, 0, h) = H,, ! <az, BI,EJL,EIh)T = {xeWEae)) T {rETWeEY)

(5.2)

where Y = (Y1, ,Y,)T, W(2) = W(z,a) is an n x n diagonal matrix with K,{Z; — z}w{Z;}

as its tth diagonal element, X (z) = X (2, ) is an n x 2d matrix with (X],h~1(Z; — 2)X]) as its
tth row and X; = (1,XZ_d)T, and H, = diag(1,h) ® Ijxq -

Denote by ® = @(z;a) = n"1X(2)TW(2)X(2) and U = \Tl(z;a) = n"1X(2)TW(2)Y with

(,7)-th elements <f>” and \Tfi,j, respectively. Also, recall X;o = 1 for notational convenience.
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Then with the notations in (5.2), we have, for i,j5 =1,--- ,d,

& ;=n"" Zn: Xii1 Xt j 1 Kn(Ze — 2)w(Zy), (5.3)
t=1
O g1 = PBgiji=n" Zn:Xt,i_lxt,j_l((zt — 2) /WK (Z — 2)w(Zy), (5.4)
t=1
EI\)d—l—i,d—i—j = ’I’L_1 zn: Xt,i—IXt,j—l((Zt — Z)/h)2Kh(Zt - Z)’UJ(Zt), (55)
t=1
and
U, =n! zn: YiXyi 1 Kn(Z — 2)w(Zy), (5.6)
t=1
Ugpi=n"" f: YiXei1((Z — 2) /W) Kn(Zy — 2)w(Zy). (5.7)
t=1

Let 8y = 0y(z, @) = (ap(z, ), bg(z,0)T, ag(z, @), bo(z,a)T)T. Then by (5.3)-(5.7), we have
0(z,a) — 0g(z, ) = 1 (T — BOy) = W, (5.8)

where W = \/7\\/'(7:; «) is a 2d-dimensional vector with elements

Wi =023 Y X1 Kn(Ze — 2)w(Zy). (5.9)
t=1
Moreover,
Wari =n"" Y Y Xpi1((Ze — 2) /W) En(Zy — 2)w(Zy) (5.10)
t=1

fori=1,2,--- ,d, with
Y =Y (z,a)=Y; - {ao(z,a) +X]_bo(z, a)} - {ao(z, Q) + X{_dbo(z,a)} (Z, — 2).
With (2.1) and Z; = a "X, in mind, we then have, by Taylor’s expansion of order 2,

}/t* - % {(10(5’ a) + XI—dBO(£7a)} (Zt - Z)2 + Et(a)a (511)

where g/(a) = Y; — ap(a" Xy, @) — bo(aTXy,a)TX; g, io(z, @) and by(z, @) are the second
partial derivatives of ag(z, ) and b)g(z, &) with respect to z, respectively, and £ = z+n (Z; — 2)
with |n| < 1.

With g;;(2) = gij(z,a) = E{X; ;X |Zi(ax) = 2} for i,j = 0,1,--- ,d, we denote by g;(z) =

gio(z), and Gi(z) = (gin(2),--- ,§i7d_1(z))T (a (d — 1)-dimensional vector) . Also, as p; x =
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[w'K (u) du, then, using time series asymptotics (see e.g., Lu and Cheng, 1997), it follows from
(5.3)-(5.5) and (5.9)-(5.10) together with (5.11) that, for 4,5 =1,--- ,d,

~

®ij = gi-1,j-1(2) fz()w(2)po,kx (1 + op(1)), (5.12)
EI\)i,d—l-j = EI\)d-i-j,i = gi-1,j-1(2) fz(z)w(2)p1,k (1 + 0p(1)) =0  (owing to 1,k =0),  (5.13)
Boridrj = Gi-1j-1(2) f2(2)w (2o (1 + 0p (1)), (5.14)

and
Wi = Bi_1(2)pz,ich*(1 + op(1 ! Z et(e) Xt i1 Kn(Z — 2)w(Zt) (5.15)

and

Wari = Bio1(2)ps.xch®(1 + op(1)) + 17! Zet ) Xeio1(Z — 2)/h)Kn(Ze — 2)w(Z)
n~! Zst ) Xti1((Z — 2) /) Kn(Z — 2)w(Z;)  (owing to ug x = 0) (5.16)
where
Bia(2) = 3 {091 1(2) + B(=)TGia ()} wl2) 2 (2.

Now it follows from (5.12)-(5.14) that

~ G(z X
B [ oKGE e 0 op))
Ogxqa  H2,kG(2)

= (8® G(2))w(2)fz(2)(1 + op(1)) = (1 + 0p(1)), (5.17)

where 044 is a d x d matrix of elements 0, and G(z) is a d X d matrix with (7, j)-th element equal
to Gij(2) = gi—1,j-1(2) fori,j =1,2,--- ,d.

