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Abstract

We establish valid Edgeworth expansions for the distribution of smoothed
nonparametric spectral estimates, and of studentized versions of linear
statistics such as the same mean, where the studentization employs such a
nonparametric spectral estimate. Particular attention is paid to the spectral
estimate at zero frequency and, correspondingly, the studentized sample
mean, to reflect econometric interest in autocorrelation-consistent or long-run
variance estimation. Our main focus is on stationary Gaussian series, though
we discuss relaxation of the Gaussianity assumption. Only smoothness
conditions on the spectral density that are local to the frequency of interest
are imposed. We deduce empirical expansions from our Edgeworth
expansions designed to improve on the normal approximation in practice, and

also a feasible rule of bandwidth choice.
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1 Introduction

In this paper we analyze higher-order asymptotic properties of smoothed nonparametric estimates of
the spectral density for a Gaussian stationary time series and of linear statistics studentized by such
a nonparametric estimate. There is a large literature on the consistency and asymptotic normality
of nonparametric spectral estimates and studentized linear statistics, but much less is known about
higher-order properties, including the Edgeworth expansions we consider.

We focus principally on zero frequency and obtain Edgeworth expansions for the joint distribution
of the spectral estimate and sample mean. These can be used to approximate the distribution and
moments of smooth functions of these statistics, and we go on to analyze the higher-order asymptotic
properties of the sample mean studentized by the spectral estimate. The studentization we employ is
prompted by the fact that the variance of the sample mean is approximately proportional to the spectral
density at zero frequency. Such studentization, with autocorrelated observations, goes back at least to
Jowett (1954), whose work was developed by Hannan (1957), Brillinger (1979) and extended to more
general circumstances, as recently reviewed by Robinson and Velasco (1997). In particular such ideas
have been widely employed in econometric models, sometimes under the headings of ” (heteroskedasticity
and) autocorrelation-consistent variance estimation” and ”long run variance estimation”.

Spectral density estimation, and studentization of the sample mean, can be based on a parame-
terization of the spectral density, as when an autoregressive moving average model of given order is
assumed. However, if the parameterization is incorrect (for example if one or both of the autoregres-
sive or moving average orders is under-specified) or unidentified (as when both orders are overspecified)
inconsistent spectral estimates result, and inferences based on the sample mean are invalidated. Non-
parametric spectral estimation seeks to avoid these drawbacks. However, its implementation requires
the user to specify a functional form (a kernel in our case), as well as a bandwidth, which determines the
degree of smoothing. First-order asymptotic theory holds across a wide range of bandwidths, but the
detail of Edgeworth expansions is more sensitive to bandwidth choice, reflecting finite sample practical
experience. We use our Edgeworth expansions to approximate the moments of stochastic approxima-
tions whose distributions are very close to that of the original t-ratio and propose ”optimal” choices of
bandwidth, which can be proxied by data-dependent quantities. Also, we approximate our theoretical
Edgeworth expansions, which involve population quantities, by empirical expansions for practical use.
It is anticipated that our proposed corrections could outperform the normal approximation in highly
autocorrelated processes, where nonparametric spectral estimates can be particularly biased, and thus
severely influence the distribution of the studentized mean.

Spectral estimation and studentization at other frequencies is not essentially different from that
at zero frequency and we discuss this extension explicitly. One important feature of our work is that
smoothness, and indeed boundedness, of the spectral density is assumed only at the frequency of interest.
This is natural because the variance of the sample mean is proportional to the Césaro sum of the Fourier
series of the spectral density at zero frequency, which, by Fejér’s theorem, converges if and only if this
is a continuity point. These mild conditions are also practically desirable because they permit lack of
smoothness, and even unboundedness, at remote frequencies, as can arise from long memory, cyclic or
seasonal behaviour. Reliance on only local assumptions has recently been stressed in work by Robinson

(1994, for example) on semiparametric analysis of long memory, and we employ similar truncation



techniques to achieve this. By contrast, the bulk of the literature on smoothed nonparametric spectral
estimation imposes assumptions that imply at least boundedness of the spectral density at all frequencies.
In particular, this is the case in the work of Bentkus (1976), Bentkus and Rudzkis (1982) and Rudzkis
(1985) on higher-order asymptotic theory for nonparametric spectral estimates, whose approach we in
other respects follow. It is also the case in the econometric work referred to above on consistency of
autocorrelation-consistent or long run variance estimates and on the first-order limiting distribution of
studentized statistics, which resorts to summability conditions on mixing numbers. On the other hand,
the econometric literature typically avoids the Gaussianity assumption which we impose in the bulk
of the paper, and the mixing conditions employed can cover a degree of heterogeneity across time, as
well as dealing with far more general statistics, such as implicitly defined extremun estimates of vector-
valued parameters. We suspect that in our higher-order treatment the stationarity assumption could
to some extent be relaxed at cost of significantly more complicated conditions, while vector and other
extensions should be possible, albeit notationally complex. Relaxation of our Gaussianity assumption
which, as in much other work on higher-order expansions (see for example such time series references
as Phillips (1977), Taniguchi (1991)), plays a considerable simplifying role, may lead to rather more
complex expansions, which we investigate in Section 7. Though much recent higher-order asymptotic
theory for non-Gaussian time series analysis has been based on the work of Gotze and Hipp (1983) it
is not known if their conditions allow a proof of the validity of the Edgeworth expansions for smoothed
spectral estimates (see Remark 2.3 in Janas (1994)) though some ideas on nonparametric studentization
are in Gotze and Kiinsch (1996).

Mean-correction in spectral estimation does not affect first-order asymptotic distribution theory, but
its effects may show up in terms of a smaller order of magnitude for the distribution of both spectral
estimates and t-ratios. We study this correction in detail and our analysis could also be extended to
residual-based nonparametric studentization of least squares estimates in a nonstochastically trending
linear regression, possibly involving cosinusoidal regressors, whose variance may depend on the spectral
density of the errors at various frequencies.

The paper is organized as follows. The following section provides the main assumptions used through-
out. In Section 3 we establish a valid Edgeworth expansion for the distribution of the nonparametric
estimate of the spectral density and analyze the joint distribution of the variance estimate and the
sample mean. In Section 4 we establish a valid Edgeworth expansion for the studentized sample mean
and consider the effects of mean-correction. Section 5 provides consistent estimates of higher-order cor-
rection terms and an empirical Edgeworth expansion. We extend our results to obtain a third-order
approximation in Section 6. Finally in Sections 7 and 8 respectively, we analyze the effects on our
approximations of higher-order cumulants for non-Gaussian series, and Edgeworth approximations for

estimation at non-zero frequencies. Proofs, including some technical lemmas, appear in two appendices.

2 Nonparametric studentization of the sample mean

Let {X;} be a stationary Gaussian sequence with mean that is known (for the time being) to be zero,

autocovariance function v(r) and spectral density f(A) defined by v(r) = [;; f(A)e""*dX, where IT =



(—m, 7], and satisfying 0< f(0) <oco. Let X = N~! Z;vﬂ X; and denote
def = ¥l
Vy = Var[VN X]| = _ ;N (1 - N) v(4)-
j=1-

Then for all N such that Viy > 0,

u

d;f \/N7
W

Since Vi is the Césaro sum of the Fourier coefficients of f(A) at A = 0, if f(\) is continuous at A =0

then imy_.o Vv = 27 f(0) by Fejér’s Theorem. If f(0) is a consistent estimate, f(0) —, f(0), then
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vy YNX L vo,1),
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where V = 27 f(0). Defining
1
/'?(K) = -3 E XtXt_;,_g, E:O,il,,i(N— 1),

N
1<t,tH<N

consider the weighted-autocovariance nonparametric estimate of f(0)
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-~ . 1 ¢ - . ,W]V[
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where X = (X1,..., Xn) and W)y, is the N x N matrix with (r, s)-th element

Wal, s =w<rﬂ}8) = /I_IKM()\)ei(’“—S)’\d)\7 (1)

such that Kps(A) is a kernel function with smoothing or lag number M, which is a sequence of positive
integers growing with N but more slowly. Then for an even, integrable function K which integrates to
one, we set -
Ky(A) =M > K(M[\+ 27j]),
j=—o0

so Kp()) is periodic of period 2, even, integrable and [ Kp/(A\)dA = 1. It follows that w(r) =
[ e K (z)dz and w(0) = 1 so we can write f(0) = [, Kar(A)I(A)dA, where I(\) = (2rN)~!
X ‘Zivzl X exp{iAt} ’ is the periodogram of X, ¢t = 1,..., N. We restrict to this kernel class due
to its simplicity for our analysis, though a variety of quadratic-form estimates could be considered (see
e.g. Song and Schmeiser (1992)).

To analyze the joint distribution of the linear statistic X and the nonparametric estimate of its

variance, it is convenient to work with standardized statistics with zero mean and unit variance. Suppose

now that the estimate f(0) is /N/M-consistent (cf. Hannan (1970, Chapter 5)). Write for u = (u1, us2)’,

—1/2 N ~
| M N |V -EV
Yy =Yy(u)=u <1+bN+0Nu2 W) , o U2 = M{—VNUJE;]}’

where 0%, = Var[\/N/M‘A//VN] and by = E[XA/]/VN — 1 are the "relative” variance and bias of V, and
some of our notation suppresses the dependence on N. Then us = X'QnX — E[X'QnX] is a centered
quadratic form in a Gaussian vector, where Qn = Wy (VNMonVy)~!is a N x N matrix.



The joint characteristic function of u is
. _ 1 . - ,
Un(ty,ta) = [T — 2it,2QN |~ /% exp {—§t§§;\, (I —2it23QnN) " Sy — ZtQEN} ,

where Eny = E[X'QnX] = Trace[EQn], ¥ = E[XX/'], and {§y = 1/v/NVn, 1 being the N x 1 vector
(1,1,...,1). Due to the normalizations u has identity covariance matrix and cumulant generating

function

on(ti,ta) = logn(t,tz) = ZZHNTS ol

r=0 s=0
where the only non-zero bivariate cumulants are
kn[0,8] = 2571 (s—1)! Trace[(ZQn)%], s>1,
258!53\,(262]\1)325]\[, s> 0.

KN[2, 8]

Phillips (1980) discusses these derivations and related literature for the analysis of the distribution of
linear and quadratic forms under the normality assumption.

Here the Gaussianity assumption provides simple explicit expressions for the characteristic functions
and cumulants of linear and quadratic forms, which otherwise would be very difficult to estimate for
general dependent sequences. Furthermore these depend only on second-order properties of the time
series, through ¥ or f, which simplifies our set-up. We introduce the following assumptions about the

Gaussian series X; and f(O)

Assumption 1 0 < f(0) < oo and f(A) has d continuous derivatives (d > 2) in a neighbourhood of
A =0, the dth derivative satisfying a Lipschitz condition of order o, 0 < p < 1.

Assumption 2 The spectral density f(\) € Ly, for some p > 1, i.e. |[f|[F = [ fP(\)dA < oo.
Assumption 3 K (x) is bounded, even and integrable on II, and zero elsewhere, and integrates to one.
Assumption 4 K(x) satisfies a uniform Lipschitz condition (of order 1) in [—m, 7.

Assumption 5 For j=0,1,...,d,d>2 andr=1,2,...

le i r =V, ] d;

Assumption 6 M~! + MN~! -0, as N — oo.
Assumption 7 M =C - N7, with0< ¢g<1 and 0 < C < co.

Assumption 1, which concerns bias, is implied by ZJ__OO l7]97¢|v(j)| < oo, but this extends the
smoothness assumption to all frequencies, whereas only local assumptions are natural for this problem.
In particular, as in Robinson (1995a), for example, we allow, using truncation arguments, for lack of
smoothness or even unboundedness (as arises from possibly cyclic long memory) at remote frequencies.
The finite support requirement on K in Assumption 3 is helpful here, though undoubtedly it could be
relaxed to a mild tail restriction. However, Assumption 2 imposes some restrictions on f beyond the

origin, though in fact any p > 1 arbitrarily close to 1 will suffice for all our results.



