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Abstract

After the seminal paper of Jarrow and Rudd (1982), several authors have proposed
to use different statistical series expansion to price options when the risk-neutral density
is asymmetric and leptokurtic. Amongst them, one can distinguish the Gram-Charlier
Type A series expansion (Corrado and Su, 1996-b and 1997-b), the log-normal Gram-
Charlier series expansion (Jarrow and Rudd, 1982) and the Edgeworth series expansion
(Rubinstein, 1998). The purpose of this paper is to compare these different multi-
moment approximate option pricing models. We first recall the link between the risk-
neutral density and moments in a general statistical series expansion framework under
the martingale hypothesis. We then derive analytical formulae for several four-moment
approximate option pricing models, namely, the Jarrow and Rudd (1982), Corrado and
Su (1996-b and 1997-b) and Rubinstein (1998) models. We investigate in particular the
conditions that ensure the respect of the martingale restriction (see Longstaff, 1995)
and consequently revisit the approximate option pricing models under study. We also
get for these models the analytical expressions of implied probability densities, implied

volatility smile functions and several hedging parameters of interest.



Revisited Multi-moment Approximate Option Pricing Models: A
General Comparison (Part 1)

1 Introduction

The Black and Scholes (1973) formula is certainly one of the most used in finance, but
presents some inconsistencies. In particular, several empirical studies® show that the model
missprices deep out-of-the-money and deep in-the-money options. In other words, when
the Black-Scholes formula is inverted, the implied volatilities estimates differ across exercise
prices and maturities, and form patterns called “smile”, *“smirk™ or “sneers” depending on
their shapes.? This result is generally attributed to the unrealistic hypothesis of a geometric
Brownian motion for the underlying asset process or, equivalently, of a normally distributed
continuous rate of return with constant volatility under an equivalent martingale measure.
Indeed, if rare events are more frequent than it is assumed in the normal case, then the
price of deep out-of-the-money options will be higher than the Black and Scholes (1973)
model predicts. If, moreover, the log-return distribution is negatively skewed, prices of deep
out-the-money put options will be higher than those of deep in-the-money call options and
the implied volatility function will be downward biased.

In order to avoid these biases, different approaches have been proposed. A first one is
to consider alternative stochastic processes than the geometric Brownian motion with or
without additional stochastic factors. For instance, a jump-diffusion process is chosen by
Merton (1976) and more recently by Bates (1991 and 1996-a), whilst Hull and White (1987),

Stein and Stein (1991) and Heston (1993) consider stochastic volatility models. Bates (1996-

1See, for instance, MacBeth and Merville (1979), Rubinstein (1985 and 1994) and Bates (1996-c).
2Bates (2000) shows that “smiles” often appear before the crash of 1987 on the American market, whilst

“sneer” patterns are more likely to be found since.



b and 2000) and Pan (2002) extend the jump-diffusion model to incorporate stochastic
volatility to explain the structure of option prices, while Bakshi et al. (1997 and 2000)
develop option pricing models that admit simultaneously stochastic volatility, stochastic
interest rate and random jump.

A second approach is to use binomial - or trinomial - lattices in order to approximate
the whole structure of market prices (see Rubinstein, 1994, Derman and Kani, 1994, Dupire
1994, Dernan et al., 1996 and Jackwerth, 1997). In achieving an exact cross-sectional fit
of option prices, trees can be constrained to reproduce moments of a prespecified implied
density (see Rubinstein, 1998, Li, 2000 and Ang et al., 2001).

Despite the fact that both approaches can yield skewed and leptokurtic risk-neutral
density, they are not perfectly satisfactory. The most severe critics of these related models
are the lack of parsimony (leading to possible overfitting), the choice of a deterministic
volatility function (see Dumas et al., 1998) or the existence of inadequate volatility term
structure (see Das and Sundaram, 1999). Moreover estimation problems on illiquid markets
are reported.

An alternative approach consists in specifying a functional form of the terminal risk-
neutral density of the underlying asset price.> Amongst the distributional specifications
investigated for the pricing kernel, one can firstly distinguish non-parametric - model-free
- statistical methods that impose a very slight structure on the form of the distribution,
such as kernel estimators (see Ait-Sahalia and Lo, 1998 and 2000), smoothed curve fitting
methods of the pricing or the implied volatility function (see for instance Shimko, 1993,

Rubinstein, 1994, Jackwerth and Rubinstein, 1996, Brown and Toft, 1997, Malz, 1997,

3Indeed for a given expiration date, there exists an infinite number of stochastic processes which are

consistent with one particular risk-neutral distribution (see, for instance, Melick and Thomas, 1997 and

Dupire, 1998).



Campa et al., 1998 and Hartvig et al., 1999) and maximum entropy estimation methods
(see Buchen and Kelly, 1996, Stutzer, 1996, Guo, 2001 and Jondeau and Rockinger, 2002).
Secondly, fully parametric models consider more flexible and general distributions than the
normal, such as three parameter distributions (see Sherrick et al., 1996), four parameter
distributions (see Posner and Milevsky, 1998, Lim et al., 2000 and 2002, Theodossiou, 2000
and Corrado, 2001) and five parameter distributions - for instance mixtures of lognormal
distributions (see for instance Ritchey, 1990, Bahra, 1996 and 1997, Malz, 1996 and 1997,
Melick and Thomas, 1997 and Pirkner et al., 1999). Thirdly, semi-parametric models consist
in approximating the state price density using empirical counterparts of the implied moments.
Initially developed by Jarrow and Rudd (1982), this last approach aims to approximate the
risk-neutral density by a statistical series expansion such as a Gram-Charlier Type A series
expansion (see Corrado and Su, 1996-b and 1997-b, Backus et al., 1997, Bouchaud et al.,
1998, Brown and Robinson, 1999 and Knigth and Satchell, 2001), a lognormal Gram-Charlier
series expansion (see Jarrow and Rudd, 1982, Turnbull and Wakeman, 1991, Corrado and
Su, 1996-a and 1997-a, Jondeau and Rockinger, 2000 and Flamouris and Giamouridis, 2002)
or an Edgeworth series expansion (Rubinstein, 1998 and Li, 2000).# The series are truncated
to a finite order that usually gives a tractable closed-form expressions for option prices. In
this last approach, the risk-neutral skewness and kurtosis of the underlying asset enter in
option pricing in a very natural way since the coefficients of statistical series expansions are
functions of moments of the given and approximating distributions.

The purpose of this article is to focus on this last field of literature. We aim to present,

in an unified framework, the theoretical foundations of the option pricing models based on

“While these expansions are the most popular in the literature, others have also been considered such
as Laguerre series expansions (Brenner and Eom, 1997 and Dufresne, 2000) and Kummer functions (Abadir

and Rockinger, 1997).



statistical series expansion methods, namely, the Jarrow and Rudd (1982), the Corrado and
Su (1996-b and 1997-b) and the Rubinstein (1998) models.

Our study provides several contributions. Firstly, we investigate the conditions that
ensure the respect of the martingale restriction (see Longstaff, 1995). This gives us crucial
insights on approximations involved in the multi-moment approximate option pricing models.
Indeed, while it is showed that the martingale restriction is fulfilled in the Jarrow and Rudd
(1982) model, the Corrado and Su (1996-b and 1997-b) and the Rubinstein (1998) models
do not conform to it and need then to be revisited. We also establish the link between
these models and alternative option pricing models such as the Black and Scholes (1973)
and the Hermite polynomial models (see Madan and Milne, 1994 and Abken et al., 1996).
Next, we provide analytical formulae for implied density function and we generalize the
approach of Backus et al. (1997) regarding the volatility smile functions. We finally provide
hedging parameters of interest following Corrado and Su (1997-a), Hull and White (1997),
and Knigth and Satchell (2001).

The paper is organized as follows. In section 2, we review the statistical foundations and
the pricing formulae of the Jarrow and Rudd (1982), Corrado and Su (1996-b and 1997-
b) and Rubinstein (1998) models. In section 3, we present the implied probability density
and the implied volatility smile functions. We also compute the Greeks - namely, the Delta,
Gamma, Vega, Khi and Psi®. Section 4 summarizes and concludes. Main proofs (Appendixes

1 to 10) and Figures (Appendix 11) are collected at the end of the article.

5The two last one - proposed by Hull and White (1997) - measure respectively changes in the option price

with respect to changes in skewness and kurtosis.



2 Pricing of Options when Risk-neutral Densities are

Skewed and Leptokurtic

When pricing an option, several elements of interest are involved. \We start by defining
variables under consideration, the no-arbitrage conditions and the general expression of the
option price. We then recall main statistical series expansion that lead to revisited - because

of the martingale restriction - multi-moment approximate option pricing models.

2.1 Option Pricing and Martingale Restriction

The first element of interest in option pricing is the conditional distribution of the terminal
price of the underlying asset. Let x, be the 7-th period log-return on the underlying asset

defined such as:

— EN: In {Sti} (1)

— [SirG-1a
N

>
=1

where Sy and S; are respectively the terminal and the actual price of the underlying asset,
N = 7/A is the number of unit time intervals of length A during a period 7 = (T —t), and
X; 1S the instantaneous log-return on the underlying asset. Rearranging terms, we obtain:
N
ISy =InS; + » X @)
=1

then:

N
Sr=S,exp (Z&) (€))



and the conditional distribution of the terminal price of the underlying asset depends on
that of x;. If we assume that x; are 11D random variables with finite variance, it follows
by application of the central limit theorem and the definition of a lognormal random vari-
able® that when N tends to infinity, the underlying asset terminal log-price is conditionally
normally distributed and the underlying asset terminal price is conditionally log-normally
distributed.

The second element of interest when valuing options is the determination of the fair price
in a risk-neutral framework. An European call option is a contract which confers on its
holder the right, with no obligation, to purchase an underlying asset, which current price
is noted S;, for a prescribed amount, known as the exercise or strike price, denoted K, at
the expiration date, T. Under the assumptions of (dynamically) complete market and no
arbitrage opportunity, and if we suppose that the risk-free rate of interest, denoted r, is
constant, the theoretical price of a call option is the present value of the expected payoff at

expirity, given by the following pricing kernel (see Harrison and Kreps, 1979):

C = C[S,K,7,1,T,S7,0 =e7""Eg [Max (Sr — K, 0)]

+o0o
= e_”/ (Sr — K) T (Sr)dSr @)
S

=K
where Eg [.] is the expectation under the risk-neutral probability measure, 6 is a vector of
parameters - the first moments - characterizing the risk-neutral density of underlying asset
terminal price T (Sr).

The third element of interest is linked with the martingale restriction implied by the
no-arbritage condition. Under this condition, the expected price under the correct proba-

bility measure should be equal to the current asset price compounded at the risk-free rate.

6A random variable x is said to be log-normal if In(x) is normally distributed. For a study of the

log-normal distribution, see, for instance, Aitchinson and Brown (1966).



Accordingly, the probability measure to be considered must satisfy the so-called martingale
restriction (see Longstaff, 1995):

Eq[Sr] =¢€"S, ©)

and then the density of underlying asset terminal price f (Sy) must respect:

+oo
In {EQ [ST]} =In |:/0 STf (ST) dST =rT + In (St> (6)

depending on the shape of the chosen density as a proxy for the “true” underlying risk-neutral
density.

Finally, a closed-form for the option formula can be obtained if we assumed a lognormal
distribution for the terminal price of the asset, as in Black and Scholes (1976), or if we use a
statistical series expansion for the conditional density of the price of the asset, as in Jarrow
and Rudd (1982) or for the conditional density of the related continuously compounded

return, as in Corrado and Su (1996-b and 1997-b) and Rubinstein (1998).

2.2 Risk-neutral Density and Moments

The problem is then to get an analytical expression for the risk-neutral density function. One
way of doing that is, following Jarrow and Rudd (1982), to use a statistical series expansion’
of the state price density in order to get an approximation used in (4) when replacing f (x)

by the rigth-hand side of the following equation:
f(xX)=v(f,0,%x0)+e(X) @)

where g(.) is a fitted density, x the random variable under interest - terminal price or log-
return - 6 is a vector of moments characterizing the *“true” risk-neutral density, v(.) a

statistical series expansion and ¢ (x) a residual.

