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Abstract

We consider a parametric spectral density with power-law behaviour about a frac-
tional pole at the unknown frequency . The case of known I, especially ' =0, is
standard in the long memory literature. When ! is unknown, asymptotic distribution
theory for estimates of parameters, including the (long) memory parameter, is signif-
icantly harder. We study a form of Gaussian estimate. We establish n j consistency
of the estimate of I, and discuss its (non-standard) Iigniting distributional behaviour.

For the remaining parameter estimates, we establish = n - consistency and asymptotic
normality.
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1 Introduction

Cyclic behaviour in covariance stationary time series is typically manifested in a pro-
nounced peakedness in spectral density estimates. If the spectral density of a series
xy, t = 0,%+1,£2,. .., is estimated over the Nyqvist band (—m, 7], a peak at frequency
w € (0,7] corresponds to a cycle of 2r/w. Various statistical models for such a phe-
nomenon have been proposed. Two long-standing ones are of autoregressive (AR) and
cosinusoidal type. For example the AR(2) model

(1= ¢1L — oLy =4, t=0,%1,..., (1.1)

where L is the lag operator and ¢; is a sequence of uncorrelated and homoscedastic zero-
mean random variables, has spectrum with peak at

p1(d2 — 1)

w = arc cos(———
o
when the zeroes of 1 — ¢12 — ¢92? are complex and |¢;(p2 — 1)/4d3| < 1. On the other
hand, a very simple cosinusoidal model is

r; = acos(wt) + Bsin(wt), (1.2)

where o and 3 are uncorrelated random variables with zero means and the same variance.
Whereas (1.1) implies that z; has a spectral density that is analytic even at a peak, x;
given by (1.2) has a spectral distribution function that jumps at w. The model (1.2)
cannot describe real data, unlike the nonstationary-in-the-mean modification

zy = acos(wt) + Bsin(wt) + uy, (1.3)

where a and (3 are interpreted as fixed unknown constants and w; is an unobservable
covariance stationary process with smooth spectral density. However, (1.1) and (1.2)
constitute mathematically radically different descriptions of cyclic behaviour within the
stationary class, and help to motivate and place in perspective the model studied in the
current paper.

An intermediate possibility between (1.1) and (1.2) is that z; has a spectral density
with a pole at w. Denote by f()) the spectral density of x;, satisfying

2% Blagr) = [ f()eos(GNdA, = 0,1,

—T

We are implicitly assuming here, as in (1.1) and (1.2), that x; has zero mean, but we will
later indicate how our results apply in case x; has unknown mean. We say that f()\) has
a (fractional) pole of order « € (0,1) at w if

fA) ~CIA=w|™™ as A — w, (1.4)

where C' € (0,00) and ' ~' indicates that the ratio of left and right hand sides tends to
1. In case w = 0, (1.4) is a familiar description of long-memory time series, so that for
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w € (0,7) (1.4) can be said to denote long-memory at a non-zero frequency. Parametric
models for f()), specifying f for all A as a given function of unknown parameters and A,
and satisfying (1.4) for some w € (0, ), have been proposed by Hosking (1981), Andel
(1986), Gray et al. (1989) and others. The simplest of these modifies (1.1) to

a(Lyw,d)x; = &y, (1.5)

where
a(z;w,d) = (1 — 2zcosw + 2°%)%, (1.6)

and was termed a Gegenbauer model by Gray et al. (1989). Writing 0? = Var(g,), we
deduce that, for A € (—m, 7],

o? A+ w )\—w‘—Zd

. 2
) = la(esw, d)] 2 = S—[4sin(==) sin(==)

When d > 0, f(A) has a pole at A = w (and, when w # 0, at —w, as anticipated
from symmetry). Moreover, when w € (0, ), (1.7) satisfies (1.4) with o = 2d and C' =
(02/2m)|2sinw|~2¢. When w = 0 or 7, (1.7) satisfies (1.4) with a = 4d and C = ¢? /2T,
noting in case w = that |sin $(A+w)| = |sin 3(A—w)|. Correspondingly, z; is covariance
stationary for d < 1/2 when w € (0, 7) and for d < 1/4 when w = 0 or 7. When w = 0, ;
is a standard long-memory model, ARIMA (0,2d,0), though in this case the usual notation
replaces 2d by d. Note that a zero in f(\) occurs in (1.4) when o < 0 or in (1.7) when
d < 0, but we do not pursue this case. Hosking (1981), Gray et al. (1989) extended (1.5)
by replacing £; by a covariance stationary and invertible autoregressive moving average
(ARMA) process, when (1.4) is satisfied in the same way. Robinson (1994), Giraitis
and Leipus (1995) considered more general models, providing spectral poles at several
frequencies. They are motivated in part by seasonal processes, for which pole location is
known. Hosoya (1997) established \/n-consistency and asymptotic normality of Gaussian
estimates of the remaining parameters in such models, extending work for the case of a
known pole at zero frequency by Fox and Taqqu (1986), Dahlhaus (1989) and Giraitis
and Surgailis (1990). In applications of non-seasonal, single-pole (in (0, 7]) models such
as (1.5), however, it is likely that w is unknown, as when investigating the length of a
cycle in geophysical or macroeconomic time series.

The present paper proposes estimates based on a Gaussian objective function in case of
parametric models satisfying (1.4) with unknown w and studies their asymptotic statistical
properties. The theory seems significantly harder than for the case of known w. The
following section sets down the basic model with examples, and describes the parameter
estimates, which are prompted by an approximate Gaussian likelihood, though we nowhere
assume Gaussianity. In Section 3 the regularity conditions and limiting behaviour of the
parameter estimates are presented, with discussion, along with the main steps of the proof
and a small numerical example, the remaining details appearing in Sections 4 - 7. Our
main findings are that the estimates of w are n-consistent (like those proposed by Hannan
(1973a) for (1.3)), while the estimates of the remaining parameters are y/n-consistent and
have the same normal distribution as when w is known.

(1.7)



2 Model and parameter estimates

We parameterize f(\) in the first place by writing

2
FO) = ;—Ok()\; Oy, wo), -7 <A<, (2.1)
T
where 03 is an unknown positive scalar, f is an unknown p—dimensional column vector,
assumed to be in a compact set © C RP, and k(\;0,w) is a known function of A, 0, w,
such that, for § € ©, w € I = [0, 7],

k(X 0,w) >0, —m<A<m,

" log k(X 0,w)dA = 0. (2.2)

The zero subscripted quantities in (2.1) denote true values, # and w denoting any ad-
missible values (so that «g,wy, should replace a,w in (1.4), for example). Following
the discussion of Section 1, we subdivide § as § = (7', «)" and correspondingly write
© = 0, x 0, for compact sets O,, O, O, C [0,1]. The (p — 1)-vector 7 is empty when
p = 1, in which case a particular k()\;6,w) can be deduced from (1.7). For p > 1, 7 es-
sentially describes short-range dependence, for example it can contain the coefficients of
a stationary and invertible ARMA, so that we have the more general Gegenbauer model
of Gray et al. (1989), with

Aw, af2)b(e; T) ‘—2
c(e?;T)

k(N 0,w) = ‘“(e . —r<A<m, (2.3)

where a is given by (1.6), and with 7; the j th element of 7,

p1

b(zi7) =1=3 77 lngpgp1y, e(m7)=1= 3 72 Mlpgpigpay,  (24)
j=1 Jj=p1+1

where 1y is the indicator function, 0 < p; < p — 1, all zeroes of b(z; 7) and of ¢(z; ) are
outside the unit circle, and b(z;7) and ¢(z; 7) have no zeroes in common. More generally,
we can consider models

h(A;7) ‘2

M0 = | 072

-1 <A<, (2.5)

where h(\;7) is bounded and bounded away from zero. Condition (2.2) indicates that
for a process with spectral density (02/27)k()\;0,w), the free parameter o2 (functionally
independent of # and w) is the variance of the one-step-ahead best linear predictor (see
Hannan, 1970, pp 157-163). In view of (2.2), which is satisfied by (2.3) and (2.5), we
might consider, following Hannan (1973b), estimating (6, wy)" by

0\ :
(CD)—arg gl;gS(@,w),
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where )
SO,w)y=a"1> % (2.6)

§=0

n = [n/2] and we introduce the periodogram

2

b

I()\]) = (271"[1)_1‘2 xteit’\f
t=1

evaluated at the Fourier frequencies \; = 2mj/n.

Under the conditions of Hannan (1973b), the objective function S(f,w) approximates
a Gaussian log-likelihood in the sense that (6',&)" has the same limit distribution as a
Gaussian maximum likelihood estimate (though Hannan did not assume Gaussianity).
However, Hannan’s (1973b) conditions are not all satisfied due to the pole w in k(\; 6, w).
In case the true pole wy is known (for example it is taken for granted that wy = 0, as in
standard long-memory models) then it is already known that the conditions of Hannan
(1973b) can be suitably relaxed, as shown by Fox and Taqgqu (1986), Dahlhaus (1989),
Giraitis and Surgailis (1990) when wy = 0, and by Hosoya (1997) when wy € (0, 7], (though
strictly these authors consider different approximations to the log-likelihood function from
(2.6)). Indeed the consistency proof of Hannan (without rates of convergence) still holds
in case of known or unknown pole, the latter case having been considered by Giraitis
and Leipus (1995). For limit distribution theory with a known pole wy, the smoothness
conditions of Hannan can be relaxed due to the ”compensation” to I(\) afforded by
the reciprocal of k(\; 6y, wp) near A = wy. When wy is unknown, derivation of limit
distribution theory, and even rates of convergence, is significantly more difficult. An
attempt at this was made, in the context of an alternative type of approximation to the
Gaussian likelihood, by Chung (1996a, b); we shall briefly comment on Chung’s treatment
subsequently. Although k(X\;6,w)™! = 0 at A = w, the derivative (9/0w)k1();0,w) is
not well behaved near A = w in case of (2.3) and (2.5). For this reason we have chosen to
study instead the estimate

0 :
( 5 ) = arg ng%S(H, Ag)
where Q = @, = {¢:¢=0,1,...,n}. Thus minimization with respect to w is now carried

out over a discrete set. We could in fact consider a finer set, with spacing d/n for arbitrary
§ > 0, but it is essential that the intervals not be o(n™") as n — oco. We can estimate o
by

6% =5(6,0).

