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The Relaxed Investor with Partial Information®

Nicole Bauerlef, Sebastian P. Urban®, and Luitgard A. M. Veraart?

Abstract. We consider an investor in a financial market consisting of a riskless bond and several risky assets.
The price processes of the risky assets are geometric Brownian motions where either the drifts
are modeled as random variables assuming a constant volatility matrix or the volatility matrix is
considered random and drifts are assumed to be constant. The investor is only able to observe the
asset prices but not all the model parameters and hence information is only partial. A Bayesian
approach is used with known prior distributions for the random model parameters. We assume that
the investor can only trade at discrete-time points which are multiples of h > 0 and investigate the
loss in expected utility of terminal wealth which is due to the fact that the investor cannot trade
and observe continuously. It turns out that in general a discretization gap appears, i.e., for h — 0
the expected utility of the h-investor does not converge to the expected utility of the continuous
investor. This is in contrast to results under full information in [L.C.G. Rogers, Finance Stoch.,
5(2001), pp. 131-154]. We also present simple asymptotically optimal portfolio strategies for the
discrete-time problem. Our results are illustrated by some numerical examples.

Key words. optimal investment, partial information, Bayesian approach, Markov decision problem, discrete
versus continuous trading, discretization gap

AMS subject classifications. 91G10, 90C40, 93E20, 93E11

DOI. 10.1137/100813646

1. Introduction. This paper combines two lines of research which have attracted atten-
tion in recent years: portfolio optimization under partial information and approximation of
continuous trading strategies by strategies which adjust portfolio weights only in discrete time.
It will turn out that some surprising effects occur.

More precisely, we consider a standard Black—Scholes market with d risky assets and one
money market account with constant interest rate. In the first part of the paper we assume
that the drift of the risky assets is not known to the investor. Her aim is to maximize the
expected log-utility of her wealth at terminal time T° > 0. We follow a Bayesian approach
here. Clearly, when the drift rates p are chosen according to a multivariate normal prior,
the conditional distribution of p given the observation of the stock prices is again normal
and there exists a simple sufficient statistic. This is useful since we can apply the principle
of estimation and control to solve the portfolio problem. If the investor is able to trade in
continuous-time this problem is well understood and can be found, e.g., in [17]. Now let us
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assume the investor is only able to observe the stock prices and adjust the portfolio at discrete
points in time which are multiples of h > 0. In practice, trading continuously is impossible
and the investor also might want to avoid transaction cost or relax and therefore reduces the
trading frequency. As in [25], we will call her the h-investor and the optimization problem
h-optimization problem in contrast to the continuous investor and the continuous problem. In
the case of complete information these two portfolio problems have been compared by [25] for
power utilities; [25] shows that in general the difference between these two problems is small.

We will show that this is no longer true in the case of partial observation. In general, there
remains a discretization gap, i.e., for h — 0 the expected utility of the h-investor does not
converge to the expected utility of the continuous investor. This is because for the A-investor
it is never optimal to short-sell stocks or the bond. Surprisingly, the h-investor does not lose
information when she observes stock prices only in discrete-time, i.e., the estimators of the
drift of the h-investor and the continuous investor coincide at the discrete-time points.

Furthermore, we show that the optimal trading strategy for the h-investor can be ap-
proximated by the very simple to implement “plug-in” Merton-ratio strategy, i.e., we take
the Merton-ratio and replace the unknown p by its estimate. In [27] the authors studied
discrete-time portfolio problems where the drift and the volatility are driven by an unob-
servable discrete-time Markov chain and used Taylor series expansion of the utility to derive
simple approximations of the optimal portfolio strategy. We instead use the knowledge of the
continuous problem to approximate the portfolio strategy.

In the second part of the paper we consider the same problem with known stock price
drift but unknown volatility matrix. The continuous investor can immediately estimate the
volatility matrix from a tiny period of observed stock prices, but this is not true for the h-
investor who obtains information only at discrete-time points. In this case the h-investor loses
relevant information by discrete observation. We solve the h-optimization problem assuming
that the prior distribution of (0o ")™! is a Wishart distribution. Again, for h — 0, there
remains a discretization gap between the continuous expected utility and the limit of the
h-expected utilities. We propose an easy-to-implement portfolio strategy for the h-investor
which is asymptotically optimal for A — 0.

By now there are quite some papers investigating portfolio problems with unknown, not
necessarily constant drift. In most papers it is either assumed that the drift is a linear,
mean-reverting diffusion or a function of a finite state Markov chain. Both cases lead to well-
known, finite-dimensional filters. Lakner [18, 19] uses a martingale approach to represent the
optimal terminal wealth and trading strategy. In [18] explicit results in case of log and power
utility with constant but random drift are given, whereas in [19] the case of a linear diffusion
is treated. Rishel [24] uses a dynamic programming approach to solve the linear diffusion
case with power utility. Brendle [5, 6] slightly extends this problem to a multivariate setting
where the linear diffusion may be correlated with the stock prices and gives results for power
and exponential utility. In [29] inverse Laplace transforms are used to represent the optimal
strategy and value function for general utility problems. Karatzas and Zhao [17] present a
comprehensive approach via the martingale method. Moreover, there are papers dealing with
the hidden Markov-modulated drift problem. Honda [15] investigates the problem for two
states. The general case is considered in [26] with the help of the martingale approach and
Malliavin calculus and in [23] by dynamic programming focusing on power and log-utility. The

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



306 N. BAUERLE, S. P. URBAN, AND L. A. M. VERAART

latter paper also compares the optimal portfolio strategies in the case of complete and partial
information. The recent paper [4] takes a general point of view where the drift is allowed
to be an arbitrary semimartingale. Nevertheless, fairly explicit expressions for the optimal
terminal wealth and the optimal portfolio strategy are derived in the cases of log, power, and
exponential utility.

Pham and Quenez [20] treat portfolio problems with partially observed stochastic volatil-
ity. In discrete-time the portfolio problem with unobservable drift and volatility is investigated
in [27]. Frey and Runggaldier [11] consider hedging problems in discrete-time with unknown
volatility. An unknown jump intensity is treated in [2].

The question of approximating the (often) complicated filter and thus also the portfolio
strategy is tackled in [21] and [7] by means of quantization techniques. The relation between
continuous- and discrete-time filters is investigated in [16]. In [13] the authors study the effect
of estimating parameters in optimal investment strategies when the number of assets gets
large.

