
 

 

WHITTLE ESTIMATION OF ARCH MODELS 
 

by 
 

Liudas Giraitis and Peter M Robinson 
London School of Economics and Political Science 

 
 
 
 
 
 
 
 
 
 
 
 
 
Contents: 
Abstract 
1. Introduction 
2. Main Results 
3. Proof of Theorem 2.2 
References 
List of previous papers in this series. 
 
 
 
 
 
 
 
 
 
 
     The Suntory Centre 
     Suntory and Toyota International Centres 
     for Economics and Related Disciplines 
     London School of Economics and Political 
     Science 
Discussion Paper   Houghton Street 
No.EM/00/406   London WC2A 2AE 
November 2000   Tel.: 020-7405 7686 
 
 
Research supported by ESRC grant R000235892. The second author’s work was 
also supported by a Leverhulme Trust Personal Research Professorship. 



��������

��� � ����� �� 	���
���� ���� 
������ ������ ���
���� ����� �� �������
����������� � ����� �� ��

�
����������� ��� ���
	�������� ���
��� ��� �����

���� ������ ��� ������� �� ���� ����� 
�
��� ��������������� �� ��
	����� ���
��� ��� �� !�"���� #$%%%&� ��� ���������� ��� ��
� 	��	����� �� ��� ���� ��
�� ���������� ����� �� 
����� ��� 
����'��� �"������ ������ ��� ���' 
�
���
�������������� ��������

�	
����( ���� 
�����) ������ ���
�����

��� �����*�����( �++�

�� �� ��� �������� ��� �'��� ��������� ,���� ������� �� ��-�� ��� �� �-����
��� 	���'��	��� 
�� �� ������ ������ �-	��� 	��
���� 	������ ���� ���� ������
������' �� ������ � '��� �� ��� �������



4 Lqwurgxfwlrq
Frqglwlrqdo khwhurvfhgdvwlflw| dulvhv lq pxfk dqdo|vlv ri hfrqrplf dqg �0
qdqfldo wlph vhulhv gdwd1 Hyhq vhulhv zklfk dsshdu qrw wr eh dxwrfruuhodwhg
pd| h{klelw ghshqghqfh lq wkhlu vtxduhv/ d qrwdeoh h{dpsoh ehlqj gdlo| dvvhw
uhwxuqv1 Iru d fryduldqfh vwdwlrqdu| surfhvv/ %|/ | ' fc	�c ���/ vxssrvh wkdw/
doprvw vxuho|/

. E%|m I|3�� ' f+414,

�| ' . E+|m I|3�� ' �
f
n
"[

�'�

��+|3�c+415,

zkhuh
+| ' %2|+416,

dqg I| lv wkh j0�hog ri hyhqwv jhqhudwhg e| %r/ r � |1 Wkh uhtxluhphqw
�f : fc �� � fc � � �/ hqvxuhv srvlwlylw| ri wkh frqglwlrqdo yduldqfh �|/ zkloh
frqyhujhqfh frqglwlrqv rq wkh �� zloo eh lpsrvhg lq wkh vhtxho1 Wkh %| duh
revhuydeoh lq vrph dssolfdwlrqv/ zkloh lq rwkhuv wkh| frxog eh lqqrydwlrqv lq
d wlph vhulhv prgho/ ru uhjuhvvlrq huuruv1

Lq fdvh �� 9' f iru vrph � : f/ zh vd| wkdw %| kdv dxwruhjuhvvlyh
frqglwlrqdo khwhurvfhgdvwlflw| +DUFK,1 Wkh ruljlqdo DUFK surfhvv lv wkh
DUFKER� sursrvhg e| Hqjoh +4<;5,/ zkhuhlq iru nqrzq R/ �� ' f iru doo
� : R1 Eroohuvohy +4<;9, sursrvhg wkh pruh jhqhudo JDUFKERc ^� surfhvv lq
zklfk

�| ' / n
R[

�'�

k�+|3� n
^[

�'�

q��|3��+417,

Irupdoo|/ �| jhqhudwhg e| +417, lv vhhq wr eh d vshfldo fdvh ri +415,/ zlwk
�
f
' /*E�� qE���/ dqg/ iru � : f/ �� lv wkh frh!flhqw ri 5

� lq wkh h{sdqvlrq
ri kE5�*E�� qE5��/ zkhuh

kE5� '
R[

�'�

k�5
�c qE5� '

^[

�'�

q�5
��+418,

Lq wkh olwhudwxuh wkh whup �DUFK� lv qrw qrz uhvwulfwhg wr �| wkdw duh
txdgudwlf lq %|/ dv lq +415, dqg +417,/ exw dssolhv dovr wr wkh zlgh ydulhw|
ri rwkhu qrq0olqhdu irupv wkdw kdyh ehhq irxqg wr eh ri lqwhuhvw> ixuwkhu
lqirupdwlrq fdq eh irxqg lq vhyhudo uhylhzv ri wkh vxemhfw/ iru h{dpsoh/
Eroohuvohy/ Fkrx dqg Nurqhu +4<<5,1 Qhyhuwkhohvv/ Hqjoh*v DUFKER� dqg
Eroohuvohy*v JDUFKERc ^� kdyh dwwudfwhg frqvlghudeoh wkhruhwlfdo dwwhqwlrq/
qrwdeo| Qhovrq*v +4<<3d, ghprqvwudwlrq ri frqyhujhqfh wr gl�xvlrq surfhvv
xvhg lq wkh rswlrq sulflqj olwhudwxuh/ dv zhoo dv ihdwxulqj lq frxqwohvv hpslu0
lfdo vwxglhv/ dqg wkh suhvhqw sdshu irfxvhv rq wkh txdgudwlf DUFK prgho
+415, dqg lwv vshfldo fdvhv1
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Wkh jhqhudo �DUFKE4�� irup +415, zdv frqvlghuhg e| Urelqvrq +4<<4,
lq d k|srwkhvlv whvwlqj frqwh{w1 Iroorzlqj Hqjoh*v +4<;5, dqg Zhlvv*v +4<;9,
Odjudqjh pxowlsolhu +OP, whvwv ri qr0DUFK djdlqvw DUFKER� dowhuqdwlyhv/
Urelqvrq +4<<4, mxvwl�hg wkh dv|pswrwlf ydolglw| ri �2 OP whvwv ri qr0DUFK
djdlqvw duelwudu| �qlwh sdudphwhul}dwlrqv ri wkh �� lq +415,/ zkhuh/ iru vrph
h{solflwo| ru lpsolflwo| gh�qhg ixqfwlrqv ��Ew�/ � � �/ ri d R � � froxpq
yhfwru w/ zh kdyh ��Ewf� ' ��c � � �/ iru vrph xqnqrzq wf 5 +T1 Urelqvrq
+4<<4, dovr mxvwl�hg mrlqw whvwv ri qr0dxwrfruuhodwlrq lq %| dqg qr0DUFK lq
wklv frqwh{w/ dv zhoo dv whvwv ri qr0dxwrfruuhodwlrq lq %| +fi1 +414,, wkdw duh
urexvwl�hg wr doorz iru wkh suhvhqfh ri jhqhudo frqglwlrqdo khwhurvfhgdvwlflw|
dv uhsuhvhqwhg e| +415,/ zlwkrxw sdudphwhul}lqj wkh ��1 Rq wkh rwkhu kdqg/
Urelqvrq dqg Khqu| +4<<<, kdyh irxqg flufxpvwdqfhv zkhq urexvwl�fdwlrq
lv xqqhfhvvdu|= zkhq wkh %| duh lqqrydwlrqv ri d srvvleo| orqj phpru| vhulhv
wkh| vkrzhg wkdw d fhuwdlq vhplsdudphwulf hvwlpdwh ri wkh phpru| sdudphwhu
ri wkh odwwhu fdq kdyh wkh vdph olplwlqj glvwulexwlrq xqghu +414,/ +415, dv zkhq
%| kdv frqvwdqw frqglwlrqdo yduldqfh1 Jludlwlv hw do1 +5333, kdyh ghulyhg
vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri d vwdwlrqdu| vroxwlrq ri +415, zkhq
wkh �� duh frqvwudlqhg wr eh qrq0qhjdwlyh/ xqghu zklfk wkh| dovr hvwdeolvkhg
d fhqwudo olplw wkhruhp iru sduwldo vxpv ri +|1 Wkhlu frqglwlrqv h�hfwlyho|
uhtxluh +| wr kdyh vkruw phpru| dxwrfruuhodwlrq1

