
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Abstract 
 

Trade disputes over national product standards are a growing source of tension in the 
international trading system.  The usual pattern is that a country introduces a new product 
standard for all sales of a good in its local market, which is justified as necessary for 
consumer or environmental protection.  Importers into the local market, however, challenge 
the standard as a “disguised barrier to trade” or “green protectionism”.  The paper develops a 
two country political economy model to explain such disputes.  It is shown how the political 
process can lead to a “political failure” which takes the form of either too many or too few 
product standards and disagreement between politicians in different countries over the 
optimal policy.  In a second step the model is used to evaluate whether two common 
proposals to settle or avoid such disputes, mutual recognition of standards and harmonization, 
can improve the political process. 
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H �TTi?_� 

Surri ri Ohppd 4=

Wkhuh duh irxu srvvleoh frpelqdwlrqv ri hqylurqphqwdo srolf| dfurvv wkh wzr frxq0
wulhv= +Q>QW,/ +S>QW,/ +S>S W, dqg +Q>S W,1 Fdvh +Q>QW, lv iuhh wudgh dqg wkh krph
frxqwu| lpsruwv jrrg {1 Lq fdvh +S>QW, doo lpsruwv wr wkh grphvwlf pdunhw duh wuhdwhg
zlwk wkh dedwhphqw whfkqrorj|1 Dvvxplqj wkdw wkh pdujlqdo dedwhphqw frvwv duh qrw
surklelwlyh/ vr wkdw wkh iruhljq frxqwu| frqwlqxhv wr h{sruw jrrg { duelwudjh e| frq0
vxphuv dqg surgxfhuv zloo hqvxuh wkdw sW @ sWR @ s� d @ sR � d1 Vxevwlwxwlqj wklv lqwr
wkh zruog pdunhw fohdulqj frqglwlrq iru jrrg { jlyhv=

g+sWR . d,� v+sWR . d, @ vW+sWR,� gW+sWR, +;,

zkhuh g dqg gW duh ghpdqg iru dqg v dqg vW duh vxsso| ri jrrg { lq wkh grphvwlf dqg
iruhljq frxqwu| uhvshfwlyho|1 Gl�huhqwldwlqj wklv lghqwlw| |lhogv=

CsWR

Cd
@ �

g�
� v�

g� � v� � vW� . gW�
? 3 dqg A �4

Lpsohphqwdwlrq ri S wkhuhiruh ghsuhvvhv sWR e| ohvv wkdq rqh vr wkdw sR @ s @ sWR . d

lqfuhdvh1 Lw kdv douhdg| ehhq dujxhg lq wkh pdlq wh{w wkdw lqfuhdvlqj wkh grphvwlf sulfhv
lv rq lwv rzq zhoiduh uhgxflqj iru wkh grphvwlf hfrqrp|1 Wkhvh frvwv zloo/ krzhyhu/ eh
zruwkzkloh li wkh gdpdjhv iurp lpsruwhg xqlwv ri { duh odujh hqrxjk1 Ixuwkhupruh li
h{shfwhg gdpdjhv duh vr odujh wkdw wkh| rxwzhljk wkh orvv lq frqvxphu vxusoxv iurp
lpsohphqwlqj wkh surgxfw vwdqgdug lq wkh grphvwlf frxqwu|/ wkhq wkh srolf| lv qrw
rqo| zhoiduh lqfuhdvlqj/ exw dovr lpsuryhv wkh grphvwlf frqvxphuv xwlolw|1 Ilqdoo| wkh
uhwxuq wr wkh vshfl�f idfwru lq wkh grphvwlf { lqgxvwu| zloo xqdpeljxrxvo| lqfuhdvh li sR
lqfuhdvhv dv zdjhv uhpdlq htxdo wr rqh gxh wr wkh rshudwlrq ri wkh qxphudluh vhfwru1

Lq fdvh +S>S W, iruhljq0surgxfhg xqlwv ri jrrg { kdyh wr jr wkurxjk wkh dedwhphqw
whfkqrorj| uhjdugohvv ri wkhlu �qdo ghvwlqdwlrq1 Duelwudjh zloo qrz hqvxuh wkdw s @ sR @
sW @ sWR . d1 Vxevwlwxwlqj lqwr zruog pdunhw fohdulqj jlyhv=