For the approximation of continuous-time financial models and portfolio strategies by
discrete-time models and strategies see, e.g., [14], [10], or [22]. The latter two sources consider
among others general questions of convergence of stochastic integrals. Most of the results are
positive in the sense that convergence of the wealth process is obtained. This is in contrast to
our findings. In [10] two counterexamples are given where the processes do not convergence,
but these examples are quite academic. In most cases considered in these sources, the financial
market is also approximated.

Our paper is organized as follows. In the next section we introduce the financial market
with unknown drift. In section 3 we review the continuous-time optimization problem, fol-
lowed by the h-optimization problem in section 4. In both cases the aim is to maximize the
expected log-utility of the investor’s wealth. Afterward we establish in section 5 the compar-
ison between the continuous and the h-optimization problem. We show that there remains a
discretization gap between the optimal value of the problems for h — 0 and construct a simple
but asymptotically optimal portfolio strategy for the h-investor. In section 6 we investigate
the same optimization problem with known drift but unknown volatility. We proceed in the
same way as before, i.e., we first show that there exists a discretization gap and construct a
simple but asymptotically optimal portfolio strategy for the h-investor. This case differs from
the first one since the h-investor with unknown volatility loses information by the discrete
observation of the stock prices. In section 7 we provide some numerical results and give addi-
tional insight in the size and sensitivity of the discretization gap. We also discuss in the case
of unknown volatility to which extend the loss of information can be blamed for the distance
to the continuous investor. The paper ends with a conclusion.

2. A first financial market model. We consider a financial market with finite time horizon
0 < T < oo. Let (,F,P) be the underlying probability space on which we consider a d-
dimensional Brownian motion W = (W}, ..., W¢). We suppose that there are d risky assets
and one riskless bond with the following dynamics for ¢ € [0,7]. The price process Sf of the
riskless bond is given by
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where r > 0 denotes the deterministic interest rate. The price process Si of the risky asset

1,9 =1,...,d, satisfies the stochastic differential equation
d .
S} = S; | pidt + > oidWy |,
j=1
where pn = (u1,...,pq)| € R? and o = (0y;) € ]R‘iXd is assumed to be nonsingular and we set
Sy=1.

In the first part of the paper we assume that the drift vector u is not known to the investor;
however, the initial distribution Qg of p is known. We choose a d-variate normal distribution
Qo = Ny(o, Xo) and assume the drift to be independent of W. By F* := (0(S,, 0 < u <
t))tefo,r] we denote the filtration obtained by observing the stock prices S; = (S}...,8HT a

subfiltration of
FHS = (0 (1, Sus 0<u < t))te[o,T] = (o (pWy,0<u< t))te[o,T] :

3. Continuous-time optimization. In a continuous-time setup, an investor with initial
capital x > 0 chooses a trading strategy = = (ﬂt)te[oﬂ. We allow short-selling the stock
and the bond, thus 7; = (71(t),...,m4(t))" € RY, where 7;(t) denotes the fraction of wealth
invested in stock i at time ¢ and 1 := (1,..., 1)T € R? The wealth process satisfies the
stochastic differential equation

(3.1) dX| = X[ (7‘ + ) (1 — 7‘1)) dt + Xr odW;, XT =uz.
We only consider admissible trading strategies, i.e., strategies from the set

A= {77 [0, T] x Q — R? : 7 is measurable, self-financing, F°-adapted

T
and satisfies / |7 (s)||>ds < oo a.s.}.
0

The investor aims to maximize her expected logarithmic utility of terminal wealth. We
define
Jr(x) :=E,log (XT),

and the aim is to find

(3.2) J(x) := sup Jr(x),
TeA

where E, is the conditional expectation given Xy = x. Note that 7 in (3.1) has to be adapted
w.r.t. F°, but not w.r.t. F%#, which makes the problem “nonstandard.” However, it is well
known that such a problem can be solved by the principle of estimation and control which
works as follows. First, note that for ¢ € [0, 7]

d d

. . 1 ) ‘

log S} = log S + m—§élo’ij t+ Elaing.
j= j=
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Hence, when we denote Z; := ut + oW, for t > 0 and o := (041,...,044),i = 1,...,d, we can
write 1
log S = log S} + Z} — §Hai|]2t

and obtain that F = FZ, i.e., the filtration generated by the stock prices is the same as the
filtration generated by the process Z = (Z;). Next, we define for ¢ € [0, 7] the estimator

ﬂt :E[lu|]:ts]7

which is the conditional expectation of p given the stock prices until time ¢. The evolution of
(fir) is given by the so-called Kalman-Bucy filter on the “signal” u and “observation” o~!Z;.
When we define ¥ := (60 "), then it can be shown that

(3.3) = (Sot S T (S o + 571 2).

More details on the derivation can be found in [1] and [12]. We can now introduce the
innovation process (V;) by
dV; = o1 (dZ; — [udt).

Using Lévy’s characterization of the Brownian motion it is possible to show that (V;) is an F°-
Brownian motion under the given probability measure P. Moreover, the stochastic differential
equation for the wealth can be rewritten as

dXi| = X7 (r + 7TtT(,u - rl)) dt + XTr] odW,
(3.4) — XT (7’ ] (fu — m)) dt + XFr, odVi,

which reduces the stochastic control problem with partial observation to one with complete
observation, since all processes in (3.4) are F¥-adapted. An explicit solution of (3.4) is given

by
t 1 t
X[ =xexp (/ (r + 7] (fis — r1) — §7r;rE7rs> ds +/ W;rast>
0 0

and, given that the local martingale | 7 'odV is a true martingale, we obtain for an investor
with logarithmic utility that

T
1
(3.5) Jr(z) = Eplog X7 = log(z) + Ey [/ <r + )l (fis — 1) — EWJZwsdsﬂ .
0
It is now easy to see and has been shown, e.g., by [17] that the simple strategy
(3.6) rt = Sy — )

is an optimal portfolio strategy for the investor with logarithmic utility.
When short-selling is not allowed, we maximize (3.5) over all = which are elements of

A:={reA|n € DVtec[0,T]}, where D := {z € [0,1]¢: 271 < 1}.
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That is, we consider the value function

J"(x) := sup Elog(XT),
TeEA
where nss denotes no short-selling. The optimal portfolio strategy is here denoted by = = (=),
where 7, is the (unique) solution of

(37) a€D.

