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Abstract

We give variants on Berge’s Maximum Theorem in which the lower and the upper
semicontinuities of the preference relation are assumed for two different topologies on
the action set, i.e., the set of actions available a priori to the decision-maker (e.g. a
household with its consumption set). Two new uses are pointed to. One result, stated
here without a detailed proof, is the norm-to-weak* continuity of consumer demand as a
function of prices (a property pointed to in existing literature but without proof or precise
formulation). This improves significantly upon an earlier demand continuity result which,
with the extremely strong “finite” topology on the price space, is of limited interest other
than as a vehicle for an equilibrium existence proof. With the norm topology on the price
space, our demand continuity result acquires an independent significance – particularly
for practical implementations of the equilibrium solution. The second application referred
to established the continuity of the optimal plan as a function of the decision-maker’s
information (represented by a field of events in a probability space of states).
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41 Lqwurgxfwlrq

Wkh vhw ri dfwlrqv dydlodeoh d sulrul wr d ghflvlrq0pdnhu fdq fduu| pruh wkdq rqh
wrsrorj| uhohydqw wr wkh sureohp> dqg lq dsso|lqj Ehujh*v Pd{lpxp Wkhruhp lw fdq
eh lpsruwdqw wr uhod{ wkh frqwlqxlw| dvvxpswlrq rq wkh suhihuhqfh suhrughu 7 iru wkh
wrsrorj| Z wkdw pdnhv wkh vhw ri dfwlrqv f frpsdfw1 Wklv lv vr lq/ h1j1/ htxloleulxp
dqdo|vlv vhw xs lq lq�qlwh0glphqvlrqdo frpprglw| vsdfhv/ vlqfh hyhq vrph ri wkh
vlpsohvw ixqfwlrqdo irupv ri xwlolw| duh Z0glvfrqwlqxrxv1 Iru h{dpsoh/ dq dgglwlyho|
vhsdudeoh/ vwulfwo| frqfdyh xwlolw| ixqfwlrq rq u"

n
+ru d vxevhw f wkhuhri, lv qrw

zhdno|- orzhu vhplfrqwlqxrxv +o1v1f1,/ dowkrxjk lw lv Pdfnh|0frqwlqxrxv dqg khqfh
zhdno|- xsshu vhplfrqwlqxrxv +x1v1f1,= vhh ^6/ Dsshqgl{ LL`1 Wkh orzhu vhplfrqwlqxlw|
ri suhihuhqfhv vkrxog wkhuhiruh eh dvvxphg iru dq dx{loldu| wrsrorj| V wkdw lv/ lq
jhqhudo/ vljql�fdqwo| vwurqjhu wkdq wkh �frpsdfwli|lqj� wrsrorj| Z +dowkrxjk lq
sulqflsoh V pljkw eh lqfrpsdudeoh wr Z/ ehlqj vwurqjhu rqo| lq vrph uhvshfwv,1
Vxfk sureohpv uhtxluh/ wkhq/ dq h{whqvlrq ri wkh Pd{lpxp Wkhruhp wr wkh fdvh

ri d suhihuhqfh suhrughu zklfk lv Z0x1v1f1 exw rqo| V0o1v1f1/ zkhuh Z dqg V duh wzr
wrsrorjlhv rq wkh vhw ri dfwlrqv1 Wkh wrsrorj| xvhg rq wkh vhw ri sdudphwhuv +d1n1d1

hqylurqphqwv, lv ghqrwhg e| S1 Vhfwlrq 5 ri wklv qrwh surylghv d ydulhw| ri vxfk
h{whqvlrqv1 Lw vwduwv zlwk d edvlf |hw dssolfdeoh irup ri wkh uhvxow/ uhvwlqj rq plqlpdo
dvvxpswlrqv�zklfk gr qrw uhtxluh wkh dfwlrq vhw f wr eh frpsdfw/ ru wkh frqvwudlqw
� wr eh forvhg +Wkhruhp 515,1 Dv dvvxpswlrqv duh dgghg/ wkh yduldqw uhdg|0pdgh
iru d surri ri frqvxphu ghpdqg frqwlqxlw|/ dv d ixqfwlrq ri sulfhv/ lv duulyhg dw
+Fruroodu| 51;,1 Wklv dssolfdwlrq lv suhvhqwhg lq Vhfwlrq 61 Ghpdqg frqwlqxlw| lq
frqvxphu fkdudfwhulvwlfv fdq dovr eh hvwdeolvkhg e| wkhvh phwkrgv> dqg lw lv iru wklv
uhdvrq wkdw wkh edvlf uhvxowv duh vwdwhg iru sdudphwhu0ghshqghqw suhihuhqfhv�dv lq/
h1j1/ wkh h{srvlwlrq ^</ <1517` ri wkh Pd{lpxp Wkhruhp1