Further, recall v; g = [u'K?(u) du, and denote the second terms on the right hand sides of
(5.15) and (5.16) by Wi’g and I//‘\/Z'_i_d’Q, respectively. Moreover, let WQQ = Z’f:l(ciwi,g +ci+dW¢+d72)

for any real constants ¢;. Then, under the assumptions of this theorem, we have

d 2
E(Wc 2 =F { -1 Z Et Z (CiXt,i—l + Cz‘+dXt,i—1((Zt — Z)/h)) Kh(Zt — z)w(Zt)}

i=1

— (nh) " V2(2)(L + o(1), (5.18)
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where
d d
VZ2(z) = Z Z Gy (2)(cicivo i + CivaCivavax) p w2 (2)fz(z, ) = "'V (2)c (5.19)
i=1 j=1

) T
with ¢ = (c1,- -+ ,¢d;¢d41,-++ ;c2q)' and

Vo,Ké(Z) 0dxd

VP (z) = _
O0ixa  2.kG(2)

w?(2) fz(z @) = (S ® G(2))w?(2) fz(2, o),

and where é(z) is a dxd matrix with (, j)-th element equal to é”(z) =F (Et(a)2Xt7i_1Xt,j_1|Zt = z)
fori,j =1,2,--- ,d. Therefore, it follows from (5.15),(5.16), (5.18) and (5.19) that

1, 1\ 12
W = §h U(z)(1+op(1)) + <E> V(z)én (14 op(1)). (5.20)
Here
G(z alz alz
U(z) = HaiG(z) ..( : w(z)fz(z,a) = (s ® G(z)) ..( ) w(z) fz(z, a),
04xd b(z) b(2)

V(z) is the root matrix of V() (2), i.e.

1/2

V() = {v2(2)} " = (§e&@) v e,

with V a d x d matrix such that VIV = V®); ¢y is a (2d)-dimensional random vector of
standard multivariate normal distribution, the proof of which is a routine by the argument of
CLT for strong mixing processes based on the Bernstein blocking technique: see, e.g., Hallin
et al. (2004, Theorem 3.1) and Lu and Linton (2004), and therefore the detail is omitted.

Finally, (3.3) in Theorem 3.1 follows from (5.17) and (5.20) with
B(z) = & 1(2)U(2) = {(S7's) @ Iyxa} (a(2),b(2)")T
and
A(z) =371 (2)V(2) (1) V(2)@ 1(2)) =2 ' (2)VE (2)a7(2)
= {220} (57887 @ (G(:)G(:)G(2))

When « is replaced by & with & — a = Op(n_l/Q), then Z, = a'X, satisfies Z, — Z, =
(& — a)TX; = Op(n~Y?)X;. Tt is easily seen that the proof can be modified to prove the last

statement of this theorem. The details are omitted. O
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5.2 Proof for Theorem 3.2.

In this subsection, we are establishing the asymptotics for & defined in Section 2, using the two
general lemmas developed in Section 4. We first specify some preliminary quantities used below,

under the adaptive varying-coefficient modelling of (2.1).

5.2.1 Preliminaries.
With the notations defined in Subsection 3.1, we are in a position to define G. For some ¢y > 0,
G ={g:S, xB+— R?| For any fixed a € B, g(-,a) € C2 (Sw), g1(- ) € CL (Sw)
and ga(-, ) € CL (Sy), and for any z € Sy, ||g(z, a) — g(z, &')|| < Clla — o],
I81(2, @) — g1(2, @) < Clla — &[] and [|g2(2, ) — g2(2, &) || < Ol — |

for any a, @’ € B}, (5.21)

where the definition of C%,(S,,) for j = 1 and 2 was given at the end of Subsection 3.1.
As defined in (2.8),

R(g(,a),a) = E (Y} — g(aTXt, a)TXt)2 w(aTXt)
= / (y — a(aTx, a) — b(aTx, a)Tx(_d))2 w(aTx)fy,X(y,x)dydx,

where x(=% is the (d — 1)-dimensional vector obtained by deleting the d-th component of x, and

frx(y,x) is the joint probability density function of (Y3, X;); and
1 « 2
Ru(gl@).a) = >~ (Yi—g(@™X, a)TX:) w(a'X;)
t=1
n 2
— % > (Yt —a(a"X;, a) — b(aX,, a)TXt,_d) w(a'Xy).
t=1

Then we can deduce (the notation having been explained in section 4.2, for simplicity, we assume

dw(z)/dz = 0)

. T
Rg(- o), @) = —2F (Y — g(a™X, )% ) {&1(a X, )X] + g2(aTXp,0) | Xw(aX),

. 22 T
B8l @).@) === 3 (Vi - g@’Xna) "X ) {&1(@TXp, a)X] +g2(aX ) | Xiu(a'Xy).
t=1

(5.22)

19



Therefore, by Lemma 5.1, the ordinary derivative of R(go(+, @), a) with respect to a,

:
fi(go(- @), @) = =28 (Y — go(@Xs, @)% ) {gor (@ X, )X | Xow(aTXy),

and further the derivative of R(go(-, @), ) with respect to a equals (as assumed in condition

(C4), the derivative and the expectation are exchangeable)

Fl(go('v a), a)
-
=2F [{gm(aTXt, oz)XtT + gog(aTXt, a)} XtXtT {ggl(aTXt, oz)XtT + goz(aTXt, a)}} w(aTXt)
T
—2E (Y, — go(a" Xy, ) TXy) {go,11 (" Xy, )X X! + go,12(a" X, )X[ } Xyw(a'Xy),

where go 11 (2, &) = 9go1(2, ) /0z and gg 12(2, @) = Igo1 (2, @) /dax. As () = Yi—go(Z?, o) "Xy =

et, as assumed, satisfies E(e|X;) = 0, hence

'y =Ti(go(:, an), o)

T
=2F [{gOl(Zf, ao)X;r + gOQ(Zf, ao)} th;l' {ggl (Zf, ao)X;r + gOQ(Z;), ag)}:| U)(Zf) (523)