{aT(ﬂt —r1) — a' Sa — max,

In dimension d = 1, if 7} ¢ [0, 1], we simply have to shift 7} from (3.6) to the nearest boundary
of the interval [0, 1]. For d > 2 this is in general not true. For a comprehensive treatment of
constraint portfolio problems see [8] and [17]. Also note that the pointwise maximization in
(3.7) leads to an F°-progressively measurable strategy (cf. [8]).

4. The h-optimization problem. Here we suppose that the investor observes the stock
prices only at discrete-times which are multiples of h > 0 and rebalances her portfolio only at
these time points. We refer to this investor as the hA-investor. To simplify the presentation we
require that N :=T/h € N. We define

d d
- 1 . .
(4.1) R, =exp | pih — B Z O-iZjh + Z Tij (Wih - W(Jn—1)h>
j=1 j=1
form=1,...,N and i =1,...,d and obtain Sflh =11i; R}Q In what follows we write
. R
R =1 _1
n erh ’

d d
Z;L = /Lih + Z Oij (WrJLh — W(Jn—l)h) i ,uih + Z O'Z'jEZL\/E,
J=1 Jj=1
where &, = (g},... ,Efl)T and €1,€9,...,eny are independently and identically distributed
(i.i.d.) random vectors from a multivariate normal distribution Ny(0, ). Thus, we have Z, =
(Z- ..., ZH)7 g ph + oe,Vh, where 2 denotes equality in distribution. The conditional
distribution of Z, given u = m is denoted by Q7 (-/m). Obviously, we have Q? (jm) =
Ng(mh,Xh).
Let F% := (0(R1,...,Rn))nefo1,...n} be the filtration generated by (Ry,...,R,). The
portfolio strategies for the h-investor are now F-adapted stochastic processes o = (o) =

d

((al,..., an)T)nE{O,..., N—1}- In what follows the interpretation of ol will always be the fraction

of wealth invested in the ith stock at time step n. Once the h-investor has chosen a portfolio
strategy, the wealth at time nh under this strategy satisfies

Xi?n = ethi?(n—l)(l + ar—lz——an)'
The set of strategies of the h-investor is given by

A= {a = (On)nefo1,. . N—1}|om : Q@ — R% o, is FI — measurable Vn, a is self-inancing}.
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Note that we set log(x) := —oo if x < 0. With this agreement it is obvious that an optimal
portfolio strategy is found among the strategies « with o, € D.

The h-investor’s value function is then defined by
(4.2) Ji(x) == sup E,log(X%),

acAl

where x > 0 is the initial wealth. It is now well known that problem (4.2) can be solved
by using the theory of (Bayesian) Markov decision problems; see, e.g., [3, Chapter 5]. In
order to set up the filtered Markov decision problem we have to enlarge the state space by
the conditional distribution of the unknown parameter given the observation of the stock
prices up to this time. If we denote the conditional distribution of u given the observations
(Z1,.-,2n) by u(:|Z21,...,2,), it is a classical result of statistics (see, e.g., [9, p. 175]) that
Qo = Ny(uo, o) is a conjugate prior distribution to Q% (-|m) = Ny(mh, $h) and we obtain
with Z, = % 2221 Zk

Pz, 2) = Nd((zo—l +nhE ) (S5 o + 02715, (501 + hnZ_l)_l).

Obviously, (3> p_; 2k, n) is a sufficient statistic for p(-|Z1,...,2,). Thus we will also write
p(-|s,n), where s = >}, 2. For n =0,...,N and a portfolio strategy a = (av,) € Al we
define the nth step value function

n
E |log(X$,) ‘ Xn=23 Z=s
k=1

Jg,a(x, s) =

Y

(4.3)

T(0,5) = sup TP (,5).
acAh

Note that the probability measure underlying the expectation in (4.3)~ is induced by @y and
the transition probabilities of the Markov decision process (Xpn, > p_q Zk), i.€., it is essentially

induced by Qo and QZ('|m).
Problem (4.2) can now be solved recursively via the Bellman equation

Aty =sup { [ (e (14072) (542 Q@ mntamls, .

where £ := exp (' — L[|o?||>h — rh) —
Theorem 4.1.
(a) The value function for the h-investor is forn =0,1,..., N given by

szl(xa S) = lOg(l’) + dn(s)a ($a 5) € Ryo xR,

where the d,, satisfy the following recursion:

dn(s) =0,
dn(s) = rh+ sgg {//log (1+ aTi)QZ(di\m)u(dmb,n)}
(4.4 + [ [ duats + 2@ @zmtdm]s, ).

The value function of the problem is given by JI(z) = J§(z,0), where 1u(-0,0) = Qo(-).
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(b) The optimal amounts which are invested in the stocks at time step n when Xpp =
and Zy + -+ Z, = s are given by

fa(@,s) = ap(s)z, x>0,

where o (s) is the maximizer of (4.4) and denotes the optimal proportions. The
optimal portfolio strategy is constructed through the application of the mazximizers.

This can be proved by induction along the lines of [3, Theorem 6.1.1] and we therefore
skip the proof.

The optimal strategy is given by the maximum points in (4.4) and denoted by a* but
is not available in closed form. In the next section we propose a portfolio strategy which is
suboptimal although “simple” and performs for h — 0 asymptotically as well as the optimal
strategy.

5. Comparison of the continuous and the h-investor. In this section we compare the
performance of the continuous investor with the performance of the h-investor.

5.1. Comparison of information. First we compare the relevant information of both
investors. The continuous investor uses the estimator (fi;), whereas the h-investor uses
(u(|21,. -+, 2n)). We obtain for t = nh that

= Syt ) T (S o + 2712, = /mu <dm( >, %) :
k=1

Thus, the h-investor has the same estimator at the rebalancing points as the continuous
investor. For general results concerning discretization of filter processes see [16].

Let us now discuss the different results for the situations with and without short-selling
constraints.

5.2. No short-selling. We consider first the problem where the continuous investor is
not allowed to short-sell the stocks or the bond. Obviously, we have J@(x) < J"*(z). On
the other hand, consider the portfolio strategy a = (a;,)nefo,1,...n—1} given by a,, = @,
recalling the optimal strategy m for the continuous investor obliging short-selling constraints.
It is admissible for the A-investor since it depends on the history only through ji,;. We obtain
that for h — 0 the expected log-utility of the h-investor using the optimal strategy of the
continuous investor with short-selling constraints only at discrete points in time converges to
the expected log-utility of the continuous investor with short-selling constraints.

