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There is a considerable interest in uniform weak ordering of investment strategies, welfare outcomes
(income distributions, poverty levels), and in program evaluation exercises. Partial strong orders are
more commonly used on the basis of specific utility (loss) functions. This is done when one employs
indices of inequality or poverty in welfare, mean-variance (return-volatility) analysis in finance, or
performance indices in program evaluation.

The most popular uniform order relations are the Stochastic Dominance (SD) relations of various
orders, based on the expected utility paradigm and its mathematical regularity conditions. The
following brief definitions will be useful:

Let X; and X, be two variables (incomes, returns/prospects) at either two different points in
time, or for different regions or countries, or with or without a program (treatment). Let Xj; ,
i=1,...,N; k=1,..., K denote the not necessarily i.i.d. observations. Let {/; denote the class of
all von Neumann-Morgenstern type utility functions, u, such that ' > 0, (increasing). Also, let Us
denote the class of all utility functions in U for which «” < 0 (strict concavity), and Us denote a
subset of U for which v > 0. Let X(1;, and X(y,) denote the p-th quantiles, and Fi(z) and Fy(x)

denote the cumulative distribution functions, respectively.

D‘eﬁq-tl o& 1 Xy First Order Stochastic Dominates Xo, denoted X1 =7 Xs, if and only if:

(1) Elu(X1)] > Elu(Xs)] for all w € Uy, with strict inequality for some u; Or

(2) Fi(x) < Fy(x) forall x € X, the support of Xy, with strict inequality for some x; Or
(3) Xap) > Xi2p) for all 0 < p < 1, with strict inequality for some p.

D‘eﬁq-tl o® 2 X, Second Order Stochastic Dominates X, denoted X1 =5 Xo, if and only if one of
the following equivalent conditions holds:

(1) Elu(X1)] > Elu(Xs)] for all w € Us, with strict inequality for some u; Or:

(2) [FFi(t)dt < [*_Fy(t)dt for all x € X, with strict inequality for some x;Or:

(3) ®1(p) = [5 Xandt > Po(p) = [ Xdt for all 0 < p < 1, with strict inequality for some
value(s) p.

Weak orders of SD obtain by eliminating the requirement of strict inequality at some point.
When these conditions are not met, as when either Lorenz or Generalized Lorenz Curves of two
distributions cross, unambiguous First and Second order SD is not possible. Any partial ordering by

specific indices that correspond to the utility functions in U; and Us classes, will not enjoy general



consensus. Whitmore introduced the concept of third order stochastic dominance (TSD) in finance,
see (e.g.) Whitmore and Findley (1978). Shorrocks and Foster (1987) showed that the addition of a
“transfer sensitivity” requirement leads to TSD ranking of income distributions. This requirement is
stronger than the Pigou-Dalton principle of transfers since it makes regressive transfers less desirable
at lower income levels. Higher order SD relations correspond to increasingly smaller subsets of Us.
Davidson and Duclos (2000) offer a very useful characterization of these relations and their tests.
Kahneman and Tversky (1979) introduced the concept of Prospect Stochastic Dominance (PSD);
a refinement of the usual dominance criteria that may better reflect individual behaviour. Let Up be
the set of all S-shaped utility functions in ¢; for which «”(z) <0 for all z > 0 but v’ (x) > 0 for all

x < 0. These properties represent risk seeking for losses but risk aversion for gains.!

D‘eﬁq-tl o® 3 Xi Prospect Stochastic Dominates Xy, denoted X1 = psp Xo, if and only if one of the
following equivalent conditions holds:

(1) Elu(X1)] > Elu(Xs)] for all w € Up, with strict inequality for some u; Or:

(2) f; Fi(t)dt < f; Fy(t)dt  for all pairs (z,y) with x > 0 and y < 0 with strict inequality for
some (z,y); Or:

(3) fppf Xapdt > f;f Xondt for all 0 < py < F1(0) < F5(0) < py < 1, with strict inequality for

some value(s) p.

Econometric tests for the existence of SD orders involve composite hypotheses on inequality
restrictions. These restrictions may be equivalently formulated in terms of distribution functions,
their quantiles, or other conditional moments. Different test procedures may also differ in terms of
their accommodation of the inequality nature (information) of the SD hypotheses. A recent survey

is given in Maasoumi (2001).

!'Kahneman and Tversky (1979) argue that in making decisions under uncertainty, individuals act as if they had
applied monotonic transformations to the underlying probabilities before making payoff comparisons. In Tversky
and Kahneman (1992) this idea is refined to make the cumulative distribution function of payoffs the subject of the
transformation. Thus, individuals would compare the distributions F}} = T'(F}), where T is a monotonic decreasing
transformation that can be interpreted as a subjective revision of probabilities that varies across investors. One question
is whether stochastic dominance [of first, second, or higher order]| is preserved under transformation, or rather what
is the set of transformations under which an ordering is preserved. As Levy and Wiener (1998) show, any monotonic
transformation preserves first order stochastic dominance, while any monotonic and concave transformation preserves
second order dominance relations. The PSD property is preserved under the class of monotonic transformations that

are concave for gains and convex for losses.



McFadden (1989) proposed a generalization of the Kolmogorov-Smirnov test of First and Second
order SD among K prospects (distributions) based on i.i.d. observations and independent prospects.
Klecan, Mcfadden, and Mcfadden (1991) extended these tests allowing for dependence in observa-
tions, and replacing independence with a general exchangeability amongst the competing prospects.
Since the asymptotic null distribution of these tests depends on the unknown distributions and pa-
rameters, they proposed a Monte Carlo procedure for the computation of critical values. Maasoumi
and Heshmati (2000) and Maasoumi et al. (1997) proposed simple bootstrap versions of the same
tests which they employed in empirical applications.