g+s,� v+s, @ vW+s,� gW+s� d,

Gl�huhqwldwlrq |lhogv=

Cs

Cd
@ �

vW�

g�
� v� � vW� . gW�

A 3 dqg ? 4

zklfk lpsolhv wkdw zruog sulfhv ri jrrg { duh kljkhu wkdq xqghu iuhh wudgh/ exw lqfuhdvh
e| ohvv wkdq d1 Lw lv dovr vwudljkwiruzdug wr fkhfn wkdw sWR ghfuhdvhv e| hyhq pruh wkdq
lq fdvh +S>QW,1 Dv iruhljq zdjhv duh dovr dozd|v htxdo wr rqh wklv lpsolhv wkdw lq fdvh
+S>S W, wkh uhwxuq ri wkh iruhljq vshfl�f idfwru lv orzhu wkdq lw lv lq wkh fdvh +S>QW,1
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Ixuwkhupruh frqvxphu vxusoxv ghfolqhv dv qrz sW @ sWR . d1 Wkh frvwv ri lpsohphqwlqj
S W duh wkhuhiruh d uhgxfhg frqvxphu vxusoxv dqg d uhgxfhg uhwxuq ri wkh vshfl�f idfwru1
Dv douhdg| dujxhg lq wkh pdlq wh{w/ wkhvh frvwv pd| ru pd| qrw eh rxwzhljkhg e|
wkh uhgxfwlrq lq h{shfwhg gdpdjhv iurp frqvxplqj xqwuhdwhg xqlwv ri iruhljq0surgxfhg
{1 Li h{shfwhg gdpdjhv duh yhu| vpdoo wkh| zloo qrw hyhq rxwzhljk wkh orvv lq iruhljq
frqvxphu vxusoxv dqg QW zloo qrw rqo| pd{lplvh zhoiduh exw zloo dovr lqfuhdvh wkh iruhljq
frqvxphu*v xwlolw|1

Fdvh +Q>S W, zloo qrw rffxu lq htxloleulxp/ exw lv qhyhuwkhohvv lpsruwdqw dv dq rxwvlgh
rswlrq1 Lq wklv fdvh doo iruhljq surgxfhg { wkdw duh vrog rq wkh iruhljq pdunhw �uvw kdyh
wr eh wuhdwhg zlwk wkh dedwhphqw whfkqrorj|/ zkloh xqlwv wkdw duh h{sruwhg wr wkh krph
frxqwu| uhpdlq xqwuhdwhg1 D voljkwo| vlpsol�hg zd| ri ghwhuplqlqj wkh h�hfwv ri wklv
srolf| frpelqdwlrq lv wr dvvxph wkdw wkhuh lv dgglwlrqdoo| d surklelwlrq rq lpsruwv ri
jrrg { iurp wkh krph frxqwu| lqwr wkh iruhljq pdunhw1 Lq wklv fdvh duelwudjh zloo hqvxuh
wkdw s @ sR @ sWR @ sW � d1 Zruog pdunhw fohdulqj qrz uhtxluhv wkdw=

g+sWR,� v+sWR, @ vW+sWR,� gW+sWR . d,

Gl�huhqwldwlrq |lhogv=

CsWR

Cd
@ �

gW�

g� � v� � vW� . gW�
? 3 dqg A �4

Vlplodu wr fdvh +S>S W, surgxfhu sulfhv lq wkh iruhljq frxqwu| idoo/ zklfk lpsolhv d uhgxf0
wlrq lq wkh uhwxuq ri wkh iruhljq vshfl�f idfwru dqg iruhljq frqvxphu sulfhv ulvh dw wkh
vdph wlph zklfk uhgxfhv frqvxphu vxusoxv1 Wkh surgxfw vwdqgdug wkhuhiruh lpsrvhv
dovr lq wklv fdvh frvwv rq wkh hfrqrp|/ zklfk pd| ru pd| qrw eh rxwzhljkhg e| wkh
uhgxfwlrq lq h{shfwhg gdpdjhv1

Uhod{lqj wkh vlpsoli|lqj dvvxpswlrq wkdw lpsruwv ri { lqwr wkh iruhljq frxqwu| duh
surklelwhg grhv qrw fkdqjh dq| ri wkh uhvxowv iru fdvh +Q>S W,/ exw wkh phfkdqlvp lv
gl�huhqw1 Li lpsruwv ri fohdq grphvwlf xqlwv ri { duh doorzhg lqwr wkh iruhljq pdunhw/
wkh iruhljq frqvxphu zrxog suhihu wr ex| wkrvh udwkhu wkdq wkh pruh h{shqvlyh iruhljq0
surgxfhg xqlwv/ wkdw qhhg wr jr wkurxjk wkh dedwhphqw surfhvv �uvw1 Wkh grphvwlf
frqvxphu lv dw wkh vdph wlph lqgl�huhqw ehwzhhq xqlwv ri { iurp wkh grphvwlf dqg
iruhljq vrxufh1 Vxssrvh wkdw wkh �qdo rxwfrph ri wklv zdv wkdw wkh hqwluh rxwsxw ri wkh
grphvwlf { lqgxvwu| lv vklsshg wr wkh iruhljq frxqwu| dqg wkh hqwluh rxwsxw ri wkh iruhljq
{ lqgxvwu| jrhv wr wkh krph frxqwu|1 Dv ghpdqg iru { lv wkh vdph lq erwk frxqwulhv
wklv zrxog ohdg wr d sulfh gl�huhqfh ehwzhhq wkh frxqwulhv htxdo lq vl}h wr wkh dxwdun|
sulfh gl�huhqfh1 Zlwk d ehlqj qrq surklelwlyh/ l1h1 vpdoohu wkdq wkh dxwdun| sulfh/
vrph rxwsxw ri wkh iruhljq { lqgxvwu| zrxog wkhuhiruh eh wuhdwhg zlwk wkh dedwhphqw
whfkqrorj| dqg vrog lq wkh iruhljq frxqwu|/ zklfk lpsolhv wkdw wkh vdph sulfh vwuxfwxuh
suhydlov dv ehiruh1 Wklv frpsohwhv wkh surri1
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Surri ri Ohppd 5=