3 Regularity conditions and asymptotic properties

We introduce first the following assumptions, denoting by Vg the vector of partial deriv-
atives 0/0f3, for a column vector or scalar f3.
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AssuMPTION A.1. z; has spectral density f(\) given by (2.1), (2.5), that is

)\—u)g

5 h(\;70))?, —m<A<m, (3.1)

“0) sin(

)

5

where 7y denotes the true value of 7, and for —m < A < 7, 7 € O, h(\;7) is even in A and
bounded away from zero, and the derivatives V. h(X\;7), Vah(A; 7), VoVah(A; 1), V.V h(A; 7)

are continuous.

ASsUMPTION A.2. (2.2) holds for all € ©,w € [0, 7].

ASSUMPTION A.3.

. _ ™ k()\gg u)g)
£ / DRI g =1 3.2
O SO S R B 5 vy (32)
and the set

{A k(A 0,w) # k(A 00, w0) (917 w) # (967 wo) (3.3)

has positive Lebesgue measure. Also, the matrix

1 ™

O = (wi)ijor..p = E/ Vo log k(\; B, wo) V', log k(\; 6, wo)dA (3.4)

is positive definite.

ASSUMPTION A.4. 6 is an interior point of © and wy € [0, 7], such that 0 < oy < 1 for
0<wy<mand 0 < ag<1/2forwy=0,r.

AssuMPTION A.5. We have
Ty = Z ¢j6tfj7 Z¢§ < 00, ¢0 = 17 (35)
§=0 =0

where {g;} is ergodic and
E [St |Ft_1] = 0, E |:6? |Ft_1] = Ug, a.s.,

E [si |Ft_1] =u; a.s., i=3,4,

such that p3 and py are non-stochastic, and Fj is the o- algebra generated by e, s < ¢;
also, for some n > 0,
mtaxE|6t|4+” < 0. (3.6)

AssuMPTION A.6. Uniformly in A € [0, 7]\{wo} the function ¢(\) := 3252, ¢;”* has the
property
|(d/dX)p(N)] = O(|(N)[|A — wo| ).

Assumption A.1 covers a wide range of short memory spectral densities h, including
both invertible ARMA ones and Bloomfield (1973) ones, though it also permits the mod-
elling of processes with autocovariances that decay much more slowly than exponentially.
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We might call (3.1) a 'generalized’ Gegenbauer model. We have already discussed As-
sumption A.2, but add that in view of (1.6) and (2.5), it is equivalent to

logh(A;7)dA =0, 7€ O,.
Assumption A.3 is an identifiability condition; note that in view of the structure of a, it
will be implied if the set {\ : h(X\;7) # h(\;70)}, 7 # 79 has positive Lebesgue measure
and the matrix .
e V., log h(X; 10) V! log h(\; 10)dA

is positive definite. These conditions are satisfied in the ARMA case h(\; 7) = |c(e™; ) /b(e™; 7)|?,
where b(z;7) and ¢(z;7) (see (2.4) ) have no zeroes in common. Note that Assumption
A.4 entails oy > 0, which is essential for Assumption A.3 to hold, because wy is not
identifiable when oy = 0. In Assumption A.5, the normalization ¢, = 1 is consistent
with Assumption A.2. Assumption A.5 is similar to ones used by Hannan (1973b) in
Whittle estimation for short memory series, and on the other hand by Robinson (1995b)
in narrow-band semiparametric Whittle estimation of long memory. However, Hannan’s
assumptions only extend to second moments in order to establish the Central Limit Theo-
rem for estimators of 7y in case ay = 0, so that f(\) = (02/27)h()\; 7o), whereas Robinson
allowed 7 = 0 in (3.6). Assumption A.6 is like one used by Robinson (1995b).

We also establish our results over a slightly different class than provided by Assumptions
Al, A4

ASsuMPTION A.1'. z; has spectral density given by (2.1) where

A —w| (N 0,w) if 0< A<,

k(A 6, w) = { At wl (X f.w) if —7 <\ <0, (37)

such that for —m < A < 7,0 € ©,w €11, g();#,w) is even in A and bounded and bounded
away from zero, the derivatives Vyg(A; 0,w), VoVjg(); 0, w) are continuous and bounded,
g(\;6,w) and Vyg(\; 6, w) satisty uniform Lipschitz conditions in w of order greater than
1/2, while, for 0 < |A| < 7,0 € ©, w € I, V,g(A; 0,w) and V,Vyg(); 0, w) are bounded.

We correspondingly replace Assumption A.4 by

AssuMPTION A.4". 6, is an interior point of © such that 0 < ag < 1, and wq € [0, 7.

Note that for w # 0,7, we can write the generalized Gegenbauer spectrum (2.5) in the
form (3.7) by taking

A —w]®

. h(NT)2, Aell
|a(e“;w,a/2)|2}| ( aT)|7 € 1,

g\ 0,w) = {

with the corresponding expression for —m < A < 0, where the factor in braces tends to
(2sinw)™® as A — w, and is continuous but not differentiable at A = 0,7 because of
the inevitable evenness and periodicity of spectral densities, explaining our avoidance of



differentiability in A at these frequencies. In other words, if g()\; 8, w) were differentiable
at A\ = 0,7, then k()\;6,w) would not be, and the Gegenbauer model (2.3), for example,
would be excluded. On the other hand, Assumption A.1" also includes models for which
g(\;0,w) is everywhere smooth, such as when

k(A 0,w) =c(0,w)|A—w|™ Aell, (3.8)

with ¢(0,w) = exp{(a/m)[w(logw — 1) + (7 — w)(log(m —w) — 1)]}, so that Assumption
A.2 is satisfied. Moreover, under Assumption A.1" we constrain « to (0,1), not (0,1/2) at
w = 0, , so we avoid this type of discontinuity. Notice that from (1.7), |a(e?; w, a/2)|72 ~
(2sinw) "\ —w|™¥ as A — w for w # 0,7, so that |a(e?;w, a/2)|~2 and |\ —w|~® behave
similarly around the pole. The model (3.8) was mentioned by Hosoya (1997). One notable
feature of (3.8) is that besides the pole at A = w, intended by the modeller, it entails lack
of differentiability in A at A = 0, 7, which, alongside the infinite differentiability of £ at all
A # 0,w, 7, is probably not a feature that a modeller would intend. On the other hand,
models for short memory series with non-differentiable peaks or troughs at frequencies
0,7, were considered by Robinson (1978).

To discuss further the distinction between A.1, A.4 and A.1', A.4’, note that we can
also write (2.5) as

_ A= w A w g (N 6, w) it 0< A< 7/2,
k(A0 w) = { AN —w| A +w =27 Yg(N;0,w) if 7/2< A<, (3:9)
where O — w)()
+ w)
A; 6 h(A;
gl( ) 7(“}) ‘481n()‘+w)S1n( ‘ | T)|
A—w)(A+w-—
A0, w) = h(A;
92( ) 7(“}) ‘ 4S1n()\+w)S1n( ‘ | T)|
From (3.9) it follows that (3.7) holds with
_ A+ w| T (N 0, w) if 0<A<7/2,
9(;0,w) = { A+ w =271 %ge(N;0,w) if 7/2< A< (3.10)

Although the functions gy, g» satisfy Assumptions A.1’ on g, (3.10) does not satisfy these
assumptions, since it is unbounded at A\ = w for w = 0,7. We shall use in the proofs
the fact that the Gegenbauer density k& can be written in the form (3.9); the fact that
in this expression gq, g» satisfy Assumption A.1’ on g; and the fact that if w € [0, 7 — J]
where ¢ > 0, i.e. when w is separated from 0,7, the function g, given by (3.10) satisfies
Assumption A.1" on g.

For brevity we say that Assumptions A are satisfied if either A.1-A.6 hold or A.1", A.2,
A3, A4, A5 and A.6 hold.

Theorem 3.1 Under Assumptions A, as n — oo,

0—0y=0p(n""?), ©—wy=0pn).



Proor. It suffices to show that for all ¢ > 0 we can choose K = K, such that
P{n||0 — 6o])*> > K} + P{n|o —wy| > 2n(K +1)} < ¢ (3.11)

for n sufficiently large, where ||.|| denotes Euclidean norm. Define ¢y = ¢p,, = arg ming |wp—
Ag| so that |gy — B2| < % If there are two such ¢, define ¢ as the smaller. Thus the left
side of (3.11) is bounded by twice

~

P{u,(v) > K}, (3.12)

where ¢ = (0, w), ¥ = (¢, &) and u, (¢) = n||0—0y||>+|g| with ¢ = ¢—qo. By a standard
type of argument for proving consistency of implicitly defined extremum estimates, (3.12)
is bounded by

P( inf {S(¢)) = S(¢o)} < 0) = P( inf {ua()7(S(¥) = S(¥))} <0),  (3.13)

YeV PeV K

where S(¢)) = S(0,w) and Ui = {¢p : 0 € O,q € Q,u,(1p) > K}. Now (3.13) is bounded
by

P (sup ()0 ()] 4 51p [ () V()] + K1 > (g () T (). (314)

where
11 k(o) 211y,
To(y) = -1y V(@) =1- 2 ) (3.15)
j(%'l:o) { k(%) } ko (¢)
v = {00y 2l gy (3.16)

i(q0) ki () otk;(to)

and I] = I()\])7 k] (d}) = k(A]’ ¢)7 E;(q) = ?:O,j;éq7 Z;'(q,qo) - ?:O’j;éq’qo, so that

S(t) — S() = 20

- 27h

{=Ua () + Va(®) = Tu(®)) = Lig=go} }-
It is shown in Lemmas 6.1 and 6.2 below that as n — oo, K — oo,

E sup |un ()" Un(¥) =0, E sup |un(¢)™ Va(y)] = 0; (3.17)

YeV Pev

whereas by Lemma 7.1 below, for some ¢ > 0,

inf (u,(¥) 'Th(¢¥)) > ¢ (3.18)

eV

where ¢ does not depend on K, n. Thus, by Markov’s inequality (3.14) is bounded by

E(supy, |un(¥) " Un()] + supy, |ua ()" 'Va(¥))[+ K1)
infy . (un ()7 T (1))

—0 (n— o0, K — ).

|



Theorem 3.2 Under Assumptions A, as n — oo,

n'2(6 — 6)) £ N(0, Q7).