Qrqh ri wkhvh sdshuv glvfxvvhv sdudphwhu hvwlpdwlrq lq wkh vhw0xs gh0
vfulehg lq wkh suhylrxv sdudjudsk1 Krzhyhu/ wkh pd{lpxp olnholkrrg hvwl0
pdwh +POH, edvhg rq wkh dvvxpswlrq ri frqglwlrqdoo| Jdxvvldq %|/ zklfk
zdv frqvlghuhg e| Hqjoh +4<;5, dqg Eroohuvohy +4<;9, iru wkh DUFKER�
dqg JDUFKERc ^� prghov/ h{whqgv uhdglo| wr +415,1 Jlyhq revhuydwlrqv %|/
| ' �c ���c ?/ wkh orj0olnholkrrg lv/ dsduw iurp dq dgglwlyh frqvwdqw/ dssur{l0
pdwho|

�?Ewc �� ' ��

2

?[

|'�

+
*L}�W| Ewc �� n

+|
�W| Ewc ��

,
c+419,

zkhuh

�W| Ewc �� ' � n
|3�[
�'�

��Ew�+|3�c+41:,

dqg � lv dq| dgplvvleoh ydoxh ri �f1 Zh ghvfuleh +419, dv rqo| dssur{lpdwh
ehfdxvh �W| Ewc �� lv qrw htxlydohqw wr .wc�E+|m%|3�c ���c %��> rwkhu frqyhqwlrqv
fdq eh xvhg/ zklfk h�hfwlyho| fruuhvsrqg wr gl�huhqw sur{lhv iru wkh xq0
revhuydeoh %|/ | � f/ dqg jlyhq vxlwdeo| udslg ghfd| ri wkh �� qxphulfdo
gl�huhqfhv vkrxog eh voljkw iru odujh ?1 Lq idfw +419, zdv wkh edvlv iru wkh
DUFKE4� OP whvwv ri Urelqvrq +4<<4,1

Wkh POH ri wfc �f lv jlyhq e|

hwc h� ' @h}4@ �?Ewc ��c+41;,
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zkhuh wkh rswlplvdwlrq lv fduulhg rxw ryhu d vxlwdeoh vxevhw ri +Tn�1 Lq ru0
ghu wr frqgxfw lqihuhqfh/ wkh olplwlqj glvwulexwlrq ri hwc h� lv ri lqwhuhvw1 Zhlvv
+4<;9, vkrzhg wkdw hwc h� lv

s
?0frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo lq fdvh

ri wkh DUFKER� prgho iru �qlwh R/ zkloh Ohh dqg Kdqvhq +4<<7,/ Oxpv0
gdlqh +4<<9, hvwdeolvkhg wkh vdph surshuwlhv lq fdvh ri wkh JDUFKE�c ��/
zkhuh R ' ^ ' � lv nqrzq d sulrul lq +417,1 Wkh dv|pswrwlf wkhru| ri wkhvh
dxwkruv pdnhv vljql�fdqwo| zhdnhu dvvxpswlrqv wkdq wkh frqglwlrqdo Jdxv0
vldqlw| prwlydwlqj hwc h�/ vr wkdw �?Ewc �� lv ylhzhg dv d txdvl0orj0olnholkrrg1
Xqiruwxqdwho|/ wkh dqdo|vlv ehfrphv frqvlghudeo| pruh frpsolfdwhg lq wkh
JDUFKERc ^� prgho +417, iru jhqhudo R dqg ^/ dqg qr fruuhvsrqglqj uhvxowv
vhhp |hw wr eh dydlodeoh khuh/ ohw dorqh iru rwkhu sdudphwhul}dwlrqv ri wkh
DUFKE4� +415,1 Eroohuvohy dqg Zrrogulgjh +4<<6, ghulyhg wkh olplw glv0
wulexwlrq lq jhqhudo prghov xqghu kljk0ohyho frqglwlrqv/ exw glg qrw yhuli|
wkhvh iru wkh JDUFKERc ^�1 Iruwxqdwho|/ wkh JDUFKE�c �� prgho +dqg wkh
LJDUFKE�c ��/ zkhuh k� n q� ' � lq +417,,/ dovr fryhuhg lq wkh dv|pswrwlfv
ri Ohh dqg Kdqvhq +4<<7,/ Oxpvgdlqh +4<<9,/ kdyh wkhpvhoyhv suryhg xvhixo
lq prghoolqj d ydulhw| ri gdwd vhulhv1 Rq wkh rwkhu kdqg wkhvh vlpsoh prghov
zloo qrw dozd|v vx!fh/ dqg rqh zrxog olnh dq dv|pswrwlf wkhru| ri lqihuhqfh
zklfk fryhuv qrw rqo| wkh jhqhudo JDUFKERc ^� +417,/ exw dovr rwkhu sdud0
phwhul}dwlrqv ri +415,/ lq sduwlfxodu rqhv zklfk shuplw juhdwhu shuvlvwhqfh
wkdq +417,1 Xqghu +417,/ +| kdv dxwrfryduldqfhv wkdw ghfd| h{srqhqwldoo| +vhh
Eroohuvohy +4<;9,,/ exw wkhuh lv hpslulfdo hylghqfh ri vdpsoh dxwrfryduldqfhv
wkdw ghfd| pruh vorzo| +vhh h1j1 Glqj/ Judqjhu dqg Hqjoh +4<<6,, dqg lw lv
srvvleoh wr fkrrvh �� lq +415, wr ghvfuleh rqo| d srzhu odz ghfd|/ iru h{dpsoh1

Lq vxfk prghov/ rwkhu phwkrgv ri hvwlpdwlrq pd| d�rug dq hdvlhu dv|ps0
wrwlf wkhru|1 Lq sduwlfxodu/ vlqfh d sulqflsoh vw|olvhg idfw prwlydwlqj prghov
iru frqglwlrqdo khwhurvfhgdvwlflw| lv wkh dxwrfruuhodwlrq lq vtxduhv +|/ d idluo|
qdwxudo dssurdfk pdwfkhv wkhruhwlfdo dqg vdpsoh vhfrqg prphqwv ri wkh
+|/ lq wkh vdph zd| dv li rqh zhuh ghdolqj zlwk d olqhdu dxwrfruuhodwhg vh0
ulhv1 Wklv surpswv frqvlghudwlrq ri Jdxvvldq ru Zklwwoh hvwlpdwlrq edvhg
rq wkh +|/ dq lghd zklfk lv idu iurp qhz lq uhodwlrq wr surfhvvhv zlwk frq0
glwlrqdo khwhurvfhgdvwlflw|1 Kduyh| +4<<;,/ Urelqvrq dqg ]d�durql +4<<:/
4<<;,/ hpsor|hg lw iru fhuwdlq vwrfkdvwlf yrodwlolw| dqg qrq0olqhdu prylqj
dyhudjh surfhvvhv/ zkloh ]d�durql +4<<<, kdv hvwdeolvkhg frqvlvwhqf| dqg dv0
|pswrwlf qrupdolw| ri Zklwwoh hvwlpdwhv lq wkh odwwhu fdvh1 Lqghhg wkh lghd
lv qrw qhz lq wkh JDUFK fdvh/ hvshfldoo| dv Eroohuvohy +4<;9, srlqwhg rxw
wkdw +| jhqhudwhg e| +417, kdyh dq DUPDE4@ ERc ^�c ^� uhsuhvhqwdwlrq/ doehlw
zlwk frqglwlrqdoo| khwhurvfhgdvwlf lqqrydwlrqv1

