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—— Abstract

We analyse the performance of Belief Propagation Guided Decimation, a physics-inspired message
passing algorithm, on the random k-XORSAT problem. Specifically, we derive an explicit threshold

up to which the algorithm succeeds with a strictly positive probability 2(1) that we compute
explicitly, but beyond which the algorithm with high probability fails to find a satisfying assignment.
In addition, we analyse a thought experiment called the decimation process for which we identify a
(non-) reconstruction and a condensation phase transition. The main results of the present work
confirm physics predictions from [Ricci-Tersenghi and Semerjian: J. Stat. Mech. 2009] that link the
phase transitions of the decimation process with the performance of the algorithm, and improve
over partial results from a recent article [Yung: Proc. ICALP 2024].
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1 Introduction and results

1.1 Background and motivation

The random k-XORSAT problem shares many characteristics of other intensely studied
random constraint satisfaction problems (‘CSPs’) such as random k-SAT. For instance, as
the clause/variable density increases, random k-XORSAT possesses a sharp satisfiability
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Belief Propagation guided decimation on random k-XORSAT

threshold preceded by a reconstruction or ‘shattering’ phase transition that affects the
geometry of the set of solutions [2, 11, 16, 23]. As in random k-SAT, these transitions appear
to significantly impact the performance of certain classes of algorithms [6, 15]. At the same
time, random k-XORSAT is more amenable to mathematical analysis than, say, random
k-SAT. This is because the XOR operation is equivalent to addition modulo two, which is
why a k-XORSAT instance translates into a linear system over Fs. In effect, k- XORSAT can
be solved in polynomial time by means of Gaussian elimination. In addition, the algebraic
nature of the problem induces strong symmetry properties that simplify its study [3].

Because of its similarities with other random CSPs combined with said relative amenability,
random k-XORSAT provides an instructive benchmark. This was noticed not only in computer
science, but also in the statistical physics community, which has been contributing intriguing
‘predictions’ on random CSPs since the early 2000s [18, 21]. Among other things, physicists
have proposed a message passing algorithm called Belief Propagation Guided Decimation
(‘BPGD’) that, according to computer experiments, performs impressively on various random
CSPs [20]. Furthermore, Ricci-Tersenghi and Semerjian [24] put forward a heuristic analysis of
BPGD on random k-SAT and k-XORSAT. Their heuristic analysis proceeds by way of a thought
experiment based on an idealized version of the algorithm. We call this thought experiment
the decimation process. Based on physics methods Ricci-Tersenghi and Semerjian surmise
that the decimation process undergoes two phase transitions, specifically a reconstruction
and a condensation transition. A key prediction of Ricci-Tersenghi and Semerjian is that
these phase transitions are directly linked to the performance of the BPGD algorithm. Due
to the linear algebra-induced symmetry properties, in the case of random k-XORSAT all of
these conjectures come as elegant analytical expressions.

The aim of this paper is to verify the predictions from [24] on random k-XORSAT
mathematically. Specifically, our aim is to rigorously analyse the BPGD algorithm on random
k-XORSAT, and to establish the link between its performance and the phase transitions of the
decimation process. A first step towards a rigorous analysis of BPGD on random k-XORSAT
was undertaken in a recent contribution by Yung [25]. However, Yung’s analysis turns out to
be not tight. Specifically, apart from requiring spurious lower bounds on the clause length £,
Yung’s results do not quite establish the precise connection between the decimation process
and the performance of BPGD. One reason for this is that [25] relies on ‘annealed’ techniques,
i.e., essentially moment computations. Here we instead harness ‘quenched’ arguments that
were partly developed in prior work on the rank of random matrices over finite fields [3, §].

Throughout we let ¥ > 3 and n > k be integers and d > 0 a positive real. Let
detPo(dn/ k) and let F = F(n,d, k) be a random k-XORSAT formula 2 with variables
Z1,-...,T, and m random clauses of length k. To be precise, every clause of F' is an XOR of
precisely k distinct variables, each of which may or may not come with a negation sign. The
m clauses are drawn uniformly and independently out of the set of all 2% (Z) possibilities.
Thus, d equals the average number of clauses that a given variable x; appears in.