From Assumption 3, the function w(r) defined by (1) is even and bounded. Assumption 4 is needed to
evaluate the cumulants of f(O) and is satisfied for most kernels used in practice satisfying Assumption 3,
but rules out kernels like the uniform. A modification of the proofs could permit kernels that have
finitely many discontinuities. The second condition in Assumption 5 is designed for nonparametric bias
reduction when d > 2 by means of higher-order kernels. Examples of kernels satisfying Assumptions 3,
4 and 5 are for d = 2, the Bartlett-Priestley or Epanechnikov window K(\) = 2(1 — i—z) and the

triangular window K(\) = % (1 — %), for d > 2, the following optimal kernels are taken from Gasser
et al. (1985):

15 A4 A2

35 A6 A A2
for d = K¢(\) = —— (=992 + 1892 — 1052 +15 ) .
or d=6, 6(\) 2567T< 005 + 18975 — 1057 + 5)

~

Assumption 6 on the bandwidth or lag number M is necessary for the consistency of f(0), while we

will sometimes wish to strengthen it by Assumption 7, possibly with restrictions on g.

3 Distribution of the nonparametric spectral estimate

~

In this section we analyze the asymptotic distribution of the nonparametric spectral estimate f(0). Our
results extend Bentkus and Rudzkis (1982) in that we do not assume boundedness of the spectral density
at frequencies away from the origin. We give two lemmas about the bias of the estimate f(O) for V.
The first is standard in Fourier analysis (see Zygmund (1977), p. 91), and the logarithmic factor could

be eliminated by assuming > |v(j)| < oo.
Lemma 1 Under Assumption 1, withd =1, o =0, Vy —27f(0) = O(N’1 logN) , as N — oo.

Lemma 2 Under Assumptions 1, 3, 5 and 6, as N — oo,

~ (d)
g1y - 10 - 50

pa(K)M~% = O(N~'logN + M~49).
where f@(0) is the d-th derivative of f(\) evaluated at X = 0.

From Lemmas 1 and 2 we estimate the relative bias by as M — oo

_FD(0) pa(K)

by = by M~ M=% 4 N-togN b
N 1 +O( + 0og )7 1 d'f(O)

We now study the cumulants of the normalized spectral estimate us.

Lemma 3 Under Assumptions 1, 3, 4, en(s) e pp-d-e + N 'M1og***N—0 as N — oo, for s > 2,
) des N\ (272 d y
En[0,s] = kN[O, 9] i = V;[0,s]M™ 4+ O(en(s)),
§=0

where V[0, s] are bounded and depend on the moments of K and the derivatives of f at A =0, and do
not depend on N or M.



s—2

For example V[0, s] = (47) 2 (s— | K |5 °|1K||2, V1[0,s] = 0 and the V coefficients are scale-free
as expected, but depend on the shape of f. If f is flat at A = 0 then V;[0,s] = 0, j > 1. The proof of
Lemma 3 employs a multivariate version of the Fejér kernel (see Appendix B) and uses the fact that,
given the compact support of K, asymptotically we only smooth around zero frequency. Depending on
the asymptotic relationship between M and N, some of the expansion can be included in the error term,
since we have only assumed that ey (s) is o(1) as N — oo, which in turn implies Assumption 6 for s > 1.

Due to the normalization xx[0,2] = 1 and if ey(2) — 0 as N — oo, we obtain for the asymptotic
variance of \/N/—M ]?(0)7 using the same techniques of the proof of Lemma 3 (see Appendix A), that

SVar[7(0)] = 4x PO + O en(2) + M),

and for some constants O,

d
on = VA Y O;M 7 +0(en(2)) = Vir | K|z + O(M > + en(2))

Jj=0

as M = 00, with € = [ |2, 01 = 0 and 0 = 3K l; (K2 ~2(0)/20), J/(0) = ()* PN,

Then we can justify an optimal choice of M by minimizing the mean squared error (MSE) of J?_(O),
E(]?(O) — £(0))? under Assumptions 1, 3, 4, 5 and ex(2) —0 as N — oo (cf. Lemmas 2 and 3), since if
we are only interested in estimating f at the origin, it is natural to use local rules for bandwidth choice.

Then the M which minimizes asymptotically the MSE is Moyt = copt - N 1/ (2‘”1), 0 < copt < 00, where

1/(2d+1
= cop(, ) = | 20 (Lt nal) 1
Copt = Copt\J, - 47 d'f(o) ||K||2

which can be estimated by inserting consistent estimates of f(0) and f(®(0).

We now prove the validity of a second-order Edgeworth expansion to approximate the distribution
of the vector u, with error o((N/M)~'/?), and including terms up to order (N/M)~'/? to correct the
asymptotic normal distribution, which is the leading term of the expansion. Of course this will imply

~

the validity of that expansion for the distribution of f(0). We first study the cross cumulants of u:

Lemma 4 Under Assumptions 1, 3, 4, en(s+2) —0 as N — oo, for s> 0,

) s/2 d
Anl2,s] 2 kn(2, s (%) =Y " V,12,s]M ™7 + O(en(s+2))
j=0

where V2, s] are bounded and depend on the moments of K and the derivatives of f at A =0, and do
not depend on N or M.

For example we can obtain that Vo[2, s] = (47)%/2s1K*(0) | K ||, * and V;[2,s] = 0.
For B € B2, where B? is any class of Borel sets in R?, set QE\Z,){B} = fB ¢2(u)q§3)(u)du, where
¢2(u) = (2m) "' exp {—1|[u|?} is the density of the bivariate standard normal distribution,
@ B 1 M —1/2
oy’ (0) =1+ & {Vo[0, 3] H3(uz) + Vo[2, 1] Hz(ur) Hi(u2)},

and H;(-) are the univariate Hermite polynomials of order j. Now we show that QS\Q,) is indeed a valid

second-order Edgeworth expansion for the probability measure Py of u. For this we need Assumption 7,



but we do not assume yet the choice ¢ = 1/(1 + 2d) and/or C' = cop: (see (2)) that would minimize the

MSE of f(0). This implies a rate of growth for M in terms of N, with Assumption 6 holding for this
particular M. Define by (0B)* a neighbourhood of radius « of the boundary of a set B.

Theorem 1 Under Assumptions 1, 2 (p > 1), 8, 4, 7 (0 < qg<1), foray = (N/M)=",1/2<p<1,

and every class B2 of Borel sets in R%, as N — oo,
N\ Y2 4
swp |Pw(5) - QB =o( (37) )+ 5 s oF (@87},
BeB? M 3 pen?

The method of proof is based on first approximating the true characteristic function and then applying
a smoothing lemma. Note that the second term on the right hand side is negligible if B is convex because
ay decreases as a power of IV, and that the higher-order correction terms in qg\?) depend only on K, but
not on f. Naturally these terms only correct the marginal distribution of the spectral estimate but not
that of the Gaussian sample mean. There is also a cross-term to deal with in the joint distribution, but
none of these correct for the possible bias of the spectral estimate or for variance estimation since we
have only dealt with exactly standardized statistics.

Using the results of Bhattacharya and Ghosh (1978) we can justify Edgeworth expansions for the
distribution and moments of smooth functions of the spectral estimate and sample mean. We concentrate

in the following section on the studentized mean Yy .

4 Asymptotic expansion for the distribution of the studentized

mean

The distribution of Y depends on such quantities as oy, by, kn|[r, s] etc., for which we have obtained
expressions up to a certain degree of error in powers of N and M, the coefficients of the expansions
depending on the unknown f and its derivatives at the origin and on the user-chosen kernel K(\).
The accuracy of these approximations depends mainly on M and determines the error of the feasible
Edgeworth expansion for the distribution of Y. In this section we impose Assumption 7 with ¢ =
1/(1 + 2d), but do not necessarily require that C' = c,p;. Then 0 < M~¢/(N/M)™1/2 < 0o as N — o0
and the bias of f(O) is of the same magnitude as the correction term obtained in QS\Q,), or as the standard
deviation of f(O) However this might not be the optimal choice for approximating the distribution or
the MSE of the studentized statistic.

We first work out a linear stochastic approximation to Yy (u) and prove that its distribution is the
same as Yy up to order o((N/M)~/2). Then the asymptotic approximation for the distribution of the
linear approximation is valid also for Yy with that error. Expanding the bias by and the standard

deviation oy we define
de 1 _ 1 _
vEY y |1 - 5 M~ = VAT K |2 ua(N/M) ).

Lemma 5 Under Assumptions 1, 2 (forp > 1), 8, 4, 5 and 7, ¢ = 1/(1 + 2d), Yn has the same

Edgeworth expansion as Yi% uniformly for convex Borel sets up to the order (N/M)~1/2,

Note that under the conditions of the Lemma ]?(0) is \/N/M-consistent and the approximation we
obtained in Section 2 for the distribution of Yy is valid. The next step is to justify a valid Edgeworth

expansion for the distribution of V¥ from that of u.



Theorem 2 Under Assumptions 1, 2 (p > 1), 8, 4, 5 and 7, ¢ = 1/(1 + 2d), for convex Borel sets C,

as N — oo,

sup |Prob{Yy € C} — / o(x) [1+ T2($)M_d] dx| = o((N/M)~/?) 3)
c c

where ro(z) = —3bi (22 — 1).

This expansion coincides with the formal Edgeworth expansion obtained estimating the first three
cumulants of the linear approximation Y# up to error o((N/M)~1/2) as was shown by Bhattacharya and
Ghosh (1978) for functions of sample moments of independent and identically distributed (i.i.d.) obser-
vations. The restriction to convex measurable sets in R, i.e. intervals, could be avoided by proceeding
as in that reference.

For the distribution function we set C' = (—o00, y], and integrating and Taylor expanding the distribu-

tion function of the standard normal, ®(y), we get, uniformly in y, under the conditions of Theorem 2:

Prob{Yv <y} = () + shiys(y) M+ o((N/M)~1?)

® <y {1 + %blMdD + o((N/M)~1/?) (4)

®(y) + O((N/M)~Y/?2),

which shows that the normal approximation is correct up to order O((N/M)~'/2) if ¢ = 1/(1 4 2d). On

‘optimally’ choosing C' = ¢, in Assumption 7 from (2), (4) becomes
Prob{Yy < yb= (y [1+ 0 N7 ) 4+ o(N "),

where .

;b [2d [ FOO)pa(r)\ T
h=y [Am (o) ] |

or equivalently, operating with the values of b; and cop,

Prob{Yny < y}

B(y) + a16(u) (/M) + o((N/Mope) ) 9

® (y [1 ta (N/Mopt)_1/2D n 0<(N/Mopt)_1/2> , (6)

with a; = /7/(2d) | K||2 sign[ ¥ (0) pa(K)] . When d = 2

N

b= g fOOm(E),  a = YKl sig 2 (0) pa(K)]

and the approximations (4) and (6) have an immediate interpretation. Suppose that po(K) = [ 2?K (z)dx
>0 (e.g. if K(z) >0, for all z). If f(\) has a peak at A = 0 such that f(*(0) < 0 then, as is well known,
the weighted autocovariance estimates ]?(0) underestimate f(0), and thus the variance of X, consequently
the confidence interval for \/N/—VN X is too narrow for Yy, and a corresponding test rejects too often
since the ratio Yy tends to increase. Our approximations tend to correct this problem, as in both cases
they employ ®(yky) where ky < 0, so for the same confidence level, the critical value y is larger (in
absolute value) than the normal approximation. The same reasoning applies in the reverse direction,
when there is a trough in f(A) at A = 0. For d > 2 the interpretation is equivalent, but we have to take

into account the sign of Kc(ll)7 which can be negative, as for Ky(x) and d = 4. The approximations (5)



and (6) are more attractive, since if we believe M is optimal, we need only estimate the sign of f(®(0),
not its value, to achieve second-order correctness.

Taniguchi and Puri (1996) obtained an Edgeworth expansion for the same t-statistic for possibly
non-Gaussian AR(1) series when estimating f(0) with the least squares estimate of the autoregressive
coefficient #. Their expansion is correct up to order o(IN -1/ 2) and depends on the kurtosis of the
innovations but not on 8 or f, by contrast to our nonparametric studentization.

We have assumed that EX; is known in the spectral estimation. When E X; is unknown, we can still
take EX; = 0, but replace 5(¢) by

W):N > (X = X) (X — X), 0=0,41,...,£(N —1),
1<t t+0<N
and f(0) by .
7 — 0 — W —
f(0) = % Y ow <M) F(0) = (X - X1) %—%(X - X1).
{=1-N

The effect of mean correction is analyzed in the following lemma.