Theorem 5.1. With w and « as above it holds that

lim J2 (z,0) = J"5(z) = J*%(z), > 0.
h—0 -

The proof is given in the appendix. Theorem 5.1 immediately leads to the following
corollary.

Corollary 5.2. For x > 0 we obtain limy,_o J&(z) = J"*(z).

We see that the h-investor can perform almost as well as the continuous investor with
short-selling constraints with an error which tends to zero if h — 0. This is in line with the
results in [25].
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The optimal portfolio strategy for the h-investor is complicated and the solution of problem
(4.4) has to be computed numerically. However, it can be shown that for small A the optimal
portfolio strategy is close to the discretization of (m,;). To show this let again o* = (o} (s))
be the optimal strategy for the h-investor, i.e., the solution of problem (4.4), and define for
t € [0,T] the process

Lt
(5.1) al = oz’[ | Zy,
k=1

>

e

This is an admissible strategy for the continuous investor and at time points ¢t = nh, E? corre-

sponds to the optimal strategy of the h-investor. This piecewise constant strategy converges

a.s. to the optimal strategy of the continuous investor with short-selling constraints.
Theorem 5.3. With the preceding definitions it holds that

limaf =x, P—a.s., tel0,T)
h—0

Again, the proof can be found in the appendix.

5.3. With short-selling. Let us now return to the original problem (3.2), where the con-
tinuous investor can do short-selling. As outlined before we cannot allow the A-investor to
short-sell assets (this would lead to an expected utility of —o0), which implies that a simple
discretization of the optimal portfolio strategy (3.6) in the continuous setting is not admissible
for the h-investor. Corollary 5.4 shows that the h-investor cannot in general do as well as the
continuous investor, even if A — 0. There still remains a gap between the maximal expected
utilities.

Corollary 5.4. The h-investor faces a discretization gap in the sense that

lim (J(:v) - Jg(z)) = J(z) - J"(2) >0, z>0.

In the case of an unknown drift for the stock price and no short-selling constraints, the
situation which has been excluded in [25], namely, that 7} ¢ [0, 1] cannot be avoided here.
Even if the true ratio X! (u — r1) lies within [0, 1]%, there is no guarantee that its estimator
lies in [0, 1]% as well.

Hence, we encounter a somewhat surprising result where we do not have convergence of the
maximal expected utility of the h-investor to the maximal expected utility of the continuous
investor. The size of the discretization gap is discussed in section 7.

6. Unknown volatility. So far we have assumed that the drift p is unknown and the
volatility matrix is known. In this section we consider the reverse situation where the drift p
is known but the volatility matrix is unknown.

More precisely, the investor cannot observe ! = (g0 ")~! directly but knows the initial
distribution Q8% of =71, We choose here a d-dimensional Wishart distribution with v degrees
of freedom and parameter matrix Egl, denoted by ij"l = Wy(v, Eal), i.e., there exist i.i.d.

vectors A; ~ Ny(0,%5"), i =1,...,v, such that ¥~ 4 S A;Al. The Wishart distribution

B
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is a distribution on the set of all symmetric, positive definite matrices with dimension d and
is a multivariate generalization of the y?-distribution.

We denote by det(-) the determinant and by tr(-) the trace of a matrix. Then the density
of the d-dimensional Wishart distribution with v degrees of freedom and parameter matrix
Eal is (see, e.g., [9, p. 57])

v—d—1
2

(6.1) R0 (r) = cfdet(Sy 1) ¥ (det(r)) “E exp <—%tf(207)> |

where ¢ is the normalizing constant.

6.1. The continuous investor with unknown volatility. Even if we assume that the con-
tinuous investor does not know oo, then she is able to estimate it perfectly from a tiny
observation of the stock prices. To explain this, consider the quadratic covariation of log S;

which is given by
d

(log S},log S1)y = Y oot = o' (07) Tt = Xt
k=1
This quadratic covariation can be observed since for h — 0 it is the limit in probability of

Z (log S;ilk —log Sz(k_1))(10g Si{k — log Si(k—l))‘
k:kh<t

Note that convergence in probability implies that there exists a subsequence which converges
P-a.s.. The optimization problem for the continuous investor is therefore

T T

1

JU(z) := sup E, log(X7) = log(x)+supE, [/ r+al(p—r1) — §7rSTE7rsds +/ w;radWs].
mTeA T 0 0

One can easily see that in the case where short-selling is allowed, the optimal strategy denoted

by 7% = (7¥9) is constant in time and given by 7% := X7 (u — r1) V¢t > 0. At t = 0, the

value of ¥~! is not yet known, but it makes no difference which value one chooses and hence

7T80l := ¢ € R. The maximal expected utility is

1
JY(z) = log(x) + 7T + T sup E, [aT(u —r1) — §aTEa]
a€R?

(6.2) =log(z) +rT + %Em [(,u — 1) 2 — rl)]
=log(x) +rT + %(,u — 1) 85 (- 1),

since for X~ ~ Wy(v, 261), the expectation is given by EX ™! = uzgl and for a vector a € R?
one obtains a' X 7'a ~ W (v, aTE(;la); see, e.g., [9, p. 58].

If short-selling is excluded, the optimal strategy, denoted by ©¥% = (z¢°!), is still constant
in time and given by the solution of

T( —mq)_ 1,T
(6.3) {a (= 7r1) — 5a' Ya — max,

a€D.
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We denote by
J”Ol’"ss(x) := sup E, log(X7T)
TEA
the corresponding maximal expected logarithmic utility.
We will see in the next section that the h-investor loses relevant information in this setting
and is unable to estimate the volatility as perfectly as the continuous investor.

