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Abstract

The semiparametric local Whittle or Gaussian estimate of the long memory
parameter is known to have especially nice limiting distributional properties, being
asymptotically normal with a limiting variance that is completely known. However in
moderate samples the normal approximation may not be very good, so we consider
a refined, Edgeworth, approximation, for both a tapered estimate, and the original
untapered one. For the tapered estimate, our higher-order correction involves two
terms, one of order 1/\m (where m is the bandwidth number in the estimation), the
other a bias term, which increases in m; depending on the relative magnitude of the
terms, one or the other may dominate, or they may balance. For the untapered
estimate we obtain an expansion in which, for m increasing fast enough, the
correction consists only of a bias term. We discuss applications of our expansions
to improved statistical inference and bandwidth choice. We assume Gaussianity, but
in other respects our assumptions seem mild.
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1 Introduction

First-order asymptotic statistical theory for certain semiparametric estimates of long memory is now
well established, and convenient for use in statistical inference. Let a stationary Gaussian process
X, t =0,£1,..., have spectral density f(\), satisfying

Cov (X, Xj) = FA) cos(FA)dA, j=0,%1,...,

and for some o € (—1,1), G € (0, o),
FA) ~ G~ as A — 0T (1.1)

where ”~” means that the ratio of left and right sides tends to 1. Then (1.1) is referred to as a
semiparametric model for f(\), specifying its form only near zero frequency, where X; can be said
to have short memory when a = 0, long memory when a € (0,1), and negative memory when
a € (—1,0). The memory parameter a (like the scale parameter G), is typically unknown, and is of
primary interest, being related to the fractional differencing parameter d by a = 2d and to the self-
similarity parameter H by a = 2H —1. (1.1) is satisfied by leading models for long/negative memory
such as fractional autoregressive integrated moving averages (FARIMA) and fractional noise. The
latter, however, are parametric, specifying f(\) up to finitely many unknown parameters over all
frequencies (—m,w]. When f(A) is thus correctly parameterized, a (and other parameters) can then
be precisely estimated, with rate n%, where n is sample size. However, if the model is misspecified,
inconsistent parameter estimates typically result. This is the case even for estimates of the long-
run parameter a when (1.1) holds but the parameterization of higher frequencies is incorrect, in
particular in a FARIMA model, if either or both the autoregressive or moving average orders are
under-specified or both are over-specified.

Nevertheless, it is possible to find estimates of a and G that can be shown to be consistent
under (1.1), with f(A) unspecified away from zero frequency. Two classes of such, ‘semiparametric’,
estimates are based on the very well-established statistical principle of ‘whitening’ the data and,
as a consequence, have particularly neat asymptotic statistical properties which place them in the
forefront for use in statistical inference on memory. This whitening occurs in the frequency domain.
Let w(A) and I(A) be respectively the discrete Fourier transform and the periodogram of X; based
on n observations,

n
w(d) = (2mn) 2N X I(N) = [w(N) (1.2)
t=1
Denote by A; = 27j/n, for integer j, the Fourier frequencies. Then for certain sequences [ =1, > 1
and m = m,, which increase slowly with n, under regularity conditions the ratios r; = I(A;)/f(};),
I < j < m, can be regarded as approximately independent and identically distributed (iid), in a
sense that can be rigorously characterized. We call [ the trimming number and m the bandwidth
number.
A popular semiparametric estimate of « is the log-periodogram estimate of Geweke and Porter-
Hudak (1983), defined here (in the manner of Robinson (1995a) that relates more directly to the
form (1.1)) as the least squares estimate in the “linear regression model”

logI()\;) =logG — alogA; + uj, j=1...,m, (1.3)

where the u; are “approximately” logr;, following (1.1). Denoting this estimate of a by &, Robinson
(1995a) showed that under suitable conditions

71.2

—> , as nm — 00. (1.4)

m%(&—a) —>dN<0, 5



This is an extremely simple result to use in statistical inference, especially as the asymptotic
variance 72 /6 is independent of o. Hurvich and Brodsky (1998) showed that under slightly stronger
conditions we can take | = 1 in the estimation, while Velasco (1999a) has shown that (1.4) can
also hold, for a modified estimate, when X; is non-Gaussian but linear. In the asymptotic theory
of Robinson (1995a), Velasco (1999a), the conditions on f(A) away from zero frequency extend
(1.1) only mildly, not requiring f(\) to be smooth or even bounded or bounded away from zero.
However, under a global smoothness condition on f(A)/GA™® similar results have been obtained
by Moulines and Soulier (1999) for an alternative estimate originally proposed by Janacek (1982),
in which increasingly many, p, trigonometric regressors are included in (1.3), and the regression is
carried out over frequencies up to j = n — 1; the rate of convergence in (1.4) is then p%, rather than

1
mz.

An efficiency improvement to & was proposed by Robinson (1995a), in which groups of finitely
many, J, consecutive I(\;) are pooled prior to logging. Asymptotic efficiency increases with J, but
it turns out that the efficiency bound, as J — 0o, can be achieved by an alternative estimate of «,
the Gaussian semiparametric or local Whittle estimate originally proposed by Kiinsch (1987). This
is also based on periodogram ratios and as it is implicitly defined extremum estimate, we henceforth
distinguish between the true value, now denoted g, and any admissible value, denoted a. After
eliminating G from a narrow-band Whittle objective function, as in Robinson (1995b), we consider

a = arg min R(a) (1.5)
where
1 o= o .
R(a) = log|— >~ j°I(\)] - = > log; (1.6)
j=1 j=1

and [ is a compact subset of [—1,1]. Under regularity conditions, Robinson (1995b) showed that
m? (@ — ag) —q N(0,1),  asn — oo. (1.7)

These conditions are very similar to those employed by Robinson (1995a) for &, except that X
need not be Gaussian, but only a linear process in martingale difference innovations, whose squares,
centred at their expectation, are also martingale differences. Robinson and Henry (1999) showed that
(1.7) can still hold when the innovations have autoregressive conditional heteroscedasticity. As in
(1.4), the asymptotic variance in (1.7) is desirably constant over ag, while @ is clearly asymptotically
more efficient than & for all ay and the same m sequence.

Semiparametric estimates have drawbacks, however. Due to the merely local specification (1.1),
m must increase more slowly than n, so that & and @ converge more slowly than (n2-consistent)
estimates based on a fully parametric model. Indeed, too large a choice of m entails an element of
non-local averaging and is a source of bias. If n is extremely large, as is possible in many financial
time series, for example, then we may feel able to choose m large enough to achieve acceptable
precision without incurring significant bias. However, in series of moderate length, we have to think
in terms of m which may be small enough to prompt concern about the goodness of the normal
approximation in (1.4) and (1.7).

Higher-order asymptotic theory is a means of improving on the accuracy of the normal approxima-
tion in many statistical models. This has been most extensively developed for parametric statistics,
where in particular Edgeworth expansions of the distribution function and density function have been
derived, such that the first term in the expansion corresponds to the normal approximation while
later terms are of increasingly smaller order (in powers of n_%) but improve on the approximation
for moderate n. Taniguchi (1991, for example) has extensively and rigorously analysed Edgeworth
expansions for Whittle estimates of parametric short memory Gaussian processes. Given this work,



and Fox and Taqqu’s (1986) extension to long memory of the central limit theorem (CLT) for Whit-
tle estimates of Hannan (1973) under short memory, the existence and basic structure of Edgeworth
expansions for Whittle estimates of parametric long memory models can be anticipated. Indeed,
Liebermann, Rousseau and Zucker (2001) have developed valid Edgeworth expansions (of arbitrary
order) for quadratic forms of Gaussian long memory series, with application to sample autoco-
variances and sample autocorrelations. Edgeworth expansions have also been developed for some
statistics, which, like @ and @, converge at slower, ‘nonparametric’, rates. We note for example the
work of Bentkus and Rudzkis (1982) on smoothed nonparametric spectral density estimates for short
memory Gaussian time series, later developed by Velasco and Robinson (2001), while related results
have also been obtained for smoothed nonparametric probability density estimates by Hall (1991)
and for Nadaraya-Watson nonparametric regression estimates by Robinson (1995¢). However, this
literature seems small compared to the parametric one, and the development and study of Edgeworth
expansions for semiparametric estimates of the memory parameter seems an especially distinctive
problem, especially in view of the current interest in such estimates due to their flexibility discussed
above, the notational and expositional advantage of being able to focus on a single parameter ag, the
simple parameter-estimate-free studentization afforded by (1.4) and (1.7), and the interesting role
played by the bandwidth m in a semiparametric set-up, in which terms due to the bias can compete
with Edgeworth terms of a more standard character; indeed, our Edgeworth expansion provides a
method of choosing m, proposed by Nishiyama and Robinson (2000) in another context, which seems
more appropriate in the context of statistical inference than the usual minimum-mean-squared-error
rules.

We study here only @, and trimmed and tapered versions of it, not so much because of its
greater first-order efficiency than a, as its greater mathematical tractability. Though, unlike @, it
is not defined in closed form, its higher-order properties can nevertheless be analysed by making
use of general results for implicitly-defined extremum estimates of Bhattacharya and Ghosh (1978),
whereas the logged periodograms appearing in @ are technically difficult to handle. Our theory
also requires development of Edgeworth expansions for quadratic forms of a type not covered by
Lieberman, Rousseau and Zucker (2001) (due principally to the narrow-band nature of ours, in the
frequency domain). Various other estimates of ap that are also semiparametric in character have
been studied, such as versions of the R/S statistic, the averaged periodogram estimate, and the
variance type estimate. However, not only do these also converge more slowly than n? under the
semiparametric specification, but unlike & and & they are not necessarily asymptotically normal, or
they may be asymptotically normal only over a subset of a values, where they can have a compli-
cated a-dependent asymptotic variance; they have a nonstandard limit distribution elsewhere. Such
estimates are thus much less convenient for use in statistical inference than @ and @, and moreover
do not lend themselves so readily to higher-order analysis. Though higher-order approximations to
the distribution of @& are of course more complicated than (1.7), they are, as we show, still usable,
and indeed can be approximated by a normal distribution with a corrected mean and variance, so
that normal-based inference is still possible.

We give greater stress to a (cosine bell) tapered version of &, where the m frequencies employed
are not the adjacent Fourier ones, at 27 /n intervals, as used in (1.6), but are separated by 67 /n in-
tervals, so that two A; are ”skipped”. The skipping avoids the correlation across nearby frequencies
that is induced by tapering, which otherwise improves the iid approximation of the periodogram ra-
tios r;, to enable a valid Edgeworth expansion with a correction term of order m~L/2 (with desirably
a completely known coefficient), along with a higher order ”bias” term, which is increasing in m. The
m~1/2 correction term is what we would expect from the classical Edgeworth literature, obtaining
in case of weighted periodogram spectral density estimates for short memory series. Without the
tapering and skipping, the m /2 term appears to be dominated by something which we estimate
as of order m~1/21log* m, but if m increases sufficiently fast this term is in any case dominated by



the bias term. Tapering was originally used in nonparametric spectral analysis of short memory
time series to reduce bias. More recently, to cope with possible nonstationarity, it has been used in
the context of @ by Hurvich and Ray (1998) and in first order asymptotic theory for both & and
a by Velasco (1999a,b); tapering has also been used in a stationary setting by Giraitis, Robinson
and Samarov (2000) to improve the convergence rate of & based on a data-dependent bandwidth.
Trimming also plays a role in our Edgeworth expansion for the tapered estimate. This was used in
first-order asymptotic theory for & of Robinson (1995a), but not for & (Robinson, 1995b).