Lemma 6 Under the assumptions of Theorem 2, NM~1(f(0) — f(O)) = Apn, where An has bounded
moments of all orders and E[Ax] = —27K(0)f(0) + O (MN 1 log? N).

The distribution of \/N/M £(0) is affected to a second order, (M/N)/2, by the mean correction so
the studentized mean might be affected to order M/N. The bias is the same as found by Hannan (1958)
in spectral estimation after trend removal. Of course, the asymptotic relationship of this bias with the
smoothing bias studied in Lemma 2 depends on the degree of smoothing given by M. We substitute

o~ ~

£(0) in all definitions involving f(0) and denote the studentized mean using f(0) by

7 —-1/2
Y]f,:YK,(u*):ul <1+b?V+U?VU§\lF> 5

*

where u3, by, ox and all quantities with a * superscript are as previously, but defined in terms of

V =27£(0).

Lemma 7 Under the assumptions of Theorem 2, Y3 has the same Edgeworth expansion as Y for

convex Borel sets, up to the order (N/M)~'/2.

It follows that the distribution of the sample mean studentized by the ‘mean-corrected’ spectral

estimate f(0) can be approximated by the same Edgeworth approximation up to order (N/M)~'/? as

when f(0), based on a known mean, is used. However, the expansion for the distribution of u* can differ

from that for the distribution of u in terms of order (N/M)~'/? as we investigate in Section 6.

5 Empirical approximation

The above approximations to the distribution of the studentized mean, and to optimal bandwidth choice,
depend on the unknown f(0) and derivative f (d) (0). These may be estimated in standard plug-in
fashion (using an initial choice of bandwidth) to achieve an empirical Edgeworth approximation and

approximately optimal bandwidth. This section proposes nonparametric estimates of the derivatives of



f and proves their consistency. Of course f has to be smoother than is necessary in estimation of f(0),
but again only around frequency zero.

We introduce the class of kernels (v, r) v = 0,1,...,r — 1 to estimate the v-th derivative, following
Gasser et al. (1985). Define the function V,, of order (v, r) such that

0, 7j=0,...,v—1Lv+1,...,7r—1;
[ Viwpatds = capan =
I

197&07 j:T7

with support [—m, 7], and satisfying a Lipschitz condition of order 1. If ¥ = 0 then we estimate the
function itself and V; has equivalent properties to the kernel K we used to estimate f (compare this

with Assumptions 3, 4 and 5). Examples of the class of kernels (v, r) on [—m, 71| are,

105 A4 A2
for v=2, r=4, Vo(z) = 3o <_5F + 6F — 1) :
315 A6 A4 A?
for v=2, 7=6,  Valw) = £ (77F - 1352+ 632 5) .
We define V,,,, (z) = m,V,(myz), x € [—m, 7], for a sequence of integers m, = m,(N), satisfying

m;' +m,N~' — 0as N — co. We estimate f*)(0) by
FO0) = (m)” [ Vi VI
I

Lemma 8 Under Assumption 1, d = v+a, o = 0, and a kernel of order (v,v+a), for some integer a > 2,
and (m,) "t + N~ (m,)" logN — 0 as N — oo, E[f®)(0)] - f®)(0) = O((my)"[N~tlogN +m, 7)) .

Lemma 9 Under the assumptions of Lemma 8, with (m,)~" + N~ (m,)?**! 4+ N~ m, log’ N — 0 as
N — 00, Nm, =2~ Var{f1)(0)] = 4n f2(0) ||V, [I3 + o(1).

Then with the conditions of these two Lemmas it is possible to obtain valid empirical Edgeworth
expansions because the correction terms are of order (M/N)'/2? and consistent estimates for f and f(®
introduce only an o,((M/N)'/2) error. Using the same techniques as for the cumulants of f(O) (cf.
Lemma 3) we can show that the fourth-order cumulant of f(”)(O), kn(4), is of order of magnitude

N=2m2+D and its fourth moment is therefore

2(F00 - r00) = avar[f0)] + 3870 0) - 190)] + v
(0] (771?;”""2N_2 +m, N~ *1og? N + m,,_4“) , (7

from Lemmas 8 and 9. Then f*)(0) — f(*)(0) almost surely from the Borel-Cantelli lemma and
Markov’s inequality if (7) is O(N~17¢) for some ¢ > 0. Given the MSE-optimal m,, ~ CN/(v+2a+1),
this holds if @ > v + % and valid empirical Edgeworth expansions are thus available with o((M/N)'/?)
error, almost surely.

The same results hold if f(")(O) is replaced by f(”)(O) which employs mean-corrected quantities in
the manner of f(O), while the distribution of derivative estimates can be studied in the same way as
that of f These estimates can also be used for plug-in rules of bandwidth choice, but estimates of M

can affect higher-order properties of f and t-ratios though first order asymptotics are likely to remain
the same (cf. Robinson (1991)).

10



6 Third-order approximation

In this section we concentrate on obtaining a third-order approximation (that is, including terms of order
M/N) to the distribution of the studentized sample mean. The previous results are insufficient to prove
the validity when there is mean-correction in the nonparametric spectral estimate. As seen in Section 4,
the mean-correction introduces a term of order (M/N)'/? in the expansion for \/N/M £(0), so it will
have an effect of order M/N in a third-order approximation for the studentized mean. As before, we
denote by a star superscript, *, all quantities when f(0) is used instead of f(O) First we study the bias,

the following lemma simply extending Lemma 2 using Lemma 6:
Lemma 10 Under Assumptions 1, 3, 4, 5, 6 and M—! + N='MlogN — 0 as N — oo,

~ (d)
Bl o) £0) = =10

2
pa(K)YM~4 27 f(O)K(O)% +0 GOJgV_N FMdey %] log2N>.

The second term on the right hand side is due to the mean correction. To analyze the cumulants of u3
we can write it compactly as a quadratic form, X, u} = X'Q5X — E[X'Q3X], where Q) = ANQn AN,
Ay = Iy — 11'/N, is the mean-corrected version of Q. We first analyze the cumulants of the joint
distribution of u*.

Lemma 11 Under Assumptions 1, 3, 4, en(s) —0 as N — oo, for s > 2

def V[0, s]M ™7 + O(en(s)),

-

I
=)

N2/
R4 [0, o ) -
J

0l (5
2)/2

‘ N\©T
sz Do () = Olens),
where V[0, s] are defined as in Lemma 3.

The cumulants %[0, s] of u5 thus have the same asymptotic approximations as the kx|0, s], and
all conclusions about the variance and optimal bandwidth with known mean assumed still go through.
However the cross-cumulants k%2, s] are asymptotically o(1) after normalization. Therefore on the basis
of cross-cumulants of any order, u; and uj are asymptotically independent and variance estimation is
asymptotically independent of mean estimation as if the sequence X; were exactly independent.

We now fix the order needed for the expansions of the cumulants to obtain a third-order Edgeworth
expansion for the distribution of u* when Assumption 7 holds. We need to consider terms in the
expansion of k%[0, 3] up to order M~4" such that if d* < d, then M~4"~1 = o ((M/N)'?) | and if d* = d,
then M~97¢ = o ((M/N)'/2), the errors being negligible if ¢ > 1/(1 + 2d + 2p). The following theorem
establishes validity of the third-order Edgeworth approximation QS\?)*{B} = B (i)g(u)qj(\?,’)*(u)du, for the

distribution Py of u*, where

(3) LM 1 M 2 1
() =1+ ;M V{0, 3] H3(u2) + — - 1 Vol0,3]" Ho(u2) + 5 Vo[0, 4] Ha(u2) ¢

Theorem 3 Under Assumptions 1, 2 (p > 1), 3, 4, 7 (1/(1 4+ 2d + 20) < ¢ < 1), for ay = (N/M)~",
1 < p < 3/2 and every class of Borel sets B?, as N — oo,

BeB? BeB?

sup |Py(B) — QY (B)| =0 <(%>_ > +% sup QW {(dB)**~}.

11



Next we consider the studentized sample mean Y3 using the nonparametric estimate f(0). To obtain

a linear approximation for Y3, the main problem is the bias

M M7?
=M 4 by — 4+ O N tlogN + M~% ¢4+ | —| log’N |,

N N
with by = —27K(0). To make b%, negligible up to order M/N we cannot employ the MSE[f(0)]-optimal
M, but instead require that

M
lim  — M?
Ngnoo N > 0’ (8)

which guarantees that the bias term of order M ~% is at most of order M /N, and that the term O(M ~4~2)
does not affect the third-order approximation under Assumption 7. This of course implies a significant

undersmoothing, as M needs to increase much faster than N'/(1424) a4t least like N'/(1+9)  Then

incorporating the bias of order O(M N '), the third-order linear approximation to Y3 is

1, . 1. M 1 M\'? 3 M

and we justify the validity of a third-order Edgeworth expansion for the distribution of Y3 with
22 -1 z* — 622 +3
ry(z) = [4n||K||3 + 2mK(0) — by NM 9] —— 12w||K||§T.

Theorem 4 Under Assumptions 1, 2 (p > 1), 8, 4, 5, 7 and (8), for convex Borel sets C, as N — o0,

(%)

In particular, for the distribution function we obtain, uniformly in y,

(10)

sup | Prob Y5 € C} - /C 6(z) [1 + rN(x)%} do

Prob{(Yi <y} = @(y)— 2oly) (5° — 3y) 7| KJZMN "
+ %yaﬁ(y) [y NM~4" —4r||K |3 — 27K (0)] MN~" +o(M/N). (11)

The coefficients of the polynomial ry(x) depend only on K, except for the term by NM~'=9 which
involves f(0) and f(®(0). This is due to the moments of f(0) being proportional to f(0), so the
normalized distribution of u* has constant variance and higher-order cumulants (up to first order) with
respect to f(0). The term in by disappears with sufficient undersmoothing, that is, if in (8) the left hand
side is infinite. Of course, the larger M, the worse the approximation from the point of view of the M /N
corrections. More informative expansions for the bias can be obtained, using higher-order derivatives of
the spectral density at the origin and appropriate conditions on the kernel. Then (8) could be relaxed
allowing the term in by to be of larger order of magnitude than M/N and also permitting MSE-optimal
Mopt.

To obtain the Edgeworth expansion of Theorem 4 we can simply calculate the formal expansion for
the distribution of Y3 based on the moments of u or we can proceed in an alternative way. Since we

found in Lemma 11 that f(0) is asymptotically independent of X, we can write
Pr(Yy <y) = Pr(ul < 51/2y> R~ Eul{é(sl/zyﬂ ,

where S = 1+ b% + ujox (M/N)Y/? and regarding u; and uj as exactly independent. Then we can
expand ® (Sl/Qy) around @ (y),

@(51/2y) —d(y)+9 () y(51/2 - 1) - %ysqﬁ () (51/2 - 1)2 + %((y’)2 -1y’ ¢(y) (51/2 - 1)3, (12)

12



where 3/ is in the line segment between y and S'/2y. Now
o M
SHYE=1+ b* - 2u20N(M/N)1/2 5 u3o NN +&n,
where F [¢x] = O(MN~1)3/2 + (b4)?) and by, ~ by M~% — 2r K(0)M N~!, obtaining

E(51/2—1) - —b*—% o2 M (b* N)

B(st-1) = Jokiy +o(0nr+ 7).

Therefore, taking expectations in (12) and grouping terms in powers of y, we obtain the same approxi-
mation for Pr{Y} < y}asin (11),

1 1 M 3 M M
B [0 (572)] = 200 + 0 (303~ gody ) ~ ok +o(th o+ ).

with a truncating error O(E |(51/% —1) |3)7 proceeding as in the Lemma of Robinson (1995b).
Following Hall (1992, Section 2.5) and using Theorem 4, we can also obtain a Cornish-Fisher ap-
proximation for the quantiles of the distribution of the studentized mean Y} to construct, e.g., con-
fidence intervals with improved asymptotic coverage by estimating the unknown terms in ry(z) as
proposed in Section 5. Write w, = wo(N, M) for the a-level quantile of Y3, determined by w, =
inf {z : Prob{Y} < z} > a}, and let z, be the a-level standard normal quantile, given by ®(z,) = a.

