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Abstract

The standard property-rights theory of the firm assumes that prior to investing in
human capital, team members meet and negotiate asset ownership. This paper
endogenizes the event sequence in a matching model of market equilibrium.
Equilibria exist in which, for strategic and efficiency reasons, agents invest in human
capital and buy assets prior to matching and simple ownership arrangements are
chosen. As in the original work, ownership of physical assets affects the incentive to
invest. However, in this setting ownership creates rent shifting, search and asset
transfer advantages, so new results emerge. It is no longer necessarily true that key

agents own. As for the form of integration, there may be multiple Pareto-rankable
equilibria.
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1. Introduction

According to the property rights approach to the theory of the firm, in a world of
incomplete contracting, the ownership of assets matters for incentives. By influenc-
ing bargaining power over decisions not governed by contract, ownership affects the
division of retationship surptus and so each agent's return to creating that surplus'.
As developed in the seminal papers of Grossman and Hart {1986} and Hart and
Moore {1990) - henceforth GHM - the assumed timing is that agents first negotiate
ownership, after which unverifiable investment decisions are taken. The incentive
effects of asset ownership then imply that there will be a determinate efficient asset
ownership structure (i.e. one that maximizes the joint surplus of the agents, aet
of investment costs). As wealth constraints are assumed away, the theory predicts
that parties adopt at the outset this efficient ownership structure.

In many cases this timing does not appear to describe how events unfoid. For
example, the proprietor of a new business typically purchases premises and plant and
expends considerable planning effort before hiring employees. Employees too may
have undertaken prior investments in skills which, because of non-contractibility
and search frictions, will eventually be vulnerable to hold-up problems.

Rather than predetermining the timing of events (matching, asset purchase,
investment), it seems to us preferable to allow the timing of decisions to be endoge-
nous. This paper builds a matching model] in which agents can decide whether to
purchase assets and invest either before or after they are matched with others. We
show that there exist equilibria in which the event sequence differs from that in
GHM and study the effect this has on the pattern of asset ownership.

To illustrate further our motivation, consider the case of human capital. Accord-
ing to GHM, property rights theory concerns non-human assets. As summarized
in Hart (1998, p. 332) “The reason is that non-human assets are alienable while
human assets are inalienable, i.e. in the absence of slavery they cannct be bought
or sold. To put it another way, residual control rights over hurman assets resides
with the human beings concerned: they cannot (easily) be transferred to someone
else. Thus it is changes in the allocation of residual control rights over non-human
assets that are relevant for a theory of incentives {or for a theory of the firm...}"

The extent to which er post malienability excludes all buman assets from the
analysis is open to guestion. Suppose in some two-person productive relationship,
success requires that at least one of the parties has an MBA, Achievement of the
qualification is verifiable, so there is no problem in the parties negotiating er anie
over which of them should take the course and the payments to be made in the
event of successful comupletion. The possessor of the degree enjoys enhanced power
in subsequent bargaining over the returns to unverifiable investments. So to all
intents and purposes, 'ownership’ of the MBA could be allocated in much the same

I There are two routes by which asset ownership influences ex post bargaining power {de Meza
and Lockwood, {1998), Chiu(1998)). First, ownership may increase payoff flows during bargaining
{the inside option). Second, if the relationship breaks up, the available opportunities {outside
options) may be enhanced by ownership, As the division of the relationship surpius depends on
awnership, 0 does the incentive to undertake relationship specific investments.



way as a physical asset and will involve similar incentive effects. It is not so much
inalienability that puts this kind of asset outside the GHM framework but the
ordering of decisions. Firms do sometimes sponsor employees to obtain an MBA,
but it is usually an agent’s unilateral choice to take the course.

There are a number of reasons why this is sensible. One is that 1t may be
anticipated that the MBA will be useful in a series of relationships each of lirnited
duration. Here though the emphasis is on coordination problems and strategic
considerations. If the course is only commenced after meeting a suitable partner,
teamn preduction for both of them is postponed for the duration of study. Matching
with an already qualified partner is much more attractive. 5o it 15 easy to see
the possibility of an equilibrium in which agents seek jobs only when gualified.
Moreover, since an MBA confers an ex post bargaining advantage there is a strategic
Incentive to capture this gain or neutralise a potential partner’s power by ocwning
prior to matching.

In outline, our model is as follows®. Agents live over T > 2 periods. At any
date, an agent can choose to buy an asset (i.e. they have a choice between becoming
firm owmers or workers). The asset is the physical capital required to run a small
business (such as a shop, a client list, etc.). Agents may also invest in a skill at
any date. Agents with assets can produce on their own{home production), but
are more productive in pairs (team production). There is a matching process that
agents can enter at the end of the first time period. We assurne that this matching
process is efficient in the sense that there is no other way to match agents so that
at least some are better off. Once matched, agents then bargain over the revenue
from production, and finally production and consumption take place.

The main focus of the paper is the extent to which the GHM results carry over
to this setting®. It is useful to begin by emphasizing two key differences between
this set-up and GHM. When we refer to GHM it is helpful to think of the two-agent
versions of the theory, with either one or two assets, as in Grossman-Hart(1986},
rather than the more general treatment in Hart-Moore(1930). We also emphasize
the implicit assumption of GHM that when agents meet, they then negotiate over
asset purchase, and the gainer from the purchase compensates the loser through a
side-payment, so that the ownership decision is efficient.

In GHM, asset ownership and investments are determined after the two agents
are matched whereas in our set up, there may also be an ex anfe equilibrium where
these decimons are made before agents are matched.

In this equilibrium, there are two interesting incentives for asset purchase which
are absent from GHM and which can be explained as follows. First, in hoth GHM
and our setting, asset purchase raises the value of the outside option of an agent,
and thus his share of the surplus ez post, though the bargaining process. We refer

?Cur model builds on work by Rubinstein and Welinsky {1985), Gale {1987} and Wolinsky
(1987) but allows asset ownership and investment to be choice variables. Ramey and Watson
(1996) also look at ownership issues in 2 matching model. They model a continuing relationship
in which investment is unproductive in any other match and in stand-alone production. This
assumption rules out the mechanism which in GHM's analysis determines the patiern of ownership.

FAlthough not the main focus of our analysis, it is clear that unlike the GHM case, our equi-
ltbrinm is usually not socially efficient (Proposition 10).
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to this as the rent-shifting incentive for asset purchase. However, in GHM, rent-
shifting ultimately has no effect on asset purchase decisions, as the rent shifted to
the purchaser ex post is completely offset by an adjustinent of side-payments ez
ante. In our set-up, this is of course not possible, as ex anie, the two agents are
not yet paired, so, rent-shifting provides an additional incentive for asset purchase.
Note that the rent-shifting incentive is related to the revenue from home production;
the higher this is, the stronger the incentive for rent-shifting.

The second incentive for of asset purchase not in GHM is that ownership afects
an agent’s probability of making a productive match and thereby realizing the gains
from team production. We call this the search incentive.

Bearing in mind these two additional incentives, we can say the following. First,
the fundamental GHM observation, that ownership matters for investment, carries
over to our setting. Generally, agents who buy assets invest more than those who
do not. However, the difference in investment levels may occur even when in the
GHM setting, ownership has no effect on investment (Proposition 1}.

A second point concerns ownership patterns when agents are heterogenous. A
general observation here is that in GHM, the optimal ownership structure depends
only on the marginal productivities of the agents. A specific case is if there are two
types of agent, where only one type has a positive marginal product in both home
and team production {a key agent). According to GHM, it is unambiguous that
only such key agents should (and do) own the asset.

By contrast, in our setting, the average productivities of agents also help deter-
mine ownership through rent-shifting and search incentives, and this may lead to
conflict with GHM results. For example, suppose that key agents have a low aver-
age revenue in home production, and non-key agents have a high average revenue
in home production. Then, non-key agents have a stronger rent-shifting incentive
to own, and this may dominate the efficiency loss that is incurred if they own, caus-
ing them to own in equilibrium (Proposition 3). The above argument also suggests
that if average and marginal products move together, then the GHM result that key

agents should own carries over in our model, and this is indeed the case { Proposition
.

5).

Our basic model assumes that only one asset is required for production, and
additional assets are superfluous i.e. assets are independent in Hart’s terminoiogy.
Therefore, an interesting extension is to suppose that two assets are essential for
production {complementary assets). GHM argue that complementary assets will
be owned jointly (one agent owns both assets, and the other none) in order to
capture incentives to invest. In our model equilibria where the assets are owned
jointly (some agents own two assets, others none), and separately (all agents own
one asset) may co-exist, and whenever they do co-exist, the separate ownership
equilibrium Pareto-dominates the joint ownership one®.

