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Abstract

We study the no-arbitrage theory of voluntary disclosure (Dye
(1985), Ostaszewski and Gietzmann (2008)), generalized to the setting
of n firms, simultaneously and voluntarily, releasing at the interim-
report date ‘partial’ information concerning their ‘common operating
conditions’. Each of the firms has, as in the Dye model, some (known)
probability of observing a signal of their end of period performance,
but here this signal includes noise determined by a firm-specific preci-
sion parameter. The co-dependency of the firms results entirely from
their common operating conditions. Each firm has a disclosure cutoff,
which is a best response to the cutoffs employed by the remaining
firms. To characterize these equilibrium cutoffs explicitly, we intro-
duce n new hypothetical firms, related to the corresponding actual
firms, which are operationally independent, but are assigned refined
precision parameters and amended means. This impounds all existing
correlations arising from conditioning on the other potentially avail-
able sources of information. In the model the actual firms’ equilibrium
cutoffs are geometric weighted averages of these hypothetical firms.
We uncover two countervailing effects. Firstly, there is a bandwagon
effect, whereby the presence of other firms raises each individual cutoff
relative to what it would have been in the absence of other firms. Sec-
ondly, there is an estimator-quality effect, whereby individual cutoffs
are lowered, unless the individual precision is above average.



Keywords: voluntary disclosure, disclosure strategy, correlation struc-
ture.

1 Introduction

The 1985 Dye theory of a single firm relates how private (certain) infor-
mation about end of period value, acquired ‘partially’, i.e. with a (known
ex-ante) probability ¢, is voluntarily released as an investor relations (IR)
announcement to investors at a (known ex-ante) interim-report date with
the aim of achieving a valuation upgrade. It establishes that in equilibrium
the firm adopts a simple “cutoff strategy”, when deciding whether or not to
release that private information. This research explores how the simple cutoff
strategy is revised when there are n firms with correlated economic activity,
partially acquiring noisy private information in advance of a common (si-
multaneous) interim-report date. The current setting is quite different from
that of the lone firm, since now the voluntary release of information by the
it"-firm tells investors something about the other n — 1 firms.

A further novel feature here is that the firms face varying levels of noise in
their observations and have differing (known) precision, so there are compet-
ing disclosures of varying precision. There are now two new general effects
at work in this multi-firm setting; good news about the (common) operating
environment released by one firm implies other (correlated) firms are also
facing “good” conditions. Secondly, since an investor may now receive mul-
tiple disclosures about the common operating environment, the investor can
choose to assign greater weight to those disclosures that are more precise, and
hence this may in turn influence firms with imprecise observations to increase
disclosure (when their investor weighting is “low”). Thus, interestingly, the
effect of moving from the lone to the n firm setting shows that, while some
firms may rationally choose to disclose less (adopt higher cutoffs), others may
choose to disclose more (adopt lower cutoffs). Hence the multi-firm model
allows us to understand how variation in the precision, with which firms esti-
mate their common operating environment, has an important effect on how
the simple Dye cutoff needs to be modified.

A related class of models is based on costly state verification (CSV); the
idea, due to Townsend (1979), modeled via an Arrow-Debreu pure exchange
economy, identifies a cutoff for verified disclosures about some numeraire,
typically describing either consumption or an insurance claim and so — after



verification — known with certainty (in contrast to our noisy, albeit truth-
ful, disclosure). As the name indicates the CSV cutoff, while analogous
to the Dye IR cutoff, is instead determined by costs of disclosure. The
original multi-agent version in Townsend (1979) was extended in Krasa and
Villamil (1994) which also analyses, though in a different setting, agent co-
dependency. Pursuing the IR approach, Dye and Sridhar (1995) studied
disclosure in a multi-firm setting with a correlation between the informa-
tion endowments of the firms, created by an unobservable event, acting as
a probabilistic coordination device. Since in this IR setting the information
endowments are independent and the unobservable effect contains no infor-
mation about the economic activity of the firms, that model “precludes any
common ‘industry effects’ regarding the firms’ cash flows”, as the authors
acknowledge (page 161, footnote 9). Indeed, by introducing a second in-
terim reporting date, that paper’s focus is instead on how early voluntary
disclosures precipitate subsequent additional disclosures.

Recently the Dye-Sridhar model has been revisited by Acharya, DeMarzo
and Kremer (2011). These authors return to the single firm paradigm, but
with a second interim report date. They consider a further (noisy) public
signal of the firm’s true value, modeled to be equivalent to the firm’s ear-
lier private observation, but with its firm-specific noise removed rather than
filtered. (So this signal is correlated with the possible earlier signal.) They
then study the public-news effect on disclosure strategy. Near the end of
their paper, they suggest that the arrival of such a public signal may be
interpreted as a second firm’s information release and propose conjectures,
concerning bad news from the second firm precipitating disclosure by the
first. (See their Section IV.B.) They report that “the construction of the
[two-firm] equilibrium presents a significant computational challenge.”

By contrast this research, building on the no-arbitrage disclosure the-
ory established in Ostaszewski and Gietzmann (2008), constructs explicitly
a natural, equilibrium, n-firm extension (the constituent firms defining an
industrial sector) of the Dye 1985 theory, with noisy information, in which
the firm equity-values' are modeled as one-period log-normal distributions
(consistently with the Black-Scholes benchmark); a further co-dependency
between the firms capturing the common “industrial sector effects” (or com-

IThe Dye theory is suited to an equity-valuation focus, as use of the Dye cutoff can
be justified by no-arbitrage arguments — as discussed in Section 2.1, especially equation
(8). This distinguishes the approach from the alternative focus on how disclosure costs
determine a cutoff — see Bayer et al. (2010) for an overview of this literature.

3



mon operating conditions) is again modeled in a Black-Scholes framework
(i.e. log-normally). We will view a firm’s end of period return as composed
of an idiosyncratic contribution (independent of other firms) and a sector
contribution, moderated in the case of firm ¢ by a firm-specific ‘loading’ co-
efficient (loading index), «;, assumed non-zero. We refer to this common
contribution simply as the sector effect. (It is useful to regard it mathemat-
ically as a shared resource, appearing as if it were an (n + 1)-st asset/firm.)
At a common interim date the n firms partially acquire private information
about the end of period sector effect. Hence, as above, a disclosure by any
one firm, permits inferences about the sector and thereby also about other
firms. Consequently, the incremental effect of adding any one firm into an
industrial sector formed from the remaining n — 1 firms will be a dominant
feature of the n equilibrium-cutoffs (see the incremental inclusion effect be-
low). Our main concern is how this co-dependency determines the nature
of the n firms’ cutoffs for disclosing their privately observed (noisy) ‘sector
information’. Indeed, we trace the influence on cutoff levels of the firms’ es-
timate of the sector effect, observed partially (by firm ¢ with probability ¢;)
with noise a log-normal multiplicative input, having an underlying Gaussian
of mean zero and standard deviation o; (equivalently, precision p; := 1/0?).

At the heart of our approach is a decoupling theorem which replaces
the n co-dependent firms with n independent firms, where critically these
new hypothetical firms are assigned a modified (refined) precision and an
adjusted mean, which subsume all co-dependency effects, and result from
partial correlation analysis (cf. Kendall and Stuart (1976)), for which see
Appendix 5. Furthermore, the n hypothetical firms allow development of
intuition for moving from the lone to the n-firm industry sector.

The relative ease with which the n-firm cutoff can then be explicitly
calculated (see (1)) allows one to check how varying firm-precision affects
the likelihood of non-release of information, which is of itself price-sensitive,
since investors revise expectations, when no news is released. Firstly, when
the correlation is positive (all a; > 0), a good-news bandwagon effect is
shown to hold: ceteris paribus firms all choose a higher cutoff (relative to the
lone firm case) reducing the probability that they will release private news.
Secondly, there is an intuitively clear estimator-quality effect which leads to
firms being partitioned into below- and above-average precision (over the n-
firm population). Those with below-average precision are shown to adopt a
lower cutoff (relative to the single firm case), and thus ceteris paribus increase
the probability that they will release private news, with the converse holding
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for the above-average quality effect.

The i-th firm announces its observed value provided it exceeds its own
observation cutoff v,, whose logarithm is given by the following ‘weighted
sum’ of all the hypothetical firm log-cutoffs (“hyp-firm” below). We call this
weighted sum the i-th multi-agent induced cutoff.

log-cutoffy,, ;

= load-adjusted _precision-weight; X log-cutoffy, ., ;

n
+ Z load-adjusted _competitive-precision-weight; x log-cutofty 4., ;
j=1

More precisely, denoting below by g¢; the lone-firm Dye-cutoff of the hypo-
thetical firm j, one has

log g I Z” Kj log g;

lOg Vi = . ’
;R =1 Ko 0K —j

or, combining the weights, one has:

1 log gi log g,
logry, = — | ——29¢ E M =X-7 N 1
087 ko ) (1)

.y K_j
L e J#i o - —2
& (Ho-mi TR

Here, as above, o; is the power-loading coefficient reflecting the dependence
of firm-j returns on the sector (factor) returns X, taken functionally to be
X%, The weights in this sum, constructed from coefficients x; and k_;,
shortly to be defined below in (2) and (3), include the proportionate effects
of a firm’s precision p; both as compared with its competitors and also as
compared against the sector-effect’s precision py. The proportionate ratio is
determined by two familiar estimates (regression coefficients) that are used
by investors to infer the underlying (hidden) sector value conditional upon
the observed disclosures made by all the firms in the sector. The two sets of
coefficients are as follows:

i) One set consists of

ki = pi/p, where p =po+ p1 + ... + P, (2)

constructed from the entire set of firms (all the firms plus the sector — viewed
as an additional asset with its own variance, or precision py).
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ii) The other set consists of

ki =pi/(p— i), (3)

where the minus signifies omission, is constructed so that this coefficient for
firm 7 is obtained by excluding/omitting that firm from the sector.
Referring to a firm’s competitors as its ‘competition’, call the ratio:

/Li/ Ri

the firm-competition inclusion effect (f;CI); this measures a firm’s incremen-
tal effect on total forecast precision. The related coefficient

K-if (Ko + ki),

will be referred to as the firm-sector inclusion effect (f;ST). A slight re-
arrangement allows us to see the intuition for the terminology above:

B pi/(p = p) S , or equivalently boi D

, where p_; = p — p;,
Ki pi/p D —Di D—i

where p_; (minus for omission, again) refers to summing over the competitors
of firm 7. Likewise,
Ky D / Di + Po
Ko+ Ki P—Di Di

is, on the right-hand side, the ratio of the previously introduced firm-competition
inclusion effect (f;CI) to a correlation (i.e. sector-on-firm) effect on a firm’s
precision.