Then immediately we have

Theorem 5 Under Assumptions 1, 2 (p > 1), 8, 4, 5, 7 and (8), wo = 2o — rN(2a) M/N 4+ o(M/N),

uniformly in € < a <1 — € for each € > 0, where vy is defined as before.

7 Non-Gaussian time series

Though our development depends heavily on the Gaussianity assumption we here analyze informally
the consequences up to third order of the Gaussianity relaxation. This may be achieved by considering
distributions with Gram-Charlier representations incorporating corrections for skewness and kurtosis
(see Phillips (1980) for related references).

The lack of Gaussianity affects in the first instance the joint characteristic function of u, for which
we would require some regularity conditions (cf. Lemmas 14 and 15 in Appendix B). This regularity
involves the distribution of X; and would also require summability conditions on higher-order cumulants
or mixing type conditions as in Gétze and Hipp (1983). Then the lack of Gaussianity shows up in the
asymptotic approximations to the distributions in terms of the higher-order cumulants of the sequence
X;. It is well known (e.g. Hannan (1970, pp. 280)) that fourth-order cumulants do not affect (at first
order) the asymptotic variance of smoothed estimates f(O) and the same can be shown for higher-order
cumulants of the normalized statistics u; and us.

Thus if we assume higher-order stationarity of X; and that the higher-order spectral densities

feQar ) = @0 F YT YT em(X, X, X, ),

Jji=—00 Jr—1=—00

fa(A) = f(N\), are smooth enough at the origin in all their arguments, then simple results can be

obtained. This condition on the higher-order spectral densities holds if for example X; is a linear

13



process, X; = Z;io aje—j, where the ¢ are ii.d. with enough moments and the transfer function
a(N) = Z;io a; exp(iAj) is sufficiently smooth at A = 0; sufficiently strong summability conditions on
a; provide uniform smoothness. Then we can show that the normalized cumulants of u, &nla,b], are
of the same magnitude as under Gaussianity, with identical leading terms, since higher-order cumulant
spectra only appear in higher-order, o(1), terms in their asymptotic expansions. Thus, up to errors of

order O(M~2 + ex(a+b)), we obtain

Rn[3,0] = V2rfs(0)M /2
En[4,0] = 27fi(0)M~Y,

see e.g. Gotze and Hipp (1983), where f.(0) = fx(0)f~*/2(0). For the spectral density estimate we
obtain that 0% = 4w ||K||§ + 27 f4(0)M !, using the techniques of Bentkus (1976), and with similar

arguments the first cross cumulants of u are

vl 1] = %IIKuglfa(mM—“%
Ev[2,1] = VaArK(0) ||| +O0M ™),

and &n[1,2] = O(M~1/?), so higher-order spectra affect &x|a,b] at most to order M~1/2. Then lack of
Gaussianity affects neither the term in (M N~1)/2 of the Edgeworth approximation for the distribution
of u (cf. qj(\?)*) nor the term in MN~! for the distribution of Yy (cf. ry), as in this last case the
approximation only depends on the leading terms of Fy[2,1] and &x[1,1], (which remain the same)
apart from the bias of f(O), which does not depend on higher-order cumulants of X;. In case of mean-
corrected estimates some contributions cancel out, as the leading term of £x[2,1] (cf. Lemma 11).

We can also estimate the MSE of stochastic approximations to Yy and analyze the higher-order effects
of the bandwidth choice when Gaussianity is not assumed. From the third-order linear approximation
to Y under condition ( 8),

1/2
Y =y [1 — %lnM*d - %UNUQ (%) / + 5 47| K ||3u %]\]ﬂ
where o ~ V4r||K||2 can be expanded up to error o((MN~1)1/2), and we obtain for non-Gaussian

series that

L 1 M\ 3 ~1/2 | —1/2
E[YN] = —§O'NI€N[171] W + 7T||K||2I<LN ]. 2 f3 (N ) s
so Bias[Y]? = (7/2)f3(0)N~1 4+ 0 (N1, and
L —d M2 2 M —1
Varlv#] = 1= b M - owmn(2,1] (1) + Anl K30+ mxl2,2) 5 + OV

M M
o —d 2 —d
1= M™%+ 4 (||K||2 K(O)) N —|-0<M +—N> .

Similar conclusions can be obtained for mean-corrected spectral estimation, incorporating in the
third-order stochastic approximation Y* (see (9)) the mean-correction bias of order MN~L, by =
—27 K (0), which remains the same up to that order. Thus bias Bias[Y3%]? has the same expression
as without mean-correction, because k% [1,1] =kn[1,1](1+O(MN ")), but the term in K(0) in the
variance is now different, since %2, 1] = o(1) from Lemma 11, and hence

1 M M
Var[Y3E] =1 - b M~ +4x (Kg + 5K(0)> ~ o <M_d + N) .
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Note that while the leading terms in the expansions for the variances depend on the properties of f(\)
at A = 0 and on K, the bias only depends on f3(0), the relative skewness at zero frequency. From an
MSE (of Y or Y}) point of view, the main focus is then on the variance contribution, and to make the
two leading terms of its asymptotic expansion of same order of magnitude we can set M ~ C N/ (1+4d) for
some positive constant C' (so M satisfies condition (8)). This implies a clear undersmoothing, to reduce
the bias of f(()), and that the normal approximation for the distributions of Yy or Y} is asymptotically
correct up to error O(M N ~1), apart from the skewness correction by #y[3,0] which is of order O(N~1/2)

as for non-Gaussian standardized X and does not depend on spectral estimation (that is, on M or K).

8 Spectral estimation and studentization at non-zero frequencies

We consider in this section nonparametric spectral estimates at a frequency of interest A, € (0, ), since
the case A\, = 7 is similar to estimation at the origin and we need not consider negative frequencies by
symmetry. We suppose in this section that Assumption 1 holds in a neighbourhood of A,. Now all the

o~ ~

arguments we have used for the analysis of f(0) can be carried over to f(X,),

N-1

ny _ 1 ¢ =~ - /WM(AO)
f(Xo) = o e_éij<M> 3(£) cos h, = X 5N X,

~ o~

War(Ao)lrs = [Warlrs cos(r—s) Ao, if we keep the symmetry of the estimate f(0) by writing f(X,) =
[ Kn(a=Xo)I(e)da = [i; Hy(a)I(r)der, where Hpy(or) = Har(a; o) = 3(Kar(a— Xo) + Kar(a+ o).
Now Hjs(«) is even and periodic like Ks(«), and higher-order cumulants of f(\,) are determined by
the fact that for N large enough the kernels Ky (a — A,) and Ky(a + A,) do not overlap for A\, > 0.
However we cannot expect f(\) to be symmetric around non-zero A, as it automatically is around the
origin, so existing odd derivatives of f(\) at A\, are not zero in general and the expansion for moments of
f()\o) might contain additional terms. Furthermore, there is less reason in general to expect a spectral
peak at an arbitrarily chosen non-zero frequency )\, than at the origin, so interpretation of correction
terms may be less immediate.

Define the discrete Fourier transform at A as w(\) = N~! Zivzl X;exp(it), so X = w(0), and denote
w(A) = wf(\) +iw! () for the real and complex components of w()). Then for A, > 0

VEOW) Y Var[VN wh(),)] = %VN(/\O) +O(N~log N),

where Vi (\,) = Z;V:_ll_N ( - %) v(j§) cos jr, = 2w f(No) + O(N~1log N), using Assumption 1 as in
Lemma 1. Then for any )\, and N such that V#()\,) > 0, we set

w0 < YNWI00) o),

Vit (Xo)

and we can define Vi ()\,) = Var[vV'N w!(\,)] = 1V (Xo) + O(N~tlog N) and uf()\,) similarly for
wl()\,). The studentized statistic at frequency A, is

—1/2
VN wh -
v, Y YR ) (1 RO TR v Ol %) .

V(Xo)
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~

Here \7()\0) =mf(X\,) and

dgf N ‘7()\0) B E[f}()‘o)]
u2(Ao) = & TFO)on (o)

are common for studentization of both wf'()\,) and w!(),), where 0% ()\,) and b¥()\,) are now the
"relative” variance (with respect to 7 f()\,)) and bias of V(),), respectively. The bias estimation follows
as for A, = 0 with b (\,), b (No) =b1(A\)M 4+ O(M~472 4+ N~llog N), and
F Do) pa(K)

fQo)dl

We can analyze the joint distribution of u(\,) = (uf¥(X\,), uf(N\o), ua(No))’ under Gaussianity using the
same definitions as for A, = 0, but in terms of the matrix Qn(X\,) = (MN)"2(on(No)Tf (X)) ™" War (o)
and the vectors ER(\,) = (cos A, ...,cos N),) /y/NVE(),) and

b1(Xo) =

€L (N\o) = (sin Xy, . ..,sin NX,) /1/NViE(N,). The characteristic function of u(),) is

e (8,11, t) = |T — 2it2XQ N (No)| "/ exp {—%ﬁﬁf (t) (I - 2it25Qn(No)) ' SEN (£) — it2EN()\o)} )

Exe(t) = tRel(\,) + tiek(\,), and the only cumulants differing from zero are x3¢[a, b, s] for a + b =
0,2, s > 0. Thus, for example, ﬂ?‘\;’[l,l,s] = 2551 (ER(N)) (ZQN (X)) ZEL (Ny), s > 0, and setting

Ry la, b, s] = Ky [a,b, ] (1\71\471)(”&“7_2)/2 we obtain:

Lemma 12 Under Assumptions 1, 3, 4, en(s) =0 as N — oo, for s>2,

d
A [0,0, 5] :Z V?f’ [0,s]M ™7 + O(en(s)),

=0

d
RN[2,0,5-2], Ay[0,2,5-2] = V3°[2,5=2]M 7 + O(en(s)),
j=0

and Ry [1,1,5—2] = O(en(s)), s > 2, where V?" [0,s] and V;“’ [2,5—2] are bounded and depend on K
and the derivatives of f at Ao, but not on N or M.

Now V[0, 8] = (2m) = (s=1)!| K [l5* | K13, o (Ao) ~ V27| K|z, and V32 [2, 5] = (2m)*/ 21K *(0) | K |*
since Hpr(Xo) = 3Kp(0) for N large enough and A, > 0.

When EX, is unknown we can use the sample mean-corrected statistic f(),), and defining Ay (Ay) =
NM—1 (f()\o) - f(/\o)) we can follow the arguments of Lemma 6 to find that if f()) is also smooth at
A =0, E[Ax(A\o)] = O (MN~tlog’N), so ba(X,) = 0, and Var[Ax(X,)] = O(MN~tlog® N), because
Hp(0) = Kp(Xo) = 0 for N large enough and A, > 0. Therefore, mean correction does not affect
spectral estimation or studentization at A, # 0 at third-order M N~!. However, a similar result to
Lemma 6 holds if residuals from a least squares cosinusoidal regression at the same frequency A, are
used. Also the expansions of Lemma 12 are still valid for the mean-corrected cumulants 7} [0 0, s,
while the cross cumulants & ‘*’\ °[2,0, s] and & _*)‘ °]0,2, s] are o(1) as for A, = 0, leading again to asymptotic
independence of u!()\,), u{z()\o) and uj ()\O).

Using Lemma 12 we can construct a valid Edgeworth expansion for the distribution of u*(\,) under
the assumptions of Theorem 3, and justify the validity of an Edgeworth approximation for the distribution
of YI#*(X\,) in terms of that for u*(),) under the conditions of Theorem 4 with
— 622 +3

(@) = eI~ XA T eSS
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(cf. (10)) coinciding again with the formal Edgeworth expansion deduced from a linear approximation to
Y#*(\,). This approximation differs from estimation at \, = 0 with respect to the asymptotic variance

and negligible bias effect of mean correction for spectral estimation at non-zero frequencies.

9 Appendix A: Proofs

We postpone the proofs of Lemmas 1 and 2 to Appendix B.