The model developed in this paper also allows us to address Maskin and Tirole’s
{1998) critique of property rights theory. They argue that even though 1t may

tHart{1996) refers to joint and separate ownership as integration and non-integration respec-
tively. This latter terminolegy is more appropriate to his model, which is one of possible vertical
integration between an upstream and downstream firm.



be impossible to write complete contracts (i.e. contracts directly on investment
levels), the contracts that can be written on assets are often sufficient to achieve
first-best levels of investment In many settings, including the main ones studied in
the property rights theory of the firm, the contracts that are required are not par-
ticularly complex. For example, all that may be needed is that the initial contract
specifies that after investment one party is given the option to buy (or depending
on the bargaining structure, sell) the productive assets at a predetermined price.
Such results are in a sense confirmation that property rights matter, albeit that
the optimal allocation is more complex than has so far been examined in the liter-
ature.” The problem is that the optimal form of ownership that is identified does
not seem to correspond with what appears to be observed in practice. As Maskin
and Tirole{1998) say of their work: “QOur aim is ...lo offer the cautionary tale that
straight ownership is not explained by the current incomplete coniracting methodol-
oqY- ... We conclude that the pervasiveness of straight oumership confracts more
tikely has fo do with either robustness or bounded rationality considerations.”

This paper offers a different reason why simple ownership rights matter and
cannot be supplanted by option contracis or anything more elaborate. That is,
we have a model where in equilibrium, the identity of eventual trading partners is
unknown when investments are made, even though agents can choose to invest after
matching and use Maskin-Tirole contracts. We show that even in this equilibrinm,
where simple ownership contracts cennot be improved upon, many of the GHM
results extend.

The rest of the paper is arranged as follows. Section 2 develops the basic model
where only one asset is required for production. Section 3 establishes some general
properties of equilibrium. Section 4 deals with the case of heterogenous agents, and
Section o extends the model to the case of complementary assets. Sections 6 and 7
deal with two extensions, namely (non-trivial} endogenous timing and relationship-
specific investments. Some simple welfare properties of equilibrium are noted in
Section & and Section 9 concludes.

2. The Model

2.1. Preliminaries

The economy evolves over two time periods, and 1s populated by a large number of
agents. We suppose that agents may differ in their productivity. Specifically, agents
are of types ¢ = A, B, and the proportion of type ¢ in the total population is é,.
We will give more detaill on how types differ in productivity below. Agents do not
discount future payofis.

Agents can engage in productive activity, either alone or in partnership with
clher agents, if they have invested in human capital and purchased a physical asset.

*With double-sided moral hazard a first-best solution requires that a third agent be introduced,
which may be problematical (see Hart and Moore {1998)). In the absence of such an agent, the
Maskin-Tirole scheme may still outperform simple ownership structures but is equivalent in its
consequences to random ownershp.



Agents may invest and buy assets either ex anie (before matching with a partner)
or ex post {after matching with a partner).

Agents are born without assets, but there is a capital market where agents can
purchase an asset® at price p in either period. We assume that there is a time lag
of one period in producing the asset. Assets have a scrap value of zero. Investment
at level ¢ costs e, and the level of investment is bounded above 1. 0 < e € €
Investment also takes one period before it is productive. '

If a type 7 agent has purchased one asset and invested at level e, she can produce
individually revenue per period of h;{e); we refer to this activity as home production
and h;(.) as the home production function. Two agents of types ¢, 7 with investment
levels e, ¢ and at least one asset can produce revenue per period of

gi{e) + g;(€)

We refer to this joint produnction activity as team preduction, and g:(.) as the team
production function. Additional assets in excess of one do not add to home or team
revenue.

Our assumptions on individual and team production functions arc as follows.
We assume that g, h; are concave and increasing in their argurnents and that

lim, . .gg,(e) = lime.ghile] = +oo. Moreover, we assume that teams are mare
productive than individuals, both on average and at the margin;
gi(e) > hile), gi(e) > hi(e) (1)

2.2. Timing

All agents are born at the beginning of period 0 with no training and no asset.
Within period 0, the order of events is as follows.

1. At the beginning of the period, agents decide whether to buy an asset or not.
We allow randomization, so an agent of type i chooses p;, & [0, 1], where p; is the
probability that an asset is purchased.

2. Conditional on the asset purchase decision, an agent of type i chooses invest-
ment (e, a type i agent with k = 0,1 assets invests e} & [0,€] ).

3. At the end of period 0, agents enter a matching process, described 1n more
detail below. In outline, every agent can specify whether they wish 10 meet an asset
owner’ (an owner in what follows), or a non-owner (worker), and a “co-ordinator”
attempts to reconcile these requests efficiently.

4. Once having been matched, a pair of agents can decide whether to accept
or reject the match. If both accept, they bargain over the revenue from team
production. If one or more rejects the match, each engages in home production (if
he can}.

An agent may arrive at the beginning of period 1 either matched or not, and
having invested and made an asset purchase or not. If she has not invested and

S As noted above, the teasm and home production technoiogies do not require more than one
asset, so in equilibrium, any agent will own either no or one asset.

TThat is, someone who has ordered an asset, and will have it delivered at the beginning of
periow] 1. S0, we assume that asset orders are observable and verifiable.

)



purchased an asset, she may choose to order an asset and invest at the beginning
of period 1 also. However, due to the cne-period delay in investment and asset
purchase, no production will be possible if either investment and asset purchase is
done er post i.e. after matching. Consequently, without loss of generality, we can
assume that all agents make their investment and asset purchase decisions before
matching {ez ante) at the beginning of period 0. So, all that happens n period 1}
is production and cousumption®.
We now describe the model backwards, starting with the bargaining stage.

2.3. Bargaining

Once two agents are matched, they bargain over the division of revenue from pro-
duction, knowing that there is no opportunity to find a replacement partner. The
bargaining protocol is that the proposer is decided by the flip of a fair coin, and 1f
the responder rejects the first offer, the game ends and each agent engages in home
production (if feasible).

So, the expected payoff to two agents of type ¢ and type j who are paired together
is given by the usnal “split-the-difference” formula where each bargainer receives his
disagreement payoff plus half the surplus from the match. Agent ¢'s disagreement
payoff is of course, the revenue from home production which is mh;(e;,) where m
is the number of assets owned by i. So denote by u;;{m,n) the payolf of a type ¢
agent with m assets matched with a type j agent with n assets. Then the “split-
the-difference” formula is may be written

[ m(el) + 0.5(gi{el) + g5(ed) — mhulel) — nhs(el)) m om0
ui{m,n) = { 0 atherwise
(2)
In what follows, we refer to home production as the outside option and mh,(e}, )
as the outside option payoff for a type . This is correct terminology in that home
production is an alternative activity that can only be engaged in if tearn production
does not, take place. Note however, that due to our simple bargeaining protocol, the
outside option does not affect payoffs in (2) according to the outside option principle
(Osborne and Rubinstein{1990), Muthoo{1998)); rather, the outside option payocff
appears as a disagreement payoff, or “inside option™ payoff, as in GHM. If the
bargaining were repeated, rather than an ultimatum game, then the outside aption
principle would apply. The formulation adopted here allows us to focus on how
timing issues affect the GHM results.®
Note finally for future reference that an owner of either type both loses and gains
frorn being matched with an owner relative to a worker i.e.

11'1'-;'{11 1) - ui.}{ltn) = [gj(ei} - g.?(.e.l;}] - hj{e.i) [3)

21n Section B, we extend the number of periods to T 4+ 1, T > 1. Then, the choice between ex
ante and ex post asset purchase and investment becomes a non-trivial one.

*introducing alternating-offers bargaining and interpreting home production as an cutside op-
tion merges the present model with de Meza and Lockwood (1998). Rent transfer remains as an
additional motive for ownership but now owners tend to invest leas than workers and other things
equal, owners are those with the least impact impact on team production.
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The loss —h;(el) is due to reni-shifting i.e. the asset increases the disagreement
payoff of the type j, and enables him to capture more of the surplus. The gain 1s
increased team productivity (from increased investment), assuming'® that €] > &,.
Note also that a worker always prefers to matck with an owner e u;;(0,1} >
iy 4 ([l, ﬂ) = 0.

2.4, Matching

We model matching in a very simple but quite general way''. There is a market “co-
ordinator” who brings together owners and workers. For simplicity, we assurne that
the market co-ordinator knows the structure of the model, and therefore the match-
ing preferences of the agents. In particular, it follows from the above discussion
t hat;

1. Any worker is indifferent between a WW match and no match {as two matched
workers never produce), and strictly prefers an OW match to either.

2. Any owner strictly prefers either a OW match or a OO match to no match.

We will also assume:

3. Any owner strictly prefers a OW to a OO match.

This is a natural assumption, in the sense that it always holds when agents’
Investrnents are fixed {recall (3)). From (3), a more general sufficient condition for
3. 1= the following assumption;

Al. g;{0} ~ g;(8) < ;(0)
l.e. the teamn revenue increment induced by ownership is always less that the home
revenue of an owner, whatever the investments.

The markel coordinator chooses an Pareto-efficient matching rule. The definition
is the usual one: a rule is said to be efficient if there is no other rule that makes all
agents at least as well off and no single agent strictly better off*?. In fact, it is clear
from 1.-3. above that any efficient rule is of the following formm. First, if there are
more owners than workers, the coordinator matches all workers with a owner, and
matches the remalning owners with each other. Second, if there are more workers
than owners, the coordinator matches all owners with a worker, The efficient rule is
not unique as it does not rmatter for efficiency whether WW matches are formed or
not. Without loss of generality, we assume that the coordinator never forms WW
matches.