Jlyhq wkh htxloleulxp vwudwhjlhv vshfl�hg lq wkh ohppd wkh grphvwlf dqg iruhljq
yrwhu*v eholhiv iru wkh fdvh zkhuh wkh grphvwlf lqfxpehqw uhjxodwhv wkh h{whuqdolw|/ exw
wkh iruhljq grhv qrw dqg qhlwkhu pdnhv dq| wudqvihuv duh=

�+S>QW> 3> 3W>G, @
�U+4� �W

U,+!��,

+4� �W

U,!�� . +4� �U,+4� !,�f

�+S>QW> 3> 3W> 3, @
�U+4� �W

U,!+4� ��,

+4� �W

U,!+4� ��, . +4� �U,+4� !,+4� �f,

�W+S>QW> 3> 3W>G, @
�W

U+4� �U,+4� !,�f,

+4� �U,+4� !,�f . +4� �W

U,!��

�W+S>QW> 3> 3W> 3, @
�W

U+4� �U,+4� !,+4� �f,

+4� �U,+4� !,+4� �f, . +4� �W

U,!+4� ��,

Wr ghprqvwudwh sduw +l, qrwh wkdw iru �+S>QW> 3> 3W>G, dqg �+S>QW> 3> 3W> 3, wkh
qxphudwru lv lqfuhdvlqj lq �U dqg wkh ghqrplqdwru lq ghfuhdvlqj lq �U 1 Vlploduo| iru
�W+S>QW> 3> 3W>G, dqg �W+S>QW> 3> 3W> 3, wkh qxphudwru lv lqfuhdvlqj lq �W

U dqg wkh gh0
qrplqdwru lv ghfuhdvlqj lq �W

U = Wr hvwdeolvk wkh h�hfw ri �W

U rq �+S>QW> 3> 3W>G, dqg
�+S>QW> 3> 3W> 3, gl�huhqwldwlrq |lhogv

C�+S>QW> 3> 3W>G,

C�W

U

@
+�4,�U��!+4� �U,+4� !,�f

^+4� �W

U,!�� . +4� �U,+4� !,�f`2
? 3

C�+S>QW> 3> 3W> 3,

C�W

U

@
+�4,�U!+4� �f,+4� �U,+4� !,+4� ��,

^+4� �W

U,!+4� ��, . +4� �U,+4� !,+4� �f,`2
? 3

Vlploduo| wkh h�hfw ri �U rq �W+S>QW> 3> 3W>G, �W+S>QW> 3> 3W> 3, lv jlyhq e|=

C�W+S>QW> 3> 3W>G,

C�U
@

+�4,�W

U�f+4� �W

U,+4� !,!��
^+4� �U,+4� !,�f . +4� �W

U,!��`
2
? 3

C�W+S>QW> 3> 3W> 3,

C�U
@

+�4,�W

U!+4� �f,+4� �W

U,+4� !,+4� ��,

^+4� �U,+4� !,+4� �f, . +4� �W

U,!+4� ��,`2
? 3

Wr vkrz +ll, zulwh grzq �W+S>QW> 3> 3W>G, ? �W+S>QW> 3> 3W> 3,1 Diwhu vrph pdqls0
xodwlrqv wklv vlpsol�hv wr �� A �f zklfk lv wuxh e| dvvxpswlrq1 Vlploduo| wkh lqhtxdolw|
�+S>QW> 3> 3W>G, A �+S>QW> 3> 3W> 3, dovr vlpsol�hv wr �� A �f1

Surri ri Sursrvlwlrq 4=

Eholhiv iru wkh fdvh zkhuh wkh grphvwlf lqfxpehqw lpsohphqwv S dqg wkh iruhljq
lqfxpehqw QW kdyh douhdg| ehhq ghulyhg iru wkh surri ri ohppd 51 Eholhiv iru rwkhu
srvvleoh �uvw shulrg wudfn uhfrugv rq wkh htxloleulxp sdwk duh=

�+Q>QW> 3> 3W>G, @ �+Q>QW> 3> 3W> 3, @ 4
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�+S>S W> 3> 3W>G, @ �+S>S W> 3> 3W> 3, @ �U

