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Abstract

A valid asymptotic expansion for the covariance of functions of multivariate
normal vectors is applied to approximate autovariances of time series
generated by nonlinear transformation of Gaussian latent variates, and
nonlinear functions of these, with special reference to long memory stochastic
volatility models, serving to identify the roles played by the underlying
Gaussian processes and the nonlinear transformation. Implications for simpie
stochastic volatility models are examined in detail, with numerical and Monte
Carlo calculations, and applications to cyclic behaviour, cross-sectional and
temporal aggregation, and multivariate models are discussed.
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1. Introduction

A major theme of nonlinear time series analysis in finance and econometrics concerns
the influence of instantaneous nonlinear transformation on measures of memory. One
class of measures which has featured frequently in asymptotic theory for time series
statistics is mixing numbers, which are known to be essentially invariant to such
transformation (see e.g. Ibragimov and Linnik, 1971) in the sense that their rate of
decay is unchanged. However, mixing numbers cannot properly be estimated from
data, and some empirical evidence about measures that can be estimated prompts
,fur‘i:,l}er theoretical investigation.

{For stationary time series the measures of this type that come most immediately
to mind are autocovariances (and autocorrelations, which decay at the same rate}.
In particular, a well-established empirical finding is that financial time series levels
,, such as daily asset returns, are apt to exhibit little or no autocorrelation, whereas
their squares =7 have noticeable autocorrelation. Attempts to model this phenomenon
began with the ARCH(p) model of Engle (1982), followed by its GARCH(p, q) ex-
tension (Bollerslev, 1986), and the stochastic volatility model of Taylor (1986), with
numerous elaborations on these themes.

The model 'of Engle (1982), and the bulk of its successors, have the property that
Cov(z,, T1;) = 0, for all nonzero j, whereas Cou(a?,z7,;) decays exponentially to
zero as j — oo. Linear processes are incapable of describing this phenomenon, but,

,mathematically speaking, this divergence in the properties of the levels and squares
i; ‘;u'at dramatic, and relatively recent empirical studies {see e.g. Ding, Granger and
Engle, 1993, Granger and Ding, 1995, 1996, Ding and Granger, 1996, Andersen and
Bollerslev, 1997) suggest a degree of persistence in Cov(z},z},;), which might be
modelled in terms of a much slower rate of decay.

In fact models had already been proposed that might explain this behaviour. Robin-

son (1991) considered extensions of the ARCH(p) and GARCH(p, q) that might entail

arbitarily slow decay of autocorrelations of 2?2, including long memory, where autocor-



relations are not summable, and Whistler (1990) applied relevant tests he developed to
financial data. Ding and Granger (1996) and others have developed such models fur-
ther. On the other hand, Andersen and Bollerslev (1997), Breidt, Crato and de Lima
(1998), Harvey (1998) considered a long memory version of Taylor’s (1986) stochastic
volatility model, Robinson and Zaffaroni (1998) considered an alternative “2-shock”
functional form, Robinson and Zaffaroni (1997) considered a nonlinear moving aver-
age whose squares have long memory, while Teyssiere (1998) has discussed a variety
of ARCH type long memory functional forms involving various forms of nonlinearity.

At the same time, other empirical findings must be borne in mind. A body of
opinion asserts that fourth moments of many financial series are infinite, in which
case autocovariances of z7 are not well defined. Partly in response, autocovariances
of other instantaneous transformations of z; have been studied, such as |z,|°, for
real-valued 6 (for example 8 = 1), so that for § < 2 the fourth moment problem is
avoided. Ding, Granger and Engle (1993), Ding and Granger (1996), Granger and
Ding (1995) found a tendency over a range of series for sample autocorrelations to be
relatively large for specific 8, such as 8 = 1. Apart from the question of finiteness of
moments, absolute powers |:t:t|9 are mathematically hard to handle in the context of
the ARCH models of Engle (1982}, Bollerslev (1986), Robinson (1991) when & is not
an even ini‘.eger. |

The present paper demonstrates that, for a wide variety of processes, the autoco-
variances at long lags of instantaneous nonlinear functions of a general type can be
rigorously approximated sufficiently accurately to enable the presence or absence of
long memory in the instantaneous function to be determined from the specification
of the original process. As well as enabling us to thereby deal with particular, para-
metrically specified, processes, our results help to explain empirical findings of long
memory stochastic volatility in terms of a general class of data generating processes,
allowing also the practitioner freedom to choose the form of nonlinear transformation

in such a way as to minimize moment conditions, if desired.