Alternative approaches for testing SD are discussed in Anderson (1996), Davidson and Duclos
(2000), Kaur et al. (1994), Dardanoni and Forcina (2000), Bishop et al. (1998), and Xu, Fisher, and
Wilson (1995), to name but a few recent contributions. The Xu et al. (1995) paper is an example
of the use of ¥? distribution for testing the joint inequality amongst the quantiles. The Davidson
and Duclos (2000) is the most general account of the tests for any order SD, based on conditional
moments of distributions and, as with most of these alternative approaches, requires control of its
size by Studentized maximum modulus or similar techniques. Maasoumi (2001) contains an extensive
discussion of these alternatives. Tse and Zhang (2000) provide some Monte Carlo evidence on the
power of these alternative tests.

We propose a “subsampling” procedure for estimating the critical values of the Klecan, McFadden,
and McFadden (1991) test for first, second order, and prospect stochastic dominance in the general
k-prospect case. Our method is based on subsampling bootstrap. We prove that the resulting test
is consistent. Our sampling scheme is quite general: for the first time in this literature, we allow
for general dependence amongst the prospects, and for the observations to be autocorrelated over
time. This is especially necessary in substantive empirical settings where income distributions, say,
are compared before and after taxes or some other policy decision, or returns on different funds
are compared in the same or interconnected markets. We also allow the prospects themselves to
be residuals from some estimated model. This latter generality can be important if one first wants
to adjust for systematic effects before comparing distributions. We investigate the finite sample

performance of our method on simulated data.
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We shall suppose that there are K prospects Xi,..., X, and let A = {X} : k = 1,...,K}. Let
{Xyi :i=1,...,N} be realizations of Xy for k = 1,..., K. Suppose now that {Xy; : i =1,..., N}

are unobserved errors in the linear regression model:
!
Yii = 23060 + Xi,

fori =1,...,N and k = 1,...,K, where, Y}; € R, Z;; € R*¥ and 0,y € O, C R*. We shall
suppose that F(X|Zk;) = 0 a.s. as well as other conditions on the random variables Xy, Y,. We
allow for serial dependence of the realizations and for mutual correlation across prospects. Let
Xei(0) = Y — Z,0, Xii = Xpi(bko), and )/(\'m = sz-(@k), where 5k is some sensible estimator of
010 whose properties we detail below, i.e., the prospects can be estimated from the data. Since we
have a linear model, there are many possible ways of obtaining consistent estimates of the unknown
parameters. The motivation for considering estimated prospects is that when data is limited one
may want to use a model to adjust for systematic differences. Common practice is to group the
data into subsets, say of families with different sizes, or by educational attainment, or subgroups of
funds by investment goals, and then make comparisons across homogenous populations. When data
are limited this can be difficult.? In addition, the preliminary regressions may identify “causes” of

different outcomes which may be of substantive interest and useful to control for.
For k=1,..., K, define

Fi(z,0) = P(X(0) <) and
Fin(2.0) — %Zuxm(e)) <),

We denote Fi(z) = Fi(x,0k) and Fin(z) = Fin(z,0k), and let F(x) be the joint c.d.f. of
(X1,...,Xk)". Now define the following functionals of the joint distribution

d* = rg;?igg[ﬂ(x)—ﬂ(x)] (1)
s = miwsp [ F(0) ~ F(o) d @)
b= min s / C[R(t) - R, 3)

2 Another way of controlling for systematic differences is to test a hypothesis about the conditional c.d.f.’s of Y}

given Z. Similar results can be established in this case.



where X denotes the support of Xy; and X, = {z € X, x > 0}. We assume that X’ is a bounded set,
as in Klecan et al. (1990). The hypotheses of interest can now be stated as:

HY:d*<0ws. H :d* >0 (4)
H:s"<0ws.H{:s">0 (5)
HY :p* <0ws. HY : p* > 0. (6)

The null hypothesis H implies that the prospects in A are not first-degree stochastically maximal,
i.e., there exists at least one prospect in A which first-degree dominates the others. Likewise for the
second order and prospect stochastic dominance test.

The test statistics we consider are based on the empirical analogues of (1)-(3). They are defined
to be:

Dy = mlnsup\/_{FkN(x O) — FlN(x,/@\l)}
k£l zex

Sy = mlnsup\/_ [FkN(t,/ék) — FlN(t,/él)} dt

k#l pex —00

Py = min sup VN [FkN(tagk)_FlN(tv/él)} dt.

k#l T,—yeX;

These are precisely the Klecan et al. (1990) test statistics except that we have allowed the prospects
to have been estimated from the data. The computation of these statistics is discussed in Klecan et
al. (1990) and in our empirical section below.

In computing the test statistics there is an issue of how to approximate the supremum in Dy, Sy
and Py, and the integrals in Sy and Py. One approach is to compute the maximum over the data

points, as in Andrews (1997). We take this issue up later in the numerical section.
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We need the following assumptions to analyze the asymptotic behavior of Dy:
Agsuﬁ go® i (i) {(Xpi, Zu) i =1,...,n} is a strictly stationary and a- mixing sequence
with a(m) = O(m~4) for some A > max{( - 1)1+ Q/2),14+2/6} for all 1 < k < K, where

() is an even integer that satisfies ) > 2(L + 1) and ¢ is a positive constant that also appears in



Assumption 2(ii) below. (i) E||Zk||* < oo for all 1 < k < K, for all i > 1. (iii) The conditional
distribution Hy(-|Zy;) of Xy; given Zj; has bounded density with respect to Lebesgue measure a.s.
forall1 <k <K, foralli>1.

ASSU“ & o 2: (i) The parameter estimator satisfies VN (@k —O) =
(1/\/_) ZZ 1 kot (Xiy Zgi, Oko) + 0p(1), where I'yg is a non-stochastic matrix for all 1 < k < K;
(ii) The function v, (y, z,0) : R x R* x © — R” is measurable and satisfies (a) Evy(Yii, Zi, 0ko) = 0
and (b) E ||t (Yis Zi, Or0)||*T° < oo for some § > 0 for all 1 < k < K, for all i > 1.