"Statistical series expansion are conceptually similar to a Taylor series expansion: a given density is

approximated by an expansion around a prespecified distribution.

8



In this case, estimation of parameters included in the vector of moments ¢ are sufficient to
recover a parametric approximation of the risk-neutral density®. More formally, any robust

class of density f (x) can be written as (see Johnson et al., 1994, p.28 and Appendix 1):

g(x)+¢e(x) (8)

F0 =90+ 5 [2 =

j=1
where g (X) is an arbitrary density, ; (.), j = [1, ..., N—1] its cumulants, k; = [, (F) — &, (9)]
R () =B () orz () = Ha () ks () = My () ka () = By () =3My ()7 with p, j = [1,..., 4], the
centered moments of order j, D is the differentiation operator such as D’g(x) = d’g(x)/dx’
and ¢ (x) is a residual.®
In the last formula, terms in g(X) represent a traditional general statistical series expan-
sion. Some restrictions could be added on existence of moments!® and on the fact that the
distribution could be uniquely defined using its moments!!. Specific ordering of terms and
special choices about the form of the approximating distribution lead to several expressions
of equation (8).
In particular, the way terms are ordered in the general form (8) lead to different statistical

series expansion as presented hereafter. Indeed, developing and collecting terms determined

8Some of the others common approximation techniques of density by their moments include Cornish-

Fisher series expansion and Johnson family of curves.
®The cumulants of f (x) are defined as coefficients of ( it d’g(x)/dx? in equation (8), whether or not

T (X) > 0. So, in general, expression (8) will not constitute a proper probability density function (see Kendall
and Stuart, 1977, pp.168-171 and Johnson et al., 1994, pp.25-30). Nevertheless, this problem can be solved
by imposing restrictions on the domain of variation of the moments (see for instance, Barton and Dennis,
1952, Balitskaia and Zolotuhina, 1988, and Jondeau and Rockinger, 2001). Another problem that can arise
is that, even if for all x, ¥ (x) > 0, the density may display multimodality (see Barton and Dennis, 1952).
Despite these limitations, it is often possible to obtain from statistical series expansion useful approximate

expression of a distribution with known moments.
101n a financial framework, expansions usually consider only the first four moments.
1 That is not the case for the log-normal distribution for instance.



by successive derivatives of g (x) in (8), up say to the fourth order, leads to:

f(xX) = vgo(f,0,%,0) +¢(X)

_ dg (x) | |k +(ki)* | d’g(x)
BERAA aval X ©)
| ks + 3kiks + 3 (ki)® | dg(x)
3! dx3
Ky + 4ksky + 3 (ko) 4 6 (k1)* kg + (ky)* | d*g (x)
4! dx4
+ ¢ (X)

where Kk;, with j = [1, ..., 4], are defined as previously and < (x) is an error term.

The state price density is then a linear combination of g (x) and its derivatives. The col-
lection of terms in g (x) is called a Gram-Charlier series expansion (see for instance Johnson
et al., 1994, p.28 )*2. Second, third, fourth and fifth terms in equation (9) allow to adjust
g (x) according to the gap between, respectively, the mean, the variance, the skewness and
the kurtosis of the approximated distribution and that of the approximating density function
(each term being weighted by the first, second, third and fourth derivatives of the approxi-
mating density function). The last part of equation (9) - the residual ¢ (x) - captures terms
neglected in the expansion.

If we moreover assume that X is a standardized random variable and g (x) a Gaussian

distribution, then equation (9) becomes:

f (X) = Ugc(f, ©, X, 9) + C (X) (10)

o () 50 %) (00 + ¢ (%)

= (X + = A

Hs (X) ¢ (x) +

where ¢ (x) = (27) "/ exp (—x2/2) is the standard normal density function, ; (¢) = x; (f)

for j =[1,2] and x; (¢) = 0 for j = [3, 4], H; (X) denotes the i-th Hermite polynomial defined

12Some authors refer to it also as a Bruns-Charlier Expansion (see Hall, 1997).

10



by Rodrigues’ formula®® H; (x) = (—=1)" ¢ (x) " dip (x) /dx* and ¢ (x) is a residual.’* The
equation (10) corresponds to Gram-Charlier Type A series or Hermite polynomial series
expansion.*®

For practical purposes, expression (8) is usually truncated up to the fourth order, and
the remainder ¢ (x) is dropped. Since the successive terms in a Gram-Charlier expansion are
not necessarily in decreasing order of importance, ¢ (x) in (9) may not converge uniformly

to zero as more terms are added. However, if X is a normalized sum of »n independent and

identically distributed random variables x;, with i = [1, ..., n], that is:
X =n"20 1y " (% — ) (11)
=1

it is possible to sort differently terms in equation (8) such as to ensure that it constitutes

a proper asymptotic series expansion®. The ordering is based on the fact that, for a sum

13See Abramowitz and Stegun (1972).
14 The Hermite polynomials through the fourth order are (see Kendall and Stuart, 1977, p.163):

Ho (X) =1

H; (X) =X

Ha () = (x2 — 1)

Hs (x) = (x* — 3x)

Hy (X) = (x* — 6x% + 3)

Hs (x) = (X5 — 10x® + 15x)

Heg (x) = (x® — 15x* 4 45 — 15)

SWhile formula (10) is one of the most commonly used in statistical theory, it must be emphasized that
Gram-Charlier expansion based on a standard beta, standard gamma, poisson, log-normal (see below) and

t-student distributions have also been developped.
16 An asymptotic expansion is defined to be a expansion which has the property that when truncated at

some finite number r, the remainder is of smaller order than the last term that has been included (see for

instance, Hall, 1992, p.45 and Spanos, 1986, pp.205-206).
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of n 11D standardized random variables'’, the j-th cumulant is proportional to n'~7/2, with
j > 2 (see Appendix 2). After developing and collecting terms of equal order in n='/2 in (8),

say up to n—torder, f (x) can then be expressed as:

f(x) = vp(f,g,Xx, 9) £ (X) (12)
L Kisd
= g -ne 3 c?x(?’)
1 | kiad*g (x) (ki,3)2 d°g (x)
T T 0T e
+£(X)

where K; ; = [k ; (F) — ki (9)] with &, ;, now the j-th cumulant of the standardized random
variable o' (x; — W), (i xj) = (1,..,n) x (1,...,4), with x;; =0 and x;» =1 and £ (x) is a
residual with ¢ (x) = o(n~!) where o(.) corresponds to the landau notation.

In the last formulation, the group of terms in g (x) is known as an Edgeworth series
expansion (see, for instance, Johnson et al., 1994, p.28)'8. Second and third terms in equation
(12) allow to adjust g (x) according to the gap between the skewness and the kurtosis of the
risk-neutral distribution function and that of the approximating density (successive terms
being now weighted by n~'/2 and n—!). The last part of equation (12) - the residual ¢ (x) -
takes into account terms in the development based on higher order cumulants.

If we assume again that g (x) is a standard normal density, equation (12) becomes:

f(xX) = ve(f,e,Xx0)+n(X)
= oo+ 20

3!
Kq (T)
4!

Hs (X) ¢ (X) (13)

Ha 0 +10 08 1 0| 6 9

+ 1 (X)
"When standardized random variables are not an 11D sequence see Kochard (1999).
18Some authors refer to it also as a Edgeworth-Sargan (Mauleon and Perote, 2000).

12



where ¢ (X), H; (X) and n (x) denotes respectively the standard normal density, the i-th
Hermite polynomial and a residual. This form is called a normal Edgeworth series expansion
(see, for instance, Spanos, 1986).

Note that none of the expression (12) or (13) possess a general theoretical superiority
over the equation (9) or (10), since they depend on a particular assumption about the orders

of magnitude of successive cumulants (see Johnson et al., 1994, p.28).

2.3 Fourth-moment Option Pricing Models

The statistical series expansion methodologies recalled, we present the derivation of the
multi-moment approximate option pricing models, depending on the choice of the approxi-
mating distribution of the risk-neutral density. While the martingale restriction is nothing
else than a rescaling of the risk-neutral density, it is shown nevertheless that the restriction
is model dependent. This thus leads to revisit some of multi-moment approximate option

pricing models under review.

2.3.1 The Black and Scholes (1973) Model

Black and Scholes (1973) model assumes that the dynamics of the underlying asset follows

a geometric Brownian motion:*°
0,2

where « is the expected value of the log-return, o represents the related volatility and W, is
a standard Brownian motion under the physical measure.

When markets are complete, Harrison and Pliska (1981) show that there exists a risk-

9For the stochastic differential equation notation, see Baxter and Rennie, (1996), p.85.

13



neutral transformation that leads to the following expression:
dS, = rS,dt + ¢S,dW (15)

where WtQ is a Brownian motion under the risk-neutral probability measure.
It follows from It6’s lemma that the risk-neutral density of the terminal price of the

underlying asset is lognormal, that is:

[ln (S—f> — (r — %02) T:|2

1
F(Sr)=c—F7= - 16
(51) SroV2rT P 202t (16)
or, by definition, that of the asset log-return is normal, that is:
1 InSy— (InS, + [r — Lo2] 7))
f (111 ST) — exp { — [ nor ( no; [ 50 ] 7')} (17)
oV 2rT 2027

so the price of an European call option under the Black and Scholes (1973) assumptions can

be written as:

CBS = C [Sta KaT1 r,Uaf1g1X, 9] (18)

::f”/m(%—KMHSM%M&QN&
S

=K

where v (f, g, 6) is defined - in the particular case of Black and Scholes (1973) - such as:

v()=1Ud
f()=1()
X—ST
g(.)="F()
\ =0

with | (.), the lognormal distribution function.
Performing the following change of variable on S in integral (18):
log (i—f) — U7
o
14

z= (19)




where pur and o+/7 respectively represent the expected value and the volatility of the log-

return under the risk-neutral measure, leads to the Black and Scholes formula (1973), that

is:
+oo
Cos = ¢ [ L Sr-K)p@)d (20)
=T
= S8 (d) — Ke™"® (d — 0/7)
with:

d— log (Si/Ke™) + o27/2
- e

where ¢ (.) and @ (.) are respectively the standard normal density function and the standard
normal distribution.

The main advantage of this model is that all parameters, except the volatility, are directly
observable. However, empirical evidence against the hypothesis that returns are homoskedas-
tic and normally distributed, and the existence of some anomalies on option markets reported
in several studies (see for instance Rubinstein, 1994) lead to the development of option pric-
ing models based upon alternative risk-neutral density function.

Whilst Black-Scholes (1973) model supposes that the continuous underlying asset return
is normally distributed, Jarrow-Rudd (1982) have proposed a method based on statistical
series expansions for pricing options when densities are skewed and leptokurtic. The Black-
Scholes (1973) model is then a special case of the Jarrow-Rudd (1982) model. The unknown
state price density of the underlying asset return is approximated by using the information of
skewness and kurtosis departures from Gaussianity. In this approach, only the first moments
of the risk-neutral distribution are needed and can be approximated using their empirical

counterparts estimated on the data.

15



2.3.2 The Jarrow and Rudd (1982) Model

Following Jarrow and Rudd (1982), we assume that the approximate distribution of the asset
price g (Sr) is the lognormal distribution I (S7), with the two first centered moments equal

to the “true” ones?°, that is:
k1 (F) = w1 (1) and s (F) = ks (1) (21)

using a Gram-Charlier series expansion, the risk-neutral density function can be written as:

ks &l (S7) | kad*l(Sy)
f(Sr) =1(Sr) — — o
(Sr) =15 = 5~4s3 T 01 dst

+¢(Sr) (22)

where ks = k3 (F) — k3 (1), Ky = k4 (F) — k4 (1) @and e (Sz) is a residual.

Substituting this expression into the risk-neutral valuation operator (4), yields the fol-
lowing theorem.