A scalar observable (possibly transformed) series y, will be modelled as

ye = f(me), (1.1)

“Where 1, is a p-dimensional stationary Gaussian process and f : RP — R. A particular

case of (1.1) that is of interest specifies f to have separable form, such that

Ye = fl(nu)f2(7?2:)a (1.2)

taking 7, = (7, na)s Where n;, is py x 1, ¢ = L2,pr+p2=p Cov(ny,, 1) = 0 and
fi: R» = K, 1 =.1,2. If x, has form (1.2), then so (for a new fi, f2) does |:cg[9, for
any 6. Moreover, subject to finiteness of appropriate moments, if E fi(n,) =0, then
Ey, = 0 while if also 7,, is an iid sequence and 7,, is independent of 7,,, 5 < £, then
Covl{ye, Yesj) = 0, for all j # 0, so that the classical zero-autocovariance properties of
asset returns y; = ; are described, whereas when we take y, = z,|°, or its logarithm,
then E fi{n,,) # 0 and moreover we can then get autocorrelation.

The form (1.2) does not cover ARCH-type models (because p < oo) but it covers

* stich models as

Ty = 7?1t9a+ﬁﬂ“ ) (1.3)

and

7, = (e + Bna), (1.4)

with 77, white noise (having zero mean), 7, either depending only on 7,,, s < ¢ or
being independent of 7, for all 5,¢, and y, = z¢ Or »: = iz,|°. The model {1.3) is a
standard stochastic volatility model (Taylor, 1986), where Andersen and Bollerslev
(1997), Breidt, Crato and de Lima (1998), Harvey (1998) took 7, to have long mem-
ory. The model (1.4) is in Robinson and Zaffaroni (1997, 1998) with again 7y, having
long memory, though they also permitted 7, to be a non-Gaussian linear process.

Breidt, Crato and de Lima {1998), Robinson and Zaffaroni (1997, 1998) gave exact

- formulae for autocovariances of x7 based on (1.3), (1.4) respectively. Andersen and
‘ i

Bollerslev (1997) gave approximate formulae for autocovariances at long lags of cer-

tain nonlinear functions of (1.3). Our asymptotic expansion rigorously justifies and
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refines such asymptotic formulae in a variety of settings. For parametric fitting of
a particular parametric form such as {1.3) or (1.4) the autocorrelation in 7, would
be parameterized, but this possibility does not concern us here, except insofar as we
have to employ a parameterization in generating Monte Carlo observations.

A wide range of models is covered by (1.2}, entailing both short and long memory
in 77,. We impose no smoothness on f1 and f, and can choose them such that only

the second moment requirement
" Ef?(ﬂu) < 00, 1= 1121 (1.5)

is required, notwithstanding the Gaussianity of n,. By way of illustration, and also

partial motivation for our allowance of p; > 2, consider

1) 1
e (p1 — 1)3
fl(nu) = " ;t o2 ) (1°6)
??1:) T "?1}:1) }
)]

where 77} is the jth element of 7y, and the n(ﬂ}, 1 < § < py, are mutually independent

[N

(see the remark after (2.1) below) but can have autocorrelation. Then (1.6) has a
tp,—1 distribution, having finite integer moments up to degree p; — 2 only, for example
when 2 < p; < 5 it has infinite fourth moment. Of course (1.6) has mean zero
so it might be substituted for 5y, in (1.3) and (1.4) (cf. Bollerslev, 1987), whence
x, inherits its moment properties. Other random variables expressible as functions
“ of finitely many normals are truncated and censored normals, Beta and F variates.
Nonlinear functions of Gaussian processes (1.1) featured in early work on modelling
of nonlinear time series (e.g. Kuznetsov, Stratonovich and Tikhonov, 1965, Hannan,
1970, Chapter 2, Hannan and Boston, 1972). They have also played a major role
in the asymptotic statistical theory of long memory processes (see e.g. Rosenblatt,
1961, Taqqu, 1975, Ho and Sun, 1987, Sanchez de Naranjo, 1993). However, this
literature stresses how certain nonlinear transformations of a long memory process
have less memory, even short memory, whereas we, by the product form (1.2), seek
to describe a reverse phenomenon, such as when levels have zero autocorrelation but

nonlinear transformations have short or long memory autocorrelation.
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The following section develops our expansion for the covariance between functions
of two sets of normal vectors. The expansion is shown to be a proper asymptotic
one as the covariance between the normal vectors tends to zero, while its form, and
in particular its leading terms, are governed by the nature of the nonlinear functions
involved. Approximations of autocovariances for models (1.3) and (1.4) are derived in
Section 3, with numerical calculations and Monte Carlo evidence of the accuracy of the
approximations. Section 4 outlines extensions to multivariate observable processes,
cyclic phenomena and temporal and cross-sectional aggregation. Section 5 contains

some final remarks.