1.2 Belief Propagation Guided Decimation

The first result vindicates the predictions from [24] concerning the success probability of BPGD
algorithm. BPGD sets its ambitions higher than merely finding a solution to the k-XORSAT
instance F': the algorithm attempts to sample a solution uniformly at random. To this

. . . . dist. , . C . . .
2 Two random variables X, Y are equal in distribution X =Y if they have the same distribution functions.
Here, m follows a Poisson distribution with mean dn/k.
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end BPGD assigns values to the variables x1,...,x, of F one after the other. In order to
assign the next variable the algorithm attempts to compute the marginal probability that
the variable is set to ‘true’ under a random solution to the k-XORSAT instance, given all
previous assignments. More precisely, suppose BPGD has assigned values to the variables
Z1,..., 2 already. Write ogp(21),...,08p(2t) € {0,1} for their values, with 1 representing
‘true’ and 0 ‘false’. Further, let Fgp; be the simplified formula obtained by substituting
opp(r1),...,0pp(x¢) for x1,..., 2. We drop any clauses from Fgp; that contain variables
from {1, ..., 2} only, deeming any such clauses satisfied. Thus, Figp, is a XORSAT formula
with variables x¢y1,...,2,. Its clauses contain at least one and at most k variables, as well
as possibly a constant (the XOR of the values substituted in for z1, ..., z;).

Let opyp, be a uniformly random solution of the XORSAT formula Fpp;, assum-
ing that Fpp; remains satisfiable. Then BPGD aims to compute the marginal probability
P [O'FBPJ(:&Hl) =1 FBP’t] that a random satisfying assignment of Fgp; sets x;41 to
true. This is where Belief Propagation (‘BP’) comes in. An efficient message passing
heuristic for computing precisely such marginals, BP returns an ‘approximation’ ug, , of
P[0 Fyp, (zi41) = 1| Fpp,]. We will recap the mechanics of BP in Section 2.2 (the value
UFyp , is defined precisely in (2.9)). Having computed the BP ‘approximation’, BPGD proceeds
to assign ;41 the value ‘true’ with probability pp,, ,, otherwise sets z;41 to ‘false’, then
moves on to the next variable. The pseudocode is displayed as Algorithm 1.

Algorithm 1 The BPGD algorithm.
Data: a random k-XORSAT formula F with variables x1,...,x, conditioned on
being satisfiable
1 fort=0,...,n—1do
2 compute the BP approximation ppy; ,;

1 with probability pry;, ,

3 set ogp(x = ;
(@en) {0 with probability 1 — ppy, ,

4 return opp;

Let us pause for a few remarks. First, if the BP approximations are exact, i.e., if F'gp
is satisfiable and pp,. , =P [0 py,, (41) = 1| Fpp,| for all ¢, then Bayes’ formula shows
that BPGD outputs a uniformly random solution of F'. However, there is no universal guarantee
that BP returns the correct marginals. Accordingly, the crux of analysing BPGD is precisely
to figure out whether this is the case. Indeed, the heuristic work of [24] ties the accuracy
of BP to a phase transition of the decimation process thought experiment, to be reviewed
momentarily.

Second, the strategy behind the BPGD algorithm, particularly the message passing heuristic
for ‘approximating’ the marginals, generalizes well beyond k-XORSAT. For instance, the
approach applies to k-SAT verbatim. That said, due to the algebraic nature of the XOR,
operation, BPGD is far easier to analyse on k-XORSAT. In fact, in XORSAT the marginal
probabilities are guaranteed to be half-integral as seen in Fact 6, i.e.,

P[UFBP,t($t+1) =1 ‘ FBp,t] S {0,1/2,1}. (1.1)
As a consequence, on XORSAT the BPGD algorithm effectively reduces to a purely combinat-

orial algorithm called Unit Clause Propagation [18, 24] as per Proposition 14, a fact that we
will exploit extensively (see Section 2.7).
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1.3 A tight analysis of BPGD