6.2. The h-investor with unknown volatility. We consider now the h-investor in the
market with unknown volatility matrix and known drift vector u. We again require that
N = T/h € N. Since the h-investor is only able to observe the stock prices at time points
{0,h,..., T}, she observes the random variable

d d
. gy 1 j
Y= log(R) = uh = 5 3 ofh+ 30y (Wi, = Wiay)
j=1 j=1

d d
d 1 ;
= ,uih — 5 E Ugjh + E Uijﬁf%\/ﬁ,
j=1 j=1

where we used the notation from section 4 withn =1,...,N,i=1,...,d, and €1,¢e3,...,en
are i.1.d. Ny(0, I)-distributed random vectors. The h-investor’s value function is then defined
by

(6.4) Jg’ml(x) := sup E;log(X7),
acAhl
where the wealth X& is again determined recursively in terms of the Y,.
We are interested in the posterior distribution of the unknown matrix ¥~!. The conditional
distribution of the vector Y, given oo' = 7 is denoted by QY (:|7) and clearly

1
QY (-|7) = Ny(m(r), Th), m(r) == <N — 5(7-11 ... ,Tdd)T> h.
Given observations (y1,...,yn), the corresponding likelihood function is therefore

.= 1 ex —i Y —m()) Ty —m(r .
Wyt ynlT7) (@) deth) p( ) (yi—m(7)) (yi ()))

The exponential can be simplified by taking the trace:

Y (i —m(r) m g —m(r) = tr (Z(yz —m(r)) T (i — m(T)))

i=1 =1
=tr (Z(yz —m(7))(yi — m(T))TT_l)
i=1
=tr ((Z vy, — 2 Z ym(r) " + nm(T)m(T)T) 7_1) .
i=1 i=1
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Hence we see that (37", viv; > i1 vi,n) is a sufficient statistic for (yq, ... ,yn) The posterior
density of X1 given (y1,...,yq) is then proportional to l(yl,...,yn\z Dgget(x~1), where
the prior density q”Ol was specified in (6.1). We denote by X 7!(-|y1,...,yn) the posterior

distribution of 71 given (yi,...,y,). We will also use the notation 71(-|u,v,n), where
n T n
U= zi:1 YiY; » V= Zizl Y-
For n=0,..., N and a portfolio strategy (a;,) € A" we can now define the nth step value

function with unknown volatility similarly to section 4 by

T, (u,0)) == E ;

n n
log(X5s) | Xon =, 3 ViV =,y Yi=v
i=1 1=1

Jﬁl,vol(% (uﬂ})) := sup Jﬁ:g[t)l(a:, (u,?})).
ac Al

The value function can again be determined recursively:
S o
= sup { // It (e (14a72) gy o + y))@ywyv*)z*(dﬂu,v,n>} :

a€D
where 2° = exp(y® — hr) — 1. The next theorem follows again from [3, Theorem 6.1.1] and we
will therefore skip the proof.

Theorem 6.1.
(a) The value function for the h-investor is given by

Teel(@, (u,0)) = log(w) + dy(u,v),  (u,0) € RE < RYn € Nz >0,

where the d°° satisfy the following recursion:

d%¢t (u,v) == 0,
d*! (u,v) = rh + sup {/ / log (1 + aTé) QY (dy|r~H)2 N dr|u, v, n)}
a€D
(6.5) s [ [ astir wT o+ QY (ol drlu o).

The value function of the problem is given by Jh vol(g) = Jh vl (2.(0,0)),
where ¥71(:]0,0,0) = Q4°(-).
(b) The optimal amounts which are invested in the stocks are given by

vol

(@, (u,0) = ap?(

u,v)x, x>0,

where a2 (u,v) is the mazimizer of (6.5) and denotes the optimal proportions. The

optimal portfolio strategy is constructed through the application of the mazimizers.
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6.3. Comparison of continuous and h-investor with unknown volatility.

6.3.1. Comparison of information. As we have discussed, the continuous investor can
estimate Y perfectly from a very short observation of the stock price and from this time
onward works under full information. For the h-investor, however, this is not the case. The
h-investor updates her estimator of ¥ at discrete-time points but does not work under full
information.

This is a remarkable contrast to the situation where the drift was unknown and where the
h-investor did not suffer a loss in information compared to the continuous investor.

6.3.2. A simple and almost optimal strategy for the h-investor. We have seen that
the optimal strategy of the h-investor can theoretically be described; however, the practical
implementation is difficult. It is reasonable to look for an admissible “simple” strategy which
is almost optimal. In contrast to the case of unknown drift, however, the h-investor is unable
to implement the strategy of the continuous investor (in discrete-time) since the continuous
investor works almost immediately under full information.

To simplify the presentation we assume that T = 2Nh, N € N, i.e., N = 2N. We propose
now to update the strategy at even multiples of h only and use the difference of the two
observations during the time interval ((2n — 2)h, 2nh] given by

Y, i= Yon — You_1 = 0(c2n — c20-1)Vh

for n =1,...,N. The advantage of doing this is that Y7,... ’YN are now i.i.d. and obviously

the distribution of Y;, given oo = 7 is QY (:|7) := Ny(0,27h). Now we are in a classical
situation with normally distributed observations with unknown covariance matrix. In this
case the Wishart distribution is a conjugate prior, and hence if we assume that the initial
distribution of 7! = (g0 7)™ is Q¥ = Wa(v, Xy "), then the conditional distribution of ¥~
given the observations (1, ...,9,) is also a Wishart distribution, namely,

-1
1 .
W V+n7<20+%kz_lykyk) ;

see [9, pp. 176-177]. Obviously, (> ;_; gkg,j ,n) is a sufficient statistic for ¥~ Moreover, the
conditional expectation of X1 given > by YkYkT =sis

:(w+m<zm+%f>4

forn=1,...,N. For n = 0 we set ©-L(s,0) := v . o
Similarly, we can also derive the conditional expectation of ¥ given ) ,_; YkYkT = s (see,
e.g., [28, Theorem 3.1]):

(6.6) S-Lh(s,n) :=E [2—1\ Y Vi=s
k=1

>h(s,n) :=E 5|

n
Zf/]@ =S
k=1

S S SR
T Udn—d—1\""29p
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forn=1,...,N and f)h(s, 0) := ﬁﬁo. This conditional expectation can be used to define

an admissible strategy for the h-investor by replacing ¥ with 3" in the optimal strategy for
the continuous investor.

6.3.3. No short-selling. Consider now the optimization problem

Ty — _ 1 T
(6.7) {a (1 —7r1) — 2aT8M(s,n)a — max,

a€D,

and denote the maximizer by aﬁ’wl(s). We define a portfolio strategy by

When we consider (E? ’vOl) only at time points nh, we obtain an admissible strategy for the
h-investor. For general ¢ € [0, 7] it is admissible for the continuous investor and converges to
the optimal strategy of the continuous investor with no short-selling restriction.

Theorem 6.2. For t € [0,T] we obtain limj_,o 1?’”01 = gvol,
The proof can be found in the appendix.
Finally, when we denote by a/*% = (a"%) the discretization of z? ’wl, we obtain the

following theorem.