The following section describes our main results, with detailed definition of our estimates of
ay, regularity conditions and Edgeworth expansions, including implications for improved inference
and bandwidth choice. Section 3 developes our expansion to provide feasible improved inference,
entailing data dependent estimation of the ”higher-order bias”. Section 4 presents the main steps
of the proof, which depends on technical details developed in Sections 5-7, some of which may be of
more general interest.

2 Edgeworth expansions

We define the statistics
=@2rY BTy mXe™, (N = [wa (V)] (2.1)

where hy = h(t/n), with
1
h(z) = 5(1 —cos2nx), 0<z<l1. (2.2)

The function h(z) is a cosine bell taper. We could establish results like those below with (2.2)
replaced in (2.1) by alternative tapers h(-), which like (2.2), have the property of tending smoothly
to zero as ¢ — 0,2 — 1. Tapers increase asymptotic variance unless a suitable degree, £, of skipping
is implemented, such that only frequencies of form A,; are included (so £ = 1 in case of no skipping).
We prefer not to incur this greater imprecision, but higher-order bias is seen to increase in £. For
the cosine bell taper we have ¢ = 3, while larger ¢ are needed for many members of the Kolmogorov
class of tapers (see Velasco (1999a)), and on the other hand it seems ¢ = 2 is possible in the
complex-valued taper of Hurvich and Chen (2000). However we in any case incorporate a method
of bias-correction, and since tapering is in our context just an (apparently) necessary nuisance, we
fix on the familiar cosine bell (2.2). We call wy(\) the tapered discrete Fourier transform and I, ()
the tapered periodogram. Of course for h(z) =1, 0 < x < 1,wx(N) and I (\) reduce, respectively,
to w(A) and I(A) in (1.2).
We consider alongside & (1.5) the tapered (and possibly trimmed) version

ap = argmin R(«) (2.3)
acl
where .
-1 o .
Ry (o) log[ Zy In(As5) ] e Jz_;log], (2.4)

the argument As; indicating that two \; are successively skipped, and the lower limit of summation
indicating trimming for [ > 1. Notice that & (1.5) is given by replacing I5(As;) by I(A;), and I by
1; we could allow for trimming also in (1.5), (1.6) but it plays no useful role in our expansion for @,
unlike that for aj,.



We now describe our regularity conditions. The first is standard.

Assumption a. ag is an interior point of I = [a,b], where a > —1,b < 1.

In the CLTs of Robinson (1995a,b) (1.1) was refined in order to describe the error in approximat-
ing the left side by the right. This error plays an even more prominent role in higher-order theory,
and we introduce:

Assumption f.

F) =1A"%g(A), A€ [-m,m], (2.5)
where for constants ¢ # 0,¢1 and § € (0,2],

g(\) =co + c1|AP +o(JN?) as X — 0. (2.6)
In addition f(X) is differentiable in the neighbourhood of the origin and

/0N log f(\) = O(A|™Y)  as A — 0. (2.7)

Under Assumption f, we have the following properties of the
’U()\j) = )\?Ow()\j), Uh()\j) = )\;‘Owh()\j), (28)
which are so important to the sequel that we present them here, without proof.

Lemma 2.1 (Robinson (1995a)). Let Assumption f be satisfied. Then uniformly in 1 < k < j =
o(n), as n — oo,

a) Ev(\j)v
b
¢

Aj) =g(\;) + 0@~ log j),
Jw(};) = O(j~" log j),

Jo(Ar) = O (k~Io0l/2|j| =1 Haol 2 log ),
Jo(Ar) = O(kleol/2|j| =1 Haol/Zlog j).
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This result was derived by Robinson (1995a), but in the actual statement of his Theorem 2, (c)
and (d) were replaced by the weaker bound k~I%0l/2|j|=1+l*0l/2]og j < k1 1og 3.

Lemma 2.2 (Giraitis, Robinson and Samarov (2000)). Let Assumption f be satisfied. Then uni-
formly in1 <k <j—3=o0(n), asn — oo

(a)  BEvn(Xj)vn(Xj) = g(X;) +O(7?),

(0)  Evn(A\j)vn(Nj) = 0(?),

(©) Buon(\j)on(We) = O((i/n)°|j — k|2 + k5 — k| 72/%),
(d)  Evn(Aj)on(\k) = O((G/n)°lj = k|72 + k1  — k| 73/2).

Note the requirement k& < j — 3 in Lemma 2.2, which corresponds to the skipping in ap,.

In order to use our asymptotic expansions to improve statistical inference it is generally necessary
to specify 3. Estimation of § is discussed by Giraitis, Robinson and Samarov (2000). On the other
hand, when f()) is additive in a long memory spectrum and a short memory one, as can happen
in case of measurement error or as a consequence of a stochastic volatility model, we typically have
B < a. However setting aside such structure, the leading parametric special cases of (1.1), such
as FARIMA spectral densities, entail § = 2, and as this corresponds to the twice-differentiability



condition stressed in much of the literature on smoothed nonparametric estimation of spectral and
probability densities and regression functions, we explore this case in more detail, with a further
refinement which also holds in the FARIMA case:

Assumption f'. Assumption f holds with (2.6) replaced by

g(\) = co + 1| AP + e Mt +o(JAY), as A — 0. (2.9)
The main assumption on the bandwidth m also involves 3:

Assumption m. For somen > 0,

n" < m = O(n?/2F+1)), (2.10)

Note that the CLT for @, centred at ag, holds only for m = o(n?%/(26+1)) (Robinson, 1995b). We
allow the upper bound rate n??/(26+1) in (2.10) because we will also consider re-centred estimation.
The rate n2%/(26+1) is the minimum mean squared error (MSE) one, and K € (0,00) in m ~
Kn?P/28+1) can be optimally chosen, in a data dependent fashion, on this basis (see Henry and
Robinson, 1996).

For the trimming number [ we introduce

Assumption I. If |I| < 1, log’ m <1 <m'/3 If [I| > 1 m" <1< m!'/? for somen > 0.

Assumption [ implies that ”less” trimming in @, is needed when |I] < 1, as is the case if we know
X; has long memory and take I C [0,1]. (In view of Assumption «, this would not permit inference
on short memory, ag = 0, but I = [—¢,1 — ¢] would.) Strictly speaking, (see the proof of Lemma
5.7 below), this requirement |I| < 1 can be relaxed to I = [ag — 1 + €, 1] for any € > 0, so that for
ap < 0,1 =[—1,1] is possible, but of course ¢y is unknown.

We establish Edgeworth expansions for the quantities

Um:m1/2(62—a0), U,’,‘lzmlﬂ(ah—ag).

These involve the parameter

C1 ﬁ {
g, = L 28 2.11
= s ) (211)
for £ =1 and ¢ = 3, respectively, and the sequence
m
gm =m'* (=), (2.12)

n

where (2.11) and (2.12) represent respectively the coefficient and rate of a bias term. In connection
with Assumption m and the subsequent discussion, note that ¢, — 0 if m = 0(n25/(25+1)) whereas
qm ~ KP2 if m ~ Kn?P/(26+1)  We also introduce the standard normal distribution and density

functions: , 1
‘P(y):/_ B(y)dy, ¢(y):Ee—y2/2_

Theorem 2.1 Let Assumptions «, f, m,l, hold.
(i) If m = o(n?8/ZA+1) then as n — oo,

sup P{UL <y} — ®(y) — ¢(y)(B3qm +m Y ?p(y))| = o(gm +m /) (2.13)



where
ply) = 2L (2.14)

If m ~ Kn?%/(20+1) K € (0,00), then as n — oo

sup‘P{U,’fl <yl—dy+ 03Kﬁ+1/2)‘ = o(1). (2.15)
yER

(ii) If log* m/(m1/2qm) -0

sup| P{Un <y} = ®(y) = 60)610m| = olan). (2.16)

There is no m~'/? term in the expansion (2.16) for the untapered estimate @ because it is, in

effect, dominated by a remainder term whose order of magnitude depends on the approximation
errors in Lemma 2.1, so we are only able to obtain a useful asymptotic expansion by making m
increase faster than n%/(%+1) such that ¢,, dominates. Our conditions are only sufficient, but we are
unable to see a way of improving Lemma 2.1 to the extent of obtaining an expansion for U, involving
both m~1/2 and ¢, like in (2.13), explaining our resort to tapering. To conserve on space we focus
the discussion which follows on the tapered results (2.13) and (2.15), though some consequences for
the untapered case (2.16) can be inferred, dropping the m~'/2 term and replacing 63 by 6.

There are three cases of interest in (2.13), which can be isolated and discussed similarly as in
Robinson (1995) and Nishiyama and Robinson (2000), for different nonparametric/semiparametric
statistics.

(i) When
m/n?/ P+ 0 (2.17)
we deduce
P(US, <y) = @(y) +py)dy)m /> +o(m /).
(ii) When
m~ Knf/FtD) K ¢ (0, 00), (2.18)
we deduce
P(UL, < y) ~ ®(y) +n 220 00(y) (9, K541/ + K1 2p(y) ) +o(n=P/2640). (2.19)
(iii) When
m/nP/ B 5 5o (2.20)
we deduce
P(UL < y) = @(y) + 036(y)am + 0(am)- (2.21)

In case (i) m is chosen so small that the bias does not enter. If we believe in (2.17) there is
the benefit that 63, which will be unknown in practice, is not involved in the refined approximation,
only the known polynomial p(y). In case (iii), on the other hand, m is so large that the bias
dominates; as in (2.16) for &, (2.20) permitting only a slightly slower rate for m (2.20) is the region
of m = o(n??/(26+1)) that approaches the minimal MSE case

m ~ Kn?/ 6+ (2.22)



Case (ii) is the one in which m is chosen to minimize the error in the normal approximation.
Note the difference between (2.22) and (2.18). Case (iii) has the advantage of entailing a smaller
confidence interval. However, this is little comfort if the interval is not suitably centred and the
normal interpretation appropriate, and Robinson (1995¢), Nishiyama and Robinson (2000) suggested
that it is m that minimizes the deviation from the normal approximation that is most relevant in
normal-based inference on ag, not minimizing the MSE, making (2.18) more relevant than (2.22).

We can go further and optimally estimate K in (2.18). As in Nishiyama and Robinson (2000),
consider, in view of (2.19),

K,opt = arg min max gzﬁ(y)((%KB“/2 + K_1/2p(y)) ,
K yER

choosing K¢ to minimize the maximal deviation from the usual normal approximation. We obtain

the simple solution
Kope = (363(8 +1/2)) M/ (+D,

An alternative to carrying out inference using the Edgeworth approximation is to invert the Edge-
worth expansion to get a new statistic whose distribution is closely approximated by the standard
normal. From (2.13), uniformly in y,

P(U} <y) =@y + b3gm +m /?p(y)) + o(qm +m*/?) (2:23)

and hence
P(U}, + 050 + ply)m™/* < y) ~ (y).

It may be shown that (2.23) implies

P(Up, + 03qm + ply)m ™ /* < y) = ®(y) + o(gm +m ™~ '/?)
uniformly in y = o(m'/%). Indeed, by (2.13)

P{Uy, <y} - <I>(y + 030 + m*wp(y)) = 0(qm +m /).

Set 2 = y + 03¢, + mY?p(y) =y +m ?y?/3 + a where a = 0sq,, + 2m~/?/3. Then

 —1+/1+4m /2(z —a)/3
v= 2m=1/2/3 '

Assuming that z = o(m'/%), by Taylor expansion it follows that

y=z=a—-m Y?(z—-0a)?/3+o0o(m ) =2 — b3q,, — m " ?p(2) + o(m~1/?).