Dsduw iurp vwuhqjwkhqlqj wkh uhvxow/ wkh xvh ri wzr gl�huhqw wrsrorjlhv rq f khosv
eulqj rxw wkh vwuxfwxuh ri wkh Pd{lpxp Wkhruhp dqg wkh dujxphqwv hpsor|hg wr
suryh lw/ zklfk uhpdlq hvvhqwldoo| wkh vdph dv Ehujh*v ^5/ ss1 448�449`1 Iru frqfox0
vlrqv vlplodu wr wkrvh ri wkh ruljlqdo yhuvlrq/ wkh wrsrorj| Z pxvw eh zhdn hqrxjk
wr pdnh wkh dfwlrq vhw frpsdfw dqg/ dovr/ wr pdnh wkh frqvwudlqw fruuhvsrqghqfh
S0wr0Z xsshu khplfrqwlqxrxv +x1k1f1,/ ru dw ohdvw forvhg1 Dv iru V/ lw hqwhuv wkh dv0
vxpswlrqv exw qrw wkh frqfoxvlrq�zklfk lv wkdw wkh rswlpdo dfwlrq fruuhvsrqghqfh
+d1n1d1 fkrlfh ru ghflvlrq fruuhvsrqghqfh, lv S0wr0Z x1k1f1 Wkh wrsrorj| V lv wkxv
sxuho| dx{loldu|= lwv uroh lv vroho| wr pdnh wkh frqvwudlqw fruuhvsrqghqfh S0wr0V orzhu

khplfrqwlqxrxv +o1k1f1, zklovw pdnlqj suhihuhqfhv V0o1v1f1 Lw pxvw eh vwurqj hqrxjk
wr phhw wkh odwwhu +vhpl0frqwlqxlw|, frqglwlrq exw qrw vr vwurqj dv wr idlo wkh iru0
phu +khpl0frqwlqxlw|, frqglwlrq1 Vshfl�fdwlrq ri V lv rwkhuzlvh lppdwhuldo> dqg lq
sulqflsoh V qhhg qrw eh vwurqjhu wkdq Z ru hyhq frpsdudeoh zlwk lw1 Dv iru S +wkh
sdudphwhu0vsdfh wrsrorj|,/ wklv vkrxog ri frxuvh eh nhsw dv zhdn dv srvvleoh +l1h1/
mxvw vwurqj hqrxjk wr pdnh wkh frqvwudlqw fruuhvsrqghqfh erwk S0wr0Z x1k1f1 dqg
S0wr0V o1k1f1,1
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51 Wzr0wrsrorj| Pd{lpxp Wkhruhpv

Wklv vhfwlrq jlyhv d surjuhvvlrq ri yduldqwv rq Ehujh*v Wkhruhp iru wkh fdvh ri d
suhihuhqfh uhodwlrq - wkdw lv x1v1f1 iru rqh wrsrorj|/Z / dqg o1v1f1 iru dqrwkhu/ V1 Wklv
lpsolhv wkdw wkh judsk/ }h-/ ri - lv EV �Z�0forvhg/ li - lv d wrwdo zhdn suhrughu lq
wkh vhw ri dfwlrqv f +Ohppd 519,1 Exw qr vxfk dvvxpswlrq lv pdgh rq - wr vwduw
zlwk/ dqg vr lwv EV �Z�0forvhgqhvv lv dvvxphg gluhfwo| dw �uvw1 Dsduw iurp wklv/ wkh
jlyhq yduldqwv ri Ehujh*v Wkhruhp gl�hu iurp hdfk rwkhu lq wkh frqwlqxlw| dvvxps0
wlrqv rq wkh frqvwudlqw fruuhvsrqghqfh ��zklfk pdsv wkh srlqwv ri wkh sdudphwhu

vsdfh � wr Z0forvhg vxevhwv ri f�dqg lq wkh fruuhvsrqglqj frqfoxvlrqv derxw wkh

rswlpxp0fkrlfh fruuhvsrqghqfh 	f1 Dw �uvw/ qrwklqj exw S0wr0V orzhu khplfrqwlqxlw|
lv dvvxphg ri �> dqg wkhq wkh frqfoxvlrq lv wkdw/ iru d ES �Z�0olplw ri sdudphwhu0
rswlpxp sdluv/ lwv ihdvlelolw| lv vx!flhqw iru rswlpdolw|�l1h1/ d ES �Z�0olplw srlqw

ri wkh judsk ri 	f lv lwvhoi d srlqw wkhuhri li rqo| lw olhv lq wkh judsk ri � +Wkhruhp
515,1 Lw iroorzv wkdw li/ lq dgglwlrq/ wkh frqvwudlqw judsk lv ES �Z�0forvhg/ wkhq vr
lv wkh rswlpxp0fkrlfh judsk +Fruroodu| 516,1 Li wkh frqvwudlqw � phhwv wkh vwurqjhu

frqglwlrq ri xsshu khplfrqwlqxlw| zlwk frpsdfw ydoxhv/ wkhq vr grhv wkh fkrlfh 	f
+Fruroodu| 517,1 Wkhvh uhvxowv fdq fohduo| eh frpelqhg lq d qxpehu ri xvhixo zd|v/
exw rqo| wkh rqh qhhghg iru wkh dssolfdwlrq wr frqwlqxlw| ri frqvxphu ghpdqg lq
sulfhv +Vhfwlrq 6, lv uhfrughg khuh +Fruroodu| 51;,1
Rqh xvh ri ghpdqg frqwlqxlw| lv iru htxloleulxp h{lvwhqfh/ dqg lq wkdw frqwh{w

dovr wkh �plqlpdolvw� yduldqw +Wkhruhp 515, frphv lq kdqg|1 Wklv lv ehfdxvh wkh wzr
zhdn- wrsrorjlhv sxw rq wkh sulfh vhw � dqg wkh frqvxpswlrq vhwf iru wkh �{hg0srlqw
dujxphqw duh wrr zhdn wr pdnh wkh exgjhw frqvwudlqw forvhg= vhh ^9`1�

Ohw � eh d fruuhvsrqghqfh iurp d wrsrorjlfdo vsdfh E�cS� lqwr d vhw f fduu|lqj

wzr wrsrorjlhv/ V dqg Z1 Doo wkuhh duh dvvxphg wr eh Kdxvgru� wrsrorjlhv +W5,/
dqg Z lv dvvxphg wr eh uhjxodu +W6,1 Wkrxjk wklv lv qrw dozd|v qhhghg/ hyhu| W4
yhfwru0vsdfh wrsrorj| lv dfwxdoo| W61 Lq wkh h{lvwlqj dssolfdwlrqv +Vhfwlrq 6 khuh dqg
^44`,/ V lv vwurqjhu wkdq Z +zkhqfh wkh qrwdwlrq,1
Vlqfh wkh whuplqrorj| ydulhv lq wkh olwhudwxuh/ khplfrqwlqxlw| ri d fruuhvsrqghqfh

lv gh�qhg qh{w1 Vhplfrqwlqxlw|�d whup zh uhvhuyh iru rughulqjv +dqg uhdo0ydoxhg
ixqfwlrqv,�lv lqwurgxfhg odwhu1

Gh�qlwlrq 5141 D fruuhvsrqghqfh � iurp � lqwr f lv=

41 S0wr0V orzhu khplfrqwlqxrxv +o1k1f1, li/ iru hdfk V0rshq vhw 7/ lwv orzhu lqyhuvh
lpdjh iR G � ER� _ 7 9' >j lv S0rshq>

51 S0wr0V xsshu khplfrqwlqxrxv li/ iru hdfkZ0rshq vhw` / lwv xsshu lqyhuvh lpdjh
iR G � ER� � `j lv S0rshq1

4Wkdw sdshu phujhv rxu hduolhu pdqxvfulswv/ flufxodwhg dw Sulqfhwrq Xqlyhuvlw| dqg wkh OVH lq
4<;;�;< +dqg odwhu dv VWLFHUG Glvfxvvlrq Sdshu WH2<52579,1 Lw lv lq wkrvh wkdw wzr0wrsrorj|
h{whqvlrqv ri Ehujh*v Wkhruhp �uvw dsshduhg1
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Iru wkh edvlf uhvxowv wkh suhihuhqfh uhodwlrq lq f lv doorzhg wr ghshqg rq wkh
sdudphwhu R 5 � / l1h1/ - lv dfwxdoo| d vxevhw ri f�� �f1 Lw gh�qhv/ iru hdfk R 5 � /
d elqdu| uhodwlrq -R lq f e|

5-R%/ E5c Rc %� 5 -�

Wkh fkrlfh fruuhvsrqghqfh lv wkhq gh�qhg/ iru R 5 � / e|

	f ER� G' i% 5 � ER� G ;5 5 � ER� 5-R%j �+514,

Wkh �uvw uhvxow/ dsduw iurp ehlqj ixqgdphqwdo iru wklv dqdo|vlv/ lv xvhixo zkhq
S �Z lv wrr zhdn wr pdnh wkh frqvwudlqw � forvhg1

Wkhruhp 5151 Dvvxph wkdw � lv S0wr0V orzhu khplfrqwlqxrxv/ dqg wkdw - lv
EV � S �Z�0forvhg +lq f � � �f,1 Wkhq/ iru hyhu| ERc %� lq wkh ES �Z�0forvxuh

ri }h 	f lq � �f/ li % 5 � ER�/ wkhq % 5 	f ER�1

Surri1 Li % 5 � ER� exw % *5 	f ER�/ wkhq E5c Rc %� *5 - iru vrph 5 5 � ER�1 Vr wkhuh h{lvw=
d V0qhljkerxukrrg/ �5/ ri 5/ d S0qhljkerxukrrg/ �R/ ri R dqg d Z0qhljkerxukrrg/
�%/ ri % vxfk wkdw E5�c R�c %�� *5 - iru hyhu| 5� 5 �5/ R

� 5 �R dqg %
� 5 �%1 Vlqfh � lv

S0wr0V o1k1f1/ wkhuh dovr h{lvwv d S0qhljkerxukrrg/ MR/ ri R vxfk wkdw � ER��_�5 9' B

iru hyhu| R� 5 MR1 Lw iroorzv wkdw %
� *5 	f ER�� iru hyhu| %� 5 �% dqg hyhu| R

� 5 MR_�R>

dqg wklv vkrzv wkdw ERc %� grhv qrw ehorqj wr wkh ES �Z�0forvxuh ri }h 	f1

Lw iroorzv wkdw forvhgqhvv +ri wkh judsk, lv d frqglwlrq wkdw/ zkhq dvvxphg ri �/

�uhsurgxfhv� lwvhoi dv d surshuw| ri 	f1

Fruroodu| 5161 Rq wkh dvvxpswlrqv ri Wkhruhp 515/ li }h� lv ES �Z�0forvhg +lq

� �f,/ wkhq vr lv }h 	f1

Surri1 Wdnh dq| ERc%� lq wkh ES �Z�0forvxuh ri }h 	f1 D iruwlrul/ ERc %� ehorqjv wr wkh
ES �Z�0forvxuh ri }h�/ zklfk htxdov }h� e| dvvxpswlrq> vr % 5 � ER�1 Wkhuhiruh