�W+Q>QW> 3> 3W>G, @ �W+Q>QW> 3> 3W> 3, @ �WU

�W+S>S W> 3> 3W>G, @ �W+S>S W> 3> 3W> 3, @ 4

Wudfn uhfrugv +Q>S W> 3> 3W>G, dqg +Q>S W> 3> 3W> 3, duh rxw ri htxloleulxp hyhqwv dqg
wkhuhiruh qrw frqvwudlqhg e| Ed|hv uxoh1 L zloo dvvxph wkdw eholhiv lq wklv fdvh duh htxdo
wr rqh/ zklfk lv wkh prvw xqidyrxudeoh dvvxpswlrq srvvleoh1 Ilqdoo| dv qrwhg lq wkh
pdlq wh{w eholhiv iru wudfn uhfrugv wkdw lqyroyh srvlwlyh wudqvihuv duh dvvxphg wr eh }hur1

Gh�qh uh0hohfwlrq ixqfwlrqv k +kW, iru wkh grphvwlf +iruhljq, lqfxpehqw=

k+H>HW> W> W W> �, @ �J+�+H>HW> W> W W>G,, . +4� �,J+�+H>HW> W> W W> 3,, +<,

kW+H>HW> W> W W> �, @ �J+�W+H>HW> W> W W>G,, . +4� �,J+�W+H>HW> W> W W> 3,, +43,

zklfk duh d ixqfwlrq ri wkh lqglfdwhg yduldeohv dqg �U dqg �W
U
1

Wr hvwdeolvk wkh h{lvwhqfh ri wkh htxloleulxp wzr ghyldwlrqv iurp wkh htxloleulxp
vwudwhj| kdyh wr eh uxohg rxw iru hdfk lqfxpehqw1 Iluvw/ jlyhq wkh rwkhu lqfxpehqw*v
vwudwhj| dqg wkh lqlwldo uhsxwdwlrqv �U dqg �

W

U
grphvwlf +iruhljq, lqfxpehqwv pxvw suhihu

S +QW, wr Q +S W, uhjdugohvv ri wkh vwdwh � dqg wkh rwkhu lqfxpehqwv w|sh1 Wkh sd|r�
wr wkh edg grphvwlf lqfxpehqw ri lpsohphqwlqj S lq vwdwh �f / zkhq erwk jrrg dqg edg
iruhljq lqfxpehqwv lpsohphqw QW lv=

yK+S>Q
W> 3> �f, . k+S>QW> 3> 3W> �f,�eyK+ eW , +44,

zklfk kdv wr eh juhdwhu wkdq wkh sd|r� ri grlqj Q zklfk lv yK+Q>Q
W> 3> �f, . �eyK+ eW ,1

Wklv fdq eh uhduudqjhg wr |lhog=

k+S>QW> 3> 3W> �f, A 4�
yK+S>Q

W> 3> �f,� yK+Q>Q
W> 3> �f,

�eyK+ eW ,
+45,

Dv k+S>HW> 3> 3W> �f, � 3 wkhuh zloo dozd|v eh d fulwlfdo ydoxh ri #� +dv gh�qhg lq dv0
vxpswlrq 4, deryh zklfk wklv lqhtxdolw| krogv1 Wkh vdph fulwlfdo ydoxh ri #� zloo hqvxuh
wkdw lqhtxdolw| +45, dovr krogv zkhq wkh vwdwh lv �� ru HW @ S W1 Li HW @ QW dqg wkh
vwdwh lv �� udwkhu wkdq �f/ wkhq wkh ohiw kdqg vlgh ri +45, lqfuhdvhv zkloh wkh uljkw kdqg
vlgh lv xqfkdqjhg1 Iru HW @ S W dqg � @ �� +zklfk lv wkh rqo| rwkhu srvvleoh frpel0
qdwlrq ri vwdwhv dqg vwudwhjlhv, zh kdyh k+S>S W> 3> 3W> ��, @ �U A k+S>QW> 3> 3W> �f, dqg
dvvxpswlrq 6 lpsolhv wkdw wkh uljkw kdqg vlgh ri +45, kdv qrw lqfuhdvhg1

Wkh vdph phwkrg fdq eh xvhg wr uxoh rxw wkdw d iruhljq edg lqfxpehqw suhihuv S W wr
QW lq vwdwh �� zkhq erwk jrrg dqg edg grphvwlf lqfxpehqwv lpsohphqw S 1 Wkh sd|r�
iurp fkrrvlqj QW lv=

yWK +S>Q
W> 3W> ��, . kW+S>QW> 3> 3W> ��,�ey

W

K +
eW W, +46,
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Wklv kdv wr eh odujhu wkdq wkh sd|r� iurp fkrrvlqj S W zklfk lv yW
K
+S>S W> 3W> ��,.�ey

W

K
+ eW W,1

Wklv |lhogv wkh iroorzlqj lqhtxdolw|=

kW+S>QW> 3> 3W> ��, A 4�
yW
K
+S>QW> 3W> ��,� yW

K
+S>S W> 3W> ��,

�eyW
K
+ eW W,

+47,

Dv kW+S>QW> 3> 3W> ��, � 3 d vx�flhqwo| odujh #W

� zloo hqvxuh wkdw wklv lqhtxdolw| krogv1
Dv lq wkh fdvh ri wkh grphvwlf lqfxpehqw wkh vdph #W