Wr �{ lghdv/ uhzulwh +415, dv

+| ' �f n
"[
|'�

��+|3� n D|c+41<,

zkhuh D| ' +| � �| duh pduwlqjdoh gl�huhqfhv1 Dvvxplqj %| lv d irxuwk0rughu
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vwdwlrqdu| vhtxhqfh +iru zklfk frqglwlrqv duh jlyhq ehorz,/ +| kdv vshfwudo
ghqvlw|

sEb� '
j2

2Z
}Eb�c �Z 	 b � Zc+4143,

zkhuh

}Eb� '

��������
"[
�'�

��e
��b

������

32

+4144,

dqg
j2 ' .ED2| � ' .E%e| �� .E�2| ��+4145,

Qrwlfh wkdw .ED2| m I|3�� ' .E%e| m I|3�� � �2| 9' j2 vr wkh D| gr qrw ehkdyh
olnh dq lqghshqghqw vhtxhqfh xs wr vhfrqg prphqwv1 Qhyhuwkhohvv zh fdq
frqvlghu Zklwwoh0w|sh surfhgxuhv ruljlqdoo| ghvljqhg iru surfhvvhv zlwk wkh
odwwhu ghvludeoh surshuw|1

Frqvlghu wkh remhfwlyh ixqfwlrq

�?Ew� '
?3�[

�'�

UEb��

}Eb�( w�
c+4146,

zkhuh UEb� lv wkh shulrgrjudp ri wkh +|/

UEb� '
�

2Z?

�����
?[

|'�

+|e
�|b

�����
2

c+4147,

b� ' 2Z�*?/ dqg +fi1 +4144,,

}Eb( w� '

��������
"[
�'�

��Ew�e
��b

������
32

�+4148,

Wkhq zh gh�qh wkh hvwlpdwh

ew ' @h}4�?
X

�?Ew�c+4149,

zkhuh X lv d frpsdfw vxevhw ri +T1 Wkh glvfuhwh iuhtxhqf| irup lv suh0
ihuuhg ryhu rwkhuv vxfk dv wkh frqwlqxrxv irup dqg wkh dfwxdo Jdxvvldq olnh0
olkrrg/ gxh wr wkh gluhfw xvh lw pdnhv ri wkh idvw Irxulhu wudqvirup dqg ri
}Eb( w�/ zklfk lv xvxdoo| h{solflwo| vshfl�hg/ iru h{dpsoh lq wkh DUFKER� dqg
JDUFKERc ^� prghov/ zkhuh/ iroorzlqj Eroohuvohy +4<;9, zh kdyh iurp +417,
dqg +418,

}Eb� '

���kEe�b�� qEe�b�
���2

m�� qEe�b�m2 �+414:,
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Dqrwkhu ihdwxuh ri wkh glvfuhwh iuhtxhqf| irup +4146, lv wkdw phdq 0fruuhfwlrq
ri +| lv wdnhq fduh ri e| rplvvlrq ri vxppdqgv � ' f +dqg ?,1

Dv|pswrwlf wkhru| iru ydulrxv Zklwwoh irupv zdv jlyhq e| Kdqqdq +4<:6,/
G}kdsdulg}h +4<:7, dqg ydulrxv vxevhtxhqw dxwkruv/ iurp wkh 4<:3*v rqzdug1
Zkloh wkh whfkqltxhv xvhg e| wkhvh dxwkruv duh uhohydqw wr rxu vhwwlqj/ wkh
fhqwudo olplw wkhruhp iru txdgudwlf irupv +iru h{dpsoh/ vxpv ri �qlwho| pdq|
vdpsoh dxwrfryduldqfhv, zklfk lv lqyroyhg lq wkh surri ri dv|pswrwlf qrupdo0
lw| kdv qrw suhylrxvo| ehhq fkhfnhg lq fdvh ri vtxduhv ri DUFK vhtxhqfhv1
Olnh Kdqqdq +4<:6, dqg rwkhuv/ zh uhtxluh +| wr kdyh vkruw phpru| dxwrfru0
uhodwlrq/ exw lq rxu fdvh lw fdqqrw eh olqhdu lq frqglwlrqdoo| krprvfhgdvwlf
pduwlqjdoh gl�huhqfhv dqg qru lv lw nqrzq wr vdwlvi| vxlwdeoh pl{lqj frqgl0
wlrqv/ vr wkdw d gluhfw surri ri dv|pswrwlf qrupdolw| ri txdgudwlf irupv ri
DUFK vtxduhv lv surylghg1 Wkh pdlq uhvxowv duh suhvhqwhg/ zlwk glvfxvvlrq/
lq wkh iroorzlqj vhfwlrq/ zlwk wkh exon ri wkh surri ohiw wr Vhfwlrq 61

Lw lv lpsruwdqw wr srlqw rxw wkh gudzedfnv ri Zklwwoh hvwlpdwlrq lq dq
DUFK vhwwlqj1 ew kdv d gl�huhqw olplwlqj yduldqfh iurp hw/ lq ylhz ri wkh zrun
ri Ohh dqg Kdqvhq +4<<7,/ Oxpvgdlqh +4<<9,/ vr wkdw dw ohdvw zkhq wkh %|
duh frqglwlrqdoo| Jdxvvldq lw lv dv|pswrwlfdoo| ohvv h!flhqw wkdq hw1 Pruh0
ryhu/ zkhuhdv lq Kdqqdq*v +4<:6, frqwh{w wkh +| fdq eh Jdxvvldq/ vr wkdw ew
kdv wkh vdph olplw glvwulexwlrq dv wkh Jdxvvldq POH/ lw lv lpsrvvleoh wkdw
rxu vtxduhv +| fdq eh Jdxvvldq dqg vr wkh remhfwlyh ixqfwlrq �?Ew� fdqqrw
srvvleo| dssur{lpdwh wkh dfwxdo orj olnholkrrg iru dq| frqfhlydeoh glvwulex0
wlrq ri wkh %|/ dqg vr lq qr flufxpvwdqfhv fdq ew eh dv|pswrwlfdoo| h!flhqw1
Dv d uhodwhg srlqw/ wkh olplwlqj fryduldqfh pdwul{ ri ew lv frqvlghudeo| pruh
frpsolfdwhg lq rxu vhwwlqj wkdq erwk wkdw ri hw/ +41;,/ dqg ri ew lq Kdqqdq*v
+4<:6, vhwwlqj/ hvvhqwldoo| gxh wr wkh frqglwlrqdo khwhurvfhgdvwlflw| lq wkh
lqqrydwlrqv D|1 Pruhryhu/ Zklwwoh hvwlpdwlrq edvhg rq wkh vtxduhv +| lv ohvv
zhoo prwlydwhg lq rxu DUFK prghov wkdq lq wkh vwrfkdvwlf yrodwlolw| dqg
qrqolqhdu prylqj dyhudjh prghov frqvlghuhg e| Kduyh| +4<<;, dqg Urelqvrq
dqg ]d�durql +4<<:/ 4<<;,/ ehfdxvh lq wkhlu fdvhv wkh dfwxdo olnholkrrg/ xqghu
dq| sduhqw lqqrydwlrq glvwulexwlrq/ lv uhodwlyho| lqwudfwdeoh frpsxwdwlrqdoo|/
ohw dorqh wkhruhwlfdoo|/ zkhuhdv wkh POH hw iru +417, lv uhodwlyho| hdv| wr frp0
sxwh1 Pruhryhu/ Kduyh| +4<<;, dqg Urelqvrq dqg ]d�durql +4<<:/ 4<<;,
hqylvdjh orqj phpru| lq wkh vtxduhv/ zkhq Zklwwoh hvwlpdwlrq kdv wkh gh0
vludeoh ihdwxuh ri frpshqvdwlqj iru srvvleoh odfn ri vtxduh lqwhjudelolw| ri wkh
vshfwuxp/ vr dv wr surgxfh