Let p == 5" _, gp8: be the fraction in the aggregate of agents who buy assets.
Then given this matching rule, the probabilities of an OW match for owners and

21t is shown below that &) = &) in equilibrium.

‘1 This is in contrast to much of the literature on labour market matching {e.g. Pissarides(199%)),
which assumes “two-urn matching™ i.e. that the matching process matches owners with workers
only, and vice versa. There, the implicit assumption in that literature is that production is only
possible with an owner and s worker.

It is now easy to see that two-urn matching (where oply OW matches are formed) is not
always efficient. For if there are more owners than workers, two-urn matching leaves some owners
unmatched, whereas it is clear from 2. above that the remaining owners would prefer to he matched
with each other



workers respectively are:

mi(p) = min{ =2, 1}, 7o(p) = min{=L—, 1} (4)
p 1-p
Note that we indicate owners and workers by subscripts “1” and “0”, denoting how
many assets they own. Finally, when p > 0.5, the probability of an OO match is
1—mip).

Note that once matched, every agent will agree to produce with her match, as
the alternative is to {at best) to engage in home production, which from (1) above,
always yields each agent less than team production, given how the surplus is divided
at the bargaining stage.

2.5. Asset Purchase and Investment

First, define 8}, 8’; , to be the conditional probabilities that a worker or owner selected
at random 1s type 1. Note that from Bayes' rule, these are

i Q=pb o pbi .
b = 1—p ’QI_T’EHA’B )
Also, define
9o = Z 6495 (h). & = Z #1g;(el), by = Z Bih;(el) (6!
i=A8 j=A R i=A,8

So, gy (resp. §,) is the average revenue generated by workers (resp. owners) in team
production, and h, is the average revenue generated by owners in home production.

From (6),(2), if an agent of type ¢ decides to own, her expected payoff, net of
the cost of investment (but not the price of the asset) is

w(l) = m Y Gui;(1L0) +(1-m) Y Fu(1,1) - € (7)

j=ARB y=ab
= 0.5 {gi(e})) + h(el)) + 0.5mGo + 0.5(1 — m )G, — Fy) — e

The explanation of (7} is as follows. With probability 7, the owner is matched with
a worker, and with complementary probability, the owner is matched with an owner.
So, from (7), the first equilibrium condition is that an owner chooses investment
¢, to maximise 1;{1) i.e. that

0.3gi(e}) + 0.5Ri(et) =1 (8)

In the same way, from (6),(2)}, if an agent of type ¢ decides to not to own, her

expected payoff, net of the cost of investment {(but not including the price of the
asset) is

r=A.F
0.5 {g:(ef)) + gy — Hl] — €

!
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Again, the explanation of {9) is as follows. With probability o, the worker is
matched with an owner, and with complementary probability, the worker 1s un-
matched, and gets zero payoff. Se, from {9), the second equilibrium condition is
that an owner chooses investment &5 to maximise %(0) i.e. that

0.57og;(])) = 1 (10)

Now, let A; = 1;(1} — 1;(0) be the gross gain to a type ¢ agent from buying an
asset. The asset ownmership equilibrium conditions is that an agent buys an asset
only if A, > p, and will randomize iff A; = p i.e

> 1
< 0

2.6. Equilibriam

We can now formally define an equilibrium. An equilibrium with ex ante investment
and assef purchase is a vector (4,8}, p'Yi—a g such that (8),(10),{11) are all satisfied.
Note that we qualify the name of the equilibrium in this way because we allow agents
to choose these variables ex ante or ex post. At the moment, for simplicity, the model
15 currently “rigged” so that ez post investment and asset purchase is always inferior
to ex ante. By introducing additional periods of production into the model, we can
make this “timing™ decision non-irivial. This issue is addressed in Section 6, where
we show that under sormne conditions, an er ante equilibrium still prevails.

Some general properties of equilibrium, including existence, are discussed in
the next section. However, as our focus in this paper 15 on the determinants of
equilibrium asset purchase, it is helpful to conclude by studying the crucial asset
ownership condition {11} in more detail. To bring out the issues clearly, we assume
g; = h; = 0 in which case all agents choose the minimum investment € = 0, and we
suppose Lthat there is only one type of agent, so g; = g, h; = h. Then, simplification
of (7), (9) yields

D= (1 - ?ru]g +u,5(ﬂ'1 +'ﬂ'u)h

The first term, {1 — mwq)g, measures the search incentive for asset ownership.
If an agent owns an asset, he engages 1n team production with probability one,
whereas if an agent does not own an asset, he engages in team production only with
probability #p, the probability he is matched with an owner.

The second term 0.5{w, + mp)h 1s the rent-shifting incentive for asset ownership.
With probability @, an owner is matched with a worker, in which case he captures
0.5 units of revenue (“rent”} by having a disagreement payoff of A rather than
zvro. Conversely, with probability 7y, a worker is matched with an owner, in which
case he loses 0.5k units of rent by having a disagreement payoff of zero rather than
h.

Neither of these asset ownership incentives are present!® in GHM, and they

s GHM, rent shifting is present, but it has no implications for ownership, as ownership is
contractible. To put it another way, the mechanism oputlined above will simply raise the price a
aun-owner i3 willing to pav {or the assec.



both play a crucial role below in generating results about asset ownership that
differ significantly from GHM.

3. Some General Properties of Equilibrium

Before looking at asset ownership in detail, we begin with some useful results'

which hold guite generaily:

Proposition 1. An equilibrium with ex ante assef purchase and investment always
exists. In any equilibrium, owners of type i always invest at least as much as workers
(& > &4), and strictly more unless p > 0.5 and hi{e) = 0. Worker investment &; is
increasing in the proportion of agents who own.

The results on investment follow directly from inspection of (8) and (10}. Both
the result and the mechanism at work are the same as in GHM. Passession of the
asset allows the owner to produce even if agents cannot agree on team production,
and so {as long as h] > 0}, the owner has an additional incentive to invest.

Note, however, a new feature of our model relative to GHM. Suppose that Al = 0.
Then, in the GHM setting, asset ownership has no effect on investment. Here, by
contrast, awners will still invest more than workers if p < 0.5. This is a conseguence
of search effect on investment, namely that from {10) that workers will invest more
when owners are abundant (p is high).

"Two more observations are worth making at this point. First, the result on
owners investing more does, however, rely on the feature our the model that cwners
have a higher probability of team production than workers. This is ultimately due
to the fact that the matching process is opne-shot. In an earlier version of this
paper(de Meza and Lockwood(1998)), we allow matching to be repeated over time
in an infinite horizon setting, in a modet where there is only one agent type. Then,
It may be optimal for two matched owners to reject their match, and wait for a
match with a worker {recall from Section 2.4 that owners may prefer to match with
workers). In this case, the owner enters into team production with probability only
1, and so (ignoring the complications that arise in a dynamic modetl), the first-ordec
condition determining é; is

{1 —— [].ﬁ?rl]h'(él} -+ D;E?T]_g'(élj =1

Then if &' =0, and g > 0.5, m; < 1, and so owners will invest less than workers.
The second observation is that without some restrictions on the parameters
(notably the price of the asset), we cannot rule out an equilibrium where no-one
buvs and asset or everyone does. Such equilibria are of little interest to us as the
results of the property rights literature mainly concern allocation of assets befween
agents. We say that an equilibrium is mized if there are always owners and workers
in equilibrium (p; == 1 == p; < 1land p; = 0 =2 5, > 0), and non-mixed otherwise.

'*All Propositions are proved in the Appendix, where proof is required.
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In general, conditions for an equilibrium to be mixed are cumbersome. However,
if we assume only one type of agent, it is easy to establish such conditions. Such
conditions will also be useful for results in later sections. Define the prices

= maz, {0.5g(e)} + 0.5h{e) — e} + 0.5¢(0) (12)
= maz, {0.5g(e)) 4 0.5h{e} — e} — mazx, {0.5g(e} — e} (13)
and note that > p > 0 from the assumptions made on the team production

function {namely g{e} > 0, and g strictly concave with lim._eg'(€) = co). We then
have the {ollowing resuit;

M3

Proposition 2. If there is only one type of agent, for any for any asset price p €
(p, ) there exists a mixed equilibriwm where a fraction p € (0,1} of agents buy
assets.

FProposition 2 asserts that as long as the asset price is not too high or too low,
agents will diversify i.e. some will own assets, and some not. The upper and lower
bounds on prices are the gains to asset purchase when nobody (everyboedy) buys
the asset. As P > p, it 1s more profitable to buy the asset when nobody has it than
when everybody has it. However, as the following example shows, it i1s nof the case
that the gain from asset purchase is monotonically decreasing in p, the proportion
of agents that buy the asset, and this means that there may be multiple equilibna
at some asset prices.