% 5 	f ER� e| Wkhruhp 5151

Olnh forvhgqhvv/ wkh vwurqjhu surshuw| ri xsshu khplfrqwlqxlw| zlwk frpsdfw ydoxhv

wxuqv rxw wr �sursdjdwh� iurp � wr 	f1 +Wklv lv d vwurqjhu surshuw| ehfdxvh d x1k1f1
fruuhvsrqghqfh zlwk forvhg ydoxhv kdv d forvhg judsk= vhh/ h1j1/ ^</ :14148`1,

Fruroodu| 5171 Rq wkh dvvxpswlrqv ri Fruroodu| 516/ li � lv S0wr0Z xsshu khpl0
frqwlqxrxv zlwk Z0frpsdfw ydoxhv/ wkhq vr lv 	f1

Surri1 Wkh fruuhvsrqghqfh rewdlqhg dv wkh lqwhuvhfwlrq ri rqh zlwk d forvhg judsk
dqg dqrwkhu wkdw lv x1k1f1 zlwk frpsdfw ydoxhv lv dovr x1k1f1= vhh/ h1j1/ ^</ :16143 +ll,`1

Khuh wklv lv dssolhg wr 	f ' � _ 	f/ zlwk 	f ehlqj forvhg e| Fruroodu| 5161

Iru wkh uhvw ri wklv vhfwlrq/ 7 ghqrwhv d zhdn suhrughu +l1h1/ d uh h{lyh dqg wudqvlwlyh
uhodwlrq, lq f1 Wkh dvvrfldwhg vwulfw suhrughu lq f lv gh�qhg e|

5 " %/ E5 ? % @?_ 5 97 %� �
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Wklv lv dq luuh h{lyh dqg wudqvlwlyh uhodwlrq lq f1
Lq wkh frqwh{w ri frqvxphu ghpdqg/ d sdudphwhu srlqw R pd| vshfli| qrw rqo|

wkh pdunhw sulfh v|vwhp Z exw dovr frqvxphu fkdudfwhulvwlfv�lqghhg/ wkh frqvxphu
suhihuhqfh uhodwlrq 7 lwvhoi fdq eh ylhzhg dv d sdudphwhu1 Lq wkdw fdvh R lv iru0
pdoo| wkh sdlu EZc7�/ dqg wkh exgjhw vhw � EZ� ghshqgv rq Z exw qrw rq 7/ zklovw
- ' iE5c7c %� G 5 7 %j/ l1h1/ -Zc7 lv vlpso| 71 Vlqfh - fdq ghshqg rq R lq wkh suh0
fhglqj uhvxowv/ wkhvh fdq eh xvhg wr hvwdeolvk wkh frqwlqxlw| ri ghpdqg lq frqvxphu
fkdudfwhulvwlfv +7, dv zhoo dv lq sulfhv +Z,1 Krzhyhu/ vlqfh rqo| wkh sulfh0frqwlqxlw|

uhvxow lv vwdwhg khuh/ iru wkh uhvw ri wklv vhfwlrq 7 lv d �{hg +sdudphwhu0lqghshqghqw,

suhrughu lq wkh dfwlrq vhw f> dqg vr 	f lv khqfhiruwk gh�qhg e| 514 zlwk 9" lq sodfh ri
-R1 Qrwh/ dovr/ wkdw 9" htxdov 7 li dqg rqo| li 7 lv wrwdo +d1n1d1 frpsohwh/ l1h1/ %� 7 %��

ru %�� 7 %� iru hdfk %� dqg %�� lq f,1

Gh�qlwlrq 5181 Dq luuh h{lyh dqg wudqvlwlyh uhodwlrq " lq f lv=

41 V0orzhu vhplfrqwlqxrxv li/ iru hdfk 5 5 f/ wkh vhw i% 5 f G % " 5j lv V0rshq
+lq f,1

51 Z0xsshu vhplfrqwlqxrxv li wkh vhw i% 5 f G 5 " %j lv Z0rshq/ iru hdfk 5 5 f1

Frpphqw= Iru d wrwdo 7/ orzhu vhplfrqwlqxlw| ri " lv htxlydohqw wr forvhgqhvv ri
wkh vhw i% G % 7 5j iru hdfk 5/ dqg lv dovr uhihuuhg wr dv o1v1f1 ri 71 Vlploduo|/ xsshu

vhplfrqwlqxlw| ri " lv htxlydohqw wr forvhgqhvv ri wkh vhw i% G 5 7 %j iru hdfk %/ dqg
lv uhihuuhg wr dv x1v1f1 ri 71

Vrph zhoo0nqrzq frqglwlrqv xqghu zklfk rshqqhvv ri wkh judsk +ri ", iroorzv iurp
wkdw ri lwv vhfwlrqv +l1h1/ iurp wkh wzr vhplfrqwlqxlwlhv, duh vshow rxw qh{w1

Ohppd 5191 Dvvxph wkdw " lv V0orzhu vhplfrqwlqxrxv dqg Z0xsshu vhplfrqwlqx0
rxv1 Wkhq=

41 Li " lv dovr ghqvh +l1h1/ iru hyhu| % dqg 5 lq f zlwk 5 " % wkhuh h{lvwv d + 5 f
zlwk 5 " + " %,/ wkhq wkh judsk ri " lv EV �Z�0rshq1

