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other, thus providing the first polynomial upper bound on
the exchange distance of basis pairs in regular matroids. As a
byproduct, we verify a conjecture of Gabow (1976) on the se-
rial symmetric exchange property of matroids for the regular
case.
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

The basis exchange axiom of matroids implies that for any pair X, Y of bases, there ex-
ists a sequence of exchanges that transforms X into Y. White [47] studied the analogous
problem for basis sequences instead of single bases. Let X = (X, ..., X) be a sequence
of — not necessarily disjoint — bases of a matroid, and let e € X; — X; and f € X; — X;
with 1 < ¢ < j <k be such that both X; —e + f and X; 4+ e — f are bases. Then, the
sequence X = ()(17 . 7Xi—1;Xi — e+ f,XH_l, . ,X]‘_l,Xj +e— f,Xj+1, . ,Xk) is
obtained from & by a symmetric exchange. Two sequences X and ) are called equivalent
if Y can be obtained from X by a composition of symmetric exchanges. The question
naturally arises: what is the characterization of two basis sequences being equivalent?

There is an easy necessary condition for the equivalence of two sequences X and ):
since a symmetric exchange does not change the number of bases in the sequence that
contain a given element, the union of the members of X must coincide with the union
of the members of ) as multisets. Motivated by this observation, X and ) are called
compatible if |{i | e € X;,i € {1,...,k}} = |{i | e € Yi,i € {1,...,k}}| for every
e € E, where E denotes the ground set of the matroid. White [47] conjectured that
compatibility is not only necessary but also sufficient for two sequences to be equivalent.

Conjecture 1 (White). Two basis sequences X and Y of the same length are equivalent
if and only if they are compatible.

Conjecture 1 received a significant interest also in algebra due to its connection to
toric ideals and Grobner bases, see [9] and [34, Chapter 13] for further details. However,
despite all the efforts, White’s conjecture remains open even for sequences of length
two. In this special setting, Farber, Richter, and Shank [17] verified the statement for
graphic and cographic matroids, and noted that their proof does not seem to generalize
for regular matroids. Andres, Hochstéttler and Merkel [2] formulated White’s conjecture
for regular matroids as a separate question, and noted that Seymour’s decomposition
theorem [40] might help to find a proof.

White’s conjecture has no implications on the minimum number of exchanges needed
to transform two equivalent sequences into each other, called their exchange distance. For
basis pairs, Gabow [20] formulated the following problem, later stated as a conjecture
by Wiedemann [48] and by Cordovil and Moreira [11], and posed as an open problem in
Oxley’s book [36, Conjecture 15.9.11].
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Conjecture 2 (Gabow). Let X1 and Xo be disjoint bases of a rank-r matroid M. Then,
the exchange distance of (X1, X2) and (Xo2,X1) is r.

Note that Conjecture 2 would imply Conjecture 1 for sequences of the form (X7, X5)
and (X2, X1). Since the rank of the matroid is a trivial lower bound on the minimum
number of exchanges needed to transform (X7, X5) into (Xa, X7), the essence of Gabow’s
conjecture is that rank many steps might always suffice. This also implies that the con-
jecture can be rephrased as a generalization of the symmetric exchange axiom as follows:

If X; and X, are bases of the same matroid, then there are orderings X; = (x},...,})
and Xo = (z2,...,22) such that {z1,... ,x},xﬁh .., x2} and {2%,... ,z?,zllJrl, R
are bases for ¢ = 0, ..., r. This property is often referred to as serial symmetric exchange
property.

The focus of this paper is on regular matroids, a fundamental class that generalizes
graphic and cographic matroids. Our main tool is Seymour’s celebrated decomposition
theorem, which gives a method for decomposing any regular matroid into matroids which
are either graphic, cographic, or isomorphic to a simple 10-element matroid. Regular
matroids play a crucial role in both matroid theory and optimization, since those are
exactly the matroids that can be represented over R by totally unimodular matrices [36,
Theorem 6.6.3]. This connection has far-reaching implications, e.g. the fastest known
algorithm for testing total unimodularity of a matrix is based on the ability to find such
a decomposition if one exists [43].

Interest in exchange properties of matroids originally arose in part from the fact that
they serve as an abstraction of pivot algorithms of linear algebra [22,47]. In the past
decades, however, problems appeared in many different areas of computer science and
mathematics that are actually based on exchange properties of matroid bases, though
these problems have never been explicitly linked together in previous work. Implicitly,
one of the goals of the paper is to draw attention to these connections.

1.1. The role of equivalent sequences

Though finding a sequence of symmetric exchanges between basis sequences may seem
to be a structural question purely on matroids, it has been identified as the key ingredient
in a range of problems. In what follows, we give an overview of the main applications
where the reconfiguration of basis sequences shows up.

Sampling common bases. A long line of work concentrated on designing efficient algo-
rithms for sampling bases of matroids [1,18]. Most of the results relied on the Markov
Chain Monte Carlo technique: for any matroid, the basis exchange property defines a
natural random walk over all bases, also known as “down-up” random walk. Sampling
common bases of two matroids is, however, significantly more difficult. Unlike in the
case of a single matroid, the intersection of two matroids does not satisfy the exchange
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property, making it impossible to define a simple down-up-type random walk in general.
Partitions of the ground set of a matroid M into two disjoint bases can be identified
with common bases of M and its dual M*. From this perspective, White’s conjecture
states that there is a sequence of exchanges between any pair of common bases of M and
M*. Thus verifying Conjecture 1 would open up the possibility for a natural down-up
random walk for matroid intersection in the special case when the two matroids are dual
to each other.

Equitability of matroids. A matroid whose ground set E partitions into disjoint bases
is called equitable if for any set Z C FE, there exists a partition into disjoint bases
E=X,U---UXysuch that ||Z|/k] < |X;NZ| < [|Z]/k]. The Equitability Conjecture
states that every matroid whose ground set partitions into disjoint bases is equitable.
The existence of such a partition would follow from both Conjecture 1 and Conjecture 2.
To see this, first observe that it suffices to consider the case k = 2, since for general k the
statement then follows by repeated application of the problem restricted to X; U X; for
1 <i < j <k;see [25, Discussion page| for details. Then, for any partition of the ground
set into two bases X7 and Xa, both Conjecture 1 and Conjecture 2 imply the existence
of a sequence of symmetric exchanges that transforms (X7, Xs) into (X2, X1). One of
the basis pairs of the sequence thus obtained must satisfy ||Z]/2]| < |X; N Z| < [|Z]/2]
for i = 1,2. Apart from the matroid classes for which Conjecture 1 or 2 was settled, the
Equitability Conjecture was verified for base orderable matroids [19] only.

Fair allocations. In fair allocation problems, the goal is to find an allocation of a set
E of m indivisible items among n agents so that each agent finds the allocation fair.
Biswas and Barman [8] and Dror, Feldman, and Segal-Halevi [14] studied the existence
of allocations under matroid constraints that are envy-free up to one good (EF1), in which
the bundle of each agent is required to form an independent set of a matroid. The problem
remains open even when the agents share the same matroid constraints and binary
valuation. In such a case, there exists a Z C FE such that the value of any subset X of
items is | X NZ| for every agent, and a feasible EF1 allocation corresponds to a partition of
the ground set into n independent sets X1, ..., X, such that || Z|/n] < |X;NZ| < [|Z]|/n]
for every 1 < ¢ < n. The existence of such an allocation would follow from the Equitability
Conjecture, and hence from both Conjecture 1 and Conjecture 2.

Unimodular triangulations. For a polytope P C R"™ with vertices vy,...,vp, a trian-
gulation T of P is a collection of simplices on the vertices of P such that (i) if T € T
then all faces of T are in T, (ii) if T1,7% € T then T1 NT5 is a face of both 77 and T,
and (iii) Upeyconv(T) = P. A triangulation 7 is unimodular if the volume of every
highest dimensional simplex of T is the same. As a geometric variant of Conjecture 1,
Haws [23] conjectured that every matroid base polytope has a unimodular triangulation.
One motivation behind the conjecture was that the existence of such a triangulation
implies a bound of n on the Carathéodory rank of a connected matroid base polytope, a
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result that was proved only later in [21]. Recently, Backman and Liu [4] verified Haws’
conjecture by showing that every matroid base polytope admits a regular unimodular
triangulation.

Toric ideals. Consider a matroid M = (F,B) where E denotes the ground set and B
is the family of bases of M. For a field K, let Sj; denote the noncommutative poly-
nomial ring K(yp | B € B). The toric ideal Ip; associated to M is the kernel of the
K-homomorphism ¢yr: Sy — Klze | e € E] given by yp +— [][.cp5Te. Assume now
that the basis pair (Y7, Ys) is obtained from (X7, X2) by a symmetric exchange, that is,
YiI=X;—e+ fand Yo = Xo +e— f for some e € X7 — X5 and f € Xy — X;. Then,
the quadratic binomial corresponding to the symmetric exchange is yx,¥x, — Yv, Yy, It
is not difficult to see that such binomials belong to the ideal I,;. In algebraic terms,
Conjecture 1 states that I; is generated by quadratic binomials corresponding to sym-
metric exchanges for every matroid M. For discussions on further variants of White’s
conjecture, see [29,30].

Reconfiguration problems. The vertices of the exchange graph of a matroid correspond
to basis sequences of a given length, two vertices being connected by an edge if the
corresponding basis sequences can be obtained from each other by a single symmetric
exchange. In this context, Conjecture 1 aims at characterizing reachability in the ex-
change graph, and states that the connected components are exactly the equivalence
classes of compatibility. An analogous problem can be formulated for the intersection
of two matroids, i.e. given two common bases of two matroids, decide if one can be
obtained from the other by always changing a single element while maintaining inde-
pendence in both matroids. Such a sequence of exchanges is known to exist in special
cases, e.g. for arborescences, or more generally, for k-arborescences [26]. Recently, the
problem was shown to be oracle hard by Kobayashi, Mahara, and Schwarcz [26]. For
sequences of length two, Conjecture 1 corresponds to the special case of the common
basis reconfiguration problem when the two matroids are dual to each other.

1.2. Our results

Motivated by the significance of equivalent basis sequences in various applications and
by the fact that it was formulated as an interesting open problem in [2,17], we study the
exchange distance of basis pairs in regular matroids. First, we give a polynomial upper
bound on the exchange distance of compatible basis pairs, which proves Conjecture 1 for
sequences of length two in regular matroids. Our proof is algorithmic, which allows us
to determine a sequence of symmetric exchanges that transforms a given pair of bases
into another in polynomial time. As usual in matroid algorithms, we assume that the
matroid is given by an independence oracle and the running time is measured by the
number of oracle calls and other conventional elementary steps. For the sake of simplicity,
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by “polynomial number” of oracle calls we mean “polynomial in the number of elements
of the ground set”.

Theorem 1.1. Let X = (X1, X5) and Y = (Y1,Ys) be compatible basis pairs of a regular
matroid M of rank r > 2. Then, there exists a sequence of symmetric exchanges that
transforms X into Y, has length at most 2-r%, and uses each element at most 4- (r — 1)
times. Furthermore, such a sequence can be determined using a polynomial number of
oracle calls.

A fine-grained analysis of the algorithm shows that the number of steps can be
bounded better when the basis pairs are inverses of each other. Our second result is
an improved upper bound on the exchange distance of such pairs, which proves Conjec-
ture 2 for regular matroids.

Theorem 1.2. Let X1, X5 be disjoint bases of a reqular matroid M of rank r. Then, there
exists a sequence of symmetric exchanges that transforms (X1, Xs) into (X2, X1) and has
length r. Furthermore, such a sequence can be determined using a polynomial number of
oracle calls.

In particular, by the reduction described in Section 1.1, an important corollary is
that the Equitability Conjecture holds for regular matroids, a result that might be of
independent interest on its own.

Corollary 1.3. If M is a regular matroid whose ground set decomposes into disjoint bases,
then M is equitable.

Our results give the first polynomial bound on the exchange distance of basis pairs and
are the first to settle the conjectures of White and Gabow in regular matroids. We hope
that our paper will help proving White’s conjecture in regular matroids for sequences of
arbitrary length, as well as obtaining better bounds for the exchange distance of basis
pairs.