Ass“‘,‘t‘ o@ 3: (i) The function Fi(z,0) is differentiable in 6 on a neighborhood ©g of 6,
for all 1 < k < K; (ii) For all sequence of positive constants {{y : N > 1} such that £ — 0,
SUPge x SUDg|o—g,)<¢, ||0Fk(7,0)/00 — Ago(x)|| — Oforall 1 <k < K, where Ago(x) = OFy(x,0k0)/00;
(i) sup,ey ||Aro(x)]| < 0o for all 1 <k < K.

For the tests Sy and Py we need the following modifications of Assumption 3 respectively:

Agsuﬁ & o® 3* : (i) Assumption 3(i) holds; (ii) For all 1 < k < K for all sequence of positive
constants {§N N > 1} such that £y — 0, Sup,cx SUPg. jg_g| ¢, H (8/00) [ Fi(t,0)dt — Ao(x
0, where Ago(z) = (8/09) [ Fi(y, Oro)dy; (iii) supcy |[Aro(z)|| < oo for all 1 < k < K.

Agqgueg Joe 3** : (i) Assumption 3(i) holds; (ii) For all 1 < k < K for all sequence of positive
constants {§N N > 1} such that {5 — 0,8Up, _,cx, SUPg.o-go)<¢x H 0/00) f Fi(t,0)dt — Zxo(z, y H —
0, where Zyo(z,y) = (0/06) fy Fi(t, Oro)dt; (iii) sup, _ e, [|Zro(z,y)|| < oo forall 1 <k < K.

Assumptions 3 and 3* (or 3**) differ in the amount of smoothness required. For second order (or

‘ -

prospect) stochastic dominance, less smoothness is required.
3.2 2 Nu D ogvd ug cuy
Define the empirical processes in x, 6

VzN(x70) -

ViN(,I,y,Q) =

\/—1N
Vi (2.0) = \/—%EN: U 1(X,m-(0)§t)dt—/z Fk(t,ﬁ)dt}
\/%



Let ( dy(-) v}, V) ) bea mean zero Gaussian process with covariance functions given by

!
vty (1, Oko) — Vi (21, O10) Ui (22, Or0) — vy (22, 010)

Cd(ﬂflwz):]\}E{;E \/N‘kN(QkO) WkN(eko) . (8)
VN, (610) VN (610)

We analogously define ( sy(-) v, v}y ) and ( pu(-,+) Vi v} ) tobemean zero Gaussian processes
with covariance functions given by C*(xz1,x9) and CP(x1,y1,x2, yo) respectively.

The limiting null distributions of our test statistics are given in the following theorem.

~2& Ve 1. (a) Suppose Assumptions 1-3 hold. Then, under the null H{, we have

mink# SupzeBd {Cflv/d(x) + Ako(x)lrkoVko — Alo(ﬁ)lrlono 1f d = O
Dy = b

— 00 if d <0,
where Bl ={z € X : Fy(z) = F(x)}.

(b) Suppose Assumptions 1(i), 1(ii), 2 and 3* hold. Then, under the null H§, we have

mink# Sllpzess [gkl(ﬁ) -+ Ako(ﬂi)lrkoVko — Alo(ﬁ)lrlono] 1f s=0
SN = kl
— 00 it s <0,

where By, ={z e X: [*_F(t)dt = [ F(t)dt}.
(¢c) Suppose Assumptions 1(i), 1(ii), 2 and 3** hold. Then, under the null Hf, we have

MiNg4; SUP(; ) epP [Dri(x,y) + Exo(x) Trovko — Eio(z) Twrvi] ifp=0
Py = ’ kl
—00 if p<O,
D X B x _rz
where By = {(z,y) : v € Xy, —y € Xy and [ Fi(t)dt = [ Fi(t)dt}.
The asymptotic null distributions of Dy, Sy and Py depend on the “true” parameters {0 : k =
1,..., K} and distribution functions {Fy(-) : k = 1,..., K'}. This implies that the asymptotic critical
values for Dy, Sy, Py can not be tabulated once and for all. However, a subsampling procedure can

be used to approximate the null distributions.

P S -
4 Qug %-{‘34“5'1’35? o% 'ﬂi.sa‘_,,““? BOOthB_L‘

In this section, we consider the use of subsampling to approximate the null distributions of our test

statistics. In contrast to the simulation approach of Klecan et. al. (1990), our procedure does not

8



require the assumption of generalized exchangeability of the underlying random variables. Indeed,
we require no additional assumptions beyond those that have already been made.

We now discuss the asymptotic validity of the subsampling procedure for the test Dy (The
argument for the tests Sy and Py is similar and hence is omitted). Let W; = {(Yii, Zi) : k =
1,...,K} fori =1,..., N. With some abuse of notation, the test statistic Dy can be re-written as
a function of the data {W; :i=1,...,N}:

Dy =V Ndy(Wy,...,Wy),

where
dy(Wi..... W) = minsup [FkN(x,/Q\k) - FZN(:C,@)} . 9)
rzeX
Let
Gy (w) = Pr (\/NdN(Wl, W) < w) (10)

denote the distribution function of Dy. Let dy;; be equal to the statistic dj, evaluated at the sub-

sample {W;, ..., W1} of size b, i.e.,
dN,b,z' = db(VVZ’, VVZ’—&-M ce I/I/i—i—b—l) for i = 1, ceey N — b—|— 1.

This means that we have to recompute gl(W}, Wis1,...,Wiip_1) using just the subsample as well.
We note that each subsample of size b (taken without replacement from the original data) is indeed a
sample of size b from the true sampling distribution of the original data. Hence, it is clear that one can
approximate the sampling distribution of Dy using the distribution of the values of dy;, computed
over N — b + 1 different subsamples of size b. That is, we approximate the sampling distribution

GN of DN by
1 N—-b+1

é\N,b(w) = N——b—|—1 Z 1 (\/EdN,b,z' S ’LU) .