2. Covariance of Nonlinear Functions of Gaussian
Variates

The present section makes no reference to time series applications, and we drop ¢
subscripts and consider the covariance between f (n) and g((), where f : R —» R and

g: R* — R, n and ¢ are respectively p- and g-dimensional normal vectors, and
Ef*(n) + Eg*(¢) < oo. (2.1)

We take n and ¢ to individually be spherical normal, that is vectors of independent
standard normal variates; no generality is thereby lost, as noted by, e.g. Ho and Sun
{1987), Sanchez de Naranjo (1993). We refer to the above specification as Assumption
A,
Write
R=E@()
where & has (k, {)th element py,, k = 1,....p, £ =1, ..., q. Denote by ¢{-) the standard

normal density function and by H;(-) the kth Hermite polynomial, given by
1 : :
H;(s)d(s) = —= [ (it)? p(t)e~*dt. 2.2
(5)0(s) = <= [(atyot) 22)
R
Let ch, 1 < h < p,d;, 1 <j < g, be nonnegative integers and define

c={C1,.6p), d=(d1,..,d,), (2.3)



and

Fo= [ $0) [T {Ho (i) gn)dun). (2.4)

Gy = ] 9(aw) T { Ha, (05)0(v5)ddvs } (2.5)
/s =1

taking u = {uy,...,up), v = (v1,...,v5). Now define

g p
= lonel 1<Sh<px;= ol 1575 <q,
k=1

£=1

and denote by

me = (My, M), Ny = (1, .., 1),

the vectors of non-negative integers such that

P
Mg = arg max {H{i" | F, # 0} ,
h=1

9
d.
Ty = aIg max {HXjJ | Fy # 0} X

j=1
The mg, n, are extensions of the Hermite rank introduced by Taqqu (1975) in scalar

problems. In case p,, = p, say, for 1 <k <p, 1< £ < g, we write
M, = Mg, T, = Ny,

where

P g
Me =min {Zch|Fc7éO}, Ty :ngn {Zdj[FdaéO},
j=t

h=1
which do not depend on the £, (= pp) or x; (= gp).
In the statement of the following theorem, and its proof, the sums are over all

non-negative integers satisfying the indicated conditions, 1, denotes the s x 1 vector

of Us, and rjy = (rp1, ..., The), 75 = (7150 -y Tp5 )



Theorem 1 Let Assumption A hold and

T < 1. (2.6)
Then
Couv{f E a;, (2.7)
where
P
k
a; = Fch PR (28)
chodj 1<h<p,1<j<q, et L d=2i ree:1Sh<p,1<E<q, 1rn =cp, LT s=d; Ve’

where the sum in (2.7) converges absolutely, indeed for all i >1

la;| < {Ef2(n)Eg2(C)}% min (7-*', {H ! 1 = X } ) (2.9)

for all 7 > 1, so that for all n > 1

Slad < {Ef @), Be(r)} Z

¢ 1—-7
=n

"

(2.10)

Proof The theorem is similar to a number of others in the literature, following
from work of Kendall (1941), and, in the more recent long memory literature, Tagqu

(1975), but we present a brief proof. We have

Ef(ng(() = (2n) ras f Flu)g(v) / exp (—1s'u — it'v)
RP+e

P+q

1 ro IP R 8
xexp | —=(s',¢) dsdt p dudv, (2.11)
2 R I, ||¢
where here s and ¢ denote the vectors s = {81,.,8), t = (t1,...,t,). The second

exponential factor can be written
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in which the double product can be written

fifi 5, Cosaar

k=1 £=1 71gd The!
q

_ Z {HHPL?}IEI”"%H 6

k=1 ¢= =1

where ¢, and d; are as in (2.8). Thus from (2.2), the factor in braces in (2.11) is

(2?1-)(?+!1}.r’2 Z {H H P;’Ee }

k=1 £=1

X H {Hc,, ’U.h ’U.h }H{Hd ‘UJ ’UJ }

=1

so that, from (2.4) and (2.5), (2.11) is

{11 e,

r
k=1 ¢=1 K¢

el 2l

with ¢ and d given in (2.3). Noting that Ef(n) = Fy, Eg(n) = Gy, where the zero
subscripts here denote vectors of zeros, substraction and rearrangement produces
{2.7). To prove (2.9), the factor in braces in (2.8) is bounded in absolute value by

1D 1 LTy (D SR | <t

T
h=1 rhp:1<8<q, 1rn. =cp =1 he! =1 iy 1 Sk<p L y=dy kel

T, 2 d; é
e ch! poley d;!

by the mnultinomial theorem. Thus, writing

S={c:ecp>2mp1<h<p}, T={d:d; 2n;1<j<gq},

noting that F. =0,c ¢ S, F; =0,d ¢ T, and applying the Schwarz inequality,

o0 .
G3 ..
ol < D 2 T
cp:l<h<p H Ch' d 11<5<q H d '
h=1 =1

P q o ,
Lp Ils
x{ _S_ Hfh HXJ' 1z
cndyl Shep,1<i<q,1! ch+1'd =2,ce85deT h=1 3=1

i) of Bt el
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The first term in braces is bounded by Ef2(n)E¢*({) < oo from (2.1}, whereas the
second is bounded by