1.3. Related work

When restricted to sequences of length two, White’s conjecture was verified for graphic
and cographic matroids by Farber, Richter, and Shank [17], for transversal matroids by
Farber [16], and for split matroids by Bérczi and Schwarcz [7]. For sequences of arbitrary
length, Blasiak [9] confirmed the conjecture for graphic matroids. It is not difficult to
check that the conjecture holds for a matroid M if and only if it holds for its dual
M*, therefore Blasiak’s result settles the cographic case as well. Further results include
lattice path matroids by Schweig [38], sparse paving matroids by Bonin [10], strongly
base orderable matroids by Lasoi and Michalek [30], and frame matroids satisfying a
linearity condition by McGuinness [32].
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Gabow [20] observed that Conjecture 2 holds for partition matroids, transversal ma-
troids, and matching matroids. An easy proof shows that it also holds for strongly base
orderable matroids. The graphic case was independently proved by Wiedemann [48], Ka-
jitani, Ueno, and Miyano [24], and Cordovil and Moreira [11]. The cases of sparse paving
and split matroids were settled in [10] and [7], respectively.

For the case of basis pairs, a common generalization of the conjectures of White and
Gabow was proposed by Hamidoune [11] stating that the exchange distance of compat-
ible basis pairs is at most the rank of the matroid. A strengthening was proposed by
Bérezi, Métravolgyi, and Schwarcz [6] who considered a weighted variant of Hamidoune’s
conjecture and verified it for strongly base orderable matroids, split matroids, spikes, and
graphic matroids of wheel graphs.

A rank-r matroid M = (E,B) with |E| = n is called cyclically orderable if there
exists an ordering S = {ey,...,e,} such that {e;,e;11,...,€;1r—1} € B for every i € [n],
where indices are understood in a cyclic order. Furthermore, M is uniformly dense if
|E|-rp(X) > ry(E) - | X] holds for every X C E, where r3; denotes the rank function
of M. As a variant of Conjecture 2 where the matroid does not necessarily decompose
into two disjoint bases, Kajitani, Ueno, and Miyano [24] conjectured that a matroid is
cyclically orderable if and only if it is uniformly dense. Van den Heuvel and Thomassé [46]
showed that this is true if |E| and rp(F) are coprimes, and Bonin’s result [10] for
sparse paving matroids extends to this setting as well. Recently, Bérczi, Janosik and
Maétravolgyi [5] verified the conjecture for split matroids whose ground set is the disjoint
union of bases.

For a basis pair (X1, X2) we say that the basis pair (X1 —e + f,Xo +e— f) is
obtained by a left unique symmetric exchange if for the element e € X7 — X5, f is
the unique element of Xo — X7 such that both X; — e+ f and X5 + e — f are bases.
White [47] observed that a matroid is series-parallel if and only if for any compatible
basis pairs X and ), X can be obtained from Y by left unique symmetric exchanges,
while McGuinness [31] showed that any basis pair of a regular matroid admits a left
unique symmetric exchange. Furthermore, White [47, Conjecture 8] conjectured that
for any two compatible basis pairs X and ) of a regular matroid, ) can be obtained
from X if, besides left unique symmetric exchanges, switching the order of the bases
is also allowed.! A strengthening of this conjecture only allows left unique symmetric
exchanges and right unique symmetric exchanges to be used, where the latter is defined
analogously to the former. This variant formally appeared in [2, Conjecture 5] where it
was also attributed to White following personal communication with him, see also [47,
Remark 4].

Paper organization. The rest of the paper is organized as follows. In Section 2, we recall
basic definitions, notation, and some results on the decomposition of regular matroids

! In fact, White formulated the conjecture for basis sequences of arbitrary length; see [47] for further
details.
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that we will use in our proofs. In Section 3, we show how Conjecture 1 for sequences
of length two and Conjecture 2 can be reduced to 3-connected matroids not containing
cocircuits of size at most three. Then, in Section 4, we explain how a quadratic bound on
the number of exchanges can be derived for graphs using the aforementioned reductions,
and prove strengthenings of White’s and Gabow’s conjectures for graphic matroids. The
rest of the paper is devoted to proving Theorem 1.1 and Theorem 1.2. Our proofs rely
on the regular matroid decomposition theorem of Seymour. Nevertheless, solving the
problems for each matroid in the decomposition in parallel and then simply merging the
solutions does not work. The key ingredient that leads to Theorem 1.1 and Theorem 1.2
is a careful combination of the solutions of these subproblems that results in a sequence
of exchanges whose length is polynomially bounded. For ease of reading, we encourage
first-time readers to skip the technical parts of Section 3.

2. Preliminaries

Basic notation and definitions. Given a ground set FE, the difference of X, Y C E is
denoted by X — Y. If Y consists of a single element y, then X — {y} and X U {y} are
abbreviated as X — y and X + y, respectively. The symmetric difference of X and Y is
defined as XAY = (X - Y)U (Y — X).

Graphs. Throughout the paper, we consider loopless graphs that might contain parallel
edges. For a graph G = (V, E), the set of edges incident to a vertex v € V is denoted
by d¢(v) and the degree of v is dg(v) = |dg(v)|. We dismiss the subscript if the graph
is clear from the context. For a subset F' C E, we denote the set of vertices of the edges
in F by V(F). For X CV, we denote by F|[X] the set of edges in F induced by X. The
graph obtained by deleting F' and X is denoted by G — F — X. A cut of G is a subset
F C FE of edges whose deletion increases the number of components. A cut is trivial if
F = 6(w) for some w € V and nontrivial otherwise. A graph is called bispanning if its
edge set can be decomposed into two spanning trees. By a classical result of Tutte [45]
and Nash-Williams [35], a graph G = (V, E) is bispanning if and only if |[E| =2-|V|—2
and |[E[X]|<2-|X|—2forevery 0 # X C V.

Matroids. For basic definitions on matroids, we refer the reader to [36]. A matroid
M = (E,Z) is defined by its ground set E and its family of independent sets T C 2F
that satisfies the independence azioms: (I1) 0 € Z, 12) X C Y, Y € Z = X € Z, and
IB) X, Y €eZ, [ X|<|Y|=3FeeY —-X st. X +e € Z. Members of Z are called
independent, while sets not in Z are called dependent. The rank ry(X) of a set X is
the maximum size of an independent set in X. The maximal independent subsets of F
are called bases and their family is usually denoted by B. If the matroid is given by its
family of bases instead of independent sets, then we write M = (E, B). The dual of M
is the matroid M* = (E,Z*) where Z* = {X C E | E — X contains a basis of M}. For
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technical reasons, we allow the ground set of the matroid to be the empty set, in which
case the matroid is simply the empty matroid M = (0, {0}).

Let X = (X1,...,Xk) and Y = (Y1, ..., Ys) be sequences of bases of M. A sequence of
symmetric exchanges that transforms X into ) is called an X'-)) exchange sequence. The
width of an exchange sequence is the maximum number of occurrences of any element in
it. If the symmetric exchanges do not involve the elements in F' C E then the exchange
sequence is called F'-avoiding. The exchange distance of X and ) is the minimum length
of an X-Y exchange sequence if one exists and +oo otherwise.

A circuit is an inclusionwise minimal dependent set, while a loop is a circuit consisting
of a single element. A cocircuit is an inclusionwise minimal set that intersects every
basis, or equivalently, a circuit of the dual matroid. A set is said to be coindependent
if it contains no cocircuit of the matroid, or equivalently, it is independent in the dual
matroid. Two elements e, f € E are parallel if they form a circuit of size two. A circuit
of size three is called a triangle, while a cocircuit of size three is called a triad. A cycle
of a matroid is a (possibly empty) subset of its ground set which can be partitioned into
circuits. For a matroid M, we denote its families of independent sets, bases and circuits
by Z(M), B(M) and C(M), respectively. Unlike in graphs, the intersection of a circuit
and a cocircuit of a matroid might have odd size. Nevertheless, the intersection never
consists of a single element, see e.g. [36, Proposition 2.1.11].

Lemma 2.1. Let C and T be a circuit and a cocircuit of a matroid M. Then |[CNT| # 1.

Let M = (E,Z) be a matroid and E’', E” C E. The restriction to E' and the deletion
of E — FE’ result in the same matroid M|E' = M\(FE — E’) = (FE’,Z’) with independence
family Z/ = {I € Z | I C E'}. The contraction to E"” and the contraction of (E — E")
result in the same matroid M.E" = M/(E — E") = (E",I") where " ={I € T | I C
E'" IuZeZIforany Z€Z,ZC E— E"}. A matroid N that can be obtained from M
by a sequence of restrictions and contractions is called a minor of M. The union or sum
of two matroids My = (E,Z;) and My = (E,Z>) over the same ground set is the matroid
My, = (E,Zs) where Iy, = {I C E | I = I, U I, for some I) € 7y, Iy € To}. We use
M + My for denoting the sum of M; and My. Edmonds and Fulkerson [15] showed that
the rank function of the sum of two matroids is ry(Z) = min{Z:?:1 ri(X)+1Z - X| |
X C Z}. In particular, F is independent in the sum of M; and M if and only if
oy (X) + 7, (X) > | X| for every X C E.

A matroid is representable over some field F if there exists a family of vectors from a
vector space over F whose linear independence relation is the same as the independence
relation of the matroid. The matroid is binary if it is representable over GF(2), and is reg-
ular if it can be represented over any field. The following lemma gives a characterization
of binary matroids in terms of cycles, see e.g. [36, Theorem 9.1.2].

Lemma 2.2. A matroid is binary if and only if Cr2ACy is a cycle for any cycles C1,Cs.

We will further rely on the following observation.
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(a) Representation of the binary ma- (b) Representation of Rio as an even- (c) The bases of F; are the non-line
troid Rio over GF(2). cycle matroid. 3-element sets of the Fano plane.

Fig. 1. Representations of R1g and F7.

Lemma 2.3. Let T = {t1,t2,t3} be a triangle of a binary matroid M = (E,B(M)) and
let F C E—T. Then, F +t; € B(M) for either none or exactly two of the indices
i€ {1,2,3}.

Proof. Assume first that at least two of the three sets form bases of M. We may assume
that F' + t; and F + to are bases. Then, there exists a circuit C C F + t; + t and
necessarily t1,to € C. The set CAT is a cycle such that t3 € CAT C F + t3, hence
F + t3 is not a basis of M. This shows that at most two of the sets F' + t1, F + ¢ and
F + t3 are bases.

Suppose now that at most one of the three sets forms a basis. We may assume that
F+1t, and F+ty are not bases. If F' is not independent, then F'+¢3 is clearly not a basis.
Otherwise, let Cy and C5 be circuits such that ¢t € C7 C F + 1t and ty € Cy C F + to.
Then, C1; ACSAT is a cycle such t3 € C1;ACSAT C F + tg, hence F + t3 is not a basis.
This concludes the proof of the lemma. O

The matroid R is a binary matroid that can be represented as the ten vectors in
the five-dimensional vector space over GF(2) that have exactly three nonzero entries,
see Fig. la. The Fano matroid Fr is obtained from the Fano plane by calling a set inde-
pendent if it contains at most two points or it has three points which are not lines of the
plane, see Fig. 1c. In other words, F% is the matroid with ground set F = {a,b,¢,d, ¢, f, g}
whose bases are all subsets size of 3 except {a,b,d}, {b,c, e}, {a,c, f}, {a,e, g}, {c,d, g},
{b,f, 9} and {d,e. f}.

Decomposition of reqular matroids. Let My and Ms be binary matroids on ground sets
E; and FEs, respectively, such that |E;|, |Es| < |E1AEs|. Then, we denote by M;AM,
the binary matroid on ground set E = E;AFE,; with cycles being the sets of the form
C1/ACs where C; is a cycle of M; for i =1,2.