Let gy (1 — @) denote the (1 — «)-th sample quantile of @N,b('), ie.,
gns(1—a) = inf{w : Gyu(w) > 1 —al.

We call it the subsample critical value of significance level ae. Thus, we reject the null hypothesis at
the significance level « if Dy > gy (1 — @). The computation of this critical value is not particularly
onerous, although it depends on how big b is. The subsampling bootstrap has been proposed in
Politis and Romano (1994) and is thoroughly reviewed in Politis, Romano, and Wolf (1999). It is



well known to be a universal method that can ‘solve’ any problem. In particular, it works in heavy
tailed distributions, in unit root cases, in non-standard asymptotics, etc.

We now justify the above subsampling procedure. Let g(1 — «) denote the (1 — «)-th quantile of
the asymptotic null distribution of Dy (given in Theorem 1(a)).

- Ve 2. Suppose Assumptions 1-3 hold. Assume b/N — 0 and b — 0 as N — oc. Then,
under the null hypothesis HS, we have when d = 0 that

(a) gnp(1 — ) L 9(1—a)

(b) Pr[Dy > gnp(1 — )] — «

as N — oo.

Since d = 0 is the least favorable case, we have that
sup Pr[Dy > gnu(1 — a)] < a+o(1).
deHg
The following theorem establishes the consistency of our test:

-iE Ve 3. Suppose Assumptions 1-3 hold. Assume b/N — 0 and b — 0 as N — oco. Then,

under the alternative hypothesis HY, we have
Pr[Dy > gnp(l — )] = 1as N — oo.

Uhpdun. Results analogous to Theorems 2 and 3 hold for the test Sy (Py) under Assumptions
1(i)-(ii), 2 and 3*(3**). The proof is similar to those of the latter theorems.

In practice, the choice of b is important and rather difficult. Delgado, Rodriguez-Poo, and Wolf
(2001) propose a method for selecting b in the context of hypothesis testing within the maximum

score estimator, although no optimality properties of this method were proven.

Tse and Zhang (2000) have provided some Monte Carlo evidence on the power of the alternative
tests proposed by Davidson and Duclos (2000), the “DD test”, and Anderson (1996). They also shed
light on the convergence to the Gaussian limiting distribution of these tests. The evidence on the
latter issue is not very encouraging except for very large sample sizes, and they conclude that the

DD test has better power than the Anderson test for the cases they considered. In this section we
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report some numerical results on the performance of the test statistics and the subsample critical
values.

In the income distribution field, an often empirically plausible candidate is the Burr Type XII
distribution, B(«, 3). This is a two parameter family defined by:

Flz)=1—(14+z%" x>0

where > 1/a > 0. This distribution has a convenient inverse:

X=F'v)=[1-v) -1, 0<v<l

We can generate uniformly distributed random numbers, v, in order to generate variables X with the
Burr distribution for different values of the two parameters. Manipulation of the two parameters will
produce unrankable prospects, as well as dominant ones. We also considered normal distributions.

We investigated five different (k = 2) designs:

D1. X, ~ B(4.7,0.55) [d = s = 0 least favorable case]

D2. X; ~ B(4.7,0.55) and X5 ~ B(0.55,4.7) [d = —0.168,s = 0 |

D3. X; ~ B(1,1) and X, ~ B(0.5,1) [d = 0.150, s = 0.077]

D4. X; ~ N(1,16) and X»(0,1) with mutual correlation of 0.5 [d = 0.207, s = 0.341]

D5. X; ~ N(0,4) and X5 ~ N(0,1) with mutual correlation of 0.5 [d = 0.162, s = 0]

Design D1 was used by Tse and Zhang (2000), while D4 was used in McFadden et al. (1991). In
each case we did 1, 000 replications.

We chose a total of nine different subsampling rules
b(n) = ¢;n%

with ¢; € {2,2.5,3} and a € {0.33,0.5,0.75}, where n € {250, 500, 1000}.
Regarding the computation of sup,¢ y[Fin(2) — Fon(z)] and sup,cy [*_[Fin(y) — Fan(y)]dy, we

considered several approaches. One method is to compute

max [Fin(X7) — Fan(X7)],

1<j<q(n)

where X7, j = 1,...,q(n) were bootstrap draws from the pooled marginal and ¢ = ¢(n) < n. A
second approach is just to use an equally spaced grid on the range of the pooled distribution. In

practice, both these methods work satisfactorily, but we have found better performance when we
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also ‘trim’ out extreme observations. This is especially likely in the Burr case. In the experiments
we report here we chose an equally spaced grid of points on the 5% symmetrically trimmed pooled
sample. We chose ¢ = n.

The results are shown in Tables 1-5, Table j corresponding to design j. In Design 1, size distortion
is larger for FOSD than SOSD, but improves with sample size. In D2, the rejection frequencies for
FOSD are essentially zero, reflecting the negativity of d here. The rejection frequency for SOSD is
close to one for small subsamples, but the larger subsamples show much smaller rejection frequency;
presumably, somewhere in between there is a subsample that has the right rejection frequency. In
D3, the power is better for FOSD than for SOSD, but in both cases power increases with sample
size. In the mutually dependent designs D4-D4 the results are very similar. It is clear that when
prospects are “second order maximal” one needs very large samples (subsamples) to detect it. This
makes perfect sense since, especially for weaker levels of SSD, as in D2-D3, the “crossings ” occur
very late in the right tails.

Figures 1-3 show the effect of subsample size on rejection frequency in Design 1 for the case that
a = 0.05: the SOSD test always has a subsample size that make rejection frequency exactly 0.05.
The FOSD test is persistently oversized, but this improves with sample size.