P q
2 [Le 11 =

ehodj 1RSI SiSg  en+1G d;=2{ h=1

by the multinomial theorem, and, on the other hand, also by

mh q

r X;‘J
s e Hx it

cp i 1<hep, 1S5 <g,065, deT h=1 h=1

by summation of geometric series, to prove (2.9). Then (2.10) follows immediately.
O
Note that if the first element (say) of 77 is independent of ¢, and Jr Flu)g(ui)duy =0
© frall (ug, ..., Up), then Couv(f(n),9(¢)) = 0. The Theorem’s bounds are then sharp,
$°% || = 0, because it follows that &, = 0 and my, > 0. Note also that by the
inequality between geometric and arithmetic means and the inequality [[7(1 —z;) =
13Tz, for0<z;<1,1 < j < n, we have

1 m b
S (R () (™ 2

For 7 small enough this provides a sharper bound for |a;| than the one of order Tt

when 4 < (3 ma + 2ony), but it is the latter which is eventually important and

ensures validity of the expansion

Cov{ f(n), 9(¢)} = (1 + o1 Zat

Yor all n > 2, if
7 = o{lprel ") 1<k<p 1<y,
as these p,, all tend to zero, which entails 7 tending to zero and thence that (2.6) is
eventually satisfied. Note that (2.6) implies §), < 1, 1<h<pandy;<l,1<j=g
We have presented the Theorem in the form (2.7), (2.8), because a; involves powers

of degree i in the py,, and is thus of order i, In particular, denoting by c(k), d{£)
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the values of ¢ and d such that ¢; = 6;, 1 <7 < p, d; = 650, 1 < 7 < p, where § is the

Kronecker delta, we have

e q
=D FanGuapre, (2.12)

k=1 f=1
and denoting by c(k,m), d(¢,n) the values of ¢ and d such that ¢ = bix + bim,
1<i<p,d;=08jp+ s, 1 <j<gq, we have

P

[l IS

an =

q
Z For iy Caen Pre
1 ¢

_;
Z Z Z F (k m)Gd £m)Prcelmn (2.13)

1 =1 m=1n=1

(k,f)#(m‘n)

k

|

and so on. It is thus the question of whether the relevant F.Gg4 is zero or not that de-
termines the presence or absence of IT5_, TI{_, p{At for a particular {re; 1 <k <p1<2€<g),
while in our applications it is the lowest order powers that are not thereby eliminated

that tend to dominate.

3. Autocovariances for Simple Stochastic Volatility
Models

We shall investigate autocovariance properties of 3 in (1.2) by applying the Theo-
rem in the simple case p; = p; = 1, which is motivated by the specifications (1.3} and
(1.4), though the results are not restricted to these models. To apply the Theorem

we take

f = hHl g = fife,
= (Thunm)’: ¢ = (nl,t+jan2,t+j)f

def .
COU(??kuﬂe,Hj) = e(d), kK =1,2

il

Pre

We then have

Fc = Gc = P11C1F2C'21

10



where we define
F;J = /f; U)h. u)du
For brevity, write f;; = f;(n,,). Condition (2.1) is equivalent to

Efﬁ%-Efi < 0.

Define (5} = Cov(n,, n,,;). We deduce from (2.12) and (2.13) that the two “lead-

ing” terms in the expansion of y(j) are
a = YuDFFR +72() FuFaFioFa + v,()FAF2,
1 _ g . .
@2 = 3 {’Y%l (FRFR + v32(4) FiaFao FioFaz + Vo) F )
+2 {711 (D120 FrzFag Py Foy + 711(3')722(.?')1?121@21
+ 7120 V22 (I 11 Fon FloFa}
Further, for K' < co, the Theorem gives 3 %2 |a,| < K8(5)3, for 6(j) = |y, (j)] +
7120 + [722(5)] < 1. If n, is ergodic, so 6(j} — 0 as j — oo, then
YF) = a1{1 + o(1))
if 6(5)% = o{|vxe(5)]) for (k, &) = (1,1),(1,2), (2,2); further, we have the refinement
v(7) = (a1 + a2)(1 + o(1))

if 6(5)° = o{7},(5)) for (k, €) = (1,1),(1,2),(2,2).
Before describing special cases, we note that Ey, = Efi,E fa, which is zero if
Efy=Fo=0fori=1or2asis true for y; = z; in (1.3) and (1.4).

Case I :
FIO = 01 (31)

so Efy; = 0. Then
(3 = 1D FAFR (1 + 0(1)), (32)

so the autocorrelation in 7, dominates. If

(7)) =0,7#0, (3.3)

11



we deduce exactly

(7)) =0,7#0,
from the Theorem (because £; = 0,m; > 0) or from direct calculation. This
is the familiar outcome of white noise levels, (3.1} holding for (1.3) and (1.4) if

t = Iy

Case II : (3.3) is true but (3.1) is not, so fi; is white noise with non-zero mean.
This is the case for many nonlinear transformations of z, given by (1.3), (1.4).