PROOF. From Theorem 3.1 and the fact that 6, is an interior point of ©, for n sufficiently
large

0= VyS(1h) = VS (b, ) + M0 — 6), (3.19)

where the i-th row of the p x p matrix M is the i-th row of V,V}S(6, ) evaluated at 0,
where |[0%) — 6y|| < || — 6o||. Since {&;} is ergodic, by a well - known argument (see e.g.
Theorem 3.5.8 of Stout (1974)), the moving average sequence {z;} (3.5) is also ergodic.
Therefore from Lemma 1 of Hannan (1973b) and Assumptions A, it follows that

M L 71020, (3.20)
To complete the proof it remains to prove that
n'?VyS(0y, &) = N(0, 7 %0LQ), (3.21)
which is shown in Lemma 5.2 below. O
Theorem 3.2 indicates that the estimates of the short and long memory parameters 7
and «ap have the same limit distribution when wy is unknown as when it is known. In
order to use the theorem in conducting inference on #; we might consistently estimate (2
by
~ ! ~ ~
Q=n"""Vylogk(\;; 0,0)Vylogk(\;; 0, D).

3(@)

Given Theorem 3.1, it is straightforward to show that n'/2(62 — 62) & N(0, 208 + k4)
as n — oo (where k4 is the 4-th cumulant of ;), as in Whittle estimation of other models.

We now allow that Ex; = p is unknown, 4 € R, estimating (6}, wp)’ instead by

*

< ) = arg glxlg S*(0,),) where S*(,w)=n"

a\}*

noIN)
Z k()\j; 9,(4)).

=1

Theorem 3.3 Under Assumptions A, with vy = p+ 3272, @i, ; replacing the represen-
tation for xy in A.5, the results of Theorems 3.1 and 3.2 remain valid for the modified
estimate (0, &*)".

PRrROOF. As is well known, for the Fourier frequencies \;,j = 1,...,7, we can write
I(\) = (2mn) Y| S (20 — Bay)et™
such 7. Hence

2
since I();) is invariant to location shift in x; for

S*(0,w) = S(0,w) — " 'Ry(0,w), (3.22)
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where R, (0,w) = k(0;6,w)'1(0). Similarly to the proof of Lemma 6.2 it can be shown
that
E sup |u,(v) 'R,(0,w)| < CK "

eV

for some 7 > 0 where C' > 0 does not depend on n,n and

E sup |[n 'VyR,(0,w)|| = o(n V%), FE sup [n 'R,(0,w)| =o(n Y?) (n— c0).
YV ViV

These relations imply that the term n 'R, (6,w) in (3.22) is negligible. Namely, S(6,w)
approximates S*(#,w) and the same method of proof as in Theorems 3.1 - 3.2 can be
applied. O

Chung (1996a, 1996b) claims to have established the limit distribution of related es-
timates of both #y and wy in the context of the Gegenbauer model (2.3). Chung uses a
conditional sum of squares method suggested by Gray et. al. (1989) in the same setting,
and employed earlier by Box and Jenkins (1971) for ARMA models. This involves a time
domain approximation to the Gaussian log likelihood, in which the conditional mean and
variance of x; given x,, 1 < s < t are replaced respectively by the conditional expectation
given r,, —00 < s < t with x; then set to zero for s < 0, and the innovations variance.
Our frequency domain approximation to the Gaussian log likelihood is proposed in part
for computational reasons, because the functional form of the spectral density is typically
of simple form and immediately identifiable, as in the Gegenbauer case, whereas time do-
main features such as AR coefficients are relatively cumbersome, while our approach can
also make direct use of the fast Fourier transform. Though the limit distribution Chung
states for his estimate of f is identical to that of ours, we are unable to check various de-
tails of his proofs of limit theory for estimates of 6y or wy. Perhaps, most notably, Chung
claims that consistency of his estimates follows from the property that the expectation
of his log likelihood approximation has zero derivative at the true parameter point. This
property is insufficient, however, especially in the context of implicitly defined extremum
estimates, where an initial consistency proof is an essential first step to deriving limit
distribution theory, and indeed it is the proof of consistency that is the most challenging
problem in the present situation due to the different rates of convergence of the estimates
of fy and wy, as we believe the proof of our Theorem 3.1 illustrates.

In the semiparametric context (1.4) there are known partial answers. Yajima (1996), in
Gaussian case, and Hidalgo (1999), in the linear process case, have proposed estimators
for wy that are n°-consistent for any § < 1. Though Yajima (1996) did not obtain the
asymptotic distribution, Hidalgo (1999) established asymptotic normality and suggested
an estimator for #; having the same rate of convergence and limiting distribution as in
case of known wy.

Theorem 3.1 establishes n-consistency of w. We are unable to derive its limit distribu-

tion. In fact we believe that none exists, due to the fact that @ minimizes S(#,w) not over
the interval [0, 7] but over the grid @, with mesh 27/n. If wy # 0, the Fourier frequency
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Ago» closest to wy, satisfies [N\, —wp| < 27/n but the limit n|A\y,, —woe| (n — oo0) does not
exist. To explain the problem more precisely, note that

S(8,A) — 500, My) = (580, Ag) — S(00, Ago)) + (1/2)(0 — 60)' M — o). (3.23)

By Theorem 3.2 and (3.20), the limit 7(6 — 0o) M (0 — 6y) = (02/27)Z'QUZ as n — oo
exists and does not depend on \,, w, where Z ~ N(0,Q!). Therefore, by (3.23), the limit
distribution of ¢ can be defined as arg min,lim, , V,,(q) where V,,(¢) = n(S(0, Ay) —
S(6o, Ag)). Write

Zk 1/)0["‘2]{} 90, [—Zdn]zn (90,)\)[
J(qo)
where dng = O'O(k (90,)\ )kj(g(]))\qo) — ].), Zn(]) = (O'gkj(gg,)\qo))illj. Note that for
fixed finite j, as n — 00, dyj ~ dp; = a§(|(j—q)/(j—q0)|°‘°— ) If the limit z,(j) = 2z(j)

exists we would expect that V,,(¢) ~ V() = 320,54, di2(5) + kg (B0, Ag) I, However, in
case wy 7# 0, even the limit of Ez,(j) does not exist. Indeed,

kj(@o,ng)
kj(1o)

By Robinson (1995a), (03k; (0o, wo)) " EI; has finite limit as n — oo but

Ez,(j) = (02k; (8o, wo)) " ET;.

ap

ki (00, w0) /K5 (o) ~ | (A = wo) /(N5 = Ago)|

- ‘1 + (271 (Agy — w0))/(J — qo)

does not converge since as n — oo the limit of n(\, — wp) does not exists.

To illustrate the finite-sample performance of our procedure, a small Monte Carlo ex-
periment was carrried out by Dr Gilles Teyssiére on the basis of the simple Gegenbauer
model (1.5), with ¢, Gaussian, d = 0.4 and w = 0.25,0.5, 1.0, 2.0, 2.5,3.0. 5,000 replica-
tions of sample sizes n = 64 and 256 were generated using 3,000 presample innovations
and truncating the MA expansion at 3,000 terms. Monte Carlo bias and standard de-
viation (SD) of @ and d = @/2 are reported in Tables 1 and 2. The bias in & seems
fairly uniform across w, whereas the bias of d is noticeably greater near w = 7 /2. Biases
significantly decline as n increases, while in a more specific way the asymptotic theory,
which predicts that SD(d) and SD(@) should be respectively doubled and quadrupled
going from n = 256 to n = 64, is fairly well reflected by comparison of the two tables.

11



Table 1: n = 64 Table 2: n = 256

| w [BIAS(®) | SD(&) | BIAS(d) [ SD(d) | w | BIAS(w) | SD() | BIAS(d) | SD(d) |
025] -001 [ .085 [ -013 [ .074 [J025[ -002 [ .019 [ -006 [ .031
05 | -014 | .081 | -.042 | 080 | 0.5 | -003 | .020 | -.002 | .037
1.0 | -023 | .110 | -075 | .111 || 1.0 | .001 020 | -011 | .049
1.5 | -015 | .119 | -108 | .138 || 1.5 | -002 | .019 | -031 | .059
2.0 | .000 107 | 085 | 127 | 2.0 | .000 022 | -.009 | .055
2.5 | .000 089 | -.050 | .096 | 2.5 | .002 018 | -.016 | .039
3.0 | -.026 | 078 | -054 | 079 || 30 | -.004 | .019 | -011 | .031

4  Central Limit Theorem for weighted sums of pe-
riodograms

Throughout this section we assume that {x;} satisfies Assumptions A, so it has spectral

density
2

f(A):g—;M—worag(A), 0< A< (4.1)

where 02 = Ee3 and g()\) is bounded away from infinity and zero and has bounded
derivative (9/0A)g(A) uniformly over 0 < A < w. However, whereas Assumptions A
entail & € (0,1), we allow in the current section also for &« = 0. Note that Assumption
A.2 does not need to be imposed, however.

We prove now a Central Limit Theorem for the sums

I
Sy = 3b; (—J - 1) (4.2)
270
with real weights b; = b, ;, 7 = 0,..., 7, the conditions on which are formulated in terms
of
ni(b) := n_l/QZ,bj, ns(b) := Zlb§
3(q0) 3(20)
and )
ns(b,7) = > | = bialli —wl” (v>0),

J=—1:j#qo,q0—1
setting b_; = bz 1 = 0.