Theorem 6.3. For x > 0 we obtain limy,_ Jgiﬂwl (a:, (0,0)) — Juobmss (g),

A proof is given in the appendix. The theorem tells us that for small time steps h, the
h-investor can choose the simpler strategy a/*°!, which is close to being optimal.

Again we obtain convergence of the h-investor’s value function to the value function of
the continuous investor with short-selling restriction as A — 0.

Corollary 6.4. For x> 0 we obtain limy,_ Jo* (z) = Jvohnss ().,

We give a short proof in the appendix.

6.3.4. With short-selling. If we allow short-selling for the continuous investor we again
observe a discretization gap between the expected utilities of the h-investor and the continuous
investor.

Corollary 6.5.For x > 0 we obtain limy,_,q (J”Ol(:v) - JSL’UOI(:E)) = Jvol(z) — Jvobnss(z) > 0.

7. Numerical examples. In this section we illustrate our theoretical results with some
numerical examples and investigate the speed of convergence of some of our convergence
results. We also give examples for the discretization gap. We consider a market with one
stock, i.e., d = 1, time horizon T" = 1 year, and interest rate » = log(1.03). The investor’s
initial capital is set to x = 1.

7.1. Unknown drift. We first consider the situation where the drift g is unknown and
sampled from a N (pg, 03)-distribution with g = log(1.05), 08 = % o unless stated otherwise.
The known volatility is chosen to be o = 0.3.

The expected log-utility of the continuously trading investor is known analytically (see
[17]), and for our choice of market parameters it is J(1) = E[log(XT )] ~ 0.0389. This can

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



318 N. BAUERLE, S. P. URBAN, AND L. A. M. VERAART

Table 1
Results of Monte Carlo simulations of the expected terminal utility of the h-investor for different values of

N = % using first the lower-bound strateqy o and second the optimal strateqy .

N | J§a(1,0) | J5(1)
0.0351 | 0.0352
0.0361 | 0.0361
0.0363 | 0.0365
0.0365 | 0.0366

0 O = N

be used as an upper bound on the expected utility of the continuously trading investor with
short-selling constraints and on that of the h-investor.

In order to get an impression about the loss which is due to incomplete information we
derive the expected utility of an investor who knows p and can therefore implement the
strategy (u —r)/o?. This strategy is obviously not F°-adapted and therefore not admissible.
The corresponding expected utility is known analytically and given by

. T
Jariftknown 4y . — log () + 7T + 2—2(08 + (o — 1)°).
o
For our choice of parameters we obtain J#/tkmown (1) ~ (0.1220. We see that the difference
in expected utility between an investor with full and one with partial information is severe.
In the following we focus on admissible strategies.

7.1.1. Comparison of expected utilities. For different values of h, we investigate the
difference between the expected utility of an h-investor using her optimal strategy Joh(l)
and J&a(l,O) which is the expected utility of an h-investor using the discretization of the
optimal solution of the continuous investor with short-selling constraints (denoted by a,
in Theorem 5.1). We computed the expected utilities by using Monte Carlo methods and
solved the optimization problem (4.4) by using numerical optimization. We used 1,500,000
replications to derive J& »(1,0), 300,000 replications for N = 2,4, 6, and 85,000 replications for
N = 8 to derive Jé‘(l). The smaller number of replications in the latter case was necessary,
since a numerical optimization has to be carried out at each time step, which resulted in
a longer running time. The results are presented in Table 1. We observe that the expected
utility increases with N, i.e., more frequent portfolio adjustments increase the expected utility.
The simple strategy o which just discretizes the optimal continuous solution with short-selling
constraints results only in a slightly lower expected utility than using the optimal solution.

From Theorem 5.1 we know that limy, J&a(l, 0) = J"*%(1) and obviously J"**(1) < J(1).
Figure 1 shows J& +(1,0) for different values of h and compares it to J(1). We clearly find the
discretization gap as stated in Corollary 5.4. The h-investor’s value function converges only
to J™%(1) and not to J(1).

Figure 2 illustrates the sensitivity of the discretization gap to the time horizon 7" and
the variance of the prior distribution. We plot J(1) and J"**(1). One clearly finds a loss in
terminal utility when having to obey short-selling restrictions, its magnitude increasing with
a longer time horizon or a higher variance of the prior.

7.1.2. Comparison of strategies. In Figure 3 we plot the h-investor’s optimal strategy
aj(s) for fixed n and various values of s = ;| Z = Z), representing different observation
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time lag h
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Figure 1. Ezpected utilities J{' ,(1,0) (lower bound values) and J(1) (continuous upper bound) for various

time lags h.
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Cp = uO/ 12, nss
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time horizon T in [.25, .50, 1.00]

Figure 2. Expected utilities J(1), J"*°(1) of the continuous investor for T € {1, 2,1}, po = log(1.05) and

ot € {& 1o, 210, po}y, represented by blue, green, and red.

o
©

o
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o
'

strategy values
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o

Figure 3. Comparison of the h-investor’s optimal stmtegy~a;(s) and the approzimating strategy o, for
n =10, for different values of the sufficient statistic s =Y} _, Zx = Znn and different time lags h. For every
color-coded combination the straight line gives the value of ay,(s), while the dotted curve represents a, .
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Table 2
Market scenarios for the prior distribution of £ ".
Scenario v Xt
A 250 1/20
B 25 1/2
C 4 25/8
D 250 1/5
E 25 2
F 4 25/2

scenarios. The same plot contains the approximating strategy c,, using the same s = Z,.
One can easily see from (3.3) that for s = Z,;, = 0 the approximating strategy converges to
% for h — 0. Moreover, for fixed s = Z,, # 0, fi,n converges to +oo for h — 0 and the
sign does depend on the value of s. Hence, since short-selling is excluded, the corresponding
strategies will converge to either 0 or 1 for h — 0 if s # 0. Note that if s = Z,,;, was not fixed
we would always find that fi,, — po as b — 0. The main purpose of this figure, however,
is to show that the two strategies are almost identical even for larger values of h. Hence, in
practice, the approximating strategy can be very useful since it is available in closed form and
is reasonably close to the optimal strategy.