When E1 N Ey = (), then My ®1 My == M{AMs, is called the I-sum or direct sum of
My and M. Its family of bases is

B(Ml D1 MQ) = {Bl U By | By € B(Ml),BQ S B(Mg)}
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When |Ey N Ey| =1, say Ey N Ey = {t}, such that ¢ is nor a loop nor a coloop of M;
or My, then My @9 My == M1 A M, is called the 2-sum of My and My along t. Its family
of bases is

B(M1 Do MQ) = {Bi U By ‘ B; € B(Ml/t),BQ S B(Mg\t)}
@] {Bl U Bé ‘ B, € B(Ml\t),Bé S B(Mg/t)}

When |Ey N Ey| = 3 and E1NE; =T is a coindependent triangle of both M; and Mo,
then My @3 My = My{AM, is called the 3-sum of My and My along T. The matroid
My @3 My has rank r(My) + r(Mz) — 2, and its family of bases is (see [3, Section 2.1]
together with Lemma 2.3)

B(M; @3 My) = {B U B, |B} € B(M;/T), By € B(M,\T)}
U{B{UBY, B} C E\\T,By C Ex\T,3i.j,k: {i,j,k} = {1,2,3},
Bl +t;, By +t; € B(My), By +t;, By + t), € B(M>)}
U{ByUBY |By € B(M\T), By € B(M/T)}.

Seymour’s fundamental decomposition theorem [40] gives a constructive characteri-
zation of regular matroids.

Theorem 2.4 (Seymour’s decomposition theorem). A matroid is regular if and only if it
is obtained by means of 1-, 2-, and 3-sums, starting from graphic and cographic matroids
and copies of a certain 10-element matroid Ryg.

A binary matroid is said to be connected or 2-connected if it is not a 1-sum, and 3-
connected if it is not a 1-sum or a 2-sum of two matroids. While studying the extension
complexity of the independence polytope of regular matroids, Aprile and Fiorini [3]
recently gave a refinement of Seymour’s result in the 3-connected case.

Theorem 2.5 (Aprile and Fiorini). Let M be a 3-connected regular matroid distinct from
Rig. There exists a tree T such that each node v € V(T) is labeled with a graphic or
cographic matroid M,, each edge uv € E(T) has a corresponding 3-sum M, @3 M,, and
M is the matroid obtained by performing all the 3-sum operations corresponding to the
edges of T in arbitrary order. Moreover, if v € V(T) is such that M, is the cographic
matroid of a nonplanar graph G, then no nontrivial cut of G, is involved in any of the
3-sums.

A tree T satisfying the conditions of Theorem 2.5 is called a decomposition tree* of M,
and the matroids corresponding to the nodes of T are referred to as basic matroids. It

2 We note that our definition of a decomposition tree corresponds to a decomposition tree without bad
nodes in [3].
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is worth mentioning that an analogous result was proved by Dinitz and Kortsarz in [13],
but their decomposition tree may involve 1- and 2-sums, and also 3-sums along nontrivial
cuts.

To describe the dual of a 3-sum, we need the notion of A-Y exchanges. In case of
graphs, if T' is a triangle of a graph G, then we perform a A-Y exchange on G by deleting
the edges of T', adding a new vertex v and edges joining v to vertices of T'. More generally,
consider a binary matroid M and let T be a coindependent triangle of M. Let N be a
matroid isomorphic to the graphic matroid of K4 on ground set T'U 7" where T is a
triangle of N, and the triad 7”7 of N is disjoint from the ground set of M. We say that
the matroid Ap(M) := M @3 N is obtained from M by performing a A -Y exchange.
McGuinness [31] gave a characterization of the dual of a 3-sum.

Proposition 2.6 (McGuinness). Consider a 3-sum M; &3 Ms along a coindependent tri-
angle T of My and My. Then, (M; @3 Ma)* = Ap(My)* @3 Ap(Ms)*, where the A-Y
exchanges Ar (M) and Ar(Ms) are performed using the same matroid N on ground set
TUT' and the 3-sum Ap(My)* @3 Ar(Ms)* is performed using the common triangle T’
of Ar(My)* and Ar(Mas)*.

The reverse operation of a A-Y exchange is called a Y- A exchange. If T' is an inde-
pendent triad of a binary matroid M, then we say that the matroid V(M) := Ap(M*)*
is obtained from M by performing a Y- A exchange. The A-Y and Y- A exchanges are
indeed reverse operations of each other, see [36, Proposition 11.5.11]. If u is a degree
3 vertex of a graph G with distinct adjacent vertices x, y and z, then we can perform
the Y- A operation on the graphic matroid M (G) by deleting v and adding the edges
a2y, yz and zz. In particular, if T is an independent triad of a graphic matroid M(G)
corresponding to the edges adjacent to a trivial cut G, then V(M (G)) is a graphic
matroid. This implies the following.

Lemma 2.7. If T is a coindependent triangle of a cographic matroid M*(G) corresponding
to a trivial cut of G, then Ap(M*(G)) is cographic.

Remark 2.8. We note that if T does not correspond to a trivial cut of G, then Ar(M*(G))
might not be a cographic matroid. As an example, if e is an edge of K5 and T is the edge
set of the triangle of K5 formed by the vertices not adjacent to e, then, Ap(M (K5 —e)) =
M (Ks.3), see also [36, Figure 11.20]. Since K5 — e is a planar and K3 3 is a nonplanar
graph, M (K5 — e) is a cographic matroid while M (K3 3) is not.

Algorithms and oracles. In matroid algorithms, it is usually assumed that the matroid
is given by an oracle and the running time is measured by the number of oracle calls and
other conventional elementary steps. There are many different types of oracles that are
often used, the independence, circuit and rank oracles probably being the most standard
ones. For a matroid M = (E,Z) and set X C E as an input, an independence oracle



K. Bérczi et al. / Journal of Combinatorial Theory, Series B 177 (2026) 105-142 117

answers “Yes” if X is independent and “No” otherwise, a circuit oracle answers “Yes”
if X is a circuit and “No” otherwise, and a rank oracle gives back r;(X).

In fact, these oracles have the same computational power. An oracle Oy is polynomially
reducible to another oracle Oy if O; can be implemented by using a polynomial number
of oracle calls to O measured in terms of the size of the ground set. Two oracles are
polynomially equivalent if they are mutually polynomially reducible to each other. It is
not difficult to show that the independence, circuit and rank oracles are polynomially
equivalent, see e.g. [37].

Let E denote the ground set of M, and X and Y be disjoint subsets of E. Then the rank
function of the minor M/X\Y is 7y x\y(Z) =r(ZUX) —r(Z) for ZC E - (X UY),
and the rank function of the dual M* is ry+(Z) = |Z| — (rm(E) — rm(E — Z)) for
Z C E, see e.g. [36]. That is, given an independence oracle access to the matroid M,
independence oracles can be implemented for any minor and the dual of M by the
polynomial equivalence of the rank and independence oracles. Therefore, we will use
these basic matroid operations in our algorithm.

For a binary matroid M, it can be decided if M is not connected, connected but
not 3-connected, or 3-connected using a polynomial number of oracle calls [43, Theorem
8.4.1]. Moreover, the algorithm also provides a 1-sum decomposition in the first case,
a 2-sum decomposition in the second case, and a 3-sum decomposition if it exists in
the third case. When applied to a regular matroid recursively, the algorithm eventually
gives a decomposition M into basic matroids each of which is either graphic, cographic
or isomorphic to Rjg. If the matroid is 3-connected and is not Ry, then [3] describes
an algorithm how to modify this decomposition until it gives a decomposition tree as in
Theorem 2.5 using a polynomial number of oracle calls.

3. Reduction to 3-connected case without small cocircuits

In this section, we focus on how the exchange distance behaves for basic matroid op-
erations such as contraction and taking 1- or 2-sums. Furthermore, we identify structural
properties of regular matroids such as the existence of a tight set or a triad that allow for
reduction in the problem size. As mentioned in the introduction, these reduction steps
will eventually make it possible to write up the matroid as the 3-sum of a regular matroid
and the graphic matroid of a 4-regular graph. Algorithmic aspects of the preprocessing
steps are discussed at the end of the section.

Let M be the 1-, 2- or 3-sum of binary matroids M, = (E,,B(M,)) and M, =
(E., B(M,)) along T where T is empty in case of 1-sums, it consists of a single element
in case of 2-sums and of three elements in case of 3-sums. For any set X C F, U F,,
we define X° = X N(E;, —T) and X®* := X N (E, — T). In particular, for any basis
B € B(M), we have B° = BN E, and B®* = BN E,. Note that for 2- and 3-sums, B°
and B*® are not necessarily bases of M, and M,, respectively; see the characterization of
bases in Section 2.
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Since we will prove Theorem 1.1 and Theorem 1.2 in a stronger form for graphic
matroids, we formulate some of the reductions for F-avoiding exchange sequences whose
last step is partially fixed. This results in a series of rather technical lemmas, but this
should not deter the interested reader from the later sections. We encourage first-time
readers to skip these technical parts and only return to them after getting a general
understanding of the structure of the proof.

Operations similar to those discussed in Section 3.1 and Section 3.2 were implicitly
mentioned in [47], while an operation similar to the one discussed in Section 3.3 was
considered in [42]. However, we will deduce stronger properties of the reduction steps
and also discuss the algorithmic aspects.

3.1. Making the bases disjoint

We start with the simple observation that it suffices to consider compatible pairs con-
sisting of disjoint bases. Recall that the width of an exchange sequence is the maximum
number of occurrences of any element in it.

Lemma 3.1. Let X = (X1, X3) and Y = (Y1,Y2) be compatible pairs of bases of a matroid
M andlet F C (X1 NY1)U(X2NY3). Define X' = (X1 — Xo, Xo — X4), YV = (Y1 —
Yo,Yo — Y1) and F' = F — (X1 N Xo). If there exists an F'-avoiding X'-Y’ exchange
sequence in M /(X1 N Xs) of width w and length £, then there exists an F-avoiding X-Y
exchange sequence in M of width w and length £. Furthermore, if h € E — (X1 N X3) is
used in the last step of the X'-)' exchange sequence, then it can be assumed to be used
in the last step of the X-) exchange sequence as well.

Proof. Recall that (X7, X3) and (Y7,Y3) are compatible if X; N Xy =Y; NY5 and X; U
X2 = Y7 UY>. This implies that X and )’ form compatible basis pairs of M/(X; N X3).
As any sequence of symmetric exchanges that transforms X’ into )’ also transforms X
into ), the lemma follows. 0O

By the lemma, it suffices to consider instances where X; N Xy = Y1 NY, = @. Fur-
thermore, since the elements not contained in any of the bases cannot participate in
exchanges and hence can be deleted, we can assume without loss of generality that
E=X;UXy; =Y UY5 holds.

3.2. Ezcluding tight sets

Given a matroid M over ground set F, a set Z C E is called tight if |Z| =2 -rp(Z).
A tight set Z is called nontrivial if ) # Z C E. Nontrivial tight sets are special for the
following reason: every partition ' = X7 U X5 into two disjoint bases necessarily satisfies
|X;NZ| =ry(Z) for i = 1,2. In other words, pairs of disjoint bases of M are exactly
the pairs of disjoint bases of the matroid M|Z @&, M/Z. This observation allows us to
reduce the size of the problem along a nontrivial tight set.
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Lemma 3.2. Let X = (X1,X32) and Y = (Y1,Y2) be compatible pairs of disjoint bases
of a matroid M, F C (X1 NY)U(XaNY3), and let § # Z C X1 U Xo be a tight set.
Define F' = FNZ, F' = F —Z, X' = (X, N Z,Xa N Z), X" = (X, — Z, X2 — Z),
YV =WMnZYaNZ)and Y' = Y1 — Z,Ys — Z). If there exists an F'-avoiding
X'-Y' exchange sequence in M|Z of width w' and length ¢’ and an F"-avoiding X"'-Y"
exchange sequence in M/Z of width w” and length £”, then there exists an F-avoiding
X-Y exchange sequence in M of width max{w’,w"} and length €' + ¢". Furthermore, if
h € E is used in the last step of the X"'-Y" exchange sequence, then it can be assumed
to be used in the last step of the X-) exchange sequence as well.

Proof. By the definition of contraction, the concatenation of the two exchange sequences
results in an X-) exchange sequence with the properties stated. O

If M is the 1-sum of matroids M, = (E,,B(M,)) and M, = (FE.,B(M,)), then
M|E, = M, and M/E, = M,. Furthermore, the bases of M are exactly the unions of a
basis of M, and a basis of M,. Hence, for any pair (X, X2) of disjoint bases of M, the
set X7 U XS is tight since | X7 U X35 =2 rar, (X7 UXS) =2-rp (X7 UXS3). Therefore,
Lemma 3.2 implies the following.