Furthermore, note that, by Lemma 5.1 with some algebraic calculations,

R(go(- @) +7(8( @) — go(, @), @) — R(go (- ), )
= 2B {Y; ~ (go(a"X;, @) + 7(g(@" X, ) — go(a’ X1 ) X, |
x {(go1(a"Xs, ) + 7(g1 (' X, ) — gor (' Xy, @) X
+ (goa(a X1, @) + 7(g2(a X1 @) — gon(@T X, )} Kew(aTX,)
+2B {Y; — go(@ X, @) "X} { (g01 (X1, )X]) + (g02(@" Xy, )} Kpw(aTXy)
= —27E {e(e) ((g1(a" Xy, @) — gor (" Xy, ) X[)
~ ((g(a"X. ) — go(@X, @) TX,) (gor (aTXs, )X] + goz(@T Xy, )} Kpw(aTX,)
+2r°E {(g(aX, o) — go(@"X1,)) K, }
% ((g1(a" Xy, ) — gor (@"X, @) X] + (g2(a"Xy, ) — goa(a" Xy, a))) Kw(a'Xy),  (5.24)

where g;(a) = V; — go(a "Xy, a)TX;. Therefore the functional derivative of R(g(-, a), o) with

respect to g(-, ) at go(-, &) in the direction g(-, ) — go(+, @) satisfies
Ts (go(- o), a) [g(+, @) — gol-, a)] = 71—11% R(go(a) +7(g(, ) — g:—(-,a))7a) — R(go(, ), o)

= —2E{ei(a) ((gl(aTXta a) — goi(a' Xy, a))XtT)

- ((g(aTXt, o) —gola'Xy, a))TXt) (gm(aTXt, oz)XtT + goa(a "Xy, a)) }Tth(aTXt), (5.25)
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and therefore

I3 (8o(+; o), o) [8(+, o) — 8o (5 o)
=25 ({827, 0) ~ £0(Z7,0)) %0 (01 (22, 00)XT + @a( 20, 00)) ' Kew(2)
=2 [ B(2) (2. ) — g0z, @0) ()2 () (5.26)

3 T
where ®o(2) = E{ (o1 (2, o)X + go2(2, o)) XtXtT‘ Zp = z}.

Next, we are establishing the consistency of & to g by Lemma 4.1.

5.2.2 Proof of consistency of a to oy

The consistency of & can be proved by checking the conditions in Lemma 4.1 step by step:
As @ and o are the minimizers of R, (g(-, &), ) and R(go(-, @), o), respectively, (i) and (ii)
hold obviously. (iii) also holds clearly by the following fact: noting Lemma 5.1 as well as the

boundedness of w(-),
Su%|R(g(7 O’,), a) - R(g0(7 a)? a)|
ac

< sup 2 (22(e0) — (g(eT X1, ) — ("X, @) T, ) ("X, @) — goferT X, @) Kl TX)|

< sup | ((g(e"X1, ) — go(aX, @) T, (g(a Xy, ) — go(@T X, 0)) TKuw(a X))

acB
< Cllg — gollgl EX:X] [, (5.27)
where the final inequality follows from the definition of norm || - ||g in Subsection 3.1. (iv) follows

clearly from Lemma 6.3 in the Appendix. For (v), letting d,, = o(1) and ||g —gollg < d,, we notice

that

Rn(g( @), @) — R(g( @), &)
= {Rn(g(- @), ) = Rn(go(, @), @)} + {Rn(go (-, @), @) — R(go(-, ), )}
+{R(go(- @), @) — R(g(, ), @)}
— [+ 11+ 111,
where by (5.27) 111 tends to 0, uniformly for o € B and with g satisfying ||g — go|lg < . That

I tends to 0, uniformly for a € B and g with ||g — go|lg < 0n, can be proved in the same way as

for II1, because in fact E[I] = III; II can also be proved easily to tend to zero. ]
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Finally, we are finishing the proof by Lemma 4.2.

5.2.3 Proof of asymptotic normality of a to «ay

As we have proved that & —ap = op(1), and from Lemma 6.3 in the Appendix, ||g —gollg = op(1)
as well as ||g1 — go1llg = op(1) and ||g2 — go2||g = op(1), we can assume that o and g = (a,b")T

lie in Bs and Gy, respectively, with 6 = J,, — 0, where

Bs={aeB:|a-—a <d},

Gs ={g€G:llg—8ollg <4, llg1 — goillg <6, llg82 — Bozllg < 0} (5.28)

As o is the minimizers of R(go (-, ), &) which is differentiable with respect to o, R(go(-, ag), o) =
0.

We proceed to check the conditions (i)-(vi) in Lemma 4.2:

@ : This is clear, as & is the minimizers of R, (g(-, a), &) which is differentiable with respect
to a, and hence R, (g(-, &), &) = 0.

(ii): Both (ii)(1)-(2) are clear from Assumption (C4) in Section 3.

(iii): It follows from (5.24) with 7 = 1 and (5.26) that

<" { (). @) - Rlgo( @). @) ~ T2 (g0l ). @) [E(- @) — go(- @) |
= 2c"B{(@(a"X;, @) - go(a"X; @)X, }
< (@107 @) ~ g0 ("X, )X] + @(aTX, 0) - gn(@'X,a))) Xa(aX)
—2 [ (8(20) ~ go(2 ) ECTXK] | () = 2} @12, 0) — n (2, 0))w(2) (2, )
+2 [ @) — gz, ) "B | Zi@) = )@l 0) — gin(e @))ew ()2 (3, @)z
= Dy + Do, (5.29)

from which (iii) (1) can be deduced as follows.