We have

() = {112()Pr1Fao FioFar + Yoo (§)FoF } (14 0(1)), as j — 00.  (3.4)

Suppose also that
Y12{7) =0, j > 0, (3.5)

50 1, and 7y, are independent. for all s,¢. This is the usual specification in (1.3),
and is imposed in {1.4) by Robinson and Zaffaroni (1998), but not by Robinson
and Zaffaroni (1997). Then

7() = 122 () Fio Fa (1 + 0(1)), as j — oo, (3.6)
s0 now the autocorrelation in 7,, dominates.

Case I1I: (3.3) and

[a 9]
Moy = Z X5 tr1—jo (3.7)
§=0
where
1
‘;')',

et

a; ~¢j* L 0<d< (3.8)

for a nonzero constant ¢, which will take different values in the sequel, and
with ‘~’ indicating that the ratio of left- and right-hand sides tends to 1. We
do not impose (3.1) or {3.5). The specification (3.7) is just a consequence of
Gaussianity, independence of 7,,, 15, and (3.3), but with also (3.8) it follows
that

1

N2(d) ~ 37, () ~ ¢, as § — o0, (3.9)

12



the latter relation indicating that 7 has long memory; for example, 7y, could
be a fractionally integrated autoregressive moving average (FARIMA) process.

Then (3.4) and (3.8) imply that we again get (3.6}, and indeed
1) ~ %1, as j - oo, (3.10)

so ¥, inherits the long memory of Na¢; this property was derived more heuristi-

cally for (1.3} by Andersen and Bollerslev (1997).

Case 1V: as in Case III but with (3.8) replaced by

1
a; ~ —cj*l, — 3 <d<0o, (3.11)

and

> a;=0. (3.13)

=0
Then for j > 0,

Li/2]
Yo Za Qiyj + Z it j,
i=[3/2]+1

and the second sum is O(3%*71) by (3.10) and the Cauchy inequality, while the

first is, by summation by parts,

/211 L/
Z (0545 — @it Zath“lJﬂlZ“
i=j i=0
{7/2-1
= — Z (Qvig; — tigjs1) Z @ — Q572 Z G
=it} i=[3/2]

= 0(3“ i) =0 1), as j — co.

Also, 3257 va2(j) = 0 from (3.13), so that the spectral density of 1, is zero
at frequency zero. Thus 7, has negative dependence or antipersistence; the

conditions (3.11) - (3.13) are again satisfied by FARIMA models, (3.12) being

13



a quasi-monotonicity condition (see Yong, 1974). Because also y,5(7) ~ —cj¢~!

we deduce from (3.4) that, instead of {3.6) and (3.10),

7(5) = Y)Y F1FaoFioFan(1 + 0(1)), as j — oo
Y (3.14)

Case V:

Fy =0, (3.15)

as is true when f, = |n,,°, as can arise from (1.3) and (1.4). There can be

autocorrelation in 7,,, and we have

) ) 1 ,
YF) = vlf)FoFa + > {7%1(J)F122F220
+7¥2(j)F12F20F10F22} (1 +o0(1)). (3.16)

Under (3.5) or the long memory specification (3.7), (3.8), we deduce (3.6), (3.10)

again, unless n,, has sufficiently long memory for the v%,(f) term to dominate.

Case VI: (3.3) and either (3.5) or (3.7) and (3.8), as well as
F21 = 01

which holds if f, is an even function, as in f, = |8ny|°, as follows from (1.4)

with a = 0 and y, = |z,|°. Then

1) = 37l FhFA(L +o(1). (3.17)

This is cj*~2(1 + o(1)) under (3.7), (3.8) so that long memory in 7,, produces
long memory in y, only when i < d < %, and even then y; has less memory
than 7,,. The same result for (1.4), when 6 = 2, was deduced by Robinson and
Zaffaroni (1997, 1998} from exact formulae for (7).

We can calculate the factors F;; arising in such approximations as (3.2), (3.4), (3.6)

(3.14), (3.16) and (3.17) in special cases. In view of the earlier discussion we consider

14



as “leading cases” (3.6) and (3.17), under models prompted by (1.3) and (1.4) which
lead to analytic formulae.

First consider (3.6), when y, = |z,/°, 6 > 0, under (1.3). With I'(:) denoting the

Fip = /131“’ d(s)ds = -z—afr (g + l) , (3.18)

Gamma function,

NZ 2
_ L afd s . nf 6292
Fy=e se” P(s)ds = e® B0 exp 5 ,

50 that

2

FLFZ = 2c*‘9,32921“ (9 + 2) exp(3°6%).