Finally, we applied our tests to a dataset of daily returns on the Dow Jones Industrials and the
S&P500 stock returns from 8/24/88 to 8/22/00, a total of 3131 observations. Figures 4 and 5 plot the
c.d.f’s and s.d.f.’s of the two series. Not surprisingly, our test rejects the null hypothesis that d < 0
at the 5% level for any of the nine subsample sizes in our grid, while we accept the null hypothesis
that s < 0 at the 5% level for all but the very largest subsample sizes. Figure 6 compares the s.d.f.’s
of the globally standardized return series [i.e., (r, — 7)/s,, where T is the sample mean and s? is the
sample variance|; now as expected we can’t reject the null of no second order domination at the 5%
level, but there does appear to be some second order domination in the right tail, which suggests

that mean and variance alone are not sufficient statistics for the investor.

"
6 Cowcilty Ruwgr 2 X

The subsample bootstrap appears to be an effective way of computing critical values in this test of
stochastic dominance, delivering good performance for sample sizes as low as 250. Much work remains
to be done. First, we intend to evaluate our test on more demanding situations of testing for prospect

dominance with time series data and many prospects. This certainly is a challenging situation.
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Second, there are a number of modifications to the test statistic and bootstrap algorithm that may
be beneficial. For example, we can consider the weighted criterion ming; sup ¢y wy; - [Fi(z) — Fi ()]
for any weighting sequence wy; that is positive with probability one. Such weighting might be
important when there are many prospects and considerable variation in the values of Fy(x) — Fj(x).

Also, some methodology for choosing b is desirable, although difficult.

Q
A A, Vg Y.

¥

We let C; for some integer j > 1



R ce. . Lvegagg 1. The result follows from Theorem 2.2 of Andrews and Pollard (1994) if we
verify the mixing and bracketing conditions in the theorem. We first verify the conditions for part
(a) of Lemma 1. The mixing condition is implied by Assumption 1(i). The bracketing condition also

holds by the following argument: Let
Fa={1(X(0) <z):(x,0) € X x O}. (A.7)

Then, F, is a class of uniformly bounded functions satisfying the L?-continuity condition, because

we have
sup sup 11 (Xu(0) < 2') —1(X(8) <)
i1 (z',0")eXx xO:
o' —z|<ry,||0'—0||<ra,\/T2+r3<r
= FE sup 11 (X < Z0,(0" — 00) +2') — 1 (X < ZL(0 — ) + )|
(z',0")eX xO:
|o' —a|<ry,]|0'—0||<ra,/T2+r2<r

< EL(|Xki — Z3y(0 — 60) — x| < || Zal[ 1+ 72)
S Cl (E ||Z]m|| T + TQ)
< Cor,

where the second inequality holds by Assumption 1(iii) and Cy = /20, (E||Zy]| v 1) is finite by
Assumption 1(ii). Now the desired bracketing condition holds because the L2-continuity condition
implies that the bracketing number satisfies

N(e,Fa) < Cs G)LH , (A.8)

see Andrews and Pollard (1994, p.121).
We next verify part (b). Since the mixing condition holds by Assumption 1(i), we need to establish
the bracketing condition. Let

j—"sz{/w I(XM(Q)gt)dt:(x,G)eXx@}. (A.9)

—00



where the third line follows from the inequality |max{a,0} —max{b,0}| < |a —b| and Cauchy-
Schwarz inequality. Therefore, since sup,,; F¥ | Zii||> < oo, the bracketing condition (A.8) holds for
the class F, as desired.

The proof of part (c) is similar to that of part (b) except that we now take

F, = {/ 1(Xpi(0) < t)dt: (z,—y,0) € X, X Xy X @} (A.11)

and verify the Lipschitz condition using (A.10) and triangle inequality. |
Luegagg 2 (a) Suppose Assumptions 1-3 hold. Then, we have Vk =1,... K,
sup VgN(x,/ék) — Vi (x, Qko)) 0. (A.12)
zeX

(b) Suppose Assumptions 1(i)(ii), 2 and 3* hold. Then, we have Vk =1,... K,

sup VZN(x,/ék) —viy(z, Qko)) 0. (A.13)

TeX

(c) Suppose Assumptions 1(i)(ii), 2 and 3* hold. Then, we have Yk =1,... K,

sup
z,—yeXy

yiN(mvyvb\k) - VﬁN(xvya QKO)‘ L 0. (A14)

B ca. o. Lvegagg 2. We first verify part (a). Consider the pseudometric (A.2). We have

sup py ((x,gk) , (2, 9k0))2

— ;:15 E[L(Xwi(9) < 2) — 1(Xki(ro) < 2)]?| 0=,
- sup / / 1(F<at2@c—00) ~1G <) T AH(7]2)dPu() (A.15)

IN

) e
< 01/“2’(5k—0k0))’de(z)

< ()

Z/(/é]C — 0&0)” S T S T+

20 — eko)H) dH (7]2)d Py (2)

Bi = 10| B 1] 0,

where Pg(-) denotes the distribution function of Zy; and the inequality in the 5th line holds by
Assumption 1(iii) and a one-term Taylor expansion, and the last convergence to zero holds by As-
sumptions 1(ii) and 2. Now, (A.12) holds since we have: Ve > 0, ¥n > 0, 36 > 0 such that

lim P (Sllp

N—o0 zeX

VzN(xab\lc) - V%N(%eko)‘ > 77)

15



N—oo

< lim P (SUP V%N(xub\k) — VkN(xu‘gkO)‘ > 1, sup py ((%/é/f) 7(%‘9&0)) < 5)

zeX TEX
lim P (Sllp Py ((m,@k)  (z, 9k0)) > 6) (A.16)
N—o00 zeX
< lim P* sup (Vi (21,601) — vin(22,00)] >
M=o\ pal(@1,00),(w2,02))<6
3
< -
n

where the last term on the right hand side of the first inequality is zero by (A.15) and the last

inequality holds by the stochastic equicontinuity result (A.1) Since /n > 0 is arbitrary, (A.12)
follows.