Set v = (Laxd, 0dxa) & d x (2d) matrix. Note that it follows from (5.8), the uniform consistency
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lemma (Lemma 6.3) and then (5.17) that

~

&(2 ) — go(z, ) = 1(0(2, @) — 0y (2, a))
=% 'W = (1 +0p(1)y0'W

— (1 + 0p () (o xw(2)f2(2. @) G (2, ) WD (2, @), (5.30)

where op(1) is uniform with respect to z € S, and o € B , and \/7\\/'(1)(2, a) is the vector consisting

of the first d components of W defined in (5.9), that is

WO (z,0) =071V (2, )X K (Zi(@), —2)w(Zi (@), (5.31)
t=1

where Y;*(z, o) is as defined in (5.11) in the notation of this section as

T

V7 (2 0) = (@) + (80( (@), @) — ol @) — go(z, ) (Zu(ex) — ) 54
+ 3 (Bo(z 4 n(Zi(e) — 2), @)(Zle) — )T X, (532

= Et(a)

with |n| < 1. Thus, setting G¢(z, ) = E{X;c" X;X]|Z;(a) = 2z}, with uniformity of op(1) with

respect to z € Sy, and o € B in (5.30), together with (5.32)

Dy = 2/((1 +0p(1))(Ho,xw(2) fz(2,@) G (z, ) W (2,0)) TG (2, @)

X (81(2, @) — go1(z, @))w(z) fz(z, a)dz

= 2(1 + op(1))(po,x) " / G (2, 0) W (2,0)) TG (2, 0) (81 (2, @) — gon (2, @))d2

= =0 (@1.0)  va(aor. @)+ Op(h)]1 — o (53
where v, (g1, ) = n7 V23" e(@)XTw(Z ()G (Zi (@), @)Ge(Zi(r), @)g1(Zi(x), ). Using
the empirical process techniques, similarly to the proof of (v) below, we can show the stochastic
equicontinuity of v, (g1, ), and hence ﬁ(l/n(/g\l, a)—vn(go1,a)) < ﬁ SUD||g; —goi [lg < [Vn (81, @) —
vn(8o1, @)|| = op(n=1/2); for detail, see the proof of (v) below as the proof there is more complex.
Also, as nh* = O(1) is assumed as in a condition in Theorem 3.2 and ||g1 — go1llg = op(1),
we have Op(h?)||g1 — go1llg = op(n~Y/2). Therefore Dy = op(n~/2). Similarly, we can prove

Dy = op(n~1/?), and thus (iii)(1) follows from (5.29).
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In addition, it follows from (5.26) together with Lemma 5.1 and E(e;(g)|X¢) = 0 that
Iy (go(-, ), @) (-, ) — 8o (-, )] — I'2 (o (- o), o) [&(+, o) — &0+, o)
T
= —2F (s1(a) — 1)) ((gl(aTXt, @) — gor ("X, a))xj) Xew(aTX,)
T
+2F {5t(a) (gm(aTXt, a)X/! + goa(a' X, a)) Xyw(a'X,)
- T
— dt(ex) <g01(ZtO,ao)Xt + goz(Ztojao)) th(Zf)}
=0 + Qo
where §;(a) = g(a'X;, @) — go(a' Xy, ). By condition (C4),

v(e) — eole)| = | (ol ™1, @) ~ golZ7, 0)) ' %

< Cllec = el (T + X 1%,

and ||g1 (o™X, ) — go1 (o' Xy, a)llg = o(1), therefore Q; = o(1)||a — ayl|. For Qo, it is obvious
by condition (C4) and || — ag|| = o(1) that
b1(ex) = dy(ew) = gla" X1, @) — 827, @) — (go(a X1, @) — 0(Z7, )
— 120, 00)(1 + o(1))(ex — 00) TX; + (25 o) (1 + 0(1)) (x — exo)
~ (0 (27, o) (1 + o(1)) (e — o) Xy + 0277 o) (1 + 0(1) (e — ex))

= op(1)]er — x|,
which follows from ||g; (" Xy, @) —go1 (T Xy, a)|lg = op(1) and ||g2(aT Xy, a)—gee (o' Xy, a)||g =
op(1); and

Q3 = <g01(aTXt,a)X;r + g02(aTXt,a)) - (gm(Zf,ao)XtT + goz(ijao))

< Cllec = o[ (1 + [ X))

Therefore it easily follows that Qs = op(1)||a — ay||. Hence (iii)(2) follows.

(iv): It is clear from the uniform convergence lemma, Lemma 6.3, that

. , —r/(2r+d)
Hg - gOHQ - OP |:(nh1+2d/ ) :| + O(h2)7

. _ - —r/(2r+d)
I8~ sullg = 0p |7 (#207) " o)
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O(h),

o _ . —r/(2r+d)
I8 — gxllo = Op [h ! (4240 ] .

and therefore ||g —gollg — 0, |81 —g10llg — 0, and |82 — g20||lg — 0 if nh334/" — oo with r > 3d
as n — oo. Hence (iv) follows.
(v): For notational convenience, let Fy = (Y3, Xy), m(F, g, ) = mit(g, a)mat(g, a)msi(cv)

. T
with my (g, o) = Y — gla' Xy, a)TXy, ma(g,a) = {g1(a"Xy,a)"X; —g(a'X;, o)} and

mat(a) = Xpw(aTXy), and define the empirical process

n(g0) = = > m(Fig.) ~ EmlFiog. o).