In order to state the main results we need to introduce a few threshold values. To this end,
given d, k and an additional real parameter A > 0 that depends on the time ¢, consider the

functions 3
®ak. :[0,1] = [0,1], z—1—exp (—)\ — dzk_l) , (1.2)
dlk -1 d
Dy ix:[0,1] = R, zrexp (—A—dzFY) — %zk +d2F1 — e (1.3)

Let a,(A) = aw(d, k, A) € [0,1] be the smallest and a*(\) = a*(d, k, \) > a.(d, k,\) € [0,1]
the largest fixed point of ¢gr . Figure 1 visualizes $(z) for different values of § ~ ¢/n.
Further, define

k—2
dunin () = <Z:;> , deore(k) = sup {d > 0: a*(0) = 0}, (1.4)
deat (k) = sup {d > 0: D4.1,.0("(0)) < Dyso.0(0)}. (1.5)

The value dsat (k) is the random k-XORSAT satisfiability threshold [3, 11, 23]. Thus, for
d < dgat (k) the random k-XORSAT formula F' possesses satisfying assignments w.h.p., while
F is unsatisfiable for d > dg, (k) w.h.p. Furthermore, dcop(k) equals the threshold for the
emergence of a giant 2-core within the k-uniform hypergraph induced by F [3, 22]. This
implies that for d < dcore(k) the set of solutions of F' is connected in a certain well-defined
way, while for deore(k) < d < dsat (k) the set of solutions shatters into an exponential number
of well-separated clusters [15, 18]. Moreover, a simple linear time algorithm is known to find
a solution w.h.p. for d < deore(k) [15]. The relevance of dpin (k) will emerge in Theorem 1. A
bit of calculus reveals that

0 < dmin(k) < deore(k) < dsat (k) < k. (1.6)

The following theorem determines the precise clause-to-variable densities where BPGD
succeeds/fails. To be precise, in the ‘successful’ regime BPGD does not actually succeed with
high probability, but with an explicit probability strictly between zero and one, which is
displayed in Figure 2 for k = 3,4, 5.

DA
0.21
0.15{

0.1 X\

0‘05-v
W 08 1
-0.05;

-0.1

t

I
w

d

0.5 1 1.5 2 2.5

Figure 1 &4 .5 for k = 3 and d = 2.4, for A
from 0 to (maximum at z = 0) and from 0.4
to 0.9

Figure 2 Success probability of BPGD for 0 <
d < dmin(k) and various k.

3 The function Dy 1, » is known in physics parlance as the “Bethe free entropy” [8, 18]. The stationary
points of @4 1 » coincide with the fixed points of ¢4 1, x, as we will verify in Section 2.1.
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» Theorem 1. Let k > 3.
(i) If d < dmin(k), then

. (k=1 21— 2
nh_}I%OP[BPGD(F) succeeds] = exp (— ( 1 ) /0 T dh = 1§zk2()1 3 dz) . (1.7)

(i) If dmin(k) < d < dgat(k), then P[BPGD(F') succeeds] = o(1).

Theorem 1 vindicates the predictions from Ricci-Tersenghi and Semerjian [24, Section 4]
as to the performance of BPGD, and improves over the results from Yung [25]. Specifically, The-
orem 1 (i) verifies the formula for the success probability from [24, Eq. (38)]. Combinatorially,
the formula (1.7) results from the possible presence of bounded length cycles (so called toxic
cycles) that may cause the algorithm to run into contradictions. This complements Yung’s
prior work, that has no positive result on the performance of BPGD. Moreover, Yung’s negative
results [25, Theorems 2-3| only apply to k& > 9 and to d > dcore(k), while Theorem 1 (ii)
covers all k > 3 and kicks in at the correct threshold dpyin (k) < deore(k) predicted in [24].