Thus, for instance when n = 2, one obtains a familiar regression coeffi-
cient:

- D1 B 0, 4
R1 = - T 3 ) —29 ( )
Pot+pr+p2 o0y"+0;"+ 0,
and its associate
D1 o1’
Koy = = —5——— (i.e. denominator omits firm i = 1), (5)
Po + D2 0g~ + 09
giving

K—i _ Po +p1+ D2
Kq Po + D2



The paper is developed as follows. In subsection 2.1 we briefly review
the Dye voluntary disclosure cutoff strategy for a single firm and a single
investor, when a manager observes operations with certainty. Here the op-
timal, voluntary, upper-tailed disclosure strategy of firm ¢ (disclosing high
enough value, say above some cutoff ;) is termed a +, strategy. In sub-
section 2.2 we introduce greater reality into the above setting by assuming
the manager can only observe the realization of some random variable 7;
that is a value-relevant signal, based on common operating conditions in the
industrial sector.

Since investors are concerned with their equity stake in a firm, we in-
vestigate the Dye theory as it applies to the bench-mark Black-Scholes log-
normal model of risky-asset values albeit in a one-period setting (a framework
inspired by the CAPM). The corresponding disclosure cutoff relates to in-
vestors’ estimates of equity value. This translates to a disclosure cutoff for
signals about returns. We find that passing back and forth (via logarithms)
between the additive arithmetic averaging of classical linear regression in
respect of normal returns and its log-normal counterpart — a multiplicative
geometric averaging of asset values — is straightforward and intuitive. The
non-linearity of the logarithm turns out to be highly tractable.

To help this back and forth argumentation, we follow the notation con-
vention that log-normally distributed random variables are denoted by upper
case letters and related underlying normally distributed variables by lower
case letters. Consistently with this, we use ®x and @1y and generally ®x
to distinguish between various probability laws (distribution functions): nor-
mal, log-normal, general.

Section 3 introduces the ‘factor model’ of a sector first informally and
then in general terms in order to identify the equilibrium conditions for the
cutoffs.

Section 4 specializes firm values and signals about values to be log-normal;
the driver here is one ‘sectorial’ factor, denoted X, common to all firms in
the sector, which accounts for the entire correlation structure of the model
(albeit varying across firms via the loading index ;) and so characterizes the
‘state of the sector’. Working in the n-firm setting, Section 5 gives all the
general results concerning the cutoffs. We summarize conclusions in Section
6.

There follows a more technical account in the appendices. Appendices
1-7 are devoted to developing some routine Black-Scholes type calculations.
We derive the form of the relevant log-normal regression function (a geomet-
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ric average), from which we deduce a key conditional hemi-mean formula.
These permit us to prove our main Existence Theorem, on the existence and
uniqueness of cutoffs for the signals. This relies on some partial covariance
calculations which relate more directly to the “precision matrix” of Section 4
than to the standard covariance matrix. Appendix 8 derives the Indifference
Principle characterizing a firm’s cutoff conditional on the cutoff behaviour of
the remaining firms.

2 The Disclosure Environment

We begin with a brief review of the Dye voluntary disclosure theory in its
original form (possible private information on the next mandatory report of
firm value) and its generalization to the context of a noisy signal of value,
and then we introduce multi-firm disclosure cutoffs - the main point here is
that the equilibrium disclosure of one firm will now depend on parameters of
other firms.

2.1 The Dye Cutoff: noiseless scenario

The Dye disclosure model assumes three distinctive times, which we label
0 = —1,0,1: ex-ante, interim-report date (e.g. a conference call) and ter-
minal date (e.g. ‘end of year’). (The dates § = +1 may also be interpreted
as timings just before and just after a known moment in time when the
manager of a firm may make a voluntary disclosure.) In the model a ran-
dom variable F', relating to firm valuation , has density ¢ (x), an associated
distribution function ®(z) and an ex-ante (i.e. at time § = —1) expected
value mp. A realization of the random variable is observed by management
at the interim time with a probability ¢, drawn independently of F, and
known to the market. Management’s decision whether or not to disclose an
observed realization of firm value z is a voluntary (strategic) decision. Dye
(1985) establishes that under continuity and positivity of ¢ there exists a
unique threshold value 7 at which management will be indifferent between
disclosure or non-disclosure. Here v will be called the Dye cutoff. The indif-
ference point is characterized by equality between a credibly disclosed value
~ and the valuation formed by investors when they face the non-disclosure
event (ND), denoted formally E[F|N D(v)], since investors at equilibrium
all conjecture that the cutoff policy is determined by . The latter is the



computed expected value of the firm, conditioned on the absence of informa-
tion (non-disclosure). This expression is a consequence of Dye’s assumption
that “investors cannot discern whether [the manager| has received informa-
tion but chosen not to release it or whether the manager has not received
information” (Dye 1985, §3). That is, the indifference is described by what
we term the Dye indifference equilibrium equation, or more briefly the Dye
Equation:

v = B[FIND(»)]. (6)

Under the assumptions above, this implicit definition of a cutoff value v in
fact determines it uniquely.

We retain Dye’s (1985) assumptions (see his §3) that “the current share-
holders prefer a disclosure policy which maximizes the [interim]|-period [i.e.
0 = 0] price of the firm” and that “this disclosure policy is adopted” by
management?.

Based on the assumption of a rational expectations equilibrium (in respect
of a conjectural threshold value v for the manager’s cutoff), Jung and Kwon
(1988) derive (their equation (7)) the equation satisfied by ~ to be

lgﬁmw—vwzﬂﬂw, (7)

where

Hp(t) :=E[t—-F)"| = /(t — 2)td®p(z) :/ Op(x)de.

<t

Hp(t) is the ‘lower first partial moment below a target ¢’, well-known in risk
management®. As this function is central to the Dye calculus, in our analysis
we refer to it briefly as the hemi-mean function.

Henceforth this paper takes the distribution ®r of the Dye framework
above as one that fully reflects the market price of risk at the three times
0 = —1,0,1, as above. That is, any contingent contract traded on the market
is priced by computing an expectation of the claim under this distribution
®p. This presumes the so-called complete market hypothesis to the extent

2The alignment of managerial and investor interests in respect of truthful disclosure
is arranged in Townsend (1979) and in Krasa & Villamil (1994) through the inclusion of
incentive compatibility conditions.

3See for example McNeil, Frey and Embrechts (2005), Section 2.2.4.
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of asserting that the distribution itself is an observable, i.e. there is a suf-
ficient range of traded instruments to select a distribution from a proposed
parameterized family, and so to identify the density of what is called the
risk-neutral measure (for which see Bingham & Kiesel (2004)). We regard
the risk-neutral measure as a summary of an underlying equilibrium market
model such as is described by Dana-Jeanblanc (2003).

The equilibrium choice of v dictated by the Dye equation is then equiv-
alent to the selection of the unique exercise-value 7 of the put E[(y — F)*]
consistent with the no-arbitrage valuation of the firm at E[F] on the ex-ante
date, when its manager is known to use some disclosure cut-off v at the
later interim date (for which see Ostaszewski & Gietzmann 2008 and also
Gietzmann & Ostaszewski 2011). This is because (6) is equivalent to

E[F] = 7pE[F|D] 4+ (1 — mp)7, (8)

where D = D(7) is the disclosure event complementary to N D(~y) above and
Tp is the probability of D(v).

The equilibrium choice of v is also characterized by the Minimum Princi-
ple of Valuation established in Ostaszewski & Gietzmann (2008) in the form
that investors “discount the value of the firm down to the lowest possible
value consistent with whatever discretionary disclosure is made”, which is a
re-interpretation of the Grossman and Hart (1980) unravelling result.

The Dye cutoff is thus an optimal put-strike (cutoff) in the no-arbitrage
sense (i.e. in the ‘risk-neutral valuation’ sense of finance). Indeed, the Dye
model creates a formal ‘option to disclose’ with its cutoff playing a role
analogous to that of a financial put’s strike price. This justifies referring
to the Dye cutoff as an optimal cutoff in the no-arbitrage sense. Moreover,
recognition of this equivalence allows us to trace the dependence of the Dye
disclosure option through the dependence of a put on its strike price (cutoff).

The hemi-mean function has the traditional hockey-stick shaped payoff
(in view of put-call duality): it is call-like. The standard Black-Scholes put
option is thus a central tool. (See Appendices 2 and 7.)

As a guide to intuition, the following result identifies the statics of the
cutoff in a simple context; this generalizes an observation of Penno (1997)
for the special Gaussian case.

Location-scale cutoff standardization theorem®. Let ®(z) be an

4Proof available from the authors.
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arbitrary zero-mean, unit-variance, cumulative distribution defined on R. For
the location and scale family of distributions ®p(*>F), with mean p and
variance o2, the Dye cutoff v(u, o, \) satisfies
l—gq
Y(p, 0, A) = pp— c&(N), where A = ——|
q
so that
§(A) =—(0,1,4) <0

18 the cutoff when standardizing to zero mean and unit variance and s a
function only of the odds A. The standardized cutoff £(\) is a convex and
decreasing function of \ satisfying

where Hp(x) = ffoo O (t)dt is the corresponding hemi-mean function.

Thus, ceteris paribus, the larger is the precision (equivalently, the smaller
is the variance 02) the closer the cutoff v is to the mean .