51 " lv ghqvh li 7 lv wrwdo dqg f lv frqqhfwhg iru wkh wrsrorj| V bZ 1

Surri1 Iru Sduw 4/ li 5 " %/ wkhq 5 " + " % iru vrph +1 Vr wkhuh h{lvwv d V0
qhljkerxukrrg/ �5/ ri 5 dqg dZ0qhljkerxukrrg/ �%/ ri % vxfk wkdw iru hyhu| 5

� 5 �5

dqg %� 5 �% rqh kdv 5
� " + " %� dqg wkhuhiruh 5� " %� e| wudqvlwlylw|1

Iru Sduw 5/ li 5 " %/ wkhq frqvlghu wkh V0rshq vhw i+ G + " %j dqg wkh Z0rshq
vhw i+ G 5 " +j1 Li wkh| zhuh qrw glvmrlqw/ wkhq wkhlu xqlrq frxog qrw htxdo f +vlqfh
f lv frqqhfwhg,> l1h1/ wkhuh zrxog h{lvw d + 5 f zlwk 5 9" + dqg + 9" %1 Vlqfh 7 lv
wrwdo/ wklv lv htxlydohqw wr 5 7 + 7 %/ zklfk lpsolhv 5 7 % e| wudqvlwlylw| +dqg wkxv
frqwudglfwv 5 " %,1

Wkh iroorzlqj yhuvlrq ri Zhlhuvwudvv* Wkhruhp lv frqwdlqhg lq/ h1j1/ wkh irupxodwlrq
^</ <1517` ri wkh Pd{lpxp Wkhruhp1

Sursrvlwlrq 51:1 Li " lv Z0xsshu vhplfrqwlqxrxv/ dqg wkh ydoxhv ri � duh Z0
frpsdfw dqg qrqhpsw|/ wkhq vr duh wkh ydoxhv ri 	f1
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Surri1 Vxssrvh wkdw 	f ' > dw vrph R/ l1h1/ iru hdfk % 5 � wkh vhw 7 E%� G'

i5 5 � G 5 " %j lv qrqhpsw| +zkhuh/ zlwk R �{hg/ 	f ER� dqg � ER� duh deeuhyldwhg wr
	f dqg �,1 Wkhq i7 E%�j

%M�
lv dq rshq fryhu ri wkh frpsdfw �/ dqg vr lw kdv d �qlwh

vxefryhu> l1h1/ wkhuh lv d qrqhpsw| �qlwh vhw 8 � � vxfk wkdw ;% 5 � <5 5 8 5 " %1
Vwduwlqj iurp dq| 5� 5 8 / fkrrvh d vhtxhqfh E5?� lq 8 vxfk wkdw 5?n� " 5? iru hdfk
? 5 Q1 Vlqfh 8 lv �qlwh/ %6 ' %? iru vrph 6 dqg ? zlwk 6 : ?1 Exw %6 " %? e|
wudqvlwlylw|/ vr %6 9' %? e| luuh h{lylw|> d frqwudglfwlrq1

D vshfldo fdvh ri lqwhuhvw lv wkdw ri dZ0frpsdfw frqyh{ vxevhw f ri d yhfwru vsdfh
u zlwk yhfwru wrsrorjlhv V dqgZ1 Lq wklv fdvh/ vlqfh wkh udqjh lv frpsdfw/ forvhgqhvv

dqg xsshu khplfrqwlqxlw| duh htxlydohqw +iru d forvhg0ydoxhg fruuhvsrqghqfh,= vhh/
h1j1/ ^</ :14149`1

Fruroodu| 51;1 Ohw � eh d fruuhvsrqghqfh iurp d wrsrorjlfdo vsdfh E�cS� lqwr d
frqyh{ vxevhw f ri d yhfwru vsdfh u zlwk wrsrorjlhv/ V dqg Z zkrvh uhvwulfwlrqv wr
dq| vwudljkw olqh lq u duh erwk lghqwlfdo wr wkh xvxdo wrsrorj| ri U +dv lv wkh fdvh zlwk
yhfwru wrsrorjlhv,1 Dvvxph wkdw f lv Z0frpsdfw/ wkdw wkh ydoxhv ri � duh qrqhpsw|
dqg Z0forvhg +dqg khqfh frpsdfw,/ dqg wkdw � lv S0wr0Z xsshu khplfrqwlqxrxv
dqg S0wr0V orzhu khplfrqwlqxrxv1 Li/ lq dgglwlrq/ 7 lv d wrwdo zhdn suhrughu lq f
wkdw lv V0orzhu vhplfrqwlqxrxv dqgZ0xsshu vhplfrqwlqxrxv/ wkhq wkh rswlpdo dfwlrq
fruuhvsrqghqfh/ 	fG � � f/ gh�qhg e| +514, zlwk 7 lq sodfh ri -/ lv S0wr0Z xsshu
khplfrqwlqxrxv +zlwk qrqhpsw| dqg Z0frpsdfw ydoxhv,1