Lemma 4.1 Suppose that as n — oo
ni(b) = vy <00, ng(b) = vy <oo and nz(b,y) —0 (4.3)
for some v > 1/3. Then S, given by (4.2), satisfies
S, 2 N(0,0?), (4.4)

2

where 0 = vy + vioy Ky,
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The proof of Lemma 4.1 is technical and is reserved for the next section.
We consider now a special case of the weights b;.

Theorem 4.2 Let
by =n Y2h,(N\), j=0,...,7

where hy,(A), X € [0, 7], n > 1 are real valued functions. Suppose there exist C > 0, K > 0,
0<da <1/2and0 <~ <3/2, independent of n, such that for all sufficiently large n

cl) |ha (V)| < CIA — wol ™ uniformly in |\ — wo| > 7/n,
c2) |(d/dN)h,(N)| < CIX — wol ™" uniformly in |\ —wo| > K/n, 0 < A < 7,

and also

c3) limy, o0 hn(A) = h(X) exists for A # wy.
Then (4.4) holds with

v = (27r)—1/0 WA, vy = (2#)_1/; h2(\)dA.

™

PROOF. By Lemma 4.1, it suffices to show that as n — oo the weights b; = n=1/2h,,()\;)
satisfy (4.3). We prove first that ns(b,v) — 0 for any v € (1/3,1/2). By cl), with
b—l = bﬁ,—i—l = 07

n—1

na(b,7) = 077 3T ha(A) = ha ()17 = @0l + (1)

j=0:]j—qo|>2K
< on S /i — a1 — qol” + o(1) = o(1)
j=0:|j—qo|>2K

since by ¢2),
[Bn(A) = ha(Aje) SO0t sup (R (E)] < Ot Ay = Al (4.5)

£E[N A5 4+1]

Convergence of the sums ny(b) = n~ "3}, hn(N;) = vi, na(b) = n 1550 ha (X)) — v
follows by Lemma 5.3 below, because cl) - ¢3) imply h2()\) < C|\ — wy|72* uniformly in
A —wo| > m/n and |(d/d\)h2(N)| < C|A — we| @7 uniformly in |\ — wo| > K/n. O

We provide now an auxiliary lemma on the approximation of normalised periodograms.
Denote I;, = (2mn)~"| £, £, |> and write
S =100 =1 g =2mlfop — 1 &5 = O = 2oy, (4.6)

Define for ¢ = 1,2, 3,

o 220:;4»1 glgfr)l, if ] = —1:---,(10 - 27

recalling that A\, is the closest Fourier frequency to wy.
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Lemma 4.3 Asn — oo, for j=1,...,1,] # qo,

for any p > 1/3 where C' does not depend on n and j.

PROOF. Since {5172 = ](272 + 57(',372’ then relation (4.8) for i = 1 follows if it is valid for
i = 2,3, for any p > 1/3. The proof of (4.8) in case i = 2 is the same as that of (4.9) in
Robinson (1995b). Relation (4.8) in case i = 3 follows since

B(Z{)? < Clj = go**(log |j — g0])*/* (4.9)

which can be obtained similarly to relation (4.8) in Robinson (1995b), applying Lemma

4.1 and . 50
T LS i(A-A;)
2mn /—W‘(IS()\]‘) 1‘ E}e

which holds uniformly over 0 < j < n,j # ¢qo. Estimate (4.10) generalizes Robinson’s
(1995b) Lemma 3 for all wy € [0, 7] and extends it over all Fourier frequences J\;, j # qo.
The proof of (4.10) requires Assumption A.6. We omit the proof since, in general, it
repeats the proof of Robinson’s (1995b) Lemma 3. (Note that relation (4.8) in Robinson
(1995b) where the peridogram I; is normalized by the approximate spectral density C'|\,;—
Aol @, C > 0, due to the approximation, contains the additional term |j — go|?*tn"?.)
O

“AA < Clj — qol ! (4.10)

We now consider jointly covariance stationary processes {y;} and {2}, individually
satisfying Assumptions A, (or more precisely, Assumptions A.5 and A.6) with the same
innovations sequence {&,}, but with possibly different memory parameters, denoted oy, cv;.
In fact we allow also for oy, = 0 and/or a,, = 0, in order to apply Lemma 4.4 in the proof
of Lemma 4.3 with (v, z;) representing (z;, z;), (74, ;) and (g¢,¢;). Denote by f, and f,
the spectral densities of v, z;, respectively, and by R,.()\) their coherency. Introduce

0y (N) = (ilyte%/{fyu)zm}l/?, 0:(N) = (il ™) [ fo (N2} 2.

Lemma 4.4 Let the sequences {y.},{z} satisfy Assumptions A with 0 < o, ., < 1.
Then, as n — 00, the following relations hold uniformly over qo +1 < k,j7 < n and
0<k,j<qo—1 such that |qgo— j| > |k — qo:

Elvy(A)v-(A\)] = Ry=(N;) + O(l7 — qol "' log |7 — qol);
Elvy(X)v2(X)] = O(lj — ao| " og |j — qol);
maX(|E[Uy(>\j)Uz(>\k)]|a |E[Uy()\j)vz(>\k)]|) = O(|k — qo| ™" log|j — qol)-
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PROOF. We can write y; = Y720 dyjci—j, 2t = 2 joq Pzj€t—j, Where {dy;}, {¢.;} satisfy the
conditions on {¢;} implied by Assumptions A. Further, f, and f, have representations of
the form (4.1), with « replaced by «,, € [0,1) and «, € [0, 1), respectively, while the cross-
spectral density of (y¢, ) is of the form (07 /2m)¢,(A)¢.(A), where ¢, (X) = £ b€,
¢-(A) = 205>, and thus has derivative in A that is O(|A — wp|~'~(ev+@)/2) for
A € [0, 7]\{wo}. It follows that Assumptions A.1- A.2 of Robinson (1995a) are satisfied,
and the proof follows as in Robinson’s (1995a) Theorem 2. 0

5 Proof of Lemma 4.1
Write, in the notation of (4.6),
! ! !
Su= Y biga = Y biEN + Y bEp) = My + Ry,
7(qo) 7(qo) 7(qo)

(4.4) follows if we show that as n — oo
M, £ N(0,0%) (5.1)
and
R, 0. (5.2)

We begin with the proof of (5.2). By summation by parts,

i 3
ElR, = E| Y (b —b)Z)
j=— 10,001

n

< X = bal(BZE)N) < Cns(b ).
J=—1:j#q0,q0—1
by (4.8) where v > 1/3 is the same as in (4.3). So (5.2) follows by (4.3).
[t remains to show (5.1). Since we employ a similar approach to that of Theorem 2 of

Robinson (1995b) and S, is invariant to o2, we set o2 = 1 in the proof as he did. Write
M, as

M, = Z b 2rlje — 1) = Zzt,n (5.3)
5=0 t=1
where we can set by, = 0 because M,, excludes j = ¢y, and
Zim =26 cses H (e — 1), cs=nt ?:0 bjcos (s);).

Zin 18 a triangular martingale difference array since E[z;,|F;—1] = 0 by A.5. Thus, as in
the proof of Theorem 2 of Robinson (1995b), (5.1) follows if

Va=Y E(#,F) 5 0* (n— o) (5.4)

t=1
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and
n 9 p
> E (21 s0y) = 0 forall 6> 0. (5.5)

t=1
To derive (5.4) it suffices to show that

EV,, = ny(b)(1 +n?%) + k4ni () (5.6)

and
Var(V,) =0 (n — o0) (5.7)

since together with (4.3) they imply (5.4). By definition of z,,

2
Zip = Z CrsCtrEsEr + Co(e2 — 1)? 4 dey(e? — 1)y Z Ci_sE s
1<r s<t 1<s<t

By Assumption A5, E[e}|Fy 1] = 1, E[(e} — 1)*|Fia] = py — 1, Elee(e} — )| Fia] = ps.
Therefore

Vo= 42 Z Ct—sCt—rEsEr + (/M - I)CSTL + 4pzco Z Z Ct—sEs;

t=11<r,s<t t=11<s<t
and thus .
EV,=4>"% ¢, + (s — 1)cgn. (5.8)
t=1s=1
Since by definition
neg = n7 (b), (5.9)
(5.6) follows from (5.8) if
n t—1
in =43 Y s =na(b)(14+n"?) — 2nj(b) (5.10)
t=2 s=1

which can be obtained using similar algebra as in Robinson (1995b). Indeed,

n—1n—t n—1n—t

=4 Y Z=4n"" Z bibe > > [cos(sA;) cos(sAy)]
t=1 s=1 7,k=0 t=1 s=1
n—1n—t n n—1n—t
= 4n~2 Z D2 > cos®(sA)+2n72 DT bibe Y. Y [eos(s(A; 4+ Ak)) 4+ cos(s(A; — M),
j=0 t=1s=1 J,k=0:j#k t=1 s=1

and applying the equalities

n—1n—t n—1n—t
D cos®(shy) = (n—1)2/4, DD feos(s(Aj + Ax)) + cos(s(Aj — Ap))] = —n
=1 s=1 =1 s=1
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we obtain

in = n — 1 Z Z b]bk
J=0 Jk=0:37#k
= Z (T+n=2n"" =207 b) Z )(1+n~%) —2ni(b),
establishing (5.6).
Next we show (5.7). We have
Vo —EV,=4>" > ¢ e (g6, — Elese,]) + 4psco D DY crses. (5.11)
=1 1<rs<t t=11<s<t

By (5.11) and elementary inequalities,

Var(V,) < 32(E(Zn: > cseior(eser — Eleser]))” + E(p3cg Z > eserios) )

t=11<r,s<t t=11<s<t
n min(t1 ,tz) 9 n min(t1 ,tz)
2
< O( Z [ Z |Ct1,sCt2,s|:| + G Z [ Z |Ctlfsct27s|:|)-
t1,ta=1 s=1 t1,ta=1 s=1

For 1 <s<n-—1,|cs| = o(1)n P min(s,n — s)’"! by Lemma 5.1 below and (4.3) for any
p € (1/3,min(v, 1/2)). Thus,

min(t1 ,t2) (

|Ct1*sct2*s| = O(n72p) Z {mln |t1 S|+7 |t1 - 5= n|+)p71

s=1 =1

min(|ty — s|4, |ta — s — n|+)p’1} = o(n *) min(|t, — ta|y, [t1 — t2 — n|L)* !

uniformly in ¢, o, where |t|; = max(|¢,1). By (5.9) and (4.3), ¢a = O(n™!). Hence,

n

VCLT(Vn) = O(l)(n*ﬁlp Z |t1—t2|+2p 1) +n72p71 Z |t1—t2 2p— 1)

t1 ,tQ 1 tl;t2 1

_ ( —4p2 Z |u|4p 2 =2 12 Z |u|2p 1)_ ( )

t1i=lu=—n t1i=lu=—n

since p > 1/3. Thus, (5.7) is established, to complete the proof of (5.4).
To complete the proof of Lemma 4.1 we need to examine (5.5). Write

Zim = 2{5t Z 6sct,s} + {co(ef — 1)} =X, +Y,.