2.2 Modified Dye Cutoff: noisy scenario

In a multi-firm environment there is scope to study differences in disclosure
strategy arising from underlying differences between the firms. We model
the differences by choosing to assume that if the manager of firm ¢ observes
a signal T; of firm value he/she does so with noise and the primary source of
difference between managers will be the manager-specific noise. We follow
the standard Dye assumption that all disclosures are truthful — what differs
here is the “quality” of those (forecast) disclosures, since some may have
relatively low precision. We also note that we implicitly assume that the
underlying information endowment variables I; which take the value 0 or 1
according as firm ¢ does not/does receive its signal T; are also independent
of all of the preceding random variables.

The noisy signal setting can fortunately be analyzed with a straightfor-
ward modification to the Dye calculus requiring two steps. First, we observe
that the single-firm framework above can embrace observation of a noisy
signal by a re-interpretation of F'; that is, F' may validly be replaced by a
noisy signal of the true value F', say by T' = T'(F,¢), where € models noise.
Then one may deduce the existence of a cutoff v, above which a noisy signal
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T would, in equilibrium, be voluntarily disclosed. Given a disclosure in such
an environment, investors would then form expectations conditioning on the
reported noisy signal, and the market values the firm as E[F|T] rather than
as E[F]. That is, referring to the regression function pup(t) := E[F|T = t|,
the valuation assigned to the firm is given by the estimator F**' := p (7).
If, however, no disclosure occurs, then the market valuation is pp(7y4). The
classic Dye disclosure calculus remains valid in this more complex noisy set-
ting, provided the F' in Dye’s model is re-interpreted, not as the true firm
value, but as F***, the estimated firm value given T'. This requires that . (¢)
be a strictly increasing function®. Similarly, all that needs doing in the Jung
and Kwon equation is to replace Hp by another, related, hemi-mean function
Hrpest; this yields a cutoff e for the estimator F*, defined implicitly by
the amended Jung and Kwon equation. Then 7pe: = pip(yp) with v, the
disclosure cutoff for the actual signal 7'

3 Simultaneous Dye equations with multiple
conditioning

In this section we consider a sector of n firms and apply to it the Dye theory
with the noisy signals of the last sub-section, to yield a set of n simultaneous
Dye equations in n Dye cutoffs. We assume a common time structure for the
firms: the interim-report date is identical for all companies. That is, their
voluntary disclosure/non-disclosure occurs simultaneously.

We begin informally (see below for a formalization) and assume that each
firm 7 in the sector has a probability ¢; of seeing a noisy signal T; of what
is the common ‘sector value’ X. Each firm i selects a disclosure cutoft v,
for T; and we consider the equilibrium profile of choices v = (v, Vg -y Vn)
of cutoffs which leads to each manager ¢ being indifferent between disclosing
and not disclosing an observation of 7; = v, conditional on all the other firms
J observing T = 7, and making a disclosure of ~;.

In our model it will be the case — detailed in the next section — that
equity value is proportional to sector value. Hence, the equilibrium condition,
generalizing (6), is that for each 7 :

BLX|T; =, for all j] = BIX|NDi(y)]. (9)

This establishes a condition validating the replacement of X by E[X|T], suggested
also by Acharya et al. (2011) in their footnote 2.

12



See Appendix 8 for a formal approach. Here N D;() denotes non-disclosure
by firm ¢ while all the remaining firms j (i.e. Vj # i) disclose the received
signal T; = 7,. That is , the valuation is unaltered if firm 7 switches from
disclosing its cutoff v, to non-disclosure while the remaining firms continue
to disclose their Dye cutoffs.

Denote by 17, the indicator of the event that 77 < ~, and introduce
the regression function

fix (ty, - ) = B[X|T; = t; (i)},
so that the left-hand side of equation (9) is then gy (4, ..., 7,). Since
Pr(Ty < v[ND1(v)) = E[1T1<v1’7} = 'Yj(vj > 1)],

the conditional expected value on the right in that equation reduces for i = 1
to

(1 - QI)E[MX<T17 ROTREY Vn)’ND(l)(fy)] + Q1E[MX<T17 BOIRET 7n)1T1<’71 ’ND%(’V)]
(1= @) + @E[l7, <, [N D1 (7)] 7
where the superscript indicates conditioning on the information endowment

variable I; being 0 or 1 (cf. Sect. 2.2). Here we have used the conditional
mean formula (law of iterated expectation) to obtain

BIXIT) = (v > 1)] = BEIX|(T; =7,(%) > D), TiT; = 7,(% > 1)
= E[/’LX(T:l?’YQJ 7’7n)|irj =7 vj > 1}

Setting
1 (V2s - V) 7= Bl (T1, 72, - 7)) IN D1 ()], (10)
after a simple manipulation the Dye equation takes the form
l—aq
” (1 (v2s o) = 1 (V1505 V) (11)

- / (ox (V1 s Yn) — tx (B, Vg V) ) APry (E1 ] Yoo, Vi)
t1<v1

Here the the right-hand side may be viewed as a generalized lower partial mo-
ment, or briefly the hemi-mean function of the estimator X1 = px (71, V5, .oy V)
assuming that the regression function py is strictly monotone in each vari-
able. Hence,

M1<72>-~-,'7n) = E[X1|(T‘J = ij(v] > 1))] = E[MX(T1a7277’7n)|ND1(’y)]
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The change of variable t; — 7 given by =1 = pux(t1,79,-.-,7,), transforms
the Dye equation for v, (as a function of v,,...,7,) to an equation for the
transform vy, of v, in the original Dye format of Section 2.1:

1—q
q1

(/111(’727 7777,) - xl) = HXl (‘Tl)7

with solution 1 = fix (V1 (Vay ooy Yn)s Yoy s Vi), Where
Hy(0)i= [ (6= 22)d, (1] ).
r1<t

The transformed equation has a unique solution x below i, (vy, -..,7,,), since
Hx, (x1) is positive, increasing and convex (‘call-shaped’), whereas the linear
expression on the left-hand side is decreasing in x;. Thus, just as before,
determination of the cutoff reduces to determination of the hemi-mean func-
tion.

The approach above, specialized to a log-normal setting in the next sec-
tion, allows us to reduce the hemi-mean function of 7 to the standard Black-
Scholes put option associated with X;; we note that the hemi-mean function
of T1 would be recognized by Fishburn (1977) as a general risk-measure (for
below-target ¢ risk).

4 Modeling inter-firm correlation

So far the analysis has been conducted in a general setting. We turn now
to the benchmark model of mathematical finance, the Black-Scholes model,
based on Brownian motion as driving noise, so on an underlying normal /Gaussian
error structure and so log-normal distributions; see e.g. Bingham & Kiesel
(2004) Ch. 5-6. Other workable exponential variates that permit the benefits
of a multiplicative structure could be considered.

The model setting of a sector comprises firms ¢ = 1,2,...,n and their
values at terminal time # = 1 are represented at the ex-ante time § = —1 by
the random variables Fi, Fy, ..., F},, which are decomposed into two factors.
One factor captures the ‘sector’ correlation effect and the other a firm-specific
effect so that, on incorporating a firm-specific sector loading indexr «;, one
has

F; = [; X" Z;,
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where f; is a scale factor® and X, 7, Zs, ..., Z,, are log-normal independent
random variables with unit mean so that E[F;] is the ex-ante expected ter-
minal value. (So by Appendix 2, E[F}] = f; exp[3a;(o; — 1)03)].)

Hence, at the interim date, since X and Z; are independent, investors
value firm 7 at

E[F;|all disclosures|] = E[f; X" Z;|...] = f;E[X]...], (12)

i.e. proportionally to their estimate of X .

In modeling the varying disclosures by firms, there could be multiple
sources of variation driving differences in disclosure (cf. Section 2.2). In order
to provide stepwise development of intuition, we specialize our focus to the
case where the firm-specific factors Z; are all independent (so uncorrelated),
and thus investors are concerned about the correlation between the signals
T; to the extent that they provide (conditioning) information on sectorial
performance. Within this framework, we are able to derive some remarkably
clear intuitive results, which we suggest provide solid foundations for analysis
of environments with more complex correlations between all the variables.

Formally, assume the manager of firm ¢ receives with probability ¢; a
signal T; about the terminal value of the sector condition, X. We introduce
manager-specific noise in the form of a multiplicative factor Y; so that:

T, = XY,

where X (also referred to below as Yj, for notational convenience), Y;, Z; are
all independent”. The value of T}, if disclosed (that is to say: observed and
above the optimal cutoff), is then conditioned upon in equation (12). We
assume that X, Y; are also log-normal with unit mean and that

L g2 .
Y, =e%"i72% fori=0,1,2,...,n,

with wvg, v, ..., v, independent N (0, 1) variables. That is, the co-dependence
of the signals T, ..., T, is explained by vy (which corresponds to a ‘sector-
wide’ effect). Equations such as these are to be viewed as defining a trans-
formation, which provides a natural link between our work in the log-normal

6This scale factor allows us to study firms standardized to unit mean.

"So T; is standardized to have unit mean. For a; # 0, this is equivalent to a signal
generated from X by multiplication with noise; it suffices to replace such a signal by an
alternative version obtained by a suitable power and scaling transformation .
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domain and standard regression theory, for which see Bingham & Fry (2010).
We refer to the parameters o; as volatilities. This is informed by viewing Y; as
being the time § = 1 discounted value of a Black-Scholes asset with dynamic

Y;(e) — emm(@)f%afa,

where 0 measures time and v;(0) is a standard Wiener process (Brownian mo-
tion). Thus the earlier symbol v; is interpreted as v;(1), i.e. the time § = 1
sampled-value of the process. This view entitles us to interpret the parame-
ters o; as volatilities of the corresponding returns dY;(0)/Y;(0) evaluated at
time 0 = 1.
It follows from our assumptions that
T, = YoV, = coon-dodeoini—ho? _ conui—tod
)
where
Oo;W; = Ol -+ o,;U; (13)

and w; ~ N(0,1). We will need to know that the correlation p,; correspond-
ing to the covariance cov(w;, w;) is (as in Lemma A1.1)

7%

pij = cov(agvy + 005, Tovy + 0405) = . (14)
00:00j

Under our modeling of co-dependance the correlation matrix (p,; )i j<n, which
would appear to introduce a standard but intractable formalism, turns out

to be equivalent to a very simple precision matriz:

P1+ Do D2 Pn
D1 P2+ Po Pn
D1 D2 e Pnt Do

See Appendix 4 for further details.