1.4 The decimation process

In addition to the BPGD algorithm itself, the heuristic work [24] considers an idealised version
of the algorithm, the decimation process. This thought experiment highlights the conceptual
reasons behind the success/failure of BPGD. Just like BPGD, the decimation process assigns
values to variables one after the other for good. But instead of the BP ‘approximations’ the
decimation process uses the actual marginals given its previous decisions. To be precise,
suppose that the input formula F' is satisfiable and that variables z1, ..., z; have already
been assigned values opc(z1),...,0pc(x¢) in the previous iterations. Obtain Fpc, by
substituting the values opc(z1),...,0pc(z:) for x1,...,2; and dropping any clauses that
do not contain any of z;41,...,2,. Thus, Fpc, is a XORSAT formula with variables
Ttyl,---,Tn. Let op,., be a random satisfying assignment of Fpc . Then the decimation
process sets x; 1 according to the true marginal IP [UFDW (x441) = 1| FDc,t] , thus ultimately
returning a uniformly random satisfying assignment of F'.

Algorithm 2 The decimation process.

Data: a random k-XORSAT formula F', conditioned on being satisfiable
1 fort=0,...,n—1do
2 compute Tp,., =P [O'FDC,t(xtH) =1 FDc,t];

3 set opc(z) = {

4 return opc;

1 with probability 7y,
0 with probability 1 — 7,

Clearly, if indeed the BP ‘approximations’ are correct, then the decimation process and
BPGD are identical. Thus, a key question is for what parameter regimes the two process
coincide or diverge, respectively. As it turns out, this question is best answered by parametrise
not only in terms of the average variable degree d, but also in terms of the ‘time’ parameter
t of the decimation process.

1.5 Phase transitions of the decimation process

Ricci-Tersenghi and Semerjian heuristically identify several phase transitions in terms of d and
t that the decimation process undergoes. We will confirm these predictions mathematically
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w7 and investigate how they relate to the performance of BPGD.

178 The first set of relevant phase transitions concerns the so-called non-reconstruction prop-
e erty. Roughly speaking, non-reconstruction means that the marginal 7, , = P [0' Foc.,(Tip1) = 1| FDC’t]
10 is determined by short-range rather than long-range effects. Since Belief Propagation is
w1 essentially a local algorithm, one might expect that the (non-)reconstruction phase transition
12 coincides with the threshold up to which BPGD succeeds; cf. the discussions in [5, 16].

183 To define (non-)reconstruction precisely, we associate a bipartite graph G(Fpc,) with
12 the formula F'pc:. The vertices of this graph are the variables and clauses of Fpc . Each
s variable is adjacent to the clauses in which it appears. For a (variable or clause) vertex v
1w of G(Fpc,) let dv be the set of neighbours of v in G(Fpc,).More generally, for an integer
17 € >1let 9°v be the set of vertices of G(Fpc,) at shortest path distance precisely ¢ from v.
s Following [16], we say that Fpc has the non-reconstruction property if

189 lim limsupEHP [aFDC,t(le) =1 ‘ Fpe, {UFDC,t(y)}yeaﬂth] (1.8)

=00 posoco

1% —P IZO-FDC,t,(xt"rl) =1 FDC,t} |F satisﬁable] =0.

11 Conversely, Fpc has the reconstruction property if

192 1ig(i£f linIr_ligf E HP [UFDC,t (xt-i-l) =1 ‘ FDC,t’ {GFDC,t (y)}y€82lwt+1:| (1'9)
103 —P [UFDc,t ($t+1) =1 | FDC,t] |F sat.} > 0.
104 To parse (1.8), notice that in the left probability term we condition on both the outcome

w5 F'pc, of the first ¢ steps of the decimation process and on the values o F, ,(y) that the
1s random solution oF,., assigns to the variables y at distance exactly 2¢ from z,y;. By
17 contrast, in the right probability term we only condition on Fpc,. Thus, the second
ws  probability term matches the probability 7g,. , from the decimation process. Hence, (1.8)
w9 compares the probability that a random solution sets ;41 to one given the values o py ., (y)
20 of all variables y at distance 2¢ from x;y; with plain marginal probability that x4 is set
21 to one. What (1.8) asks is that these two probabilities be asymptotically equal in the limit
22 of large ¢, with high probability over the choice of F' and the prior steps of the decimation
203 Process.