The CLT (1.7) of Robinson (1995c) was established without Gaussianity, and with only finite
moments of order four assumed. The asymptotic variance in (1.7) is unaffected by cumulants of
order three and more, and thus hypothesis tests and interval estimates based on (1.7) are broadly
applicable. Looking only at our formal higher-order expansion, it is immediately appearent that
the bias term (in ¢,,,) will not be affected by non-Gaussianity, so nor will be the expansion when
m increases so fast that ¢, dominates (see (2.16), (2.21)). Moreover, preliminary investigations
suggest that when X; is a linear process in iid innovations satisfying suitable moment conditions,
the m~'/2 term in the formal expansion is also generally unaffected. (Specifically, the leading terms
in Corollary 7.1 are unchanged.) However as proof of validity of our expansions even in the linear
case seems considerably harder and lengthier, we do not pursue the details here, adding that the
estimates @, @ optimise narrow-band forms of Gaussian likelihoods, and are thus in part motivated
by Gaussianity, which in any case is frequently assumed in higher-order asymptotic theory.



3 Empirical expansions and bias correction

The present section develops our results to provide feasible improved statistical inference on ag. An
approximate 1007% confidence interval for ag based on the CLT is given by
(ap — Z,Y/gmil/Z, ap + Z,Y/gmil/z), (3.1)
where 1 — ®(z,) = . From (2.23) a more accurate confidence interval is
(Gp + O5qmm /> +p(zw/2)m_1 - zw/gm_lm,ah + O3q,m /2 +p(z7/2)m_1 + Zw/zm_lﬂ). (3.2)

Of course (3.1) and (3.2) correspond to level-y hypothesis tests on ap. We reject the null hypothesis
ap = af, for given af (e.g. a =0, corresponding to a test of short memory) if o falls outside (3.1)
or, more accurately, (3.2).

An obvious flaw in the preceding discussion is that #3 is unknown in practice. However, given
an estimate #3 such that

9\3 — 03 a.s, (33)
we deduce from (2.13) the empirical Edgeworth expansion
P{UL <y} — ®(y) — d(y)(@: 1/ = 1/ 3.4
sup | P{Un, <y} = @(y) = 6() Bsam +m~""p(y))| = olgm +m /%), as. (3.4)
y

We can likewise replace 65 by 83 in (2.15), (2.19), (2.21), (2.23) and (3.2).
We discuss two alternative estimates of #5. Our first is

o D~
b3, = (W)BRW (@n), (3.5)
where 81 (@)
RO (@) = S (@) 36
m ( ) SO,m’ (O{) ( )
in which )
1 m
Sk, () = o’ > vF g In(Nsg), k>0, (3.7)
=l
and ,
m
Vi =logj—(m' —1+1)"" Zlogj, (3.8)
=l

where m' is another bandwidth, increasing faster than m. Note that R (o) = (d/da) R () (see
(2.4)), and so R (@p) = 0. Our second estimate of 5 is

QL(E)B
B (B2 2n

where, as in Henry and Robinson (1996), ¢y and ¢; are given by least squares regression based on
(2.6), i.e.

Bz = , (3.9)

—1
~ m' 6 m/ R
Co 1 AL 1 ~
[ 1 ] = |2 ( e A% ) Z { X, }Agj In(As). (3.10)

j=l 37 j=l

Estimation of 6, is relevant in connection with (2.16). We define 51,1 by replacing Az; by Aij,
I by I and 3 by 1in (3.7), and then &), by @ in (3.5). Likewise we can define 6, » by (3.9) with 3
replaced by 1 in (3.9) and 3, Asj, I, and &, by 1,\;, I and @ in (3.10).



Lemma 3.1 Let Assumptions «, f,1,m hold, and let
nm~ 3t <m! < ploe (3.11)
hold for some € > 0. Then for £ =1,3

9171' — 0[, a.s.,, 1=1,2.

Note that (3.11) implies that n?3/(8+1) /i’ — 0 so that m = o(m').

As discussed in the previous section, we now focus on the case 8 = 2. We first modify Theorem
2.1, noting that for g = 2,

12, /¢
n )27 6[ = 55(5)27 = 173 (312)

G = m1/2(ﬂ

Theorem 3.1 Let 3 =2 and Assumptions a, f',1, m hold.
(i) If m = o(n*/®) then as n — oo,

sup| P{U}%, <y} — ®(y + O3qm + m’lﬂp(y))‘ = o(m™'/?). (3.13)
YyER

Ifm ~ Kn*/5, K € (0,00) then as n — oo

sup | P{UL, <y} = @(y + 05 K7/%)| = O(m~'12), (3.14)
yER
indeed, more precisely,

sup |P{U" + 05 K°/% <y} — <I>(y +m~Y?p(y) + m_1/2K57)‘ = o(m~'/?)) (3.15)

yeER

where
C2 4 C1 .9 22 3

Y= (a% - a) E)(ﬂ)‘l-
(i0)

sup |P{Up, + 01 K52 <y} — <I>(y)‘ = o(m_l/2 log* m)
yeER

Prompted by (2.23) and (3.4) we now consider expansions for bias-corrected estimates,

af = ap + (m/n)%05, o =a+ (m/n)%6", (3.16)
where R
~ B¢,1
oy = — L 1
tT (m/m")? (3.17)

(To conserve on space we consider only 6,1 here, and not 6y .) Define

Ul = m(a, — ag) = vVm(ay — ag) + qmé;, Us = vm(a® —ag) = vm(a — ap) + qmaf.

The following Theorem shows that the distributions of U U converge to the normal limit faster
than those of U" U,, (albeit slower than the optimal rate pertaining to the infeasible statistics
U, + @83, Unm + qmb1). Set ki = /m(m/n)*(m' [n)*, vy = (m/m')?, 1o = ki + v +m~ 12,

10



Theorem 3.2 Let 3 =2 and Assumptions a, f',1 hold. Let
[<m<nd~c, m'te <m/ =o(min(n'~¢,n2m=5/4)) (3.18)

for some € > 0. Then as n — oo,

sup|P{U <y} = @(y)| = O(rm) = 0 (3.19)
YyER
and, more precisely,
sup| P{U" <y} — <I>(y + (Bsaz — b3)kp +m ™ ?p(y) — vmy)‘ =o(rm) =0 (3.20)
YyER
where 1 ¢ 40
C1 2 Cy 2
S by = = —(—)2. 21
“=a3ta) =) (3.21)
Also,
sup|P{U}, <y} — ®(y)| = O(rm + m~%log* m) — 0. (3.22)

yeER

On choosing m ~ Kn®'* m' ~ K'n'®/1 for K, K' € (0,00), it follows that k,, vy, both increase
like m~1/2? and so the term 7, in the error bounds of (3.19) and (3.20) is minimized by the rate
= n~ %11 Moreover, it may be shown that we can then invert (3.20) to get

o |Su(p oy ‘P{U;l +m—1/2(K5/2Kz2(0a — o)+ ply) — (K/KI)ZZ/) < y} _ @(y)‘ _ o(m_1/2).
y:ly|=o(m1/6

On the other hand if m/n®/™ + m/m/*/> + m'm3/? /n? — 0 (as is true if m' increases either like
nm~'/% or n'%/11) then again we have r,,, = m /2 in (3.19), (3.20), but this converges more slowly
than n=*/'%; note that here kp,, v, = o(m~'/?) so the correction terms of orders ky,,v, on the
left side of (3.20) can be omitted. On the other hand, if m' = o(n®/'') then for any choice of
m satisfying our conditions we have k,, = o(ry,), so the correction term in k,, can be omitted.
Finally, if n%/1'/m — 0 and m = O(n®°~¢) then r,, in (3.19), (3.20) converges more slowly than
m /% = o(max(k,, v )), indeed on equating the rates of k,,,v,, (so m' increases like nm /%) we
obtain r,, = m9/4/n2, which decreases more slowly than n~*!" but no more slowly than n=9/4; of
course in this case the correction term of order mm~'/2 on the right side of (3.20) can be omitted.
For example, in the case m ~ Kn*/> discussed in Theorem 3.1 (where there is not even a central
limit theorem for @y, centred at ag), we must have m’ ~ K n/1° and hence r,, = n~/% in (3.19),
(3.20), while we can invert (3.20) to get

sup ‘P {U;;(l — (K/K')?n~ %) + KK ?n~/%(fa — v) < y} - <I>(y)‘ = o(n~'/%).
y

With regard to (3.22) for the untapered estimate, the error r,,, +m ! log* m is minimized, for large
n, by m = K(nlogZn)8/11 m’ = K'n'%/111og?*! n, whence it decays like n~4/1110g%%/™ n. However
it must be stressed that the m~'/2log* m component of (3.22) is just an upper bound.

We stress that the choices of m,m’ discussed above are designed to minimize the error in the
normal approximation, but the upper bound choice m = n8/9~¢ in (3.18) entails an asymptotically
smaller confidence interval. Moreover, from the stand-point of minimum mean-squared error esti-
mation, the methods of Andrews and Guggenberger (2000), Andrews and Sun (2001), Robinson and
Henry (2001) provide optimal choices of m of order n'/2=" for arbitrary small > 0, while those
of Moulines and Soulier (1999), Hurvich and Brodsky (2001) provide an optimal choice of order
(n/logn)'/?.
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4 Proofs for Sections 2 and 3

To avoid repetition we attempt to cover both the tapered estimate, &j, and the untapered one,
@, simultaneously in the proofs, for brevity denoting both @; likewise, except in Section 7, we
use R(a),Upn,I(N),£,0,1, to denote, respectively Rp(a),U" I;(N),3,0s,1 in the tapered case, and
R(a),Up, I(N),1,601,1 in the untapered case. We also introduce

Em, = log4 ml{gzl} +171/2 log2 ml{[:3} (4.1)

meaning that we have k,,; = [7'/2log? m with tapering and ,,; = log" m without tapering, and
the remainder terms

A, = max(m_1/2, (m/n)ﬁ), &m = (m/n)ﬁ +m~ Y2 ¢ m_1/2/@m7l, (4.2)

A,, being the remainder in our final expansions and A, (= O(A,,)) that in auxiliary expansion.
Note that A,,, = m~'/? when m = O(n??/(26+1) (as in Theorem 2.1) and A,, = (m/n)? otherwise.
Throughout, C denotes a generic, arbitrarily large constant.

By the mean value theorem

RW(@) = RM(ap) + (@ — ag) R (ag) +

where p
(7) -
RY)(a) = T R(a).

Writing Sy, (a) = =" V’?)\%I()\gj) (cf (3.7)), with v; = v p, (see (3.8))

com j=t"J

R () < AS0(@) _ o TR T0w)
— So(a) T Y

where i = (m —1+1)"* 3. log j. Then with S = Sk(a0), R*) = R (ay), we have

. St R(z) . S2S50 — Slz R(3) _ 5353 — 3555150 + 2513

(1) — 21 —
B =g 0 53

Note that under the above assumptions P(Sy > 0) = 1.