Example 1

Let gle} = 2e%5 h = 21e®®, 5 < 1. Then it is straightforward to calculate that
& = {0.5(1 + 1))%, €p = (0.5mp)2. In the proof of Proposition 1, a general formula
{A.1) for the gain to asset purchase is obtained. In the example, this reduces fo

Alpy = 0.25(1 -+ ) — 0.25(w)’
+0.25m 7 + 0.25(1 — 7y ~ mwo (1 — ﬂz)

Recalling that 7, e depend on p as in (4}, we can plot A{p) as a function of p. For
0 < p < 0.2, it turns out that A is non-monotonic. So, there exist prices for which
there are multiple equilibria, as shown. O

Figure 1
A(p)

i
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Multiple Mixed Equilibria
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Note that the “stable” equilibria are p = 0 and the largest solution of A(p) = p.
This latter equilibrinm Pareto-dominates the others since agents are identical ez-
ante and worker welfare is increasing in p.

Multiple equilibria are not unusual in search models, but they normally arse
when increasing returns to the matching process are assumed. Here, there are
constant returns to matching; if the number of agents in the model is doubled,
+ makes no difference to the match probabilities, and so this finding is of some
interest.

As the diagram makes clear, multiple equilibria arise because (starting at a
low value of p), the gain to asset ownership is increasing in p over a range. As the
proportion of owners rises, workers enjoy a direct benefit through a higher matching
probability implying that A should fall with p. However, there is an offsetting effect:
a higher matching probability induces workers to invest more, and consequently, the
productivity of workers rises. As the extra revenue is shared eqgually but workers
bear the effort cost, this second effect may dominate and owners benefit more than
workers from a higher p.

4. Heterogenous Agents

As observed in the introduction, the GHM theory makes both general and specific
predictions about who should own which assets. The most general observation here
is that in GHM, the optimal ownership structure depends only on the marginal
productivities of the agents'S.

More specific predictions about ownership are easy to make in some special cases.
The one we focus on here is where there are two types of agent {consistently with
the model laid out in Section 2), and where only one type has a positive marginal
product of investment in team and home production. Call such an agent'® a key
agent. According to GHM, it is unambignous that only such key agents should
(and do) own the asset'”. To see this, note that the non-key agent efther has zero
rearginal product of investrment in team production, in which case it may be possible
to induce himn to invest by giving him the asset, but this does not enhance team
revenue; or has zero marginal product of investrent in home production, in which

L5 A second quite general kind of result is about indeterminacy of ownership. Specifically, that
GHM have no predictions about asset ownership in the cases (i} where asset ownership does
not impact on the marginal productivity of investment in the outside option for any agent {in
our model, i = 0, i = A,B), or [ii) where asset ownership does not impact on the marginal
productivity of investment in team production n for any agent {in our model, ¢{ =0, i = A, B).

18 A key agent may also be one who responds particularly strongly to marginal incentives because
her marginal investment cost is relatively flat. We do not focus on this case here, as we assume
that all agents have the same investment cost of unity. It can be demonstrated though that if
marginal investment cost is smoothly increasing for one agent, and totally inelastic for the other,
it will be the agent with no discretion over investment that owns if its investment is higher than
the elastic agent’s. The GHM model implies the opposite allocation.

17 Hart(1095) says “a party is more likely to own an asset if he or she has an important investment
decision {where the investment decision might represent figuring out how to make the asset more
productive or locking after the asset.”
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case may be desirable to induce him to invest more by giving him the asset but this
is impossible.

In this section, we show that the cverage productivities of agents also help
determnine ownership through rent-shifting and searck incentives, and this may lead
to conflict with GHM resalts. Specificaily, we show that key agents may not own,
when non-key agents have sufficiently stronger rent-shifting and/or search incentives
than do key agents.

It is convenient {and involves little loss of generality) to model agent heterogene-
ity as follows. The two types of agents, ¢ = A, B have home and team production

funetions;
hi(e) = hi + n:x(e), gile} = g + vinle) (14)

where #{.) is some strictly increasing, strictly concave function with x(0) = 0.
With this formulation, we can vary the average and marginal products of agents
separately. We can also define key agents very easily: a type A agent is key in the
above sense if

Yarta >0, yg=00rng =0 (15)

We assume in what follows, without loss of generality, that the A-types are key
agents. So, in the GHM setting, in an AB match, the A would always own the
asset. However, in our model, there is also a strategic payoff to cwnership, namely
the rent shifting alluded to above. Specifically, asset ownership increases the value
of the outside option, which in turn increases the share of the surplus that the owner
can get exr post through bargaining. So, the strength of the rent-shifting incentive
is measured by hi{e), or for 7; small, by h;. It is easy to show that if a type B’s
rent-shifting incentive is high enough relative to a type A’s, then Bs, and not As,
will own assets in equilibrium. Specifically:

Proposition 3. Suppose that hg > h, ie. type Bs have a larger rent shifting
incentive than type As. Then, it is possible to find (v, 7;)i=a,8 and an open interval
(p,P) such that (i) type As are key agents i.e. {15) holds, and (ii} for any p € (p, B,
there is a unique equilibrium in which only type Bs own assets, and only type As
donot (pg =1,p, = 0).

This Proposition'® asserts that the rent-shifting incentive for ownership can dom-
inate the GHEM incentive, so that equilibrium ownership may be inefficient.

We now close down the rent-transfer incentive for asset owmnership, by setting
hg = ks = 0. In this case,does our model yield the same predictions about owner-
ship as GHM? In fact, the answer is no, as there is a second new incentive for asset
ownership in our setting, the search incentive referred to in the Introduection.

Specifically, suppose that owners are scarce in the sense that here is a probabaility
that a worker will not match with an owner and therefore cannot produce {(ma < 1}.
Then by buving an asset, a type ¢ agent can boost her payoff by half the expected

l#Nate also that this Propeosition holds when (i) is replaced with v, = 0, = 0,1 = A, B, so
that we have the result that equilibrium asset ownership may be determinate even when it is
indeterminate in GHN -recall footnate 16
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gain from asset purchase i.e. 0.5(1—wg)g:- So, if gg > ga, the gain to type B agents
from buying an asset is greater than that of a type 4. This effect may dominate the
incentive that key agents have to buy assets, as the following result shows. Define
Mg = 8g/(l — 8p) < 1. Then, we have the following result.

Propaosition 4. Suppose that type Bs are somewhat more productive than type As
when no investment Is made {ga/7o > gs > ga), and that they are also more scarce
(ie. = 8 < 0.5).Then, it is possible to find (y;,1,;)i=a,5 2nd an open interval
(p,B) such that (i) type As are key agents i.e. {15) holds, and (i) for any p € (p,P),
there is a unique equilibriwm in which only type Bs own assets, and only type As
donot {pg =1,p, = 0).

The requirement that type Bs be scarce, plus the upper bound g4 /7g on gg Tules
out an equilibrium where owners are in a majority, in which case the gain to own-
ership 15 Lhe same for both types.

So, we have seen that either the rent-shifting or search incentive to own assets
may dominate the efficiency gain from having key agents own. However, it is clear
from the above discussion that this arises only when one type (type A} has (weakly)
higher marginal productivity in both team and home production but strictly lower
average productivity in either team or home production.

If we impose the condition that agents that have the higher marginal productivity
of investment in both teamn and individual production also have the higher average
productivity i.e. that average and marginal productivity rove together, then this
is sufficient for key agents to own, even in our setting.

Proposition 5. Assume that g4 > gg, ha > hp, Y4 2 Y Na = Ny with at least
one strict inequality. Then in any equilibrium, some type A agents must own assets,
and if any type B agents own an asset, all type A agents must own also.

It i1s immediate that under the conditions stated, key agents must own. For if
As are key, one of v, > ¥g, 1,4 > 75 must hold strictly.

5. Complementary Assets

One of the main contributions of GHM was to provide a set of specific predic-
twons about when asset ownership would be dispersed across agents, or concen-
trated in a few (or one} hands. Specifically, the setting of Grossman-Hart(1986),
and Hart(1995) is one where there are two agents, each of whom initially owns an
asset. There are then three ownership structures; non-integration, where the two
agents continue to own their assets, and type i infegration, where agent ¢ = 1,2
owns both assets.

In Hart{1995), the concepts of independent and complementary assets are in-
troduced. A pair of assets is said to be independent if acquisition of a second asset
does not increase the marginal return to investment to either agent, in the event
that the agents decide not to produce together. First, a pair of assets is said to
be complementary if acquisition of only one asset by an agent does not increase
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the marginal return to investment to that agent, in the event that the agents de-
cide not to produce together. Key resulis in the GHM setiing are: {i) if assets
are independent, then integration is never an equilibrium outcome; (ii) if assets are
cornplernentary, then integration is always an equilibrium outcome.

The assumptions we have made so far correspond to the case of independent
assets, as the payoff to home production, h;(e}, is not affected by the acquisition of
a second asset. It is also clear that our analysis so far confirms the GHM result (i)
above: in our setting, when assets are independent, no agent will buy more than
one asset in equilibrium.