204 Confirming the predictions from [24], the following theorem identifies the precise regimes
25 of d,t where (non-)reconstruction holds. To state the theorem, we need to know that for
206 dmin(k) < d < dgat(k) the polynomial d(k — 1)2*=2(1 — 2) — 1 has precisely two roots
w0 <z = 24(d, k) < 2 = 2*(d, k) < 1; we are going to prove this as part of Proposition 5
208 below. Let

Zx
s =X(dy k)= —log(l — 24) = —7— 1.10
209 A A (d k) Og( z ) (k* 1)(1 72*) ( )
Z*

* A\ (d k) = —log(l —2*)— —= % > 1.11

210 > A A ( s ) maX{O, Og( z ) (k—l)(l—z*)}_o’ ( )

211 0. =0.(d, k) =1—exp(—Ay) >0"=0%(d, k) =1 — exp(—\"). (1.12)
22 Additionally, let Aconda(d, k) be the solution to the ODE
con dk >k>\con d,k‘ k_ *)\COH dvk k

o QcondldE) 0" Ooona(d, k)" = @ (Acona(d, 1)) Acond (dsat (k). k) =0 (1.13)

od k(oz*(/\cond(d, k)) — Ol*(>\c0nd (da k))) ’

20 0N (dpin, dsat] and set Ocond = Ocond (d, k) = 1 — exp(—Acond(d, k)). Note that 0% < Ocond < O



215

216

2

=

7

2

=
©

219

2

IN]

0

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

A. Chatterjee, A. Coja-Oghlan, M. Kang, L. Krieg, M. Rolvien and G. B. Sorkin

» Theorem 2. Let k > 3 and let 0 <t =t(n) < n be a sequence such that lim,, o t/n =
6 e (0,1).
(i) If d < dwin(k), then Fpc, has the non-reconstruction property w.h.p.
(ii) If dmin(k) < d < dsat(k) and 6 < 0 or 0 > Ocona, then Fpc,t has the non-reconstruction
property w.h.p.
(iii) If dmin (k) < d < dsat(k) and 0% < 0 < Ocond, then Fpc, has the reconstruction property
w.h.p.

Theorem 2 shows that dpi, (k) marks the precise threshold of d up to which the decimation
process F'pc,; exhibits non-reconstruction for all 0 < ¢t < n w.h.p. By contrast, for dmin(k) <
d < dgt(k) there is a regime of ¢ where reconstruction occurs. In fact, as Proposition 5
shows, for d > deore(k) we have 8* = 0 and thus reconstruction holds even at ¢t = 0, i.e.,
for the original, undecimated random formula F'. Prior to the contribution [24], it had
been suggested that this precise scenario (reconstruction on the original problem instance)
is the stone on which BPGD stumbles [5]. In fact, Yung’s negative result kicks in at this

precise threshold deore (k). However, Theorems 1 and 2 show that matters are more subtle.

Specifically, for dmin(k) < d < deore(k) reconstruction, even though absent in the initial
formula F', occurs at a later ‘time’ ¢t > 0 as decimation proceeds, which suffices to trip BPGD
up. Also, remarkably, Theorem 2 shows that non-reconstruction is not ‘monotone’. The
property holds for § < 8* and then again for 6 > 0.ona, but not on the interval (6*,0cond) as
visualised in Figure 3.

But there is one more surprise. Namely, Theorem 2 (ii) might suggest that for dpin(k) <
d < dgat (k) Belief Propagation manages to compute the correct marginals for ¢t/n ~ 6 > 6.ond,
as non-reconstruction kicks back in. But remarkably, this is not quite true. Despite
the fact that non-reconstruction holds, BPGD goes astray because the algorithm starts its
message passing process from a mistaken, oblivious initialisation. As a consequence, for
t/n ~ 6 € (Bcond, 0x) the BP ‘approximations’ remain prone to error. To be precise, the
following result identifies the precise ‘times’ where BP succeeds/fails. To state the result
let pipp, denote the BP ‘approximation’ of the true marginal 7p, , of variable z;1; in
the formula Fpc, created by the decimation process (see Section 2.2 for a reminder of the
definition). Also recall that mp, ., denotes the correct marginal as used by the decimation
process.