Remark 4.1 RV, R® R®) are invariant with respect to the scaling constant in Sy. Therefore,
without loss of generality we can replace (2.6) in the proofs below by

C
g(N) =1+ ;wﬁ +o(|A%). (4.4)
and (2.9) by
g = 1+ 2+ 20t 1oAY, (4.5)
Co Co
PROOF of Theorem 2.1. Define
Z; =m'*(S; — ES;), j=0,1,2,.... (4.6)

12



By Lemma 5.6 we have _
Un=-Bmn+Vn+ A}n—i_&ém:

where
B,, =m'/?ES,(2 — ES,) — m*/*(ES,)? (4.7)

and

Z1 7y + 7}

Vin =—21(2 - ESy) + /2

+ (221 + Z,)ES;, (4.8)
where § > 0 and &, denotes a remainder term. Set V,, =V, + Z}n”. Thus

P(Um <y) =PV, <y+ Bn). (4.9)
By Lemma 6.3,

sup P(V;, <y) - 8(y) — m Y2p(y)p(y)| = o(An). (4.10)

It remains to derive an expansion for B,,. By Lemma 7.1, bearing in mind that (m/n)? = O(m=/2),
we have ES; = 0(m/n)? + o(m™") + O(m™ k), ESs = 1+ o(m~'/?), so that

m*2ES; = 0qy, + o(qm +m %) + O(m ™ ?k0), m?ES) (2 — ESy) = gy + o(qm).
If m = o(n??/(26+1)) then ¢,, — 0, and
B = 0 + 0(qm +m™?) + O(m™ k). (4.11)
If m ~ Kn2P/(26+1) then ¢, ~ Kt1/2 and we obtain
B,, = K120 4 o(1). (4.12)

(4.9) - (4.12) imply (2.13), (2.15) of Theorem 2.1. []

PROOF of Theorem 3.1. This follows the lines of that of Theorem 2.1. Relations (4.9), (4.10) remain
valid. Recall that g, = (m/n)?>m'/?, and under Assumption m, ¢, = O(1). To expand B,, we use
(7.15) and (7.16) with k = 2 to deduce

B, = 0qy, + 'qu(m/n)2 + ( 1/2) + O( —1/2 K'm,l)a (4'13)

2./ ca 4 c1.922N\, ¢
22, L\ _ _ 2 _ (2% R
5(5r) 7= dL L) e(L62e(2,0,2)-(12) = (20 55) (5)
where e(k, £, 3) and d(k, £, 3) are defined in (7.5) and (7.17). If m = o(n*/?), then g¢,, = o(1) so that
By = 0gm + o(m™/?) + O(m Uznm 1), and (3.13) follows from (4.9), (4.10). If m ~ Kn*/3, then
(m/n)? ~ K>/?>m~1/2? and thus B, = 0K°? + m Y2K%y + o(m~/?) + O(m~'/?k,,;). Therefore
from (4.9), (4.10) it follows that

o=e(1,6,2)= ()

sup|P(Uy, < y) — <I>(y +OK? + m_1/2K57) —m ™2y + 0K *)p(y + OK°/?)
YyER

= o(m™/%) + O(m™ k1)
which implies (3.15). []
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Denote by X the set of all sequences &, satisfying
P(l¢m| >mf) =0o(m™P), alle>0,allp>1. (4.14)

Note that &, € X, n,, € X implies &,,m,, € X'. For ease of exposition we denote by &, a generic
member of X.

PROOF of Lemma 3.1. Set p,,, = 5571 — 60 = (n/m")°Ry m (@) — 0. (Here and below we index some
quantities by m even if they depend on m' also, noting from (3.11) that m’ depends on m.)
By the Borel-Cantelli lemma it suffices to show that, for all § > 0,

> P{lpm| > 6} < oo. (4.15)

We show that
Pm =o(l) + m~ ¢, a.s., (4.16)
for some € > 0 where &,, € X'. Then
P{lpm| > 0} < P{o(1) > 6/2} + P{m" 6 2 6/2} = o(m ?)
by (4.14), and thus (4.15) holds. By the mean value theorem we have:
d

RY (@) = R (ap) + (@ — ao)%R;? (@)
where |@ — ap| < |@ — ap|. We show that
prom = |(n/m")P R (a) = 6] = o(1) + m ™, (4.17)
Prum = (nfm! )@ — o) o R @) = m™* 6y, (4.18)

which yields (4.16). To prove (4.17), note that, writing Z; /(o) = m’l/Z(Si,mr (a) — ES; (),
St (t0) = ESy s (00) + 11 ™2 Z1 s (00) = 0(m/ /n)? + o((m /n)?) +m' ™€
by Lemmas 5.3 and 7.1. Observe that (3.11) implies
(n/m")Pm=Y% < m~¢ (4.19)

for some € > 0. Thus
(n/m")? Sy (o) = 6 + o(1) +m Ep.

Applying Lemma 5.4 to Sp,m (o)L, we get
So.m (@0) " =14 0((m' fn)°) +m' g = 1+ O((m! /0)°%) + m' ™ 6.

Thus
(n/m")’ R\ (o) = (n/m')? St ms () So,m (cr0) ™

=0+ o0(1) +m™n) (1 +0(m /n)? +m' ™€) =0+ 0(1) + m ™.
Hence p1 m = o(1) + m™¢,, and (4.17) holds.
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To prove (4.18), note that |- R(l)( )| < C'log®m' (see the proof of (5.12)). Then, by (4.19)
pam < C(n/m")Pm=2|U,,|log? m' < Cm™ €,

since by Lemma, 5.7, U, log? m' = m'/2A,,,&,, log” m' = &, log> m' € X, bearing in mind that under
Assumption m, A,, = O(m~"/?). Thus (4.18) holds and the proof for 6571 is completed.

The proof for 5572 follows on showing that d; (@) = ¢ —¢; = 0, a.s. @ = 1,2. As before it
suffices to show that, for all 6 > 0

ZPWW )| >0} <o0, i=0,1. (4.20)

By Lemma 5.8 with k = p = 2, P{|a — ap| > (logn) 2} = o(m™?2), it suffices to prove (4.20) in case
|& — ap| < (logn)~2. Similarly to the proof of Lemma 3.1 it remains to show that

|dim (@) = 0o(1) + m™ &, i=1,2 (4.21)

for some € > 0 where &, € X'. By the mean value theorem:

idi,m (@)

divm(&) = diVm(ao) + (& — Oéo)da

where |@ — ap| < |& — ap] < (logm)~2. We show that as n — oo for i = 1,2,

Edi (o) = o(1), (4.22)

Pim = dim (o) — Edim(ag) =m™ &, (4.23)
. d _ .

Pim = |8 = aoll 7= dim (@)] = m™Em, (4.24)

which yield (4.21).
First, (4.22) follows approximating sums by integrals and Lemma 7.1. We have

194l < € (') Zo, (@0)]| + (' ) P! Zo (0 + B)1),
Phm < C (0 /1) ™) Zg s (0)| + (! /)™ Zo s (0 + B)]).
By (3.11), (m’/n)*ﬁm’*l/2 <m~¢, and by Lemma 5.3, Zo () € X'. Using Lemma 7.3 it is easy to

show that E|(m'/n) =% Zy m (ao+B)|¥ < 0o asn — oo for any k > 1, so (m'/n) =P Zg m (a0 +8) € X,
to imply (4.23). It remains to show (4.24). Since |@ — ap| < log 1, it is easy to see that

d d
|%5’07m, (@)] < C(logm)So m (), [(m'/n)~ B So m(@+ B)| < C(logm)Sp m' ().
Thus
p;cm < Clam — ap|(m'/n)~P logm So,m (o) < C(m'/n)~" 1/2|U [logm So m (o).

Since under Assumption m, A,, = O(m~'/?), from (4.19) and Lemma 5.7 it follows that
(m' /n)Pm = 2|U,, | logm = m™¢,, logm € X.

This and So,m' (o) € X imply that pl,, =m™E,. []
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PrOOF of Theorem 3.2. By Lemma 5.6,

Up = =B + Vi + ALH¢, (4.25)
By (4.13)
B = 0qm + 0o(kp +m ™) + O(m™ Y2k, 0), (4.26)

since ¢, (m/n)? = kv = o(ky). This and Lemma 4.1 give
m1/2(a* —ap)=U, + qmg* = —(0a — b)ky, + Vi, — v 21
+0(rm) + O™ 2 ) + (R + v) 0,
where § > 0, writing o = §§ This and Lemma 6.4 imply (3.20). []
Lemma 4.1 Suppose that the assumptions of Theorem 3.2 hold. Then
0% @ = O — (00 — b)ky, — Z10m + 0(r) + 0506, (4.27)
for some 6 > 0, &, € X.
PROOF. Set jm := (1 — Uy )qm 0" and t,, = (m/n)?. Then q,, = m'/?t,,. We show that
Jm = 0qm(1 — vm) — (Ba — b)ky, — Z10m + 0(km + U +m™?) + 010, (4.28)

where 6, ag, by are give in (3.12) and (3.21). Dividing both sides of (4.28) by 1 — v,,, and taking into
account that v, — 0 gives (4.27). By Taylor expansion

(@ — ap)?

Jm = Von B (@) = Vo (B (c0) + (@ = ao) By (o) +

R®) (d)).
Thus
jm = dl,m + d2,m + d3,m7

where

1/2

dym = ml/zvag,) (), dom=m"vy,(a— ao)R,(s,) (o),

1&va3$} (@).

Ga,m = 1M 7]
We shall show that
dim = 0vV/mtm + (v — 0a)kp + 0(rm) + v, (4.29)
dy . = —OVMt O — Z10m + 0(rm) + 0506, (4.30)
d3,m = vy &, (4.31)

for some ¢ > 0 where 8 = e(1,£,2),v = d(1,£,4),a = ¢(0,¢,2) are given by (7.5) and (7.17); then
(4.27) follows.
Note that dy ,, = m*/?(m/m’)%S; s (a0)So.m (ap) . We have
_ 1—1/2 _ 2 2 1=1/2
S1,m (o) = ES1 m (a0) +m Z1 () = Oty +0ts, +o(ts,) +m Em
since Zy m (o) € X by Lemma 5.3, and Lemma 7.2 implies that

ESl,m’ (O{O) = etmr —+ ’Ut%nr —+ O(t;z,n/ + mlil/z). (4:32)
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Lemma 5.4 applied to Sp m (cp) ™" implies that
So.ms ()™ =2 = So s () + 0(tyr) + m'_l/me,
whereas by Lemma 7.2 and Lemma 5.3
So,m () = ESo,m (o) + m'_1/2Z07m/ (ap) = 1+ atpy + o(tm) + m'_1/2§m.
Since (m/m')?t, = t, we get
dim = m'*(m/m')? (thr +vtd, +o(t2,) + m'_l/me) (1 — atyy + 0(tm) + m'_l/Zﬁm)
= Ovmty, + (v —0a)vVmtyt, + o(kn) + v,l,jdﬁm

for some ¢ > 0. Thus (4.29) holds.
We now estimate dy ,,. By Lemma 5.4 and Lemma 7.2,

) (00) = (Sa.m(20)So.m(@0) — St (20)%) S, (a0) > = 1+ O((m' fm)® + '~ /*),
and by (4.25)-(4.26),
Un = Vm(@ — ag) = —y/mtm + Vi + 0(r) + O(m™ 2k 1) + ALFg,,.

From (4.8), Lemma 5.3 and (4.32) it follows that V,,, = —Z; + &mfm. Thus U, = —0/mt,,, — Z1 +
o(rm) + O(m ki) + Aém, and

d2,m = vm(_e\/atm - Z1+ O(Tm) + O(m_1/2”9m,l) + szm)(l + Zmém)

= —O0vVmtyvm — vmZ1 + o(km + vp) + v,l,j"iﬁm

since A,, < vl for some § > 0. This proves (4.30).
Finally, note that

|d3,m| < v~ V2UZ|RE) (@) = vm'/?A2,62,|RE) (@)

by Lemma 5.7. Similarly to (5.12) we can show that |R£2,) (@)] < C(logm')*. Since under (3.18)
m'/2A2 < vd for some § > 0 we get |d3 .| < vLF9¢,. Thus (4.31) holds. []

5 Approximation lemmas

To characterize negligible terms of our the expansions we shall use the following version of Chibisov’s
(1972) Theorem 2, which we present without proof.

Lemma 5.1 Let Yy, = Vi, + 02,6, where 6, — 0 as m — 0,

P(|&m| > 6,,5) = 0(dy,), some 0 < e <1, (5.1)

and V,, has the asymptotic expansion

PV <y) = (y) — ¢(y) (0m101(y) + Om,2p2(y)) + 0(0m) (5.2)
uniformly in y € R where p1(y), p2(y) are polynomials and 6y, ; = O(6y),% = 1,2. Then
P(Ym < y) = ‘I)(y) - ¢(y)(5m,1p1 (y) + 5m,2p2 (y)) + 0(6m) (53)

uniformly in y € R.
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We shall use the following corollary of Lemma 5.1 for the remainder terms &, € X defined in
Section 4.