Corollary 3.3. Let X = (X1,X32) and Y = (Y1,Ys) be compatible pairs of disjoint bases
of a matroid M = M, ®1 M,. Define X' = (X?,X3), X" = (X?,X3), YV = (Y°,Y9)
and V" = (Y, Yy). If there exists an X'-Y’ exchange sequence in M, of width w' and
length ¢ and an X"-Y" exchange sequence in M, of width w"' and length £, then there
exists an X-Y exchange sequence in M of width max{w’,w"} and length ¢' + ¢".

3.8. Reduction to 3-connected matroids

When the matroid happens to be the 2-sum of matroids, the problem admits a re-
duction similar to the one used for tight sets. However, while merging the solutions to
the subproblems was trivial for tight sets, it becomes much more involved for 2-sums.
To get a better understanding of this difficulty, let X; and X5 be disjoint bases of
M = M, ®; M, where the 2-sum is along an element ¢. Assume that X7 € B(M,\t)
and X3 € B(M,/t). This implies that X7 and X35 + ¢ are bases of M,, and that
X? € B(M./t) and X3 € B(M,\t) by the definition of 2-sums. Consider a symmet-
ric exchange X7 — f +t, X5 + f between X7 and X3 + ¢ in M,. Then, unfortunately,
this step does not correspond to a feasible symmetric exchange between X; and X5 in
M, since both X7 — f € B(M,/t) and X3 € B(M,/t).

The main result of this section is to show that the exchanges can be scheduled on
the two sides of the 2-sum in a way that avoids the problem described above. The next
lemma, when used in conjunction with Lemma 3.2, eventually reduces the problem to
the case of 3-connected matroids.
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Lemma 3.4. Let X = (X1,X32) and Y = (Y1,Y2) be compatible pairs of disjoint bases
of a matroid M = M, @2 M, where the 2-sum is along an element t. For i = 1,2, set
X! =X0, X" = X2+t if Xp € B(My\t) and X = X? +t, X! := X otherwise, and
Y/ =YY =Y+t if Y,° € B(M,\t) and Y =Y +t,Y/ =Y otherwise. Define
X = (X1,X5), X = (X, XY), YV = (Y{,Y5) and V" = (Y|, Yy'). If there exists
an X'-)' exchange sequence in M, of width w' and length ' and an X"-Y" exchange
sequence in My of width w" and length (", then there exists an X-Y exchange sequence
in M of width at most w’' +w" and length at most ¢’ + 0" — 1 if both exchange sequences
involve t and £ + {" otherwise.

Proof. Using the description of B(M, @2 M, ), we may assume that X7 € B(M,\t) and
Xy € B(M./t). If X5 € B(Mo\t), then X? U X3 is a tight set in M and the statement
follows from Lemma 3.2. Otherwise, X3 € B(M,/t) and thus X3 € B(M,\t). We prove
the lemma in two steps.

First, consider the case when the X’-) exchange sequence in M, does not involve the
element ¢t. Note that in this case X' = (X7, X5 +t), X" = (X3+¢t, X3), V' = (Y, Y3 +1)
and V" = (Y*+t¢,Ys). We construct an X-Y exchange sequence as follows. We start with
the steps of the X’-) exchange sequence, which transform X = (X3, X5) into the basis
pair (Y UX?, Y2 UXS3). By the symmetric exchange axiom, there exists e € Y;* — (Y5 +t)
such that Y° —e+t,Yy +e € B(M,). From this point, we perform the steps of the X”’-)"
exchange sequence, but whenever a symmetric exchange uses ¢ and some other element f,
then exchange e and f instead. Formally, if a symmetric exchange transforms (77 +t, Z3)
into (Z3 + f, Z3 — f +1t), then this is replaced by the symmetric exchange that transforms
(YPUuZy, Yy UZs) into (Y —e)U(Zy + ), (Ys +e)U(Z3 — f)) in M. Similarly, if a
symmetric exchange transforms (Z3, Z3 + t) into (Z} — f +t,Z3 + f), then this step is
replaced by the symmetric exchange that transforms ((Y —e)U Z7, (Y5 +¢e) U Z3) into
(YPU(Zy— ), Y2 U(Z3+ f)). In both cases, the pair obtained consists of disjoint bases
of M due to the choice of e. It is not difficult to check that at the end of the procedure,
we arrive at the basis pair (Y7,Y2). The X-) exchange sequence thus obtained has width
at most w’ + w” and length ¢ + ¢”.

By symmetry, it remains to consider the case when both the X’-)’ exchange sequence
in M, and the X”-)"" exchange sequence in M, use the element ¢ at least once. Let
m’ and m” denote the number of occurrences of ¢ in these sequences; we may assume
that m’ < m”. We construct an X-) exchange sequence as follows. We perform the
steps of both the X’-)’ and X”-)" exchange sequences, but we align the exchanges
involving ¢ on both sides, see Fig. 2. Formally, we always perform the steps of the X’-)’
exchange sequence until we reach the next step that involves ¢, say, transforms a basis
pair (Z7,Z3 +t) into (Z7 — e + t, Z3 + €). From this point, we perform the steps of the
X"-Y" exchange sequence until we reach the next step that involves ¢, say, transforms
(ZY+t,73) into (Z3 + f, Z3 — f+t). Then these two steps are replaced by the symmetric
exchange that transforms (ZUZ$, Z5UZ3) into ((Z —e)U(Z+ 1), (Z5+e)U(Z3—f))
in M. Once there are no more steps using ¢ on the side of M,, the exchange sequence can
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Fig. 2. Illustration of Lemma 3.4, where steps of the X’-)’ and X''-)"" exchange sequences involving t are
combined to obtain a step of the X-) exchange sequence.

be finished as discussed in the previous case. The X-) exchange sequence thus obtained
has width at most w’ + w” and length ¢ + ¢ —m/ < {¢' +¢" —1. O

3.4. Excluding cocircuits of size three

Recall that a triad is a cocircuit of size three. Let M be a matroid, X = (X3, X3) and
Y = (Y1,Y3) be compatible pairs of disjoint bases of M, and T = {t1,t2,t3} be a triad
of M such that T'C X7 U X5 = Y7 UY5. The pairs X and Y are called consistent on T
it XiNT=Y1NTor X1NT =Y,NT, that is, the bases in X’ partition the elements of
T the same way as the bases in )). We will use the following simple technical claim.

Claim 3.5. Let X = (X1, X2) be a pair of disjoint bases of a matroid M and T =
{t1,t2,t3} C X1 U Xo be a triad of M such that | X1 NT| = 2. Then, (X1 —T) +
{ti,t;}, (Xo —T) + tx) forms a pair of disjoint bases for at least two choices of indices
satisfying {i,7,k} = {1,2,3}.

Proof. Without loss of generality, we may assume that ¢1,t2 € X;. Since X7 is a basis
of M, X, + t3 contains a unique circuit C. By Lemma 2.1, the intersection of C' and T
has size different from one, hence C'N{ty,t2} # 0. We may assume that ¢; € C, implying
Xy —t1 + t3 being a basis. It remains to show that X5 4 ¢; — t3 is also a basis. Suppose
to the contrary that this does not hold, that is, X5 + t; — t3 contains a circuit C’. Then,
by Xo NT = {t3}, we get C' NT = {t1}, contradicting Lemma 2.1. O

First, we show that if the basis pairs X', ) are not consistent on a triad 7', then one
can obtain pairs X”/,)’ that are consistent on T at the cost of at most two symmetric
exchanges.

Lemma 3.6. Let X = (X1, X5) and Y = (Y1,Ya) be compatible pairs of disjoint bases
of a matroid M that are not consistent on a triad T = {t1,t2,t3} C X7 U Xs. Then,
there exist compatible pairs of disjoint bases X' = (X1, X%) and V' = (Y{,Y3) that are
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consistent on T, obtained by applying at most one symmetric exchange to X and to Y,
respectively, where only elements of T' are involved in these symmetric exchanges.

Proof. Define Py == {((X1—T)+{ti,t;}, (Xo—T)+tx) | {3, 4,k} ={1,2,3}}if | XiNT| =
2and Py = {((X1 =T)+t;,(Xo=T)+{t;,te}) | {i, 4, k} = {1,2,3}} otherwise. Observe
that each member of P; can be obtained from X by exchanging at most one pair of
elements; however, this might not be a feasible symmetric exchange. Similarly, define
Pyo={(Y1 —T)+ {ti,t;}, Yo = T) + t&) | {¢,5,k} = {1,2,3}} if Y1 NT|] = 2 and
Py ={((Y1 =T)+t;,(Yo—T)+{t;,tx}) | {i,4,k} = {1,2,3}} otherwise. Observe that
each member of Py can be obtained from ) by exchanging at most one pair of elements;
again, this might not be a feasible symmetric exchange.

By Claim 3.5, at least two members of P; and at least two members of Py consist
of disjoint bases. Therefore, there exist X’ € P; and Y’ € P, that are consistent on T,
concluding the proof of the lemma. O

Once the basis pairs are consistent on a triad, the problem size can be decreased by
contracting and deleting appropriate elements of the triad.

Lemma 3.7. Let X = (X1, X32) and Y = (Y1,Y3) be compatible pairs of disjoint bases of
a matroid M that are consistent on a triad T = {t1,12,t3} C X7 U X where 1,12 € X7,
and let F C (X1 NY1) U (X2NYs)) —T. Define X' := (X1 — ta, X2 — t3), and set
V=1 —ta,Yo—t3) if t1,t2 €Y1 and Y’ = (Y1 —t3, Yo —t2) otherwise. If there exists
an F-avoiding X'-Y' exchange sequence in M [ta\ts of width w and length ¢, then there
exists an F-avoiding X-) exchange sequence in M of width w and length at most £+ w.
Furthermore, if h € E— (T'UF) is used in the last step of the X'-Y' exchange sequence,
then it can be assumed to be used in the last step of the X-Y exchange sequence as well.

Proof. For any pair of disjoint bases Z = (Z1,Z2) of M/t3\t3, we denote by Zt =
(Z1,Z2)" = (Z],ZF) the pair where, for i = 1,2, Z;7 == Z; + t5 if ; € Z; and
Z;r = Z; + t3 otherwise. Observe that ZT is a pair of disjoint bases of M. Indeed,
Z} = Z;+1, is a basis of M by the definition of contraction. If t; ¢ Z;, then Z; + {ta,t3}
contains a unique circuit C that contains t3. By Lemma 2.1, the intersection of C and
T cannot have size one, hence t, € C' as well, showing that Z; + t3 is a basis of M.

Fix an F-avoiding X’-)" exchange sequence in M /to\t3 of length ¢ and width w. The
idea is to add certain extra steps to obtain a solution to the original instance. Consider a
symmetric exchange in the sequence that transforms (Z7, Zs) into (Z1 —e+ f, Zo— f +e).
Without loss of generality, we may assume that ¢; € Z;. If e is distinct from ¢;, then
(Z1,29)T = (Z1+te, Zo+ts)and (Z1 —e+ f, Zo— f+e)t = (Z1 —e+{ta, [}, Zo— [+
{t3, e}), hence these pairs also differ in a single symmetric exchange in M. However, if e =
t1 then (Z1, Z2)T = (Z1+t2, Zo+ts) and (Zy—t1+f, Zo—f+t1)T = (Z1—t1+{ts, [}, Z2—
f+{t1,t2}), and these pairs cannot be obtained from each other by a single symmetric
exchange. In this case, consider the pairs (Z1 +t3, Zo+t2) and (Z1 —t1 4 {t2, t3}, Zo+11).
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By Claim 3.5, at least one of these pairs consists of disjoint bases of M. Furthermore,
any of them can be obtained from both (Z, Z2)" and (Z; —t1 + f,Zo — f + t1)T by
using a single symmetric exchange.