1<s<t

Then
E[Zinl{m,n\z(?}] < E[(1X] + |Yt|)21{\Xt+Yt|25}]

< Bl2IX) 1 x, 2w xezor2) + EICIYID vz 1x0 v 26/2) ) (5.12)
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The first term in (5.12) is bounded by

E|Xi1xss2) < 4(6/2)E|X ' = CE(e)'E( Y £5c1-5)

1<s<t
t—1
< o @p<ont 252” N2 < COn
s=1

applying (5.13) with p € (1/3, min(+y,1/2)). The second term of (5.12) is bounded by

4(6/2)"PEIYi[P < CBleo(e} — 1)

C|CO|2+n/2E|€t|4+n — O(nil)

E(lYiP1gyiza2y] <
<

—-1/2

since || < Cn and by Assumption A.5, E|g;|*™ < oo for some 1 > 0. Hence

Xn: E[Zg,nl{\Zt,n\Z(S}] = [O(n_4p) + O(TL_I)] Xn: 1= 0(1) (TL — OO)

t=1 t=1

This completes the proof of (5.5) and Lemma 4.1. O
Lemma 5.1 Under the assumptions of Lemma 4.1, for any 0 < p < 1,

lcs] < CnPmin(s,n — s)P " n3(b, p) (5.13)
uniformly in 1 < s <n—1.

PRrROOF. Recall that b;,1 = b_; = 0. Summation by parts implies

qo—1

7 J q0—1
{ Z (b; = bjz1) Y cos(IA) + D (b —bj—1) > cos(l)\s)}.
=0+ I=qo+1 =0 I=j
Note that | Y7, cos(IN)] < [m — EP| X270 cos(IX)]' P < Cm — k[P(n/ min(s,n —
s))'" which holds because | X", cos(I\s)| < C|sin(As/2)]7" < C(n/min(s,n — s))

uniformly in 0 <k <m and 1 <s <n —1. Thus

n go—1

el < (n/min(s,n =)' P07 [ 3 by = bialli = a0’ + 2 b = by-alli — aol?]

J=qo+1 Jj=0

= On"Pmin(s,n — s)P"'nz(b, p).

Lemma 5.2 Under the conditions of Theorem 3.2 the convergence (3.21) holds.

18



PROOF. By Theorem 3.1, it suffices to consider @ = 27¢/n such that |§ — qo < K where
K > 0 is large enough. The (-th element of n'/2V,S(6y, \,) equals to (n/a)W\) where

nq?

WO = n 250 (3/06,)k; (B0, Ag) I

4

and 6, is the (-th element of 0. Setting h{f) (X) = (08/2m)k(X;1ho)(8/00)k~ (X, B, ),
write Wéf’g ol ) + el ) + 7l Where

) _ [4 2nl; £) - (o)
U”’gl —n I/QZ;(qo)h%’)q()\j)("gkj(%) N 1)’ 6% 1/22 J(q0) h ( J)7
rng = n—l/z(a/aw) Y00, \y)I,,- To complete the proof it suffices to show: 1) that as
n — 0o,
(6) )
(Un’qo)e:L...,p :d> (Z )5:1,...,;)’ (5'14)
where (Z(), ..., ZP)" is a Gaussian vector with zero mean and covariance E(Z(Z)Z(l')) =

(27m) 20gwepr; and 2) that for k= —K,...,K;(=1,...,p,

¢ P
vé,)qﬁk - v,(fgo =0, (5.15)

¢ ¢
ev(z,)qurk — 0, E|Tr(z,)qo+k| — 0. (5.16)

(5.14) - (5.16) imply (3.21). Also, as a by - product, (5.14) - (5.15) imply that the
distribution of § in Theorem 3.2 is the same whether wp is known or estimated.

By the Cramer-Wold device, the convergence (5.14) holds if for any sequence of real
numbers a,,...,a,, p > 1, as n — oo,

D p
= Zawﬁfgo 4 Q= AR (5.17)
=1 =1
Write
Qn =12 000) P (X)) (2 (05K (v0)) I — 1), ha(A) = Xy ach) (M)

To derive (5.17) we apply Theorem 4.2. Note that \,, — wp as n — 00, so that
ha(A) = h(A) = X5_ aphO(N), hO(N) = —(02/2m)(0/00,) log k(X; By, wo).

By Assumption A.2, [ h®(N)d\ = 0, [y h(\)d)\ = 0. In addition, from Assumption
A.1" or A.1 it is easy to obtain that there exists ¢ € (0,1/2) such that

A (] < CIA=wol =, [(d/dN), (V)] < CIX = wo| (5.18)

uniformly in |A — wy| > 2K/n. Therefore, the functions h,,n > 1 satisfy conditions c1)
- ¢3) of Theorem 4.2 which yields @, = Q = N(0,s?), s = (27) ' [T h*(\)d\. Hence
(5.14) holds.
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To show (5.15), write
Y4 _ 7 _
o = o0 = n7 2 R () (27 02k (o) T — 1)

where for A # wq, hn()) = hfﬁ)qﬁk()\) — b9 (X\) — 0 as n — oo. Then the convergence

n,4q0

(5.15) follows by the same argument as in the proof of (5.14).
Finally we show (5.16). By (5.18) and Lemma 5.3 below,

l T Z
Chmork = (012/27) [T Lol 250/ gy 1 (A A + 0(1).

Furthermore, since [ h)(\)d\ = 0,

¢ T ¢
el < 00 [ 1By () — KOO
o On [ L ageanoy O ()N + o(1).

It is easy to check that under Assumptions A (i.e. under Assumptions A.1 or A.1"),
uniformly in |\ — wy| > 2K/n,

2

o5 k(Nibo, Ag) O )
A A log k(A o, A ~ Y oo k(N0
271"]{;()\’ GO’ALI()-HC) aee 0og ( » V0> q0+k) aeg og ( ; O;WO)‘

< O = Ag) ™+ M) logn < C(n~" (A = Agp) ™+ n77) logn

/
R () = RO

where 3 € (1/2,1) is the Lipschitz parameter in Assumption A.1’ (or A.1), and |9 ()\)| =
1(0/06¢) log k(A; 0o, Agotk)| < CIA — Agy|° with 0 < e < 1/2. Thus, as n — oo,

™

el | < on'? (logn/ (n7Y AN = Ag) 0 P)dN

k
m.qot 0:|A\—wp|>2K/n
+ Cn'/? /
0:[A—wo|<2K/n

™

I\ = Agy|2dA) + 0(1) = o(1).

It remains to estimate E|rr . |. Since |[(9/00)k " (Ag: B0, Agor)| < ClAe|*] log A| <

Cn~ logn, then E|7“7(3]0+k| < On~Y2=20logn EI,, — 0 follows by standard arguments.
O

The following lemma is used in the proofs of Lemma 5.2 and Lemma 7.1, Section 7.

Lemma 5.3 Suppose the functions 1,(\), n > 1, satisfy Assumptions cl) - ¢3) of The-
orem 4.2 on h,(A\) with 0 < o <1 and 0 < v < 2,9 # 1. Then, for large enough
K >0,

n~t Y () = (2m) 7! /0 L{awol> K /nptbn(A)dA + O (71 Tmax(e’a =1y (5.19)
J(go0)

— (27)! /0” )M + o(1).
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PROOF. Denote by J,, the left hand side of (5.19). By cl)

n—1

J, = n! > wn()\j)—i-O(na,’l)

J=0:j—qo|>K
n-l j+1

=2t Y [T wa@rlN/n) — ga(2m/n)dA

j=0:|j—qo|>K *7

+n_1/0 1{|,\,q0|2K}1/)n(27r)\/n)d)\ + O(na,_l) =: in,l + in’z. (520)
By (4.5)

Ipy = O(an Z (lj — q0|/n)77’) — O(nfleraX(O,’Y'*l)), (5.21)

i=0:lj—a0| > K

whereas by c1), ¢3) and Lebesgue’s dominated convergence theorem

ina = (2m)" [

0:|A\—wo|>27 K /n

(5.20) - (5.22) imply (5.19). O

™

ba(N)dA = (27) /0 BN dA + o(1). (5.22)

The following Lemma 5.4 is used in the proof of Lemma 6.1.

Lemma 5.4 Under the assumptions of Lemma 4.3 and with ZJ(Zn) defined by (4.7),

23] < Clj = ]2, + 25, (5.23)

,n

where Z, = n~ V2|0 (e2 — 02)| and Z](iz = 200 °| Yi<scicn CtsEi€s|, which satisfy

EZ}<C, E(ZD)' <Cli—al, (5.24)
uniformly in j =0,...,70 (J # q).

PROOF. Set b = 1{q0+1§l§j} lf] > qo; b = 1{j+1§l§q0—1} lf] < qp- By (47), similarly to
(5.3)

@) n @) n 26)5 t—1 62
— § _ 2 E : _ t

Zj,n = blgl,n =0y Ztn where Ztn = ? E Ct_sEs + Co(? — 1)
=0 t=1 0 s=1 0

Since ¢g = n 20y (b) = n ' by = 0 — @l < n 25— o2, (5.23) follows.