Lemma 5.2 Suppose that 6,8 > m¢ and Y, = Vi, + (5,1n+€’£m for some € > 0,€¢ >0 as m — 0, and
&m € X. Then (5.2) implies (5.3).
We first discuss properties of the sums S;, Z; for a wider range of m than in Assumption m.

Assumption m*. m > [ is such that n® < m < nl'~¢ for some € > 0.

Lemma 5.3 Suppose that Assumptions f,l,m* hold. Then for Z; given by (4.6) and any j =
0,1,2,...
Z; € X. (5.4)

PROOF. By Lemma 7.4, for any k > 1, E|Z;|* < oo uniformly in m — oco. Thus (5.4) follows by
Chebyshev inequality. [ ]

We consider in the following lemma which is related to the Lemma of Robinson (1995c¢), properties
of general functions Y;,, = f,,,(So,S1,...,Ss) of the variables Sy, (3.7).

Lemma 5.4 Let (4.4) and Assumptions f,1,m* hold. Let Yy, = fmn(So,S1,...,S3) for a function
fm such that for some 6 > 0 the partial derivatives (0°/0x;x;) fm(zo,...,23),%,j = 0,...,3 are
bounded in |x; —ej| <6,5 =0,...,3. Then as n — oo,

3
Ym = an(607 €1,-.- 763) + Z %Jt}n(eoa €1y---, 63)(Sj - ej) + O((m/n)ZB) + m71€m7 (55)
P j

Yin = fmleo,e1,...,e3) + O((m/n)?) +m~ Y%, (5.6)

and
Y, €&, (5.7)

where &, € X.

PROOF. Observe that for any j = 0,...,3, we can write Y, 1(m~"/2|Z;| > §/2) = m~'¢,, where
&m € X. Indeed, for all p > 1

P{l&n] > m®} < P{m™"%Z;| > 6/2} = o(m™?),
since Z; € X. Therefore
Yin = fm(S0,81,...,8)1(m™Y?Z;| < 6/2,5=0,...,3) + m™ .
We have by Lemma 7.1 below that
E(S;) = ei +O((m/n)? +m~'/?), i=0,1,2,3, (5.8)
where by (7.5),eo =1, e =0, ex=1, e3=—2.By (5.8),

S; =ES; + m_1/2Zj =ej +O((m/n)? + m~Y?) + m_1/2Zj.
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Thus if |m~1/2Z;| < §/2 for any j = 0,...,3 then |S; —e;| < ¢ for large m, and by Taylor expansion
we get

3
0
Y = fm(eo,e1,...,e3) + Z —x'fm(eo,el, —.,e3)(S; —e€j)
0 9%

3
+0(> (S, 2+ 0((m/n)*?) + m='&,,.

7=0
In view of (5.8), (5.4),
(S; = e)* < 2((BS; = ¢)* + m™122) = O((m/n)**) + 271 23

= O0((m/n)*) +2m~'¢, (5.9)

since Z; € X. This proves (5.5). (5.9) implies that |S; —e;| = O((m/n)?) +m~='/2¢,,, and therefore
from (5.5) it follows that (5.6) holds. (5.6) implies (5.7). []

Lemma 5.5 Let (4.4) and Assumptions «, f,1, m* hold, and let

m<n¥WI " some e > 0. (5.10)
Then
1/2 p(1) (2) Un, 146
m-/*R"Y (ag) + Un R (ap) 5173 (a0) = A %6 (5.11)

for some § >0 and &, € X.

PROOF. Multiplying both sides of (4.3) by m!/2, the left hand side of (5.11) can be written as
AlFo¢, with
Em = O(m AL RW @) +m AL U P I RM (a)])

where |& — ap| < |&@ — ap|. It remains to show that &, € X'. We show first that
|R™(a)| < Clog m. (5.12)

Now R*(a) is a linear combination of terms

F°(@)F}* (a) ... Fi*(a)
.. =4 <lp,... <4 .1
Fé(O_é) ) lo + +l4 ) 0_l07 7l4 =~ % (5 3)
where i
d = .
Fk(a) = da—kFo(a), Fg(Oé) = ]2_;] I(/\lj)a k Z 0.
Now

[Fi()] < log"m > j°I(A\;) = (logm)* Fy (a).

Therefore the terms (5.13) are bounded by log* m and (5.12) holds. By Lemma 5.7, Uy, = m*/2A 6
where &, € X'. Assumption (5.10) implies that

m'2A2 < A% somed > 0. (5.14)
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Therefore
Em < CmM'PA P IRW(@)] + m!2A2Z 08 (logm)*) < C(m'2A P RW(@)] + €, (logm)*).

Thus, for large m, .
P{lgm| 2 m*} < P{IRM(@)| > 0} + P{&n > m*}

< P{a==+1}+ P{&n > m/3} = o(m™7)
for all p > 1, since P{@ = £1} = o(m ") by Lemma 5.8 below, using the fact that R())(a) = 0 if
a € (—1,1), and P{&,, > m</®} = o(m~?) by &, € X. [
Lemma 5.6 Let (4.4), (5.10) and Assumptions «, f,1, m* hold. Then for some § > 0,
Un = =By + Vin + ALFO¢, (5.15)

where By, and Vi, are given by (4.7) and (4.8) and &, € X.

Proor. We deduce from (5.11) that
U, = —m?2RM — Um(R(z) -1) - mfl/ZUran(:g)/2 n A:nﬂ;gm'
By definition of R, R R(3) we can write
Unm = —m*2S11(So) = Unf(So, 1, 82) —m~/2U5,9(So, S1, 52, 83) + A 6m,
where

2
Tolo — Ty 1 _
B} -5 g($0,$1,$2,$3)—
Ty

:ch% — 3xpx1T2 + 2:{;?
223 '

h(mo)zx(;l, f($0,$1,$2) =

We apply now Lemma 5.4. Since h(eg) = h(1) = 1,(9/0xzo)h(eo) = —1, we get by (5.5)
h(So) =1—(So—1)+m &, =2— Sy + A2 ¢,,.

Similarly, since

0 0 0
f(60761762) _f(laoal) _07 a—mof(laoal) - _17 a—mlf(laoa 1)_07 a—mzf(laoa 1)_ 17

by (5.5) of Lemma, 5.4,
f(S0,51,52) =(So—1) = (S2 — 1) + m =Sy — So + Afné“m,

Finally since g(ep, e1,e2,e3) = ¢(1,0,1,—2) = —1 and g(ep, e1,€2,e4) = 1, by (5.6) of Lemma 5.4,
we have 9(50,51,52,53) = -1+ A& Thus

Un = —V/mS1(2 = So) = Un(S2 — So) + m Y2U2, + ym + AL, (5.16)
where |y, < A2.&n(v/m|Si| + |Up| +m~/2|U2)). (5.8) and (5.4) imply that
1S1] < CAm +m Y22y = A (5.17)

where &,, € X. By Lemma 5.7, U,, = m'/?A,,,&,. Thus |y,,| = m'/?A3 ¢, and, using (5.14),
|Ym| = ALY, Next, by (5.8) and Lemma 5.3,

Sy — So = (ESy — ESo) +m™"?(Zy — Zy) = O(Aw) + m™Y?(Zy — Zy) = A,
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and S1(2 — So) = Apém,  Si(1 = So) = A& where &, € X. Thus, repeatedly applying the
recurrence relation (5.16) and taking into account (5.14) we get
Un = —vVmSi(2—S0)+vmSi(Ss — So) +m 2 (v/mS1)? + A&,
= —V/mS1(2 - 8) + m~ 2 (VmS))? + Al¢,,
= —VmES|(2—ESy) — Z,(2— ES,) + Z,ES, + m~Y*2, 7,
+ (m1/2(E51)2 Y 27,ES) + m_1/2Z12) AL
= —Bp+ Vi + AL

This completes the proof of (5.15). []

Lemma 5.7 Let (4.4) and Assumptions «, f,1, m* hold. Then
Un =m"? A (5.18)

where &, € X.

PROOF. By Lemma 5.8, Up,1(|a — ap| > log ™4 n) =&y € X. It remains to show that Uy, (|a — ap| <

log™*n) = &, € X. Let & — ap| < log™*n. Then as n — oo, @ € (—1,1) and, consequently,

RW (@) = 0, so that

Un (@ — ap)
2

for |@ — ag| < |@ — ap|. Similarly to the proof of (5.12) it can be shown that |R®)(a)| < C(logn)?,
so that |@ — ao||R®)(@)| < log™" n and

0=m'?RY +U,,R® + R®)(a)

0=m?RY + U, {R® + O(log™" n)}.
Thus
Up = —m'?RO{R? + Olog™' n)} ™" = —m"/%8, £.(So, S1, S>)
where, by definition of R, R(),

Loy — X2 _ -1
fr(zo,z1,21) = mal (% + O(log ! n)) .
0

Since
fn(eo,e1,e2) = fn(1,0,1) = (1 + O(log_1 n))~! < oo,

Lemma, 5.4 implies that f,,(So,S1,S) = &m € X', whereas by (5.17) S; = A&, to give (5.18). [
Lemma 5.8 Let (4.4) and Assumptions «, f,l,m* hold. Then for any s > 1,

P{la — ao| > (logn) ™"} = o(m™"),
for allp > 1.
PROOF. Let € > 0 be arbitrarily small. Set F} = {a € [-1,1]: (logn)* < |a—ap|,a0 —a < 1 —¢},
Fr={l-e<ay—a<l+e F={ac[-1,1]:a—a>1+¢€}. If |I| <1then I C F; when

€ > 0 is small enough. In that case F» = F3 = (. Hence we shall consider F», F3 only for |I| > 1
when [ > n" holds for some n > 0 by Assumption [.
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It suffices to show that

di:=P{la€F;} =o(m?), i=1,2,3. (5.19)
We have R
d; < P{R(a) < R(ay),a € F;} = P{log(FO(( ))) <(@—-ay)m, ac F;}
= P{ go(fo)) < elamoom 5 e py.
Set

fm(a) = m_l/\?OFg(a)e_(o‘_ao)m
and define s, () = fi (@) — Efp(a), em(a) = Efp(a) — E fr(ao). Then
d; < P{fn(@) < fm(ao) : @ € F;} < Plen (@) < |sm(Q)] + |sm(ao)| : @ € F;}.

We show below that
em(a) > pia (5.20)

uniformly in @ € F;, i = 1,2,3 where p; o = clog™%* n, P2a = C p3.o = c(m/1)* =21 for some
¢ > 0. Using (5.20) we get

di < P{1 < sup p; o (Ism ()] + |sm (o))} < CE{sup p; 3 (|sm(@)* + |sm(a0)*)},  (5.21)
acF; acF;
k > 1. If we show that for large enough &
E sup |1)l-7clw<>’,,1(cu)|2’c =o(m™P), i=1,2,3, (5.22)
acF; ’

and
Elsm(ao)|** = o(m™"), (5.23)

then (5.19) follows from (5.21). Since s,,(ag) = m~/2Zy and E|Zy|* < oo for any k > 1 by Lemma
7.4, (5.23) follows by the Chebyshev inequality.
Before proving (5.22) we show (5.20). With

dj(a) = jom e (@ma0m (5.24)
we can write
m~! Z A5 1)
By (4.4) and (a) of Lemma 2.1 or Lemma 2.2
BN I(A;)] = 1+ 0(j/n)? + O(j~" log j)

so that
—1

(dj(a) = D{1+0(j/n)° + O(j*log j)}- (5.25)

M-

em(@) =m
1

J

Since
=logm — 1+ o(m~'/?) (5.26)
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by Z;’"‘Zl log j = mlogm —m + O(logm), from (5.24) it follows that
dj(a) = (ej/m)* (L +o(m™*/?)). (5.27)

Case a). Let o € Fy. Then (5.25), (5.27) imply

m

=m™ Y dj(a) = 1+ m™t Y (m/ ) O((m/n)” + 7 og )
j=l

j=l
m
=m! Zdj(a) —14+0(m™m)
j=l
for some i’ > 0 when € > 0 is chosen small enough. Hence for large m

ot S (Mye0ma 1 4 o
nz;e +0(m™")

Q

a—ag , /
= 140 ™) 2 dla — aof? + O(m ™) 2 cllogn) 2

using the inequality e? — (1 +y) > cy? for y > —1+¢, ¢ > 0, and |ap — a| > (logn)~*. This proves
(5.20) in case i = 1.