Theorem 1 (Jarrow and Rudd, 1982). Under the hypotheses of existence of the first
five non-central moments of the underlying asset terminal price density, the choice of the
lognormal as the approximate density of the underlying asset terminal price density and
perfection and completeness of financial markets, the fair price of an Furopean call option

Cr written on a stock S; with strike price K is:

Cir = C[St,K,T,r,UGC,f,|,ST,U,/€3,/‘€4]
oo ks d31 (Sy)
= e 7 Sy — K) [1(Sp) — = (23)
/ST:K( =K l( T
ky d*l (Sy)
0 dSé‘; dST+§(ST)

where < (St) is a residual.

Proof: see previous discussion.

20These restrictions are justified by an heuristic argument of goodness-of-fit of the approximating density

to the approximated one.
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Developing equation (23), the Jarrow and Rudd European call option price can be ex-

pressed as:

kg [T d?l (S
C/p = Cpg—e "= / (Sr — K) (3T> dSr (24)
3! St=K dST

ky [T° d*l (S
+e " e / (ST — K) ( 4T) dST +g< (ST)
4! Sr=K dST

where Cgg is the price of an European call and d corresponds to the standard moneyness
measure under the Black and Scholes (1973) hypotheses.

The second term of the equation (24) corrects the pricing error due to the asymmetry of
the original distribution function, whilst the third allows to take into account the phenom-
enon of heavy tails and the fourth term is a residual depending on the strike price. This
statistical series expansion could obviously be based on higher moments, but one can think
that moments higher than the fourth one, if they exist, would bring no supplementary valu-
able information. If the risk-neutral density of the underlying asset price is lognormal, then
k; =0 for j = [3,4], and equation (24) collapses to the Black and Scholes (1973) formula.

Recalling that x, (F) = #1 (1) = S+, ko (F) = ko (1) = [k1 (1] (e"QT - 1), ks () =
s (), ke (.) = Wy (1) — 34, (.)* and using the martingale restriction (see Appendix 3), that
Is:

o’r

= rr - —
ur T 5

we obtain the following explicit formula for the price of an European call option.
Corollary 1 (Corrado and Su, 1996-a). Under the hypotheses of existence of the first
five non-central moments of the underlying asset terminal price density, the choice of the
lognormal as the approximate density of the underlying asset terminal price density and
perfection and completeness of financial markets, the fair price of an Furopean call option

Cygr written on a stock S; with strike price K can also be written as:

Cir~2Cps+ A Q3+ XQy (25)
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with:

( 2 3/2 ..
Qs = (Sie)" <ea T 1) sP1 (d) 2o
2
Qu = (Sie)* (¢ —1) S P2 (6) + 2P (@) 07 — o°r] 745
Pi(y) =207 -y
Py (y) =y?—3yoyT+ 30’ —1

and:
A= [ (F) =7 (1]
Ay = [y, (F) =1 (1)]
where Py (.) and Py (.) are polynomials respectively of first and second order, v, (.) and v, (.)

are the Fisher parameters for skewness and kurtosis®::

oK) an :U4(->_
71(')_@/2(-) d 7, () T IRR

and the remainder term < (St) have been neglected in (25).

Proof: see Appendix 3.

The coefficients [y, (f) —~, ()] and [y, (F) — v, (I)] measure, respectively, the excess
skewness and the excess of excess kurtosis of the true risk-neutral density, and characterize
the gap between the distribution function of the underlying asset price and the lognormal
one. Parameters Q; and Q,, because they also depend on the exercise price relative to
options and the standard deviation of the underlying asset, represent the sensitivities of the
price of a specific option to departures from log-normality. The difference between Black-
Scholes and Jarrow-Rudd induced option prices is then a non-linear function of the excess

moments, the level of the volatility of the market and the specific exercise price of the option

21In the case of the log-normal density, Fisher parameters are equal to:

{ =3 (e 1) s (e 1)

2 3 4
72 (1) =16 (eazf - 1) +15 (e02f _ 1) 16 (eo% _ 1) n (eng B 1)
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considered. Figure 1 of Appendix 11 displays the sensitivities of the option price to the
excess moments which represent the value of parameters —Qs; and Q. as a function of the

moneyness of the specific option under valuation (see also Corrado and Su, 1996-a).

- Please insert Figure 1 somewhere here -

Simulations done by Jarrow and Rudd (1982) show that their formula constitutes a good
approximation of the option price when the underlying asset follows a Brownian process
with jumps. Moreover, Jarrow and Rudd (1983) test their relation for pricing individual
stock options with market data, and confirm that the use of third and fourth moments
seem to improve in-sample the European call option pricing. The same conclusion has been
drawn by Corrado and Su (1996-a, 1997-a) who test the Jarrow-Rudd formula on S&P 500
index options traded on the Chicago Board Option Exchange (CBOE). Using optimization
techniques to obtain implicit parameter values in-sample, they conclude to a better fit of

Jarrow and Rudd (1982) formula out-of-sample.

2.3.3 The Revisited Corrado and Su (1996-b and 1997-b) Model

While the Jarrow and Rudd (1982) model leads to a closed-form solution for option pricing
when densities are skewed and leptokurtic, this approach remains nevertheless muddily com-
plex since its expression involves the computation of the lognormal distribution derivatives.
Following Madan and Milne (1994), an alternative approach is to work with Hermite poly-
nomials series in which the conditional distribution of the underlying asset price log-return
- rather than the price itself - is considered, and a standard normal density is used as the

approximating distribution??.

22Hermite polynomials have also been used in the context of American options to provide an efficient

numerical integration scheme, denoted the Gauss-Hermite integration, for the compound option approxi-
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Let the 7-period log-return of the underlying asset x. has a conditional mean purand a

standard deviation o/7, and define the standardized variable z as:

log (%—f) — U7
NG

Using a Gram-Charlier type A series expansion, the risk-neutral density function for z is

7 =

(26)

now:
Ky (T)

Hi(2) ¢ (2) +2(2) (27)

where ¢ (z) is the standard normal density function and the standard normal cumulative
density, x; (¢) = &, (F) for j = [1,2] and &, (¢) = 0 for j = [3,4], and H, (z) denotes the
i-th Hermite polynomial.

Substituting (27) into the risk-neutral valuation operator (4), after the change of variable
(19) have been performed in (4), Corrado and Su (1996-b and 1997-b) show that the value
for an European call option can be obtained from the following theorem.

Theorem 2 (Corrado and Su, 1996-b and 1997-b). Under the hypotheses of existence
of the five first non-central moments of the underlying asset log-return density, the choice
of the normal as the approximate density of the continuous compound return density and

perfection and completeness of financial markets, the fair price of an Furopean call option

mate valuation when early exercise is continuously optimal (see Omberg, 1988) and in semi-nonparametric
econometric estimation approaches (see for instance, Gallant and Nychka, 1987, Gallant and Tauchen, 1989,

Gallant et al.,1990 and Lee and Tse, 1991).
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Ccs written on a stock S, with strike price K is (with previous notation):

Cos = CI[S, K, 7,1 vge, T, 0,2,0,Ks, K4
t e +ovt
_ —7r purtovitz
= e A (Ste K) (28)
f f
[1+“33—(,)H3 (z)+“44—(|)H4 (z)} o (2) dz
ln(K/St) — UT
*g( NG

where < (.) is a residual.
Proof: see previous discussion.

Developing this expression, the call option price can be written as:

“+o0o

Ces = e Sie Vi K)o (2) dz

o I/ S —pr (

oV

Lt k3 (T) /+°° (St ghrroViz _ K> Hs () ¢ (z) dz (29)

3! ), _mu/sp-ur
Ky (f) +o00

4! ), _wma/sp-pr
oT

Lo (ln(Kf;);_ ur)

oV

+e " (St gnTtoVis _ K) Hy(2) o (2) dz

where ¢ (.) is a residual.

The second and the third terms of the equation take into account the pricing error due
to the skewness and the kurtosis deviations from normality.

Recalling that x; (f) = k1 (@) = 0, ko (F) = ka(p) = 1, k3(F) = v, (F), ke (F) =
v+ (F) - where ~, (f) and ~, (f) denote the Fisher parameters - and using the martingale
restriction with the Gram-Charlier series expansion (see Backus et al., 1997, Kochard, 1999

and Appendix 4):

X 71 (F) o332 4 72 () o2 (30)

3! 4]

1
MT = rT—§027'—ln 1
we obtain the following corollary for the price of an European call option.
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Corollary 3 (Corrado and Su, 1996-b and 1997-b). Under the hypotheses of existence
of the first five non-central moments of the underlying asset log-return density, the choice
of the normal as the approximate density of the continuous compound return density and
perfection and completeness of financial markets, the fair price of an Furopean call option

Ccg written on a stock S, with strike price K can also be written as:?3

Cos 2 Chs + 7 (F) Qy + 72 (F) Q4 (31)
with (using previous notation):

Qs = BI(1+w)] ™" S oy/TPy(d) ¢ (d)
Qi= W (1+w)] " S ayTPy(d%) ¢ (d)

and:
d* = (oy/7) " [In(S/Ke™) + Lo?r — In[(1 + w)]]
w= 713—(,” o3r3/2 4 %4—@ or?
where Ckg is the Black and Scholes price evaluated at a corrected standardized moneyness
level denoted d*, w is a constant and the remainder term ( (—d + a\/f) have been neglected
in (31).
Note that the previous expression?* differs from those of Corrado and Su (1996-b and
1997-b) because we explicitly used the martingale restriction presented in Sub-section 2.1.

Parameters Q; and Q; do not anymore represent the true marginal effects of the non-normal

log-return skewness and kurtosis on the option price since terms depending on kurtosis

23This formula is also consistent with the Hermite polynomial option pricing model developped by Madan

and Milne (1994).
24Kochard, (1999), developp an expression like (31) using an expansion of an infinite order. Moreover,

if we neglect terms in ¢%73/2 and o*r2, this formula is thus consistent with those presented by Backus
et al. (1997), that is: Cos = Cps + 7, (F) Q5 + 7 (F) Q; with Q; = L S; 0/7 (2017 —d) ¢ (d) and
Qi=#Siov7 (@ —3doy7—1) ¢ (d).
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(skewness) appear in Q; (Q,). Nevertheless, the Figure 2 of Appendix 11 indicates that the
modified parameters are close - even if different - from the original ones. In that sense, Q,
remains mainly related to skewness whilst Q,, seems to be strongly linked with kurtosis when

realistic values are considered.

- Please insert Figure 2 somewhere here -

Simulations done by Backus et al. (1997) show that the Corrado and Su formula consti-
tutes a good approximation of the option price when the underlying asset follows a jump-
diffusion process. Moreover, Corrado and Su (1996-b) and Brown and Robinson (1999) test
the model by using, respectively, S&P 500 index options traded on the Chicago Board Option
Exchange (CBOE) and SPI index future options traded on the Sydney Futures Exchange.
They show that the use of higher moments seems to improve significantly the in-sample op-
tion pricing accuracy. Corrado and Su (1997-a) also conclude to a better fit of their formula
on an out-of-sample basis, using actively traded individual equity options on the Chicago
Board Option Exchange (CBOE), while Kochard (1999) document on the Chicago Mercan-
tile Exchange S&P 500 index future options market an in-sample and out-sample pricing
improvement for this model.

While the option pricing model based on Gram-Charlier series expansion leads to analytic
expressions for the option price, as it has been pointed previously, the successive terms that
appear in the series expansion of the risk-neutral density are not necessarily in decreasing
order of importance, so that the expansion may not converge regularly. The use of an

Edgeworth series expansion can attenuate this problem.
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2.3.4 The Revisited Rubinstein (1998) Model

Following Rubinstein (1998), we consider a normal Edgeworth series expansion as a natural
candidate for approximating the “true” risk-neutral density of the underlying asset log-

return. In this case, recalling that the density expansion is:

+{’“—(f) H, (2) +10MH6 (z)}go(Z) (32)

where z is defined as in (19), ¢ (z), H; (z) and ¢ (z) denotes respectively the standard normal
density, the i-th Hermite polynomial and a residual.