In this section, we show that by contrast, result {ii) for complementary assets
does not extend to our setting. We adapt our model to allow for complementary
assets as follows. Qur definition of cornplementarity is that two assets are comple-
ments if neither individual nor team production is possibie unless two assets are
available. This is a very strong form of complementarity which certainly irnplies
commplementarity in the GHM sense.

At the asset purchase stage, every agent randomizes over the choice of zero, one
or two assets. The investment decision is as before. At the matching stage, agents
with zero assets strictly prefer to be matched with two-asset agents (relative to
being unrmatched), agents with one asset strictly prefer to be matched with one- or
two-asset agents(relative to being unmatched), and, assuming Al holds, agents with
two assets strictly prefer to be matched with agents with less than two assets than
with another two-asset agent. 5o, the match coordinator then chooses the efficient
rule given these preferences.

‘Throughout, we assume for clarity that all agents are of one type (i.e. gi(e) =
g(e), h;(e) = he)), and revenue from home production is independent of e i.e.
h(e) = A(0) = h, although these assumptions could easily be relaxed at the cost of
some notational burden'®.

Even though our definition of complementarity is stronger than GHM’s, we can
construct an equilibrium where, even though assets are complementary in the GHM
sense, no agent buys two assets.

Proposition 6. Assume that assets are complements. Then, if h < p < gl{€) — &
where 0.5¢'(€) = 1, there exists an equilibrium where every agent buys exactly one
asset {4 non-integration equilibrium). In this equilibrium, every agent invests &.

The intuition is that if all other agents are following the equilibrium strategy, any
agent 1s equally likely to find a2 match whether he has one or two assets (given the
above matching preferences, all two-asset agents are paired with one-asset agents,
and the remaining one-asset agents are paired with each other). With no search
advantage to owning a second asset, only the rent-shifting advantage remains. The
latter is measured by /1, and consequently, if & is small relative to the price of the
asset p {specifically, £ < p), this gain does not compensate for the cost of purchasing
an additional asset.

TR 0, Proposition 6 generalises to the case where the Jower bound on p is max, {0.5(g{e) +
fi(e)) — e} — max f0.5g{c} - e}

[
o



This result can be contrasted with GHM, where (as remarked above) if assets
are complementary, one agent in a team will always own both assets. The reason
for the difference is that in GHM, asset ownership is contractible, so the agent that
buys both assets is always compensated by his partner. In our setting, by contrast,
lack of coordination means that if an agent acquires a second asset, there is no
compensating cancelled purchase by the other partner. So, acquisition of a second
asset only pays if there is some other advantage, i.e. rent shifting,

We have established that for a range of asset prices, there is an equiiibrium where
assets are owned separately, even though they are strictly complementary. We might
ask whether this is the only equilibrium. The answer is no, as the following result
mdicates.

Proposition 7. Ifé < g(G) — h{0), then whenever there js an equilibrium in which
strictly complementary assets are owned separately, there will also be an equilibrium
in which a proportion p € (0,1} own both assets, and a proportion 1 — p own none
{an integration equilibrium). However, all agents in this equilibrium are strictly
worse off than the non-integration equilibriurm.

This second result indicates the possibility of integration a la GHM as an equilib-
rium outcome. However, differs from GHM because this equilibrium is less efficient
than the equilibrium with one-asset ownership. The intuition for this is as follows.
First, the apent who buys two assets in the integration equilibrium is ceteris paribus.
warse off by the price of an asset thar all agents in the non-integration equilibrium
{who buy one asset each). On the other hand, due to rent-shifting, the owner in
the integration equilibrium is better off by at most 0.54 due to rent-shifting. But if
these equilibria coexist, p > A > 0.5h. So, overall, the owner is worse off.

6. Endogenous Timing

We now extend the model to allow for non-trivial timing of asset purchase as follows.
First, we add additional periods of production to the model; we assume T+1 periads,
with T° > 1, where matching takes place at the end of period 0, as before (so far we
have assumed T" = 1). This gives agents the option of delaying either asset purchase
or mvestment to after matching {ex post) and still producing for T — 1 periods, as
compared with T' periods if they purchase and invest er ante So, the decision to
invest and/or purchase assets ex ante or ex post is now non-trivial.

To simplify the analysis, we suppose that investment is fixed at some level. This
can be justified in the model e.g. by assuming that the cost of investment is ZETO,
so all agents invest at the maximum level possible ie. ¢ = . We will also assume
that agents are homogenous. Then every agent generates revenue g = g(%) in team
production, and A = h{E) in home production.

As investment is fixed, every agent has only one timing decision, whether to buy
an asset ex ente or ez post t.e. before or after matching. But to buy an asset er
anle 1s to be an owner. If an agent does not buy an asset ez ante (and is a worker),
there are just two possibilities. One is that he is matched with an owner. In this

16



case, he has an incentive to buy an asset ex post simply to shift rent to hirnself; by
buying an asset ez post, he can generate a disagreement payoff of (T — 1)k (home
production in T" — 1 periods) and thus capture 0.5(7" — 1}k of the rent. So, this will
not be optimal if p > 0.5(7" — 1}k, which we assume in what follows2°.

The second possibility is that he is matched with a worker, in which case two
workers will jointly purchase an asset ex post and produce iff the revenue from T'— |
periods of production exceeds the purchase price (T'—~1)29 > p.

We call an equilibrium a pure ez ante equilibrium if all assets are purchased
ex ante. I some assets are purchased ex post and some er ante, we call such an
equilibrinm a partial ex ante equilibrium. If all assets are purchased ex post, we
call such an equilibrium a pure ez post equiltbrivm. It is part of the definition of
this Jast equilibrium that (T — 1)2¢ > P iLe. positive net revenue is generated in
equilibrium.

Before discussing the existence of these equilibria, it is important to discuss how
the bargaining and matching stages are modified in the T-period version of this
model.

First, the “split-the-difference” formula remains valid, except that if two matched
agents have at least one asset between them, they enjoy T periods of production,
and if two agents with no assets are matched, they will produce in the last T — 1
periods as long as (T — 1)2¢ > p. So, the formula changes as follows. If two agents
with m and n assets are matched at the end of period 0, payoffs, not including the
cost of asset purchase, are

T(mh+05(29g-mh—nh)) ifm+n>0
u{m, n) = { 0.5(T — 1}g if m,n=0and (T - 1)2g > p
(16)
and uw{m,n} = 0 otherwise. We have also simplified {(2) using our assumptions of
identical agents and constant investment.

As for matching, worker and owner rankings of matches remain the same as
before?!, except that now workers strictly prefer WW matches to no matches when
(T"—1)2g > p. So, we assume that when (T' — 1)2g > p the coordinator forms WW
matches when there are more workers than owners, and otherwise the matching rule
is as before,

We can now establish the following results about equilibrium.

Proposition 8. There exists a pure ex ante equilibrium if p < Th, or Tg +
0.5Th > p 2 2(T — 1)g. There exists a partial ex ante equilibrium ifF Th < p <
min{2g +T'h, 2(T — 1)g} = . A pure ez post equilibrium exists iff (T —1)2g > p >
2g + Th. Consequently, pure and partial ex ante equilibria exist for all T, but pure
ex post equilibria exist only for T > 3.

The result 1s illustrated i Figure 2 below,

“"This is a peculiar incentive for asset ownership as it leads to wasteful duplication of assets.
*INote that workers always prefer OW matches to WW wmatches if Tg—0.5Th > (T—11g—0.5p.
Brut this inequality implies p > 0.5(T — 1)k, which holds by assumption.
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Figure 2 in here

Some intuition for these results is as follows. When p < Th, the asset price is so
low that more than half the agents buy an asset, ensuring that a worker is always
matched with an owner and so workers never need to buy assets er post. When
p moves into the region (Th,$), less than half the agents buy an asset, implying
ihat some workers are matched with workers; as p < 2(T — 1}g, any such worker-
worker pair will buy an asset ez post. As p rises into the region B, (T — 1)2g], then
_ assurning this region non-empty - the price is too high for any agent to buy er
ante, knowing that he can match with another workers, and buy an asset ex post.

Finally, as p reaches the region {2(T — 1)g, Tg+0.5Th), the option of not buying
and matching with another worker now yields only zero. So, even though the asset
is now more expensive, agents are indifferent between buying or not. In this case,
less than half the agents buy an asset, implying that some workers are still matched
with workers; but now as p > 2(T — 1}g¢, no such worker-worker pair will buy an
asset ez posit.

The intuition for non-existence of er post equilibrium when T = 2 is siraple: in
such an equilibrium, the equilibrium payoff g — 0.5p, must be greater than the payoff
from deviating by buying an asset and matching with a worker with probability
one, namely 2g + h — p. So, to ensure non-deviation, we require a very high price
p > 2{g + h) > 2g; this price is now so high that worker-worker matches cannot
generate strictly positive revenne.