Case b). Let a € F5. Then 1 —e¢ < a9 —a < 1+ € Then

m™ Y di(a) > CTm Y (j/m)* 0 = ¢ tm T Y (m/j) %0
j=l j=l Jj=l
>C7'm™h Y (m/§) > (Ce)™
j=l

Choosing € > 0 small, (5.25) and assumption [ > n” imply (5.20) for ; = 2.

Case c). Let a € F5. Then ap — a > 1 + ¢, and thus
m m
mflzdj(a) >C tm~ 12 (j/m)* > C /) >
; =

which together with (5.25) and assumption [ > n” imply (5.20) for i = 3.

To prove (5.22), set
Gi(@) = p; asm(@) =m™ Zp; (@A (I(\j) — EI(A\y)), i=1,2,3.

By Lemma 7.3,

E|¢i(a) — Gi(a)|** < CDp(a, )k, E|Gi(a)* < CDy(a)k, (5.28)



where

D I 2Z|pl p;a’d (al)|2, —2Z|p—1d
We show that
Dp(a,a) < la—a'*h, (5.29)
Dp(a) < h, (5.30)

uniformly in a,a’ € F;,i = 1,2,3 with some h = ¢n™" where v > 0, ¢ > 0 do not depend on m.
Then from (5.31) of Lemma 5.9 by (5.28)-(5.30) it follows that

E{sup |Gi()[**} < Boh* = O(n~*7) = O(n"?),
teF;

choosing k such that kv > p to prove (5.22).
We prove first (5.29). Let o, o’ € Fj, i = 1,2. Setting h; = je™™ we can write d;(a) = hj .
By the mean value theorem,

|dj (@) = dj(a)] = [h$™%° = by =] < Cllog(hy)[h] ™ |a — o],

where a € [a,a'] C F;. By (5.26) h; = C(j/m)(1+ O(m~'/?)) and |log h;| < C'logn, uniformly in
[<j<m. If a,a’ € F; then
k77 < C(m/j)*~* < C(m/j)'
and since p; o = c(logn) 2k,
Dy (a,a’) < Clogn)*+2m— ZZ (m/§)*a — o/|? < Cm~la — /|2
j=l

If a,a' € F then |h;|*~ % < C(m/j)'T¢ and, since [ > n", p; o = ¢,
D (a,a’) < C(logn)*m™2 Z(m/]) ) q — o> < Om™"? | — o |?
j=l
when e is small enough.
If a, o’ € F3 then

Pihds (@) = Clm /(5™ = (m 11+ 1),

so that ~
P (0) — B oy (@)] < C(m/lxlog(Jnf))(j.—nf)aoﬂa ~a
< O(m1) (logm)(1/5)* o — aol.

Since @ € F3 implies ag — & > 1 + €, we obtain

Dy, a’) < Cla— o' 212 log? mZ(l/j)z(He) < Cla—a'PI  og? m < Cn~"?a — o
j=l

since [ > n”. This proves (5.29). The proof of (5.30) in cases i = 1,2, 3 is similar. []

The following lemma is a modified version of Theorem 19 of Ibragimov and Has'minskii (1981,
p. 372) which follows by the same argument.
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Lemma 5.9 Let the random process ((t) be defined and continuous with probability 1 on the closed
set F'. Assume that there exist integers m > 1 > 2 and a number H such that for all t,s € F

EIC(t) = ¢(s)[™ < hlt —s]",  EIC()|™ < h.
Then
E{sup |((¢)|™} < Boh, (5.31)
teF

where By depends on m,r and does not depend on (.

6 Second order expansions.

Since by Lemma 5.6 U,, = —B, + Vi, + ALF¢,  the expansion for U, requires one for V,, (4.8).
This in turn requires one for Z = (Zy, Z,)', where Z; are given in (4.6) and defined with £ = 3 in case
of tapering and £ = 1 in case of no tapering. We assume in this section that (4.4) and Assumption
m™* are satisfied. We shall derive the expansion of V;,, in terms of Em(z Ay).

We shall approximate the distribution function P(Z < z),x = (x1,%2) € R?, by

F(z) = 3 oy : K (y)dy, (6.1)
where

a1/t 1, ‘
Py : Q) = (20) Q| l/zexp(—§y'ﬂ 'y), ye R

is the density of a zero-mean bivariate Gaussian vector with covariance matrix

Q:<€1+1 €1+2>:(1 —2>
€r+1 €242 -2 9 )’

where the elements of  are defined by (7.5) and related to Z;, Zs by

E[Z,Z)] = epro + 2(m/n)’e(p +v,£, 8) + o(An) (6.2)
(see Lemma 7.5). The polynomial K (y) is given by
1 21
K(y) =1+ (2) 5 PP () +m 25 PO ), (6.3)

where P(®)(y), P(®)(y) are polynomials defined by

2 2
PO(y) =2 e(i+4,6,8)Hyy), POy)=2 Y eijnHik),
b=t irj k=1

-1 0 ¢( Q) H. ( )__¢( .0)71873
y - I l]k) y - y - 8y16y]6yk

Hij(y) = oy : Q2 Py : ), 4 k=12.

Oy 0y;
Theorem 6.1 Suppose that (4.4) and Assumptions «, f,1,m* hold. Then

4 ~
sup|P(Z € B) — F(B)| = 3 Sup F((0B)**) + o(A,,), (6.4)
B B

for any e =m™'=° (0 < p < 1/2), where supg is taken over all Borel sets B in R*>, F(B) = [, ¢(y
N K (y)dy and (0B)€ is € neighbourhood of B. In particular,

sup [P(Z < 2) = F(z)| = o(An) (6.5)
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PROOF. Set

- /B oy - K (y)dy, (6.6)
where
Knly) = 1+ 5 PR) +m P2 PO), PRG) = 3 (BIZ:Z,] - eov ) Higly).

ij=1
We show below that

sup|P(Z € B) — F7(B)| = (4/3) sup F((0B)*) + o(Am)- (6.7)

By (6.2) it follows that
PP (y) = (m/n)? PO (y) + o(Ap)|lyll?,
where A,, = max((m/n)?,m=/?) < A,,. Therefore

sup |F*(B) = F(B)| = o(Am) (6.8)

and (6.4) follows from (6.8), (6.7).

When supy is taken over the sets B = {z: z < x}, # € R?, (6.5) follows from (6.4), noting that
supg F((OB)™) = o(Ap).

To prove (6.7) we obtain first an asymptotic expansion for the characteristic function

T(t) :T(tl,tg) :exp(itZ) t= (tl,tg), tl,t2 ZO

Set Q =tZ = t1Z, + tyZ5. We shall show that
-2 -3
log 7() = %C’qu(Q) n %Cumg(Q) + O(Cuma(Q)), (6.9)

where Cum;(Q) denotes the j th cumulant of Q. Since

tZ =471 +t:Zy =m~/? Z(thJ + 205 )/\ P (I(Xej) — EI(Aej))
j=l
we can write tZ = X'B,X — E[X'Bp,X] where X = (X1,...,X,) and B, = (b;;)ij=1,..n IS a
symmetric matrix defined by

m
m™ 2N (v + ) AP T(Agj) = X' B X.
j=l
Then (see (3.2.36) of Taniguchi (1991)) 7(¢) = |I —2iS|"L/2 exp(—i Tr(S)), where S = Ri/* B, RY/>,
R, = (r(i — j))i,j=1,...,n. being the covariance matrix of X, with r(t) = Cov(X}, Xo).

Since S is symmetric, it has real eigenvalues, denoted pj,j = 1,...,n. Therefore as in (3.2.36)
of Taniguchi (1991) we can write

n
log7(t) = —(1/2) Zlog (1—2ip;) — Zp .
j=1
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Using Lemma 8.1 of Bhattacharya and Rao (1976, p.57), we get

n* ih? L (1—w)?
log(1 — i — Z oy A S
og(l —ih) = —ih + 5 + 3 + (ih)* /0 (1—ivh)4dv

1
d‘ L w< [ 1aw=1.
‘/ l—wh ”—/ (1 + [vh]2)? ”—/0 v

Ry - p 2y, 4.
log 7(t) Zz -+ 3 223/)? + O(Z p;%) =i?Tr(S%) + §Z3T7“(53) +O(Tr(S%)). (6.10)

=1

where

Thus

Since
Cums(Q) = 2Tr([B,R,]%), Cums(Q) =8Tr([B,R,)?), Cum4(Q) = 48Tr([Ban]4) (6.11)

(6.10) implies (6.9). Note now that

2
Cums(Q) = > tpty E[Z,Z,] = t'Qt + pl7) (#),

m
p,v=1

by (6.2), where

Z toty( —€piy)-

p,v=1

Since ) is positive definite, such that ¢'Qt > ||¢||*/4, in view of (6.2)
P (D] < CAL [,
so it follows that for large enough m
Var(Q) = Cum»(Q) > |[t]*/8. (6.12)

By Lemma 7.5,

2
CU’ITL3(Q) = Z E[ZiZjZk]titjtk = m_1/2p(3) (t) + O(A%n)||t||3

ij,k=1
where
2
=2 Z €itjrklitjte.
ig.k=1
Finally, since EQ =0, _
Cumy(Q) = EQ* — 3(EQ*)* = O(AL[It][*), (6.13)
using Lemma 7.5. Hence by (6.9),
1 2) (it —1/255(3) (41 ~
log 7(t) = —5¢'Q + P 25 H,m ;’, D | o@E2 1L (6.14)
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where ||t||+ = max(||¢||,1). Set

(2) N (3) -
1 m’ (1T 1 e t
T*(t) :exp(_§tlﬂt)(1+pT$Z)+m I/ZPT?));

which corresponds to the Fourier transform of the measure F* in R? given by (6.6) (see e.g. Taniguchi
(1991), page 14). (6.7) now follows from Lemma 6.1 below using the same argument as in the proof
of Lemma 3.2.8 in Taniguchi (1991). []

Lemma 6.1 corresponds to Lemmas 3.2.5 and 3.2.6 of Taniguchi (1991).
Lemma 6.1 There exists § > 0 such that, as n — oo, for all t satisfying ||t|| < 64,
7(t) = 7* ()] < m~ " exp(—al[t||*) P(t), (6.15)
where a > 0 and P(t) is a polynomial, and for all ||t]] > 0A L
|7(t)] < exp(—a1m"), (6.16)

where a; >0, € > 0.
PROOF. By (6.14), log 7(t) = —$t'Qt + k(t), where

k(t)] < CAmlIEllS + A%IIHIL) < I1t]]% /16 (6.17)

for ||t|] < A7} where § > 0 is chosen sufficiently small.
Using (6.14) and the inequality [e* — 1 — 2| < 1|z|?¢l*l, we see that

[r(0) =7 (O = exp(—5¢0)|exp(k(t)) — {1+ k(t) + O(BZ l[1)}
< Cexp(=3llP) esp(kONKOF + OB l114)
< Cesp(=3ltP) esp(lel /16) e

This proves (6.15). To show (6.16) note that
< [la+apy
j=1

By the inequality log(1 + z) > z/(1 + ), x>0, we get

1 4p? 1 = Tr(S?)
] <—— log(1+4p?) < —= / i=-
og ()] ]Zlog +4pj) < 4;1+4p] 4<1+pz>§1”3 AT+

where p2 = max; p7. Note that
< [Tr(SH)Y? = (Cuma(Q)/48)"7 < CAL |13
by (6.11) and (6.13). The assumption ||¢t|| > §A;! > 1 implies that

. 1
A+p) 22007 2 o
CAnllt%
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For large m, by (6.12), Tr(S?) = Var(Q)/2 > ||t||2/16. Thus, since A= > m¢ for some € > 0,
log |7(1)] < =C ™" (An|lt]|*) 7" ]t]]*/16 = —C~'m* /16,
to prove (6.16). []

Lemma 6.2 Let (4.4), Assumptions a, f,l,m* hold. Then, with V,,, given by (4.8),

sup PV <y) — ®(y) —m™24(y)ply)| = o(A)

where p(y) is given by (2.14).