Recalling that x; () = k1 (p) = 0, ko (F) = ka (@) = 1, k3 (F) = v, (F) , kg (F) = 7, (F)
and using the martingale restriction with the Edgeworth series expansion (see Backus et al.,

1997, Kochard, 1999 and Appendix 4):

1 f f )’
UT =TT — 5027' —In |1+ —713(| ) o3r3% 4 —724(‘ ) o2 +10 —%é‘ ) o7 (33)

the Edgeworth series expansion based option price can be expressed in the following theorem.

Theorem 3 (Rubinstein, 1998). Under the hypotheses of existence of the five first non-
central moments of the underlying asset log-return density, the choice of the normal as the
approxrimate density of the continuous compound return density, and perfection and com-
pleteness of financial markets, the fair price of an FEuropean call option Cgr written on a

stock S; with strike price K can be written as:

CR ~ C[St,K,T,r,UE,f,SO,Z,U|"<J3,H4] (34)

= Chs+7 (F) Qs+ (F) Qi+ (F) ’Q;
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with (using previous notation):

Qs = B +$)] 'S, oy/TP1 (d™) ¢ (d™)
Qi = A (1+B) " S gy/7Py (d™) ¢ (d™)
Qs =10[6! (1 + )" S, oy/7P4 (d**)  (d



- Please insert Figures 3 and 4 somewhere here -

2.4 Implied Probability Densities, Implied Volatility Smile Func-

tions and Greeks



with:

(
di(St) In(St/S¢)—pt \ UST)
or) — (1 o /) ) o
d?l(S7) __ 24+ (ST/St) 1 di(St) _ 1(Sr)
< dS% o 2T ST dST 312-,0'27'
d31(Sr) _ n(Sr/S))—pr\ 1 d2l(Sr) 2 di(Sr) , U(Sr)
dS%T - (3+ . Tt )E dS%T T SZo?r dsTT +S%a'2;‘r
d*U(St) _ 4+ (ST/St) 1 PUSr) 3 PUSr) 3 dUSr)  2U(Sr)
L dS% - 27 St dS% S%UZT dS% S%G’ZT dSt S%UZT

where | (.) is the lognormal density function.

Proof: see previous discussion.

The implied risk-neutral density function can then be expressed as a linear function of
the excess skewness and excess of excess kurtosis of the underlying asset price.

Theorem 5. When the European call market price is given by the Corrado and Su
(1996-b and 1997-b) formula, the implied risk-neutral density function of the continuous

compounded asset return can be written such as:

f(z)~p(2) |1+ 713(.‘:) (2% —3z) + 724(!f) (z* —62% +3) (36)

where ¢ (.) is the standard normal density function and z is defined as in (19).

Proof: see previous discussion.

The implied state price distribution function is a linear function of the skewness and the
excess kurtosis of the asset log-return.

Theorem 6. When the Furopean call market price is given by the Rubinstein (1998)
formula, the implied risk-neutral density function of the continuous compounded asset return

can be written such as:

f(z) ~ p(2)|1+ 713—('1:) (2> —3z) + 724(!1:) (z* — 62+ 3) (37)

f 2
+10 % (26 — 152" + 452 — 15)

where ¢ (.) is the standard normal density function and z is defined as in (19).
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Proof: see previous discussion.

As with the Gram-Charlier Type A series expansion, the implied risk-neutral density
function can be written as a function of the skewness and excess kurtosis of the underlying
asset log-return. Nevertheless, the relation is no longer linear but quadratic.

In Figure 5 of Appendix 11, we display simultaneously the Black-Scholes and the Jarrow-
Rudd, the Corrado-Su and the Rubinstein probability density functions with realistic skew-

ness and kurtosis.

- Please insert Figure 5 somewhere here -

2.4.2 Implied Volatility Smile Functions

Following the approach of Backus et al., (1997) and Bakshi et al. (2002), we can also provide
the implied standard deviation function 1SD that corresponds to a volatility, denoted WV,
that equates the market price of the option to the value given by the Black-Scholes (1973)
formula, other values and parameters fixed. Using Jarrow-Rudd (1982), Corrado-Su (1996-b
and 1997-b) and Rubinstein (1998) European call option pricing models, we get the following
expressions for the implied volatility smile functions.

Theorem 7. When the Furopean call market price is given by the Jarrow and Rudd

(1982) formula, the implied volatility smile function can be written such as’’:

ISDJR - \I’(Stl KIT! r, UGCIf!IISTlo-I ’131’14) (38)

"

~ oV/T+MovVT Qs [p(d)] T +AeovTQy [p(d)]

28 Following Backus et al. (1997), we refer to the relation ¥(.) between implied volatility and moneyness

as the implied volatility smile function.
2TEquation (38) is an approximation due to the presence of the Gram-Charlier series expansion and of a

linear approximation of European call prices in terms of volatility (see Appendix 7).
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with (using previous notation):

3/2

Qi = (Sie)” (e —1) Py (d)
Q' = (Sie)* (77— 1) [Py (d) + 2Py (d) 07 — 0%7] gl
where the implied volatility function 1SD g corresponds to the value of W that equates the
Jarrow and Rudd (1982) price to the value of the Black and Scholes (1973) formula, given
the values of other parameters fixed and ¢ (.) is the standard normal density function.
Proof: see Appendix 7.
The implied volatility function is then a linear function of the excess skewness and excess
of excess kurtosis of the underlying asset log-return risk-neutral density.
Theorem 8 (see Backus et al., 1997). When the Furopean call market price is given by
the Corrado and Su (1996-b and 1997-b) formula, the implied volatility smile function can

be written®® such as:?®

ISDes = YV (S, K, 7,1rvee, F,¢,2,0, K3, Kq) (39)
1 _
~ o7+ S, (Chs— Cpas) [p(d)] ™

+71(F) o7 Qg [0 ()] + 72 (F) ov/7Qy" [0 (d)]™
with (using previous notation):

Qy" = [3!(L+w)] " Pu(d) e (d")
Q) = [4 (L +w)] " Py(d) p(d")

28Equation (39) is also an approximation for several reasons: the Gram-Charlier series expansion, a linear

approximation of European call prices in terms of volatility and the elimination of terms involving o373/2

and o*72 (see Appendix 4 and 7).
29Using the same approach, Baschi et al. (2002) derive a similar relation between the implied volatility and

the skewness and kurtosis of the risk-neutral distribution. The only difference is that they do not explicitly

identify the coefficients of implied volatility function.
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where the implied volatility 1SD¢g corresponds to the value of W that equates the Corrado
and Su (1996-b and 1997-b) price to the value of the Black and Scholes (1973) formula, given
the values of other parameters fixed.

Proof: see Appendix 7.

The implied volatility function can again be expressed as a linear function of the skewness
and excess kurtosis of the underlying asset log-return risk-neutral density.

Theorem 9. When the European call market price is given by the Rubinstein (1998)

formula, the implied volatility smile function reads:

ISDr = V(S,K,7,1r,vg, T, 0,2,0,Ks, K4) (40)
~ oyF+ g (Cis— Cas) [ (@)
o (F) oV QY [ (@) 47 (F) o7 QL [ (@)
+7 (AP o7 Qs e (d)] ™

with (using previous notation):

Q;" = [BI(1+%)] Py (d™) ¢ (d*)
Q"= [ (1+3)] " Py(d™)p(d™)
Q;" =106 (1 +%)] ™" Py (d™) o (d™)
where the implied volatility 1SDg corresponds to the value of W that equates the Rubinstein
price (1998) to the value of the Black and Scholes (1973) formula, given the values of other
parameters fized.
Proof: see Appendiz 7.
As with the Gram-Charlier Type A series expansion, the implied volatility smile function
can here be expressed as a function of the skewness and excess kurtosis of the underlying
asset log-return risk-neutral density. However, the relation is no longer linear but quadratic

as in the previous case.

30



Figure 6 illustrates the comparison of Jarrow-Rudd, Corrado-Su and Rubinstein’s implied
volatility smile functions when the risk-neutral density is skewed and leptokurtic. Figures
7 and 8 are dedicated to the comparison of the specific effect of the skewness and of the

kurtosis on the shape of the implied volatility smile functions.

- Please insert Figures 6 to 8 somewhere here -

2.4.3 The Greeks

The Greek parameters are of interest since they can be used for testing and hedging pur-
poses. In particular, Delta states the sensitivity of the option price to underlying asset price
movements. By definition, it is the first partial derivative of the option price with respect to
the underlying asset price. Gamma measures the sensitivity of Delta-hedged strategies to the
underlying asset price changes and is defined by the second partial derivative of the option
price with respect to the underlying asset price. Vega, Khi and Psi measure the sensitivities
of the option price with respect to changes in the volatility, skewness and kurtosis and are
defined by the first partial derivatives of the option price. By taking the appropriate deriv-
atives of the Jarrow-Rudd (1982), the Corrado-Su (1996-b and 1997-b) and the Rubinstein
(1998) European call option pricing models, we get the following expressions for the Delta,
Gamma, Khi and Psi.

Theorem 10 (see Corrado and Su, 1996-b and 1997-b). When the European call market
price is given by the Jarrow and Rudd (1982) formula, the Delta, Gamma, Vega, Khi and

Psi of the call can be written respectively such as:

0S,

@ (d) + \Qy [Py (d) — 3P, (d) oy/7 + o?7]

c _
AJR -

12

+2Q; [—Ps (d) + 6P; (d) o/7 + 7Py (d) 0?7 — 50°7/] (41)
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aQCJR

Fin = oS}
~ (Sta\/;)_l {gp (d) + M Q5 [P3 (d) — 5P, (d) o/7 + 5doT — 6037'3/2} (42)
+2Q; [P4(d) — 9P; (d) o/7 + 25P, (d) ot — 4353732 + 18077 — 12027'} }
oC
oGy = Lo (43)
~ ST {e (@) + MQ) [Ps(d) + Py (d) 0T — dor — 60’7
+2Q; [P4 (d) — P3 (d) o/ — 3P, (d) 0% + do7%/% — 18do /T + 110472]
2 " 2 -1 2 _1/2 2 _1/2
130%re”"Q [Al (e —1) " = (e 1) (et 1) ]
2 m 2 -1 2 2 2
+4027e” Q] l& (e" T 1) —8-15 (e" T 1) —9 (e" g 1)
) 3
=) (ef’ g 1) } }
oC
c JR
= — 44
XJR 8"}/1 (f) Q3 ( )
and:
oC
c JR
~ 45
H 07, (f) Qs (49)
with (using previous notation):
" 2 3/2
Qi =—(siem) (77— 1) -

nr 2
Q, = (Sem)? (‘3027 — 1> %

Ps (y) = y3 — 4y%0\/T — 3y + 6yo?r — 303732 + 40 /T
where @ (.), ¢ (.) and 1 (.) are, respectively, the cumulative density function of the standard
Gaussian distribution, the density function of the standard Gaussian distribution and the
density function of the lognormal distribution; Ps (.) is a polynomial of third order and Ay,

A2, P1()), P2(.), d, Qs, Qu, Q3 and Qj are defined in equation (25) and (38).

Proof: see Appendiz 8.
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Theorem 11 (see Backus et al., 1997). When the European call market price is given by

the Corrado and Su (1996-b and 1997-b) formula, the Delta, Gamma, Vega, Khi and Psi of

the call can be written respectively such as:

Ags 8538(,;5 (46)
. d* d* 1 L (F . ,
= o0 Hi(ﬁ) i (f(ﬂj) {_a\/F+73(! [P @) - 0%
s = o @7)
Lo de@) | e@)  [d @,
" Sovi Sehr | So/r(i+w) {oﬁ Ty PP (@)
—Py (d*) o/ + d*07 + 60°7%2] + 1222 4(!f> [Py (d) — Py (d*) o/7
_2d*3(7\/;+ d*0'37'3/2 + 8047'2}}
ves = aggs (48)
. ol d L SWRRE) [ d (),
~ St\/FSO(d)(l a\/?>+ 1+ {U\/;+ ] [—d
xPy (d*) + d*0°7 + d* + 30/7] + 12t 4<!f) [d*P5 (d*) + P (%)
) Si/7 ('71(f o2 & v23_(!f)g37_3/2> o (d*) .
VT o]y (1+w)? {U\/F
—1—713—(;) [P (d*) + o°7] + 724(f)P3 (d* )}
Xes = aifﬁ‘) (49)
StU\/FP1(d*)s0(d*)+SU7'3/2 d*) { 1
31(1+w) (14w’ |ovT
+713—(!f) [Py (d*) + o°7] + ( P, (d )}

33



and:

c _ 0Cqc
Yos = 3o, (50)
S.0v7 [Py (d) = ovT o (d) | Sio're(d) { 1
A (1+w) A(1+w)? lovT
D @) oy e )

where @ (.) and ¢ (.) are the cumulative density function and the density function of the
standard Gaussian distribution and Py (.), P2 (.), d*, w and P3(.) are defined respectively in
equation (25), (31) and (41).