Clearly by A.5, EZ?> < C. On the other hand

4
~(2
E(ZJ(,72)4 =16 H Z Cti_siE[gtlgsl - -5t4534]-
i=11<s;<t;<n
Since the number of equal indices in the set {¢1,s1,...,%s, 54} does not exceed 4, by

Assumption A.5 it follows |Eley, e, .. .61,65,]| < C. Moreover, by A.5, the inequality
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Eleyes, - - -€1,65,] # 0 can hold only if any ¢;, s; are repeated in {¢1,s1,...,t4, 4} at least
twice. Hence, applying the Cauchy inequality we obtain that

4
E(ZO) < CIIC X &_)=c( X &)

=1 1<s;<t;<n 1<s<t<n

< C(na(b) + nl(b)2)2 < Cn2(b)2 =45 — CIU|2,

by (5.10), which proves (5.24). O

6 Proof of (3.17)

Lemma 6.1 Under the assumptions of Theorem 3.1, there exists n > 0 such that as
n — 0o,
E sup un(¢)71|Un(¢)| <CK™

PYeEV K

where C' < 0o does not depend on n and K.

PROOF. From (3.16) we may write U, (1)) = Z;-(qo)bj(@/))f(.l) where

7,N
. . k](v,/)g) _ (1) . 27T[j .
M=) T ST R &1

By summation by parts

U@ < X b)) = b (@)1 Z55)]
J=—1:j#qo,q0—1
where b_ () = bs1()) = 0 and Z\)) is defined by (4.7). Then |[U,(¢)] < UM () +
U (¢)), where

n—1

UMW) = Y (@) = b )25,

Jj=0:5#q0,90—1
U (1)) = gy ba () Zo| + Ligos0y b0 (1) 21 ..
It suffices to show that

E sup un ()" UP ()| < CK™, i=1,2. (6.2)

eV

We begin with ¢ = 2. We have

E( sup u,(¢)"'UP (1))
PYeV K
< sup un(®) [Lgocarba (V)] + Lo o] (BIZ3, ] + BIZ0,0) < CK72
K
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since, by (6.18) below, 1{q0<n}|b (¢ )|—|—1{q0>0}|b0( V)| < C([|0—00]|+]|Ag]H?) < Cn=2uy, ()2
and, by Lemma 4.3, E|Z, n|+E|Z ol < Cnt/2,

Next we show (6 2) for i = 1. Set A = { : ||§ — || < (logn)~'} and B = {1 :
10 —6o|| > (logn)*}. Since by Lemma 6.3 below, |b; (1)) —b;+1()| < C(B;1(¥)+ Bj2(1)),

where

0 — 0| + |\ 1/2 B . (2—e
) = (=P gy — )t i e, (63
Bia() = lal1i — a0l 5117 — al ' 1a +n' e — g i) — gl s (6.4)

for j =0,....,n—1(j # qo,q0 — 1), where 0 < & < 1/2 is an arbitrarily small positive
number, it follows that

n—1

E(swp u,(0) UL @) <C(E X suwp un($) 7 85:(2)|Z),
velx 7=0:j#40,g0—1 VEVK
n—1
+E Y swp osup u(¥) ' Bia(8)| 7)) = C(Au+ Ra). (65)

j:02j75q0,q0*1 k=0,..., n 01/1:(9,)\k)6\I’K
Thus the proof is completed if we show that both A, and R,, in (6.5) are bounded by
CK™". First, since by Lemma 4.3, E|Z](172| < C|j — qo|"/?, then

n—1

4,<C Y Bli-al” (6.6)

J=0:j#q0,q0—1

where 37 = supy.,—g)cu, ttn (¥)0;1(¥)}. To estimate 35, note that for ¢ € W,
un(¥) = nll0 — 6]* + |q| > max(K,n||0 — 6o]|?,|q]). Then

wn () 71|10 — O] + |Ag|/?) < CE 1212, (6.7)

and
u, (V) Hg'F S K ifp € A, w, ()7 < nllogin if o € B. (6.8)

Using (6.7)-(6.8) in the definition (6.3) of £;(¢)) we obtain that
B; < C(K P VPj—qo| '+ K %1 — qo| **)

so that by (6.6)

A—1 n—1
A, < (K*I/Qn*I/Z Z |j . q0|71/2 + K¢ Z |j B q0|—3/2+s) < CK°.
J=0:5%qo J=0:5#qo0

It remains to examine I?,,. Denoting

n—1

¢ =arg max,_o Z ﬂ;,q Zy(ln)|7 ﬂ;,q - Sup U;I(w)ﬂjg(w)
j=0:j#q0,q0—1 0:p=(0.0¢) €V i
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we observe that

n—1 n—1
R, <E[Y lgq S BlZ0]
q=0 Jj=0:j#q0,90—1

Since (4.6) - (4.7) and (5.23) imply |Z\2)] < |22+ 20| < C|j — 0|22, + 212 + | 217
we obtain

n—1 n—1

Ry, < C(ES) 4+ B Y [Lg=g)Sn2(@)] + B Y. [13=0Sn3(a)]) (6.9)
q=0 q=0

where
n—1
Sii=2Z, sup B(q), Ble)= >,  Bli—al? (6.10)
7=0,-...72 j=0:j#q0,q0—1
n—1 ~(2) n—1 (3)
Suz(@) = Y. BZ Sesl@ = > BLlZ).
J7=0:5#q0,90—1 J7=0:5#q0,90—1

It remains to show that the terms on the right hand side of (6.9) are bounded by C K.
We first bound
ES; < C’m‘?xB(q)E|Zn| < C’m‘?xB(q).

We estimate now B(g). Using (6.7) - (6.8) in (6.4), we obtain

K ¢lagle —£(] 2
e n(logn)” ) _ ). (6.11)

0y (6)6,00) < O W T
Whsal¥) < O Tl = ok T T=al =l —dis

Thus 35, < v;(g) and

n—1

Blg) < C Y v(@lji— '

J=0:j#q0,q0—1
—e| e = =1/2y -1 —e 2 air —1/24¢) . -1
< C{E™F|qF Yol — aoly li — al7 + 07 (logn)* Y17 — aoly "7l —al7'}
§=0 §=0
< C{K (g + n~*(logn)?|q]"***} < CK~*|q|3 /"™ (6.12)
for sufficiently large n. Therefore
ES, < CK . (6.13)

To bound the 2nd and 3nd terms in (6.9) set p, = Prob (§ = ¢). By Holder’s inequality
it follows that

n n

> (Blli=ySn2(@] + Ellg=ySna@)]) < 30/ ((BSua(@))* + 9/ *(ESua(@)*)'"?)

q=0 q=0

< (épq)?’/ 4(2: ES,2(q)")

_ (io B5ma(@))" + (fo ES,3(0)%)

n 1/2

+ (ép")l/ 2(3" ESusle)?)

q=0

1/4

1/2
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since 32" p, = 1. To complete the proof it suffices to show that for some 7 > 0,
q=01"q
Z ESn,z(q)4 <CK™", E ES,3(q)> <CK™. (6.14)

By Lemma 5.4, E(Z](2 )4 < Clj — qo|?. Therefore

BIZP, . 22 | < (B(ZP)Y . EZP )Y < o Hm—qo 12)1/4
=1
and
n—1
E(Sn2(q))* = > Bs e B B1Z0 22 < CB(g). (6.15)

J15-J4=0:717q0,90—1
Hence, (6.15) and (6.12) imply
Y ESu2(q)* <CK Y |g—ql¥ > < CK*.

q=0
By Lemma 4.3, E(Z‘iﬁ)? < C|j — qo[?? with p € (1/3,1/2). Therefore

E1ZP0 70 | < (B(ZP)E(ZD))Y? < Clj — qolljz — wl)”

ji.m ja.m
and
, -1 -1 )
ESTL,3(q) = Z 6]1 qﬂh qE| 1n ]2n| < C( Z ﬁ;,q|]_q0|p) .
J1,52=0:41,j2#q0,90—1 J=0:j#q0,q0—1
Since 37, < v;(g), this and (6.11) imply
ﬁ . — . — — ,i:L . — 2
ESs(q)” < C{E™[aly Y17 — ol 77715 — al" + n = (logn)” > 1j — ol 15 — a3}
=0 =

< C(Rqf ™" 4 n (logn)*lgl ) < CK*jg 7
Hence

S ESu3(9)? <CK ™Y g — | ™ < OK™™*

q=0

since 4e +2p — 2 < —1 for p € (1/3,1/2) and sufficiently small £ > 0. Thus (6.14) holds.
O

Lemma 6.2 Let V() = 1—27105 2 k(\gy; 0, \) "' 1,,- Under the assumptions of Theorem
3.1, there exists n > 0 such that

E sup |u, (¥)Va(4)| < CK™" (6.16)

YeEV K

where 0 < C' < oo does not depend on K, n.
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PROOF. By A.l' or A1, k() F < O™ If Ja — ag] < (logn)* and ¢ # qo then
[Ag|* @ < O, and kg ()1 < ClAg|* < Cup()®n . If |a — ap| > (logn) !, then
u, (V) > nl|f — 6p]12 > nlog ?n. Hence for ¢ € W,

U (V) "V (W) < Clun ()™ '™ +n~log? n) (I, +1) < CK™'0(n= [, +1).