Proor. We shall derive the second order expansion
PV, <y) = B(y) —m ' 6()p(y) + o(A) (6.18)
uniformly in y € R where
2
-1

~ Yy )
p(y) =a; + a25 + G3T (6.19)

and the coefficients a1, as, a3 are defined (c.f. (2.1.16), p. 15 of Taniguchi (1991)) by
Cumj(Vi) = 1jmoy +m~"%a; + 0o(A,), j=1,2,3. (6.20)
In fact we shall show that (6.20) holds with A, (< ﬁm) instead of A,,. We first show that
a1 =-1, a>=0, a3=-2. (6.21)

Write V,, = —P + m~'2Q + R, where P = Z,(2 — ES»), Q = Z1Z> + Z2, R = (27, + Z»)ES;.
Since EP = ER =0 and by (7.39), (7.38), EQ = EZ,Z> + EZ? = —1 + o(1) we obtain

Cumy (Vi) = EVyy = m ™ Y2EQ = —m ™2 + o(m™1/?) (6.22)
and therefore a; = —1. Now, by (6.22),

Cums(Vin) = E(Vy — EVyy)? = EV2 + o(m™'/?)

= EP? —2EP(m™'?Q + R) + E(m~?Q + R)? + o(m™'/?). (6.23)
We show that
EP?*=1+40(A,), EPQ=0(A,), EPR=o(A) (6.24)
and ' '
Em™?Q + RI' = 0(A})) i=2,3,4 (6.25)
which with (6.23) implies
Cums (Vi) =1+ 0(An) (6.26)
and thus as = 0.
By Lemma 7.1,
ES, =O0(A,), ESs;=1+v(m/n)’ +o0(A,) (6.27)

where v = ¢(2, ¢, 8), and (7.38) implies

EP?> = EZ}(2 — ES5)* = (1 + 2v(m/n)?)(1 — v(m/n)?)? + o(Ap)
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= (14 2v(m/n)?)(1 - 2v(m/n)°?) + o(A,,) = 1 + o(Ap),
while from (6.27), (7.38) and (7.39) it follows that
EPQ = (2 - ES)(E[Z2Z:) + EZ}) = (14 0(1))0(An) = O(A,,),
nd
) EPR = (2— ESy)ES,(2EZ? + EZ,Z5) = (14 0(1))O(An)o(1) = 0o(Ayy).

Thus (6.24) holds. (6.25) follows using (6.27) and E|Z;|¥ < oo, shown in Lemma 7.4.
Next, from EV,} = Cums (Vi) + 3Cuma (Vi) Cumy (Vi) + Cums (Vin)3, by (6.22) and (6.26) it
follows that
Cums (Vi) = BV2 +3m™ Y2 + 0o(A,,),

where

EVS = E(-P+[m™'?Q+R])’
—EP? + 3EP*(m~'?Q + R) = 3EP(m~'/?Q + R)* + E(m~'*Q + R)®
= —EP?+3EP*(m'?Q + R) + o(An,),

in view of (6.25) and (6.24). From (6.27), (7.38) and (7.39) it follows that

EP® = EZ}(2-ES:)® = (—4m™? 4 0o(A)(1 + o(1)) = —4m™/2 + o(A,),
EP’Q = (2-ES){EZ}Zy+ EZ!} = (14 0(1))(=6+3+0(1)) = =3 + 0o(1),
EP’R = (2—ES:)’ES{EZ}Zy+2EZ}} = (1+ 0(1))O(A){0(AR)} = o(A,)

which yields EV?> = —5m~2 + 0(A,,). Thus Cums(V;,) = —2m~2 + 0(A,,) and a3z = —2.

It remains to establish the validity of the expansion (6.18). The proof is based on the expansion
for (Zy,Z2) of Lemma 6.2 and follows by a similar argument to in the proof of Lemma 3.2.9 of
Taniguchi (1991) or the proof of Bhattacharya and Ghosh (1978). Denote by

f(z1,22) = (62/6216Z2)F(21,22) = ¢(z1,22 : Q) K (21, 22)

the density of (Z1, Z,)', where F is defined in (6.1) and K is defined in (6.3). Set By = {v(z1,22) <
y}. Then by (6.4) of Theorem 6.1,

sup [P{Vin <y} = F(By)| = (4/3) sup F((0B,)) + o(An),

where € = m =177 for some 0 < p < 1/2. We will show that

F(By) = y (@)(1 + p(z))dz + o(An), (6.28)

F((0B,)") = o(A) (6.29)
uniformly in y, to prove (6.18). Setting
v(xy,T2) = —21[(2 — ESy) — ESi] + m Y2z 25 4+ 2,ES. (6.30)

and f*(x1,22) = f(x1,x2 — x1), we can write V;,, (4.8) as Vi, = v(Z1,Z1 + Z>), and

F(By) = / [ (1, z2)dz ds.
v(z1,22)<y
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Denote v = v(zy1, x2). Then z; = (—v +22ES;)D~! where D = (2— ES; — ESy) —m~'/?x,. Since
|f*(z1,22)| < Cexp(—c(z} + 23)) with some ¢ > 0, then for any ¢ > 0,

PV <y = [ P (=0 + 02B8)D " 23)(~DN)dudzs + o(&,).
v<y:lz1],|z2|<m
When |21, 72| < m?, and § > 0 is small, Lemma 7.1 implies

D7l =1+ hn(a2) +oBm),  hn(w2) = (e(1,6,6) +e(2,6,))(m/n)” +m™ s,

@1 = —v — hp (@2) + e(1, £, B)w2(m/n)’ + o(Ap)([v] + |z2]) = —v + o(1). (6.31)

This and Taylor expansion imply

ﬂmswz/
v<y:|v|,|z2|<m?

(£ (=0,22) + (b ) = (1, £, B)a(m/m)) o (=0, 22) ) s +0(&),

and integrating out z=2, we arrive at the second order expansion:

F(Vy, <) / (v v)dv + o(A,),
where Py, (y), is quadratic in y. Comparing this expansion with (6.18) we conclude that P, (z) =
1 — m Y2p(z), where p (6.19), as already shown, has coefficients (6.21), so that P, (z) = 1 +

m~1/2(2 + x%)/3, to prove (6.28).
To show (6.29) note that

F((0By)¢) = / (@1, wo)dzrdas + o(m™1/?)
(8By)¢:|zi|<m?
for any 0 > 0. By (6.30), from y = v(x1,x2) we can solve for z» = h(y, z1). Thus

F((0B,)") < C dzydzs + o(m~1/?)

(0By)<:|zi|<m?

< C/ / dzodzy + o(m™?) < C2em?® + o(m™"?) = o(m="/?)
|z1|<mé Jzo€lh(y,z1)—€,h(y,z1)+€]

when e =m~1=? and p > 4. []

Lemma 6.3 Let _
V! =V, +ALFe

where Vi, is given by (4.8), £, € X and 0 < 6 < 1. Then under the assumptions of Lemma 6.2,

sup PV}, <y)—®(y) —m™24(y)ply)| = o(An). (6.32)

ProOF. By Chibisov’s Lemma 5.2 and Lemma 6.2,
P(Vr;z <y)=PVyu <y + O(Zm):

implying (6.32). []
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Lemma 6.4 Let the assumptions of Lemma 6.2 hold and V) = Vi, — v Z1 where Vi, is as in
Lemma 6.2, and vy, is a sequence of real numbers such that v, = o(m™°) for some € > 0. Then as
n — 00,

sup|P(V;7, < y) = 8(y) - () {m ?p(y) — vny}| = (A + V). (6.33)

PrOOF. Similarly to the proof of relations (6.20) in Lemma 6.2, it can be shown that
Cumy (VX)) = —m™ Y2 4 0(A,,), Cuma(VE) =1+ 20, 4 oAy, + o),

Cums(VE) = —2m~ Y% 4 o(A,, + v),

whence (6.33) follows using the same argument as in the proof of (6.18) of Lemma 6.2. []

7 Technical Lemmas

The present section provides approximations for the

Z VEXS T (M), (7.1)

Sk = — ZV’CA 971 (Xs5), (7.2)

and related quantities. Note that Sj 3 is Sk,m(ao) (3.7) and is relevant in case of tapering, but to
discuss the untapered estimate of ap we need to study (7.1) also. Recall the definition (4.1) Ky, 1,
which likewise differs between tapering (synonymous with ¢ = 3 in our set-up) and no tapering
(synonymous with £ = 1).

Put

1
t(k,8) = / (logx + DkaPdx, k>1,8>0.
0

Lemma 7.1 Let Assumptions «, f,1,m* and (4.4) hold. Then as m — oo, for £ =1,3,

ESi¢= (m/n)Pe(1,£,8) + o((m/n)?) + O(m ™ Ky, 1) (7.3)
and
ESpy = e + (m/n)’e(k, 0, B) + o((m/n)’ + m™?) k=0,2,3,4,.... (7.4)
where
r =1(h0), el 6,) = LM B, k=01, (7.5)

Remark 7.1 In Lemma 7.1, eg =1,e; = 0,e5 =1,e3 = —2,e4 =9,

2
t0,8) = ﬁ; t(l,ﬁ):ﬁ, t(2;/3)=(/g+7+1:)l3;
B +36-2 B +682—88+9
t3,8) = NI t(4,8) = B+ 1)y
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PROOF of Lemma, 7.1. We show that
ESk.=ep+ /\ mCit(k, B) + o((m/n)ﬁ) + O(mflnm,l(logm)kfl)

+O(m™log" m)Ljgs0y, k=0,1,... (7.6)

which implies (7.3). (7.4) follows from (7.6) and Assumption [. To prove (7.6) note that (4.4) and
assumption (a) or Lemma 2.2 or Lemma 2.1 imply

ENIO)] = 1+ (e1/co)X] +7;(1), (7.7)

B2 I(Asj)] = 1+ (c1/co)As; +75(3) (7.8)

where 7;(1) = o((j/n)?) + O(j~2) (without tapering), and r;(3) = o((j/n)?) + O(j~*logj) (with
tapering). Setting

:m_lzl/]’?(j/m)ﬁ, m(k, l,8) = _IZV i€ (7.9)
j=l
we can write
ESp ¢ = tm(k,0) + (c1/co)Npptm (, B) + Run(k, £, B). (7.10)
Note that
tm(k, B) = t(k, 8) + O(llog" m/m), k>0, B>0, (7.11)
and
Ry (k, 0, 8) = o((m/n)?) + O(m™ ki (logm)F=1), &k >0. (7.12)

(7.10)-(7.12) and t¢,,(1,0) = 0 imply (7.6).
To prove (7.11) note that Z;n:l logj = mlogm —m + O(logm) implies

v; =log(j/m) + 1+ O(llogm/m) (7.13)
and therefore
tm(k,B) = m~" Y (log(i/m) + 1)*(j/m)” + O(l1og" m/m)
j=l

= t(k,8) +o(m™?), k>0,6>0

under Assumption [. To show (7.12) note that (7.13) and (7.11) imply
lvj| < Clogm, Z |1/]’“| < m1/2(2 1/]2’“)1/2 <Cm, k2>1. (7.14)
, e

Therefore

R (k, £, 8)] < o((m n -1 I/k +Cm™ 1log m r;
i

= o((m/n)? )+O( /<aml(logm)'c b, kZl.