» Theorem 3. Let k > 3 and let 0 <t =t(n) < n be a sequence such that lim,, .. t/n =
6 (0,1).

(i) If 0 < d < dmin(k) then ppy., = Trpe, w.h.p.

(i1) If dmin(k) < d < dsat(k) and 0 < Ocona or 0 > 0., then ppy., = Trpe, W.h.p.

(iii) If dunin(k) < d < dsat (k) and cona < 0 < b4, then B |upy., — mrpe, | = 2(1).

The upshot of Theorems 2-3 is that the relation between the accuracy of BP and
reconstruction is subtle. Everything goes well so long as d < dyin as non-reconstruction
holds throughout and the BP approximations are correct. But if dpyi; < d < dgat and
0* < 0 < Ocond, then Theorem 2 (iii) shows that reconstruction occurs. Nonetheless,
Theorem 3 (ii) demonstrates that the BP approximations remain valid in this regime. By
contrast, for Ocong < 6 < 6, we have non-reconstruction by Theorem 2 (iii), but Theorem 3 (iii)
shows that BP misses its mark with a non-vanishing probability. Finally, for 8 > 6, everything
is in order once again as BP regains its footing and non-reconstruction holds. Unfortunately
BPGD is unlikely to reach this happy state because the algorithm is bound to make numerous
mistakes at times ¢/n € (Ocona, 0+)-
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Amin decore dsat Amin deore dsat dmin decore dsat
0.15 0.3 0.4
0.10 /] 0.2
ol fel ol
0.2
0.05 0.1
0.1
[°] Oconi 6 Bcon 6" Bcon
0'0%.0 2.2 2.4 2.6 0.0 2.5 3.0 3.5 0.0 2.5 3.0 3.5 4.0 4.5
d d d
(@) k=3 (b) k=4 () k=5

Figure 3 The phase diagrams for k = 3,4, 5 with d € (dmin, dsat) on the horizontal and 6 on the
vertical axis. The hatched area displays the regime 8 < 68" and 6.ona < 6 where non reconstruction
holds. In the non hatched area, where 68* < 6 < cond, we have reconstruction. Similarly, the blue
area displays 0 < Ocona and 6 > 0, where BP is correct whereas in the orange area, BP is inaccurate.

Theorems 2 and 3 confirm the predictions from [24, Section 4]. To be precise, while 6conq
matches the predictions of Ricci-Tersenghi and Semerjian, the ODE formula (1.13) for the
threshold, which is easy to evaluate numerically, does not appear in [24]. Instead of the ODE
formulation, Ricci-Tersenghi and Semerjian define Aconq as the (unique) A > 0 such that
Dy () = Pgia(a*); Proposition 5 below shows that both are equivalent. Illustrating
Theorems 2-3, Figure 3 displays the phase diagram in terms of d and 6 ~ t/n for k = 3,4, 5.

2 Overview

This section provides an overview of the proofs of Theorems 1-3. In the final paragraph
we conclude with a discussion of further related work. We assume throughout that k > 3
is an integer and that 0 < d < dsat(k). Moreover, t = t(n) denotes an integer sequence
0 < t(n) < n such that lim, , t(n)/n =0 ¢€ (0,1).

2.1 Fixed points and thresholds

The first item on our agenda is to study the functions ¢q x x, Py » from (1.2)—(1.3). Spe-
cifically, we are concerned with the maxima of @4 » and the fixed points of ¢4 1, the
combinatorial relevance of which will emerge as we analyse BPGD and the decimation process.
We begin by observing that the fixed points of ¢4 x are precisely the stationary points of
Dk,

» Fact 4. For any d > 0, A > 0 the stationary points z € (0,1) of Pq k. coincide with the
fized points of g x in (0,1). Furthermore, for a fized point z € (0,1) of ¢pgq k. r we have

<0 i da(x) <L,
den(2)9=0 if ¢l 5 (2) =1, (2.1)
>0 if Pypa(z) > 1.