7.2. Unknown volatility. In contrast to the previous setting, we now assume that the
drift is a known constant and the volatility is the unobservable random variable. We set
1 = log(1.05) and X7 ~ Wy (r,55!). We choose six different parameter combinations for
v, 20_1 as specified in Table 2. In scenarios A, B, and C we have E[X 1] = VZSI = 12.5, while
in D, E, and F we have E[X~!] = 50.

Figure 4 illustrates the distribution of ¥~!(u — r) by showing corresponding histograms
for all six scenarios. If ¥71(u—7) is used as a trading strategy within the first three scenarios,
the no-short-selling restriction is satisfied with a very high probability. In scenarios D, E, and
F, however, being constrained to no short-selling or not makes a notable difference. The red
vertical line in Figure 4 indicates the upper bound 1 on ¥~ (x — r) which is in place as soon
as short-selling constraints are imposed. For D, E, and F we observe a significant proportion
of the probability mass outside the [0, 1] interval.

Again, we are interested in the discretization gap. We can easily compute JU%, the ex-
pected utility of the continuous investor without short-selling constraints, since this is available
in closed form; see (6.2).

The optimal solution to the h-investor’s problem with unknown volatility is difficult to
calculate, but we can use some approximations. When trading continuously, the volatility can
be determined with any desired precision over an arbitrary small compact interval; thus the
continuous investor will invest optimally when holding the Merton-ratio ¥ ~!(u — 7) in the
stock. Applying this strategy in discrete-time is denoted by at?bknownN swhere N = T'/h.
Restricting it to no short-selling leads to a strategy denoted by av°bFmownN ~These strategies
are obviously not F¥-adapted and therefore not admissible for the h-investor, but they are
useful for our comparisons.
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Figure 4. Histogram obtained by simulating £~ (1 — r) for all siz scenarios.

Table 3
FEzxpected terminal utility for strategies with either estimated or known parameter ¥~ for different N and
different scenarios.

N =4 N = 200 N = 2000 Continuous
Jywet(1,(0,0)) Jorot(1,(0,0)) Jywet(1,(0,0)) JUo(1)
o g’uol,est,4 gvol,known,él gvol,est,ZOO gvol,known,ZOO gvol,est,ZOOO g’uol,known,2000 T
A | 0.03181 0.03183 0.03182 0.03184 0.03185 0.03186 0.03187
B | 0.03164 0.03182 0.03177 0.03184 0.03185 0.03186 0.03187
C | 0.02984 0.03183 0.03165 0.03183 0.03182 0.03184 0.03187
Standard deviations of Jg72* (1, (0,0)) € [0.000048, 0.000065] for A, B, C -
D [ 0.03868 0.03874 0.03868 0.03873 0.03874 0.03876 0.03880
E | 0.03799 0.03853 0.03835 0.03853 0.03852 0.03856 0.03880
F | 0.03144 0.03763 0.03723 0.03759 0.03757 0.03761 0.03880
Standard deviations of J§'v” (1, (0,0)) € [0.000076, 0.000127] for D, E, F -

We also consider the following strategies which are admissible for the h-investor since the
unknown Y~ ! is replaced by the estimator defined in (6.6):

alobestN () .= S (s, LED (n—r),

2
auebestN (g) .= max {O, min {1, Y-Lh (s, {gD (u— r)}} ,
where n = 0,1,..., N — 1 and the latter obeys short-selling restrictions. Here s denotes again

the value of the sufficient statistic. By Monte Carlo simulation (2 million replications) we
have found the results given in Table 3.
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Table 4
Discretization gap J"°'(1) — Jgi’fﬁl’kmwn,moo(l, (0,0)), difference between continuous and discrete trading
for continuous observations Jg’;’fil’kmwny%oo (1,(0,0)) — Jg’;’filymowwl (1,(0,0)), and difference between contin-
uwous and discrete observations for discrete trading Jg’:fil’kmwwl(L (0,0)) — J:;}Sil,est,4(17 (0,0)).
Scen. | Discretization gap Cont. - disc. trading | Cont. - disc. observations
with cont. observations with disc. trading
A 0.00001 0.00003 0.00002
B 0.00001 0.00004 0.00018
C 0.00003 0.00001 0.00199
D 0.00004 0.00002 0.00006
E 0.00024 0.00003 0.00054
F 0.00119 0.00098 0.00619

Clearly and as expected, taking into account additional information gives an advantage to
the investor. Additional information is particularly useful if the estimator is not very precise
yet due to a high variance of the prior.

Table 4 shows the discretization gap for unknown volatility. Since JU°4"$%(1) is not avail-
able in closed form, we approximate it by Joh g’fﬁl’knownvmo(l, (0,0)), which can be justified by
Theorem 6.3. We find that the discretization gap is small in scenarios A—C. Moreover, it is still
within the size of the standard deviation of our estimator. This result is not too surprising,
given that the no-short-selling restriction in these scenarios is satisfied with a very high proba-
bility anyway and hence the difference between JV? (1) and Jv?"%5(s) is expected to be small.

The situation is very different in scenarios D-F. Even if we account for the standard
deviation of the estimator, the discretization gap is clearly there and becomes more obvious
when we move from D to F. In these scenarios the no-short-selling restriction is usually not
automatically satisfied and therefore these results seem natural.

Next we compare the difference between continuous and discrete trading assuming that

we have continuous observations. We compare Jg Z’fﬁlykmwwooo(l, (0,0)) as an approximation
for continuous trading with Jg Z’fﬁlykmww(l, (0,0)) which represents discrete trading. We find

that the difference is rather small.
The story is very different if we account for the different information of the discrete and
the continuous investor. We compare J*% (1,(0,0)), i.e., the expected utility of the h-

0.qvol,known,4
—_

investor who was told the volatility, with J hol (1,(0,0)), which is the expected utility she

0,aqvol.est 4
gains from using the two-step-volatility estimator defined in (6.6). The difference in expected
utility is severe. Given that N = 4, the estimator for the volatility is based on only two
observations and therefore not very precise yet. Therefore the loss in expected utility is large.

Generally, we find that if the volatility is unknown, the information loss is the main
problem for the h-investor.

8. Conclusion. We have derived optimal trading strategies for an investor who can only
trade at discrete-time points and does not observe all market parameters. We have provided
a detailed comparison between the h-investor and the continuous investor regarding their
optimal strategies and their expected utilities.
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For unknown drift, we have proved that the estimators of the drift of the continuous and
the h-investor coincide at the discrete trading times. The expected utility of the h-investor,
however, does not converge to the expected utility of the continuous investor for A — 0. This
is because the h-investor’s optimal strategy excludes short-selling, whereas for the continuous
investor this is not the case. The arising discretization gap is just the difference between the
expected utility of the continuous investors with and without short-selling constraints.