Summarizing the above, a symmetric exchange of elements e and f in the X’-)’
exchange sequence is left unchanged if e, f # t1. Otherwise, if, say, e = t1, it is replaced
by two steps: the first exchanging ¢; and ¢; and the second exchanging ¢; and f for some
appropriate choice of ¢ and j satisfying {i,j} = {2,3}. Observe that these modifications
do not increase the usage of an element in E — {t9,t3}, hence the width of the new
sequence is also w. Furthermore, the length of the sequence increases by the number
of symmetric exchanges involving t;, hence the length of the new sequence is at most
{ + w. Finally, note that the new sequence is F-avoiding as well, and its last step uses
the elements of E — (T'U F') that were involved in the last step of the X’-)’ exchange
sequence, thus concluding the proof of the lemma. 0O

The two lemmas allow us to reduce the problem size if the matroid contains a triad.
Indeed, the basis pairs can be made consistent on any triad with the help of Lemma 3.6,
which requires at most two symmetric exchanges. Once the basis pairs are consistent
on a triad, we can decrease the number of elements as in Lemma 3.7. If the exchange
sequence in the reduced instance has width w and length ¢, then we get an exchange
sequence of width w + 2 and length ¢ + w + 2 for the original instance.

3.5. Algorithmic aspects

The preprocessing steps discussed in the previous subsections do not only reduce the
problem size in a theoretical sense, but are also algorithmically tractable if the matroid
M is given by an independence oracle. Recall that a 1-sum or 2-sum decomposition of
M can be determined, if exists, efficiently. Thus it suffices to show that one can find a
triad or a tight set of a matroid using a polynomial number of oracle calls.

By definition, a triad is a cocircuit of size three, or equivalently, a circuit of size three of
the dual matroid. Since an independence oracle of the dual matroid can be implemented
using the independence oracle of M, the existence of such a circuit can be decided by
checking every 3-elements subset of the ground set.

Assume now that the ground set of M is the disjoint union of two bases, say X; and
Xs. Then for any set Z, we have 2-ry/(Z) > |X1NZ|+|X2NZ| = |Z|, and equality holds
if and only if Z is tight. Hence to decide whether X; U X5 properly contains a nonempty
tight set of M, it suffices to minimize the submodular function f(Z) = ry(Z) — |Z]/2
over the sets ) # Z C X7 U X5, which can be performed in strongly polynomial time if
given access to the independence oracle [12].

Finally, we show that the width and length bounds of Lemma 3.1, Lemma 3.2,
Lemma 3.4, Lemma 3.6 and Lemma 3.7 are consistent with the statement of Theo-
rem 1.1. Before that, we need the following simple observation.
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Claim 3.8. Let X = (X1, X3) and Y = (Y1,Y3) be compatible basis pairs of a matroid M
of rankr <2, F C (X1NY1)U(X2NY3). Then there exists an F-avoiding X-) exchange
sequence of width at most 1 and length at most r. Furthermore, if h € (X; U Xo) — F,
then the last step of the sequence can be assumed to use h.

Proof. The claim is straightforward to check for matroids of rank at most two. O

With the help of the claim, we are now ready to prove that the inverse operations of
the reduction steps preserve the quadratic running time. Since 2-sum behaves differently
for F-avoiding exchange sequences than the other operations, we do this in the form of
two corollaries. Moreover, we state the corollaries parameterized by a constant ¢ > 1;
the reason is that we will choose ¢ to be 1 for graphic matroids and 2 for general regular
matroids. For nondisjoint bases, tight sets, and triads, we get the following.

Corollary 3.9. Let X = (X1,X3) and Y = (Y1,Ys) be compatible pairs of bases of a
matroid M = (E,Z) of rank r > 3 and let F C (X1 NY1) U (XaNY3). Assume that
for any minor M' = (E',T') of M and for any pair X' = (X1,X}5), Y = (Y{,Yy) of
compatible pairs of disjoint bases of M' with F' := FNE' C (X{NY{)U(X5NY5), there
exists an F'-avoiding X'-)’ exchange sequence in M’ of width at most 2-c¢- (r' — 1) and
length at most c-r'2, where 2 < r' < r is the rank of M’ and ¢ > 1. If either XN Xy # 0,
M has a tight set ) # Z C X1 U X, or M has a triad T C (X3 U X3) — F, then there
exists an F-avoiding X-Y exchange sequence in M of width at most 2-c- (r — 1) and

length at most ¢ - 2.

Proof. If X; N X5 # (), then let 7’ denote the rank of M/(X; N X3). Note that ' < r
holds. Our assumption, Claim 3.8, and Lemma 3.1 then imply the existence of an F-
avoiding X-) exchange sequence of width at most max{1,2-¢-(+' —1)} <2-c¢-(r—1)
and length at most max{1,c-r'?} < c-r2.

Otherwise, X1 NXo =Y1NYy =0. If § # Z C X; U X, is a tight set, then let ' and
r” denote the ranks of M|Z and M/Z, respectively. Note that » = 7’ + " holds. Our
assumption, Claim 3.8, and Lemma 3.2 then imply the existence of an F-avoiding X-) ex-
change sequence of width at most max {max{1,2-c- (' —1)},max{1,2-¢c- (" —1)}} <
2-c-(r —1) and length at most max{1,c-r'?} + max{l,c-r"?} < c-r%

If T = {t1,t2,t3} C (X1 U Xg) — F is a triad of M, then let ' denote the rank of
M /to\ts. Note that ' = r — 1 > 2 holds. Our assumption, Claim 3.8, Lemma 3.6 and
Lemma 3.7 then imply the existence of an F-avoiding X-) exchange sequence of width
at most 2-¢- (1’ —1)+2 < 2-c-(r—1) and length at most ¢-r'2+2-c-(r' —=1)+2 < ¢- 72,
where the +2 terms come from the steps needed to make the basis pairs consistent on
T, as explained in Lemma 3.6. O

For 2-sums, we get the following.
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Corollary 3.10. Let X = (X1, X5) and Y = (Y1,Y3) be compatible pairs of disjoint bases
of a matroid M of rank r > 3 where M contains no nontrivial tight set. Assume that for
any minor M’ of M and for any pair X',Y' of compatible pairs of disjoint bases of M’,
there exists an X'-Y' exchange sequence in M’ of width at most 2-c- (r' — 1) and length
at most ¢ - 1'%, where 2 <1’ < r is the rank of M' and ¢ > 1. If M is the 2-sum of two
matroids, then there exists an X-) exchange sequence in M of width at most 2-c-(r —1)
and length at most c - r2.

Proof. If M = M,®oM,, then both M, and M, are minors of M [36, Proposition 7.1.21].
Let v’ and " denote the ranks of M, and M,, respectively. Note that r = ' + " — 1
holds. Moreover, we claim that r/,r"” > 2. Indeed, e.g. 7/ > 1 and |Es| > 3 hold by the
definition of 2-sums, and 7’ = 1 would imply that M contains a nontrivial tight set.
Our assumption and Lemma 3.4 then imply the existence of an X-) exchange sequence
of width at most 2-¢- (' = 1) +2-¢c- (" —=1) = 2-¢- (r — 1) and length at most
c-r'?4c-r"?<c-r? O

4. Bounding the number of exchanges for graphs

White’s conjecture was settled for graphic matroids in [17] for sequences of length two,
and in [9] for sequences of arbitrary length. Both results rely on the same algorithm, and
in fact imply Gabow’s conjecture as well for the graphic case. However, neither discusses
the length of the resulting exchange sequence.

The goal of this section is to prove strengthenings of Theorem 1.1 and Theorem 1.2
for graphs. Due to the fact that most of the work has already been done in Section 3,
the proofs are simple and compact. Throughout the section, we use the fact that every
minor of a graphic matroid is graphic again without explicitly mentioning it.

4.1. Quadratic upper bound

We give the first polynomial bound on the exchange distance of compatible basis
pairs in graphic matroids. In addition, through an analysis of the degree sequences of
graphs that can be partitioned into two forests, we show how to exclude certain edges
to participate in the exchange sequence. This observation plays a key role in the proof
of Theorem 1.1: when considering the 3-sum of a regular and a graphic matroid along a
triad 7', one can solve the two subproblems corresponding to the two sides of the 3-sum
while restricting the usage of the elements of T, which in turn allows for an efficient
merging of the sequences.

Theorem 4.1. Let X = (X1,X2) and Y = (Y1,Y2) be compatible pairs of bases of a
graphic matroid M of rank r > 2 where the underlying graph is G = (V, E), and let
F C (X1NY1)U(X2NYa) be such that |V(F)| < 3. Then, there exists an F-avoiding
X-Y exchange sequence of width at most 2 - (r — 1) and length at most r?.
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(a) The pair X = (X1, X2) of disjoint bases of M. (b) The pair Y = (Y1, Y2) of disjoint bases of M.

Fig. 3. Example showing that Theorem 4.1 no longer holds if F' consists of a pair of disjoint edges. For the
choice F = {b,e} C (X1 NY7)U (X2 NY>2), every X-Y exchange sequence uses at least one of b and e.

Proof. We prove the theorem by induction on the rank. For » = 2, the statement holds
by Claim 3.8. Therefore, we consider the case r > 3, implying that |V| > 4. Since
the elements not contained in any of the bases cannot participate in an X-) exchange
sequence, we may assume without loss of generality that X; U Xo = Y, UY; = E. That
is, G is a graph whose edge set can be partitioned into two forests. Furthermore, by the
induction hypothesis and Corollary 3.9, we may assume that X; N Xo =Y, NYy = 0. If
there are isolated vertices in the graph, then those can be deleted without changing the
problem. Since E can be partitioned into two forests, we have > _ d(v) = 2-|E| <
4-(|V|—1). This implies that G contains a vertex u of degree at most 3. Since both forests
are bases in the graphic matroid, those are maximal forests, implying that d(u) > 2.

Assume first that G has a vertex u of degree 2. Then u is a leaf vertex in both X;
and Xo, implying 7 (E —d(u)) = ry(E) — 1. Since |E| = 2-ry(E), we get |[E—d(u)| =
|E|—2=2-ry(E)—2=2-rp(E—65(u)). That is, § # E — §(u) C F is a tight set, and
the statement follows by the induction hypothesis and Corollary 3.9.

If G contains no vertex of degree 2, then it has at least four vertices of degree 3. By
condition |V (F')| < 3, there exists a vertex u such that d(u) = 3 and §(u) N F' = (. That
is, 0(u) defines a triad of M disjoint from F', and the statement follows by the induction
hypothesis and Corollary 3.9. O

Remark 4.2. The assumption of Theorem 4.1 on |V (F)| < 3 is tight in the sense that
an F-avoiding X-) exchange sequence might not exist, even if F' consists of a pair of
disjoint edges. For an example, let X = ({a,b,c},{d,e, f}) and Y = ({b,d, f},{a,c,e})
be pairs of disjoint bases of the graphic matroid of a complete graph on four vertices,
see Fig. 3. Note that any symmetric exchange between {a, b, c} and {d, e, f} uses at least
one of b and e. Therefore, for the choice F' = {b, e}, there exists no F-avoiding X-Y
exchange sequence.

4.2. Strictly monotone sequences

Given compatible basis pairs X', ) of a matroid, an X-) exchange sequence is called
strictly monotone if each step decreases the difference between the first members of
the pairs. Using this terminology, Conjecture 2 states that for any pair of disjoint
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bases X1, Xo of a matroid, there exists a strictly monotone exchange sequence between
(Xl,XQ) and (XQ, Xl)

Theorem 4.3. Let X1, Xy be disjoint bases of a graphic matroid M. Then, for any h €
X1 U Xy, there exists a sequence of symmetric exchanges that transforms (X1, X2) into
(X2, X1), has length r and exchanges h in the last step.

Proof. Similarly to the proof of Theorem 4.1, we can assume that X;UXs = Y1UY, = E,|
and hence G contains a vertex u of degree at most 3. Furthermore, if u has degree 2 then
E — §(u) is a nonempty proper tight set of M, while if d(u) = 3 then 6(u) is a triad of
M. Therefore, the statement follows by the induction hypothesis, Claim 3.8, Lemma 3.2
and Lemma 3.7. O

Remark 4.4. Theorem 4.3 settles a special case of a conjecture of Kotlar and Ziv that
aims at extending the notion of serial symmetric exchanges to subsets of bases. Namely,
suppose X7 and X5 are bases of a matroid M. Two subsets 4; C X; and Ay C X,
are called serially exchangeable if there exist orderings A; = {al,.. .,aé} and Ay =
{a?,...,a2} such that X1 —{a},...,a}}+{ai,... a7} and Xo—{ai,..., a7} +{a},...,a}}
are bases for i = 1,...,q. Kotlar and Ziv [28] conjectured that for any A C X, there
exists a set B C X, for which A and B are serially exchangeable. Note that this conjecture
implies Gabow’s conjecture.