So, in the simplest case, we are able to show that even with truly endogenous
tirning, an ex ante equilibrium will still exist for some parameter values. This
will also be true {by continuity) if the marginal return to investment in home and
team production is positive but small, even if agents use Maskin-Tirole contracts to
motivate investment post matching. So, as claimed in the introduction, we can find
ecuilibria with simple ownership contracts, even though Maskin-Tirole contracts
are available o agents. The reason why agents do not make use of these contracts
is that they have to wait to be matched before Maskin-Tirole contracts become
feasible, and the resulting lost production outweighs any efficiency gain from using
sizch contracts.

7. Relationship-Specific Investment

By definition, investment in our model is not relationship-specific, as investment pre-
cedes matching. In the GHM maodel investment in partially relationship-specific; 2l
their results depend on investment being productive even if the relationship breaks
up, but marginal returns are higher still when the team stays together®. Continuity
arguments imply that if we made investments slightly relationship-specific {e.g. by
making them slightly more productive if they were made ex-post}, our main results
would carry over.

22When g = Tg + 0.5Th, nobody buys an asset, so we have an non-interior equilibrium.
I Felli and Harris {1996) make a similar assumption but in the context of a rather different
model in which investment is not a choice variabie,
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Nevertheless, it 1s of some interest to consider the other polar case, where in-
vestments which are entirely relationship specific i.e. must be made subsequent to
matching {investment is now interpreted as the intensity with which unverifiable
effort is applied to team activities).

The simpiest way to capture relationship-specific investment in our model is to
retain the assurmption of a one period delivery lag on asset purchase but to suppose
that investment is now only possible post matching and is then instantaneously
effective. So, timing is now as follows. As before, assets are ordered at the beginning
of the first period, and then agents match. Once matched, the two agents may
then choose to transfer the ownership’® of the asset from the initial owner to the
other, Next, following any transfer of ownership, the non-contractible investments
are chosen. Finally, the division of revenue is negotiated prior to production taking
place.

We will assume that there are no transaction costs®® associated with the transfer
of the title to the asset between matched agents.

It is important to specify the way in which the initial owner is compensated
for the loss of the asset, should asset transfer take place. Consistently with our
assurnptions about bargaining over revenue from team production, we assume that
the two agents bargain over the gains from asset transfer as follows: each agent is
selected at with equal probability to make a take-it-or-leave-it offer to the other. If
the offer is rejected, no ownership transfer occurs and the game maoves on to the
investment stage. Consequently, asset transfer only takes place if it is efficient and
the efficiency gains are shared egually between the two agents, so that final asset
ownership will always be as predicted by GHM.

What is therefore of interest is whether the initial (unilatera!} purchase decisions
will ever be such as to require asset transfer. If this does occur then there is a sense
in which ownership does not feliow the GHM pattern. Our finding is that equilibria
of this sort do arise.

"To see how this works, note that if an agent for whom it is not efficient to own
buys an asset ex anie, he can then appropriate half the net efficiency gain from asset
transfer; we call this the asset transfer incentive for asset purchase. This creates a
further reason why initial ownership is not as predicted by GHM.

*For simplicity, we assume that only simple ownership contracts are possible {ie. either one
agent owns the asset, or the other does). This rules out more sophisticated contracts, such as
randem ownership, or Maskin-Tircle{1998) contracts, which would induce more efficient ex post
mvestinents, but allowing such contracts would not change the substance of our argument, while
adding te analytical complexity.

*3The other polar case is where the legal cost in transferring asset ownership is so high that it
exceeds the efficiency gains of transfer (but not so high as to preclude initial purchase of the asset}.
‘Then of course no transfer ocours. Now the modet is very similar to that aiready analysed. Consider
tie case in which workers are in the majority. In moving from ex-ante to ex-post investment, there
would be no change in the level chesen by ewpers, but matched weorkers invest more since in the
ex-post case b 15 sure that there will be a payoff. As extra revenue is equally shared but the
workers bear ail the investment cost, the returns to ownership are boosted by more than those
to being a worker. So, other things equal, the proportion of the population choosing to own goes
npr. Which type of agent owns Is not affected. For example, if agents are identical except that
ft3 = iy, then in any equilibrivm rent shifting ensures that As will always own.
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As an illustration of how this incentive comes into play, consider the case where
g:, h; are parameterized as in (14}, and suppose that the output of type A agents in
either team or home production is unaffected by investment, whereas that of type
Bs does respond o investment, so Bs are unambiguousty key agents. We now show
that there is a range of asset prices where there is an equilibriurn where only As
own, even if As and Bs have the sarne rent-shifting imcentive.

Proposition 9. Assume that g;, by are as in (14) and investments are relationship-
specifie. Ifn, = v, =0,ng,7g > 0 and 84 = 0.5, in equilibrium all As own and no
Bs do if

[QH(EF) — HB(EE?}] + [J'LA(D) - ha{ﬂﬁ] >0 (17)
where ef, e? solve 0.5¢(ef) + 0.5R(eB) =1, 0.5g{ef) = 1.

Note that condition (17} indicates that As now have two strategic incentives to
purchase the asset. The first, which we have already encountered, is the rent-shafting
incentive; k4(0) — hg(ef) measures the additional incentive, relative to Bs, that As
have to shift rent. The second incentive which is specific to the case of ex post
investroent is the asset transfer incentive referred to above, and gg(ef) — ggled)
rmeasures the size of this incentive for As (this incentive is by definition zero for Bs).

8. Welfare

Although the question is not directly addressed by GHM, it is evident that in their
set up the equilibrium is constrained efficient. Here, government intervention can
be strictly Pareto-improving, due to the presence of matching externalities. This is
now demonstrated in the simplest context of identical agents.

First consider an equilibrium in which workers are in the majority so some are
unernployed. Now introduce a subsidy to asset purchase paid for by a poll tax.
More agents opt for ownership, the process continuing till unemployment falls by
so much that expected payofls in the two activities are restored to equality. In the
new equilibrium owners are better off by the difference between the subsidy to the
asset and the poll tax, which must be positive if any workers remain. Sinece workers
must be as well off as owners, everyone gains.

A sirnilar analysis applies when the price of the asset is s0 low that in equilibrium
owners are in the majority. Consider & tax on asset purchase with the proceeds
distributed as a poil subsidy. There will be fewer owners in the new equilibrium,
but if the tax is not too great, the chance of an owner matching with a worker will
remain sufficiently high for them still to be in the majority. Hence, workers benefit
by the amount of the subsidy and owners, who are equally well off in equilibrium,
rmust also gain.

Proposition 10. When agents are identical ex ante and in equilibrium workers are

in the majority {minerity} a small subsidy (tax} on asset purchase paid for by means
of a poll tax (subsidy} yields a strict Pareto gain.
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This result clearly indicates that equilibrium is inefficient. In the case where
owmners are in the minority, the source of the inefficiency is simple: when an addi-
tional owner buys an asset, he convey an external benefit (namely higher probabality
of matching) on the worker. In the case where owners are in the majority, when
an additional agent buys an asset, the purchase imposes an external cost on other
owners, namely a slightly lower probability of matching with a worker, rather than
another owner (recall from Section 2.3 above, owners always strictly prefer to match
with workers).

9. Conclusions

Much acquisition of physical and human capital takes place prior to the formation
of a productive relationship. Employees typically join going concerns having al-
ready undertaken considerable investment in skill creation. To the extent this is the
case, the GHM analysis is not directly applicable for it relies on what is in eflect
a cooperative assignment of ownership to create appropriate investment incentives.
Nevertheless, the anticipation of noncooperative ownership decisions does influence
investment incentives. This paper shows how filling in background assumptions con-
cerning the market in teammates allows the GHM model to be extended to cover
such cases. It remains true that ownership matters, but specific results are modi-
hed. Since ownership is not contractible, there are rent-shifting and search as well
as incentive effects of asset purchase. There remains a tendency, but not a necessity,
for the agents with the greatest infiuence on team performance to own.

Identifying the strategic and efficiency factors implicit in the GHM set up induc-
ing agents to purchase assets and invest when they are still strangers also provides
a possible reason why the conditional ownership schemes of Maskin and Tircle are
not norrnally observed, so providing a justification for studying the incentive effects
of simple property rights allocations.
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Appendix

Praof of Proposition 1

The result on investment levels is obvious from tnspection of (8),{10) and the prop-
erties of ¢ and h. To prove eXistence, note first, & is independent of 3°, and & is a
continuous function of 5. So, we may write the gain to a type 7 as a continuous func-
tion of (p4, pg} le. Adpa,pg). Also, {11} is a u.h.c. convex-valued correspondence
¢ from R to subsets of {0, 1]. Define the composition Ti=¢oh;and 7 = {1, 75).
Then 7 is an w.h.c. convex-valued correspondence from [0,1}? to [0,1)? and so has a
fixed point Ly Kakutani’s theorem.