5 Log-normal Simultaneous Dye equations

Having now modeled the correlation structure of the signals received by the
firms, we next begin an analysis of the simultaneous system of Dye equations.
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Since these refer to conditioning on the signals of other firms, we are first led
to considering the form of the multi-firm regression function.

For the above log-normal noisy signals model it is straightforward to show
(see Appendix 3) that the regression function introduced in Section 4 has a
simple multiplicative power format:

,uX<t1, tQ, 7tn) = E[X|T1 = tl, ...,Tn = tn] = Ktlfltgn,
and, more generally, after inclusion of an « loading exponent:
) g Y, g exp
/,Lg((tl,tg, ceey tn) = E[XQ|T1 = tl, ...7Tn = tn] = Katiml...tznn,

for some explicitly derived constants K, K, (given in (16) and (17) in Prop.
A3.3), i.e. these are independent of the variables t; (with the x; being the
classical linear regression coefficients for the underlying normal random vari-
ables, as per (2) in Section 1). Likewise (i, (.), defined in Section 4 by equation
(10), also has a power format; more generally, with « replacing the loading
index o of firm 1, one has:

M?(’)/?’?f)/n) : :E[Kanfﬁngnn|T2 :7277Tn :’Yn]
= Ko™ BT T = vy, T = ]
O e A e

Here again the further constants L_; are explicitly derived (in Appendix 6),
whereas the 1’ , are again classical linear regression coeflicients corresponding
to omitting firm ¢, as per (3) in Section 1 — see equation (15) in Appendix 1
below. Thus the Dye equations may be shown to have a tractable form after
transforming t; and 77 to s; and S via

QK1 . k2 Qkn,

S1 = fhya(t1, Vg, -..) = Kot 5" y0

Here 7v,, ..., 7,, are multi-firm equilibrium Dye cutoffs and ¢, is a free variable.
Then

QK1 . 0K2 Qkn

Vs, = Vs, (Vas ooy V) = Kalv1 (Ve 7)) 102" ™,

where v,(...) is the Dye cutoff for firm 1 when the remaining firms follow a
7, cutoff strategy. From these explicit formulas we develop the simultaneous
log-normal Dye equations and solve them in Appendix 7.
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6 Hypothetical-firm induced cutoffs

This section introduces the lone n hypothetical firms of Section 1 as a tool in
deriving and interpreting the multi-agent induced cutoffs. We then deduce
the bandwagon and estimator-quality effects that sector correlation has on
the actual individual firm cutoffs.

We write w for the vector (wy, ..., w,) of the underlying normal random
variables defined by (13) and w_; for the same vector with i-th component
omitted. After some analysis conducted in Appendix 7, it transpires that the
following change of variable:

2 n_o_
Y =5/ (Lq”y;l(ml ”2)..721(“*1 H")) , ... etc., mutatis mutandis,

transforms and uncouples the Dye equations of Section 3 in the log-normal
setting to a system in new variables y;:

l—qi :
q‘q (1 —v;) = Hix (yi,%ﬁz‘%i\/ 1—- P?) , with o, = 0§ + 77,

where 1—p? is the partial covariance of w; given (w)_;, as defined in Appendix
5 (and given by an explicit formula there) and Hpy is the log-normal hemi-
mean function given explicitly by:

Int+ o2 Int — Lo2
Hix(t, o) = 1® (H_U)_q,(n_a)

o o

We call k;00;1/1 — p? the refined volatility and refer to the corresponding
precision as the refined precision. To standardize, we let 4 = 4,y (A, o) solve
the single Dye equation

]_ _
M1 —4) = Hix(5,0), with A= —2,
q

Thus the decoupled system has solution

Yi = YN ()\iv Kiooin/ 1 — PZQ) :

From here one deduces the following result which yields the ¢-th multi-agent
induced cutoff of the Introduction; see Appendix 7 for the derivation.
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The Existence Theorem (Multi-firm Dye Equations). In the set-
ting of this section, the simultaneous Dye equations have a unique solution
and the disclosure cutoff ~,; for the signal T; is given by

lo i 1 K K Kn
log y; = —>7 +—( ——log g1 + ———log gs + ... + loggn>,
;R Rg \1kK_1 QoK _9 anK_n
where
N 2 1 - q;
g9 = 7YLN (/\l, QR0 0; 1-— ,OZ)L_Z and /\z = (the OddS),
qi
L, = exp ((n — Da; + a(a; — 1)) exp (_nai + a; (o — 1)) |
2(p — pi) 2p
(the ‘amended mean’ — an adjustment coefficient for the cutoff),
and where:

Ain(A, o) denotes the solution of the following equation in y :
)‘(1 - y) = HLN(yu 0)7

ki = p;/p (the regression coefficient of w;),

k_i = pi/(p — pi) (the regression coefficient resulting from the removal of
firm-i’s contribution from the total precision),

1 — p? is the partial covariance of w; giwen the remaining variates w.

We can now trace the effect of sector correlation on multi-firm cutoffs via
the partial covariance and the mean-adjustment coefficients. In view of the
cutoffs g; appearing in the theorem, we refer to a firm with refined volatility
kiooin/1 — p? and with amended mean L_; as firm-i’s related hypothetical

firm.

Bandwagon Inflator Theorem. The presence of correlation increases
the precision parameter of the cutoff and hence raises the cutoff:

An (A 00i) < Arx (i, Kiodoi) < 1N (/\i, Kiooiy/ 1 — P?) :

Proof. Indeed, o¢; > k;00; (as k; < 1) and also p? is increasing in p; (see
Appendix 5). The result now follows, since 4y (A, o) is decreasing in o (by
the cited result of Jung and Kwon (1988)). [J
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When the correlation is positive, there is also a counter-veiling precision
effect on the related hypothetical firm’s cutoff when the actual firm has below-
average precision.

Estimator-Quality Theorem. Suppose that n > 2 and «; > 0 for
all i. The amended mean of the hypothetical firm i is increasing in p; with
bounds given by

. a; 1 —f- il — i
exp (—L) < L_; <exp (—nﬂ) , where p,, _; 1= P—p ,
2(p - pz) 2pav,—i

and 1 particular if the loading index is identical for all firms, then
L_; < L,j lffpZ < Dj-

Otherwise, if 0 < oy < a; and p; < pj;, then also L_; < L_;.
The amended mean is a strict deflator, i.e. L_; < 1, iff p; is below the
loading-adjusted competitor average, i.e.

p
Ll = Vi
P n—14+q; Pav,i

so that for o; =1 one has puy_; = p/n.

(n—l)ai—&—ai(ai—l)) is
2(p—pi)
independent of p; and in the second factor the expression a;(a; +n — 1) is
positive for a; > 0 (for n > 1). The substitutions p; = 0 and the limit as
p; — o0 yield the bounds quoted.

Noting (for p; > 0 all j) that

Proof. The first claim is clear as the factor exp(

(n—1Da; + a;(a; — 1) _ no; + a;(a; — 1)

2 IOg L—i =

(p—pi) p
_ pln—1)+pa—1) = (p—p)ln+ (o — 1)
' p(p — pi)
_ piln—1+a]—p
' p(p — pi)

one has, since «o; > 0, that L_; < 1 iff

b
i < —————— = Dav-
p n—14«q Pav,
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Furthermore, the same calculation shows that L_, < L_; iff

piln—1+a]—p  piln—1+a]-p

Q; < &
p(p— pi) 7 plp—pj)

iff
ai(p —pj) (piln — 1+ ;] = p) < a(p —pi) (pi[n — 1+ 5] — p).

Thus if 0 < a; < «j and p; < p; then one has o;(p — p;) < a;(p—p;) and
also as n > 1 that p;[n —1+a;] —p < pj[n—1+ ;] —p, sothat L_; < L_;.
If 0 < a; = a; = «, writing p,, for p,,; the inequality reduces to

(p - pj) (p’L - pav) < (p - pz) (pj - pav)

or, on expansion, to

pav(pj _pz) < p(pj _pz)
But, n > 2soone has 1 < n —1+ a and so p,, < p. Thus L_; < L_; iff
Di < pj.

Remark. For p; > 0, the expression «o;(p — p;) (pj[n — 1+ ;] —p) is
increasing in «y;. Thus it is possible to have L_; > L_; holding when p; > p;,
but for «; sufficiently small and positive.

7 Conclusion

Moving from the case where an investor evaluates only one signal from a firm
operating in a given sector, to a case where the investor evaluates multiple
signals from n firms all operating in the same sector affects the nature of the
optimal disclosure policy. In terms of the type of information that is disclosed
in this one-shot game, the first effect that we identify is referred to as the
bandwagon effect. With multiple firms the chance of any one firm disclosing
good news has the effect on all the firms of increasing their disclosure cutoffs
(i.e. the cutoffs below which the firms do not disclose); this is because of the
sector correlation.

The second effect arises because we model the managers of the firms as
disclosing ‘competing’ estimates of the common sector conditions, though
with different precisions. In such a case of multiple signals of differing pre-
cision we show how the investor will direct attention to the more precise
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estimates that are disclosed. The key differentiating level of precision is
shown to be the average precision across all firms; thus it is natural to refer
to above average-precision firms, having (ceteris paribus) a higher cutoff and
disclosing less, and to below-average firms, having a lower cutoff and needing
to disclose more.
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A1l. Some parameter interrelations

Below we collect a number of useful relations between various parameters.
Recall that ; and k_; were introduced by equations (2) and (3) in §1. We
will also need

Wi =i/ (p = P, (15)
so that k_; = K’ ,.