s
?0frqvlvwhqf| dqg dv|pswrwlf qrupdolw|1 Rxu

dv|pswrwlfv rqo| kdqgohv vkruw phpru| lq wkh +| dqg vr Zklwwoh hvwlpdwlrq
sod|v d ohvv vshfldo uroh= d ydulhw| ri hvwlpdwhv/ lqfoxglqj vlpsoh phwkrg ri
prphqw hvwlpdwhv lq wkh JDUFKERc ^� fdvh/ fdq eh

s
?0frqvlvwhqw dqg dv0

|pswrwlfdoo| qrupdo/ dqg lqghhg ryhu sduw ri wkh sdudphwhu vsdfh wkh| frxog
hyhq eh pruh h!flhqw wkdq ew1 Dv d �qdo gudzedfn/ zh uhtxluh �qlwhqhvv ri dw
ohdvw ;0wk xqfrqglwlrqdo prphqwv ri %|/ xqolnh lq wkh zrun e| Ohh dqg Kdqvhq
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+4<<7, dqg Oxpvgdlqh +4<<9, rq hw/ zkhuhdv d erg| ri rslqlrq eholhyhv wkdw
70wk prphqwv duh lq�qlwh lq pxfk �qdqfldo gdwd1 Wkhvh frqvlghudwlrqv pd|
zhoo uhvwulfw sudfwlfdo lqwhuhvw lq ew/ dqg fhuwdlqo| zh fdq lghqwli| qr flufxp0
vwdqfhv lq zklfk lw pljkw eh suhihuuhg rq wkhruhwlfdo jurxqgv wr hw lq fdvh ri
DUFKER� dqg JDUFKE�c �� prghov/ zkhuh uljrurxv dv|pswrwlf wkhru| iru hw
lv dydlodeoh/ dv lqghhg lw lv iru dgdswlyh hvwlpdwhv +vhh Olqwrq/ 4<<6/ Gurvw
dqg Nodvvhq/ 4<<:,1 Krzhyhu/ dw ohdvw xqwlo vxfk wkhru| fdq eh h{whqghg wr
wkh jhqhudo JDUFKERc ^� dqg rwkhu fdvhv ri +415,/ lw lv wr eh krshg wkdw rxu

vwxg| ri ew zloo �oo vrph jds dqg dgg wr rxu nqrzohgjh ri wkh shuirupdqfh ri
Zklwwoh hvwlpdwlrq lq qrqvwdqgdug vlwxdwlrqv1

5 PDLQ UHVXOWV

Zh lqwurgxfh �uvw dq dvvxpswlrq/ rqh yhuvlrq ri zklfk +a ' e, zloo eh

hpsor|hg lq rxu surri ri frqvlvwhqf| ri ew/ dqg dqrwkhu/ vwurqjhu yhuvlrq
+a ' H, lq rxu surri ri dv|pswrwlf qrupdolw|1

Dvvxpswlrq 4+a, Iru | ' fc	�c ���/

%| ' �
�

2

| 0|c+514;,

zkhuh wkh 0| duh vwulfwo| vwdwlrqdu| dqg hujrglf zlwk �qlwh a0wk prphqw dqg/
doprvw vxuho|/

.E0|m I|3�� ' f+514<,

.E02|
���I|3�� ' �c+5153,

.E02�|
���I|3�� ' >2�c � ' 2c ���c a*2�+5154,

iru frqvwdqwv >
2�/ zkloh �| lv jlyhq e| +415, zlwk

�
f

: fc �� � fc � � �c+5155,

m>a m2*a
"[

�'�

�� 	 ��+5156,

Surshuwlhv +514,0+516, lpso| wkh frqglwlrqdo prphqw uhvwulfwlrqv +414, dqg
+415,1 Zlwk +517,/ wkh| lqglfdwh wkdw 0| ehkdyhv olnh dq lqghshqghqw dqg
lghqwlfdoo| glvwulexwhg +llg, vhtxhqfh xs wr a0wk prphqwv1 Surshuw| +518,
lpsolhv �| : f/ dv hduolhu qrwhg/ zkloh/ zkhq a ' e/ +518, lv vx!flhqw iru
+514, wr kdyh d xqltxh fryduldqfh vwdwlrqdu| vroxwlrq iru +|/ lq whupv ri 0r/
r � |/ e| d voljkw h{whqvlrq ri wkh dujxphqw ri Jludlwlv hw do +5333,1 Lw
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dovr iroorzv iurp Dvvxpswlrq 4+7,/ dv lq Jludlwlv hw do +5333,/ wkdw/ gh�qlqj
�E�� ' �J�E+fc +��/

�E�� � fc � � fc
"[

�'f

�E�� 	4�+5157,

Wklv lq wxuq lpsolhv wkdw +| kdv vkruw phpru| lq wkh vhqvh wkdw sEb� lv
erxqghg1 Frqvhtxhqwo|/ wkh suhvhqw sdshu grhv qrw fryhu orqj phpru| dx0
wrfruuhodwlrq lq +|1

Wkh uhpdlqlqj frqglwlrqv iru frqvlvwhqf| duh hvvhqwldoo| wdnhq iurp Kdq0
qdq +4<:6,1

Dvvxpswlrq 5

+l, X lq +4149, lv frpsdfw1

+ll, wf 5 X dqg j2 : f�

+lll, Iru doo w 5 X ] Z

3Z

*L} }Eb( w�_b ' f�+5158,

+ly, }Eb( w�3� lv frqwlqxrxv lq Ebc w� 5 d�Zc Zo�X1

+y, Wkh vhw ib G }Eb( w� 9' }Eb( wf�j kdv srvlwlyh Ohehvtxh phdvxuh/ iru doo
w 5 X*iwfj1

Wkhruhp 4 Xqghu Dvvxpswlrqv 4+7, dqg 5/ dv ?$4
ew $R wf�+5159,

Surri1 Dvvxpswlrqv 4+7, dqg +5158, lpsolhv wkh uhsuhvhqwdwlrq +|�.+| 'S
"

�'f @�#|3�/ zkhuh
S
"

�'f @
2

� 	 4 dqg i#�j lv d vhtxhqfh ri xqfruuhodwhg/
krphvfhgdvwlf yduldeohv1 Rq wkh rwkhu kdqg zh dovr kdyh +| ' sE0|c 0|3�c ����
iru phdvxudeoh s 1 Wkxv +fi1 Wkhruhp 6181; ri Vwrxw +4<:7,, hujrglflw| ri
i0�j lpsolhv hujrglflw| ri +|1 Wkh surri qrz iroorzv iurp wkdw ri Wkhruhp 4
ri Kdqqdq +4<:6,1

Iru wkh fhqwudo olplw wkhruhp/ zh lqwurgxfh

Dvvxpswlrq 6

+l, wf lv dq lqwhulru srlqw ri X�

:



+ll, Lq d qhljkerxukrrg ri wf/ EY*Yw�}
3�Eb( w� dqg EY2*YwYw��}3�Eb( w� h{lvw

dqg duh frqwlqxrxv lq b dqg w1

+lll, EY*Yw�}3�Eb( wf� 5 u�RE#�/ # : �

2
1

+ly, Wkh pdwul{

` '
�

2Z

Z]
3Z

Y *L} }Eb( wf�

Yw

Y *L} }Eb( wf�

Yw�
_b+515:,

lv qrqvlqjxodu1

Wkh surri ri wkh iroorzlqj wkhruhp +vhh Fruroodu| 9 ri Vhfwlrq 6, lpsolhv
wkdw xqghu rxu frqglwlrqv +| kdv irxuwk fxpxodqw vshfwuxp sEbc /c D�c iru
bc /c D 5 E�Zc Zo/ jlyhq e|

sEbc /c D� '
�

E2Z��

"[
�c&c�'3"

e3��b3�&/3��D��6E+fc +�c +&c +��c+515;,

zkhuh wkh �qdo idfwru lq wkh vxppdqg lv wkh fxpxodqw ri +fc +�c +&c +�/ dqg
dovr wkdw wkh pdwul{

T '
2Z

j2

Z]
3Z

Z]
3Z

Y}Eb( wf�
3�

Yw

Y}E/( wf�
3�

Yw�
sEbc�/c/�_b_/+515<,

lv �qlwh1

Wkhruhp 5 Xqghu Dvvxpswlrqv 4+;,/ 5 dqg 6/ dv ?$4

?
�

2 Eew � wf�$_ �
�
fc 2`3� n`3�T`3�

�
�+5163,

Wkh surri ri Wkhruhp 515 lv frqvlghudeo| orqjhu wkdq wkdw ri Wkhruhp
514 gxh wr wkh fhqwudo olplw wkhruhp zh hvwdeolvk iru txdgudwlf irupv ri +|1
Wkxv wkh surri dsshduv lq wkh iroorzlqj vhfwlrq1 Phdqzkloh/ zh glvfxvv
lpsolfdwlrqv ri Wkhruhpv 514 dqg 5151

Uhpdun 514 Wkh irup ri dv|pswrwlf fryduldqfh pdwul{ lq wkh wkhruhp lv
vwdqgdug lq wkh olwhudwxuh rq Zklwwoh hvwlpdwlrq lq wkh devhqfh ri Jdxvvldq0
lw| ru olqhdulw| dvvxpswlrqv/ vhh h1j1 Urelqvrq +4<:;,/ Fklx +4<;;,/ dqg lq d
pruh vshfldol}hg vhwwlqj/ Fdphurq dqg Kdqqdq +4<:<,1 Ri frxuvh lq wkh/ xq0
ghu suhvhqw flufxpvwdqfhv/ lpsrvvleoh hyhqw wkdw +| zhuh Jdxvvldq/ T zrxog

;



ydqlvk ehfdxvh sEbc /c D� zrxog lghqwlfdoo| ydqlvk1 T zrxog dovr ydqlvk lq wkh
olnhzlvh lpsrvvleoh flufxpvwdqfhv wkdw +| zhuh olqhdu lq pduwlqjdoh gl�huhqfh
lqqrydwlrqv zkrvh �uvw irxu frqglwlrqdo prphqwv duh frqvwdqw ehfdxvh wkhq
+iurp h1j1 Euloolqjhu/ 4<:8/ s16<,/ sEbc�/c /� lv sursruwlrqdo wr }Eb�}E/�
dqg +51;, krogv1 Xqiruwxqdwho| zh kdyh qr uhdvrq wr eholhyh wkdw T ' f
xqghu rxu DUFK prgho/ dq xqdwwudfwlyh ihdwxuh ri Zklwwoh hvwlpdwlrq lq
wklv frqwh{w1 Suhvxpdeo| Dvvxpswlrq 4+;, lpsrvhv vwuxfwxuh rq sEbc�/c/�
dqg khqfh rq T / exw zh kdyh qrw dqdo|}hg wklv1

Uhpdun 515 Wkxv Wkhruhp 515 lv rqo| xvhixo lq lqihuhqfh li T / dv zhoo dv
` / fdq eh frqvlvwhqwo| hvwlpdwhg1 D frqvlvwhqw hvwlpdwh ri` lv hdvlo| vkrzq
wr eh

f̀ '
�

?

?3�[
�'�

Y *L} }Eb�( ew�
Yw

Y *L} }Eb�c ew�
Yw�

�+5164,

Dq hvwlpdwh ri T zdv sursrvhg e| Wdqljxfkl +4<;5,/ dqg rqh ri 2` n T e|
Fklx +4<;;, erwk ri zklfk fdq uhdglo| eh xvhg dorqj zlwk +5147, lq hvwlpdwlqj
2`3�n`3�T`3�1 Krzhyhu/ wkhvh dxwkruv hvwdeolvkhg frqvlvwhqf| ri wkhlu
hvwlpdwhv xqghu Euloolqjhu0pl{lqj frqglwlrqv/ dqg zh kdyh qr hylghqfh wkdw
wkhvh krog xqghu rxu DUFK prgho1 D surri ri frqvlvwhqf| xqghu rxu vhw0xs
zrxog olnho| eh yhu| ohqjwk|/ lqghhg wkh fruuhvsrqglqj surriv ri Wdqljxfkl
+4<;5, dqg Fklx +4<;;, zhuh doprvw hqwluho| rplwwhg gxh wr suhvvxuh ri vsdfh1
Phdq vtxduh frqvlvwhqf|/ wkh surshuw| frqvlghuhg e| wkhvh dxwkruv/ zrxog
xqiruwxqdwho| uhtxluh �qlwhqhvv ri 490wk prphqwv ri %|/ d gxelrxv sursrvlwlrq
lq fdvh ri pxfk �qdqfldo gdwd1

Uhpdun 516 Wkhruhp 515 lv vlohqw derxw olplw glvwulexwlrqdo ehkdylrxu zkhq
+519, krogv zlwk a ' e +zkhq ew lv frqvlvwhqw, exw qrw lq wkh pruh olp0
lwhg vlwxdwlrq zkhq a ' H1 Pruhryhu/ wkrxjk +518, dqg +519, rqo| uhvwulfw
wf/ wkh| vkrxog lghdoo| eh uh hfwhg lq rxu fkrlfh ri X1 Wklv lv sureohp0
dwlf ehfdxvh/ ghvslwh wkh vfdoh uhvwulfwlrq +516,/ >

e
dqg >

H
duh xqnqrzq

vlqfh zh kdyh lpsrvhg qr glvwulexwlrqdo dvvxpswlrq rq 0|1 Iru Jdxvvldq

0|/ >
�

2

e * ��.�2 dqg >
�

e

H * ��21 Lq wklv fdvh zh fdq frpsduh +519, zlwk
wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru �qlwhqhvv ri a0wk prphqwv ri
JDUFKE�c �� %| gxh wr Eroohuvohy +4<;9, +klv 0| lv rxu %|,1 Lq sduwlfxodu/

iru a ' e +519, jlyhv �k2

�
n 2��

�

2k�q� n q2

�
	 �/ zkhuhdv Eroohuvohy*v frqgl0

wlrq lv �k2

�
n 2k�q�

n q2

�
	 �1 Iru wkh POH hw/ rqo| k� n q

�
	 � lv qhhghg1

Qrwlfh wkdw Zklwwoh hvwlpdwlrq edvhg rq vtxduhv frxog grxewohvv eh mxvwl�hg
xqghu pdq| rwkhu dvvxpswlrqv ehvlghv DUFK rqhv/ zkhq +519, zrxog qrw eh
uhohydqw/ lqghhg qrw rqo| kdv wklv ehhq grqh xqghu dq dowhuqdwlyh vwrfkdv0
wlf yrodwlolw| prgho e| ]d�durql +4<<<, exw/ xqolnh wkh POH ghvfulehg lq wkh
suhylrxv vhfwlrq/ wkh xqfruuhodwhgqhvv ri ohyhov surshuw| +414, lv qrw hvvhqwldo/
iru h{dpsoh %|/ dqg wkxv +|/ frxog eh vwurqjo| pl{lqj dw wkh vdph udwh1