Proof: see Appendiz 9.

Theorem 12. When the European call market price is given by the Rubinstein (1998)

formula, the Delta, Gamma, Khi and Psi of the call can be written respectively such as:

ag - 2 (51)
= 2@+ S E G ot B P o
220 gy 10 hé!<f>]2p5 (d**)}
e _ % (52)
- B e [ e
—Py (d") 0y/7 + d 0P + 60792 + 724—<,f) [Py (d™) — P3 (d") o/7
9007 4+ 002 4 sotr?) 4 L] héff)]Q [P (07) — 5Py (d) — 150" o7 | }
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0C
v = o (53)

- d- SevTo (™) f d™ A (F) 1 ap g
SivTo (d )(1—0_ﬁ)+ 1+9) {a\/7_'+ 30 [—d™ P, (d**)

—’—d**O'zT + d** + 30_\/;} + 724('f> [d**Pg (d**> + I:)2 (d**> _ 7d**0'\/F _ 30_27_:|

12

L T g YT ()
6 ° (1+%)°
1 71 (f) *k 2 72 (f) kK [71 (f) 2] *k
oC
X% B 07, 8:) (54)
Sio/7 [Pr (@) + 2P, () + 0472 + 07| o (0)
- 31(1+9%)
S, 03732 (1 + 1l 5373/2) (d**) 1 f
+ ( 6 > {U + 71( ) [_P2 (d**) +02T]

31+ %)

eC PPN CIYC.)
+ng(d )+10TP5(d )}

and:

OCr
Y B )
L SioVIVTIP (@) — oy () | Siotrie () { 1
a A(1+3) A(1+$)? lovT

[_PQ (d**) + g\/ﬂ -+ %—(f)Pg (d**> + MP5 (d**)}

7, ()
3!

+ 4l 6!

with (using previous notation):

(

Ps (y) =Y° — 6y*oy/T + 15y30?T — 10y* — 20y20°7%/2 4 36y20/T
+ 15y0*72 — 45y0T + 15y — 50°7%/2 4 2003732 — 180\/T

P (y) =Y° — 6y’0/7 + 15y'o®r — Oy* — 20y°0*r%2 + 30y’o /7 + 15y%0'T

— 15y2%027 + 9y? — 5ya575/2 + 150%7% — 150%1 + 3
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where @ (.) and ¢ (.) are, respectively, the cumulative density function and the density func-
tion of the standard Gaussian distribution, Ps(.) and Pg(.) are respectively polynomials of
fourth and fifth order and Py (.), P2(.), d**, $, P4 (.) and Ps3(.) are defined respectively in
equation (25), (34) and (41).

Proof: see Appendixz 10.

The first terms on the right-hand sides of equations (41), (46) and (51); (42), (47) and
(52); and (43), (48) and (53) are respectively the Delta, Gamma and Vega of the Black-
Scholes (1973) model whilst the other terms adjust the Delta, Gamma and Vega for the
presence of skewness and kurtosis in the return distribution. In Figures 9 to 11, we illustrate
respectively the differences in Deltas, Gammas and Vegas for the approximate models. Figure
12 displays the Khi of the Corrado-Su and Rubinstein models, and Figure 13 represents the

comparison between related Psi.

- Please insert Figures 9 to 13 somewhere here -

3 Conclusion

This article focuses on a way of solving drawbacks of Black and Scholes (1973) model using
statistical series expansions to correct the implied density departures from Gaussianity. \We
investigate several different multi-moment approximate option pricing models in an unified
framework, highlighting the difference between Jarrow and Rudd (1982), Corrado and Su
(1996-b and 1997-b) and Rubinstein (1998) models. We present the conditions that ensure
the respect of the martingale restriction and establish the link between these approximate
models and alternative option pricing models such as Black and Scholes (1973) and Hermite

polynomial models (see Madan and Milne, 1994, Abken et al., 1996). We also provide
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analytical formulae for related implied densities and implicit volatility smile functions, and
illustrate their properties with simulated data. The final contribution of this paper concerns
hedging parameters in this setting: we extend the traditional Greeks to deal with higher
moment changes.

Our next work will consist in investigating the relative pricing power and hedging per-

formances of all these different fourth-moment options pricing models with market data.
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Appendix 1

It is possible to express - under mild conditions, see below - a continuous density f(x) as
a function of an arbitrary continuous density g (x) and its cumulants x; (.), j = [1,..., N —1],

as follows:

F9=g0)+ Y 7 { -y s DJ} 00000 @

Proof. Let F (x) and G (x) be respectively the “true” cumulative density function and the
approximating one. We moreover assume that dF (x)/dx = f (x) and dG (x) /dx = g (x)
exist, as well as the first N non-central moments of the distribution function F. Formally,
the first cumulants «; (f), j = [1,...,N — 1], are given by the following equality (see Kendall

and Stuart, 1977, p.73):

N

Ing (f, t) [Z

+o (V1) (All1)

where ¢ (f, t) is the characteristic function of f(x) and i? = —1.
Taking exponential of equation (A.1.1.) and using the definition of the characteristic

function of g (x), we obtain:

N—-1 Y
¢ (F, t) = exp {Z [ (F) = ; (9)] ('jt!) } ¢(9, ) +0 (") (AL12)
Taking the inverse Fourier transform of (A.1.2.), yields (see Johnson et al., 1994, p.26):
N-1 j
T (X) =exp {Z (—1) kji—?)} g (X) + ¢ (x) (A.1.3)

with: )
f(x)=5 [ e “o(f, t)dt
9(X) =5 [7o, e "o (g, t) dt
exp [(_UJ Dj] g (x) = % _0000 e~ i oxp [kj (Z;!)j] ¢ (g, t) dt

e(x) =5 [7_ e o (tN1) dt
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where k; = [x; (f) — ; (g)] and D is the differentiation operator such as D7g(x) = d’g(x)/dx’.

Expanding the equation (A.1.3.) as an infinite polynomial leads to the desired result,

[ee) N—-1 i
1 ks (D)
DI [ i

=0

that is:

g (X) +¢(x) (A14)

|
Appendix 2

The j-th cumulant for a normalized sum x of n independent and identically standardized
random variables X;, such as:
x=n"20"1Y " (x; — ) (11)
=1
is proportional to n'=7/2( j > 2).
Proof. By construction, the characteristic function of x must verified the following
equality:
¢ (t) = E [e™] = [¢, (/n"/?)]" (A2.1)
where —co <t < +o0, i = —1 and ¢, (t) is the characteristic function of o' (x; — H).

Recalling the definition of cumulants (A.1.1.), we must also have, for x:

¢ (t) = {% (it)” + %ng (it)® + %m (lt)4} +0(th) (A.2.2)

where «;, j = [1,...,4], refers to the j-th cumulant of x, with x; =0 and ky = 1.

Following the same approach for o= (x; — p), we get:

6, (1) :e{%(it)u L s (i) + iv"”“* (|t)4} Lot (A2.3)

3!
where &, ;, (i x j) = (1,..,n) x (1,...,4), refers now to the j-th cumulant of the standardized

random variable o~ (x; — 1), with x;; =0 and x;» = 1.

47



Using equation (A.2.1.) and equation (A.2.3.), we have:

p(t)=e {—%t2 + n‘l/gémm (it)* + n‘léfw (it)} +o0(th) (A.2.4)

Identifying terms in (A.2.2.) and in (A.2.4.) leads to the desired property, that is:

Rj = nlij/Ql'ii’j (A25)
with «; the j-th cumulant of x, j > 2 and «; ; the j-th cumulant of o= (x; — p). [
Appendix 3

Under the hypotheses of existence of the five first non-central moments of the underlying
asset terminal price density, the choice of the lognormal as the approximate density of the
underlying asset terminal price density and perfection and completeness of financial markets,

the fair price of an European call C;z can be expressed as:

Cir~Cps+ A Q3+ A Qy4 (25)
with:
o= e (o7 1) 022
Qi =(S,e7)* (e - 1)2 €5 [Py (d) + 2Py (d) o/7 — 027] o5k
Pi(y) =207 —Yy
| P2 (y) =y* =3yoy7T+30%r 1
and:

A = h’l (f) =7 (I)]
Ay = [v1 (F) =1 (1]

Proof. Under a lognormal Gram-Charlier series expansion, the risk-neutral price of an
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European call written on a stock S; with strike price K is:

C;r = C[St,K,T,r,Ugc,f,l,ST,O',fig,lﬁl]
oo ks d31(Sy)
= e’ Sy —K) [1(Sy) — =1
/ST:K( = K) l( ) -3 ds
k, d*l (Sy)
41 ds? a5z

where the Gram-Charlier series expansion residual is dropped.

In order to evaluate expression (A.3.1.)

(A3.1)



we can derive the first moment of the underlying asset price under the risk-neutral density:

400
S, = e_”/ STf(ST) dST
0

e ke &1 (Sp) Ky dil (Sp)

+oo
= eTT/ STl(ST) dST (A37)
0
ks . [T d1(Sy)
—ae /0 Sr dS% dST
Ko [0 di1(Sy)
—f—ze /O Sr dS% dST

In order to evaluate expression (A.3.7.), we need to calculate the following integral for

J=1[3,4]

oo il (Sy)
17 = S —-dS A.3.8.
: / oS (A38)

Integrating by parts this expression, yields:

= [s, BhiEn] T[S

j as; J, Lasi
j—1 j—1
Sptoo ds?; Sp—0 ds?
j—1 j—1
i @GO 9IS
Sr—+oo 4SS Sr—0  dS7

For the lognormal distribution, we also have for j > 1 (see Kendall, 1977, p.180):

j—1 j—1
lim ¢ 1) _ lim —d | (Sr)

- = 4 = A.3.10.
Sr—+oo  dSS sr—0  dSi! 0 ( )

So, using the above expression for j = [3,4] in (A.3.7.) and dividing it by S;, we get the

following expression:

400 ST
1 = e_”/ — (ST) dST
0 S

t

400
— e / (e“T+(’\/FZ>90(Z) dz (A3.11)

—0o0
e(fr7+p7+%crz-r>
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where the change of variable z = [In (S/S;) — ur]/o+/7 have been performed on Sy.

Taking the logarithm of expression (A.3.11.) and rearranging terms, yields:

Ur =r7 — %OJT (A.3.12)

Using this expression, the risk-neutral expected value and variance of the terminal price

can be written such as:
ki (F) = ky (1) = Ser7+27°T = Ser (A3.13)
o (F) = ke (1) = [k (D] [e7'7 = 1] = (Sie7)? e — 1]
where the definition of the moments of the lognormal and the equality of the two first
cumulants between the true and the approximating distribution have been used.
Substituting (A.3.5.) and (A.3.13.) in equation (A.3.1.), and using the cumulants and the
Fisher parameters definitions (r3 (.) = Hs (.), 54 (.) = Ky ()= 3Hy ()2, 75 () = Hs () /03 ()

and v, (.) = Wy (-) 743 (.) — 3) the value of an European call becomes:

Cir =~ Cps+ [ (F) =7 (D] (S eTT)3 (A3.14)
o2 32777 I (K)
X (e _1) o (20v7—d) Ko~
27— 2 e—TT
+ [ (F) =72 (D] (S &) (77 = 1) —
1 (K)
X (d2 — 5d0’\/’7_'+60'27'— ].) K2—0'27‘
where d is defined as in Black and Scholes (1973) formula.
Using P, (.) and P (.) expressions leads to the desired result. |

Appendix 4

Under the hypotheses of existence of the five first non-central moments of the underlying

asset log-return density, the choice of a normal as the approximate density of the continuous
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compound return density and perfection and completeness of financial markets, the fair price

of an European call C-g can be expressed as:

Cos ~ Cis +71 (F) Qs + 172 (F) Q, (31)
with: )
Q= [B(1+w)] " S oyTPi(d)p(d)
Q= M (L+w)] " S oyrPs(d)p(d)
Py (y) =207 -y
Py (y) =y? —3yoT+30%r —1
and: \

d* = (oy/7) " [In(S/Ke ™) + Lo%r — In[(1 + w)]]
W= 713—(,” o3r3/% + 724—(!10) otr?