Proof of Proposition 2

From (7), (9} we may write

v(l) = 0.5(g(&)) + h(&)) — e; + 0.5m19(é0) + 0.5(1 — m)(g(&,) — h{é:})
v(0) = 0.5mg(édp) — 6y + 0.57p(g(é1} — h(&))

50, vsing the first-order conditions for ég,€), the gain to ownership may be written

Al) = v(1) - (o) (A1)
= maz., {0.5g(e1)} + 05h(e;) — €1} — maz,, {0.5mpg(eo) —~ eot +
0.5m19(é) + 0.5(1 — 1, — 7p) (g(é1) — h{&1))

Also, A{p) is continuous in £ as Ty, 7y are continuous in p. So, to prove the resuit, it
15 sufficient to show that A(0) > A(1} > 0. For then, at any p € (A1), A(0}), there
will be at least one solution to Alp) = p.

From {4), we have

g o= ﬂ==@~‘?l';=1,ﬂ‘u—'=ﬂ {HE)
po= l==m =01 =1

Consequently, p = 0 inplies ey = 0, and so from (A.1),{A.2), we have

A(0) = max. {0.5g(e)) + 0.54(¢e) — e} + 0.5¢{0) {A.3)
A(l} = maz, {0.5g(e)} + 0.5h(e) — e} — max, {0.5g(e) — e} (A4}

Now, by assumption of lim, .., g'le) = +oo, lim,_y h'(e) = +co, and the concavity of
4.1, the right-hand side of {A.4) rust be strictly positive ie. A(1) = 0. Moreover,
we: have

A(0) ~ A{1) = 0.5g(0) + rnaz, {0.59(¢) ~ ¢} (A.5)

Now it is clear that both terms on the nght-hand side of (A.5) is positive, as
g>h, g >0 and g > 0. So, we have established thatA(0) > A1) = 0. Setting
P =4(0), p= A(1} completes the proof. [



Proof of Proposition 3

(i} Eristence. We will assurmne that g4 = gg = ¢, and 1 = ¥, = 0, and construct an

equilibrium where Bs strictly prefer to buy assets and As strictly prefer not to. As

preferences are strict, such an equilibrium will continue to prevalil if the parameters

are perturbed slightly so that {1,,4,);—4 g become non-zero while satisfying (15).
First, as n; = «; = 0, then all agents invest zero, and so hie) = h;, gile) = ¢,

t = A, B. Then, from (7) and {9), we have

wi(1) = 0.5{g+h)+0.5mg+0.5(1 — 7, }{g — hy)
n{(0) = 05(29~ hy)

and consequently,
Ai{hy) = 0.8h; + (mo + 71 — YAy + (1 — mo)g {A.6)

So, from {A.6), _ .
ﬂg(fll} — &A{hl) = 05(!1—5 - hAJ >0

so there will always be a range of prices for which hypothesized equilibrium exists,
where only Bs own, and enly As do not. Specifically, note that in the equilibrinm,
iy = hg. So if we take

p = Aulhg) = 0.5k, + f:'ﬂ'ﬂ +m — 1llhg + (1 — o)
B o= ﬁg{flg} = L.5hg + {?T[} + Ty - l)hg + [:1 — ?T[}]I_Q‘
then for any p ¢ {p.P) there is an equilibrinm where only Bs own, and only As da
not,
(i1} Uniqueness. From (A.6), we see that Ag(h,) > A 4(hy) whatever the patiern
of ownership. So, there are only two other possible equilibria for some p (p.P): (a)
Ap{h))=p 2 &A(HL} and type Bs randomize i.e. choose ownership with probability
0<pp<l(b)Agh)>p= A 4{h) and type As randomize i.e. choose ownership
with probability 0 < p, < 1. Suppose first that a type (2) equilibrium exists for
P € (p,P); then hy = hg,and so p = Agl{hg) = P, which contradicts p € (p.7).
Suppose next that a type (b) equilibrium exists. Then Ay < hg, and using the
fact that A, is increasing in (as my + ; > 1), we have

P=2ah} < Aalhg)=p

again contradicting p € (p, 7). O

Proof of Proposition 4

(i} Existence. We will assume that ha=hg=0,and 9, =, =0, and construct an

equihibrium where Bs strictly prefer to buy assets and As strictly prefer not to. As

preferences are strict, such an equilibrium will continue to prevail if the parameters

arc perturbed slighfly so that {%:,7%:)i=4, 8 become non-zero while satisfying (15).
First note that for any no < 1, from {7), {9), we have

HBalz) = 0.5(1 - mp)gs 4+ 0.5z (A7)
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where 7 = §p — oG, -
Now, note that as 6§z < 0.5, if only As own, fip = 85/(1 — 93) < 1. So, from

(A.7),(A-8);
Dp(z) — Aalz) = 0.5(1 — Ro)(gn — g4} > 0 (A.9)

Sc there always exists a range of prices for which hypothesized equilibrium exists.
Specifically, note that if only Bs own,

z=0.5(ga — frogp) = 2
So if we take

= Da(8) = 05(1 —#o}ga +0.5(gp — 7oga) (A-10)
= Ag{Z)=05(1— fx)gs + {]-5(.95 — oG ) (A.11)

-~

then for any p € {p,F) there is an equilibrium where only Bs own, and only As do
not, as required.
(i1} Unigueness. First, assume that g < 1. Then, from (A.9), A.{z} > Ag(2),
whatever the pattern of ownership. So, the only other possible equilibria are either
) Ag{z) = p > A4(z) and type Bs randomize i.e. choose ownership with prob-
ability 0 < pg < 1; (b) Ag{z} > p = A,(2) and type As randomize ie. choose
ownership with probability 0 < p, < 1. But then, it can be shown that

i

- =—

0.5(g ~ mogs} > 0.5(ga — Fogs) (case (a)) (A.12)
zb = 0. 5{ g4 ~— ’rn_gl) < 0. E(Q‘A - ‘i'Tu_gl’B) (C.a.EE (b}} (313}

Inequalities (A.12),{A.13} are implied by the following facts, First, in case (a), some
type Bs do not buy, so 7§ < gy and g > ¢4, which tmplies {A.12) directly. Second,
i case {b), some type As do buy, so #h > #p. Also, from (4),(5), we have

T0g1 = (9598 + pa84ga)/ (L — puba ~ O8) > Bsgp/{l ~ 65) = frogp

But then from (A.12},(A.13), for equilibrium in case (2} or {b}, we require, noting
also w > Fg, that

p = Ap=05(1-n§)gp+0.52°> P (case (a))
p o= Ay=051-7n3)gs+052< p {case (b))

both of which are inconsistent with p € (p, 7).
Now consider possible equilibria with mp = 1. In this case from (7) and (9}, and
using the simplifying assumptions made,

v(0) = 0.5(g; +7y) (A.14)
w1} = 0.5m(gi+TFo) +0.53(1 — m){g: + 7,) (A.15)

mo, from (A 14).{A15). both types have the same gain from ownership i.e.
8 = (1) — w(0) = 0.57,(gy - )
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Now, since this gain is bounded above by 0.5(gg — g4), as long as.p > 0.5{gp — g4)
an equilibriurz with asset purchase cannot exist when mg = 1.

So, to ensure that the equilibrinm is unique we require the lower hound (A.10)
oh price to be modified to

p' = maz {0.5(1 — 7we)ga + 0.5(ga — Togs), 0.6(gs — ga}}

Now note that B > p’ if 0.5(95 — g4} < D, which is equivalent to gg <X g4/ms. As this
holds by assumption, we have found the required open interval of prices for which
a unigque equilibrium exists, namely (p', 7). O

Proof of Proposition 5 N

To compare ownership incentives in an equilibrium, we take as fixed p and therefore
7q, 71, and also the average values gy, g, ho - Then, from {8), (10), we have

Ay = Hf_'x{o-ﬁgi(ﬁs} + 0.5hi(e;) — e} — m:x{':}ﬁﬂ'ngi(ffi) ~ e} + 7

where o depends only on gy, 7,, Ap. Now, from {14), this simplifies to
&5 = Uﬁ{l - '?Fu)gi + G.Shg 4 m&x{(ﬂ&’n + DET},)R{E} - E{} {A lﬁ)

— rn:.x{ﬂ.ﬁrgf}*irz(eg-) — &} + o

Ifhs 2 hg, ga = g8, Y4 = g, and 7,4 > 1g, it is immediate frora {A.16) that
A4 > Ay, and so the result follows. O3

Proof of Proposition 6

Postulate an equilibrium where all agents buy one asset. Then, all agents prefer to
match with an owner than not match, and so given the behaviour of the matching
coordinator described in Section 2.4, all agents are matched with probability one.
So, the utility from a match between agents with investment levels ¢, ¢’ is simply

vie,€') = 0.5[g(e) + g(&)]) — e (A.17)

Let € be equilibrium investment. So, & must maximise v{e, ¢’} — ¢, and consequently
from (A.17) it solves
0.5¢'(é) =1 (A 18}
To establish that this is an equilibrium, we must show that no agent wishes to
deviate by buying either no asset or two assets.
If an agent has no asset, no match he can enter into can be productive, and

consequently his payoff iz zero. So, it is sufficient that the purchase of one asset
gives a non-negative pavofl in equilibrium, i.e.

v(é,&) ~p >0 (A.19)

Now consider a deviation by an agent who buys two assets and acquires investment
e’. He is still matched with probability one (see the discussion in the text following
Proposition 5). However, he can now engage in home production, and can get a
rnaximum of

vie &) =0.5|g{é) + g(é) + h] - e
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So, for this deviation to be unprofitable, we also need v'{€’,é) —v{€,€} < p, or h < p.
So, overall, we need
g@)—ézp2h (A.20)

which is the condition in the Proposition. )
Proof of Proposition 7.
(i) First we derive condition under which an mternior integration equilibrium exists,
where p of the agents buy two assets, and the remainder, none. Provisionally
suppose the two assets were indivisible. Then there would exist an equilibrium
of the form already described in Proposition 2 in which some but not all agents
own. Now allow the two assets to be separated and consider whether, starting from
the initial equilibrium, there is an incentive for an individual agent to deviate by
owning a single asset. Since two assets are required for production and every match
15 with a partner owning two or no assets the deviant has the same gross payoff as
a non-owner but must pay for the asset,

‘This imphes that an integration equilibrium exists when p € (p, B} where formu-
lae for the bounds (12),{13) are modified to take account of the fact that two assets
are purchased and A’ = (0 1.e.