For unknown volatility, already the estimators between the two types of investors differ.
The continuous investor can perfectly estimate the unknown volatility from a very small time
frame of available stock prices and effectively works under full information. The h-investor,
however, loses relevant information by observing the asset price at discrete-time and therefore
has a disadvantage. We still observe a very similar limiting behavior for A — 0. Again, the
expected utility of the h-investor only converges to the expected utility of the continuous
investor satisfying short-selling constraints, i.e., again the discretization gap occurs.

For both situations (unknown drift and unknown volatility, respectively) we have provided
simple strategies for the h-investor which are almost optimal, are simple to implement, and
ensure that the corresponding expected utility converges to the optimal expected utility.

Of course, it is also possible to combine the situation of unknown drift and unknown
volatility, but we leave this for future research.

Our results under incomplete information are in contrast to those under full information
(see [25]) where the discretization gap does not occur. Hence, we have found a natural example
in which a discretization of a continuous problem does not converge to the continuous solution
when the size of the time step approaches zero.

Appendix A.
Proof of Theorem 5.1. The second equality holds by definition; therefore we only need to
prove the first equality. The expected log-utility of the continuous investor can be written as

x T 1
J%(x) = Eplog X7 = log(z) + E, [/ <r + EST(M —r1) — §EIEL> ds}
- 0

and the expected log-utility of the A-investor is

N
T o (1,0) = By log X5 =log(z) + 7T + > Eplog (14, 1 Ry).

n=1
So it is obviously sufficient to show that
N T 1
}L%;E:c IOg (1 + Q;Lr—an) = Ex [/0 <E;—(:u' - Tl) - §E3—2E5> dS:| :

We first prove
T T L
E[log(l + Qn—an)] =E [ﬂ(n_gh(ﬂ —r1)h — §£(n_1)h2£(n—1)hh] + o(h).

For a fixed time point ¢ = (n — 1)h write « = «a,,_; = m;. Using the tower property of the
conditional expectation we treat the FIX j-measurable q,,_; as given and write E; for the
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conditional expectation. Consider the function f : R — R defined by

d
flzy,...,zq) = log (1 + Zai(e” - 1)) .
i=1
If we set ;i := (u; — r)h — 3||0%||*h + Vho'e,, then
B, [log(1+a” Ry)| = Bif(F),.... V).

Next use a Taylor series expansion of f around 0 = (0,...,0). We use the notation D;f for
the partial derivative w.r.t. x; and 6 € (0, 1):

d d d
f(x) = f(0)+ Z D;f(0)x; + % Z DiDjf(Q):Eiﬂfj + % Z DiDjDkf(eﬂj):Ei:Ej:Ek.

i=1 1,j=1 1,5,k=1

) = i, DiD; f(0) = —aa fori # jand (D;)?f(0) =

Y,)| < 1. Thus, our statement follows, since

Computing the derivatives we obtain D; f (

0
a;(1 — ;). Further note that |D;D; Dy, f(6

d d d
-1 -~ 1 -
E, [1og(1 + aTRn)} = aY,; - 5 > iy BYY] + 3 > aiEy(Y,)? + o(h)
i=1 i,7=1 =1

1
=o' (u—r1)h— §aTEah + o(h).

We obtain with dominated convergence the fact that the constants in front of o(h) can be
made independent of n (due to stationarity) and the P-a.s. continuity of ¢ — m, that

T/h
lim 21& log (1 + a1 Ry)

T/h T/h

. 1
= lim > E. [E(Tn—nh(,u —ri)h— 51&—1)hzﬂ(n—l)hh:| +>o(h)
n=1 n=1
T/h
=E, |li oo (e — )h—lT ) h| + lim o(1)
= B | 0 2 Tp—1)p 7L 5T (n—1)h =T (n—1)h i o
n=1

T
1
= Ew |:/ ﬂ;r(lu - Tl) - 532—2337(18 )
0

which implies the result. [ |
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Proof of Theorem 5.3. Using the same Taylor expansion as in the previous proof we can
write the optimization problem in (4.4) as

//log (1+aT2)QZ(d§\m)u(dm]s,n)

- Ly 1 & N '
= [ [ (7 ghenrn) —5 3 a5 S aileih

i,j=1 i=1
Q7 (dz|m)p(dmls, n) + o(h)

1
= (aT(ﬂt —7rl) — §aT2a> h+o(h).
If we define f(a) :=a' (i — r1) — 3a' Sa, then

fula) =5 [ [ 1og 1+ &)@ dslm)taimls )

has the property that f, — f for h — 0 and the constant in front of o(h) can be chosen

independent of a. Since D is compact, a — fp(a) is continuous and strictly concave, i.e., the

maximum point of fj is unique, we obtain our statement with Theorem A.1.5 in [3]. [ |
Proof of Theorem 6.2. First observe that the strong law of large numbers implies

Lo7 1 Lo7

A . t .
lim 3" ., . | —| | =1 Yo + — Y., | =%, Pas.

Since the limit is independent of ¢, the convergence is also uniform on compact intervals
of the form [¢,T] for € > 0. Hence, when we denote the objective function of (6.3) by
fla)=a"(p—r1) — ta"Sa and by

L%

1 +& ~ t
h T Ty h E T
f (a) =a (,LL — T‘l) — 5(1 b)) e Yk‘Yk; s \‘%J a

the objective function of (6.7), we obviously have f" — f for h — 0. Since D is compact and
a — fP(a) is continuous and strictly concave, we obtain the statement with Theorem A.1.5
in [3]. [ |

Proof of Theorem 6.3. As in the proof of Theorem 5.1 we have

howol T howol T 1 hwolT «_hovol
E, log (1 + Rn) =E; ﬂ(nv_ol)h(/‘ —ri)h— iﬂ(nifl)hzﬂ(nlfl)hh + o(h).

Since the convergence of the portfolio strategy is uniform on intervals [e,7] the statement
finally follows as in Theorem 5.1. |
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Proof of Corollary 6.4. With Theorem 6.3 and

Jh,vol (.’L’) < Jg,vol(x) < Jvol,nss(x)

07ah,vol
we obtain the result. |
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