As a relaxation, a matroid has the k-serial exchange property for some positive integer
k if for any two bases X;, Xo and any subset Ay C X; of size k, there is a subset
As C X, for which Ay and As are serially exchangeable. It was shown in [28] that
every matroid has the 2-serial exchange property. Kotlar [27] further verified that for
matroids of rank at least three, for any two bases X, Xy there exist A; C X; and
As C X5 such that |A;| = |A2] = 3 and A; and A, are serially exchangeable. Recently,
McGuinness [33] showed that all binary matroids of rank at least three have the 3-serial
exchange property. However, it is still unknown whether all matroids of rank at least
three have the 3-exchange property.

Using this terminology, the statement of Theorem 4.3 is equivalent to the (r —1)-serial
exchange property of graphic matroids.

5. Finding a sequence of exchanges in polynomial time
This section is dedicated to the proofs of Theorem 1.1 and Theorem 1.2.
5.1. Preparations
For proving the theorems, we need some preliminary observations. We first discuss the

structure of bispanning graphs, and characterize their partitions into disjoint spanning
trees in terms of intersections with a triangle. We then verify the theorems for the matroid



128 K. Bérczi et al. / Journal of Combinatorial Theory, Series B 177 (2026) 105-142

Ry, and prove an analogous result to Fr as well. Recall that the matroid Rp¢ is one of
the basic building blocks of regular matroids, while F7 is considered here to extend our
results to max-flow min-cut matroids, see Section 6. Finally, we show that it suffices to
consider the problem for matroids that arise as the 3-sum of a regular matroid and the
graphic matroid of a 4-regular graph.

5.1.1. Partitions of bispanning graphs
Binary matroids have distinguished structural properties, which implies the following.

Lemma 5.1. Let T = {t1,t2,t3} be a triangle of a binary matroid M on ground set E.
Then, the following are equivalent:

(i) E —T partitions into a basis of M and a basis of M/T,
(ii) E —t; partitions into two bases of M for each i € {1,2,3},
(i) |E|=2-ry(E)+1 and | X| <271y (X) holds if T € X CE.

Proof. Condition (i) implies (ii), since if E—T = BUB' is a partition such that B € B(M)
and B’ € B(M/T), then E —t; = BU (B’ +T —t;) is a partition into two bases of M
for i € {1,2,3}.

Condition (ii) is equivalent to (iii), since E — t; partitions into two bases of M if and
only if |[E —t;| =2 -ry(F) and | X| <2-rp(X) holds for X C E —¢;.

It remains to show that (iii) implies (i). Since raf(E) + ryyr(E) =2 - ry(E) —2 =
|E| —3 = |E — T, it is enough to show that E — T is independent in the sum of
the matroids M and M /T, which is equivalent to ra(X) + rar/r(X) > |X| for every
X CE-T. Since ryp(X) =ry(XUT) —ry(T) = rp (X UT) — 2, it suffices to show
that

ra(X) + (X UT) > |X|+2for X CE—T.

If ’I"]V[(X UT) = 7‘]\4()()7 then TM(X) + TM(X U T) =2- TM(X + +t2) > |X + 1t +
tol = | X|+ 2 If ryy(X UT) = rpy(X) + 2, then the desired inequality follows from
2 - rpy(X) > | X]|. It remains to consider the case rp (X UT) = rp(X) + 1. Then, M
being binary implies that X spans at least one of ¢1, t2 and t3. Indeed, if X does not span
t1 or to, then 7y (X +t1 +1t2) = rp(X) + 1 implies that there is a circuit C C X +t1 +1o
containing both ¢; and t3, thus CAT C X + t3 is a cycle containing t3, hence X spans
ts. If X spans t;, then

T]V[(X)-F?”M(XUT)ZQ-TM(X)+1:2~’I"M(X+Q)+].2 |X+tl|+1:|X‘+2,
concluding the proof of the lemma. O

Remark 5.2. We note that (ii) does not necessarily imply (i) for nonbinary matroids. For
example, consider the matroid on ground set {e1,es,t1,t2,t3} in which e; and es are
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parallel and the matroid obtained by deleting ey is the rank-2 uniform matroid. Then,
{e1,t;},{ea, tx} is a partition of E — t; into two bases of M for any choice of indices
satisfying {4, 7, k} = {1,2,3}. However, E — T = {e1, e} consists of parallel elements in
M and of loops in M/T, hence it can not be decomposed into a basis of M and a basis
of M/T.

We will use the following corollary of the lemma for graphic matroids.

Corollary 5.3. Let G = (V, E) be a graph and T = {t1,ta,t3} be the edge set of a triangle
of G. Then, there exists a partition E —T = Fy U Fy such that Fy + {t1,t2} and Fy are
disjoint spanning trees of G if and only if |E| =2-|V|—1 and

By < (2012 TV 2o
"2 U1 yv(ICcU

holds for each ) U C V.

Proof. By Nash-Williams’ theorem [35], the graphs G — t1, G — t2, G — t3 can each be
decomposed into two spanning trees if and only if |E| = 2 -|V| — 1, and the number
of edges induced by any nonempty subset U C V in each of the graphs is at most
2. |U| — 2. The latter condition is equivalent to |E[U]| <2-|U| -2 if V(T) € U, and to
|E[U]| <2-|U|—1if V(T) C U. Therefore, the statement follows from the equivalence
of Lemma 5.1(i) and Lemma 5.1(ii) applied to the graphic matroid of G. O

The proof of Theorem 1.1 will rely on the following lemma.

Lemma 5.4. Let G = (V, E) be a simple 4-reqular graph and T = {t1,t2,t3} be the edge
set of a triangle of G. Assume that |(E — T)[U]| < 2-|U| — 3 holds for each U C'V with
|U| > 2. Then, there exists a partition E —T = Fy U Fy and an edge e € Fy such that
each of Fy, Fy +1to, Fy+1t3, I} —e+ty, F1 —e—+1t3, and Fy + e is a spanning tree of G.

Proof. Let vy, vy, and vs denote the vertices of T such that t; = vyvs, to = vyv3, and
ts = v1v2. We denote by a and b the neighbors of v; distinct from vy and v3, and by uq,
ug, and ug the neighbors of a distinct from v,. Let f; be a new edge between vertices
Ui41Ui+2, where indices are meant in a cyclic order. Let G’ = (V', E’) denote the graph
G —{vi,a} —t1 + {f1, f2, f3} (see Fig. 4 for an illustration). Note that |E’'| = |E| — 5 =
2-|V|=5=2-|V'| = 1. Consider a subset U C V' with |U| > 2. If {uy,u2,us} € U,
then |E'[U]| < (E-=T)[U]|+1 < 2-|U| — 2, while if {uy,us,us} C U, then |E'[U]| =
[(E-T)U+a]| <2-|U+a|l—3=2-|U| -1 holds. This shows that the conditions of
Corollary 5.3 are satisfied, hence there exists a partition E' — {f1, f2, f3} = F| U F} such
that F| 4+ {f2, f3} and Fj are spanning trees of G’. Let Fy := F| + {auy, aug, aug, v1b},
Fy :== F} 4+ via, e .= v1b. Then F} — e is a spanning tree of G — vy, hence Fy, F} — e+t
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uj

N

a b=u3 b=u3
(a) Graph G = (V,E) and (b) Graph G’ = (V',E’) (c) Partition into F| (red) (d) Construction of F; (red)
triangle T' = {t1,t2,t3}. with new edges f1, fo, f3. and Fj (blue, dashed). and I (blue, dashed).

Fig. 4. Illustration of Lemma 5.4.

and F; — e + t3 are spanning trees of (G. Since F3 is a forest such that vya is one of its
two components, we get that Fy +t3, F5 4+t and Fs + e are also spanning trees of G. O

5.1.2. Solving the problem for Rig and Fy

We now verify Theorem 1.1 and Theorem 1.2 for the matroid R1o. Recall that Ry is
the binary matroid represented by a matrix A € GF(2)°*!Y in which the columns are
different and each of them contains exactly two zero entries.

Proposition 5.5. Rig satisfies Theorem 1.1 and Theorem 1.2.

Proof. Let X = (X3, X3) be a basis pair of Ryg. It follows from Theorem 2.4 that each
proper minor of Ry is graphic or cographic, hence we may assume that X; and X5 are
disjoint by Lemma 3.1.

We will use the representation of Rjg as the even-cycle matroid of the complete
graph K5 on vertices {v1,ve,vs,v4,v5}, see e.g. [36, page 238]. The ground set of this
matroid is the edge set of K5 and the circuits are the cycles of length four and the
unions of two triangles having exactly one vertex in common. To get an isomorphism
between this matroid and the binary matroid represented by A, map an edge v;v; to
the column of A in which the ith and jth entries are zero, see Fig. 1b. The bases are
the sets of five edges containing no even cycles and exactly one odd cycle of K5. This
implies that (Z1,Z3) is a basis pair for a partition £ = Z; U Zs if and only if Z; is a
5-cycle of K5 or Z; = {v;v;, v;Uk, VjUk, VU1, VgV } for some {3, 7,k,1,m} = {1,2,3,4,5}.
Observe that there is an isomorphism that maps a basis of the latter form into a 5-
cycle, e.g. (v1v2,v1V3, VaU3, VoVg, V3V5) can be mapped to (viv3, v1Vg, V4Vs, UaVy, U3V5) by
mapping (v1v4, V105, VaUs, V304, V405) t0 (V105, V104, V2Us, U304, V2U3). Therefore, to prove
Theorems 1.1 and 1.2 for R1p, we may assume that X; is a 5-cycle. Fig. 5 illustrates
that each pair of disjoint bases of Rj( is reachable from this basis pair with at most 5
exchanges. O

Though it is not needed in the proof of Theorem 1.1 and Theorem 1.2, we verify
analogous statements for the Fano matroid as well. This will allow us to extend our
results to max-flow min-cut matroids.
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Fig. 5. Exchange sequences starting from a basis pair (X1, X2) where X; and X, are 5-cycles. Basis pairs
in the dashed set show a sequence of length 5 to (X2, X1). From each basis pair of Rig, one can obtain a
basis pair shown on the figure with reflections and rotations, thus each pair of bases can be obtained from
(X1, X2) with at most 5 exchanges by its symmetry.

Proposition 5.6. For any pair X,Y of compatible basis pairs of the Fano matroid, there
exists an X-Y exchange sequence of width at most 4 and length at most 9. For disjoint
bases X1, X2 of the Fano matroid, there exists an (X1, X2)-(X2,X1) exchange sequence
of length 3. Furthermore, such sequences can be determined in polynomial time.

Proof. The matroid F; is an excluded minor of graphic matroids, see [36, Theo-
rem 10.3.1]. For any pair of bases X = (X1, X32), the restriction F7|(X; U X3) is a
proper minor of Fr, thus it is graphic. Since the rank of F7 is 3, the statements follow
from Theorems 4.1 and 4.3. O

5.1.3. Reducing the graphic part to 4-reqular graphs

This section is devoted to proving our main structural observation. The proposition is
based on a careful combination of the result of Aprile and Fiorini on decomposition trees
of 3-connected matroids (Theorem 2.5), the result of McGuinness on the dual of 3-sums
(Proposition 2.6), our observation on the cographicness of a matroid obtained from a
cographic matroid by a A-Y exchange using a coindependent triangle (Lemma 2.7), and
the reduction steps introduced in Section 3.

Proposition 5.7. Let M be a 3-connected reqular matroid that is not graphic, cographic or
isomorphic to Ryg. Then, there exists a regular matroid M, and a graphic matroid M,
such that My &3 My € {M, M*}, and such a decomposition can be determined using a
polynomial number of oracle calls. Moreover, if M contains no circuit or cocircuit of size
at most 3, its ground set can be partitioned into two bases and it contains no nontrivial
tight set, then M, is the graphic matroid of a simple 4-regular graph.