Lemma 7.2 Let (4.5) and Assumption o, f',m* hold. Then

ESy¢ = e(1,4,2)(m/n)* + d(1,£,4)(m/n)* + o((m/n)* +m™") + O(m™ k), (7.15)
ESj.s = ex + e(k, £,2)(m/n)? + o((m/n)* + m™'/?), k=0,2,3,... (7.16)

where
d(k, €, B) = (c2/co)(/2m) t(k, B), k > 0. (7.17)

PROOF. Similarly to (7.10), under (4.5) we get
ESk.o = tim(k,0) + (c1/co) N2 tm(k,2) + (c2/co)Neputm(k,4) + R (K, £,4), k> 0. (7.18)
Since t,,(1,0) = 0 this and (7.11), (7.12) imply that
ES1¢ = (c1/co) X2, t(k, 2) + (ca/co) AL t(E, 4) + o((m/n)?) + O((m/n)2l log m/m + m*lnm)

where ‘
(m/n)*llogm/m < (m/n)*/log?> m + (1log® m/m)? = o((m/n)* + m™")

by Assumption [, and thus (7.15) holds. (7.16) repeats (7.4). []

Lemma 7.3 Let Assumptions a, f,l,m* hold. For p=1,...,k, let
m
SO =N"dPONNE, p=1,...,m,

where (ag-p))l:l,,,,7m,p =1,...,k are real numbers, and ’U(l)()\[j) = vp(A3;) with tapering, v(® (Aej) =

v(Aj) without tapering, where v(X;),vn(A3;) are given in (2.8). Then for any k >1,

k k
2 [[Is — sl < o I a2, (7.19)
p:

p=1

where ||aP) || = {Z;n:l(ag-p))z}l/z and C < oo does not depend on m or a®), but depends on k.

PROOF. We have

k m k k
H [St) — ESP] = Z Ha(p EH [u(® (Agj, — | (Afj )P]-
p=1 p=1

Ji,--Jp=Ilp=1

(1,1)(1,2)
T= ... , (7.20)
((k, 1) (k, 2))

and define 1,1 (5) = v9 (\g;), Mp2(j) = vO(Ny), for p=1,...,k. We denote by v = (V1,...,Vk)
partitions of T' into nonintersecting sets V; of the form Vi = {(p,v), (p',v")} (p # p'), and write
Vs €Voif v #0v" and V; € V) if v = v'. Denote by I' = {7} the set of all partitions v and by Iy the

We introduce the table
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set of v = (V3,...,V}) such that Vs € Vo, s = 1,..., k. By Gaussianity, we can write, using diagram
formalism (see e.g. Brillinger (1975), p.21),

ES, =) Q, (7.21)
v€eT
where .
Qy = Z (H a§f))qv1 Vi (7.22)
J1seea k=l 1

p=
where, for V; = ((p, ), (¢, ")), av. = qv.(p, Jp) = Elnpv(Gp)pr v ()] Set

ai, = a1 lav, (G, )
Clearly
Q1< D0 ahy o dhi (729
Jisende=l

Each argument ji, ..., j; in (7.23) belongs to exactly two functions gy, . Therefore, by the Cauchy

inequality, we get
m

Q1< Y aiy-eeaby <llaisllo-- lla e (7.24)
J1se-dk=l
where -
laylle = (OO {ar. G Y)Y, s=1,... .k
7,k=l
We now show that ,
gy |2 < C(|1a™||2][a'?)[]2)*/2 (7.25)

which together with (7.24), (7.21) implies (7.19).
We estimate

2 <SP G+ S 1aP ) av, G k)P

llav,
i=t 1<k j<mikt
= |lay, 1113 + llay, 2113- (7.26)

From (a), (b) of Lemma 2.2 or Lemma 2.1 it follows that |gv, (j,7)| < C. Thus

m
g, 1113 < € 3" 10 al| < Clla® |2 ]|a®"]]o. (7.27)

j=l
With tapering, from (c) and (d) of Lemma 2.2 it follows that
lav. (k, ) < C((m/n)?|j = k7% + (min(k, ) i = k) *%), 1<k#j<m.
Therefore

lap2lE < 3 1alPaf ) (On/n)? )5 — k1 + (min(k, 1)) 215 — k) *))
I<k,j<m:k#j
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< C((m/m)*?lla®lolla® |2 + max o o)1) (7.28)

< Ol|al]a[[a®]],.
Without tapering, by (¢) and (d) of Lemma 2.1,

lqv, (k, )| < Ck™11/2]] 71410l 2 10g 5 1<k <j<m

and ( )
lav..lB<C > ja? a”’ ;l|lgv, (k, )|
I<k,j<m:k#j
< Clla®a]a®l( Y7 v, (B, H)HY? < Clla® |l2]|al®)]]2. (7.29)
I<k<j<m

The proof of (7.29) implies also the relation

2 < a®) P E-lalp =2+l < a® o) 1063 ‘
llav, oI5 < max o} a; IKk%;m i og? j < € max |af e} |log” m,  (7.30)

which we shall use in the proof of Lemma 7.5 below. (7.26)-(7.30) imply (7.25). []

Lemma 7.4 Let Assumptions a, f,1,m* hold and Z, is given by (4.6) with £ = 3 under tapering
and ¢ = 1 without tapering. Then for any fited ¢ > 0 and k > 1,

E|Z,)** <

wniformly in m.

PROOF. Applying Lemma 7.3 to (4.6) with ag.Q) = m’l/zl/]q, p=1,...,2k we get

m

k
E|Z,?* < c(m—l Zy]?q)
=l

in view of (7.11). []

Lemma 7.5 Let (4.4) and Assumptions «, f,1,m* hold. Then for any 1 < q1,q2,q3,q1 < 2

E[ZQ1 Zqz] = €qi+q T+ e(q1 + ‘12:5:@(7”/”)5 +0o(An), (7.31)
EB[Z4, 24, Zg5] = 2m_1/2eq1+qz+q3 + O(&%z): (7.32)
Cum(zquzqz:an:ZtM) = O(&%n), (733)

ElZy, 24,745 74,] = €qy+42€45+44 T €41 +45C00+4a
teq+qaCqatgs T O(Am)a (7.34)

where A,,, A, are given by (4.2).



PROOF. Note first that Cum(Z,,, Z,,) = E[Z4, Z4,) and Cum(Zy,, Zgy, Zgs) = E[Zg, Zgs Zgs - Let

ag.p) =m Y2 p=1,...,k Then Z,, = S¥ — ES®). From (7.14) and (7.11)

max |a§-p)| <Cm™?log?m, |laP|,<C, p=1,... k. (7.35)
I<j<m

By diagram formalism (see e.g. Brillinger (1975), p.21), we can write

cr = Cum(Zyy oo Zg) = 3 Q,

vele

where ' C T' denotes a subset of connected partitions v = (V1, ..., V) of the table (7.20), T', and
Q- is given in (7.22). We show that

=y Q) +0(A%), (7.36)

v€Tg
where I'§ C I'y denotes the subset of connected partitions and
Q.= Y ([ aav, - av,
Jiy-de=l p=1

with q{/s (jpl 7jp2) = 1{jp1:jp2}qu (jpl 7jpz) for Vs = ((p17 ’1)2), (p27 UZ))'
The derivations (7.26)-(7.30) imply that for any connected partition v € ', Q, = Q' +r, where

k k
sl < Y laballlla ol T a1l
pv=l:pFv J=L:j#p,v

By (7.25), [|qy, |l2 < C. With tapering, (7.28) and (7.35) imply

g, 2113 < C((m/n)* +m™" log" m/17") < CA},.

Without tapering, from (7.30) it follows that
llav, 2|15 < C((m/n)*? +m~ log" m) < CA},.

Thus 7, = O(A2,). Then (7.36) follows if we show that Q= O(A2) for y € T\LS.
In that case v has at least two different V},, Vs € V;. By the Cauchy inequality,

k
Q41 < llab, allallav, 1ll: - T Hla, ll: = O(AT)
J=1:#p,l

since [|gy; [[2 < C,j =1,...,k and, for V}, € V1, |lgy; 4113 = O(A2). Indeed, if V, € V; then

m m
laf, 1l = max 0”13 lav. (G,0)] < Cm* (logm)* 37 lav, G )]
- j=l j=l

With tapering, from (b) of Lemma 2.2t follows that |qv, (j, /)| < Cj~2, 50 |lgy, 1[13 < Cm™'log* m/1~! <
CAZ.
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Without tapering, by (b) of Lemma 2.1 |gv, (4,5)| < Cj~"logj, and ||gj, ;|5 < Cm~" log®m <
CAZ2 . This proves (7.36).

We derive now (7.31)-(7.33) using (7.36).

Let k = 2. Then I'§ consists of one v = (V1, V3) such that V4 = ((1,1),(2,2)), V> = ((1,2), (2,1)).
By (a) Lemma 2.2 or Lemma 2.1, under (4.4),

qv,.1(j,4) = 1+ (e1/co)Ng; +15(0), (7.37)

where r;(¢) are as in the proof of Lemma 7.1. Hence

m

QY =m™' Y v (g 1 (7,4))° = mTh Y vl TP+ 2(en /o) X)) + o(Am)
j=l j=l
=Cqtq T 6(q1 + q27£7 6)(m/n),8 + O(Am)
by (7.11). This and (7.36) imply (7.31), since A2, = o(A,,).
Let k£ = 3. Then I'§ consists of two partitions

v=V,Ve,V5), Vi=((1,1),(2,2),V2=((2,1),(3,2),V5 = ((3,1),(1,2))
and

Y= (Vla‘/% ‘/3)7 Vi = ((17 1)7 (37 2))7 Vo = ((27 1)7 (17 2))7 Vs = ((37 1)7 (27 2))
For each of these v, by (7.37), (7.11),

Qy = w1 (7)) = m T YR (L (e o)A+ 13(6)°
i=1 j=1

m
m=3/2 Zy;zﬁ-qz-i-qs + O((m/n)m + m—l) = €q1t+qatgs T O(an)
j=1

This and (7.36) proves (7.32).
Let k = 4. Then
m
Qiy < Cm—4/? Zyg1+q2+43+Q4 (qv1,1(j,j))4 < Cm~L = O(Afn)
j=1

by (714) since |QV1,1(j7j)| < C.
Finally, by Isserlis’ formula

ElZy ... 24, = B4, 2,)E|Zys Z4,] + ElZ4,Z45]E[Z4,24,]
+ E[ZQ1ZQ4]E[ZQ2Z113]+Cum(Zq1:ZQ2:ZQS7ZlI4)7

and (7.31), (7.33) imply (7.34). []

From Lemma 7.5 and Remark 7.1 we have:
Corollary 7.1 Let (4.4) and Assumptions «, f,l,m* hold. Then as n — oo

EZ%z1+2e(2,e,ﬂ>(%>ﬁ+o<Am>, EZ} = —4m™'? + o(An), EZZy=9m7' + o(Ay),

(7.38)
EZ,Zy — =2, EZ}Z,— -6, EZ} - 3. (7.39)
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