We next establish part (b). We have

sup p; ((m,gk) ) (%eko)y

= s kB {/; (L(Xki(0) < 1) — L(Xpi(Oro) < t))dtr B

~ 2
< Hek - 9/~c0H E|Zi|* = 0

by Assumptions 1(ii) and 2. Now part (b) holds using an argument similar to the one used to

verify part (a). The proof of part (c) is similar. |

Luegagg 3 (a) Suppose Assumptions 1-3 hold. Then, we have Vk =1,... K,
V/N sup

TeX

Fe(w,00) = Fi(,010) = Do @) Tualin (r0) | = 04(1).
(b) Suppose Assumptions 1(i)-(ii), 2 and 3* hold. Then, we have Yk =1,... K,

VN sup

zeX

/ Fu(t, ) dt — / Fi(t, 00)dt — ALy (2)Txo B (0r0)

o0 — 00

= 0p(1).

(c¢) Suppose Assumptions 1(i)-(ii), 2 and 3* hold. Then, we have Vk =1,... K,

VN sup

z,—yeX}

= 0,(1).

/ Fk(tﬁk)dt—/ Fy(t, Oxo)dt — Zpo (@, y)Tro¥in (Ox0)
Yy )

R ca. o. Lvegagg 3. We verify part (a). Proof of parts (b) and (c) is similar. A mean value
expansion gives

~ OFy(xz,0;(x)) ~

Fk(l’,gk) = Fk(l’,eko) + %(Gk - 0k0)7

16



where 0} (x) lies between 5& and 0,0. By Assumption 2, we have v N (/9\,€ — 0ro) = Op(1). This implies
that there exists a sequence of constants {¢ : N > 1} such that £y — 0 and P (Hb\k — Oko H < fN) —
1. The latter implies that P (sup,cy |05 (x) — 0ol < &y) — 1. Let

OF(z,0;(x))

Ay = -4 d
N 225 56 ro(z)|| an
F; 0
By = sup  sup ‘M — Bro(@)|] -
TEX 0:]|0—0ko||<&N 99

Then, we have Ay = 0,(1) since P(Ay < By) — 1 by construction and By = o(1) by Assumption
3(ii). Now we have the desired result:

VN sup ]Fk(x,ﬁk) — F(x,0h0) — A;O(x)rkoakN(eko)H

zeX

= \/Nsup ‘w@k - ‘9k0) - Ako(x)FkOEkN(ekO)

TeX 60/
S AN\/N ‘ b\k — eko‘ + 8115 HAko(%)H Hm(ék — Qko) — Fko\/ﬁald\](eko)“
xEe
= Op(l)u

where the inequality holds by the triangle inequality and the last equality holds by Assumptions 2
and 3(iii). |

Luegagg 4 (a) Suppose Assumptions 1-3 hold. Then, we have

vty (, 0x0) — Vi (-, Or0) dra ()
VN (Oro) = | Vko
VN lN(QlO) Vio

VkIl=1,...,K and the sample paths ofgkl(-) are uniformly continuous with respect to pseudometric

py on X with probability one, where
1/2
pa (x1,12) = {E (U Xg <x1) — WXy < 21)) — (1 Xpy < 29) — 1( Xy < 962))]2} 2
(b) Suppose Assumptions 1(i)-(ii), 2 and 3* hold. Then, we have

ven (5 0k0) — vin (- O10) sw(+)
\/N kN(eko) = VKo
VN5 (010) Vio

17



Vk,l=1,...,K and the sample paths of g (-) are uniformly continuous with respect to pseudometric

p, on X with probability one, where

z2

o 9 1/2

—0o0 —00

(¢) Suppose Assumptions 1(i)-(ii), 2 and 3* hold. Then, we have

’Ui)N('a'vgkO) _va('v'aelO) 5/6[('7')
VN (Oko) = Vo
VN lN(QlO) Vio

V ki =1,...,K and the sample paths of pu(-,-) are uniformly continuous with respect to pseudo-

metric p, on Xy X X_ with probability one, where

Z2

Y1 Y2

. 5y 1/2
(1) (22, 2)) = {E [0 <0 - 100 < 0pa— [T 000 < =100 < 0) } .

R ca. o. Lveggg 4. Consider part (a) first. By Theorem 10.2 of Pollard (1990), the result
of Lemma 4 holds if we have (i) total boundedness of pseudometric space (X, p,) (ii) stochastic
equicontinuity of {v{y(-,0k0) — viy(-,00) : N > 1} and (iii) finite dimensional (fidi) convergence.
Conditions (i) and (ii) follow from Lemma 1. We now verify condition (iii). We need to show
that vy (z1,0k0) — viy (21,010), - . ., Vi (T, Oko) - v (2,010), VN (Oro)', vV Ny (010) converges
in distribution to (Jkl(x1)7 . ,glvkl(xJ), Vios V;O) Ve, € X, Vj < J,¥J > 1. This result holds by the
Cramer-Wold device and a CLT for bounded random variables (e.g., Hall and Heyde (1980, Corollary
5.1, p.132)) because the underlying random sequence{Xy; : i = 1,...,n} is strictly stationary and
o~ mixing with the mixing coefficients satisfying >~ a(m) < oo by Assumption 1 and we have
|1( Xk < 2) — 1(X); < )] <2 < oco. This establishes part (a).