132 K. Bérczi et al. / Journal of Combinatorial Theory, Series B 177 (2026) 105-142

Proof. By Theorem 2.5, M can be written in the form M = M; &3 My, where M; is
a regular matroid and Ms is a graphic or cographic matroid. Moreover, if My is not
graphic, then it is the cographic matroid of a graph G such that the 3-sum is taken
along a triangle T' of the matroids which is a trivial cut of G. If M, is graphic, then
let M, == My and M, := M. If M is not graphic, then M* = Ap(My) @3 Ar(My)
by Proposition 2.6, where Ar(Ms) is a cographic matroid by Lemma 2.7, thus M, =
Ap(My)* and M, :== Ap(Ms)* satisfy the requirements of the first part of the statement.

Assume now that M satisfies all the conditions of the proposition. Let E, and E,
denote the ground sets of M, and M,, respectively, and let T := E, N E,. The ground
set of M can be partitioned into two bases and M contains no nontrivial tight set, hence
the same holds for M™ as well. Since M, &3 M, € {M, M*} contains no nontrivial tight
set, the restrictions of M, @3 M, and M, to E, —T are the same, and T is coindependent
in M,, we get

|E.—T| §2'7"M0@3M.(E.—T)_1 :2-7"M.(E.—T)—].:Q-TM.(E.)—:[.

Let G = (V, E,) be a connected graph whose graphic matroid is M, and let vy, v9, and
vz denote the vertices of the triangle T. We define V' := V — {v1, va, v3}. It follows from
the description of B(M, &3 M,) that the cocircuits of M, @3 M, and M, contained in
E, —T are the same. Indeed, a subset of E, — T intersects each basis of M, if and only if
it intersects each basis of M, ®3 M,. Since each cocircuit of M, @3 M, has size at least 4,
each vertex in V' has degree at least 4 in G. As M, — T contains no nontrivial tight set,
E, — T contains no parallel edges. These imply |V’| > 2, since V' = ) would contradict
|[Ee —T| >4, and |V'| = 1 would contradict that the vertices in V’ have degree at least
4. Since |V'| > 2 and M,\T contains no nontrivial tight set, |Fe[V']| < 2-|V’|—3 follows.
Therefore,

3
4-[VI <Y dw) =2 [EV'][ + Y d(vi) =2+ |Ea[{v1,v2,v3}]]
veV’ i=1
3

<22 |[V/[=3)+ ) d(v;) -6, (%)

=1
thus S°°_ d(v;) > 12. Using that 7y, (Ee) = |V| — 1 = [V’| + 2, we obtain

3
2B =Y dw)+ > dv) =4V +12 =41y, (B.) +4,
veVv’ =1

which yields |EFe — T| = |Eo| —3 > 2rp, (Fe) — 1. As we have already shown that
|Ee —T| < 2rp, (Ee) — 1, we obtain |[Ee —T| = 2-rp, (Es) — 1 and all the inequalities in
(*) hold with equality. This implies that d(v) = 4 for each v € V', |E [V']| =2 |V’| -3,
S22 d(v;) =12 and |Eu[{v1,va, v3}]| = 3. The last equality implies that the only edges
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Ny

Fig. 6. Illustration of Remark 5.8, where My is the cographic matroid of G and N; is the graphic matroid
of H; for 1 < ¢ < 4. The matroid M is obtained by taking the 3-sum of My with the N;s in an arbitrary
order along the triangles using the same color and line style.

spanned by {vy,v9,v3} are the edges of T, hence G is a simple graph, as E, — T contains
no parallel edges.

It remains to show that d(v1) = d(v2) = d(v3) = 4. Since |Eo[V'+v;]| < 2:|V'+v;|—-3 =
2-|V’| =1 holds for i € {1,2, 3}, we get

B[V +2=2- V| =1 2 |EJ[V' +ul| = |Es[V']| + d(vi) - 2,

where the last equality follows from FEe[{vi,vs,v3}] = T. This yields d(v;) < 4 for
i €{1,2,3}, hence Z§=1 d(v;) = 12 implies that d(v1) = d(vs) = d(v3) =4. D

Remark 5.8. Though Proposition 5.7 significantly reduces the number of matroids for
which Theorem 1.1 and Theorem 1.2 need to be verified, there indeed exist regular ma-
troids for which none of the reduction steps apply. As an example, let G be a complete
bipartite graph with color classes A = {a1,a2,a3} and B = {b1, ba, b3, by }. Furthermore,
let H be the graph obtained from G by deleting the edge a1b; and adding three new ver-
tices w1, W2, W3 with the extra edges wia1, W1 b1, wgbl, w2b2, ’lU3b3, 11)3[)47 W1W2, W1W3 and
waws. Let H; be a copy of H for 1 < i < 4 with vertices a}, ab, a}, b%, bb, b4, bl wi, wh, wi.
Let My denote the cographic matroid of G, and N; the graphic matroid of H; for
1 <i < 4. Note that §(b;) is a coindependent triangle of M and {wiw?, wiws, wiwi} is
a coindependent triangle of N; for 1 <14 < 4.

Let M denote the matroid that is obtained by taking the 3-sum of My with the N;s
in an arbitrary order; see Fig. 6 for an illustration. Here the 3-sum with V; is along §(b;)
and {wjw}, wiws, whwi}, where the edge bia; is identified with wiw?,, for j = 1,2,3
(indices are in a cyclic order). It is not difficult to check that the ground set of M
partitions into two disjoint bases. Also, an easy case analysis shows that none of the
reduction operations can be applied to M and M*, i.e., both M and M* are 3-connected
and contain neither a tight set nor a cocircuit of size at most three. Observe that the
example is consistent with the statement of Proposition 5.7 in that IN; is a graphic
matroid of a 4-regular graph for 1 <i < 4.
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Interestingly, the bound on the minimum size of a cocircuit of M and M™* is tight. More
precisely, if M is a regular matroid whose ground set partitions into two disjoint bases,
then it contains a circuit or cocircuit of size at most 4. This immediately follows from
Proposition 5.7 if M is 3-connected and contains no nontrivial tight set; the remaining
cases can be verified using Seymour’s decomposition.

5.2. Proof of White’s conjecture for basis pairs of reqular matroids

Proof of Theorem 1.1. We prove by induction on the rank of the matroid. The statement
holds when 7/ (F) < 2 by Claim 3.8, therefore we consider the case rp(E) > 3. We may
assume that X; U Xo =Y, UY2 = E by deleting the elements in E — (X; U X5). Using
the induction hypothesis and Corollary 3.9 with ¢ = 2 and F' = ), we may assume that
X1NXy =Y, NY; =0, M contains no nontrivial tight set and contains no triad. As
E can be partitioned into two bases, the pairs of disjoint bases of M and M* are the
same, hence we may also assume that M* contains no triad, that is, M contains no
triangle. Note that the assumption that M contains no nontrivial tight set implies that
it is 2-connected and has no circuit or cocircuit of size at most two. Using the induction
hypothesis and Corollary 3.10 with ¢ = 2, we may assume that M is 3-connected. Using
Theorem 4.1 and Proposition 5.5, we may assume that M is not graphic, cographic, or
isomorphic to R1g. Then, by Proposition 5.7, there exist regular matroids M, and M,
such that M, &3 M, € {M, M*} and M, is the graphic matroid of a simple 4-regular
graph G. Since the pairs of disjoint bases of M and M* are the same, we may assume
that M, &3 My = M.

Let E, and E, denote the ground sets of M, and M,, respectively. Define T =
E, N Ey = {t1,t2,t3} and let V denote the set of vertices of G. Since M contains no
nontrivial tight set, |(E —T)[U]| < 2-|U|— 3 holds for each U C V with |U| > 2. As G is
4-regular, |Ee—T| = |Es|—3 = 2:|V|—3 = 275, (Fe)—1, hence |Eo —T| = 2-7ps, (Eo)—3;
see Fig. 7a for an illustration. This together with the characterization of B(M, @3 M,)
implies that for a partition Z3 U Zs of E, Z = (Z1, Z5) is a pair of disjoint bases of M if
and only if

(Type 1) Z7 + {t1,t2}, Z5 +t; and Z5 +t; are bases of M,, Z}, Z3 +t; and Z3 + 1t are
bases of M, for some 1, j, k with {4, j,k} = {1,2,3}, or

(Type 2) Z7 +t;, Z7 +t;, and Z3 + {t1,t2} are bases of M,, Z} +t;, Z} + t), and Z3
are bases of M, for some i, j, k with {7, j,k} = {1,2,3}.

Note that |Z7| = rar, (Eo) — 2 if the pair Z is of Type 1, and |Z7| = rp, (Eo) — 1 if Z is
of Type 2.

For a pair Z = (Zy,Z5) of disjoint bases of M, let {iz,jz,kz} = {1,2,3} be such
that Z5 + t;,,Z5 + tj, € B(M,) and Z3 + t;,,Z5 + ti, € B(M,) if Z is of Type 1,
and ZY +t;,, 2y +t;, € B(M,) and Z3 +t;,, 27 + ty, € B(M,) if Z is of Type 2.
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YA

(a) Mo and M, are the graphic matroids (b) The basis pair X has Type 1 (c) The basis pair J has Type 2
of the left and right graphs. with ix =1, jx =2, and kx =3.  with iy =3,5y =2, and ky = 1.

(d) Mlustration of (1): a {t3}-avoiding sequence from X' := (X7, X3 + t3) to F' = (F,Fs +t3) in M, and the
corresponding sequence from X to (X7 U FY, X5 U F5) in M. Observe that e € F7 is an edge such that each of F7,
FS +to, F5 +t3, FY —e+to, F{ —e+ts, and F5 + e is a basis of M,.

(e) Mlustration of (2): a sequence from X" = (X7 + t2, X5) to V" :== (Y°, Y5 +t2) in M, /t1 and the corresponding
sequence from (X7 U F?, X5 UFy) to (Y UFY, Yy UFs) in M.

(f) Mlustration of (3): a {t2}-avoiding sequence from F"' := (Fp +to, F3) to V" = (Y +t2,Ys) in M, and the
corresponding sequence from (Y U FY,Yy U F3) to Y in M.

Fig. 7. Illustrations of sequences (1), (2), and (3) from the proof of Theorem 1.1. Note that M, &3 M, is
itself graphic and, moreover, it does not satisfy the assumptions of the proof, as it admits reductions that
decrease the problem size; nevertheless, we use this example to illustrate sequences (1)—(3).

By Lemma 2.3, the indices iz, jz and kz are uniquely defined. By symmetry, we may
assume that |X7?| = rar, (Eo) — 2, that is, X is of Type 1. We may also assume that
1 € {ix,jx} N{iy,jy}; see Figs. 7b and 7c. By Lemma 5.4, there exists a partition
E*—T = FPUF3 and an edge e € F} such that each of F?, F5 +1o, F5 +1t3, FT —e-+to,
F? — e+ tg and Fy + e is a basis of M,. Moreover, X7 + t1 + t2 and X5 + t; are bases
of My, hence (X? U FP, X3 U Fy) is a pair of disjoint bases of M. Similarly, by letting
(Fp,F3) = (Fp, Fg) if Y is of Type 1 and (Fy, F3) == (Fr —e, F3 +e) if Y is of Type 2,
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(YPu ﬁf,YQ" U ﬁ;) is a pair of disjoint bases of M. We construct an A-) exchange
sequence by concatenating exchange sequences

(1) from X to (X7 UFP, X5 UFEY),
(2) from (X? U F?, X5 UF3) to (Y UFY, Yy UFy), and
(3) from (Y UF?, Y2 UFES) to ).

For sequence (1), consider the pairs X’ := (X, X3 + tg,) and F' = (F?, Fy + tr,)
of disjoint bases of the graphic matroid M,. By Theorem 4.1, there exists a {tx, }-
avoiding X’-F exchange sequence in M, of width at most 2 - (rp, (Fe) — 1) and length
at most ryz, (Fe)?. As none of the exchanges use the element tj,, each basis pair Z’
of the sequence can be written as 2’ = (Z7, Z3 + tj, ). Consider the same symmetric
exchanges applied to X’ in M, that is, for a basis pair (Z, Z8+ty,. ) of the X’-F’ sequence,
consider the basis pair (X7 UZ?, X3 U Z3) of M. Note that this is indeed a basis pair, as
XP+{ti,t2} € Br,, ZY € Bty s X5+tiy, X5+t € B, and Z3 +ti, € By, . This gives
an exchange sequence from X to (X7 U Fy?, X5 U F3) of width at most 2 - (rpz, (Ee) — 1)
and length at most 7y, (Es)?; see Fig. 7d for an illustration.