<



Uhpdun 517 Uhfhqw hpslulfdo hylghqfh vxjjhvwv wkdw lq pdq| �qdqfldo gdwd
vhwv vdpsoh dxwrfruuhodwlrqv ghfd| pruh vorzo| wkdq wkh h{srqhqwldo udwh
suhvfulehg e| C�-�MERc ^� prghov1 Zkloh +51:, uxohv rxw orqj phpru|/
Jludlwlv hw do +5333, vkrzhg wkdw lw shuplwv

�E�� � S��
3l dv � $4c S� : fc l : �c+5165,

dqg wkdw wklv rffxuv zkhq

�� � S2�
3l c dv � $4c S2 : f�+5166,

Zh frxog wkxv wdnh w ' Ew�c w2�
� dqg

}Eb( w� '

������
�� Ew� � ��w2

"[

�'�

�3w�e��b

������

32

c+5167,

zkhuh wkh wuxh w2 lv xsshu0erxqghg e| xqlw| ehfdxvh
S
"

�'� �
3w� lv qhduo|

Ew� � ��3�/ zkloh >
e
dqg >

H
duh dw ohdvw xqlw|1 Fohduo| +514:, vdwlv�hv +51;,/

dqg zh frqmhfwxuh wkdw lw vdwlv�hv rxu rwkhu frqglwlrqv iru vxlwdeoh w�c w2/
wkrxjk wkh odfn ri d forvhg irup uhsuhvhqwdwlrq ri wkh lq�qlwh vhulhv lq +514:,
lv d sudfwlfdo glvdgydqwdjh1 Dxwrpdwlf wuxqfdwlrq ri wklv vhulhv/ vlplodu wr
wkdw lq +419,/ +41:,/ lv hperglhg lq wkh dowhuqdwlyh Zklwwoh remhfwlyh ixqfwlrq
wr +4146,/

?[
|'2

;?
=+| � + �

|3�[
�'�

��Ew�E+|3� � +�

<@
>
2

c+5168,

zkhuh + ' ?3�
S?

|'� +|1 Er{ dqg Mhqnlqv +4<:4, frqvlghuhg +514;, lq wkh
frqwh{w ri DUPD hvwlpdwlrq/ zkhuh wkh �� ghfd| h{srqhqwldoo|/ exw lw vhhpv
srvvleoh wr vkrz wkh plqlpl}hu ri +514;, kdv wkh surshuwlhv ri Wkhruhpv
514 dqg 515 lq fdvh ri +514:,1 Dowhuqdwlyho|/ +5148, fdq eh ghvfulehg e| wkh
dowhuqdwlyh prgho

}Eb( w� ' i T

+
w2

#
Zw�3� � mbmw�

w�

$,
c w� :

�

2
c w2 : fc+5169,

zklfk lv frqyhqlhqw iru xvh lq +4146,1 Iru w� 	 �/ +514<, kdv d shdn dw b ' f
wkdw lv �qlwh exw qrw yhu| vprrwk/ wkxv dssurdfklqj orqj phpru| ehkdy0
lrxu1 Zlwk w� ' 2 d sulrul/ +514<,/ ru d frqwlqxrxv wlph yhuvlrq wkhuhri/ zdv
frqvlghuhg e| Oxpoh| dqg Sdqrivn| +4<97, lq prghoolqj dwprvskhulf wxuex0
ohqfh/ dqg lq frqqhfwlrq zlwk Zklwwoh hvwlpdwlrq e| Urelqvrq +4<:;,/ dqg
dovr e| Fklx +4<;;, lq frqqhfwlrq zlwk dq dowhuqdwlyh phwkrg ri hvwlpdwlrq1
Iru w� ' 2/ lw lv uhdglo| vkrzq wkdw li w2 lv wkh wuxh ydoxh

�E�� 2 Ew2 n �2�3�c doo �c+516:,
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vdwlvi|lqj +5148, iru l ' 21 Iru �

2
	 w� 	 2 dq dqdo|wlf irupxod lv xqdydlodeoh

exw iurp \rqj +4<:7/ Wkhruhp LLL064, zh ghgxfh wkdw

�E�� � S��
3w�c dv � $4c S� : f�+516;,

Wkh uhtxluhphqw w� :
�

2
lq +514<, lv wr vdwlvi| Dvvxpswlrq 6+lll,1 Lw lv hdvlo|

vhhq wkdw wkh uhpdlqlqj uhohydqw sduwv ri Dvvxpswlrqv 5 dqg 6 duh vdwlv�hg/
wkrxjk zh duh xqdeoh wr fkhfn +518, ru +519,/ wkh Nroprjrury0Zlhqhu irupx0
odh dgplwwlqj qr forvhg irup vroxwlrq1 Qrwh wkdw Dvvxpswlrqv 5 dqg 6 zloo
dovr eh vdwlv�hg li zh jhqhudol}h +514<, e| pxowlso|lqj lw e| d idfwru fruuh0
vsrqglqj wr wkh } iru dq DUPD prgho zlwk vwdqgdug sdudphwhul}dwlrq/ ru d
Eorrp�hog +4<:6, prgho> wkrxjk xqgrxewhgo| pdq| phpehuv ri wklv idplo|
zloo qrw vdwlvi| +518,/ +519,/ qhyhuwkhohvv lwv sudfwlfdo xvhixoqhvv lq prghoolqj
�qdqfldo dqg rwkhu gdwd pd| eh zruwk h{sorulqj1 Vrph vshfwudo prghov gr
qrw vdwlvi| +51;, lq wkdw wkh suhglfwlrq huuru yduldqfh j2 lv qrw dq h{solflwo|
nqrzq ixqfwlrq ri wkh sdudphwhuv lq s +vhh +4143,,/ dv iru h{dpsoh zkhq
DUFK %| duh revhuyhg vxemhfw wr phdvxuhphqw huuru/ dqg lw lv wkh vtxduhv ri
wkhvh qrlvh0fruuxswhg revhuydwlrqv wkdw duh dqdo|}hg1 Lq vxfk fdvhv zh frxog
uhsodfh �?Ew� e|

?3�[
�'�

+
*L} sEb�( �� n

UEb��

sEb�( ��

,
c+516<,

zkhuh � lv wkh ixoo vhw ri vshfwudo sdudphwhuv/ dqg wkh h{whqvlrq ri rxu dv0
|pswrwlf surshuwlhv iru �?Ew� lv vwdqgdug1

Uhpdun 518 Xqgrxewhgo| wkh dv|pswrwlf surshuwlhv ri Wkhruhpv 514 dqg
515 zloo krog iru rwkhu yhuvlrqv ri Zklwwoh hvwlpdwlrq xqghu +51;,/ ehvlghv
+4146, dqg +514;,1 Zh kdyh vwuhvvhg �?Ew� ehfdxvh lw erwk h{sorlwv wkh
idfw wkdw }Eb( w� lv pruh riwhq d nqrzq/ frqyhqlhqw irup wkdq irupxodh iru
dxwrfryduldqfhv ru dxwruhjuhvvlyh frh!flhqwv/ dqg pdnhv uhdg| xvh ri wkh
idvw Irxulhu wudqvirup zklfk fdq vljql�fdqwo| dlg wkh surfhvvlqj ri orqj �0
qdqfldo wlph vhulhv1 Zh fdq vkrz wkdw dowhuqdwlyh hvwlpdwhv wkdw duh qrw
ri wkh Zklwwoh idplo| exw duh dovr ixqfwlrqv ri txdgudwlf irupv ri +| duhs
?0frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo/ iru h{dpsoh vlpsoh phwkrg0ri0