Proof of Lemma 3. We obtain for s > 0, ky[0, 5] = 257 (s—1)!(on V) ~*(MN)~%/2 Trace [(ExyWar)*] .
Then, using Proposition 1 in Appendix B we have that

257 1(s—1)! (27)2s L
(onVn)®

d
> Li(s)M ™ 4+ O(en(s)) .- (13)

Jj=0

71\[[0,5] =

Applying Proposition 1 to evaluate o3 under the same set of assumptions (s = 2),

s, VE2 N 2 9 _
N47r2 = MWTrace[(ENWM) = 4WZLj(2)M I+ 0(en(2)),
where for example Lo(2) = f2(0)uo(K?) = f2(0)||K||3, L1(2) = 0 and Ly(2) = %pg(KQ)fQ(O). Now
as 0 < Lg(2) < oo and all L;(2) are fixed constants independent of N or M, we can write for some

constants J;(s)

(UNZ—:> (47) S/QZJ )M~ + O(en(2)), (14)

where Jo(s) = Lo(2)~%/2, etc. Denoting C(0,s) = (47)" 2 (5 1)! we can obtain from (13) and (14) the
following expansion in powers of M ~! for the normalized cumulants, &y |[0, s]=C(0, s) Zj:o Lj(s)M~7 +
O(en(s)), where T';(s) = >1_, Ji(s)L;j—i(s) are constants not depending on N or M, and depending
only on f and K, with I';(s) = 0, I'2(s) = Jo(s)La(s) + J2(s)Lo(s), etc. Then the Lemma follows setting
V;[0,s] =C(0,s)I';(s). W

Proof of Lemma 4. We have rky|[2, s] = 2°s! (MN)fS/2 N7y oy * 1 (SnWar)* Sy 1. Then, using
Proposition 2 the normalized cumulants are

21 17 27 f(0)
VNCTN:| Vi (

An(2,s] = [ 47)7 s £(0) K (0)° + O(en(s +2)),

as K(0) = MK(0) given the compact support of K. Substituting the expansion for the value of Viyoy

and using Lemma 1, we obtain

Rn[2,s] = [VJ;‘ZNT [1 4+ O(N~tlogN)] (47)%s!£(0)* K (0)* + O(en(s + 2))
d
= (4m)”/%(4m)%s! £ (0 SZJ] YM™ + O(en(s+2)),

7=0
where the J,(j) are as before. The Lemma follows with V2, s] = (47)~%/2(4m)*s! f(0)* K (0)*J;(s). W

Proof of Theorem 1. In order to prove the validity of an Edgeworth expansion for the distribution

of u we check that the characteristic function of the expansion approximates well the true one. We first
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construct the approximation for 1y (t). We discuss the general case, since the same arguments will be
used later for the proof of Theorem 4. As in Taniguchi (1987, pp. 11-14), using the fact that only the

cumulants £y [0, s] and ky[2, s] are nonzero, the cumulant generating function is

741
(N M (2-9)/2 s! , _
g in(t) = gt + 3 3 S ) )4 R ), (15)

where r = (r1,72)’, with 71 € {0,2} and |r| = r1 4+ ro, and

—7/2
) = (37)  [Rorsali) ™™+ Ras(in ], 7 even
e T T
mvr) = (37) g [P0+ 2+ T e )|
(r-1)/2
* (%) [Ro,r+3(it2) ™ + Roma (it1)*(it2) 1] T odd,

where the Ry ; and Ry ; are bounded. Thus, from Lemmas 3 and 4, logyn(t) is

s(s—1)
2

IIZtH2+Z

T+

(2-5)/2
= ||ZtH +Z< ) [BN(S,t)+{(it1)s (Ztl ’Ltg 6 2}0(61\[ ] —l-‘RN(T)7

T+1
(N M (2-9)/2 ,
/ |:HN[0, s](ito)* +

nN[O,s—2](it1)2(it2)s_2] + Ry (1)

where we have grouped terms in powers of M ! in By(s,t),

d

Z { [0, s](it2)* +@Vj[zs—m(itl)?(itz)*z}.

§=0
The approximation of the characteristic function of u using its cumulant generating function, Ay (t,7),

has leading term exp{%||it||2}, multiplied by a polynomial in t, depending on the cumulants of u, and
N and M,

1 T+1 2-3 T+1 1
AN(t,T>:exp{§||z-t|2} 1+Z( ) S Bamor ——— .

.y
r n=3 T+

wherer = (r3,...,7741)", 7, € {0,1,...} and the summation is over all r satisfying >’ © T+ 3(n=2)r, =j-2.

1/2

We need only keep terms up to a certain power of (N/M)~1/2  so some terms in high powers of M !

By (n,t) may be included in the general error term, without increasing its magnitude.

To obtain a second-order Edgeworth expansion we set 7 = 2, including in Ay (t,2) terms up to order

(N/M)~1/2,
—1/2
1 + By(3,t) (%)

where in By (3,t) only the leading term (in M?) is kept in the expansion for the cumulants of order 3.

An(t,2) :eXp{%HitHQ} ) (16)

To measure the distance between the true distribution and its Edgeworth approximation, we apply
the smoothing Lemma 13 due to Bhattacharya and Rao (1975, pp. 97-98, 113), with kernel ¥. Lemma 14
studies the Edgeworth approximation for the characteristic function for [|t|| < §;1/N/M (note that the
characteristic function of the measure Qg\?) {-}is An(t,2)), whereas Lemma 15 analyzes its tail behaviour.
First,

1Py — Q) % Uar| < 2 sup  [(Pv— QW) xWuy|+2 sup  [(Py—QY)*Vayl,
BCB(O,TN)C BCB(O,’I‘N)
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where 7y = (N/M)?, (3>0 to be chosen later), and here || - || denotes the variation norm of a measure,

* means convolution and B¢ the complementary set of B. For B C B(0,ry)¢ we have uniformly

(Py = QW) % Way| < [Py x Way| + Q% % Uay |
Prob{||ul| > rn/2} + 2V, {B(0,rn/2)°} + 2Q(2){B(0,7~N/2)C}.

IA

Now QS?){B(O,TN/2)C} = o((N/M)~'/?) as this is the measure of a polynomial in Gaussian variables.
Also Prob{||u|| > rx/2} = o((N/M)~'/2), because u has finite moments of all orders. Finally, from (44)

Yoy {B(0,75/2)°} = O(lan /rn]*) = O((N/M)=20)) = o((N/M)~/?),
since p+ 8 > 1/6. For B C B(0,ry) we have by Fourier Inversion

(Py = Q) % Wan | < (2m) 21712, / (By — Q2)(6) T (1)), (17)

where P denotes the characteristic function of a probability measure P, so ﬁN = on(t) and C/Q\g\%) =
An(t,2). Using Lemma 14, (17) is bounded by

26-1/2 , R
0((%) [M—2+eN<3>]> Lo ol DTt
O((N/M)?* Py — Q) (£) T, (t)]dt, 19
FOUNAP) [ oy P = @0 0 (19)

because from (45) U is zero for ||t|| > a/(N/M)? and o’ = 8-24/37=1/3_ Then for (18) to be o((N/M)~/2)
it is necessary to choose 3 < 1/4 (due to the definition of ex(3) and 8 < ¢/(1 — q)).
Finally, from Lemma 15, and for §ymy < |[t]| and also for d;/N/M < ||t||, since my < /N/M for

N large enough (from the first element in the minimum of the definition of my), we have that (19) is

O((N/M)??) / e~ dt 1 o (N/M)~1/2),
d14/N/M<|t]|<a’ (N/M)P

and thus (19) is dominated by O((N/M)QBJFz")(f‘12m?V + o((N/M)~Y/?)=0o((N/M)~1/?), because with
Assumption 7, 0 < ¢ < 1, we have that, for some £ > 0 depending on g and p, my > eN¢. Applying

Lemma 13 the proof is complete. W

Proof of Lemma 5. Set the neighbourhood of the origin Qx = {u : |u;| < ¢;N*, 0 < p < d/(3(1+2d)),

i = 1,2}, where ¢; are some fixed constants, and expand Yy (u) around 0 in 2y, with 0] < 1:
1
Yy = dnuy — 5<s;°>vaj\,u1u2(N/M)*W + Zn(1)(N/M)™1, (20)

where Zn (1) = 3 (1+ by + UNGUQ(N/M)_1/2)75/2 o3uyud and o = (1+by) /2. Substituting for ox
and dy and their powers, we can write Yy = Y& + Zy(N/M)~!, where Zy = Z?’:l Zn(9), ZNn(2) =
u1O(M logN + NM~1=4=¢) and Zy(3) = u1usO((N/M)2[M~2 + en(2)]) . Now we use Theorem 2 of
Chibisov (1972) to prove that the error in the previous linear approximation can be neglected with error
o((M/N))Y/? if

Prob{|ZN\ > pN\/N/M} < ZProb{|ZN(j)| > %pN\/N/M} = o((N/M)~1/?) (21)

j=1
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for some positive sequence py — 0 and py+/N/M — oo. Choosing py = 1/log N, writing

(N/M)™Y2Zx(2) = wO((N/M)V2N~ logN + M~47¢]) (22)
(N/M)™?ZNn(3) = wuaO(M 2 +en(2)) (23)
and applying Chebyshev’s inequality, as u; and ug have finite moments of all orders we see that for (21)
to hold it is sufficient that the error terms in the right hand sides of (22) and (23) be O((N/M)~#), for

some g > 0, which is true due to Assumption 7, ¢ = 1/(1 + 2d).
To check Chibisov condition (21) for Zx(1) we bound Prob{Zy(1) > pn(M/N)~'/2} by

Prob {|RN(1)|(M/N)1/4 > p}f} + Prob {|RN(2)|(M/N)1/4 > p}f} =P+ P,
say, where Ry(2) = 20%uju} has bounded moments of all orders. Now P, = o((M/N)'/2) applying
Chebyshev’s inequality. Since by = O(M~? + N~tlog N) and (M/N)l/lop]_vl/5 — 0as N — oo,
P = PI‘Ob{|1 + by +O’N97.L2(N/M)*1/2’ < p;{l/5(M/N)1/10}’ and applying again Chebyshev’s in-
equality this is less than CProb {|ua(M/N)Y2| > c} = o((M/N)'/?), for some positive constants C
andc. W

Proof of Theorem 2. We follow Taniguchi (1987). Consider the transformation s = (s1,ss)" =
!/
(YJ\L,(ul,ug),ug)/ = Tn(u), say, and its inverse u = Y'(s) = (u{ (51,52),32) . Then we write, using

(1+2) ' =1-z+22—23+-- for |z| < 1, uniformly in the set 2y, defined as in the proof of Lemma 5,
1 1
u(s) = s1 [1 + §b1M_d + 5\/47T|K|282(N/M)_1/2} + o((N/M)~1/?),

where the truncation of the term in s;520((N/M)~1!) with error o((N/M)~1/?) is allowed due to the
definition of the set Q. Writing for convex sets C, Prob{Yy € C} = Prob{u e THC x R)}, it

follows from Lemma 1 that (as T is a C°° mapping on Qy),
stép ’Prob fue T (CxR)} — QE\QI) {ry'(C x R)}‘
= o((N/M)~/2) + const. sup QY {(aT(C x R))> ), (24)
where any = (N/M)~?, 1/2 < p < 1. Also, from the continuity of T, we can obtain, for some ¢ > 0,
QN {(OTRN(C x R} < QF {(Y3'((9C) x R)} (25)

and

53) {(T]_Vl(C’ X R))} /Q ) ¢2(X)q](\?)(x)dx+0((N/M)*1/2)
= / ¢2(T_1(S))qg\?)(Tﬁl(s))|J|dS—|—0((N/M)_1/2)7
Q% N{CxR}

where ¢2(-) is the bivariate standard normal density, Q% = Tn(2x) and |J| is the Jacobian of the
transformation. We can obtain, neglecting terms that contribute o((N/M)~/2) to the integrals, that

1/2
H(T() = s1)0(s2) <1_§sg [blM—umnKHQSQ (%) D
1/2
dQ(r3l(s) = 1+<%> %{VO[O,3]H3(32)+V0[2,1]H2(51)H1(82)}7
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and |J| =14 $b1 M4+ 347 || K||, s2 (M/N)% . Thus if p;(s) denote polynomials not depending on N
or M,

VTR O xR} = /Q o (14 P(S)(NV/AM) 24 o) M~ ds+o( (/M) %)

L o] [ [ 5720450 s e+ (00) )