We can also develop corresponding approximations for autocorrelations, as is relevant

because the variance will also depend on 8, o and 3. We have
# 2ab

2e 212 1. T2{£+1)exp(3%6?)
= exp(ﬁa){r(9+§)— 2 }

After rearrangement, we deduce from (3.7) that, for all «,

Var(Jz,|?) =

.y de . .
po() & Corr (2’ loeisl") = CO. B 1) +0(1)),  asj—o0, (3.19)
where .
30°6°8 ("+%-§+ 2)
EXP(}@QQQ) ( +3 29 2) B(Q +3 23 5+ )
B(.,.) being the Beta function. Ding, Granger and Engle (1993), Ding and Granger

C(8,8) =

(1996) reported empirical evidence suggesting stronger autocorrelation in |z’ when
6 = 1 in case of asset returns, and when 6 = } in case of exchange rate series, than for
other values of & which they tried, including # = 2. Our results can only be capable
of explaining such phenomena for large enough j, and, if (1.3) is a reasonable model
for such data, (3.19) indicates that variation in pg(j) over 4 is due solely to variation
in C(8,3). In Table 1 we give C(6, ) for 8 = 0.1, 0.5, 1.0, 1.5, 2.0, 4.0, and 8 = 0.1,
0.2, 0.3, 0.5, 0.7. The mode of C{#, 3) with respect to # varies with /3, which itself is
an indicator of the departure of z, from an iid sequence. For 8 = 0.1, 0.2, the mode

sat @ =2, for 3=03at0=15,for 3=0.506at6=1,andfor 3=1até=0.5.
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To illustrate (3.17), take fi, = |n,,|°, far = |nue|®, 6 > 0, ¥ > 0, so that y, = |2,)°
when
Te = M |18712:'¢ ) (3.20)
or also, when ¢ = 1,
Te = Py (3.21)
The model (3.21) comes from (1.4) of Robinson and Zaffaroni (1997, 1998), with

a = (), whereas (3.20) is a partial extension of Robinson and Zaffaroni’s (1997, 1998)

models. We have
2—9 P—1

Fa= [ (= 1)1sl" ple)as = 7 tur (9;) 2)’

so that from (3.15)

90+ 6 8y
rorh = o Tty (e D (R4 1),

We can also derive

Varla ) = gpes e L0029 [y DO 00y 2 DY,

m w

whence we have, for all 3£ 0

pe(J) = DB, ¥)v2 (531 + o(1)), as j — oo, (3.22)
where
D(#,) = 182¢28(9+2’2+ )B(MWL;%JF%)

Bz+33)B(R+38)-BE+1i+D)BE+1LE+D
The factor D(8, ) is tabulated in Table 2 for the same € as in Table 1, and ¢ =
0.1, 0.5, 1.0, 1.5, 2.0 and 4.0. Overall, except for ¢ = 0.1, D(6,4) tends to be notably
larger than C'(8, 3), over the range of parameter values considered, though it must
be remarked that D(6,) is a factor of 42,(5) not Y2{7), 80 it by no means follows
that the corresponding py(j) will have the same ordering. The shape of D(4,v) is
very similar to that of C(6,3), with the mode in ¢ falling off from 8 =2 to 6 = 0.5

as 1, an index of nonlinearity of z,, increases.
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Broader classes of models than (3.20) and (3.21) are, respectively,
zo =My fo + Bl (3.23)

and (1.4}, with « # 0 in each case. We stressed (3.20) and (3.21) because when o # 0
we are in Case II and deduce (3.6), which is similar to the outcome for (1.3); because
unlike for (1.3) the scale factor in the approximation for py(j) for (3.23) varies with
@; and because a closed-form expression for the scale factor is only available for o # 0
when 8 is an even integer under (1.4), and when 64 is an even integer under (3.23).

It is of interest to numerically compare our approximations with actual autoco-
variances. Only in very special cases are exact formulae for the latter available, so
we employ Monte Carlo simulations. We consider y, = |:|r:t]9 with z; given by (3.20)
for 8 = 1 and with »,, white noise and 7,, the simple fractionally integrated model
(1 = L)*n,, = &, where L is the lag operator, ¢, is white noise and 0 < d < 2 (see
Adenstedt, 1974). Then v,,(y) satisfies (3.9) and we are in the setting of Case VI.
For selected values of d, v and 6 we wish to compare the approximation with the ac-
tual autocorrelations, which are calculated by simulation. For given d, the series n,,,
t =1,..,n = 1000, was generated by the algorithm of Davies and Harte (1987). Then
the y,, t =1, ...,n, were calculated for given 9,0, and their sample autocorrelations
at lags j = 1,...,m = 100 were computed. For the given d, 1, 8, this process was re-
peated r = 5000 times, and compared with the leading term in (3.22). We employed
each combination of d = 0.15,0.3,0.45, » = 1,2 and 6 = 0.5, 1, 2, that is 18 cases in
all, but only plot, in Figures 1-6, the cases in which d = 0.3. The approximations,
across all ¥, 6, appear poor for lags less than 20, but then seem satisfactory, and very
good for lags greater than 45. There is little sensitivity to either the nonlinearity

parameter ¥, or the transformation parameter 8.