prphqwv hvwlpdwhv vxfk dv wkdw iru +514<, lq Urelqvrq +4<:;,1 Dovr/ dv lq
Urelqvrq +4<:;,/ lw lv srvvleoh wr vkrz wkdw d vlqjoh Qhzwrq0w|sh vwhs iurp
vxfk dq hvwlpdwh/ edvhg rq wkh remhfwlyh ixqfwlrq �?Ew�/ zloo dfklhyh wkh
olplwlqj yduldqfh ri Wkhruhp 5151 Xqiruwxqdwho|/ krzhyhu/ lq wkh suhvhqw
flufxpvwdqfhv zh fdqqrw dvvhuw wkdw wklv qhfhvvdulo| fruuhvsrqgv wr dq h!0
flhqf| lpsuryhphqw lq ylhz ri wkhZklwwoh dssurdfk*v jxdudqwhhg lqh!flhqf|
xqghu fxuuhqw flufxpvwdqfhv> zkhwkhu pdwwhuv duh pdgh ehwwhu ru zruvh zloo
w|slfdoo| ghshqg rq wkh dfwxdo ydoxhv ri wkh wuxh sdudphwhuv/ qr jhqhudo h!0
flhqf| rughulqj ri wkhvh lqh!flhqw hvwlpdwhv ehlqj srvvleoh1 Zh kdyh fkrvhq
wr vwxg| Zklwwoh hvwlpdwlrq edvhg rq vtxduhv gxh wr wkh uhodwlyh gl!fxow|
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ri d jhqhudo dv|pswrwlf wkhru| wr fryhu wkh pd{lpxp olnholkrrg dssurdfk
ghvfulehg lq Vhfwlrq 4/ dv zhoo dv wr wkh lpphgldwh dydlodelolw| ri }Eb( w� lq
DUFKprghov ri irup +415, dqg wkh idploldulw| ri wkh phwkrg dqg dydlodelolw|
ri vriwzduh wr zrunhuv lq wlph vhulhv dqdo|vlv1

6 Surri ri Wkhruhp 515
E|0qrz0idploldu dujxphqwv iurp wkh olwhudwxuh rq Zklwwoh dv|pswrwlfv ri
Kdqqdq +4<:6, dqg vxevhtxhqw dxwkruv ohdyh xv zlwk wkh wkh wdvn ri hvwde0
olvklqj wkdw

?�*2D �
] Z

3Z

Y

Yw
}Ebc wf�

3�EUEb��.UEb��_b,_ �Efc j2�c+6173,

iru dq| qrq 0 qxoo R� � yhfwru D/ zlwk j2 ' D �T D1 Zlwk

_E�� ' D �
] Z

3Z

Y

Yw
}Ebc wf�

3�e��b_bc

wkh ohiw vlgh ri +6173, lv ?3�*2'?/ zkhuh

'? '
�[

|cr'�

_E|� r�Ef|fr � .Ef|fr��c

zkhuh
f| ' +| � .+|�

Zh vkdoo lq idfw hvwdeolvk +6173, xqghu wkh plog uhtxluhphqw

"[
|'3"

_E|�2 	4c+6174,

zklfk lv htxlydohqw wr vtxduh 0 lqwhjudelolw| ri Y
Yw
}Ebc wf�

3�/ zkhuhdv Dvvxps0
wlrq 6 +lll, lpsolhv wkdw +vhh ]|jpxqg/ 4<::/ s1573,

"[
|'3"

m_E|�m 	4�
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Wkxv +6193, krogv1 Iurp +6196, dqg +6195, +6194, iroorzv hdvlo|1
Lw uhpdlqv wr vkrz +6195,1 Sxw aR ' i�Rcfc �Rc�c � � � c �Rc&Rj/ R ' �c � � � c e1

Zh fdq zulwh SE|�c � � � c |e� dv

SE|�c � � � c |e� '
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|R3�Rc�c�Rc�3�Rc2c���c�Rc&R3�3�Rc&R

FryEG 1a� GG 1a2 Gc G 1a� GG 1ae G�

zkhuh wkh vxp
S

E�� lv wdnhq ryhu lqgh{hv E�� ' E�Rcfc � � � c �Rc&R G R ' �c � � � c e�

vxfk wkdw �Rc&R 	 � � � 	 �Rc� 	 �Rcf � |Rc R ' �c � � � c e> 1aR ' 1�Rcf1�Rc� � � � 1�Rc&R
dqg G 1aR G' 1aR � .1aR iru � ' �c � � � c e1

Xvlqj wkh Fdxfk| lqhtxdolw| lw lv hdv| wr yhuli| wkdw

mFryEG 1a� GG 1a2 Gc G 1a� GG 1ae G�m � 2
e\

�'�

E.m G 1a� G me��*e � �2
e\

�'�

E.m1a�me��*e

� �2beeb
&�n���n&e
e+6198,

zkhuh be ' E.1ef�
�*e � E.0Hf�

�*e�

54



Qrz revhuyh wkdw

FryEG 1a� GG 1a2 Gc G 1a� GG 1ae G�

� .dG 1a� GG 1a2 GG 1a� GG 1ae Go� .dG 1a� GG 1a2 Go.dG 1a� GG 1ae Go ' f+6199,

lq erwk wkh iroorzlqj fdvhv
d, Wkh vhwv a� ^ a2 dqg a� ^ ae gr qrw kdyh frpprq hohphqwv/ vlqfh wkhq

iurp frqglwlrq +5154, lw iroorzv .dG 1a� GG 1a2 GG 1a� GG 1ae Go ' .dG 1a� GG 1a2 G
o.dG 1a� GG 1ae Go1

e, a� _ E^e
,'�G, �'�a,� ' > iru vrph � ' �c � � � c e/ vlqfh wkhq frqglwlrq +5154,
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G 1a, Go ' f(

.dG 1a� GG 1a, Go ' .dG 1a� Go.dG 1a, Go ' f E� 9' ,��

Vxssrvh qhlwkhu d, qru e, duh vdwlv�hg1 Wkhq wkh lqgh{ E�� ' Ea�c a2c a�c ae�
kdv dw ohdvw rqh ri wkh iroorzlqj surshuwlhv=

4, a� _ Ea� ^ a2� 9' > dqg ae _ Ea� ^ a2� 9' > +zkhq zh zulwh E�� 5P�,>
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6, ae _ Ea� ^ a2� 9' > dqg a� _ ae 9' > +zkhq zh zulwh E�� 5P�,1
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Wdnlqj wkh vxp ryhu |e( �ecrc � � r � &eEr 9' ��c dqg wkhq ryhu |�c ��cr� c � �
r� � &�Er 9' �� zh rewdlq=
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Wkxv +619:, krogv iru � ' �1

Vlploduo| xvlqj wkh gh�qlwlrq riP2/ zh rewdlq
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Wdnlqj wkh vxp ryhu |e( �ecrc � � r � &eEr 9' �� dqg wkhq ryhu |�( ��cr�c � �
r� � &�Er 9' �� zh rewdlq +619:,=
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dqg
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Eloolqjvoh|/ S1 +4<9;, Frqyhujhqfh ri Suredelolw| Phdvxuhv1 Qhz \run= Zl0
oh|1

Eorrp�hog/ S1 +4<:6, Dq h{srqhqwldo prgho iru wkh vshfwuxp ri d vfdodu
wlph vhulhv1 Elrphwulnd 93/ 54:05591

Eroohuvohy/ W1 +4<;9, Jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdv0
wlflw|1 Mrxuqdo ri Hfrqrphwulfv 64/ 63:�65:1

Eroohuvohy/ W1/ Fkrx/ U1 dqg Nurqhu/ N1 +4<<5, DUFK prghoolqj lq �qdqfh=
d uhylhz ri wkh wkhru| dqg hpslulfdo hylghqfh1 Mrxuqdo ri Hfrqrphwulfv
85/ 808<1