/C o(s1) |:1+r1(81)(N/M)_1/2+T‘2(81)M_d] d81+0((N/M)_1/2),

where 7;(s1) are polynomials in s1, with bounded coefficients in N. Integrating with respect to s in R
we obtain that 71 (z) = 0 and ro(z) = —1b; (2% — 1). The proof is completed by recalling (24), (25) and
Lemma 5. As in Bhattacharya and Ghosh (1978) this expansion coincides with the formal Edgeworth
expansion obtained calculating the first three cumulants of the linear approximation Yjé =51 to Yy up
to error o((N/M)~1/2) because E[s1], E[s3] = o((N/M)~'/?) and E[s?] =1 — by M~ + o((N/M)~1/?).
|

Proof of Lemma 6. We obtain f(0) — f(0) = —2Zxy + Ry, where Ry = (27TN)_1721'WM1 and
N = (27TN)71X/WM1Y = (27TN2)71X/WM1 1'X = X/ANX, with Ay = (27TN2)71WM1 1"aNxN

matrix. The Lemma follows directly from Lemmas 17 and 18, because

Cum,[Zn] = csTrace[(SxAn )] = e (%) 27 f(O)K(0) + O < (Wy“logQN) ,

where ¢, = 2571 (s —1)! (so (N/M)Zy has bounded moments of all orders). Then, as X 5 ~ N(0,Vy/N)
and from Lemma 1, under Assumption 1, Vi = 27f(0) + O(N~tlogN), it follows that (N/M) Ry has

bounded moments of all orders too. W

Proof of Lemma 7. We can write uj = uy + (N/M)~'/2A’;, where the random variable A’y has
moments of all orders as Ay. Now Y3 = Y& + [Zn + A%] (N/M)~!, where A%, depends on Ay, us

and uz, and has moments of all orders, so it can be neglected when we approximate Y3 with Y. B
The proofs of Lemmas 8 and 9 are postponed to Appendix B.
Proof of Lemma 11. Follows as for Lemmas 3 and 4 using Propositions 3 and 4. W

Proof of Theorem 3. Follows as for Theorem 1. First, we approximate the joint characteristic function

of u* = (uy,u}). Define

* 1.
A63) = exp { 5l

v (M) (B + LB o) %] ,

where we include in B} the expansions for the corresponding cumulants up to the order M —4" but in E;‘V
only the leading terms are kept, so Bx(3,t) = 3 Z;‘l;o M~V ,[0, 3] (it2)*, By (3,t) = 3 Vol0, 3] (it2)?
and By (4,t) = 4 Vo[0,4](it2)*. Now the Theorem follows as Theorem 1 using Lemmas 19, 20 and 21
instead of Lemmas 14, 15 and 16. W

Proof of Theorem 4. We get, 6% = (1 — b%,)~'/2,

* 1 —d 1, M -1 —d—o M ? 2
oy =1 2b1M 2b2N+O<N logN + M + N log“N |,
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and 0%, = on +eny = Var| K|z +en, where ey = O(M~2+en(2)). Therefore we can write Y3 = YF +
Zn(N/M)~=3/2 where Y3F is defined in (9) and Zy(N/M)~3/2 can be neglected in an approximation
to the distribution of Y3 up to order M/N. Now we can use the same arguments as before to justify
the Edgeworth approximation for Y3 in terms of that for u*, since, under condition (8), E[s], E[s}] =

o(M/N), and neglecting terms o(M/N),
21 _ 4 _ M 2 49 _q _ M 2
Elsi] =1-bM™" + [—b2 + 47 ||K 3], Elsj] =3—6bM "+ N [—6bs + 367 K|3]

so the Theorem follows with the definition of 7y (z). B

10 Appendix B: Technical Lemmas

We first introduce the Multiple Fejér Kernel as in Bentkus (1972) or Dahlhaus (1983) for tapered series,

: . N
1 sin Nx1/2  sin Nz, /2 1 )
M (1, x,) = n/2 _ 5 { "o, }
N (m ' @n) (2m)"—IN sinz/2 sin x,, /2 (271')"—1Nt - :1exp i j—ati®i s
with z,, = — Z;:ll x;. For n = 2 this is Fejér’s kernel. We have followed the same convention as in

Keenan (1986, p. 137): although the functions @S{,L) depend here on only n — 1 arguments, we refer
to n variables, with the restriction >} z; = 0(mod27). Then @5\7)(961, ...,T,) is integrable in 1"~

integrates to one for all N and has the following properties:

e Ford >0, N>1

I,

where D¢ is the complement in II"™" of the set D = {x € II"™ : |2;| <4, j=1,...,n—1}.

" log" ' N
@x)(ml,...,xn) dry---derp—1 = O (m) ) (26)

e Forj=1,...,n—1,

/ / || ‘@%l)(xl,...,mn) dxy - -drp_q = O(N_llognle) . (27)
I I
e These properties follow due to
N 1
@1 mn)| S oy e @)l en (@)l o)l (28)

where pn(z) = Zi\[:l exp{itz} is the Dirichlet Kernel, which satisfies:

lon(@)] < min {N, 2l 1} /H on(2)] dz = O(log N). (20)

Proof of Lemma 1. Applying the mean value theorem (MVT) for f()) in an interval [—e, €], € > 0,
for some |0] <1 depending on A, since Viy = 27 [ f()\)fbg\%)()\)d)\ and [, D (N\)dr =1,

/A|<E+/|A>6] /n|f(A) — f(0)] "pﬁ)(k)’ dA

— O</|AI< INIF 012 (A)[dA + [ f]]1 +f(0)]N1> ’

Va—27f(0)] < 2r
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which is O(N ~llogN ) using the integrability of f (implied by stationarity), its differentiability around
the origin and |<I>§\2,)()\)| =O(N7Y), if [\| > € >0, from (28) and (29). W

Proof of Lemma 2. Writing the spectral estimate as f(O) = [ Kn(N)I(A)dX where I()) has ex-
pectation E[I(N)] = [, @55)()\ — a)f(a)da we obtain E[f(0)] = Ja Km(N) [ @ﬁ)(a)f()\ + a)dad.
Then

—~ (d)
slfio)] - 10 - TP~ [ k) [ e @10+ @) - )] daaa

(d)
= [ K [ 10~ Z O a0 an

= by +bo,

say, where we have used the fact that K integrates to one. Introduce the sets D = {|af, |\ < €/2},
and D¢, its complement in IT2. Let b1; and bio be the contributions to b; corresponding to D and D¢
respectively. Then, for |§| < 1, depending on o, by = [}, KM()\)CPE\?)(Q) [f'(A + Ba)a] dadX and
bl < sup 17| [ KO [ a0 a)lda = O (N log ).
IAI<e AI<e/2 lal<e/2
To study b2 note first that D¢ C A; U Ay where A1 = {|a| > ¢/2} and Az = {|A| > €/2, |a| < €/2}.

Then the contribution to bjy from A; is

= o[ 1Ku 0 -+a) - S]] dxda

- 0<N1 14 / |KM<A>f<A>|dAD, (30)
IAI<e

which is O(N ™! [;; [Ka(N)]dA) = O(N™1), as the integral over |A| > € vanishes in (30) as M — oco. On

the other hand, reasoning in a similar way, for M sufficiently large the contribution to b;5 from A, is

/ > /2/HKM()\) [fO+a) = F)] dre R (a)da

‘ / / (NBD () [F(A +a) — (V)] dadA| =0, (31)
[X]|>e/2 |a\<e/2

because of the compact support of K. Thus b2 = O (Nfl) .
Now for by, splitting the integral in two parts for |A| < e and |[A| > €, denoted as ba; and bag

respectively, we have, constructing a Taylor expansion, (with |f] < 1, depending on A),

d—1 .
SN A FA(Q
by = K |3 5005 + foen s - 22O o] aa
A<e = J! d! d!

= ( (d) _ p(d) d
ZfJ /AJKAI()\)d)\+/|/\<W/MKM()\) FDON) = FD0)| A dx

_ o(/H|KM(A)||A|d+9dA) — O(M—1-9),

as all the integration is within [—¢, €] since M — oo and using the Lipschitz property of f(4). As by, is

zero due to compact support of K, the Lemma is proved. W

Proposition 1 Under Assumptions 1, 3, 4, en(2s)—0, for s>2,

Trace[(SnWar)®] =N (27)2 1ZL JM*™1T + O(NM* ey (2s))
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where en(s) = N"*Mlog* !N and L;(s) = %uj(KS)f'j(O) with |L;j(s)| < oo and, as p;j(K?®), the
constants L;(s) only differ from zero for j even (j=0,...,d).

Proof of Proposition 1. The proof is in two steps.

First step. We bound A = |Trace [(SxWar)®] — N(2m)257 i fS (A K3, (A)dA| . First write, rogq1 = 71,

Trace [(SxWa)®] = Z HV(sz—1—7‘2j)w( 2j M2]+1)
1<r1err2s <N j=1

Z/msﬁ{f()\zj1)KM()\2j)}exp {iZ§il)\j(Tj—Tj+1)}d)\

= NEo* [ Gu(h WKy (V)RR () dAdp
HS

where @ (1) = 5% (1, -+, pa ), Gar(A ) = f(A—piz— - —pizs) Knr (A= s — - — i) - f(A—pazs),
dp = dps- - -dpsg, dA = dA1- - Ao and we have made the change of variables

H1 = AL — Ao Ags—1 = A — H2s
M2 = A2 — A1 A2s—2 = A — o — t2s—1
Mzs:/\zs*)\zs—l’ )\1:>\*M23*"'*M2:)\*M1,

(Z?; p; = 0), setting A = Aog, and expressing all the A; in terms of A and p;, j =2,...,2s. Then

A< N(2m)* /

[ 160 m) = POV O] [Kas ()25 ()] dxd (32)

We split the above integral into two sets, for small and for large ;. Define the set D = {u eIt .
sup;|p;| < 1/(2sM)} . Taking into account that [A| < 7/M due to the compact support of K, in the

set D all functions f are boundedly differentiable. Then we can use the inequality
r—1
A Ay = Bis By £ 37 |Bue ByllByss — Agil [ Agia -+ A ()
q=0

and sup, |[Kpr(A)] = O(M) to bound the integral of (32) over D by

O(NM“);O [ 100 g ) = 701 [Ear ()28 )| ara (34)
Fo(ar 3 [ 13 =g )~ Kar 01 [ )| e (35)

Then, applying the MVT and using (27) we obtain that (34) is

2s—1

o) [ 1IN Y [l
q=2

o7 ()| dyp = O 10g™ '),

On the other hand, (35) is of order O(MS log23_1N), using the Lipschitz property of K. Denote by D¢
the complement of D in II1?*~!. The contribution to A corresponding to the set D¢ is bounded by

Nt [ G K )] 95 Gn)laxd (36)
+N(2m)2 / VK (V)N / B2 (1) dp (37)
II Dc

24



The expression in (37) is O(M*log* ™" N), by (26) and [ [f*(\)K3,;(\)|d\ = O(M*~'), which follows
from compact support of K. Now (36) is not larger than

/ H |f(A2j—1) Kar(A2s)on (A2 — Azj—1)on (Azj1 — Aaj)| dAgjdAg;—1, (38)
* j:l

where D* is the corresponding set to D¢ with the former variables A;, j = 1,...,2s, defined by D* =
{{A2—=A1] >IN U{JAs—A2| > OnJU. . .U{|A2s —A2s—1| > dn}, with 6y = 1/(2sM), and a subindex 2s+1
is to be interpreted as 1. Note that the last integral only differs from zero if |Ag|, | A4l ..., [A2s| < /M.
We consider only the case where just one of the events in D* is satisfied, |Ao; — Agj—1] > on (1 <5 <'s),
say, the situation with an odd index or with more than one event being dealt with in a similar or simpler
way.