2

Lemma A1l.1. For o3, := 02 + 07 as above, one has for i,j distinct

1 og

2
— p00iWi—3500; ] P —
T; = €70 2%i with p;; 1= cov(wy, w;) =

)
00i00j

where w; is of zero mean and unit variance.
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. _1,2 s — L 52 . .
Proof. Since T; = XY, = 70" 2%¢e%vi72% (for i = 1,2), we may write
1. 2
. _00iW;— 508 . 2 . 2 2
T; = €707 2%i  with oy, := oy + 07},

where w; = (ogvg + 0;v;)/00;. Now w; has mean zero and unit variance, as
var(cogvg + ov;) = g + 02 = o2;. Hencefor distinct i, j

P =

2

ool + 0;V; Oy + 0,0, o
pij = Blw;w;] = cov(w;, w;) = cov( 00 et UL Aot A
O0q Ooj 00:00j
Lemma A1.2. One has
K, — Ky = K K.
Proof. Indeed, one has
Ky =y = % ~ept (p__ .pi) - pifj 5 = KL
p—pi D plp—pi)  plp—pi)

For the n = 2 case, write temporarily h; := r_1 and hy := k2| = pa/(po+
p2); then we have:
Lemma A1.3. In the n = 2 case with p = p;5 as in Lemma Al.1,

PO01

002

- hg.

Proof. One has, on dividing by o202 in the last step, that

2 2
POo1 Og Og P2

2 T 3 7 = :
002 Ope Op+03 Po+D2

In what follows note that, since h; < 1, one has h1hy = 1iff hy = hy =1
in which case either 02 = 0 or py = 0. These correspond to one of the two
degenerate cases of either infinite precision of managerial vision (no noise in
the observation), or infinite variance in the sectorial factor.

Lemma A1.4. In the n = 2 case, one has

1—p? =1— hihy,
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so in particular the two signals are perfectly correlated iff hihy = 1 iff po = 0.

Proof. Noting that

1 1 +
031 _ - Po T D1
Po D PopP1

one has .

g y4i D2
061002 Po+P1 Do+ P2

So that p? = 1 iff p1ps = pZ + popa + p1po + pip2 iff 0 = po(po + p1 + p2).

Lemma A1.5. For i,j distinct one has:

Di bj
po + pi) (po + ;)

2

09 Di 2
— = —— and p;; =
og;  (po+pi) T

Proof. By Lemma Al.1

‘73 _ 1/po 1 Di

og;  (1/po)+ (1/pi)  1+E (po+pi)
hence in particular

Yo U%j (po + pi) (Po + py)

7

Lemma A1.6 When n =1 one has

1 2 1 2 1
6551(51—1)001K _ 6551(n1—1)001 exp ( _) =1.
' 2(po +p1)

Proof. Since

1 1 +
=i toi=—r—=0"N
Po D1 Pop1

one has

P1 Po Pot+D1

_po +Pp1Po+ D1 PoP1
1

_p0+p1'

ka1 —1)og, =
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A2. Log-normal preliminaries

2

ou—50

We will always represent a unit-mean log-normal variable in the form X = e 2

with u standard normal. Then

] 152
Pr(X <z) = & n(z,0) := Dy (M) :
o

where ®y is the standard normal (cumulative) distribution and @y the log-

normal. It follows from the Black-Scholes formula for a put with strike z and
1

unit time to expiry on the underlying X; = e“**~27°t that

HLN<I,O') = /t; (I)LN(t,O')dt:/t< (l'—t)dq)LN(t,O')
= Bl - X)")

— 2Dy (w) o (M) |

o o

Consider now the power transformation ¥ = X" for 0 < x < 1; then with
5 = Ko,

Yy — naufénoz — efém(lfn)ojesuf%sQ

e
6—%5(1—/{)022
That is, the new variable has reduced mean

m=m(k,0) = e%”(”_l)UQ,

and is the product of this new mean by a log-normal Z with mean 1 and

log-variance *0*. Now logY = $k(k — 1)o? +log Z, so

1
Pr(Y < z)=Pr (/@au - 5%;02 <log x>

log(z) + %/WQ) by <u - log(x/m) — %/4;202>

RO RO

= Pr (u <
= (DLN(aj/ma/iO—)'

Thus one should bear in mind that if ¥ = X* for X log-normal with unit
mean and log-variance o2, then

2

Oy (x) = CIDLN(xe%”(l_“)" ,KO).
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Finally, we must find Hy(§) = f:c<§ Oy (z)dr = fz<§ O n(z/m, ko)dx.
Put t = z/m, then

Hy (&) :/Kgq)y(:z:)da::/x<§®LN(x/m,f€a)d:c

= m O N(t, ko)dt = mHN(E/m, ko).
t<&/m

We record this result as:

Proposition A2.1 (Exponent effect). If X is log-normal with volatil-
ity o, then X" has volatility ko and hemi-mean function

HXR (t) = mHLN(t/m7 K/O'), for m = eféﬁ(lfn)a.z

A3. Log-normal Regression

Recall from Appendix 1 that T; = 70 wi=39%:  To study conditioning on
T;, we take logarithms to pass to the underlying normal variates: 7; :=
log T; + %a%i = ogw; = ogvy + o;v;, and likewise pass from X = Y, =
7038 to ¢ =log X + %0% = 0(gvp. For completeness and to explain our
methodology here, we derive a classical regression result concerning these
underlying normal variates. We write

£est = E[£|7'1, ceey Tn] = lilTl—i-...—'—/inTn, = Kll(00?]0+O'1'U1)+...+/€n(0'0110+0'n?}n),

and our first result confirms the coefficients «; as validly given in the Intro-
duction.

Proposition A3.1. For the coefficient r; defined in (2) it is the case
that
E[€|T1, ) Tn] = K1T1+ ... + KpnTp-

Proof. Indeed,
£ = B[¢|r1, ..., Tn] = K171 + ... + KnTh.
Hence

BT = Elri(oove + o101)(0ove + 0101) +

+KJ2(O'0UU -+ 0'1'111)(0'01)0 -+ 0'27]2) “+ ...+ Hn(aovo —+ 0'11)1)(0'0'1}0 —+ O'nUn)]

2 2 2 2
= ki(of + 07) + K2of + ... + KnOp.
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But, by the conditional mean formula,

E[r1£%] = E[nE[¢|ry, ..., 70]] = BE[r1€]71, ..., 7]
= E[r&] = E[(oovo + 01v1)00v0] = 02
Comparing, we obtain
k1(0g + 07) + Ke0g + ... + Knop = Tp.
Dividing by o2 and setting k; = k;/p;, we obtain
k1(po + p1) + kapa + ... + knpy = 1.
More generally, for each
kapr+ .+ ki(po + pi) 4 - 4 Fnpn = 1,
with solution k; = 1/p, as asserted.
Proposition A3.2 It is the case that
BIX|T) = ty,..., T, = t,] = Kt ..t

where

> . with py, 1= Lot T Pe (16)

n

1
K =exp (2

av
Proof. Taking logarithms of the corresponding normal regression for-
mula, we observe that the regression function E[X|T7, ..., T,] has the form:

KT\"*..T, ™,
for some constant K or, since T; = XY, with Yj for X,
KY ety Y = KYg oy v,

Since E[Y]'] = E[e7i~277] = ¢27770~1) = ¢270-1/pi | by independence and
the conditional mean formula, one has
1
= E[X]=E[E[X|T,...,T,]],
= E[KT... T, using B[ X|T,...,T,] = KT7*..T;"
= KE[Y,; ™|E[Y,"].. E[Y,*"], using Ty*... T = Yy t-teny  yrn,
1 [ (ko — 1)Ko N k1(k1 — 1) En(kn — 1)

= Kexp- 4o
2 Do D1 Dn
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since kg+K1+...+kK, = 1,80 that (k1+...+k,) (K1+...+ K, —1) = —Ro(1—FKo).
But, since x; = p;/p,

Ki(kg —1) 1 (Pi ) pi—p

=1
p

Di p

one has

Ko — 1)K Ki(k1 — 1 Kp(kp — 1
(Ko = Dko  malsa=1) Fulin— 1)
Do D1 Pn
— — n — —(n+1 -n n
R L et SR et (2)p: w__n
p D p p p p

So, we may now identify K from:

1= Kexp (—22)
D

In fact we have also shown

Ke%(f‘le+~.+I€n)(l€l+.-.+l€n—1)o'g H e%'{i(ﬁi_l)"? 1
7

In particular for n = 1 one has
Kebmtn=ba _ 1.
More generally one has the following.
Proposition A3.3 It is the case that
E[XYTy = t1,...., T, = t,] = K 1™ . tomn

where

K. = exp <a—|—a(o¢ —1)/n
2Pay

) , with p,, = u, as before. (17)

n

Proof. As before, one has

aB[€|T1, ..., ) = Blak|T1, ..., Tn] = ak1T1 + .. + QB Ty
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Taking logarithms of the corresponding normal regression formula, we ob-
serve that the regression function E[X“|T, ..., T},] has the form, for K, some
constant:

KTy T,

or, as T; = XY, and writing Yj for X,
Ka}/[-)oml-‘r..-‘,—omn leoml “.Ynamn _ KaYba(lfﬁg)Y—loml .“Ynomn.
Note that

_apjap; —p asi(ak; —1)  ap;—p
aki(ar; — 1) = — or =« :
p p Di p

Since B[Y;] = B[e"i~277]] = 2917 0~1) = ¢370-D/pi one has
E[X?] = e%01(6%1)/1)07

and so, by independence and the conditional mean formula,

phala—1)/po
= E[X°] = E[E[X°|T}, ..., T.]],
= E[K T T, using B[X|Ty, ..., T,] = K T ... T
= K EY TRy ]. BlY, "], using T ... To%n = Yt tamyan | yasn

_ Kaexpg {(/4;1+...+nn)(anl+...+a/ﬂn—1) N ki(aky — 1) L
2 Po h
Kn(ak, — 1
oo 0]
Pn
Now
+ ... +p)laki +...+ak, —1 ki(aky —1 Kn(ak, — 1
[(pl pn) (ks )Jr 1(aky )+...+ ( )}
Pbo b Pn

- apy + ...+ ap, — ap; — ap, —
_ {(p po) (apr ~ap p)+(p12 p)+m+(p2p)}
Po p p p

1

= pz—po[(p—po)(apl+---+apn—p)+po(ap1—p)+---+po(apn—p)]
1

= pg—po[(p—po)(ap1+...+apn—p)+po(ap1—p)+---+po(apn—p)]
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But

(p —po)(apr + ... + apn — p) + polapr — p) + ... + po(ap, — p)

po(—apy... —ap, +p+api —p+ ...+ ap, — p) + plapy + ... + ap, — p)
= po(p —p... = p) +plapr + ... + ap, — p) = p(po(1 — n) + a(p — po) — p)
= plpo(1 —n) +pla — 1) — apo] = p*(a = 1) + ppo((1 — n) — ).