Proof. Under a Gram-Charlier Type A series expansion, the risk-neutral price of an

European call written on a stock S; with strike price K is:

+oo
CCS — e—TT/
z=



Using the definition of Hermite polynomials, we get:
+oo Y
I = (st eHTroVTE _ K) (—1) ¥o(2) 4, (A.4.3)

J In(K/S)—pt
oVT

+oo d LAl (2)

- ut+o\/Tz -~ _1y—1 14

N [n(K/st)—m (Ste K> dz [( 1) dzi—1 ] dz
H

eV
+o00 roufE d
— — UT+0O\/TZ __ el
/n(K/S;)NT (Ste K> dz ! (2) ‘P(Z) dz
T
and an integration by parts yields:
+o00
7 = = [(8emVE —K) My (2) 9 0)] s (A4.4)
o
+oo e
UT+0+\/TZ .
VTS /f e Hj1(2) ¢ (2) dz

It is readily verified that the first term in the above expression equals zero. Noting also

that lim ¢ (z) = 0, this leaves the expression:

zZ —00

+oo
1" = 0/7S, eI (2) ¢ (2) dz (A.4.5)

In(K/Sy)—pt
o1

Using once again the definition of Hermite polynomials, we have:

+o00 i1
wok uttoTz (_1\i—1 (10<Z)
1 = 7S, [M/S})_Me (1 S g (A46)
+o00 d L di2 (Z)
_ uttoTz = | 1\i—2 Y
= —07S, lH(K/Sf)we 3 {( 1) e }dz
+00 d
- _O-\/FSt /n(K/St)—M' eHT+U\/FZ E Hj72 <Z) 80 (Z> dZ
ToovT

and integrating by parts, we get:

+o0
1 = —o\/7S, [emaﬁz Hi s (2) ¢ (z)] N (A4.7)
Y
2 oo
+(ovT)" S et VTIH; L, (2) ¢ (2) dz
ln(ng\S'/_t‘Z — T
B In (K/S;) — pr In (K/S;) — pr
= O'\/FK H]_2< 0'\/7_' @ 0'\/7_'
+oo
SV [ e L () (@) &
07\/"«7__‘”
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Then, by induction, we obtain:

oVTK Hj_s (m (Kf;;_ “T) o <ln (Kf’;);_ “T) (A4.8)

f o {UﬁK M <ln(K£?/tg_—— w) . (ln(K;?;)F— w)

VN, (2) ¢ (2) dz]

I**

J

+oo

+ (a\/;)2 S

In(K/Sy)—pt
oVT

K (111 (S/K) + ur) Ji (ov/7) Hy 1 (ln (K/S,) — W)

o\ T = o\ T
. +o0
VRS [ e o) dz
In(K/S)—ur
B In (Sy/K) + pr T~ In (K/S,) — pr
- o (BT S o e (M2
In (S¢/K) + ur + o*r
ur+o?7/2 t
+(ovy e ( )
Using the following equality (see Appendix 5):
ln (St/K) + uT . /,LT+027/2 ln (St/K) + uT + U T
© ( o =S;e - (A.4.9)

leads to the following expression for 1:*:

Jj—1 9
1= = s, gliT+?T/2 [ (0\/_) e (ln(K/St) ur) o (ln (S/K)+pur+o 7')
o\ T or\/T
k=1
N (U\/F)j(b (ln (St/K + HT+O’ Tﬂ (A4.10))

From the martingale restriction, that is:
St =e""Eq[Sr|S] (A4.11)

we can derive the first moment of the underlying asset log-return under the risk-neutral
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density. Indeed, equation (A.4.11.) implies that:

1 = e"Eq {imt] (A4.12)
S
_ e—TTEQ [e/,LT+0\/Fz|St:|

— e /_ m (ewffﬁZ) {1+713—(!f)H3 (z)+724(!f) Hy (2)| ¢ (2) dz

o0

In order to evaluate expression (A.4.12), we need to compute the following integral:

J

“+o0o
[ / VT (2) o (2) dz (A.4.13)

for j = [3,4].

Note that if the current underlying asset price is unitary, the exercise price is equal to
zero and the limits of integration are taken between minus and plus infinity, then integral
17 is equivalent to the integral 1;*. Thus, integrating expression (A.4.13.) by parts yields

for j = [3,4]:
+oo

1 = (0y/7)’ / erHoVTE 4 (7) dz (A.4.14.)

—00

Equation (A.4.12.) then becomes:

“+o0o
1 = e / (em+0ﬁ2)¢(z) dz (A.4.15))

—00

T +oo
+'713(‘ )0_37_3/28—r7-/ <eu7+o\/Fz> QO(Z) dz

o0

+o0
+ 724(!1:)047_2er7/ <eu7—+o\/?z> © (Z) dz

e—TT+;LT—|—%O'2T (1 + v, (F) o332 4 vy (F) 047_2>

3! 4]

Taking the logarithm of expression (A.4.15.) and rearranging terms, yields:

1 f f
MT =TT — 5027' —In [1 + 713—(|) o*r3? 4 724—(‘) 047'2] (A.4.16.)
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Substituting this expression into equation (A.4.10.) and using Hermite polynomials such

as Hy (z) = 1, H, (z) = z, Hy (z) = z% — 1, the value of an European call becomes:

Cos = 52 (d) — e K® (d* — o/7) (A.4.17)
(1 i '71(f) o373/2 4 VQ( ) 047.2)
(f) St 2
_ d* d*
3! (1 + 71( )037_3/2 + w(f) 047_2) [( T 0\/;) p (d)
-f *
+oP 320 (d)] + 2 (F) St (d)
4 (1 + ’Y1( nlh) 53,3/2 4 22U )047_2)
|(30°7%2 = 3d"0%7 +d” 0v/T — 0T ) 0 (d") + 072 (d)]
that is:
Cos = S (d) ~e KB (¢~ 07) (A8
(f) St (_d* O'\/F‘I—2O'27—)g0(d*)
3 <1 + 71( )037_3/2 + ’Yz(f) 047_2)
f 2
02 (f) S (d* o7 — 3d*o?r
4 <1 + 71( )037.3/2 + 72(f) 047_2>
—1-30373/2 —O'\/7_') @ (d)
with:
& log (Si/Ke™™™) + 20?7 — In [1 + 713—(,f) a373/% 724—(!’0) otr?
— e
Using P; (.), P, (.) and w expressions leads to the desired result. n
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Appendix 5

For any European call, the following equality is verified:

In(S/K) +pur\ a2, In (S/K) + Ut + o1
Ke ( = =S;e o~ (A.4.9)

Proof. Following Stoll and Whaley (1993, p.245), factoring out o'/7 in [In (S,/K) + pr] (o1/7) "

and taking the square gives:

In (S/K) 4 pr]? _ [In(S/K) +pur + o1
[ = = | o a\/7_' (A5.1)
[n (S/K) + pr +o27]° In St/K —HJT—i—U T 9
= —2
_ e | o\ T+ o*r
- 5
= 1n(st/K)+uT+JT 2[ln (Si/K) —l—}.lT—l—UT}—l—UT
I o/T ]
~ [In(S/K) +pr + o211’ o’T
= i o‘ﬁ ] 2 1H(St/K)+HT+ 9
_ -ln (St/K) + HT + 0'27—- 2 ur+o37/2
= | - | —2m (See /K)
Evaluating the standard normal density at [In (S,/K) + pr] (0/7) ", we get:
In (S,/K) + m) L Ao/ K)turtore] (ov7) ' —ovr) /2
= —¢ A.5.2.
(50 Vo o)
_ 1 - e [ln(St/K)+uT+a T]((n/?)_1/2+ln(5teMT+027/2/K>
V21
_ 1 _ L o [In(Se/K)+pr+o? T](aﬁ)’l/zeln(st el‘T+a2r/2/K)
V21
1 K) 2
_ (p(n (Se/ —1\}1,17'4-0 T)Ste’”“’T/Q/K
Rearranging equation (A.5.2.), we obtain the following identity:
In (S;/K) + ur 2 In (Si/K) + pr + o1
K = S et T/ A5.3.
2 ( O'\/F St e 2 O'\/F ( 5 3 )
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In the particular case where ur = rr—o?7/2 (see Black and Scholes, 1973), this expression

becomes:
Ke(d—oy7) =S¢ (d) (A5.4)
where d corresponds to the Black Scholes standardized moneyness. [
Appendix 6

Under the hypotheses of existence of the five first non-central moments of the underlying
asset log-return density, the choice of the normal as the approximate density of the continuous
compound return density, and perfection and completeness of financial markets, the fair price

of an European call Cx written on a stock S; with strike price K can be written as:

Cr=Chs+71 (F) Qs+, (F) Q) +7, (F) *Q; (34)
with:

Qs = B1(1+%)] 'S, o/7Py (d™) o (d)

Qi= WA+B) " S ay/TP;(d)p(d™)

Q: =10[6! (1 + )" S, o/7P4 (d**) o (d*)

Pi(y)=20yT -y

Py (y) =y2—3yoT+30%r —1

Ps(y) = y* — 5y30y/T + 10y2021 — 6y? — 10yo°73/2 4 15y0\/T + 5oir?
—10027 + 3

and:
= (ov7) " [In(Si/Ke™) + fo?r —In[(1 + $)]]

$ = vls(!f) 32 4 72( 2(f) ;4.2 +10 vl( ) 5673
Proof. Following the same approach as previously, but using now a normal Egdeworth

series expansion for the risk-neutral density of the underlying asset log-return, with Hg (z) =
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26 — 15z* + 4522 — 15, yields:

Ch = $®(d™) —e "K® (d* — 0\/7) (A.6.1)

f) Sip(d™
+ ( ) th( ) (20'27'—d**0'\/’7_')
31 <1 + 71( ) 5373/2 4 72( 2U) G412 4 10 71 ) 0-67-3)

+ 72 (F) St (d**) (3 o373/2
4 <1 + 71( ) 5373/2 4 72( 22() s4.2 4 10 71 ) 0-67-3)
—3d*0*r 4+ d* oy/T — O'\/7_'>

) 107, (F)’ Sip(d)
6! <1 + 71( ) 53,3/2 + 72( 22) 42 +10 % 0-67-3>

+3) + o7 (=5d* + 15d) + o732 (10d* — 10) — 10do*7> + 50°7°/2]

[aﬁ (d4 — 602

with:
log (Si/Ke ") + %027 —In [1 + 713—(,f) o373/ 4 724(!’0) 2410 71 0673]
d** —
o\/T
Using Py (.), P2 (.), P3 (.) and $ expressions leads to the desired result. |
Appendix 7

When the European call market price is given respectively by the Jarrow-Rudd (1982),
the Corrado-Su (1996) or the Rubinstein (1998) formula, the implied volatility smile function
can be written such as equation (38), (39) or (40):

Proof. The implied volatility smile function 1SD corresponds to the volatility ¥ that
equates the market price of the option to the value of the Black and Scholes (1973) formula,

given values of other parameters fixed, that is:

C =¢e (Sr — K) F (S7) dSy (A7.1)



where d (¥) = [log (Si/Ke™) + 0.5¥2] &' and & (.) represent respectively the Black and
Scholes’ measure of moneyness and the standard normal distribution evaluated at the implied
volatility level.