Next, for part (b), we need to verify the fidi convergence (ii) again. Note that the moment
condition of Hall and Heyde (1980, Corollary 5.1) holds since we have

‘ 246
E ‘/ (1(sz < t) - 1(Xlz < t)) dt <F |sz _ Xli|2+6 < 00,

The mixing condition also holds since we have > a(m)™4 < C' Y m=4¥/+%) < oo by Assumption

1(i) as desired. Proof of part (c) is similar. |
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R co.o. w¢ 26 1. We only verify part (a). Proof of parts (b) and (c) is analogous. Consider
first the case when d = 0. In this case, we verify that, if Fj(z) < Fj(z) with equality holding for
x € By, then

ﬁkl = Sllg\/ﬁ |:F/€N($,/ék) — EN(LE,/él)}
xTEe
= Sug [Jkl() + Ako(')lrkoyko — Alo(')lrloylo} . (Al?)
z€BE,

Then, the result of Theorem 1 (a) follows immediately from continuous mapping theorem.
We now establish (A.17). Lemmas 2 and 3 imply

Du(z) = W[FkN(x,ﬁk)—ﬂN(x,@)}

= Vin(@,0k) — vin(,0) + VN [Fk(xvgk) — Fy(z,0))
= Dy(z) + 0,(1) uniformly in = € X,

where
Du(z) = Dyy() + Dyl(2) (A.18)
Dy(z) = vin(z,0k0) = viy(z,00)
+ Ao (2)TroV Ny (Br0) — Aio(2)Ti0V Ny (610)
Dy(x) = VN[Fi(z) - F(z)]. (A.19)
We need to verify
sup Dy (7) = sup dy (). (A.20)
aeX z€By,
Note that
sup DY, (z) = sup dy(x) (A.21)
zeBy, zeBd,

by Lemma 4 and continuous mapping theorem. Note also that Dy (x) = DY, (x) for x € B,. Given

e > 0, this implies that

P (supbkl(x) < €> < P| sup DY(x)<el. (A.22)
zeX xGBgl

On the other hand, Lemma 4 and Assumptions 1(i), 2(ii) and 3(iii) imply that given A and v > 0,
there exists 6 > 0 such that

P sup |Dp(z)—Dy(y)|> 1| <~y (A.23)
p(z,y)<é
yeBy,
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and
sup | Dy, (z)| = O,(1). (A.24)

zeX

The results (A.23) and (A.24) imply that we have

P (sup D} (z) < 5) <P (supﬁkl(x) <e+ A) + 2y (A.25)

zEBY, zEX
for N sufficiently large, which follows from arguments similar to those in the proof of Theorem 6 of
Klecan et. al. (1990, p.15). Taking A and y small and using (A.21), (A.22) and (A.25) now establish
the desired result (A.20).
Next suppose d < 0. In this case, the set B, is an empty set and hence Fy(z) < Fy(z) Vx € X for
some k, [. Then, sup, y Dy () defined in (A.18) will be dominated by the term D},(x) which diverges

to minus infinity for any x € A" as required. |

B ce. a. wit?d Ve 2. Let

dZo = min sup gm(%’) + Ako(ﬁ)lrkoyko — AIO('I)/FLOVLO .
kAl wGB}‘il

Let the asymptotic null distribution of Dy be given by G(w) = P (d%, < w). This distribution is
absolutely continuous because it is a functional of a Gaussian process whose covariance function is

nonsingular, see Lifshits (1982). Therefore, part (a) of Theorem 2 holds if we establish
Gro(w) B G(w) Yw € R, (A.26)

Let

By Theorem 1(a), we have limy_o, Gp(w) = G(w) , where w is a continuity point of G(-). Therefore,
to establish (A.26), it suffices to verify

Grp(w) — Gy(w) 50 VYw € R (A.27)
We now verify (A.27). Note first that
EGy(w) = Gy(w). (A.28)
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Let
I; =1 (\/Edb(m/zv R M/;‘er,l) < ’U))

fori=1,..., N. We have

R ] N—bt1
var (GNyb(w)) = var (m Z L~>

b1 N-b
1
= —— |Sy_ 2 SN_br1im 25 SN_br1m
N_b+1 N-b+1,0 T n; N-b+lm T+ 2 Nb+1,]

A+ Ay + Az, say,

where
1 N—bz—&—i—m
SN-bt1m = Cov (I;, Livm) -
N—-b+1 —
Note that ;
A1+ 4] < O(5) = o). (A.29)
Also, we have
9 N—b 1 N—b+l-m
Al = | Y I L
[4s] ‘N—b+1z::b{N—b+1 2 Cov (£, Ly )}'
3 N—bN—b+1-m
8 NS ax(mo bt
(N=b+1)" 7= =
3 N—2b+1
S Noprr 2
m=1
— 0as N — oo, (A.30)

where the first inequality holds by Theorem A.5 of Hall and Heyde (1980) and the last convergence
to zero holds by Assumption 1(i). Now the desired result (A.27) follows immediately from (A.28)-
(A.30). This establishes part (a) of Theorem 2. Given this result, part (b) of Theorem 2 holds since

we have
P(Dy > gnp(1—a)) =P (Dy > g(l —a)+0,(1)) = cvas n — oo.
R ce. o. wt?& V& 3. By lemmas 2-4, we have
dy(We, ..., Wy) 2 d*,
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where d* is as defined in (1). Note that under H{, we have d* > 0. Now consider the empirical
distribution of dN,b,i = db(VVia ceey M/;'+b,1) :

N—-b+1

2:1uMmgwy:@m(ﬂm)

1=

. 1
0 _
Cro (W) = 377

Let
Gg(w) = P(db(Wlu BRI Wb) < U]) :

By an argument analogous to those used to verify (A.27), we have
Gy p(w) — GY(w) 5 0.