� zloo hqvxuh wkdw +47, dovr krogv
zkhq H @ S dqg � @ �f ru H @ Q dqg � @ �f1 Lq wkh �uvw fdvh wkh ohiw kdqg vlgh ri
+47, lqfuhdvhv/ zkloh wkh uljkw kdqg vlgh lv xqfkdqjhg1 Lq wkh vhfrqg fdvh wkh ohiw kdqg
vlgh dovr lqfuhdvhv dqg dvvxpswlrq 6 hqvxuhv wkdw wkh uljkw kdqg vlgh grhv qrw lqfuhdvh1

Wkh vhfrqg srvvleoh ghyldwlrq iurp wkh htxloleulxp vwudwhj| zrxog eh iru edg lq0
fxpehqwv wr pdnh d fdvk wudqvihu lq wkh �uvw shulrg1 Iru d edg grphvwlf lqfxpehqw lq
vwdwh �f wkh sd|r� xqghu wkh htxloleulxp vwudwhj| lv +44,/ zklfk kdv wr eh odujhu wkdq
eyK+Q>Q

W> eW> �f,/ wkh sd|r� ri vhohfwlqj d �uvw shulrg fdvk wudqvihu1 Wklv lpsolhv wkdw

k+S>QW> 3> 3W> �f, A
eyK+Q>Q

W> eW> �f,� yK+S>Q
W> 3> �f,

�eyK+ eW ,
+48,

kdv wr krog1 Dvvxpswlrq 4 lpsolhv wkdw yK+S>Q
W> 3> �f, A yK+Q>Q

W> 3> �f, dqg d vx�0
flhqwo| odujh #2 +dv gh�qhg lq dvvxpswlrq 5, zloo wkhuhiruh hqvxuh wkdw wklv lqhtxdolw|
lv vdwlv�hg1 Lqhtxdolw| +48, zloo dovr krog iru wkh vdph #2 li HW @ Q Wdqg � @ �� ru
HW @ S W dqg � @ ��1 Lq erwk wkhvh fdvhv dvvxpswlrq 5 lpsolhv wkdw wkh uljkw kdqg vlgh
lv qr odujhu dqg wkh ohiw kdqg vlgh zloo eh odujhu/ dv uh0hohfwlrq ehfrphv pruh suredeoh1

Frqvlghu d edg iruhljq lqfxpehqwv lqfhqwlyhv wr pdnh d fdvk wudqvihu1 Lq vwdwh ��
klv sd|r� xqghu wkh htxloleulxp vwudwhj| lv +46, dqg klv sd|r� xqghu wkh rswlpdo fdvk
wudqvihu lv eyW

K
+S>HW> eW W> ��, zklfk lpsolhv wkh iroorzlqj lqhtxdolw|=

kW+S>QW> 3> 3W> ��, A
eyW
K
+S>S W> eW W> ��,� yW

K
+S>QW> 3W> ��,

�eyW
K
+ eW W,

+49,

Dvvxpswlrq 4 lpsolhv wkdw yW
K
+S>QW> 3W> ��, A yW

K
+S>QW> 3W> ��, dqg d vx�flhqwo| odujh

#W

2 zloo wkhuhiruh hqvxuh wkdw wkh lqhtxdolw| krogv1 Dv ehiruh +49, zloo dovr krog iru wkh
vdph #W

2 li H @ Q dqg � @ �f ru H @ S dqg � @ �f/ dv lq erwk fdvhv wkh uljkw kdqg vlgh
grhv qrw lqfuhdvh/ zkloh wkh ohiw kdqg vlgh lqfuhdvhv1 Wklv frpsohwhv wkh surri1

Surri ri Fruroodu| 5

Ohw �+H> 3>G, ghqrwh wkh grphvwlf yrwhu*v xs0gdwhg eholhiv derxw wkh txdolw| ri klv
lqfxpehqw/ li wkh yrwhu fdq rqo| revhuyh wkh grphvwlf srolf| fkrlfhv dqg wkhuh lv qr
wudqvihu1 Vlploduo| ohw �W+HW> 3>G, eh wkh htxlydohqw eholhiv iru wkh iruhljq yrwhu1 Lw lv
vwudljkwiruzdug wr vkrz wkdw �+S> 3>G, @ �+S>QW> 3> 3W>G, li �W

U
@ 3 dqg wkdw �+S> 3>G,

lv lqfuhdvlqj lq �U 1 Vlploduo| lw fdq eh vkrzq wkdw �W+QW> 3W>G, @ �W+S>QW> 3> 3W>G, li