A linear approximation of this expression around the “true” volatility of the underlying

asset /7 gives:

C = S,0[d(oy7)] - Ke " [d(0y/7) — ov/7]

Sip[d (ov7)] G% T %) (¥ = oy7) (A7.2)
_Ke""p [d (0/7) — o] (_% _ %) (¥ — 0 y7)
with ¢ (.) the standard normal density function.
Using the following equality (see Appendix 5):
K [d(ovT) —ovT] =Sie7¢ [d(oy/7)] (A.7.3)
equation (A.7.2.) simplifies to:
C = §@[d(oy7)] —Ke @ [d(0\/T) —0/T7] (A.7.4)

+S,p [d (aﬁ)} (\I! - a\/7_')

Rearranging equation (A.7.1.) leads to the following general expression for the implied

volatility smile function:

U =0T+ Sit (C —Cgs)p[d(ovT)] (A.75)

with:

Cps = S:® [d (0v/7)] —Ke™® [d (0y/7) — o/7]
Depending on the approximate option pricing model C considered in equation (A.7.5.)

leads to expression (38), (39) or (40). |
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Appendix 8

When the European call market price is given by the Jarrow-Rudd (1982) formula, the
Greek parameters of the call can be written respectively as equation (41), (42), (43), (44)
and (45).

Proof. Consider the Jarrow-Rudd (1982) formula of an European call option:

Cir 2 Cps + A1 Q3+ A Qy (A8.1)
with:
A= [’71 (f) - N (I)]
Ay = [75 (F) =2 (1]
and:

( 3/2 e~ T

Q= (i) (e77 1) 5P (@) 2

Qu= (Sie)! (¢ = 1) 57 Po (d) + 2Py (d) 77 — 7] 55

Pi(y) =20yT -y

| P2 (y) =y = 3yoy7T+30°r — 1

Differentiating the Jarrow-Rudd formula (A.8.1.) with respect to the underlying price,

we get:

0Cy;r  0Cps 0Qs3 0Qy4
_ A A
5s, _ 8s, ' Mas, T™?s,

(A.8.2)
with:

r7\2 2
T = iy (1) e @) (A53)
, od

(8" 55, (K) = (S)Ps (d)

2

— (S (e" T 1)3/2— -
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and:

6 r7\3 9
ﬁ% :zﬁii%(fT—lfPH&fom+2mmw T—o'1]  (A84)
od

I (K) 4 (Sy)* <2da—st - 55—;aﬁ) | (K)

(8" [Pa(d) + 2P (d)or r—ﬁﬂagsw

= (s (e 1) S e

41K 2 g373/2

+ 6Py (d)o /T + 7P1(d)027' — 5037'3/2}

where:
od _ 1
8S; — SioyT
A.8.5.
oK) _ (d=ov7)| (A85)

6St - St(T\/7_' (K)
Substituting expression (A.8.3.) and (A.8.4.) in equation (A.8.1.) leads to the Delta formula
(41) for the Jarrow and Rudd (1982) model.

Differentiating once again expression (A.8.1.) with respect to the underlying asset price,

we have:
ANTS 0Aps 0Q;” )
ps, — os, ™ [ g5, (Pa(d) = 3Ps (d) o7+ 077) (A.8.6.)
" ad 0d
+Qs <_2d6_8t + 68—Sta\/7_-)]
A {83(254 [—P3(d) + 6P5(d)o/7 + 7Py (d)o?r — 50°7%/?]
t
" ad ad ad ad
_ad2 Y7 oa 00 , od
with:
an// B (eTT)2 o2r 3/2 9 al (K)
89S,  3Koor (e 1) 251 (K) +(8)" —¢ (A8.7.)
- 2 32 (K
= (SovR) -6 (¢ 1) g P @ oA |
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and:

aQZH o (eTT)3 o%r 2 2 3 al (K)
Tor = “aeeE (7 1) [0+ 60" (A88)

— (SwvA)! {— e (e 1) S [Py (@) + oA }

Substituting expression (A.8.7.) and (A.8.8.) in equation (A.8.6.), factoring out (S,o/7) "
leads to the Gamma formula (42) for the Jarrow and Rudd (1982) model.

Differentiating the Jarrow and Rudd equation (A.8.1.) with respect to the volatility gives:

dCsr  OCps 0Q3 0Qy 97 (l)
do  Oo +/\1(90 +/\2(90 Oo

oy

Qs —




47 1K)
4! K2g37

x [Pa(d) + 2P3(d)o\/T — o?7] + (e"2T — 1)2

= — (S’ [4027e"27 (e“QT - 1)

X (—2d2 — 2do+/T + 7027) + (6027 — 1)2

[Po(d) + 2dP; (d)or/7 — 07] [~dPy (d) + doy/7 — 3]

and: ) .
(210 _ 35700 l(ev% —1) T (e - 1)51
3 aga(l) = [407’6"27 +15 <e"27 - 1) (A8.12)
5 2 5 3
+9(ef”—1> +2(ef”—1> }
\
where:
@ _ (d—a\/?)
oo o
(A.8.13)
d?—do\/T—1
o) _ ( . )1 (K)

Substituting expression (A.8.10.) and (A.8.11.) in equation (A.8.9.) and factoring out S;/7
leads to the Vega formula (43) for the Jarrow-Rudd (1982) model.

Differentiating expression (A.8.1.) with respect to the excess of skewness and to the excess
of the excess kurtosis leads directly to the equation (44) and (45) of the Jarrow-Rudd Khi

and Psi, that is:

Cyr _ . C __
o1 (f) — XJR = Qs (A814)
OCJR
5t = VirQa
|

Appendix 9

When the European call market price is given by the Corrado and Su (1996-b and 1997-b)
formula, the Greeks of a call can be written respectively such as equations (46), (47), (48),

(49) and (50).
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Proof. Consider the Corrado and Su (1996-b and 1997-b) formula of an European call
option:
Ces = Chs + 7 (F) Q5+ 72 (F) Q4 (A9.1)
with:
Q= [Bl(1+w)] ™ S ay7Pi(d) ¢ (d")

Qy= A(1+w)™ S ay/TP; (d) ¢ (d)
Differentiating the Corrado and Su formula (A.9.1.) with respect to the underlying asset

price, we get:
GCCS o GCES G_Q;) 8_Q:1
55~ o5, T () 75, + 72 (F) 75, (A.9.2.)
with:
OChs _ g g 00 (@A 0% (A —0y/T) 0 (d" —ov/T)
55 - (d*) +S; 5 95 ¢ K 5(d oun) 35, (A.9.3)
od* d* —
= 2(d) +Sip(d) 75 — e Ky (&~ ov7) o Scff)
¢ ¢
\ L od* S, (d*) od*
= () + S (@) 55 (ﬁ<w)> e
_ * Qp(d*) . (P(d*>
= ®(d*) + Tt
0Qs B o\/T . .
55, — 3(1ia 2oVT—d)e(d) (A.9.4)
Sigg, ¢ (@) + S 2oV = 0) =54 ast]
p (d*) [Py (d¥) — o*7]
3(1+w)
and:
Q, _ _ovT - od )
55,  T(i+w) {P2 (@) @)+ S (20' = 3% ) (@) (A95)
« Op (d) od*
+8iPy (d) =5 ast]
__@(d) Ps(d)
A (1+w)
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where:
% = (Sto'\/;)fl
2ed) — —d* i (d)
Substituting expression (A.9.3.), (A.9.4.) and (A.9.5.) in equation (A.9.2.), factoring out
@ (d*) (1 +w)~" leads to the Delta formula (46) for the Corrado-Su (1996-b and 1997-b)
model.

Differentiating once again expression (A.9.1) with respect to the underlying asset price,

we have:
OAcs 0Dy 8°Q; 0*Q,

(A.9.6.)

where:

0ALg 09 (d*)od* N 1 dp(d*)od 1 Oy (d*) od*
p(d)  dp(d) d*p (d*)
Sio/T  Sio?t St (1+w)

(A.9.7.)

!

0°Q, 1 9p(d)ad*
9S?  3l(1+w) od oS,
o (d%) [Py (d) = P (") 07 + d*0%r + 6077"]

B 31S,0y/7 (1 +w) (A.98)

2 * *ad*
[Py (d*) — o?7] + ¢ (d¥) (2d 55 8St )

and:

Q, 1 [&p (d) ad~ P (d°) (A.9.9.)

952~ Al(1+w) | od* 85,

od* od* (9d*
* _ad*2 2
Tol(d) ( 3075, ast 25, %2s,” Tﬂ
@ (d*) [Py (d*) — Py (d*) o/T — 2d*30 /T + d*o 3r3/2 1 80*7?]
AS,0v/7 (1 + w)

Substituting expression (A.9.7.), (A.9.8.) and (A.9.9.) in equation (A.9.6.) and factoring
out ¢ (d*) [S;0/7 (1 +w)] " leads to the Gamma formula (47) for the Corrado-Su (1996-b

and 1997-b) model.
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Differentiating the Corrado-Su equation (A.9.1.) with respect to the volatility, we get:

0Ccs  0Cpg 0Q; oQ,

(A.9.10.)

where:
('71(f) o7 + ‘rz( ) 0373/2>
(1+ u))

0Cx
855 = Sy (d*) VT + 0 'Syp (d) {d* +

(A.9.11)

[l

0Q; ST o (d*) od*
e 3!(1+w){{4aﬁ¢( )+ 2ty od oo (A.9.12.)

ad* dp(d )8_d*]

oP; (d*) ¢ (d*) (712('f) o273/2 1 723_(')‘) 037_2) }

(1+w)
= % {(=d*Py (d*) + d*o7 + d* + 30/T)
(712—(,]0) o?r? 4 723—@037'3/2> . )
+ (1+w) [—Pg(d)"‘O”T}

%—%‘ = o100 1+ { [d*z ") + 2d* aad*ago (d*) (A.9.13)

aad* aaf ~ e (d)

agé‘f*) %d* +90%7 (0" )+30 T+

~o@) - o2

oP2 (0) o (0°) (142 0272 4 20 %72) }
(1+w)

+ od*

—3d*o?\/T

2\/_90( ")
030 (d*) ad*
od* oo

_ SiV/T o (d) {[
4 (1 +w)



where:

712(!f) pr— 723(!f) 037_3/2>

od*
do

_é 0 — o7+ ( (A.9.14.)

1+w)
Substituting expressions (A.9.11.), (A.9.12.) and (A.9.13.) in equation (A.9.10.), factoring
out S,/ (d*) (1 +w) " leads to the Vega formula (48) for the Corrado-Su (1996-b and
1997-b) model.

Differentiating the Corrado-Su equation (A.9.1.) with respect to the skewness we obtain:

) oy, TR




where:
od* B o’r

oy, () 3l(1+w)
Substituting expression (A.9.16.), (A.9.17.) and (A.9.18.) in equation (A.9.15.), factoring

out S, 0?73/ (d*) [3! (1 + w)?] ! leads to the Khi formula (49) for the Corrado-Su (1996-b
and 1997-b) model.
Differentiating the Corrado-Su equation (A.9.1.) with respect to the kurtosis leads to:

0Cos  0Ckg 0Q, 0Q,

Nt Rl A +Qy + 7 (F) 5 (0 (A9.19))
with:
OChs L 0P(d) adr 9P (d—0y7T)d(d" — 0T
S 3732 (d*) . 1
41+ w) l_ (1+w)]
0Q . _SwyT dp(d) od  adr
07, (F)  31(1+w) K%ﬁ o @ M) (A2
Op(d7) od” o 72Py (d*) ¢ (d¥)
45 oy (f)) (1+w) = 1
Sio* 72 (d*) [Py (d*) + o?7]
(31) (4) (1 +w)?
and:
Qi _SwovT_ K Lo 0p(dY)  od
97, (F) 414 w)? 2 07, (ﬂgo(d ) +d ad* 9, (F) (A.9.22)

" e adr , dp(d) od
T, V) VT S T T ae By, ()
dp (d*) od* 047'2P2(d*)g0(d*)
aa- 6’72(f))<1+w) 4

S0t (d*) P3 (d*)

4)* (1 +w)?