Surri1 Dsso| Ohppd 519/ Fruroodu| 516 ru 517/ dqg Sursrvlwlrq 51:1

61 Dssolfdwlrq wr frqvxphu ghpdqg

Wklv vhfwlrq jlyhv d suhflvh vwdwhphqw ri wkh qrup0wr0zhdn- frqwlqxlw| ri ghpdqg
dv d ixqfwlrq ri wkh sulfh v|vwhp zkhq wkh frpprglw| vsdfh/ u/ lv wkh qrup0gxdo ri
d Edqdfk vsdfh u�1 Pruh suhflvho|/ zkdw fdq eh hvwdeolvkhg lv wkdw wkh ghpdqg lv d
qrup0wr0zhdn- xsshu khplfrqwlqxrxv fruuhvsrqghqfh iurp wkh sulfh frqh +l1h1/ wkh
srodu ri wkh surgxfwlrq frqh, lq u� lqwr u12

Zlwk u� vhuylqj dv wkh sulfh vsdfh lq wkh ghpdqg frqwlqxlw| uhvxow/ kRc %l ghqrwhv
wkh ydoxh ri d frpprglw| exqgoh % 5 u dw d sulfh v|vwhp R 5 u�1 Wklv/ wkh qrup0
suhgxdo ri u/ lv frqwdlqhg lq wkh qrup0gxdo uW ri u +zklfk lv d odujhu sulfh vsdfh,1
Wkh qrup ri d R 5 u� lv ghqrwhg e| nRn�> wkh gxdo qrup ri dq % 5 u lv n%n1 Wkh

zhdn- wrsrorj| ri u lv ghqrwhg e| �W iru euhylw|> wkh ixoo qrwdwlrq lv � Eucu��1 Dovr/
wkh vr0fdoohg ��qlwh� wrsrorj| rq wkh frpprglw| vsdfh u�lq zklfk d vhw lv forvhg li
dqg rqo| lwv lqwhuvhfwlrq zlwk dq| d!qh vxevsdfh ri d �qlwh glphqvlrq _ lv forvhg iru
wkh xvxdo wrsrorj| ri U_�lv ghqrwhg e| W6�? Eu�/ deeuhyldwhg wr W6�? +vlqfh W6�? Eu

��
lv qrw xvhg khuh,1
Wkh wrwdo surgxfwlrq vhw lv wdnhq wr eh d frqh t � u1 Wkh krxvhkrog*v suhihuhqfhv/

wdnhq wr eh frpsohwh dqg wudqvlwlyh/ duh ghvfulehg e| d wrwdo zhdn suhrughu 7 rq

5Wklv uhvxow lv srlqwhg wr +exw qrw vwdwhg suhflvho|, lq ^:/ ss1 4<4 dqg 4<6`1
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wkh frqvxpswlrq vhw/ f1 Wkh krxvhkrog*v lqlwldo hqgrzphqw lv ghqrwhg e| %,?1 Wkh
krxvhkrog*v exgjhw vhw lv wkhuhiruh

� ER� G'
�
% 5 f G kRc %l �



Rc %,?

��
�

dqg lwv ghpdqg lv

	f ER� G' i% 5 � ER� G ;%� 5 � ER� %� 7 %j �

Uhfdoo dovr wkdw wkh u�0srodu frqh ri t lv

t � _ u� G' iR 5 u� G ;+ 5 t kRc +l � fj c

zkhuh t � ghqrwhv wkh dojheudlf srodu1 Iru euhylw|/ ghqrwh

� W G' Et � _ uW� q ifj+614,

� � G' � W _ u� ' Et � _ u�� q ifj �

Wkhruhp 6141 Dvvxph wkdw wkh frqvxpswlrq vhw f lv �W0frpsdfw dqg frqyh{ +dqg
qrqhpsw|,/ dqg wkdw

;R 5 � � <% 5 f


Rc %� %,?

�
	 fc+615,

l1h1/ wkdw dw hyhu| whfkqrorjlfdoo| srvvleoh sulfh v|vwhp wkhuh lv dq dghtxdwh frqvxps0
wlrq exqgoh zruwk ohvv wkdq wkh hqgrzphqw1 Li/ ixuwkhupruh/ wkh suhihuhqfh suhrughu
7 lv �W0xsshu vhplfrqwlqxrxv dqg W6�?0orzhu vhplfrqwlqxrxv +l1h1/ iru hyhu| %

� wkh
vhw i% 5 f G %� 7 %j lv �W0forvhg/ zklovw wkh vhw i% 5 f G % 7 %�j lv W6�? Eu�0forvhg,/

wkhq wkh frqvxphu ghpdqg/ R :$ 	f ER�/ lv d qrup0wr0zhdn- +n � n�0wr0�W, xsshu khpl0
frqwlqxrxv fruuhvsrqghqfh iurp � � lqwr f +zlwk �W0frpsdfw dqg qrqhpsw| ydoxhv,1

Surri1 Wklv fdq eh suryhg e| dq dssolfdwlrq ri Fruroodu| 51;/ zlwkZ ' �W/ V ' W6�?/
dqg S gh�qhg e| n � n� rq � �= vhh ^9` iru ghwdlov1