Since dy(W1, ..., W) & d*, 69“ () converges in distribution to a point mass at d*. It also follows
that
Q?V,b(l — ) =inf {w : @%,b(w) >1— a} P

Therefore, we have

P(Dy >gnp(l—a)) = P (\/NdN(Wh o, W) > \/Eg?v,b(l - 04))
N 0
= P ?dN(W]J“‘?WN) >gN,b(1_a)
N *
= P \/?dN(Wla---;WN) >d +Op(1)>
N *
= P \/?dN(Wl,,WN)>d>+O(1)
— 1,
where the last convergence holds since limy . (%) > 1 and dy(Wh,...,Wy) 2 d* > 0 as desired.
[ |
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¢ O (e FO" D95 FO"P90 FO"DP8O “O°P95 0PI “O"PLO
2n9-33[12] 0.1960 0.2670 0.2780 0.0320 0.0660 0.1720
2.5n033[15] 0.1040 0.2010 0.3430 0.0420 0.0860 0.1880
3nY33[18] 0.1300 0.2000 0.3980 0.0380 0.0700 0.1800
2n%5(32] 0.1030 0.1620 0.3040 0.0450 0.0790 0.1820
250 2.5n3[40] 0.1000 0.1670 0.2940 0.0480 0.0870 0.1890
3n%5[48] 0.1000 0.1440 0.2640 0.0540 0.0910 0.1840
2n%75[126] 0.0890 0.1570 0.2490 0.0810 0.1410 0.2410
2.5n% 7 [157] 0.1060 0.1600 0.2520 0.1060 0.1540 0.2440
3n%75[189] 0.1160 0.1570 0.2480 0.1170 0.1640 0.2570
2n9-33[16] 0.1270 0.1840 0.3770 0.0380 0.0750 0.1630
2.5n%33[20] 0.1280 0.1960 0.3990 0.0430 0.0800 0.1660
3n®33[24] 0.1160 0.2230 0.2920 0.0340 0.0770 0.1570
2n%-5[44] 0.0980 0.1700 0.2770 0.0380 0.0790 0.1570
500  2.5n03[55] 0.0740 0.1290 0.2420 0.0460 0.0850 0.1700
3n%5[66] 0.0870 0.1490 0.2540 0.0490 0.0840 0.1700
2n%75[212] 0.0740 0.1160 0.2190 0.0590 0.1030 0.2140
2.5n%75[265] 0.0780 0.1330 0.2340 0.0780 0.1270 0.2230
3n75[318] 0.1030 0.1410 0.2290 0.0860 0.1330 0.2310
2n"-33[20) 0.1260 0.1990 0.4400 0.0420 0.0950 0.1890
2.5n0-33[25] 0.1080 0.2640 0.3220 0.0450 0.0970 0.1890
3n%33[30] 0.1160 0.1570 0.3340 0.0460 0.0990 0.1870
2n%5[64] 0.0810 0.1600 0.2740 0.0420 0.0920 0.1860
1000 2.5n%5[80] 0.0760 0.1350 0.2500 0.0520 0.0960 0.1910
3n%5[96] 0.0690 0.1340 0.2360 0.0460 0.0910 0.1930
2n°75[356] 0.0710 0.1100 0.1970 0.0660 0.1020 0.1940
2.5n0-75[445] 0.0800 0.1280 0.2110 0.0710 0.1080 0.2130
3n75[534] 0.0870 0.1280 0.2040 0.0770 0.1190 0.2280
Table 1:
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¢ O(e) FO" D95 FO"P90 FO"DP8O “O°P95 0P “O"PLO
20033 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
2.5n%33 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
3n0-33 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
2005 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
250  2.5n%° 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
3n0s 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
2007 0.0000 0.0000 0.0000 0.4570 0.5550 0.6820
250%™ 0.0000 0.0000 0.0000 0.0010 0.0010 0.0070
3n075 0.0000 0.0000 0.0010 0.0010 0.0010 0.0010
20033 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
2.5n%-33 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
3n0-33 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
2n0-5 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
500 2.5n%° 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
3n0> 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
20075 0.0000 0.0000 0.0000 0.0010 0.0010 0.0020
2.5n07 0.0000 0.0000 0.0000 0.0010 0.0010 0.0010
3n075 0.0000 0.0000 0.0000 0.0010 0.0010 0.0010
2n0-33 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
2.5n%33 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
3n033 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
2n0-5 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
1000 2.5n%° 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
3n0> 0.0000 0.0000 0.0000 1.0000 1.0000 1.0000
20075 0.0000 0.0000 0.0000 0.0010 0.0010 0.0010
2.5n07 0.0000 0.0000 0.0000 0.0010 0.0010 0.0010
3n07 0.0000 0.0000 0.0000 0.0010 0.0010 0.0010
Table 2:
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¢ O(e) FO" D95 FO"P90 FO"DP8O “O°P95 0P “O"PLO
20033 1.0000 1.0000 1.0000 0.0120 0.0590 0.3240
2.5n033 1.0000 1.0000 1.0000 0.0490 0.1540 0.4730
3n0-33 0.9990 0.9990 1.0000 0.0140 0.0540 0.2370
2005 0.9970 0.9990 0.9990 0.0800 0.1900 0.4760
250  2.5n%° 0.9960 0.9990 0.9990 0.1140 0.2480 0.5210
3n0s 0.9920 0.9980 0.9990 0.0860 0.1910 0.4560
2007 0.8840 0.9160 0.9600 0.2500 0.3670 0.5090
250%™ 0.7570 0.8080 0.8750 0.2870 0.3730 0.4980
3n075 0.6290 0.6930 0.7670 0.3000 0.3740 0.4910
2n0-33 1.0000 1.0000 1.0000 0.0430 0.2320 0.7100
2.5n033 1.0000 1.0000 1.0000 0.1100 0.3800 0.7940
3n0-33 1.0000 1.0000 1.0000 0.0260 0.1600 0.5060
2n0-° 1.0000 1.0000 1.0000 0.2090 0.4530 0.7960
500 2.5n%° 1.0000 1.0000 1.0000 0.3220 0.6080 0.8970
3n0> 1.0000 1.0000 1.0000 0.3220 0.5820 0.8890
20075 0.9920 0.9980 0.9990 0.4720 0.6010 0.7650
2.5n07 0.9680 0.9790 0.9890 0.4900 0.5950 0.7160
3n075 0.9260 0.9490 0.9710 0.4760 0.5460 0.7000
2n0-33 1.0000 1.0000 1.0000 0.2880 0.7560 0.9940
2.5n033 1.0000 1.0000 1.0000 0.4480 0.8300 0.9950
3n033 1.0000 1.0000 1.0000 0.5370 0.8720 0.9980
2n0-