4. Further Applications

We briefly describe how the Theorem can be used to derive informative approxi-

mations in more elaborate circumstances than those discussed so far, namely in the
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context of cyclic variation, cross-sectional aggregation, temporal aggregation, and

multivariate models.

(i) Cyclic Behaviour

Formulae such as (3.16) suggest that ‘linear’ terms, when present, might sometimes
be dominated by ‘quadratic’ or higher order terms, depending on the autocorrelation
of the various latent variates. Even when this is not the case it is important to stress
that first-order approximations may only be useful for very large j, and for more mod-
erate j can be improved by including terms of smaller order. The qualitative impact
of such terms is notable in series with a cyclic component. Andersen and Bollerslev
(1997) have found evidence of strong intraday periodicity in return volatility in for-
eign exchange and equity model markets. To model this kind of phenomenon, note

that a lag-j autocovariance proportional to r{j;w,d) = cos(jw);*

as j — oo, for
0<d< %, 0 < w < m, has the long memory property of non-summability, but also os-
cillates, changing sign every r/w lags; a class of parametric models with this property
was studied by Gray, Zheng and Woodward (1989). Suppose y; is given by (1.2) with
o havmg two elements, ngtj with autocorrelation decaying like r(5;0,d,) = 721,
and ngt with autocorrelation decaying like r(j;w, dz), for 0 < w < 7. Then if, for
example, 7,, is white noise and independent of 7, for all ¢, 5, then from the Theorem

120-1 and cos(jw)j?2 7, as j — oo. i dy > dy

~(7) = Cov(y, y¢) has linear terms in j
then the second is of smaller order, but nevertheless its exclusion is liable to give
a misleading picture of «v(j). However, nonlinear modelling of cyclic phenomena by
(1.2) needs more careful thought. For example, if two elements of 7, have lag-7 au-
tocovariance decaying like r(j;wn, d1), 7(j; w2, d2), respectively, the Theorem implies

in general a contribution to y{j} decaying like

1 _ : -
r(f;wy,dy) = 3 [cos {§{wr +wa)} + cos {j{w1 — we)}] g2t 2, {1)

:jm

=1
When dy +ds > %, a second-order approximation displays cycles at frequencies w; +ws

and w, —wy, along with linear terms with cycles at wy and w, {when (4.1) corresponds
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to “squared” terms, so wy = wy, d1 = dp, there is a contribution to non-cyclic long
memory). Inclusion of terms of even higher order complicates matters further; the
absence of such terms in (1.4) might make it preferable to (1.3) in this context. As an
alternative approach, Andersen and Bollerslev (1997) modelled periodicity in returns

by means of deterministic weights.

(i) Cross-Sectional Aggregation

For series that result from cross-sectional aggregation, such as stock indices, one
might prefer to model the underlyng micro-series. Suppose there are m of these {z4},

i =1,...,m, and the data available are

m
th:Z:Bit, t=1,2,

Taking z;; = fi(n”), where 5\ is a p x 1 vector, it follows that ye = g{x¢) is of
form (1.1) with 5, = (7}?) ™ ) if the stationary n'” are spherical normal and
mutually independent. In this set-up the units z;, are independent across ¢, but can be
heterogeneous owing to possible variability with i of f; and T® (5} = C'o*v('qt ),ngij)

We approximate v(j) = Cov(y, yi+;) by applying the Theorem with R a block-
diagonal matrix with -th diagonal block I'®(5). In the event of some long memory
in the n lmea.r terms in the I'®(5) will generally dominate. Units with the strongest
autocorrelation will determine asymptotic behaviour, but these may give a misleading
impression of y(j) at moderate j, as they need not be the largest or most numerous.
Notice that, unless y; = z%, for integer 9, v, cannot be represented as a sum of terms

of the form (1.2), even if individual x;; have such product form, except for example

if one of the functions of xz,; is constant across i.