First, if [Ag; — Agj—1| > dn, then |pn(A2; — Agj—1)] = O(M). Second, we can bound the integrals in
Agj and Agj—1, with [i; [on(Azja1 — A2j) Kar(Azj)| dro; = O(M logN ), using (29), and

/ lon(A2j—1 — Aoj—2) f(Aoj—1)| dAoj—1 =/ +/ : (39)
11 |)\2j,1\§e ‘k2j71‘>€

If |Agj—1] < e then f(Ag;—1) is bounded and the corresponding integral is of order O(logN). If |Ag;—1]| > €,
as [Agj_o| <m/M, we obtain that |Ag;_1 — Agj_2|>€/2, say, as M — oo, and then [pn(Agj—1— Agj—2)| =
O(1). Thus the second integral is finite due to the integrability of f. Hence ( 39) is O(logN). There are
s — 1 integrals of each type, which can be handled in the same way. Third, the remaining integral is of

the general form
/ / ‘KM(AQS)f()\l)SON()\l — )\25)| d)\ld/\gs = O(lOgN),
11 JII

since, as in (39), the integral in A; is O(logN) for all Ao, and [ |Kpr(Aes)|dAes is O(1). Summarizing,
the integral over D* is O(M*1og?*~1N), and compiling results we obtain that A = O(MS’1 log* ' N
+ M*#log?*™'N) = O(NM*ten(s)) .

Second step. Defining Cys(s) = Y20 L;(s)M*~177 we obtain, as M — oo,

J

s—1| rs 2 1 d js J
J a0 =3 5 (55 ) £0 [l

il
=

o(sup|KM<A>|“ / |A|d+9KM<A>dA) — oy,
A 11

/H K3 (V) ()dA— Cag(s)

IN

using the Lipschitz property of f(4()) in the same way as in the proof of Lemma 2. B

Proposition 2 Under Assumptions 1, 3, 4, en(2s +2)—0, for s > 1, 1/(SxyWy)*Sn1 = N(27)25+!
X [f(O)]F K (0)] + O (M*+1 log™ ' N) .

Proof of Proposition 2. We can write 1/(XyW)/)*Xn 1 as

S

2 rassi=raes) [ {’7(7“2j1—7"2j)w(r2j_—J\22j+1)}

0<r1,...,r2542<N j=1

Z /1‘[2s+1 J(X2st1) H {f(A2j—1)Kp(Aej)}exp {z’Z?:{I/\j(rj—er)} )

= @OPIN [ Su(wei (wdp, (40)

[12s+1
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by change of variable, where ®G** (11) = ®F D (1, poen, =S5 1), Sar(p) = () Konr (i +
o) K+ - 4 pos) f(ur+ - +posn) and dp = dpg- - -dpsse1, dA =dA;- - «dAagpn. To study the
difference between the integral in (40) and f5+1(0)K3,(0) we divide the range of integration, IT>**1, into
two sets, D and its complement D°, where D is now defined by the condition D = {|u,| < n/[M(2s+
2)], j=1,...,2s + 1}. In this case we only need the smoothness properties of K at the origin (inside
D). For the difference in the set D, we can use inequality (33), the Lipschitz property of K and the
differentiability of f:

[ Sun§ 2 = [ 1 OK3 0085 o)
2s
= oM /H gl [ )| dp = O (M N 10 TN (41)
S

using (27). Focusing on the integral over the set D¢ of (40) and using (26), this is bounded by
[ 151|082 w)] du-+ 011N T log ). (12)
D(‘.
As in the proof of the previous Proposition, the integral in (42) is less or equal than

-1 s
g | IO Ko oo =y )on g =) Do e (et )| (43
=1

where D* = {|A\1] > 7/[M (25 + 2)]}U{|Aa — 1| > 7/[M(2542)]}U. . . U{|A2s—1 + Aas| > 7/[M (25+2)]}.
Also, the integral in (43) is nonzero only if |Aa, | A4, ..., | A2s| < /M.

If [Njy1 — Aj| > w/[M(25+2)] for at least one index j € {1,...,2s} we can repeat the procedure of
Proposition 1 to obtain a bound of order O(N~!'M**+!log®**" N) for this contribution in (43).

We now study the case in which |\1| >7/[M(2s42)]. First, |on(A1)] = O(M). Truncating the integral
at (M| =€, [; FA)|en(A2 = A1)|dAr = O(logN), as [Ay — A1 >€/2 if |A1| > € and |Ao| < €/[M(2542)],
since M — co. Now [, [Knr(A2)en(As — A2)|dAy = O(MlogN), and the integrals with respect to the
remaining variables can be bounded in the same way, (43) being of order O(N~*M**!1og®*™ N) again.

Therefore, from (41), (42) and the previous discussion for (43), the Proposition follows. W

Lemma 13 (Bhattacharya and Rao, 1975, pp. 97-98, 113) Let P and T' be probability measures
on R? and B2 the class of all Borel subsets of R%. Let o be a positive number. Then there exists a kernel
probability measure W, such that suppeg: |P(B) — T(B)| < 2||(P — T)xWu|| + § supgep: T{(0B)*},

where W, satisfies
3
v (50.1)9 =0 (%)) (44)
and its Fourier transform \/I\la satisfies

Uy =0 for|t] >8-2Y3/x' 3. (45)

(0B)** is a neighbourhood of radius 2 of the boundary of B, || || is the variation norm of a measure in

this case, and = means convolution. W
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Lemma 14 Under Assumptions 1, 3, 4, M~ + N~ Mlog’ N — 0, there exists 6; > 0 such that, for
It]| < d1/N/M and a number dy > 0:

—1/2
U (t) = Aw(t,2)] < exp{—d1||t||2}F<||t|>o<(%) M2+ en(3)] + %) ,

where F' is a polynomial in t with bounded coefficients and An(t,2) is defined as in (16).

Proof of Lemma 14. Similarly to Feller (1971, p. 535) we have for complex « and 3 that |[e* — 1 — ] <
ev {|a -0+ @} , where v = max{|a/, |3|}. We take (with 7 =2 in (15)):

1 M2 1 .
o =logp(t) — o lit]* = (W) > g N [P 2l (i)" (i2)" + R (2)
=3

1/2 =

and 0 = (MN_l) By (3,t). Then we have, using Lemmas 3 and 4 for s = 3,

o=

IN

—1/2
|<%> (M2 ex(3)) [it2)*+ (it2)it2) |+ 31 [Roa(ita)+ Roa(i1)*(i12)°] |

—1/2
Fl(llt)0<<%> M+ en(3)] + %) 7

where Fy is a polynomial of degree 4. Now 1|82 < F»(|[t])O(4£), where F is a polynomial of degree
6. Then

IN

2 —1/2
a1+ 120 < F<|t||>0<(%) (M2 4 en(3)] + %) (16)

for some polynomial F. Now to study -, we first bound |3| for ||t|| < dg\/N/M, o5 > 0:

~1/2
o) {; (37) 19000311+ 3i%olz. 11 ||t||}

617 { 22 19000,3] + 3(%al2, 10} < [T, (47)

18]

IN

IN

with 0 < T3 < 1/4 on choosing dg sufficiently small. Now for o we can choose a §,, > 0 so small that,

for [[t|| < da/N/M,

o) L (N e —2 M 2
ol < 1t 57)  [Vol0BI3IVA[2.1][ + O(M > en 3] [t + 7 [ Roal + [ Rz ][It

- M

IA

e {5 000,311+ 3I%0l2. 11+ 00124 e (3)]+ 3201 sl + |l

IN

o {§ + 0012+ ex)}. (18)

From (47) and (48) we have that ¢’ < exp {|[t||? [§ + O(M 2 +en(3))]} for |t]| < 611/N/M where
91 = min{dy,dg}. Then,

exp{ =167 + 7} < exp {1617 |~ + 0012 +en@)|} < xp {-arliel?) (19)

for one di > 0, ||t|| < 614/N/M. Since our approximation to ¢(t) = exp{1||it|? + o} is An(t,2) =
exp {1[|it||?} [1 + f], using (46) and (49) the Lemma is proved. M
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Lemma 15 Under Assumptions 1, 2 (somep > 1), 8, 4, M~} +N"Mlog?N — 0 as N — oo there ex-
ists dy > 0 such that for |[t|| > d1ymu, [ (t1,t2)| < exp {—dam3 } , where my =4 min{(MN’l)l/2 log N,

N@E=D/PL — 00 as N — oc.

Proof of Lemma 15. First, following Bentkus and Rudzkis (1982) we study the characteristic function
of the spectral density estimate, which itself appears in the joint characteristic function. Define 7(t2) =

E [exp {itaus}] = 7'(t2) exp {—ita E} , where

%t -1/2 N 0 ~1/2

(ts) = |I — ——"——XNW, = (12#])
) VNMoyVy M E *VNMoyVy
and f; are now the eigenvalues of the matrix X xWjs. Obviously |7(t2)| = |7/(t2)|. Now as
N
1 1 1 2

1= Varfug] = —— —5—52Trace[(EyWum)?] = —— 55 > 12,
MN 0% V2 MN 0% V2 ; i

we obtain SN 2 = 162 V2MN = O(MN). Also we have that max; |u;| = supy -1 |(EnWaz, 2)| =
j=1H; = 30NVN 3 1M lzll=1

XN Was||. From Lemma 16, for a finite positive constant ¢; depending on f and K

max |p;] < 1w, In :max{MlogN,NZ);_:Mlm} — 00, as N — oo.
J

Introduce now the notation g; = u; [c;9y]~* where |g;] < 1. We have Z;V=1 gjz =03 VEAMN(2c393%,) 71,
and (noting that NM /9% — oo, for all p > 1)

N 2 292 1/4 N 9 92 N\—i97
1955 4c¢? 9 1%
)| = 14421 N < 142 L N
I7(t2)] H( * 2MN012VV]3,> = H( RN V2
1 ..—2 2 2 -2
,192 4¢2 —g¢1 oNVINMIy
_ <1+t§ N 2012)
NM o5,V
2 9% 2 —3[ea ' +OM P en ()N MO
= (1+t2NM [ca+O(M™ +eN(2))]) ;

where co = ¢ /(7247 f2(0)|| K||3) is a constant from the expansion of 0% V3 in powers of M !, and we

have applied (14 at) > (1+¢)®, valid for t > 0,0 < a < 1. So for all n > 0, as N, M — oo we have that

2 _7]2%
[T(t2)| < A +n7) 7% (50)
for |to| > v/ NM /9y and for 11 > 0 and 12 > 0 depending on 7.
Then returning to the bivariate characteristic function, its modulus is equal to
1 . -
|90N(t1,t2)| = |T(t2)| exp {—51%55\;%(] — 2Zt22NQN) 12]\{61\[} R (51)

where R stands for real part. From Anderson (1958, p. 161) %(2&1—2#2@1\;)‘1 = RUI-2it2Xn0QN) 1SN
is positive definite as toQy is real (for every N). Then ENR(I — 2it2XnyQn) ' EnEN > 0 for all ¢ € R.
Thus for |ta] < v/ NM /Oy, for all 6 > 0, ENRI — 2itaXNQN) " 1ENEN > € for some € > 0 fixed
depending on 4, since we have that [|EyQn| = O((MN)"Y2|EyW]]) = O((MN)~Y/29y), and
lEn |l = 1/ VN, with Viy — 27 f(0), 0 < f(0) < 0o, as N — oco. Then,

1 . _ 1 1 NM
exp {—ﬁtfﬂv%(l — 2itaXNQN) 12N§N} < exp {—575?61} < exp {_1615% 92 } (52)
N
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for |t1|v/2 > 61V NM /¥y and |t2|v/2 < §;v/NM /9y, and some €; > 0 depending on 6.
Thus from (50) and (52), there exists a da > 0 such that |p(t1,%2)| < exp {7d2 JEQM} inside
N

{t el > 51\/NM/19N} C By U B, where B = {t €R? : [ty] > %\/NM/ﬁN} and
B, = {t ER?: |ty] < %\/NM/&N and [t1]| > %\/NM/ﬁN} and the Lemma follows because

NM
I

:m?v—>o())

. 1 p=2 —1
=MNming ———— N7 M
M?log“N

as N — oo. Note that p > 2 in 2 provides no further improvement in any bound, since the best rate in

Lemma 16 below is already attained when f isin L,. W

Lemma 16 Under the assumptions of Theorem 1, |SnWas|| < e19n, where 0 < ¢; < o0 is a constant
depending on f and K and ¥ S max {MlogN,N(Q*p)/Qle/Q} — 00 as N — o0.