-3

where:

od* o373/2

Oy, (F)  4(1+w)
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Substituting expression (A.9.20.), (A.9.21.) and (A.9.22.) in equation (A.9.19.), factoring

out S, oi72p (d*) [4! (1 + w)?] -



and:

6Qg _ 10 0'\/7_- ok Kok *%3 ad** *%2 ad**
55, B(+%) [P‘* (@) @) + S, <4d A
o od* ) o od* od* 3. 3/2
+20d 75, ot —12d 75, 10 75, o°T (A.10.6.)
ad* - oy 00 (d™) OA™
+15 aSt o T> X @ (d ) + StP4 (d ) od** aSt
10 (d™)

= —mp5 (d*)

where:

e = (SioyT)

% — —d™ o (d™)
Substituting expressions (A.10.3.), (A.10.4.), (A.10.5.) and (A.10.6.) in equation (A.10.2.)
and factoring out ¢ (d**) (1 4+ $) " leads to the Delta formula (51) for the Rubinstein (1998)

model.

Differentiating expression (A.10.1.) with respect to the underlying asset price, we have:

OBos _ O0Fs ’Q; *Q; , 9°Q
N A.10.7.
with:
aAgS B sp(d**) B d**(p (d**) d**gp (d**)
89S,  Sovr  Swir | S,o2r (11 9) (A.10.8.)
and:
0°Q; _ ¢ (d) [=P5 (d™) — Py (d*) o/T + d0*7 + 60°7°/7] (A.10.9))
os? 31S,04/7 (1 + $) 10.9.
aQQZ p (d") [P4 (d) + Pz (™) o\/T — 2d**3a\/F 4 d**e373/2 1 80472} 010
ost IS0V (1+9) (A10.10.)
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9s? 61+ 9B) [_ ER (A.10.11.)
*ok _rd4d #%3 7 _ w2 7Y 2
+p (d*) ( 5d 75, + 24d %S o\/T — 45d 55, or
od™ od** od** od**
**2_ 3 3/2 **2_ . - B 4 3
+40d 75, o’ + 30d a5, 72d 75, o1 — 15 75, otr
o= od**
+45 35, o‘t — 15 35t>
10 (d*) [Pg (d**) — 5P, (d**) — 15d20?7]
N 6!S;0/7 (1 + %)

Substituting expressions (A.10.8.), (A.10.9.), (A.10.10.) and (A.10.11.) in equation (A.10.7.)
and factoring out ¢ (d**) [S;0/7 (1 +$)] "' leads to the Gamma formula (52) for the Ru-
binstein (1998) model.

Differentiating the Rubinstein equation (A.10.1.) with respect to the volatility, we get:

0Cr _ 0CHs oQ; oQ, ,0Q;

— = f) = f) —= f A.10.12.
80' 80' + ’71 ( ) 80' + 72 ( ) 60’ + 71 ( ) 80' ( O )
where:
_agBS _ S (d) VR (A.10.13)
o
1 <712('f) o2 & wg('f) o3r3/2 4 1071é{)2 057_5/2>
+0 'S (d*) + Ty

" {‘” <1+1$>}
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0Q;

S/ { [40v/7 (d") (A.10.14)

Oo

B(1+9%)

2 *k k) A &
PNT g gy 4T me e (@) —de=5=
Py (d°%) o (d°*) (712(! ) 5273/2 1 72( 2 3,2 4 1071 o5 3)
a (1+ %)
S g
(“/12('f) o272 4 72( ) 37.3/2 + 1071( )2 od 5/2) ,
' % P2 (@) o™
aQZ o St\/F *%2 o
e~ daeg) LdTeE (1045
20" S (A7) + 0d 2L LS Gl () o7
3 e o AN
Tt e ae P T 5,
—oPy (d™) ¢ (d™)
(vlT@ o232 1 723(!f) 2y 1071( )? 0_573>
8 1+9%)
S g
_ —ng i( $)) {[d"P3(d™) + Po(d*™) — 7d™ /7 — 30°7]
(712_('1”) o272 4 723_(!J‘)037_3/2 + 10%( )2 55 5/2>
! i+9) Ps ()
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and:

an _ 10875\/; *k4 *ok
5~ A @) (A.10.16.)

—|—4d**3

+ 30d**2 2 (d**)

-|—15

+ 3¢ (d™)

+30

*k 3 T *% **%x2 _3 . *%2 *%
+20d™ o7 e @ (d*) + 10d**o T oo 6d™=p (d*)
o Kk Kk *%2 . *x 3 _3/2 Kk

12d 25 7 (d™) —6d™“o 5 Do 40d™ o> (d*)
U
5 _2 _ A 3
+50°T S Do 3007 (d ) 100 T 9
od*  Jo
<712(!f) 2,3/2 4 72( ) o372 4 1071( )? 057_3> }

od**
S od* Ao
. (1 + $)

T e+ ) [Pe (d)

(712('f) o272 o 723('1‘) o332 1 10vl o5 5/2)
- ' Ps (d™)

(1+9%)
where:
8d** - \/_+ 712('f) o2 + 72( ) 373/2 + 1071 057_5/2
9o ? 1+9)

Substituting expression (A.10.13.), (A.10.14.), (A.10.15.), (A.10.16.) in equation (A.10.12.),
factoring out S;\/7¢ (d**) (1 4+ $) " leads to the Vega formula (53) for the Rubinstein (1998)

model.
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Differentiating the Rubinstein equation (A.10.1.) with respect to the skewness we obtain:

Cr  OCLy 0Q; 0Q, . > 9Qs
= + Qs+, (F + 7, (F + 27, (F + f
(A.10.17.)
with:
OCxs o® (d) od** e 0P (0 — 0/T) O (A" — 0/T)
_ g e K A.10.18.
) ST oy, () S —oyn) o -1018)
S, o1 <1 + 717(”037'3/2) @ (d*) 1
- 31+ %) {_ +<1+$>}
0Q; Sio\/T K D (d*)
—=3 _ _TvV' (2 A.10.19.
0 Baesr (VT ae (A1019)
od** od** Op (d**) od** )
« _ d** _d**
671 (f) 871 (f)SO( ) od+ 671 (f)
X (1+9)
5373/2 <1 X vlT(f)037_3/2> P, (d*) (d*)
B 3!
S,0373/2 <1 X vlT(f)037_3/2> o (d**) [Py (d**) + 07]
- (3% (1+B)*
aQ, Sio\/7 K ad* ,0p (d*)  ad™
<4 . _ TPV 2d** d**) + d** A.10.20.
@~ aarse [\ e e @) oo oy, () 1020

—3——— o1 (d*) — 3d™o\/T
EENIAGAACY VT ad o (1)

dp(d) ad™  dp(d) od~
o o () od oy, @) TP

5373/2 (1 4 vlT(f)U37_3/2) P, (d*) (d**)]

+30%7

3!

S92 (14 23792 o (d*) Py(d*)
(31) (4)) (1 + $)°
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and:

Qs 10S,0/T K 5, Od* 4O (d**)  od**
_Os L 2USOVT g d**) + d** A.10.21.
5 (F) G $) ) o o A0
—15d*20 /T ———— (d**) — 5d**30\/T
Vo mr @) VT 5 oy, ()

d** + 10d**20_27_ d**
ERGME ad om0

Op (d*) 0d™ 3,3/2 od~ 3.3
—100°T d*) — 10d*™* o3 7%/2
5d o, (1) NG

X + 150/ T————¢ (d*) + 15d" o/T
od oy, (1) Y T ) YT e )

— 12d*

+20d** o2

_6d**2

9 (d*) ad* dp (A=) ad™ 9y (d*)
4_2 — 1002
T s oy ) T T oy, ) T ad
ad* o373/2 (1 + 71T(f)0'37'3/2> @ (d*)
xa%(f)>(1+$)— T Py (d™)
10S,0%73/2 (1 + fle(f)ang/2> @ (d*)
S P, (d**
3 (6) (1+5)° »(@)
where:
P = —d o (d")
od**  _ _027'(1—&-&%037'3/2)
0v1(f) 3!(14w)

Substituting expression (A.9.18.), (A.9.19.), (A.9.20.) and (A.9.21.) in equation (A.10.17.),
factoring out {St o373/ (1 + “T(f)a?’r?’ﬂ) @ (d™) [31 (1 +$)7] 71} leads to the Khi formula
(54) for the Rubinstein (1998) model.

Differentiating the Rubinstein equation (A.10.1.) with respect to the kurtosis leads to:

OCh_ _ OCHs ey 9% o ey Qi e 9% 102
07, () 07, () () 97, () Qi+ (M) 97, () " hl ( )] 0, () (A10.22)
with:

OCjs _ g 02(d™) od" . 0B~ 0D —oyT) ) 0o

97, (F) ad= O, () 9 (d —oy/7) 97, (F)
S, o373/2¢ (d*) 1
T . l_1+(1+$)]
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09 _ St“—ﬁ[(%ﬁawm ) ™ @) (A10.24)

07, (F)  31(1+9$)? od~ " 9y, (F) 07, (F)

» 8g0 (d**) ad** 0'47'2P1 (d**) 80 (d**)
5 o, (f)) < (1+%) - 1
_ Sioi72 [—Py (d**) + o27] ¢ (d**)
(31 (4) (1 + B)*
= 2d d™)+d A.10.25.
@~ aarsy [ a,® T e o, ® (A10:25)

od** D (d**)  od**
—3———0/T (d*) — 3d*o/T
Gy )Y T ) e T ) 50 v (1)
aw(d**) ad** 0472P2(d**)<p(d**)
R (f)> x(1+3%) 1
Sioir?p (d*) P3(d*™)

(42 (1 + )

+302T8g0(d ) _od

and:

Oy, (F) 6 (1+ $)2 9 (ﬂw od* Oy, (F)
od** Do (d**)  od**

— 15020 \/T 5. 7 (™) = 50" 0 /7 x = 50 ()
aidz*f)w (d™) + 1Od**2a278g$:*) ajzdz;)
) )~ R 0 e 07)
—10d** o373/ a%éf:*> (933:‘) + 150\5%@ (d*) + 150 o/T
L e B
TN R
e

+ 20d** o %1

—12d*

+3

where:
od* o373/2

oy, (F)  4(1+9)
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Substituting expressions (A.10.23.), (A.10.24.), (A.10.25.) and (A.10.26.) in equation
(A.10.22.), factoring out S, o*72¢ (d**) [4! (1 + $)2}71 leads to the Psi formula (55) for the

Rubinstein (1998) model.
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Appendix 11

All the following Figures result from simulations considering an at-the-money price of 2250 (FRF), an
annualized implied volatility of 23%, an annualized skewness parameter of -.7, an annualized kurtosis
index of 3.53 and an annualized risk-free rate of 3.41%. These values happen to be approximately the mean
values considering market data and backed-out parameters for the Jarrow-Rudd (1982) model on the
French market on the sample 01/1997-12/1998 for Long Term CAC 40 options (see Capelle-Blancard ez al.,
2001-a and 2001-b, for details). The considered option maturity is three months and the moneyness varies
from -.35% to .35 %; with these different values, simulated option prices range from 7 to 511 (FRF)
according to the various models and parameters.

Figure 1: Sensitivities of Option Price to the Excess Moments
for the Jarrow-Rudd (1982) Model
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Figure 2: Sensitivities of Option Price to the Excess Moments
for the Revisited Corrado-Su (1996-c and 1997-c) Model
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Figure 3: Sensitivities of Option Price to the Excess Moments
for the Revisited Rubinstein (1998) Model
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Figure 4: Impacts of Higher Moments on Option Prices
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Figure 5: Implied Density Functions
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Figure 6: Implied Volatility Smile Functions®
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* Note that no significant difference can be highlighted between Corrado-Su and Rubinstein models for the considered values in the
simulation.
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Figure 7: Effects of Excess Skewness on Implied Volatility Functions
(When the Kurtosis Adjustment Coefficient is Zero)*
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Figure 8: Effects of Excess Kurtosis on Implied Volatility Functions
(When the Skewness Adjustment Coefficient is Zero)*
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*! Note that no significant difference can be highlighted between Corrado-Su and Rubinstein models for the considered values in the
simulation.

32 Note that analytical formulae for Revisited Corrado-Su and Rubinstein models are strictly identical.
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