Then it is obvious that

Ra(g( @), @) — Rig( @), @) = —%Mg,a»

and as R(go(-, ap), ag) = 0, we clearly have

Ry (g(-,a),a) — R(g(-, a),a) — Ru(go(- o), o) = —%{Vn(& o) — vn(8o, o)}

Therefore for (v), it suffices to prove the stochastic equicontinuity of the empirical process
{vn(g, @) : g € Gi, b € By}, where By and G; are defined in (5.28) with 6 = 1, which are
subsets of B and G, respectively, and suffices for our proof of (v) as §,, < 1 for n large enough
by 4, — 0. This stochastic equicontinuity follows by checking the following conditions, due to

Doukhan, Massart and Rio (1995, page 405):

(a) {F;: t > 1} is a stationary absolutely regular sequence with mixing coefficient 3(s) < C's™°

for some b > r/(r — 1) and some r > 1,

(b) E[m®* (F;)] < oo for r as in (a), where m(-) is the envelope of M = {m(-,g,a) : g €

G, a € By}, that is |m(-, g, )| < |m(-)| for any g € G1, o € B1}.

(c) For any € > 0, log No(e, M) < Ce=2" for some 1 > 0, with b(1 —n) > r/(r — 1) for r as in
(a), where No(e, M) is the Lo-bracketing cover number of M in (b).

We check those conditions as follows. Here, (a) holds by the condition (C5). To show (b),
notice that for @ € By and g € Gy, we have |af < |aoll +1 = Co, |gllg < llgollg +1 =

C1, lgille < llgoillg + 1 = Co and [|gallg < |lgozllg + 1 = Cs, and therefore for m € M,
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Im(Fy, g, )| < ([Ye] + CLIX|)(Cel|Xel| + C3)[|X[[wo, where wy = sup.cg, w(z). So we can take
m(Fy) = (Y] + C1||IX|N(C2||X¢]| + C3)||X||wo, and hence (b) holds by condition (C1). Finally for
(c), as B is a bounded subset in RY, for any ¢ > 0, we can cover B by finite number, Nj = Ce—(d=1),

of balls of radius € with centers a;, 7 =1,--- , Ny, in R?, say, B;, j=1,---, Ny, such that
Va € B, Jaj, such that o — | < e/(20). (5.34)

Then for each given a; and for g € G, by the definition of G in this section, g(-, a;) € C’CQO(SH,),
and g1 (-, ;) € CL (Sy) and ga(-, o) € CL (Sy,). Therefore, with the norm imposed on C2 (S,,)
by the sup norm ||g|lec = sup.eg,, ||lg(2)| for g € CZ(Sy), and similarly for C (S,,), it is well
known (c.f., van der Vaart and Wellner, 1996, Theorem 2.7.1) that we can cover CZ (S,,) by finite
number Ny = N(g,C2 (Sw), || - [lo), of balls of functions centered at, say, g*/(-), £ = 1,---, No,
in C2 (S,), such that

log N(g,C2 (Sw), || - loo) < const. x e~ /2,

and

vg(-, o)) € O (Sw), 3g%/(-), such that |lg(-, a;) — g™/ ()| < e.

Similarly C; (S.) can be covered by a finite number N3 = N(g,C} (Sw), || -[lo), balls of functions

centered at gi’j(-) and gg’j(~)7 respectively, £ =1,--- , N3, in CZ, (Sy), such that
log N(g,Cp (Sw), || - [lso) < const. x e,
with
vg1( ) € Cgy(Sw), 3 17 (), such that [lgi(e) — g1/ ()] <.

and

l,5 l,5
Vga (- ) € Coy(Sw), 3 857 (-), such that [|g2(-, a;) — gy’ ()] <e.
Thus we can cover G; C G by finite number of NN, balls of centers gt/(-), 7 = 1,---, Ny,
£=1,---, Ny, since for any g(z, @) € G, we can suitably choose a; and g®/(-) such that

sup gz, @) — g™ (2)]| < sup |lg(z, @) — (=, a;)l| + sup [lg(z, a)) — g ()]
z€Sw 2ESw 2ESw

' 3
< Clla— || + sup [|lg(z, o) — g™ (2)|| < 25 (5.35)

ZESw
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and similarly, we can cover g}l) ={g1: Sy xB R4 | g € G1} and gf) ={go: Sy xB —
R4 | g € G} by finite number of N;N3 balls of centers gf’j(-) and gg’j(-), j=1,---,Ny,
¢ =1,---, N3, respectively, since for any gi(z,«) € QP and go(z, ) € gf), we can suitably
choose a;; and gi’j(-) and gg’j(-), respectively, such that, as in (5.35),
: 0
sup g1 (z, @) - g’ (2)] <e, sup |g2(z, @) - g’ (2l <e. (5.36)
zESw ZEQw

Therefore, with a™X; € S, and g"/(-) € C2 (Sy), it follows from (5.34), (5.35) and (5.36) that

lg(a"Xy, ) — g (a X))
< |gla™Xy, a) — g ("X + lg™ (a"X;) — g (af Xy)]|

< e+ C|Xy| [loe — oyl < (1 + C[[Xe])),
similarly,
g1 ("X, 0) g1 (o] Xy, )| < e(1+CI1Xel),  lg2(@"Xe, o) —gy” (o] Xy, @) || < e(1+C)Xe|);
and with g € Gy, it follows that
g1 ("X, @) < [lgor (@"Xs, @) +1 < [lgoil + 1,

lg2(a" X, )| < [|go2 (@™ Xy, @) +1 < [Igozllg + 1,

Note, for any m € M,

E|m(Ft7g7a) - m(Ftag&jaaj)F < C(Ml + M2 + M3)7 (537)
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where
My = B|(mu(g, @) — mu(g"™, o) )mar(g, a)mai (@)

< Bllg(@™X,, ) — g (alX) ) %] | {1(0X, 00X, ~ ga(a"Xp o)} | %] w(e"X,)?