For sequence (2), let X :== (X7 + t2, X3) and V" == (Y + t2,Yy) if Y is of Type 1,
and V" = (Y, Yy +to) if YV is of Type 2. Both X" and )" are pairs of disjoint bases of
the regular matroid M, /1, hence, by the induction hypothesis, there exists an X”'-)”
exchange sequence in M, /t; of width at most 4 - Ta, /6, (Bo — t1) and length at most
27T, (Bo — t1)?. We perform the steps of this X”-)" exchange sequence on (X7 U
F?, XSUFy), but whenever a symmetric exchange uses t5 and some other element f, then
exchange e and f instead. Formally, if a symmetric exchange transforms (ZY + to, Z3)
into (ZY + f, Z3 — f +t2), then this step is replaced by transforming (Z7 U Fy, Z3 U Fy)
into ((Zy + f)U(F? —e),(Z5 — f)U(Fs +e)). Note that (Zy UFY, Z3 U Fy) is a basis pair
of M. Indeed, this follows from Z7 +{t1,t2} € B(M,), Fy? € B(M,) and Z3+t, € B(M,),
F3 +to, Fy + t3 € B(M,). Analogously, ((Z7 + f) U (F? —e),(Z5 — f) U (Fs +¢)) is
a basis pair of M. This follows from Z{ + {f,t1} € B(M,), Ff —e+to, F —e+1t3 €
B(M,) and Z§ — f + {t1,t2} € B(M,), Fy + e € B(M,). Similarly, if a symmetric
exchange transforms (Z7, ZS + t2) into (Zy — f + to, Z5 + f), then this step is replaced
by transforming (Z7 U (F? —e), Z5 U (Fs +¢)) into ((Z7 — f)UF?,(Z5 + f)U Fy). This
gives an exchange sequence from (X{UF?, XSUFS) to (YPUEP, Y2 UFS) in M of width
at most 4 - (7, /¢, (Fo — t1) — 1) and length at most 2 - ryy, /¢, (Es — t1)?; see Fig. 7e for
an illustration.

For sequence (3), the construction is analogous to that of sequence (1). Let F" :=
(FP, F3 +ty,) and V" = (Y, Yy +13,,) if Y is of Type 1, and let F" = (F}? +ty,,, F3)
and V" = (Y +1y,,, Yy ) if YV is of Type 2. By Theorem 4.1, there exists a {t,, }-avoiding
F"-Y" exchange sequence in M, of width at most 2 (rp, (Fe) — 1) and length at most
rar. (Es)?, which yields an exchange sequence of the same width and length in M from
(YU ﬁl', Yy U ﬁz') to V; see Fig. 7f for an illustration.
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Concatenating the three sequences we obtain an X-) exchange sequence in M of
width at most

2. (7”1\/[. (E.) — 1) + 4. (TMo/tl (Eo — tl) — 1) + 2- (’)"M.(Eo) - 1)
(rag, (Eo) + ra, (Eo) — 3)

—4.
:4(TM(E)_1)a

and length at most

rare(Be)? 42 rar, yty (Bo — t1)? 4 1oy, (Ea)?
=2 (ra, (Be)? + (rar, (Es) — 1)%)

<2 (rag, (Bo) + rar, (Bo) — 2)°
=2.ry(E)?

where T M, (E.)2 + (T’MO (Eo) - 1)2 S (’I"]\/[. (E.) +’I"1\/[O (EO) — 2)2 holds by TM, (E.), M, (EO)
> 3.

The proof leads to a polynomial algorithm for determining a X-) exchange sequence.
We have already discussed that one can find a decomposition of M into basic matroids
and perform the reduction steps using a polynomial number of oracle calls. Once a
decomposition of the form M = M, ®3 M, is identified where M, is a graphic matroid
of G = (V, E), the proof of Lemma 5.4 shows how to find a partition F — T = F; U Fb.
Finally, above we described how to construct the X-) exchange sequence based on these,
concluding the proof of the theorem. O

5.8. Proof of Gabow’s conjecture for regular matroids

Proof of Theorem 1.2. We prove by induction on the rank of the matroid. The statement
holds when r;(E) < 2 by Claim 3.8, therefore we consider the case rj/(E) > 3. We may
assume that X; U Xo = F by deleting the elements in E — (X7 U X3). If M contains a
nontrivial tight set Z, then we apply the induction hypothesis to M|Z and M/Z and use
Lemma 3.1 together with the fact that r(M|2Z) +r(M/Z) = ry(E). If M = M, ®2 M,,
then we apply the induction hypothesis to M, and M, and use Lemma 3.4 together with
the fact that ras, (Fo) 4+ 7ar, (Fe) — 1 = rar(E). If M contains a triad T' = {t1,t2,3}
where, say, t1,ts € X1, then there exists an exchange sequence from (X; — to, Xo — t3)
to (XQ — tQ,Xl — tg) in M/tg\tg of length TM/tz\tg (E — {tg,tg}) = ’I’M(E) -1 by the
induction hypothesis. Hence, the statement follows using Lemma 3.7. Similarly, we are
also done if M contains a triangle by taking the dual of M. Using Theorem 4.3 and
Proposition 5.5, we may assume that M is not graphic, cographic, or isomorphic to R1g.
Therefore, we may assume that all conditions of Proposition 5.7 hold and, by taking the
dual of M if necessary, M = M, &3 M, where M, is a regular matroid and M, is the
graphic matroid of a simple 4-regular graph G.
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Similarly to the proof of Theorem 1.1, the pairs of disjoint bases of M can be of
Type 1 and Type 2. We may assume by symmetry that (X, X3) is of Type 1 with
it =17 =2and k = 3, that is, X7 + ¢ + t2, X5 + t; and XS + ty are bases of
M,, and X7, X5 +t1 and X35 + t3 are bases of M,. By the induction hypothesis, there
exists an exchange sequence of length rys, /4, (Eo — t2) transforming (X7 + ¢1, X5) into
(X3,X? 4+ t1) in M, /ts. Exactly one of these exchanges uses ¢, say the (¢ + 1)th step
transforms (Y + ¢1,Yy) into (Y + ¢,Yy — e + t1) We construct an exchange sequence
from (X7, X2) to (X2, X1) in M by concatenating exchange sequences

(1) from (Xl,XQ) to (Ylo UXl.,YQO UX2.),
(2) from (YPUX?, Y2 UXS) to (Y +e)UXS, (Yy —e)UX7), and
(3) from ((Y?+e)U X3, (Y —e)UX?), to (Xa, X7).

For sequence (1), we apply the ¢ symmetric exchanges transforming (X7 + 1, X3)
into (Yy" +t1,Y5) in M/ty to the basis pair (X7, X3) in M. As none of these exchanges
uses t1, each member of this sequence in M/ts can be written as (Z5 +¢1, Z3), and thus
(Zy UX?D,Z5 U X3) is a basis pair of M, since X7, X3 +t; and X3 +t3 are bases of M,.

For sequence (2), by Yy +to € B(M,), Lemma 2.3 implies that there exist 7, j satisfying
{i,7} ={1,3}, Y3 +t; € B(M,) and Y3 +t; & B(M,). By Theorem 4.3, there exists an
exchange sequence of length 7y, (E,) transforming (X7, X3 +¢;) into (X3 +¢;, X7) in
M, using t; in the last step. Assume that this last step exchanges f and t;, that is, it
transforms (X3 + f, X7 +¢,— f) into (X3 +t;, X7). We apply the steps of this sequence in
M, except the one exchanging f and ¢2 to (YUX7, Y2 UXS). As none of these exchanges
use t;, each member of this sequence in M, can be written as (Z7,Z3 + t;), and thus
(YP U Z2, Yy U ZS) is a basis pair of M. This way we transform (Y U X7, Yy U X3)
into (YU (X3S + f), Y2 U(X? — f)) in M using 7, (Fe) — 1 steps. Finally, we obtain
((YP +e)UXs, (Yy —e)UXy) by exchanging e and f.

For sequence (3), the construction is analogous to that of sequence (1). We apply the
r(M,/ta) —¢—1 symmetric exchanges transforming (Y;°+e, Yy —e+t1) into (X5, X7 +t1)
in M/ts to the basis pair (Y +e)UXS, (Yy —e)UX?) in M. The concatenation of the
three sequences transforms (X1, X3) into (Xa, X1) using ¢+, (Ee)+(r(Mo /te)—0—1) =
'y, (Ee) + a1, (Eo) — 2 = rp(E) symmetric exchanges.

Similarly to the proof of Theorem 1.1, the proof leads to a polynomial algorithm
for determining an (X7, X3)-(X3, X1) exchange sequence, concluding the proof of the
theorem. O

6. Conclusions

In this work, we verified two long-standing open conjectures on the exchange distance
of basis pairs in regular matroids. We presented preprocessing steps that reduce the
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problems to 3-connected regular matroids not containing small cocircuits. This led to a
polynomial upper bound on the number of exchanges needed to transform a basis pair
of a graphic matroid into another, a result that is of independent combinatorial interest.
By combining a recent refinement of Seymour’s decomposition theorem given by Aprile
and Fiorini, a result of McGuinness on the dual of the 3-sum of two matroids, and an
observation on A - Y exchanges in cographic matroids, we showed that the regular matroid
can be assumed to have the form M = M, &3 M, where M, is a graphic matroid. This,
together with the aforementioned observations for the graphic case, allowed us to bound
the exchange distance of basis pairs of regular matroids in general. Our proof implies an
algorithm for determining a sequence of symmetric exchanges that transforms a given
pair of bases into another using a polynomial number of oracle calls.

Our proof technique allows us to go beyond regular matroids to max-flow min-cut
(MFMC) matroids, introduced by Seymour [39] as matroids satisfying a generalization
of Menger’s theorem on the edge-connectivity of undirected graphs. Seymour [39,41]
(see also [36, Corollary 12.3.22]) showed that any MFMC matroid can be constructed by
taking 1- and 2-sums of regular matroids and the Fano matroid F7. Therefore, in order
to extend our results to the class of MFMC matroids, it suffices to verify counterparts of
Theorem 1.1 and Theorem 1.2 for F%. This follows by Proposition 5.6, hence our results
hold for MFMC matroids as well.

We close the paper by mentioning some open problems:

1. Our main motivation for considering regular matroids was Seymour’s decomposition
theorem. However, our technique might be applicable to any class of matroids whose
members have a decomposition into basic matroids using 1-, 2-, and 3-sums where the
exchange distance of basis pairs can be bounded in every basic matroid. In particular,
this allowed us to extend our results to MFMC matroids. It would be interesting to
identify further matroid classes that admit such decompositions.

2. Seymour’s definition of matroid sums breaks down for nonbinary matroids. A vast
amount of work has focused on extending this notion to nonbinary matroids as well,
see e.g. [44]. Hence a natural question is whether our approach can be applied to these
more general definitions of sums.

3. Blasiak [9] settled White’s conjecture for sequences of arbitrary length in graphic
matroids.

(a) The proof recursively reduces the size of the problem by decreasing the number
of bases in (Xi,...,Xx) by one, and so it does not lead to an efficient algorithm
for determining a sequence of symmetric exchanges between two basis sequences.
This raises the following: does there exist a polynomial bound on the exchange
distance of basis sequences of graphic matroids in general?

(b) While we could verify White’s conjecture for basis pairs in regular matroids, the
problem remains open for longer sequences. We believe that such a result might
follow by combining our techniques with Blasiak’s approach for the graphic case.
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4. A common generalization of White’s conjecture for sequences of length two and
Gabow’s conjecture was proposed by Hamidoune [11], suggesting that the exchange
distance of compatible basis pairs is at most the rank of the matroid. In [6], the con-
jecture was verified for strongly base orderable matroids, split matroids, spikes, and
graphic matroids of wheel graphs. However, it remains open even for graphic matroids
in general.
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