So
la(a—1) a
exp-——— = K,exp p(a—1)—ppo(n — 14+«
S s r (0 = ) = po(n = 1+ )}
_ Kaexpg(a—l_n—l—i—a).
2 Po p

Finally, we have identified K, as

K. — eng(&—l_(a—l_(n—l)—i—a))
2\ Po Po p

A4. The precision matrix
In each of the next two appendices, we will refer to the matrix
P,(x) =P, —«I,

or P,_1(x), the principal sub-matrix omitting the last row and column, where

b1 P2 ... Dn

pP1 P2 ... Dn
Pn = . . . .

b1 P2 ... Dn

In applications we shall have p; > 0 for all 7, since p; will be the precision
parameter 1/0?. In one context, we shall see that P,(—pg) is related to the
covariance matrix @, = (p;;)ij<n- In a further context we shall see that P, (p),
with p = po + ... + p,, the total precision, is at the heart of the equilibrium
conditions for the multiple Dye cutoffs. It is easy to solve the equation
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P.(—q)z = s, but to see that the solution is unique we first check when such
a system is non-singular.

Proposition A4.1. For any n, the characteristic function of the matrix
P, is
det(P, — 2l) = (—=1)"2" Hx —p1 — ... — pn),

equivalently
det(P, +zI) = 2" Yo +p1 + ... + pp).

Proof. As P is the (singular) matrix all of whose rows are (pi,...,p,), it
has rank 1 and so nullity n — 1, hence has only one non-zero eigenvalue, say
), the others being zero (with multiplicity n — 1, since the null space is the
eigenspace to the eigenvalue 0). Hence, since the trace of P is the sum of the
eigenvalues,

A=tr(P) =p1 + ... + .

Thus the characteristic polynomial of P is seen to be
det(P —zl) = (—=1)"z" Hx —A) = (=1)"2" Yo —p; — ... — pn).

The leading coefficient is verified by a comparison of both sides (which also
identifies A as the trace of P). [J

The following result, used several times in the paper, is an immediate
corollary.

Proposition A4.2. The simultaneous system of equations
P11+ o+ (P + Qui + o+ Pun = S5,

has, for any non-zero parameter q such that p, := q¢ + p1 + ... + pp #0,
the unique solution

S; 1
x; = — — ¢, where ¢ = —(p181 + ... +pn3n)'
q 4Pq

Proof. The solution formula is easily checked. By Proposition 1, the
solution is unique as det(P, + ¢I) =¢" '(p1+ ...+ p,+¢q) #0. O

In particular we have:
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Proposition A4.3. For p=po+p1+...+p, #0 and p_,, = p—p, # 0,

one has
[ p—p1 _ P2 _bn
pop pop pop
P.(=po)~" = z .. ¢ |, and likewise
p1 P—Pn
L pop Pop
[ P—n—P1 __ D2 _ Pn-1
popP—n pop—n " POP—n
-1 _ . . .
Po1(=po) = : . :
_ b1 P—n—Pn-—1
L PoP—n PoP—n

Proof. For the purposes of this proof only, let m denote one of the
numbers n or n — 1. Correspondingly, let p := py + p1 + ... + pm, which
denotes p or p_,, as the case may be. Inversion of P, (—po) = P, + pol is
equivalent to solving (P, +pol)x = s specializing s one by one to the natural
base vectors. Writing s = (s1, ..., s,,)7, we solve the equations:

x4 o+ (Pi +po)Ti + oo F P = S

Putting
Si
T, =—+ C,
Po
one finds that ¢ must satisfy for each ¢ the equation

1
pc+ s; + p—(P1S1 + oo 4 PmSm) = i,
0

implying that

¢ = _(plsl_{'"'_‘_pnsn), and

DPPo
- Si—((Pl/ﬁ)31+‘--+(]9n/ﬁ)8n)'
Do

Now specialize s to each of e; = (0, ...1,0,...,0)" (viewed as columns of
the identity matrix). Fixing on e;, take s with s; = 0 unless i = j, and
sj = 1, which yields

x; = _p_{7 for i # 7,
Dop
_ 1 b _pP—p
Ty = —— ——=—".
Po  Pop Pop
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Thus, the inverse matrix is

p—p1  __ P2 __Pm

pop pop Pop

_ph P—Pm
pop o pop

A5. Partial covariance - Schur complement

We establish in this appendix an explicit formula for the variance of the
distribution of any of the signals 7; conditional on the remaining signals 7Tj
for j # i, known in Statistics as the partial covariance of the signal T; given
the remaining signals 7} for j # . For the general, matrix, partial covariance
see Bingham & Fry (2010), Note 4.27, p.120 (cf. Kendall & Stuart (1979)
Vol. 2 Ch. 27 and Kendall & Stuart (1974), Vol. 3 §546.26-28). We briefly
recall that the (symmetric) covariance matrix Q) = (p;;)i,j<n, represents the
covariance structure of the Hilbert space spanned by the normal random
variables wy, ...., w, (with covariance as the inner product). The conditional
distribution of w; given w; for j # ¢ is normal with variance given by the
partial covariance matrix, known in Linear Algebra as the Schur complement,
which is a scalar here.

Let Q_; be obtained from () by omitting the i-th row and column, and
let §_; denote the i-th row (p;1, ..., p;,,) With its i-th entry omitted. Then the
Schur complement (of )_; in Q) is given by he expression

- N =1=T —1=T

Pii — p—iQ—z P = 1- ﬁ_i —iP_is
so that putting
Pi = ﬁ—zQ:zlﬁTw

the Schur complement becomes
1—p2.

(In this notation the specialization to the n = 2 case yields Q_; = (1) and
p_; = (p), so that p, = p = py,, for i = 1,2, as per Lemma Al.1.) The
conditional mean of the conditional distribution of w; is p,Q~}w_;, where
w_; denotes the column (wy, ..., w,)? with i-the entry omitted. The inverse
matrix QQ~] exists, since here @ is positive definite (see the Theorem A5.1
below). Furthermore, since Q! is positive definite, z7Q~!2 > 0 for non-zero
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vectors  and so p? < 1. So one might thus expect p? to be decreasing in p,
for any j # i; such is the case — again see Theorem A5.1.

In the current situation it will be enough (by symmetry) to consider the
distribution of E[T,|T1,...,T,_1], or equivalently that of Elw,|w:, ..., w, 1],

oy 1 2 .
00iWi—500; Wlth UOsz = O’Owo —|— O—Z,UZ Put
)

w't = Blw,|wy, ..., wp_1] = Zj<n Bw;.

where we recall that T; = e

Then, by definition and by the conditional mean formula,

Pin = Blww,| = E[E[ww,|w, ..., w,—1]] = Elw;Bw,|w, ..., w,_1]]
— n—17 _
= E[wiwn ] = ZK” ﬁjpzj-

We solve the system of n — 1 equations in the 3, for : <n

Zj<n Pijﬁj = Pin>

which in matrix form is Q_,3 = p_,, by computing explicitly 3 = Q7_...
(Note that g_,, := (py,,, -, P_1.,)-) Here, as before Q_,, denotes the principal
submatrix of the covariance matrix (),, with n-th row and column omitted:

an = (pz'j)i7j<n-

Theorem Ab5.1. Provided all the precisions p; are finite and positive,
the regression equation

Elwp|wi, ..., wp—1] = Brwr + ... + B, _jwn_1,

which is equivalent to the solution of the system Q_,3 = p_,, has non-
singular matriz QQ_, and the equivalent system of equations, for i =1,2,...,n—
L,

pirBy+ o+ Bt = i,

has the unique solution:
_ Dit+Do p
p
Moreover, the partial covariance corresponding to conditioning w,, on wy, .., W,_1

18

1—,0721,
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where

2 Pn—1 n—1 DiD;
Pn  pilp—n =)+ Y (pi+p~)\/ ,
) [Zz:l ( ZZ<J<” 7"\ (po + pi) (po + p;)

~ pop—n(Po + P

and
P—n=po+P1+ ... tPp—1 =D Dn.

The expression for p? is increasing in p; for each i < n, and so the partial
covariance itself decreases with p;.

Proof. We use Proposition A4.2 to solve the system of equations. In
a later step we will need the equivalent matrix formulation to obtain the
partial covariance, so we develop a matrix notation in parallel. Recall from
Lemma Al.1 that

2
Og

pij: ) fOI'Z'7éj, and pzz:1
00i00j

Multiply the i-th equation through by og; and (with n regarded as fixed) set

0.2

0= —" = 00ipip-
Oon
Then the i-th equation becomes

2
o
LB+ . touh+.. =0
001

The corresponding elementary matrix S (which reduces Q5 = s, to SQS =
Ss) has the diagonal format

Oom

Now put 3, = b;/0q;, to obtain

2
g
—bi+ b+ =0
901
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Equivalently, we have in matrix format SQS~!b = Ss, where
1/0’01
1/o0
B=8"h= oo , b.
1/0’0m

But, by Lemma A1.5, 0§/ 03, = pi/ (pi + po), so putting z; = b;/(p; + po),
we have for each 7 < n that

Equivalently, in matrix form we have P'x = SQS 'Rz = Ss, where

P1+ Do
+
b= Rz := b bo x,
Pm +p0
and
pP1+Do P2 - DPm
b1 v Pm T Do

As in Proposition A4.2, we spot the obvious constant solution x; = £ to these
equations with ¢ satisfying

(po + ... —|—pn_1)f = 0.
So & =0o/p_p, where p_,, = pg+ ... + Pn_1 = P — Pn, and so, by Lemma Al.1

gl _pitmo _pitm 0§ _piteo

00 P-—n O0i P—n 00i00n P—n

As for uniqueness, the coefficient matrix of the equations in x; has determi-
nant
det[P + pol] = p_.pi* > 0,