< O[] | {1 (0% )X, (0 X )} | K] w(aTX,)P

< CEE[IX® (ClIXell + C) IXell?] < C€?, (5.38)
My = Elmu(g™, o) (may (g, @) — may(g"7, aj))mai (@)

< E[|IY: - gg’j(a]TXt)TXtH{Hgl(aTXt, o) — gi’j(a]TXt, o) || Xl

+ llg2(a X, @) — g2l o] Xe, o) |1} [IXe | w(a X))

< CEE[([Ya] + col|Xe)* (1 + ClXe*[IXe?] < C€2, (5.39)
My = E[muy(g"7, aj)mar(g", aj) (may (@) — may()))]* < Ce?, (5.40)
and where C is allowed to change in value from line to line. Then it follows from (5.37) together

with (5.38), (5.39) and (5.40) that
Im(F, g, ) = m(F, 8%, a)lle, < Ce,
and thus N(Ce, M, || - |lz,) < (N1N2)(N1N3)Ny, which leads to
log N(Ce, M, || - ||z,) < C(log Ny + log Ny + log N3) < Ce™ L.

Now (c) holds easily.

(vi): Finally we are in a position to establish (vi) of Lemma 4.2. Note that it follows from

(5.30) with a = g that

8(z, o) — go(2, @) = 7(8(2, ) — Bo (2, )

= ’y&)_l(z,ao)\/ﬂ\/'(z, o) = (1 +op(1))y® (2, ao)\/ﬁ\/'(z,ao)
= (1 0p (1) (o, 0(2) f2 (2 ) 11 (2, a0) W (2, 00),  (5.41)

where op(1) is uniform with respect to z € Sy, , and W(l)(z, ) is defined in (5.31). Then (5.26)
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together with Lemma 6.3 and (5.41) then leads to

Iz (go(-, o), o) [8(+, o) — o (-, co)]
_9 / Bo(2) (& (2, o0) — go(2, 00))w(2) fo 2, 0xg)dz

— (@ or()2ig) [ ()G (200 WOz, an)ds
=(1+ oP(l))Quo_’}{n_l Z / éo(z)G_l(z,ao)
t=1
X {st + % (8o(z +n(Z7 — 2))(Z7 — 2)2)T Xt} X Ky (20 — 2)w(Z9)dz

= (1+o0p(1))21 "> ®o(Z7)GH(Z7, xg)
t=1

L + 5 (@0(Z0awt(1-+ 0(1) %} K (27)

- 1 o _
= (1+o0p(1))2 {n—l > eU+ §h2p&}<p2,KE (go(Zt ))TXtUt)} +op(n™?),  (5.42)
t=1

as nt Y00 {80(29)TX Uy — B (80(27)) "X/ Uy) } = Op(n~Y?) according to the CLT for a
strongly mixing strictly stationary process, where
Ui = 0(27)G (27, o) Xpw(Z)
—E (thm(zg, aO)TXtXﬂZf) G122, o) Xew(Z0) + goa (22, co)Xpw(Z9).  (5.43)

Now we have from (5.22) and (5.42) and then from (5.43) that

Vit { Feu(go (- @0), o) + T (8o (-, o), ) (8-, o) — o, x0)] }

2 T
= \/ﬁ{—g D e (gm(Zt", o)X + go2(Z7, 00)) Xyw(ZY)
t=1

R 1, o
+(1+o0p(1))2 [n Y eU+ §h2/ﬁo}</t2,KE (go(Zt ))TXtUt>
t=1

+0P(n_1/2)}

2 3 .. 16} _
= \/ﬁ{—g ZEtVt + (14 OP(l))h%a}(m,KE (gO(Zt ))TXtUt) +op(n 1/2)} |
t=1

where V, = [Xyg(, (27, a0) — {E (Xig85 (22, 00)Xi X[ | Z9) YG7H(Z7, cvo) | Xyw(ZP). Therefore, by

CLT for mixing stationary process,

Vi { Ra(o (-, @), o) + T (g0l o), exo) [B(-, @o) — gl o)

—(U+ op ()R koo, B (£0(29) %00, ) } 2 N(0,V), (5.44)

29



where

V= EeiViV] = Es{{2,5] - EEX[|27)G; B(XE]|Z))}
with 2, = Xygd, (27, o) Xew(Z¢) and Gy = G(Z7, ) = E(X¢X[|Z¢). The proof is completed.

O

6 Appendix: Uniform convergence.

We collect and prove some uniform convergence results which were used in Section 5. All limits

are taken as n — oo unless stated otherwise.

6.1 Technical lemmas

For the proof of uniform-consistency lemmas, we need to repeatedly use the following moment

inequalities, which are stated for reference below.