�f



�U @ 3 dqg wkdw �W+QW> 3W>G, lv lqfuhdvlqj lq �W
U
1 Wklv lpsolhv wrjhwkhu zlwk ohppd 5

wkdw �+S> 3>G, A �+S>QW> 3> 3W>G, li �U A 3 dqg �W+QW> 3W>G, A �W+S>QW> 3> 3W>G, li
�U A 31 Qrz vxssrvh wkdw wkhuh lv d wudgh glvsxwh/ vr H @ S dqg HW @ QW/ dqg wkdw iru
wkh vhw ri lqlwldo uhsxwdwlrqv �U dqg �

W

U
dqg #�> #

W

�
> #2> #

W

2 dw ohdvw rqh ri wkh lqhtxdolwlhv
+45,/ +47,/ +48, ru +49, lv elqglqj lq wkh fdvh zkhuh srolf| fkrlfhv duh revhuydeoh lq erwk
frxqwulhv1 Li iruhljq srolf| lv qrz pdgh xqrevhuydeoh/ wkhq wkh lpsuryhphqw lq yrwhuv*
dvvhvvphqw ri wkh txdolw| ri wkhlu uhvshfwlyh lqfxpehqwv zloo lqfuhdvh wkh ohiw kdqg vlgh
ri doo ri wkhvh lqhtxdolwlhv zkloh ohdylqj hyhu|wklqj hovh xqfkdqjhg1 Iru jlyhq ydoxhv ri
#�> #

W

�> #2> #
W

2 wkh lqlwldo uhsxwdwlrqv �U dqg �W
U
frxog wkhuhiruh eh hyhq orzhu zlwkrxw

ylrodwlqj dq| ri wkh deryh lqhtxdolwlhv1 Wklv frpsohwhv wkh surri1

Surri ri Sursrvlwlrq 5

Li wkh grphvwlf srolwlfldq dozd|v iroorzv wkh iruhljq lqfxpehqwv ghflvlrqv/ wkhq klv
srolf| fkrlfhv gr qrw frqyh| dq| lqirupdwlrq1 Wkh iruhljq yrwhu*v eholhiv duh qrz=

�W+QW> 3W>G, @
�W
U
+4� !,�f,

+4� !,�f . +4� �W
U
,!��

�W+QW> 3W> 3, @
�W
U
+4� !,+4� �f,

+4� !,+4� �f, . +4� �W
U
,!+4� ��,

�W+S W> 3W>G, @ �W+S W> 3W> 3, @ 4

Qrwh wkdw wkh eholhiv iru wudfn uhfrugv +QW> 3W>G, dqg +QW> 3W> 3, duh lqfuhdvlqj lq �W
U

dqg zhdno| kljkhu wkhq wkh iruhljq yrwhu*v eholhiv li kh revhuyhv +S>QW> 3> 3W>G, dqg
+S>QW> 3> 3W> 3, xqghu ghfhqwudolvhg ghflvlrq pdnlqj1 Wkh dqdo|vlv iru sursrvlwlrq 4
wkhuhiruh lpsolhv wkdw d vwudwhj| iru d edg iruhljq lqfxpehqw wr qhyhu lpsohphqw wkh
surgxfw vwdqgdug lv qrz dq htxloleulxp lq dq hyhq odujhu udqjh ri �W

U
iru dq| jlyhq

ydoxh ri #W

� dqg #W

21 Rxwvlgh wklv udqjh ri lqlwldo uhsxwdwlrqv wkhuh h{lvw rqo| pl{hg
vwudwhj| htxloleuld lq zklfk d edg iruhljq srolwlfldq pxvw eh lqgl�huhqw ehwzhhq wkh sxuh
vwudwhjlhv wkdw kh udqgrplvhv ryhu1 Iru wklv wr eh srvvleoh qrw lpsohphqwlqj wkh surgxfw
vwdqgdug pxvw fduu| d uh0hohfwlrq shqdow| dv edg iruhljq srolwlfldqv rwkhuzlvh dozd|v
suhihuv wr gr vr1 Wr fuhdwh vxfk d shqdow| iruhljq edg srolwlfldqv pxvw lq htxloleulxp
eh pruh olnho| wkdq d jrrg srolwlfldq wr lpsohphqw wkh surgxfw vwdqgdug1 Wkh vdph
dujxphqw fdq eh xvhg wr hvwdeolvk wkdw edg grphvwlf srolwlfldqv/ zkr fhwhulv sdulexv
suhihu lpsohphqwdwlrq ri wkh surgxfw vwdqgdug wr qrq0lpsohphqwdwlrq/ pxvw lq dq|
htxloleulxp lpsohphqw wkh surgxfw vwdqgdug pruh iuhtxhqwo| wkdq d jrrg srolwlfldq1