(iii) Temporal Aggregation and Skip-Sampling

Data can be time-aggregated or skip-sampled, especially in view of the processing
problems posed by the extremely long, finely-sampled financial series nowadays avail-

able. The effect of temporal aggregation on the model (1.3) in case of long memory
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has been considered by Andersen and Bollerslev (1997), Bolierslev and Wright (1999).
More generally, consider series 2, t = 1,2,.... Define, for m > 1, the temporally ag-

gregated series
rn—1
Iy = 2 Zt4s—1, f=1,2,....
s=1

' .‘I“Silppose that z = g(¢,) for an s x 1 stationary Gaussian vector process (;, such that
E¢, = 0, E(,(, = I, (so that ¢, has the same basic form as 7, in (1.1}). Denote the
rank of the covariance matrix € of (™ = ({}, ..., {hym—y)’ by 7, and define an 7 x 1
vector T = Ad"‘}, where A is an r X ms matrix such that AQA’ = I,. When s > 1
it is possible that r < ms; for example, take s = 2, ¢, = (1 - P25 (&, — p€yy, (1 -
p?)1€,_ ;) for a scalar Gaussian process £, with zero mean, unit variance and lag-one
autocorrelation p, so that we can write. z = ¢(¢,) = g*(€,,€&,_,) for some g* and think
of the two latent variates generating 2, as consecutive variates from the same process.
Now denote by y, = h(z:) the instantaneous function of interest of the aggregated

series z;. Thus we have

ye=h (Q(Ct) +...+ g(Ct-}-m—l)) = f{m)

. 7“\for some function f, so that we are back to precisely the situation of (1.1). On
applying the Theorem, v(j) = Cov{ys, ye+;) can be expanded in terms of the au-
tocovariance matrix of ¢, at lags j+ 1 —m,...,j as j — oo (with m fixed), but
the rate of decay will be unaffected by the aggregation. The case of skip-sampling
of a process y; = f(7,), temporally aggregated or not, is trivially handled. I 7, is
observed at intervals n > 1, we deduce from the Theorem approximations for the
¥(nj) = Cov(Ys, Yeans)> 8 nj — 00; this can be interpreted for fixed j with the sam-
pling becoming coarser (n — o0), but n s regarded as fixed in case n = m with m

as above, where we replace each consecutive block of m 2, by an aggregate.

(iv) Jointly Dependent Series

It is routine to extend (1.1} to the r jointly dependent processes yy = filn), 1 €

‘ “\- [ . . . ,
i < r. Approximations for cross autocovariances between y; and yee4s, 1 S 4,6 ST,

20



are then readily deduced from the Thecrem. It is of interest, however, to view this
general setup in the context of a model for underlying observables z;, 7 =1 <17 < s.
Wy =g:(n), 1 <i<s,and yy = ¢;(1, ..., 24) 15 an instantaneous function of these
T, then indeed we can write y;; = fi(n,). We may wish to consider some particular

structure for the r;, such as
L k) .
Ty = kZ:l nlt hik(n%)! 1= 11 ey 8

where ngf) is the k-th element of #,,, to cover multivariate extensions of (1.3) and (1.4).
Notice that in order to allow for general contemporaneous correlation in x;, n&’:) for
any k will in general be common to two or more z;, so that processes y; = I:J:“l‘Gl will
not have the product structure (1.2). However in one case of empirical interest (see
Granger and Ding, 1996) there is a single underlying observable, s = 1, but two or
more functions y;, for example yy; = z; and yo = |:1:¢|9, when product structure in x;

implies the same for the y;.

5. Final Comments

As much of our discussion indicates, cases when we can derive analytic formulae
for scale factors of terms in our expansions are the exception rather than the rule.
In simple models such as (1.4}, or (3.23) with « # 0 and y, = |2:|°, the typical
absence of analytic functions is not a major disadvantage as numerical integration is
entirely feasible. However, this may not be the case when multidimensional integrals
are involved, and in any case the ability to contemplate either analytic or numeri-
cal integration presupposes a rather precise specification of the observable process.
Our results are still useful in their ability to explain how long memory can arise in
a variety of circumstances, and to elucidate the role of particular properties of the
functional form (determining whether various terms in the expansion are eliminated).
Further, they provide some justification for ‘semiparametric’ statistical inference on
long memory. Asymptotic relations like {3.10) form the basis of estimates of d based
on long lags (see Robinson, 1994}, and are equivalent under a mild additional condi-

tion to asymptotic power law behaviour for the spectral density near frequency zero,

21



which for the basis of estimates based on low-frequency periodograms (see Geweke
and Porter-Hudak, 1983, Robinson, 1995). It is also possible to obtain an approxima-
tion for the spectral density of a nonlinear function of Gaussian processes by applying
the techniques of Hannan (1970, pp.82-88) to the leading terms of our autocovariance

expansion.
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Table 1: C(8, )

0.2

A
0.3

0.5

0.7

1.0

.00068
.00300
.00490
00594
00632
0450

00277
01168
01849
02148
.02166
01091
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02520
03787
04110
03803
.01082
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03586
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11270
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Table 2: D(8, )
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2
1.0

1.5

2.0

4.0

.00032
00135
00219
.00263
00278
00199

00508
.02292
03418
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.01587
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06250
.08333
08034
06667
01569

02973
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12079
10162
07258
00880

.04326
13673
14286
10404
.06349
00391

09657
.21474
12903
.05000
.01564
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