Eroohuvohy/ W1 dqg Zrrogulgjh/ M1 +4<<6, Txdvl0pd{lpxp olnholkrrg hvwl0
pdwlrq dqg lqihuhqfh lq g|qdplf prghov zlwk wlph0ydu|lqj frh!flhqwv1
Hfrqrphwulf Uhylhzv 44/ 47604:51

Er{/ J1H1S1 dqg Mhqnlqv/ J1P1 +4<:4, Wlph Vhulhv Dqdo|vlv/ Iruhfdvwlqj
dqg Frqwuro1 Vdq Iudqflvfr= Kroghq 0 Gd|1

Euloolqjhu/ G1U1 +4<:8, Wlph Vhulhv1 Gdwd Dqdo|vlv dqg Wkhru|1 Qhz \run=
Krow/ Ulqhkduw dqg Zlqvwrq1

Fdphurq/ P1D1 dqg Kdqqdq/ H1M1 +4<:<, Wudqvlhqw vljqdov1 Elrphwulnd 99/
576058;1

Fklx/ V10W1 +4<;;, Zhljkwhg ohdvw vtxduhv hvwlpdwruv rq wkh iuhtxhqf| gr0
pdlq iru wkh sdudphwhuv ri d wlph vhulhv1 Dqqdov ri Vwdwlvwlfv 49/
4648046591

Glqj/ ]1/ Judqjhu/ J1Z1M1 dqg Hqjoh/ U1I1 +4<<6, D orqj phpru| surshuw|
ri vwrfn pdunhw uhwxuqv dqg d qhzprgho1 Mrxuqdo ri Hpslulfdo Ilqdqfh
4/ ;604391

Gurvw/ I1F1 dqg Nodvvhq/ F1D1M1 +4<<:, H!flhqw hvwlpdwlrq lq vhplsdud0
phwulf JDUFK prghov1 Mrxuqdo ri Hfrqrphwulfv ;4/ 4<605541

G}kdsdulg}h/ N1R1 +4<:7, D qhz phwkrg iru hvwlpdwlqj vshfwudo sdudphwhuv
ri d vwdwlrqdu| wlph vhulhv1 Wkhru| ri Suredelolw| dqg lwv Dssolfdwlrqv
4</ 45504651

Hqjoh/ U1 I1 +4<;5, Dxwruhjuhvvlyh frqglwlrqdo khwhurvfhgdvwlflw| zlwk hvwl0
pdwhv ri wkh yduldqfh ri Xqlwhg Nlqjgrp lq dwlrq1 Hfrqrphwulfd 83/
<;:�433;1
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Jludlwlv/ O1/ Nrnrv}nd/ S1 dqg Ohlsxv/ U1 +5333, Vwdwlrqdu| DUFK prghov=
ghshqghqfh vwuxfwxuh dqg fhqwudo olplw wkhruhp1 Hfrqrphwulf Wkhru|
49/ 60551

Kdqqdq/ H1 M1 +4<:6, Wkh dv|pswrwlf wkhru| ri olqhdu wlph vhulhv prghov1
Mrxuqdo ri Dssolhg Suredelolw| 43/ 463�4781 +Fruuljhqgxp 43/ <461,

Kduyh|/ D1 +4<<;, Orqj phpru| lq vwrfkdvwlf yrodwlolw|1 Lq M1 Nqljkw dqg V1
Vdwfkhoo +hgv1,/ Iruhfdvwlqj Yrodwlolw| lq wkh Ilqdqfldo Pdunhwv1 R{irug=
Exwwhuzruwk : Khlqhpdqq1

Ohh/ D1Z1 dqg Kdqvhq/ E1 H1 +4<<7, Dv|pswrwlf wkhru| iru wkh JDUFK+4/4,
txdvl0pd{lpxp olnholkrrg hvwlpdwru1 Hfrqrphwulf Wkhru| 43/ 5<�851

Olqwrq/ R1 +4<<6, Dgdswlyh hvwlpdwlrq lq DUFK prghov1 Hfrqrphwulf Wkh0
ru| </ 86<089<1

Oxpvgdlqh/ U1+4<<9, Frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wkh txdvl0
pd{lpxp olnholkrrg hvwlpdwru lq LJDUFK+4/4, dqg fryduldqfh vwd0
wlrqdu| JDUFK+4/4, prghov1 Hfrqrphwulfd 4926/ 8:8�8<91

Oxpoh|/ M1 O1 dqg Sdqrivn|/ K1 D1 +4<97, Wkh Vwuxfwxuh ri Dwprvskhulf
Wxuexohqfh1 Qhz \run= Zloh| 0 Lqwhuvflhqfh1

Qhovrq/ G1E1 +4<<3d, DUFK prghov dv gl�xvlrq dssur{lpdwlrqv1 Mrxuqdo
ri Hfrqrphwulfv 78/ :06;1

Qhovrq/ G1E1 +4<<3e, Vwdwlrqdulw| dqg shuvlvwhqfh lq wkh JDUFK+�c �,
prgho1 Hfrqrphwulf Wkhru| 9/ 64;�6671

Urelqvrq/ S1P1 +4<:;, Dowhuqdwlyh prghov iru vwdwlrqdu| vwrfkdvwlf surfhvvhv1
Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfdwlrqv ;/ 47404851

Urelqvrq/ S1 P1 +4<<4, Whvwlqj iru vwurqj vhuldo fruuhodwlrq dqg g|qdplf
frqglwlrqdo khwhurvnhgdvwlflw| lq pxowlsoh uhjuhvvlrq1 Mrxuqdo ri Hfrqr0
phwulfv 7:/ 9:�;71

Urelqvrq/ S1 P1 dqg Khqu|/ P1 +4<<<, Orqj dqg vkruw phpru| frqgl0
wlrqdo khwhurvfhgdvwlflw| lq hvwlpdwlqj wkh phpru| sdudphwhu ri ohyhov1
Hfrqrphwulf Wkhru| 48/ 5<<06691

Urelqvrq/ S1 P1 dqg ]d�durql/ S1 +4<<:, Prghoolqj qrqolqhdulw| dqg orqj
phpru| lq wlph vhulhv1 Ilhogv Lqvwlwxwh Frppxqlfdwlrqv 44/ 494�4:31

Urelqvrq/ S1 P1 dqg ]d�durql/ S1 +4<<;, Qrqolqhdu wlph vhulhv zlwk orqj
phpru|= d prgho iru vwrfkdvwlf yrodwlolw|1 Mrxuqdo ri Vwdwlvwlfdo Sodq0
qlqj dqg Lqihuhqfh 9;/ 68<�6:41
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Vwrxw/ Z1 I1 +4<:7, Doprvw Vxuh Frqyhujhqfh1 Qhz \run= Dfdghplf Suhvv1

Wdqljxfkl/ P1 +4<;5, Rq hvwlpdwlrq ri wkh lqwhjudov ri wkh iruwk rughu fx0
pxodqw vshfwudo ghqvlw|1 Elrphwulfd 9</ 44:04551

Zhlvv/ D1 +4<;9, Dv|pswrwlf wkhruh| iru DUFK prghov= hvwlpdwlrq dqg
whvwlqj1 Hfrqrphwulf Wkhru| 5/ 43:�4641

\rqj/ F10K1 +4<:7, Dv|pswrwlf Ehkdylrxu ri Wuljrqrphwulf Vhulhv1 Krqj
Nrqj= Fklqhvh Xqlyhuvlw| ri Krqj Nrqj1

]d�durql/ S1 +4<<<, Jdxvvldq Lqihuhqfh rq Fhuwdlq Orqj0Udqjh Ghshqghqw
Yrodwlolw| Prghov1 Suhsulqw1

]|jpxqg/ D1 +4<<:, Wuljrqrphwulf Vhulhv1 Fdpeulgjh= Fdpeulgjh Xqlyhu0
vlw| Suhvv1
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