Lemma 6.1 (Cox and Kim (1995)’s moment inequality) Let {£:} be a strongly mizing process

with E& = 0, and r a positive integer. Assume that for some q > 2,
Mgy = sup{[[&llor} = Sltlp{(EISt\q’”)l/(qr)} <1,
and that there is a constant v not depending on t such that
El&)f <v, 2<k<2n

and that the mizing coefficients satisfy

D B T < o

i=1
Then there exists a constant C' depending on r but not depending on the distribution of &, nor on

v, n, nor P such that
n 2r [eS) r o o
E(Z&) < 0wz S N 4 P
t=1 i=P j=1
for any integers n and P with 0 < P < n.
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Proof. This is Theorem 1 of Cox and Kim (1995, page 152).

Lemma 6.2 (Gao, Lu and Tjgstheim (2004)’s moment inequality) Assume that the process
{(Xy,Yy) : t € Z'} is B-mizing and strictly stationary with Yy and X; being R-valued respectively.
Let & = K0, = K((X¢ — x)/h)0¢ with E[§] = 0, where 68, = 6(X,,Y:) and K(-) is a bounded
kernel function defined on RY. The joint probability density fs(z1,--- ,xs) of (X4, -, Xs,) ex-
ists and is bounded uniformly for s = 1,--- ,2r — 1, where r is some positive integer such that
E6:]7] < oo for some q > 2. The mixing coefficient 3 satisfies

o0
qr—2

lim T 47 '8(t) & =0

T—o0
t=T

for some constant a > (rq—2)r/(24rq—4r) with ¢ > (4r —2)/r. The probability kernel function
K(x) is a symmetric and bounded density function on RY with compact support, Ck, and finite
variance such that |K(z) — K(y)| < M|z —y| for x, y € Cx and 0 < M < oco. The bandwidth
h = h,, satisfies that

2(r—1)a+(gr—2)

lim h, =0 and lim inf nh, “™7 >0
n—oo n—oo

for some integer v > 3. Then there exists a constant C = C(r) depending on r but not depending

on the distribution of & nor on h, n such that

n 2r
E (Z gz-) < C(nh)". (6.1)
=1

Proof. 1t is a special case of Theorem 1.1 of Gao, Lu and Tjgstheim (2003) with N =1 there.
O

6.2 uniform convergence

Lemma 6.3 Under the conditions of Theorem 3.2, assume that |K(x) — K(y)| < Cllz — y|| for
any v,y € RY, and |w(z) — w(y)| < Cllx — y|| for any z,y € Sy, and that |a(z,a) — a(’,a’)| <
C(lz = 2| + la — &|)) and |b(z,) — b(Z,a’)|| < C(|z — 2| + || — &'||) for z,2" € R! and
a,a’ € B, and that supep Eler(a)? < 0o Let limy, oo n? T1H3@=D > 0. Then for §i7j(z,a),

PQitajrd(z, ) and Gij(z, o) = gi—1,j—1(2, o) defined in Subsection 5.1,

~

—r/(2r+d)
;up . |®;.5(2, ) = po,xGij (2, )w(z) fz(z, )| = Op [(nhlﬁd/r) + hz] (6.2)
ZESw, e
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~ _ , —r/(2r+d)
sup ]B|(I)i+d,j+d(zva)_ﬂlKGij(Zaa)w(z)fZ(Zaa)’ =0Op [h ! ("hHQd/ ) + h} (6.3)
ZESw,xE
fOTi,j = 17 7d}
R - —r/(2r+d)
sup (2000 — ga(z,0]| = O | (20 at (6.4)
2ESw,aEB
R _ —r/(2r+d)
sup  [|81(2, @) — go1(z,@)|| = Op [h L (nhl+2d/’“) n h] , (6.5)
2ESw,aE€B
. _ , —r/(2r+d)
sup [|82(2, @) — go2(2, @) || = Op [h ! (nh1+2d/ ) + h] . (6.6)
2ESw,a€B

Proof of Lemma 6.3. As the proofs of (6.2)—(6.6) are similar, so we only sketch the proof of
(6.4) below. It follows from conditions (C2) and (C3) that fz(z, ), which equals f,7x,(2), and
G(z, ), which is equal to F (Xt Xﬂ a'X, = z), are bounded away from zero over z € S,,,a € B.
Therefore, it is derived from (5.30) that g(z, &) — go(z, &) tending to 0 uniformly is equivalent to
\/7\\/'(1)(,2, a) (see (5.31)) tending to 0 uniformly, where \/7\\/'(1)(2, ) can be separated into two parts
of the bias term and the error term owing to (5.32). As the bias term is easily taken care of, so

we are only concerned with the uniform convergence rate, for the error term, of
W2 (z, ) Zst )X Kp(a X, — zZ)w (aTXt)
below. It follows from Lemma 5.1 that E Wg(z, a) = 0. When « is fixed, the uniform convergence

rate of Wg(z,a) with respect to z was established by Masry and Tjgstheim (1995). Here we

establish the lemma with convergence rate also uniform with respect to a € B, by

—~ —r/(2r+d)
supsup [Wa(z a)l| = (nh'+20/7) , (6.7)
llexf|=1 2ESu
owing to B C {a € R?: ||| = 1}.
For notation convenience, we denote B = {a € R?: ||| = 1} below. Because B and S,, are

compact, we can cover B and .S, by a finite number M = M, of cubes I, C B with centers a; in
B, satisfying ||a — au|| < const./MY/(@=1) for any « € Iy, and a finite number N = N,, of cubes
Jy C Sy with centers z, in Sy, satisfying |z — z4| < const./N for z € Jp, respectively, where M

and N are to be specified later. Therefore

sup sup ||[Wa(z, )| < max sup |[Wa(z, ap)| + max sup sup |[Wa(z, @) — Wa(z, ax
||a||:1265w|| (z,a)] B sup [Wa( i k<Ma€Ikz€Sw|| (2, ) = Wa(z, e ||