Frpphqwv=

41 Rqh xvh ri ghpdqg frqwlqxlw| lv lq htxloleulxp h{lvwhqfh surriv/ exw lwv vlj0
ql�fdqfh jrhv eh|rqg wklv1 Iru h{dpsoh/ lq sudfwlfdo lpsohphqwdwlrqv ri wkh

htxloleulxp vroxwlrq lw lv hvvhqwldo wr nqrz wkdw vpdoo ghyldwlrqv iurp wkh htxl0
oleulxp sulfh v|vwhp�fdxvhg hlwkhu e| huuruv ru e| gholehudwh vlpsol�fdwlrq ri
d frpsoh{ h{dfw vroxwlrq�zloo qrw uhvxow lq odujh vkliwv ri ghpdqg1 Krzhyhu/ li
ghpdqg frqwlqxlw| lv wr eh ri vxfk dq dgglwlrqdo lqwhuhvw/ wkh wrsrorj| S ri wkh
sulfh vsdfh pxvw eh nhsw dv zhdn dv srvvleoh1 Li/ e| frqwudvw/ dq h{wuhpho| vwurqj
wrsrorj| lv xvhg rq wkh sulfh vsdfh/ wkhq ghpdqg frqwlqxlw| ehfrphv d udwkhu
zhdn uhvxow zklfk fdqqrw eh ri pxfk lqwhuhvw rwkhu wkdq dv d yhklfoh iru surylqj
htxloleulxp h{lvwhqfh1 Wklv lv wkh fdvh zlwk ^7`/ zkhuh wkh sulfh vsdfh fduulhv
wkh �qlwh wrsrorj| W6�? Eu

��/ zklfk lv hyhq vwurqjhu wkdq W5V Eu��/ wkh vwurqjhvw

yhfwru wrsrorj|1 Lw lv rxu fkrlfh ri wkh qrup wrsrorj| iru S lq dsso|lqj wkh
+h{whqghg, Pd{lpxp Wkhruhp wkdw doorzv xv wr lpsuryh rq wkh frqwlqxlw| uh0
vxow ri ^7/ Surri ri Sursrvlwlrq 6`1 D vljql�fdqwo| zhdnhu fkrlfh ri S zrxog qrw
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gr= ghpdqg fdq eh zhdn0wr0zhdn- +l1h1/ � Eu�c u�0wr0�W, glvfrqwlqxrxv/ dv dq
h{dpsoh lq ^9` vkrzv1

51 Wkh �qlwh wrsrorj| rq wkh frpprglw| vsdfh lv wkh ehvw fkrlfh iru V lq wkh
frqwh{w ri frqvxphu ghpdqg1 Lw jlyhv d yhu| odujh fodvv ri frqwlqxrxv suhihuhqfhv/
zklfk reylrxvo| lqfoxghv doo wkh qrup0frqwlqxrxv rqhv1 Dqg dfwxdoo| wkh W6�?0
frqwlqxlw| frqglwlrq lv qr pruh uhvwulfwlyh wkdq lw lv lq wkh �qlwh0glphqvlrqdo
fdvh +vr wkh rqo| wuxo| �lq�qlwh0glphqvlrqdo� uhvwulfwlrq rq suhihuhqfhv lv wkdw
ri �W0x1v1f1 khuh,1 Wklv yhu| vwurqj fkrlfh ri V zrunv ehfdxvh wkh exgjhw

fruuhvsrqghqfh lv qrup0wr0W6�? o1k1f1= vhh ^9`1 Krzhyhu/ wkh glvwlqfwlrq ehwzhhq
W6�? dqg wkh qrup wrsrorj| +ri u, lv udwkhu lqvljql�fdqw lq dssolfdwlrqv> dqg
olwwoh zrxog eh orvw e| dvvxplqj wkh o1v1f1 ri suhihuhqfhv iru wkh qrup +lqvwhdg ri
W6�?,1

61 Qrwh/ krzhyhu/ wkdw W6�? lv qrw d yhfwru wrsrorj|/ xqohvv _�4 u lv frxqwdeoh
+zklfk lv qhyhu wkh fdvh iru dq lq�qlwh0glphqvlrqdo Edqdfk vsdfh u,= vhh/ h1j1/
^;/ Vhfwlrq 6= s1 43;`1 Zkhq wkh yhfwru0vsdfh surshuw|/ ru orfdo frqyh{lw|/ lv
dovr qhhghg/ wkh ehvw fkrlfh iru V lv wkh vwurqjhvw yhfwru wrsrorj| W5V/ ru wkh
vwurqjhvw orfdoo| frqyh{ wrsrorj| W5w�1 Hyhq zlwk W5w� rq u/ hyhu| frqfdyh

ixqfwlrq L G u$ U lv frqwlqxrxv= vhh/ h1j1/ ^4/ Y1616 +g,`1
71 Wkh zhdn- frpsdfwqhvv frqglwlrq rq wkh frqvxpswlrq vhw fdq eh phw e| phdqv

ri wuxqfdwlrq/ dv lv grqh lq htxloleulxp h{lvwhqfh surriv +xqghu wkh erxqghgqhvv
dvvxpswlrq rq wkh vhw ri ihdvleoh doorfdwlrqv,1 Exw lw fdq eh mxvwl�hg txlwh
jhqhudoo|�dovr rxw ri htxloleulxp�e| sk|vlfdo frqvwudlqwv rq frqvxpswlrq ru
vlpso| e| hyhqwxdo vdwldwlrq +vlqfh wkh qrqvdwldwlrq surshuw|/ zkhq uhtxluhg/
qhhg eh dvvxphg rqo| dw wkh dwwdlqdeoh exqgohv,1