Uhsodflqj grphvwlf srolf| pdnlqj wkurxjk d pxwxdo uhfrjqlwlrq uxoh zlwk iruhljq
srolf| pdnlqj wkhuhiruh vwulfwo| uhgxfhv wkh iuhtxhqf| ri hqylurqphqwdo srolf|1 Jrrg
iruhljq srolwlfldqv lpsohphqw wkh vdph vwdqgdug dv jrrg grphvwlf srolwlfldqv exw qr
vwdqgdug lq vwdwh �f zkhuh edg grphvwlf lqfxpehqwv zrxog dw ohdvw vrphwlphv lpsoh0
phqw wkh vwdqgdug1 Ixuwkhupruh edg iruhljq lqfxpehqwv zloo lpsohphqw wkh surgxfw

��



vwdqgdug hyhq ohvv iuhtxhqwo| wkdq jrrg iruhljq lqfxpehqwv1 Wklv lpsolhv wkdw wkh surg0
xfw vwdqgdug ehfrphv ohvv iuhtxhqw lq wkh grphvwlf frxqwu|1 Wkh zhoiduh lpsdfw ri wklv
fkdqjh lv dpeljxrxv dv kdv douhdg| ehhq dujxhg lq wkh pdlq wh{w1

Surri ri Sursrvlwlrq 6

Wr vkrz wkdw wkh htxloleulxp fdq lqyroyh rq dyhudjh wr kljk vwdqgdugv wdnh wkh
iroorzlqj vwudwhjlhv1 Jrrg lqfxpehqwv frqwlqxh wr dozd|v lpsohphqw S dqg S W lq vwdwh
�� dqg Q dqg QW lq vwdwh �f1 Edg grphvwlf lqfxpehqwv dozd|v lpsohphqw wkh S lq vwdwh
�� dqg Q vwdwh �f li wkh iruhljq lqfxpehqw lv jrrg dqg Q lq erwk vwdwhv li wkh iruhljq
lqfxpehqw lv edg dqg gr qrw pdnh wudqvihuv lq hlwkhu fdvh1 Edg iruhljq lqfxpehqwv
lpsohphqw S W lq vwdwh �� dqg Q

W lq vwdwh �f li wkh grphvwlf lqfxpehqw lv jrrg dqg QW lq
erwk vwdwhv li wkh grphvwlf lqfxpehqw lv edg dqg dovr gr qrw pdnh wudqvihuv1 Jlyhq wkhvh
vwudwhjlhv srvvleoh wudfn uhfrugv duh +Q>QW> 3> 3W> 3,/ +Q>QW> 3> 3W>G,/ +S>S W> 3> 3W>G,
dqg +S>S W> 3> 3W> 3,1 Xsgdwhg eholhiv iru wkh wzr lqfxpehqwv lq wkhvh fdvhv duh=

�+S>S W> 3> 3W>G, @
�U!��

�U!�� . +4� �U,�WU!��
� �U

�+S>S W> 3> 3W> 3, @
�U!+4� ��,

�U!+4� ��, . +4� �U,�
W

U
!+4� ��,

� �U

�+Q>QW> 3> 3W>G, @
�U+4� !,�f

+4� !,�f . +4� �U,+4� �
W

U
,!��

�+Q>QW> 3> 3W> 3, @
�U+4� !,+4� �f,

+4� !,+4� �f, . +4� �U,+4� �WU,!+4� ��,

�W+Q>QW> 3> 3W>G, @
�W
U
+4� !,�f

+4� !,�f . +4� �W
U
,+4� �U,!�f

�W+Q>QW> 3> 3W> 3, @
�W
U
+4� !,+4� �f,

+4� !,+4� �f, . +4� �W
U
,+4� �U,!+4� ��,

�W+S>S W> 3> 3W>G, @
�W
U
!��

�W
U
!�� . +4� �W

U
,�U!��

� �W
U

�W+S>S W> 3> 3W> 3, @
�W
U
!+4� ��,

�W
U
!+4� ��, . +4� �W

U
,�U!+4� ��,

� �W
U

Qrwh wkdw wkh xs0gdwhg eholhiv duh lqfuhdvlqj lq hdfk lqfxpehqwv rzq lqlwldo uhsxwdwlrq1
Ixuwkhupruh wkh| duh dovr hlwkhu lqfuhdvlqj lq wkh rwkhu lqfxpehqwv lqlwldo uhsxwdwlrq ru
zhdno| odujhu wkdq wkh lqfxpehqwv rzq lqlwldo uhsxwdwlrq1 Wzr srvvleoh ghyldwlrqv kdyh
wr eh uxohg rxw= lpsohphqwlqj d srvlwlyh wudqvihu lq wkh �uvw shulrg dqg fkdqjlqj wkh
hqylurqphqwdo srolf| dzd| iurp kduprqlvdwlrq1 Sd|r�v iru edg grphvwlf dqg iruhljq
lqfxpehqwv xqghu wkh fdvk wudqvihu duh eyK+H>H