(by Proposition A4.1), so this is non-singular for 0 < p; < oo.
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Note also that
det @ = (po + p1)---(po + Pn_1) det[P + pol] = p_npi " (po + p1)---(Po + Pim)-

From Proposition A4.3 the inverse matrix of P := P, 1 + pol is

P—n—p1 b2
pop—n PopP—n
pl=|
__n
popP—n

_ DPn-1

popP—n

P—n—Pn—1

pop—n

Hence, since P = SQ_,S™ 'R, we may now invert )_,, explicitly as

and this equals

pop—n
_ D1

pPopP—n pPopP—n

__pr

PopP—n

(p—n—p2)(P2+p0)

_ Pn-1

D2

Q! = S~'RP1S,

1 P—n—Dp1
Pp1+Ppo PoP—n
1 __pm

p2+Dpo PopP—n

1 __p

L Pn—1+Po PopP—n

[ (p—n—p1)(P1+P0) _ D2
pop—n

PoP—n POP—n
D—p2

pPopP—n

P—n—Pn-1
pPoP—n

— _Pm

pop—n

(p—n _pm)(pn—1+p0)

pPoP—n

We now compute the Schur complement (see below for some substitutions)
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to be

(P-—n—p)@itpo) _ _p _ _DPm
Pop_n popin Pop—n T01P1n
P )
Pin Pmn pPop—n
1—[O+m... ‘"m} °
! (pP—n—pPn—1)(Pn—1+P0)
POP—n POP—n GomPmn
(p—n — pi)(Pi + o) 5 ( Di D )
Zz PoP—n ZKJ "\ pop-n  PoP-n
_ 1_2 (p—n—p)Pi+p0) 05 i (mepj)
g PoP—n 03,08, i<j 00i00j0g, \ PoP—n
_ 1_2 (P—n — pi)(pi + po) DiPn—1 _Z p~0—8 (pi+pj)
@ PoP—n (po + pi)(Po + Pn-1) i<i* 05, \ pop-n

(P—n — Di) PiPn—1 Pn—1 pi + D)

Po + Pn—1) PoP—-n Do+ Pn-1) \ PoP-n

PoP—n(Po + Pm) po + pi)(Po + p;)

Thus, setting

2 DPm m _ piDj
Pn = —— - pilp—pi) + o Pi +Dj }7
P {Zu P=p)+ D, ”\/ o+ P 0+ 2))

yields the partial covariance corresponding conditioning w,, on wy, .., w,_1 as

1—p2.
Above in our calculations, we used Lemma A1.5. Finally, we note that as

po > 0 and p; > 0 both of

Di —1_ Do and DiD;

(po + i) (po + i) (po + pi)(po + pj)

are increasing in p; for ¢+ < n. Hence, so is the expression

PP —p) + ( +pj>\/(p0 +p€;](9;0 + ;)

as (p_, — p;) is positive and independent of p;.
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A6. Conditional hemi-mean formula

We use the results of the preceding subsections to derive the form of the hemi-
mean function corresponding to the conditional distribution of one signal T;
given the value of the other signals 7. The particular case cited in the result
below will be important in later research.

Theorem A6.1 (Conditional hemi-mean formula). One has

a1(k2,—k a1 (kK —kn
E[TIO[1H1|T27"'7T7L] — L_1T2 ( -t Z)Tn ( -1 )’
where L_; = exp ((n Yo + (o )) exp <_TLO¢1 + ag (g )) |
2(p —p1) 2p
and K/, = by , for j > 1.
p—D1
More generally,
ki ai(/{{,—/qj)
]E! T v T —i — L*i T 2 ,
T |(T) - e
—Da il — 1 i il —1
where L_;, = exp((n Jovi + oo )>exp <_n04 + a;(a )>7
2(p —p) 2p
and /@j_i = L,
P —Di

Hence, for any v,

BT ey [(T) i) = L Hj

jo . d
—i — Kj = R

i (k! —Kj) s ai (K’ i —H5) /
‘ j} - CI)LN (’j/alm/L_i CTJ - y QR0 1- /0@2)7

#i i
and in particular, since Kk Ki,

oK i Ko K + Hj_. ainj_‘m _ Hj_-
B T o (7] =95 (Gt ) )L T 70 0 (6t
where, for t = (t1,...,t,)
Zj;éz‘ 10g(7?iﬁi/L—it?m) + %a?nfa%lpi

Qikiooin/ 1 — p} '

Proof. For any x > 0, the random variable S = 77 has mean m =

m(k,o01) and volatility koo;. Hence, by Prop. A2.1 (Exponent effect),

GE(t) =

Hg(v") = mHix(Y"/m, koor).
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The distribution of S conditional on Ty = to,..., Ty = t,, (for any to, ..., t,)
has a mean £ = £_; (depending on ty, ..., t, to be determined below) and a
volatility kogyy/1 — p2, with 1 — p? the partial covariance of T} on (Ts, .., T},),
because that is the effect on normal variates of conditioning (see Appendix
Ab5). Thus putting n = n_; := m&_; we have for any v > 0 that

Hs|t2~~(7l{) = E[(,}/I{ - Tf)1T1<’y‘T2 = 13, 7Tn = tn]

= m&HN(Y"/mE, Koo/ 1 — pi)

o (bg( Y/n) + 3 Hffmpl)
= 7Py

Koogin/1 — p1

s <log( v /n) — 3k 001/)1) (18)

Koo/ 1 — P1

This leaves open the determination of the ‘constant’ n = n_;. But minus the
second term has the value

E[TT1p <y |To = to, ..., T, = t,].
So, taking the limit as v — +o00, we obtain
n=mn_,1= E[Tf|T2 = tz, ,Tn = tn]

Writing ak for k, now apply Proposition A3.3 to the n — 1 firms 2,3,...n
to obtain ***some kind of typo here; maybe: X under the expectation, or
maybe asserting the intended result with a“writing of ak; for x; ***

CMK,l

B[TO%|Ty = to, ..., Ty = ta] = A_yto" o a1,

where we recall the regression weights referred to above are s’ 1 =pi/ (p—p1)
and the constant A_; is the n — 1 firm analogue of the constant K, derived
for Proposition A3.3 so is

ILl:ﬂan—Dm+aﬂm—10‘

2(po +p2+ ... + pn)

Now, by the conditional mean formula, **and Proposition A3.3 to the n — 1
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firms 2,3, ..n **

AL 8 = BIXOTy =t .., Ty = 1,)]
= E[B[XO|T\, Ty = to, . Ty = to]|Ts = ta, ..., T = t)]
= B[K TS5 A0 Ty = to, ..., Ty = t,]
Ko t5%2 S B[TO Ty = to, ..., Ty = tn]

)k kx

and so ** with k replaced by ak;, and taking a = oy note t,, below

was ty in error **

al(”zlfﬂn)

(0% Ii2 — R
N o= (ALK He e g

— exp <(n —Dag + ag(ag — 1)) exp (_noq + a1(ag — 1)> tgl(ﬁ_lf@)mt?(ﬁgl,,{n)
2(po+p2+ ... + pn) 2

— exp <(n —1)ag + ai(og — 1)) exp (_nal + ai(ar — 1)) tgl(@lf@)mtzl(ngl k)
2(p —p1) 2p

as required. The rests is now clear from (18) above.

AT7. Existence theorem

With the notation of Appendix A6 we first prove a straightforward result
(obtained by a series of canceling factorizations). This is where the related
hypothetical firms arise.

Theorem A7.1 (Uncoupling Theorem). The substitution

a1 (k™) —Kn)

@ K]Z —K
y =7 Loy T

reduces the Dye equation (11), namely

AL (1 (Yas oo Yn) = BX (1 (72), Y25 -5 V)
= / (luaXl(’ylv’y%“'?’yn) _M?{l(tlv’}/%"'77n))dq>Tl(t1|’y27"'7771)’
t1<v1

to the standard form

>\1(1 - y1) = HLN(yl,OéUﬁUm\/ 1— ,0%)7
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where 1 — p? is the partial covariance of wy on ws, ..., w,.

Proof. Recall that % (t1, ..., t,) = Kot ...t0"" so that we should trans-
form the Dye equation for o = «; using

Xi = p&(T v, 7)) = KT 5™ 05", and
w1 = px(t1, 720 Yn) = Kali™75" 00
Furthermore, in the notation of Section 3

2 a(k™]—K1)

ak a(k?{—kK1)
E[Tl 1|T2 - 72, 7Tn — ’Yn] = ’[’]_1 = L_l’yz ! ! 'Yn

Hence,

k2 Qkn

13 (Vs -+ ) = BIK T 5™ A0 Ty = g, o, To = 7] = Kan 175" .. Tn
The transformations above yield

A (p1(v2) — 1) = Hx, (1).

However, since the factor K,v5".....y%""

to use the transformations

is in fact common, it is preferable

Sy =Ty and s; = 9™
Indeed, on substitution we obtain
M (Kans™. 2 ny = Koni™..n™)

= / Ko™y = Kot ™ 5™y d®r (B ]y,),
t1<v1

ko

so that after cancelling by K,v5"*...7%"" the Dye equation reads:
A1 (7771 - '7(1151)
- / ™ = 17 ]dOr (f1]72) = Heypy,.. (71™)-
1<
But

Ozlil)

Oé:‘i10'01\/1 — ,0%
(10g[7?"‘1/771] — La?k3od (1 p%))
—n_1Px .

aR1001\/ 1— p%

<loghi”“/77ﬂ +1a2k302, (1 - p%))
Y1 Py
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So puttlng
a(k?,—k a(K™{—Kn
h = 7(1M1/L71”72( - 2)-~7n( - )7

we obtain
A1 (77—1 - ’Y?m)

RN (10gy1 + %042"?%0(2)1P1> B (10g Y1 — %Q%%U%Wl)
= -1 -1 :

Ck/ilgolx/l—p% O{/€10'01\/1—p%

Dividing by n_, yields

M(1—y1) = Hin (y1,04/110'01\/ 1- P%) -

More generally:

Ai(1 —y;) = Hix <yi,04f%‘00¢\/ - P?) .