Proof of Lemma 16. Write

, (53)

[ENWn| = sup szzh/ FOVEp(W)on (A = w)el" N drdw| = sup
2

llzll=1 llzl=1

/ Fn (A w)dA\dw
112

J,h

say, where Fy(\,w) = f(NKpy(w)on(A —w)Zy (=) Zn(w) and Zn(A) = Z;V:1
z with ||z|| = 1. In the integral in (53) we need consider only the interval w € [—x/M,n/M], with
w/M < e by M — oco. Denote the supremun of f(A) when A € [—¢,¢€] as || fe]lco. Then the contribution

from |A| < € to (53) is bounded by

z;e" for any vector

sup MIE|soll ]l /H /H on (A — @) Zy (—N) Zn ()] dAdw

llzl=1

1/2
sup MKl ol [ text@ [ [ 1zxt-a-wPas [ zmw)?dw} da

l=l=

MK | .o /H lon(@)|da < o f, K)MlogN, (54)

IN

IN

where ¢(f, K) is a constant depending on f and K, and we have made the change of variable « = A\ — w
and used the fact that [ |Zy(w)|?dw = 2m. For other A, we see that [A| > ¢ and |w| < 7/M imply
A —w| > €/2, say, as M — o0, 50 [on (A —w)| < const. Then, for 1 < p <2 and using sup, , [Zn(N)| <
VN and Hélder inequality for 1 < p < 2, the contribution from || > € to (53) is bounded by

const sup /H/Hf()\)|KM(w)ZN(w)ZN(—)\)\d)\dw

llz]l=1
1/2 1/p . B=d
< const sup [/ |KM(w)\2dw/ |ZN(w)|2dw] {/ fp()\)d)\] {/ |Zn (NPT d)x]
llz]l=1 L/1I I | Il
< constl| K12 [B o | LN 5 M2 = ¢ (f, KNS M2, (55)

using sup, , |Zy(A)| < VN and [;|Zn(A)|?d\ = 27, Then the Lemma follows from (54) and (55). M
Lemma 17 Under Assumptions 1, 8, 4, M~ + N"'Mlog’N — 0, s =1,2,...

Trace[(SnWarl1')*] = (MN)® [(27)? £(0)K (0)]” + O((NM)* ' M?*log’N).
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Proof of Lemma 17. First we observe that Trace[(XyWi11')%] = (1’SyW)y1)° and
'SyWnl= (27T)2N/2 Flu) Knr (pn + p2) @ (pa, prz) dpaapso. (56)
I

Introduce the set D = {|u;| < w/[2M], j =1,2}. Then, using Assumptions 1 and 4, for d =1,

n2 [ o) + 1) 1)y = N0 K3a(0) [ 080 G adeirdi

— o) / FG) Kt (s + ) — O K pr(0)] 18 (a1, 1) dpisdse

NMZ/

j=1,2

1@ (i1, o) | dpadpn + O (N M?) Z/ 1 (Nlaﬂ2)‘dﬂldﬂ27

which is O(M?log® N). The contribution to (56) of the integral for the complement to the set D can
be seen to be of order of magnitude O(M? log? N ), proceeding in the same way as in the proof of

Proposition 1. W
Lemma 18 Under Assumptions 3, 4, M—'+N~"'MlogN — 0, (2aN)~'1'Wy1 = M K(0)+O (M N~ logN) .

Proof of Lemma 18. It follows writing (27 N)~'1'Wy1 = [ KM(/\)<I)§3)(/\)d/\ and using the Lipschitz
property of K and the properties of the Fejér’'s kernel. W

Proof of Lemma 8. Following the proof of Lemma 2, we can write the bias E[f(")(())] — f®)(0) as
N
(=1)¥u!

Then employing the same methods of Lemma 2 with the properties of the kernel V,,, this is O ((ml,)”N ~llogN

m. )Y (2) o o m. )Y (v) )
() /H Vi () /H 32(0) [f(A— 0) — (NN + (m,) / £ ()] dx

II

Vi 00 £ -

+ (my)~?), and the Lemma follows. W

Proof of Lemma 9. Likewise for the discussion of the cumulants of the spectral estimate contained in

Proposition 1 we can write

47r

gtV F O] = T PO i) Vo, (At =1a) FO = ) Ve, (VO] (A (57)

As in Proposition 1 we have to take care of possible unboundedness of f away from the origin. We thus
consider the set of integration D = {u € [-m, 7|3 : |u;| < 1/(4M), j = 2,...,4}. Then, the integral in
(57) over the set D is

am

v

/f (A)dX + O(N~tm, log? N) = — f2(0 )/ V2 (\)dA + O(N~tmy, log? N +m; 1),
11

which is 47 f2(0)||V,, |2 + o(1), using evenness of f and its differentiability around f(0). The integral in
(57) over the complement to the set D can be seen to be O(N~'m,, log® N), using the finite support of

V,, and the properties of @%), as in the proof of Proposition 1. W

Proposition 3 Under the assumptions of Proposition 1, Trace [(ExW3,)®] = Trace (EnWar)®]+O(M*®),
Wi =AyWaAy.

Proof of Proposition 3. Follows the proof of Proposition 1. The Fourier transform corresponding to

1 Dn(\) =
A = — — — 1]
N(>\) o <1 N ) N DN()\) . € 5
j=1-N

the matrix Ay is
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where Dy()) is a version of Dirichlet kernel. Denote an(j) = 6(j = 0) — N~1. We first rewrite
Trace [(EnW},)®] as, rosn =11,

Toj—Th;
> [ (rajm—rh;_)an(rh; = ra;)wl JM L)an (rh;—T2j41)

1<y, ,.r2s SN j=1

= N JO—m—pa =i ) AN A== pia ) K A= pig: - = i) A= pggy = 1i2y)

* AN (A= s — iy ) Kt (A= 1) Aw (N ) 0% (il -+ -, o) dAdp,

using a change of variable as in the proof of Proposition 1, and du = dp)dpadpdy- - -dpss.

Now we deal with the cross products implicit in the functions an () or Ay (). The product containing
no Dy (A) equals the integral in the case without mean-correction (cf. Proposition 1). Then all the
remaining terms have 1, 2, ..., 2s functions Dy (\). We consider just one, and bound its contribution to
the trace. From the proof it should be evident that similar bounds hold for the other terms. The typical

term is

1 To—1T r Sir
_ Z ’Y(Tl_ri)ﬁw( 2M 3)"'7(7‘28—1_7"23)60(%)

1<ry,rl,e,res <N

1 ro—T S
— —N Z w( 2M 3)"’7(””28—177"23)0}( ZS]W 1)7(1"177”,1)
1<ra,...,r25,71,7 <N

which is O(N~! NM*) = O(M?#), from Proposition 2, and there is no additional term of higher magni-
tude. W

Proposition 4 Under the assumptions of Proposition 2, 1/ (EyW}3,)*En1 = O(MS*'1 log4s+1N) )

Proof of Proposition 4. We can write 1'(XxyW3;)°En 1 as

’
T2s —Tog

Z v(ri—ry)an(ry—r2) - w( M Jan Ty —T2s+1)7(T2541—T2s542)
0<ry,r,..., rosy2<N
= (@2m*t'N FQaen) [T {F i) An(Noj ) Knr (M2j) An (M) }

[14s+1 =1

X O (L, Ny = AL Ao =M+, Mgt — Mo, —Azea )AL+ dAaeps
= @0"IN[  Hy(m A (o (wdp, (58)

T4s+1
say, where we have changed variables as in Proposition 2, Hy(u) = f(p1)Kar (1 +p4)- - Ky (pr+- -+
ph) f (it pzen), ANV (1) = An(py + 1) - -An (s ++ -+ pos +pth,) grouping all the functions Ay,
and dp = dpidp)- - -dpssy.

To study the difference between the integral in (58) and f*T1(0)K fA(Qé) )0t () dp we
divide the range of integration, II***!, into two sets, Q and its complement Q°, where  is defined by
the condition Q = {|u;| < 7/[M(25+2)], j=1,...,2s+1}.

In this case we only need the smoothness properties of K at the origin (inside D). For the difference

in the set ), we can use inequality (33), the Lipschitz property of K and the differentiability of f:

AR ()@ () dp — / 03 (0)ASY (1)@ () du

2s
= O(Merlsup’Aggs)(lu)‘)/HS+Z|uj|’(I)Sss-ﬂ)(ﬂ)‘d,u:O(quLlN*llogﬁls-HN)7 (59)
I 2 1],:2
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using the fact that sup, \Ag\z,s)(uﬂ = O(1). Now, the integral over the set Q¢ can be bounded by
/ [H ()] [ AR ()@ (1) dp + O(M 1M 10g* 1) (60)
Q(;

As in the proof of Proposition 1, the integral over Q¢ in (60) is again of order O(N~'M5t1 log**™ V),
using boundedness of Aﬁs). Therefore, from (58) to (60) we have that

1/(ENWK4)SEN 1= (27T)2s+1N[f(0)]s+1[KM(O)]S/Ag\?s) (M)¢§3S+2)(/~L)d/t +0 (Ms+1 10g4s+1N) ,

which is just O (M*+1 10g45+1N) because 1'(An)?*1 = 1’An1 = 0 since [ju.ia A§35> (M)CI)%SH)(M)d,u
= (M N) T V(Ay)¥1=0.

Lemma 19 Under Assumptions 1, 3, 4, M~ + N_1M10g7N — 0 as N — oo, there exists a positive
number 1 > 0 such that, for ||t|| < 61/ N/M and a constant dy > 0:

N\ 32 N\!
[0(6) — Ay (6.3)] < exp{—d1||t2}F<||t|>0<(M) +(5) P +Md@+eN<4>]> ,
where F' is a polynomial in t with bounded coefficients.
Proof of Lemma 19. Follows as Lemma 14. B

Lemma 20 Under Assumptions 1, 2 (p > 1), 8, 4, M—' + N~'M1log?N — 0 as N — oo, there
exists a positive constant dz > 0 such that for |[t|| > d1my, |[P*(t1,t2)] < exp{fdg (mj\,)Q} with

m’ = mylog >N — oo as N — oo.

Proof of Lemma 20. Follows as Lemma 15 using the fact that the asymptotic variance of the spectral

estimate is unaffected by mean-correction, and using Lemma 21. H

Lemma 21 Under the assumptions of Theorem 3, |EnW3|| < c19%, where 0 < ¢ < o0 is a constant
depending on f and K, and Uy = VN log® N.

Proof of Lemma 21. Write as in the proof of Lemma 16, ||Xx W3, || = sup), =1 | [zs FN(A)dA|, where
Fny(A) = Zn(=21) f(M)AN(A2) K (A3) AN (Aa) Zn (M) on (A2 — A )on (As — A2)on (As — As).

Then changing variables and using the periodicity of all functions,

sup / / [y ()] dA
Izl=1 Jx|<e iz

< |i1|1:le|KH°°”f€H°O/n4 |ZN(=A1)Zn(As)on (A2 — A)en (A3 — X2)on (Mg — Az)| dA
5 1/2
< s MIKIlflle [ lontmentaontoo) | [ 1zv0P s [ [zv0- 37 ) dA] i
3
< oMKl ([ lox(@lda) < el KM 108N,
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with [;; [Zn(A)[2dX = 27 and (29). For other values of A1, arguing as in the proof of Lemma 16 and
since |A3|] < /M, we obtain that

sup/ / +/ / |Fn (N)] dA
[z]|=1J A1 ]>€ [A2|>e/2 [A2]<e/2 112

const sup / | Zn (=) f(A (/ lon( )\2—/\1)d/\2) d/\l/ [Kar(A3)Zn (M) ion (Mg — A3)| dA

ll2]l=1

+const lzllll_)l/n |Zn(=A1) f(A1)] d\q /1'[2 </H lon(As — A2)| d)\Q) [Ka(A3)Zn (Aa)on (Mg — As)| dA.

Now the Lemma follows using Holder inequality, periodicity,

sup / |Kar(A3)ZN(Aa)on(Aa — A3)[dA < sup [[Kurll2)| Zw ll2llon] = O <M1/2 IOgN) ,

llzl=1 /112 llzll=1

Sup|—1 Jiy 128 (=) f (M) dh = O (N*) ,sup, |Zy| < VN and | Zy|2 =27. W
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