25 = 0.5h 4 mazr, {0.5g(e)) — e} + 0.5¢(0) {A.21)
2p = 0.3h (A.292)

So, using the definition of é in the proof of Proposition 5 above, an integration
equilibrium exists when

0.25h < p < 0.25h + 0.5(0.5g(8) — &) + 0.25g(0) = ' {A.23)

So, coruparing (A.20), (A.23), we see that ¢ < g(é} — & using the properties of
4, h, so the two eguilibria coexist iff p° > A, or

3h < g(8) — 28 + g(0) (A.24)

From assumption Al, we have A > g(€) — g(0), so it is sufficient that h < g{(0) — &
for two equilibria to coexist.

(i)) It is sufficient to compare the payoff of an agent in the non-integration
equilibrium with the payoff of an agent who buys two assets in the integration
equilibrium, as in the integration equilibrium the payoffs of asset-owners and non-
owmers are equal (cf. Proposition 2}. Denote by wyi,w; payoffs net of the asset
price for asset owners in the non-integration and integration eguilibria respectively.

Now, from the proofs of Propositions 2 and 7, we may write

war = mar.{0.5{g(e} ~ e} +0.5g(é) — p
> rmaz{0.5¢{e} — e} + 0.5¢{(8) + h — 2p
> mar,{0.5¢(e) — e} + 0.5{m19(ép) + (1 — 7 }g{é)] + 0.5m,h — 2p
=L u-'lf
where we have used the following facts: (i) é solves (A.18), and é, solves {12}, and

consequently € > €y; (ii} A < p, by the existence condition for the non-integration
cqutlibrium. So, wayy > wy, as clamed. O
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Proof of Proposition 8.

(i) A pure ez anfe equilibrium exists if either p > 2(T"—1)g, or if p > 0.5 so workers
match with owners with probability one. We investigate the second possibility first.
A necessary and sufficient condition for p > 0.5, is that either

— 20— 1
(1 p p) (Tg +0.5Th — p) + ( PP ) (Tg—p) =Tg—05Th  (A25)

or

Tg—p>Tg—05Th {A.26)

Equation {A.25) is the condition for an agent be indifferent about owning and not
when 1 > g > (L5,

The left-hand side of {A.25) is the expected payoff to owning: with probability
{1 — p)/p. the owner willt be matched with a worker, and get Tg + 0.57/2 — p from
{16}, and with complementary probability, the owner will be matched with another
owner, and get only T.g—p from (18). The right-hand side is the payoff to not owning;:
the worker is matched with an owner with probability one, and gets T — 0.5ThA.

Now solving (A .25), we see
_0.3Th

p

As 0.5 < p < 1, this implies 0.5Th < p < Th.

The other possibility, which arises when (A.26) holds, is that all agents buy
an asset, which requires p < 0.5Th. So, for all p < Th there 1s a pure er ante

Fo)

egutlibrium.

(11} Now consider the existence of a pure er anie equilibrium where 0 < p = 0.5.
As owners are scarce, WW matches may form so we need p > 2{T — 1)g to ensure
that no assets are purchased ez post. Given this, a necessary and sufficient condition
for 0 < p < 0.5, with no assets bought ex post, is that an agent is indifferent between
ownlng and not Le,

Tg +0.5Th —p = -1-%;('1’9 ~ 0.5Th) (A.27)

The owner is matched with a worker with probability one, and gets Tg +0.5Th -~ p.
With probability p/{1 — p), the worker will be matched with an owmner, and get
Tg—0.5Th from (16). With complementary probability, the worker will he matched
with another worker, and gets zero. Solving, we get

 Tg+05Th—p
- 2Tg — p

As 0 < p < 0.5, from (A 28), we need

(A.25)

Tg+05Th>p>Th

But as 2{T' — 1}g > Th, we conclude that if Tg +0.5Th > p > 2(T — 1)y, a pure ¢z
artte equilibrium also exists.
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(it} We now establish when a partial ex ante equilibrium exists. Necessary and
sufficient conditions for this is that 0 < p < 0.5, p < 2{T — 1}g, so that sorne WW
matches form and buy assets ex post. Now, the indifference condition (A.27) is
modified to

1-2p
T, (T -1g-05p)  (A20)

Tg +0.5Th ~p = T'EJ (Tg — 0.5Th) +

The interpretation is as before, except that with probability {1 — 2p}/(1 — p) the
worker will be matched with another worker, and get (T — 1)g — 0.5p {rom (16).
Now solving {A.29), we see

9= g+ 05Th—0.5p

% (A.30)

As 0 < p < 0.5, (A30) implies Th < p < 2¢+Th. We also require that 2(7—1)g > p.
So, if Th < p < min{2g9 + Th,2{T — 1}g}, there exists an equilibrinm where some
assets are bought exr post.

{iv) We conclude by studving ex post equilibrium. In this equilibrium, all agents
are workers; all are paired and buy assets ez post iff (T — 1)2¢ > p. For this to be
an equilibrium, it must pay no worker to deviate by buying an asset and getting
ratched with probability one 1.e.

(F—1)g—0bp>Tg+05Th —p
So, an ez pust equilibrium requires that
(T—12g>p>2g9+Th

as claimed. For this to be possible, we need 2(T — 2)g > Th, soif A > 0, T > 3 for
an er post equilibrium to exist. [J

Proof of Proposition 9.

We solve the model backwards, beginning with the second stage where the asset
transter may have taken place. The first possibility is that As own when investments
are made. In this case, Bs invest at level ef | which solves

0.5g5(eg) =1

Note that whether they cwn or not, As do not invest, as 4y, = v, = 0. Then,
payofls to Az and Bs are:

uy = 0.5(ga(0)) + gu{ed) + hal(0)) — p
up = 0.5(g4(0) + guleg) ~ hal0)) — 2

The other possibility is that Bs own. In this case, Bs invest at lcvel eff | which solves

0.5g(ef) + 0.5R5{ef} =1



Then, pavolls to As and Bs are:

Ga = 0.5(gaf0)) +gp(e?) — he(ef)) —p+q
dg = 0.5(ga{0) +galef) — hplef)) ~¢f —¢

where ¢ is the expected price at which A agrees to sell the asset to B.
‘We are hypothesizing an equilibrium where As own initially. So, note that the
gain to transfer of ownership to Bs is

a4 g — (W + uly) = gplef) ~ gul(ef) ~ (ef —ef) =A >0

So, reallocation will always take place in equihibrium.
By the bargaining protocol, the expected price ¢ splits the gain 50:5(, so we rnay
write

is = 0.5(ga(0) +gsled) + ha(0)) +0.54 —p (A31)
g = 0.5(ga(0)+ geleg) — ha(0)) +0.5A — &f (A.32)

(i1} We now move to the stage of initial asset purchase. Consider a deviation
bv a type A ie. a decision not to purchase an asset. An assetless type A will be
matched with another type A, so his deviation payoff is

uly = 0.5(2g4(0) — h4{0)) (A33)

Sa, the condition that A prefers not to deviate is @14 > u'y, or using {A.31),(A.33),
after some simplification,

gsle?) — gaf0) +284(0) — (ef —eF) > 2p (A.34)

Consider next a deviation by a type B ie. a decision to purchase an asset. An
asset-owning type B will be maiched with another type B, and no asset reallocation
will take place {recall only simple ownership contracts are assumed feasible) so his
deviation payoff is

up = 0.5(gs(e; )} + gu(eg) + hp(el)) ~ e —p (A.35)

So, the condition that B prefers not to deviate is ©tg > uy, or using (A.32),(A.35),
after some simplification,

2p > —e} +ef + hg(ef) + hp(0) + gp(ed) — gal(0) (A.36)

S0, by inspection of (A.34}, (A.36), we can find an non-empty interval of prices
where nelther As nor Bs wish to deviate iff

gs{ef) — gplel) + (ha{0) — hg(ef)) >0

which is the condition in the Proposition. OO
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