81 Wkh Dghtxdf| Dvvxpswlrq +615, ri Wkhruhp 614 reylrxvo| krogv li
�
f � %,?

�
_ ULhi Et � 9' Bc+616,

l1h1/ li d ihdvleoh wudgh iru wkh frqvxphu ehorqjv wr wkh surgxfwlrq frqh*v fruh1
Lq d Edqdfk vsdfh u/ wkh fruh ri d frqyh{/ qrup0forvhg vhw t lv htxdo wr wkh
qrup0lqwhulru ri t = vhh/ h1j1/ ^8/ s1 ;7` ru ^43/ LL1:14`1 Iru d frqh t lq u zlwk d
qrqhpsw| fruh lw iroorzv wkdw t � � uW/ dqg vr +614, vlpsol�hv wr � W G' t � qifj1

91 Frqglwlrq +616, dovr jxdudqwhhv wkdw � W kdv d � EuWc u�0frpsdfw edvh/ zklfk fdq

eh xvhg iru d �{hg0srlqw dujxphqw lq surylqj wkh h{lvwhqfh ri dq htxloleulxp
+zlwk d sulfh v|vwhp R
 5 uW,1 Wkh h{lvwhqfh uhvxow uhtxluhv/ ri frxuvh/ dgglwlrqdo
dvvxpswlrqv +yl}1/ wkh frqyh{lw| ri suhihuhqfhv dqg ri wkh surgxfwlrq vhw t / dqg
dovr wkh �W0forvhgqhvv ri t ,1

:



Uhihuhqfhv

^4` Edlu/ M1/ dqg U1 Irxuqhdx +4<:8,= Hwxgh jhrphwultxh ghv hvsdfhv yhfwrulhov +Ohfwxuh Qrwhv lq
Pdwkhpdwlfv/ yro1 7;<,1 Qhz \run0Khlghoehuj0Ehuolq= Vsulqjhu0Yhuodj1

^5` Ehujh/ F1 +4<96,= Wrsrorjlfdo vsdfhv1 Hglqexujk= Rolyhu dqg Er|g1
^6` Ehzoh|/ W1 +4<:5,= �H{lvwhqfh ri htxloleuld lq hfrqrplhv zlwk lq�qlwho| pdq| frpprglwlhv�/

Mrxuqdo ri Hfrqrplf Wkhru| / 7/ 847�8731
^7` Ioruhq}dqr/ P1 +4<;6,= �Rq wkh h{lvwhqfh ri htxloleuld lq hfrqrplhv zlwk dq lq�qlwh glphqvlrqdo

frpprglw| vsdfh�/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 44/ 53:�54<1
^8` Krophv/ U1 E1 +4<:8,= Jhrphwulf ixqfwlrqdo dqdo|vlv dqg lwv dssolfdwlrqv1 Qhz \run0Khlghoehuj0

Ehuolq= Vsulqjhu0Yhuodj1
^9` Kruvoh|/ D1/ W1 Ydq ]dqgw/ dqg D1 M1 Zureho +4<<;,= �Frqwlqxlw| ri ghpdqg dqg wkh gluhfw

dssurdfk wr htxloleulxp h{lvwhqfh iru Edqdfk frpprglw| vsdfhv�/ h{whqvlrq ri VWLFHUG Glv0
fxvvlrq Sdshu WH2<52579/ OVH1

^:` Mrqhv/ O1 H1 +4<;9,= �Vshfldo sureohpv dulvlqj lq wkh vwxg| ri hfrqrplhv zlwk lq�qlwho| pdq|
frpprglwlhv�/ lqPrghov ri hfrqrplf g|qdplfv +Ohfwxuh Qrwhv lq Hfrqrplfv dqg Pdwkhpdwlfdo
V|vwhpv/ yro1 597/ ss1 4;7�538,/ hg1 e| K1 Vrqqhqvfkhlq1 Ehuolq0Khlghoehuj0Qhz \run0Wrn|r=
Vsulqjhu0Yhuodj1

^;` Nohh/ Mu1/ Y1 O1 +4<86,= �Frqyh{ vhwv lq olqhdu vsdfhv1 LLL�/ Gxnh Pdwkhpdwlfdo Mrxuqdo/ 53/
438�4441

^<` Nohlq/ H1/ dqg D1 F1 Wkrpsvrq +4<;7,= Wkhru| ri fruuhvsrqghqfhv1 Qhz \run0Fklfkhvwhu0
Eulvedqh0Wrurqwr0Vlqjdsruh= Zloh|1

^43` Vfkdhihu/ K1 K1 +4<:4,= Wrsrorjlfdo yhfwru vsdfhv1 Qhz \run0Khlghoehuj0Ehuolq= Vsulqjhu0
Yhuodj1

^44` Ydq ]dqgw/ W1 +4<;<,= �Lqirupdwlrq/ phdvxudelolw| dqg frqwlqxrxv ehkdylrxu�/ pdqxvfulsw/
Sulqfhwrq Xqlyhuvlw|1

+Dqwkrq| Kruvoh| dqg Dqguhz M1 Zureho, Ghsduwphqw ri Hfrqrplfv/ Orqgrq Vfkrro ri

Hfrqrplfv/ Krxjkwrq Vwuhhw/ Orqgrq ZF5D 5DH/ Xqlwhg Nlqjgrp

H0pdlo dgguhvv = OVHhfrq456Cdro1frp

+Wlprwk| Ydq ]dqgw, Ghsduwphqw ri Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw|/ Sulqfhwrq/

QM 3;87704354/ Xqlwhg Vwdwhv

H0pdlo dgguhvv = wy}Csulqfhwrq1hgx

;