W> eW>G, dqg eyW
K
+H>HW> eW>G, uhvshfwlyho|

�2



lq wkh �uvw shulrg dqg }hur iru wkh vhfrqg shulrg1 Dvvxpswlrq 5 lpsolhv wkdw li uh0
hohfwlrq lv suredeoh hqrxjk wkhq wkh h{wud �uvw shulrg xwlolw| ri d fdvk wudqvihu grhv qrw
rxwzhljk wkh orvv ri vhfrqg shulrg xwlolw| gxh wr d fhuwdlq ghihdw lq wkh hohfwlrq1 Jlyhq wkh
eholhiv ghulyhg deryh wkhuh pxvw wkhuhiruh eh d fulwlfdo ohyho ri �U dqg �W

U
deryh zklfk

k+Q>QW> 3> 3W,/ k+S>S W> 3> 3W,> kW+Q>QW> 3> 3W,> kW+S>S W> 3> 3W, duh vx�flhqwo| kljk wr
pdnh d �uvw shulrg fdvk wudqvihu xqdwwudfwlyh1 Lq wklv udqjh ri �U dqg �

W

U
erwk lqfxpehqwv

zloo dovr qrw ghyldwh iurp wkh kduprqlvhg vwdqgdug li wkh uh0hohfwlrq shqdow| lv vx�flhqwo|
odujh1 Vxssrvh wkdw idloxuh wr kduprqlvh lv sxqlvkhg zlwk d fhuwdlq ghihdw lq wkh hohfwlrq1
Dv wkh �uvw shulrg xwlolw| jdlq iurp lpsohphqwlqj d wudqvihu lv dozd|v dw ohdvw dv odujh
dv wkh jdlq iurp fkdqjlqj wkh hqylurqphqwdo srolf|/ wklv ghyldwlrq fdq qrw eh rswlpdo1
Wkh lpsolfdwlrq ri wklv lv wkdw wkh kduprqlvhg vwdqgdug lv rswlpdo dv orqj dv dw ohdvw
rqh jrrg lqfxpehqw lv lq r�fh dqg wrr orz zkhq wzr edg lqfxpehqwv duh lq r�fh dqg
wkh vwdwh lv ��1

Wr vkrz wkdw wkh kduprqlvhg vwdqgdugv fdq dovr eh wrr kljk wdnh wkh vdph vwudwhjlhv
dv deryh zlwk rqh fkdqjh1 Li wzr edg lqfxpehqwv duh lq r�fh wkhlu vwudwhj| lv qrz wkdw
erwk lpsohphqw wkh surgxfw vwdqgdug uhjdugohvv ri wkh vwdwh1 Eholhiv lq wklv fdvh duh=

�+S>S W> 3> 3W>G, @
�U!��

�U!�� . +4� �U,+4� �W
U
,+4� !,�f

�+S>S W> 3> 3W> 3, @
�U!+4� ��,

�U!+4� ��, . +4� �U,+4� �W
U
,+4� !,+4� �f,

�+Q>QW> 3> 3W>G, @
�U+4� !,�f

�U+4� !,�f . +4� �U,�WU+4� !,�f
� �U

�+Q>QW> 3> 3W> 3, @
�U+4� !,+4� �f,

�U+4� !,+4� �f, . +4� �U,�
W

U
+4� !,+4� �f,

� �U

�W+Q>QW> 3> 3W>G, @
�W
U
+4� !,�f

�U+4� !,�f . +4� �W
U
,�U+4� !,�f

� �WU

�W+Q>QW> 3> 3W> 3, @
�W
U
+4� !,+4� �f,

�W
U
+4� !,+4� �f, . +4� �W

U
,�U+4� !,+4� �f,

� �WU

�W+S>S W> 3> 3W>G, @
�W
U
!��

!�� . +4� �W
U
,+4� �U,+4� !,�f

�W+S>S W> 3> 3W> 3, @
�W
U
!+4� ��,

!+4� ��, . +4� �W
U
,+4� �U,+4� !,+4� �f,

Eholhiv lq wklv fdvh duh djdlq lqfuhdvlqj lq wkh lqfxpehqwv rzq lqlwldo uhsxwdwlrq dqg
hlwkhu dovr lqfuhdvlqj lq wkh rwkhu lqfxpehqwv uhsxwdwlrq ru zhdno| odujhu wkdq wkhlu
rzq lqlwldo uhsxwdwlrq1 Wkh vdph dujxphqw dv lq wkh fdvh ri grzqzdug kduprqlvdwlrq
fdq wkhuhiruh eh dssolhg wr vkrz wkdw deryh d vhw ri fulwlfdo ydoxhv iru � dqg �W

U
ghyldwlrqv

��



iurp wkh htxloleulxp vwudwhjlhv duh xqsur�wdeoh1 Wklv hvwdeolvkhv wkdw d vlwxdwlrq zkhuh
wkh vwdqgdug lv hlwkhu dw lwv rswlpdo ohyho ru wrr kljk/ zklfk kdsshqv zkhq wzr edg
lqfxpehqwv duh lq r�fh lq vwdwh �f/ lv dovr dq htxloleulxp1 Wklv frpsohwhv wkh surri1

�e
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