= War + Wa. (6.8)
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We first consider Woy. Note that
Wa(z, @) — Wa(z, g
== th{st VKn(a" Xy — 2)w(a"Xy) — er(ay) Ky (af Xi — 2)w(og Xy)} (6.9)
and that
lee(@) — exla)] < la(@Xe, @) — a(af X1, )| + [Ib(a" Xy, @) — b(a] X, )| X,
< Clla = al|(1+ [1Xel])?,

and

\Kh(aTXt — z)w(aTXt) - Kh(agXt — z)w(agXt)| < Ch_2|]a — oyl || Xe]]-

Thus
I//i\/'g(z a) — Wg(z ayg)

< - Z IXel{AH A+ 1XelD)? + lee (o) B2 Xl Ml — e

s—Z{h (L Xel)? + lee(eun) |2 [1Xel?} e — cuil, (6.10)

and it follows from (6.8) and (6.10) that

< - R+ X 2 |X
W L, s Z{ (1 + [1Xel)? + les(ar) D72 1 Xe]?} e — e

~1/(d-1) -2

n

gCM‘l/(d_l){h‘lﬁZ(lJrHXtH) + max —Z\st ap)|h? |X; |y2}

1<k<M n
t=1

< OM YD IR=10p(1) + h™2Wagg + h ™ 2Wans } (6.11)

where Op(1) is uniform with respect to z € S,, and a € B as n — oo, and

n

=5 ()] 1P — Blew(eun)] 1%P)

Wao99 = max
1<k<M

Waoos = E X, 2.
223 12%%}%\4 et ()| || Xe]|
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Clearly, by the condition that supaep Eler(a)]? < oo,
211/2 N1z _
Wans < max {Ble(en)?}” {BIX )} = 00) (6.12)

which is uniform with respect to z € S, and a € B as n — oco. Further, we consider Wagy. Set
Uty = |er(oy)l [X¢]|? and A = %Z?:l (uty — Euy), and therefore Wage = maxj<p<ns |Agl-
Applying Lemma 6.1 with P = 1 leads to E|A;|?" < C,n~", where C, only depends on r. Thus,
if M =O(n"), then

M
= <
P{ngg > 2A} P{l?}f&%\/AAM > 214} < ;P{’AM > A}

=C,MA"n"=CA" =0 (6.13)
as A — oo, which leads to Wage = Op(1). This together with (6.11) and (6.12) implies
Way = Op(M~Y4=Vp=2) = Op {6,}, (6.14)

where we take M = (h%6,)~ (41 with &, to be specified later, and Op(-) is uniform with respect

toz€ S, and a« € B as n — .
Next, we consider Way in (6.8). As Wa(z, o) = Wa(ze, o) + (Wa(z, o) — Wa(ze, o)), we

can break W5y into two parts:

< W, W, —W. = Worp + Waia.
War < s, s, Wolon o) & e g, sup W2l ) = Walee )l = Wonn + Won:

(6.15)
For Ws12, note that, using the Lipschitz continuity of K(-) and the boundedness of w(-),

[Wa(z, o) — Walze, )|

1 n
=I5 2 el % {Kn(adX; = 2) = Kn(afX; — 2) w(af X))|
1 « _
< O3 Jerlan)] [Xillh 2z = zw(af X))
t=1

_ 1
= Ch™2|z — 2| - > lerlow)] 11X, —allw(af Xy),
t=1
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therefore, noting || X _ql| < [IX¢]|,

Warz = s, e, sup [Wa(z: ) = Walee, x|

1 n
= h2z—z) = X L X
=C 3, 02, 5P e = 2l — 2 et ()| [1Xellwle, Xy)

< 27—1 2
Ch™2N~— Jax Z|5t )] [IXe[lw(of Xy)

=O0p (W 2N"1) = 0p(4y), (6.16)
where in the final equality of (6.16), we take N = (h26,)~!, and Op(-) is uniform with respect to
z € Sy and o € B as n — oo, the argument being the same as that for Waso = Op(1) and Waa3 =
O(1) in (6.11) in the above. Now we consider Way; in (6.15). With & = &t(ay) XK ((of Xy —
z0)/h)w(af X;) and 6, = z—:t(ozk) Xiw(a] X¢) in Lemma 6.2, it follows from Lemma 6.2 that

P{Wan > e} < ZZP{H% 2, ap)l| > e} = ZZP{II (nh)~ Z&ll > e}

k=1 (=1 k=1 (=1

M N
<> Z "(nh)"¥E)|| Zgl |2 < e72"(nh) " MNC (nh)"
k=1 /=1

i=1
= Ce 2 (nh)""MN = Ce~* (nh) " (h%6,) <.
Therefore
Wan = Op ((nh)™/2(n28,)~/" ), (6.17)

where Op(-) is uniform with respect to z € S, and @ € B as n — oc.

Finally, taking 8, = (nh!t2d/m)=7/Qr+d) then N = (h26,)"! = (nh=3)"/@+d) and M =
(h25,)~=D) = (nh=3)(d=Dr/@r+d) — O(n") as lim,_., n? A3~ > 0. For such a 6,, (6.13),
(6.14) and (6.16) hold simultaneously. Thus the result of (6.7) follows from (6.8), (6.14), (6.15),
(6.16) and (6.17). O
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