Since by standard arguments E[n~*I, | < C, it follows that (6.16) holds with n = 1 — ap.
|

Lemma 6.3 Let b;(v)) be defined by (6.1). Under the assumptions of Lemma 6.1, there
erists 0 < ¢ < 1/2, such that as n — oo, uniformly in j =0,...,7—1 (j # qo,q — 1),

10;(¥) = b1 (¥)] < (6.17)

o4 R gl el — ol )+ Jali i — ol M= gl i (10— Goll < (logm)

'~ — qol "% + 05 — ol T — gl if |0 — 6of| > (logn)~",
where 0 < C' < 0o above does not depend on n, ), and moreover,

Lwoen} 103 ()] + Liugs0y b0 (#)] < C(110 = bol* + [Ag]'?). (6.18)

PROOF. We prove first (6.17) in case [|f — 6]| < (logn)™'. Write [b;(¢) — bj1(¥)] =
|U()‘j§ Y, 1) — U(Aj+1;¢)ﬂ/}0)| where
v(A; 0, tho) = k(As o)k (A ). (6.19)

Let j # q,q £ 1. By the mean value theorem

[0(Aj5 ¥, 90) = v(Ajr; ¥, o) < (2m/n)  sup  [(d/d€)v(&; ¥, o). (6.20)

€N ,A\j+1)

Note that
(0/0&)v(&; 1, tho) = v(&; 0, 0)[(0/0€) log v (&; 4, 4bo).- (6.21)

By inequality (6.28) of Lemma 6.4 below,

sup  n"|(9/0€) log v(&; b, vo)| < Cn'1(9/9€) log v(s3 v, )|

£e(NjsAj+1)

< (110 = 0ol + gl ")15 = ol + lalls — a0l M5 — al ™). (6.22)

Next we bound v(&;,1). Relation (6.29) of Lemma 6.4 below implies that for £ €
(Aj, Aj+1) under Assumption A.1' or A.1 and 0 < wy < ,

ey —a j_ q a—a q a
U(fﬂ/)aﬁ/}o) < C|)‘j—q| |>‘j—qo| * < C| . | 0|>‘j—q| * < C|1 - | % (6-23)
J — 9o J — 4o
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and under Assumption A.1 and wy = 0,7,
(&, o) < Oy — Al 7% < OIL = (3/(F — 90))*|* (6.24)

because |a — ag| < (logn)~" implies that |A;_o|*7* < C and [X?_, — AZ2|*"% < C.
If [ql/1j — qo| < 2, then (6.23)-(6.24) imply that v(\;;9, 1) < C, and from (6.20) -
(6.22) it follows that

105(0) = b1 () < C((110 = Gol + Al = ao| " + lalli — qol *1j —al*)- (6:25)

If |7]/1j —qo| > 2, then (6.23)-(6.24) yield v(\j; ¢, ¢0) < C(|q|/]7—qo|)* ¢ for small enough
£ > 0, and using (6.20) - (6.22) we obtain that

1b;(¥) = b1 ()] < C(lal/15 = a0l) "= (10— o[+ Al ") — 0| ™" +1al |5 — g0l i —al™")

< Clgl'~*1j = qol~*70 (6.26)
since ||0—0p||+|Ag|"/? < C by compactness of ©, and ||/|j —qo| > 2 implies |G| /|j —q| < 2
. From (6.25) - (6.26) we deduce (6.17).
[t remains to prove (6.17) in case ||0 —6|| > (logn)™'. From (6.23) and (6.24) it follows
that v(&;9,10) < C(n/|j — qo|)* ¢ for arbitrarily small ¢ > 0. Therefore (6.20) - (6.22)
imply

10;(80) = b ()] < C(n/ 15 = aol)' = (110 = Ool[ + gl /)15 = a0 ™" + Iallj — a0l ™15 — al ")

<O — qo| " +n'E i — o[ — ¢ ) (6.27)

observing that ||0—6||+|A;|*/? is bounded and |q||j —qo| |7 —¢|™" < 2(|j—qo| " +|j—q|™).
From (6.27) we deduce (6.17).

We complete the proof by showing that (6.17) holds for j = ¢,q + 1 but j # qo,qo — 1.
Note that [b;(1) — by 1 ()] < ky(o)ky() 1+ k1 (o)1 () - 110 — Gl < (log ),
then similarly as in (6.23) - (6.24) it follows that |b;(¢)) — b;j11(¢0)| < C and (6.17) holds.

If [|0—6o]| > (logn)™", then k(Aga1; o)k (Ngz1;0y) ™" < ClAg| 7% < (n/]q]+)" ¢ for small
enough ¢ > 0. Therefore |b, () — bnj+1(¢)] < C(n/]gl+)' ¢ which is bounded by the
second term in (6.17) for j = ¢,q+ 1 and j # qo,qo = 1.

Finally, (6.18) follows from relation (6.30) of Lemma 6.4 below. 0

Lemma 6.4 Let v(\;1,1) be given by (6.19) and Assumptions A.1" or A.1 be satisfied.
Then uniformly in 0 < A < 7 such that |\ — \;| > 7/n and |\ — \y| > 7/n,

— 1/2
1(8/0X) log v(X; 1, )| < C(Ile Bol| + ||

+lIA = A THA = AT (6.28)

|>‘ o )‘KIO|
where C' € (0,00) does not depend on n,, and
(x| = A = AN = Ago |7 if  A.1 holds and 0 < wy <7 or A.1" holds,
VA Bo)l = [ = Ago)® = A202|(N = Ago)?| @ if  A.1 holds and wo = 0,7
(6.29)
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where a, =< b, means that ¢; < a,/b, < ¢ asn — oo for some 0 < ¢y, c5 < 0o. Moreover,
for any § >0

[0 (X, 0) = 1 < C(118 = bol| + [Ag[?) if A= Ago| > 0. (6.30)

PROOF. (6.29) follows from Assumptions A.1" or A.1, taking into account (3.9).

We prove now (6.28). Let A.1" hold. Then logk(\;¢) = —alog|A — A, + log g(A; ).
Since (d/dz)log|z| = 1/z (x #0), it follows that (0/0\)log k(\;¥) = —a(A — A,) ™" +
(0/0X)log g(A;¢). Therefore

(8/0A) log(k(A; 1) /k(X; ) = —a(A = Ag) ™ +an(A = Agp) ™"+ A(A;90) — h(A; dho) (6.31)
where h(A;1) = (0/0X)log(g(A; 8, A,)). (6.31) implies (6.28) noting that

(A = Ag) ™" = a0(A = Ag) T < [0 — a)[A = Ago| T+ el Ag(A = Ag) THA = Agy) T
< 10 =G0l 1A = Agol "+ 1A = M)A = Agy [

and, by Assumption A.1’

[h(A; ) = h(A; o) Clh(A; 0, Ag) = B(X; 00, Ag)| + [7(A; 00, Ag) — B(A; 00, Ay )|

<
< C(10 = boll +12gl”) < C(110 = boll + [Ag] ')

where (3 > 1/2 is the Lipschitz parameter.
Suppose that Assumption A.1 holds. By (3.9)

—alog |A — Ag| —alog A+ Ay +loggi (N ¢p) if 0 <A< m/2

log k(i v) = { —alog|A — Ay — alog |\ + A\, — 27| +log g2 (A; ) if 7/2< A <.

(6.28) now follows by the same argument as in case of Assumption A.1" once it is observed
that |\ + A\, — 27| > |A — Ay and |[A 4+ Ay > |A = A,

Finally, we show (6.30). Let |A — Ay | > . Then under A.1' or A.1 £ *()\;6,w) and
k(X;1p) are bounded. Therefore if |[A;| > 6/2, then

(X5, ) — 1] = |1 — k(X o) k(X 0) 7! < C < C(6/2)72(]]0 — Bo|| + |Ag]'?).
If [Ag < /2 then |A — Xy > |A = Ap| — [Ag] > /2 and by A.1" or A1,

00X 6, 00) — 1] = k(A 0,1) " [k(A: 6, A,) — k(A; B0, Ago)]
< Ok, A) = kX0, )]+ BN B0, Ag) — K (300, A)]) < (118 — o] + [2g[72).

|
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7 Proof of (3.18)

Lemma 7.1 Let T, (1)) be given by (3.15). Then under Assumptions A, asn — oo, there
exists a constant ¢ > 0 such that for sufficiently large K > 0,

1nf {u, (V) T, ()} > ¢ (7.1)

where ¢ does not depend on K,n and u,(¢) = n||0 — 0o||* + |q|-

PROOF. Set L(A;th,¥9) = —log(v(A;4h,¢0)) + v(A; ¥, 1hy) — 1, where v(A;1, 1) is given
by (6.19). L is nonnegative for all A because —logx + x — 1 is, for all x > 0. Rewrite

L) = ¥ {EAE i) S 0o+ X log 0, ) == D)+ Fa().
7(90,9) KAz ) 7(90,9) 7(40,9)

(7.1) follows if we show that as n — oo,

D (¢) > cun(yp) (3¢ > 0) (7.2)

since by Lemma 7.3 below, |F,(¢)| < (¢/2)u, (). We show that (7.2) holds in each of the
following three, exhaustive, cases

(VD) 10 = 6oll* < Agl <05 (92) g + 110 = 6ol = 6, (43) [Agl < (10— ol <6

for some 6 > 0.