Above 1—p? denotes as usual the partial covariance appropriate to condition-
ing of w; on the remaining variables w; for j # ¢ (equivalently: conditioning
T; on the remaining signals, i.e. on T} for j # i). (In the two-firm case
1 —p? =1— p?.) For the general case, recall that since

wi—lg2
E:ea(hwz 200’, with UOiwi:UOUO+0iviaagi :ag—l—a?
one has, as before,

0oy + 0v; Oy + 0,05 o .,
pij = COU(’LUZ‘,U)J‘) = COU( ) 1) = 0 , 1 7é I
00 005 00i00j

and of course

Ol + OU; Tl + OV, 02 + o?
Py = cov(w;, w;) = cov( , )=
00; 00i 00i00;

= 1.

(This specializes in the n = 2 case, to py = p.)

In our multi-firm model our starting point are the n equations, which
follow (by cross-multiplication) from the preceding theorem:

Vit =Yl ' =L e Lfori=1,..,n.

i i
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On taking logarithms, these reduce to the log-linear system:

. 1 p
- J L= A= y ) — 2 )
i Zj L = A= o log (YiL—i) = - log (9;L-) ,
with z; = log~,, in view of Lemma A1.2 (as in Proposition A4.3). The more
revealing re-statement is obtained by recalling that as in (15)

l{j—i = pj/ (p _pi)a

so that substituting this and then cross-multiplying by (p; — p)/p = k; — 1
yields : )

pi —P

(ki — Dy + Z#i K;x; =b; == o

On the left-hand side this presents a weighted average of the unknowns x;,
pointing towards a solution that is also a weighted average of the right-hand
side constants, the b;’s. These are the cutoffs of the related hypothetical firms
mentioned in the introduction.

We show that the system has non-singular coefficient matrix iff the model
is non-degenerate for 0 < py < oo (assuming all other p; are finite and
positive), so that as before one may solve for log ;.

Put ki = 1,hi = —k’, = p;/(p; — p), then H = (k) is the coefficient
matrix, above. We assume none of the parameters p; is infinite.

log (9;L-:) -

Theorem A7.2 (Regression-adjusted univariate cutoffs)

det H — pop” _ Kokio1 Koy

(p—p1)(p—Dp2)--(P — Pn) Rl Fin
with k_; = pi/(p— ).

Y

Hence H is finite iff each p; is finite for i > 0 and Z;L:o j2iDj > 0 for
each i > 0. Under these circumstances it is non-singular iff po > 0, in which
case the unique solution is given by the k;-weighted averaging of the terms

(log gi)/cvirs—i:

log gi i i( K1
;R Ko

Ra

Kn
log g1 + loggs + ... + log gn) ,

logv; =
a1R_1 QoK _9 anK_pn
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where the loading «; reflects the dependence of firm f; on the operating en-
vironment. That is, the Dye disclosure cutoff for the signal T; is

_ (k) /e T R/ 0k— _ _Di
= g | | » , Where k_; = and
LA i Y p—pi

1—q
9 = YN (Aiaazﬁ'ﬂmv 1—p? | Ly, N = 4 ,
qi

P ((n — Doy + g — )) . (_na,- +ailay — 1)) |

2(p — ps) 2p

and where:

k; 1S the regression coefficient of w;

K_; 18 a regression coefficient resulting from the removal of firm-i’s contribu-
tion to total precision

1 — p? is the partial covariance of w; on the remaining variates w;, and
L_; is the relative adjustment coefficient while v = 415 (, o) solves

A1 —7) = Hix(7,0).

Remarks: 1. For each i the weights applied to (log g;)/a;x_; have the

same sum:
1 — Ko 1 P

1+ = — = —,
Ko Ro Do
2. Note that
i P — Di iP—Di Q i —2)—p; —Di
PP=Piy g PP p.g<a+(n ) —pi/(p p)>
D o;p; D o;p; 2 p

<(p — pi)[oi + (n —

p2

(p—pi)loi+(n—1)] —p
p2

2)]+p—pi—p)

Proof. Rewriting the given system ¢ = 1,...,n with n > 2,

) Dj _ b 5T
x; + E i s — p T; = - log ¢;, with ¢; =4,L_;,
this time in the form
p(pi — p)
P — .Z'Z—F x:BZ:—lo iy
(pi = p)wi+ ) pi; o loed
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we see that the coefficient matrix is now P, — pl, where P, is the (full)
precision matrix. By Proposition A4.1,

—1) n—1 _ - = n—1
qet g = U (P Pn) _ Pop

(p—p1)(p2—p)-(a—p)  (Pr—p)P2—p)- (P —p)’

as asserted.
Finally, by Proposition A4.2, as p, := —p+p1 + ... + p, = —po # 0, the
solution format is

rp=logy, =———c= v p>10g(9i)—02 %89 —c
p Q;P; oK_
with
1 1
—c = ——(ms1+ ...+ pusn) = —(P1B1 + ... + puBn)
4Pq PDPo
1 p(pi — ) 1 (pi — p)
= —(.+———log(g) +.)=—(..+ ——log(g;) + ...
Ppo( 0% ( ) ) po( Q; ( ) )
= £(...4—w10g(9i)+..):i o log (g;) + ...)
i.e. |
z; = logy, = 089 _ L i=1,..,n,
i—i
with
1 K1 K2 Kn
—c=- log g1 + loggs + ... + log g, | ,
Ko 1R QoK _9 ApRK_p

which is indeed a constant (i.e. independent of 7).

A8. The indifference condition

In this Appendix we deduce the Indifference Principle which we used in
Section 3 as the equilibrium condition identifying the firms’ cutoffs ;.

Definition. For the manager of firm ¢ and any random variable T, con-
sider the experiment that with probability ¢; the random variable T" may be
observed, and let ND;(T,¢) denote the event that either T is not observed
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by manager ¢ or T is observed but not disclosed by i because 7" < §. We
write below ND;(y,) for ND;(T;,,)-

Definition. Say that given ~_, the cutoff v, is rational for firm i if
BIX[(Vi # )N Di(y;), Tj = ;] = BIX|(Vi) N Dy(v,)].

We show below that given v_; there is a unique 7, = ~,(y_;) which is
rational for firm . Granted this, we say that the cutoff profile v = (v4,...7,,)
is individually rational if ~y; for all j satisfies

Vi = %‘(7—]‘)-

Theorem (Indifference Principle). Suppose that each regression func-
tion p;(t) = B[X[(Vi # j)ND;(v;),T; = t]| is strictly increasing and that
S; = E[X|(Vi # j)ND;(v,;),T;] has a strictly positive, continuous density
function. Then for each ~_; there exists a unique value v, := ~,(y_;) such
that

BIX[(Vi # j)NDi(v,), Ty = v,;(v_;)| = E[X[(Vi) N Di(v,)].
Suppose that v = (vy,...7,,) s individually rational, i.e. satisfies for all j

V5 =7 (=5)-
Then for each i one has

E[X|ND;(~,),T-; = v_;] = EB[X|T = ~], where T'= (T3, ..., T},).

Proof. Define
V(10 vn) 1= BIX|(VE)N Dy ()] (19)
The expression will also be written as

V(v v_i)-

Furthermore, put
Mj(tja ’Y—j) = E[X][(Vi # j)NDi<7i)vTj = tj]'
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We have assumed (similarly as in the main part of the paper) that p;(t;,v_;)
is strictly increasing in t;. We put

Sj o= (T, v—) = BIX|(Vi # J)N Di(;), Tj). (20)

We have assumed that S; has a strictly positive, continuous density function.
Hence, Theorem 3 (The Minimum Principle) of Ostaszewski and Gietzmann
(2008) — see Section 2.1 — may be applied to the (single) random variable Sj,
and so there exists for any v_; a unique

Vs, = s, (V-5)
satisfying both
Vs, = arg ming E[S;|ND;(S;, s)],
and additionally
Vs, = BIS;IND;(S), 7s,)]- (21)
We may now define ; (and express its dependence on v_; by writing v,(v_;))
by setting
Vs, = /ﬁj(%‘ﬁ—j)' (22)
Then t; < v; iff s; < v, where s; 1= p;(t;,7_;), because p;(.,7_;) is
assumed increasing. So
Sj < s, HE (Vi # j)NDi(y;) and T; < ;,
and so
ND;(Sj,7s,) it (Vi # j)ND;(v;) and ND;[T},,],
ie.
ND;(S;, ’YS]-) iff (Vi) N Di(v;)- (23)
So, using the conditional expectation formula (‘tower law’) in the last but
one line below, one has

(V=) = s, by (22),
= E[S;[ND;(S),7s,)], by (21),
= EI[S;[(Vi)ND;(v,)]. by (23),
= E[E[X[(Vi # j)NDi(v,), T;]| (V)N D;(v;)], by (20),
= E[X|(Vi)ND;(~,)] (tower law)
= V('Yj(ij)Vij)a by (19).
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Combining the first and last elements of this chain of equation, for given v_;
the cutoff v, identified above satisfies

Hj(’)’ja’ﬁj) = V(”Yj(’ﬂj)fﬁj)a
or, using their definitions,
BIX[(Vi # )N Di(v;), Tj = ;] = BIX|(Vi) N D;(v,)]. (24)

We now consider a profile v = (74, ...,7,,) satisfying individual rationality,
that is for each j one demands that

v =7 (=)

Assuming such a profile v exists, and assuming T; = v; is observed by all
j, one may unravel the non-disclosure conditioning by fixing the conditions
T; = 7, one by one and using (24) inductively for multifirm environments
with successively fewer firms. This yields:

V(717 7’7n)
= E[X|(Vi > 1)ND;(v;), Th = 74]
BIX|(Vi > 2)NDi(v;), Ta = 72, T1 = 7]

E[XlNDn(Vn% "‘7T2 = 727T1 = 71]
= E[X|Tn = Tn> "'7T2 = PYZaTl = 71]

In particular, we notice from the last two lines that
BIXINDn (7)o T = 79, Ty = 1] = BIX|T = vy, To = 79, Ty = 71,

with analogous switches between disclosing and non-disclosing holding for
other firms (by symmetry). But this is just the indifference principle (9)
(‘equilibrium condition’) of Section 3. [J
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