Case (y1). Then |G| > u,(v)/4m and (7.2) follows if D, (¢)) > ¢|g|. To show that note
that by Lemma 7.2 below, for A € A, := [\, + (3/4) A\, Ay, + (7/8)A;] and 0, ¢ satisfying
(1),

Jnf [u(X9,¢0) — 1] 2 e >0 (7.3)

for small enough 4. Then, since L > 0

Du(w) = f: LA, o)

2(|V)mfu;wmmzﬂﬂm)lﬁ (~logz -+ —1)> el

Case (72). Let € > 0. Under Assumptions A.1" or A.1, |(0/ON)L(\;¢,1y)| is bounded
uniformly in A, ¢ satisfying |A — A\;| > €, |A — Ay | > €. Therefore by standard arguments
(see also the proof of (5.19)),

Dy(v) = > L(Ajs ¥54p0) = (n/2m)de(v) + An(¥)

j:‘)\j*)‘q|2€a|/\j*)‘qo |>e
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where
4.0) = [ Lportzenrglza LAY 0)dA,  1An(0)] < C < o0 (7.4)

and C' = C,(€) does not depend on n and . By (7.4), to prove (7.2) it suffices to show
that

de(1)) > c(|Aq| + |16 — 6o]”). (7.5)
Since compactness of © implies [A\;]| + [0 — 6y ||* < C' < oo for some C' > 0, (7.5) follows if
d(p)>c>0 (3e>0) (7.6)

uniformly in ¢ satisfying (v2). Set d(v0) = ;7 L(A; 9, 6y, wp)dA. Then

4.(6) = inf d() — sup |de() — d(v)
¥

where inf,, and sup,, are taken over the compact set Zs = {¢) = (0, w) : || =00 |[*+|w—wo| >
§/4} N O x [0, 7]. Under Assumptions A.1" or A.1, d(v)) is continuous. So it achieves its
minimum, d(¢*) > 0, on Zs, since L > 0 by (3.3) for ||1py — ¢*|| > 6. On the other hand,
under Assumptions A.1" or A.1 we can choose € > 0 such that

sup de (1) — d()] < d(v")/2 (7.7)

Indeed, if A.1" holds then by (6.29) L(\; ), 1) < C(1 +log A — Ay +1og|A — Ay | +|A —
Ago| "), and therefore

Slip |d5(1/)) - d(l/})| < sup /0 1{\/\—/\q|<eor|)\—)\q0|<e}L(>‘; ,QZ}7 wO)dA

YeEV K

can be made arbitrarily small by choosing sufficiently small €, so that (7.7) holds. Under
Assumption A.1, (7.7) follows using a similar argument. Hence (7.6) holds with ¢ =

d(y*)/2.
Case (73). As above it suffices to show (7.5). Under Assumptions A.1" or A.1, the
Taylor expansion with respect to # can be applied in (7.4), which leads to

d. (1) = de(0, \y) + Vide(0, A\,) (0 — ) + (0 — ) M(6 — 6,)

> Vd (0, \g) (0 — 6o) + (0 — 6p) M (0 — ) (7.8)

since d(6p, A\y) > 0 by L > 0 and (7.4). The i-th element of the vector Vd.(f, \,) is

(006,00, M) = | " Lnrgloes o 261 (/9B LX; B, gy ),
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whereas the (j,7)-th element of the p X p matrix M is
(07/06;06;)d.(09), )) = /0 Liargl>e, Aorgy 26} (87/00;00,) L(X; 09, Xy, 4h)dA

with [|6) — 6,|| < |16 — 6p]] < 62 under (y3). Now if there exist ¢, > 0 such that

(6 —60)' M (0 — 6o) > c||f — 6ol |, (7.9)

Ve, Ag) (0 — 00)| < cll0 — bol[*/2, (7.10)

then by (7.8) dc(v) > (0 — 6p)' M (0 — 0y) — [Vd(00, 1) (0 — 0)| > c||f — 6]?/2 >
c(]16 — 0ol> + |Ngl)/4 by (73), and so (7.5) follows. To verify (7.9), note that

(60— 60)' M (0 — b)) > (6 — 0)" 20 — ) — |(0 — )" (2 — M) (6 — ).

By (3.4), Q > 0, so (6 — 60)Q2(0 — 0)" > c||f — b||* for some ¢ > 0. Under Assumptions
A.1" or A1 the (j,4)-th element of M — € is of form

| Linrsizes g 2 (070808 LN 00, Mg, 0)dA — [(0% /08,08 L(X: o, vo)dA

= /0 L ralze, hrglze} ((07/00;00,) L(X; 09, Ay, 1b0) — (97 /00;00:) L(X; tho, o) ) dA

—/0 L{a—aq <cor A=rgg | <e} (07 /00;00;) L(X; Yo, 1) dA,

where each of the two integrals can be made arbitrarily small by choosing, respectively, €
and § sufficiently small. Thus, there exist ¢ > 0 and § > 0 such that || — M|| < ¢/2 and

(0 = 00)' M (0 — ) > cl|6 — 6o]|* — |12 = M]| - |0 — bl * > (c/2)]10 — ][,

to prove (7.9).

[t remains to prove (7.10). By Assumptions A.1" or A.1, the partial derivative Vyd.(6, \,)
satisfies a Lipschitz condition in A of order 3 > 1/2. Note that VyL(\; ¢y, 1) = 0 and
thus Vyd,(6p, Ay,) = 0. Therefore

Vo (00, 2) (0 — 00)] < (V0. A) — V(B Ag) |- (10— ]|

<
< OO = Awl’110 = boll < C ()]0 — boll***7 < Ce)d® D721 — 6o ?

since [A; — Ago|® <[]0 — 60]%* < 6% by (73). Choosing § such that C(e)6*~1/2 < ¢/2 we
obtain (7.10). O

Lemma 7.2 If (y1) holds then (7.3) is valid.
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PROOF. It suffices to show that uniformly in v satisfying (y1),

sup v(A; ), 1) < e < 1. (7.11)
AeA,

Let A.1" hold. Then v(\; 1, tg) = |A — Ag|¥A — Ao |79 (A; 0)g(A; )" and for A € A,,

v, o) < [Ag/4%1BAg/47 % g(Xs o) [9 (A ). (7.12)

Since (v1) implies |a — ag|> < |10 — 6o|]* < |Ng] < 6, then |N;/4|* * = exp((a —
ap) log(|Ag/4])) = 1 + O(la — a| log(|e — ag[*)) = 1 + O(6"/*) and

Aa/41%[8Ag/4[ 70 = (1/3)7[Ag/4]*7 = (1/3)™(1 + O(6'/*)). (7.13)
Under A.1',
g 90)g(X )™ =1+ O(/0 = Ool| + [Ag]") = 1+ O(5'). (7.14)

Therefore from (7.12)-(7.14) it follows that v(\; %, 1) < (1/3)% (14 O(6'/*)) < 1 assum-
ing that ¢ is sufficiently small. Hence (7.11) holds.

Suppose that A.1 holds. Let 0 < wy < 7. If ¢ is sufficiently small then the Gegenbauer
spectral density (3.1) can be written in the form (3.7), and (7.11) can be shown using the
same argument as above.

Let wp = 0. Then by (3.9), v(X; 10, 100) = [A* = AZ2[*|A]72%g1(A; 0, Agy) /g1 (A5 0, Ay). Since
for go = 0 we have § = ¢, then A € A, = [(3/4)\,, (7/8)A,]. Similarly to (7.14), it follows
that g1(A; 0, \)/91(A; 0o, Agy) = 1 + O(6/2). Therefore

(A, ) < IAF = (B/4)AZII(3/ A (1 + O(6%))

= (7/9)™|(7/16)A2[*~*(1 + O(5'/?)). (7.15)

The same argument as that used to prove (7.13) implies that |(7/16)AZ[*=% = 14+0(6'/*).
Hence v(\; 9, ) < (7/9)*(1 4+ O(6*/*)) < 1 and (7.11) holds.

Let wg = 7. Then A\, = 7 and by (3.9), v(A; 9, 1) = [(A —m)% — (A, — 7)2 ¥\ — 7| 290
G2(A; 0, 0)/g2(); 0o, Ay, ). Using a similar argument as in case wy = 0 we derive that for
A€ Ay, v(A; 1), 1) satisfies (7.15) which proves (7.11). O

Lemma 7.3 Under the assumptions of Lemma 7.1, as n — 0o,

Sup (1 \ Z log(k; (1) /k; ()| < CK /2. (7.16)

VeV K 3(,90)

PROOF. Let v(A;1,10) be given by (6.19). Then by (2.2), Jur2 log(v(2mx/n; ), ) )dx =
0. Therefore

S "log k(o) /()] < dun(¥) + du2 () + dun (1), (7.17)

‘J(q,qo)

32



where, setting J, ={r > 0:2 ¢ [¢—1,¢+1]U[q — 1,9 + 1]}, J5 = [0,n/2]\J,

S
=

n/2
@) = [ Jogu(enla]/ni v, vo) — logu(2na/ni , vo)| Ly, das
Z |10gU()\p;¢ﬂ/)0)|a

pe{n,q—1,q0—1}\{g,q0}
n/2
dua(®) = [ flogv(2ma/m; v, vn)| L,

It suffices to show that

d
d

3
o
—~
<
N
Il

sup () 'y < CK™Y? (1=1,2,3). (7.18)

eV

Using (6.28) to bound |(0/9¢) logv(&;1,10)|, by the mean value theorem we obtain

n/2
dy, < C/ -
71(w) o 0 " SL/ITIL)27r$/n ‘ag

n/2
¢ (<||9—eo||+|Aq|1/2>|x—qo|*1+|q-||x—qo|*1|x—q|*1)1hdx
C (116 = 6ol | + \al'/2) log n + C'log .

log v(&; 1, o) \1Jqda;

IN

IN

Thus, for ¢ € Vg, as n — oo,

Un (V) Ydp 1 (¥)| < Cn Y2 logn + COK 1?2 < 20K 12, (7.19)

We estimate now d,»(1)). 1) Suppose first that |o — ap| > (logn)~!. Then it is easy

to check that under Assumptions A.1 or A.l', |logv(27mp/n,v, )| < Clogn. Thus,
dn2(1) < Clogn < Cn'lognu,(v) = o(1)u,(¢) and (7.18) holds. 2) If |a — ap| <
(logn)™!, then |\;|*~® < C uniformly in j = 1,...,7 and A.1 or A.1' imply that in
dn2(¥), |logv(2mp/n,, )| < Clog|gl. Thus d,2(¢) < Cloglgl < Clogu,(¢) and
(7.18) holds.

To estimate d,, 3(¢)) note that when A.1 and 0 < wy < 7 hold or A.1" holds, (6.29) and
the definition of v(A, ¥, 1) imply |log(v(2wz/n, ¥, 1) < C(Jag — aflogn +log |z — q| +
log |z — qo| +1). Then d,3(¢)) < Clay — a|logn + C|q|'/? and

sup up () dns(¥)| < C(n~"?logn + K~'?). (7.20)
eV
When A.1 holds and wy = 0,7, using (6.29) it can be shown that (7.20) remains valid.
Then (7.17) - (7.20) prove (7.16). O
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