We recall that 0 < a, = a,(d,k,\) < o* = a*(d,k,\) < 1 are the smallest and the
largest fixed point of ¢q k » in [0, 1], respectively. Fact 4 shows that @4 » attains its global
maximum in [0,1] at a, or a*. Let amax = Gmax(d,k,A) € {a.,a*} be the maximiser
of Bypx; if Pgpa(as) = Papr(a®), set amax = a.. An example for o, o, amax and
D(ay), P(a*), P(umax) is visualised in Figure 4. The following proposition characterises the
fixed points of ¢gq 1, and the maximiser cmax-
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6" Ocond 0+ 6" Bcond 0+
e
0.81

0.161

0.61 0.141

= Qmax
]
[S] 0.4] a §012,

ax .hh-.h""‘*--m

0.10{ — O(Amax)

0.21 o(a’)
0.04 0.06 0.08 0.10 0.12 0.04 0.06 0.08 0.10 0.12
0 0
() amax (b) P(amax)

Figure 4 amax and @(amax) for d = 2.4 and k = 3 from 6" to 6..

» Proposition 5.

(i) Ifd < dmin(k), then for all A > 0 we have . = o, the function X € (0,00) — an € (0,1)
is analytic, and o, is the unique stable fixed point of ¢qk .

(i) If dmin(k) < d < dsat (), then the polynomial d(k — 1)2*=2(1 — 2) — 1 has precisely two
roots 0 < z, < 2z* < 1, the numbers A, \* from (1.10) satisfy 0 < \* < A\, and the
following is true.

(@) If A< A" or A > A, then o, = o € (0,1) is the unique stable fized point of ¢a k.-

(b) If \* < A < Ay, then 0 < iy < @ < 1 are the only stable fized points of ¢a k. x-

(c) The functions A € (0, ) = as and XA € (A*,00) — o™ are analytic.

(d) If dumin(k) < d < dsat(k), then the solution Acona of (1.13) satisfies \* < Acona =
Acond(d) < Ax and amax = @y if A < Acond While amax = & if X > Acond-

2.2 Belief Propagation

Having done our analytic homework, we proceed to recall how Belief Propagation computes
the ‘approximations’ jiFy, , that the BPGD algorithm relies upon. We will see that due to
the inherent symmetries of XORSAT the Belief Propagation computations simplify and boil
down to a simpler message passing process called Warning Propagation. Subsequently we
will explain the connection between Warning Propagation and the fixed points «a,,a* of
Gd,k\-

It is probably easiest to explain BP on a general XORSAT instance F' with a set V(F)
of variables and a set C(F) of clauses of lengths between one and k. As in Section 1.5
we consider the graph G(F') induced by F, with vertex set V(F) U C(F) and an edge za
between z € V(F) and a € C(F) iff a contains z. Let dv = dpv be the set of neighbours
of v € V(F)U C(F). Additionally, given an assignment 7 € {0,1}9% of the variables that
appear in a, we write 7 = a iff 7 satisfies a.

With each clause/variable pair z, a such that « € da Belief Propagation associates two
sequences of ‘messages’ (Up z—a.0)e>05 (LFa—z0)e>0 directed from z to a and from a to z,
respectively. These messages are probability distributions on {0, 1}, i.e.,

MFz—a,l = (,uF,a:%a,[(O)a IU/F,a:%a,Z(l))? HF a—salt = (NF,a—)z,E(O)yMF7a—)w,€(1))7 (22)
,LLF,z—nz,E(O) + NF,I—)a,Z(l) = NF,a—)z,Z(O) + NF,a—>m,£(1) =1.
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The initial messages are uniform, i.e.,
-r0:0(5) = fEasn0(s) = 1/2 (s € {0,1}). (2.4)

Further, the messages at step ¢ + 1 are obtained from the messages at step ¢ via the Belief
Propagation equations

MF,a—»z,€+1(5) X Z Wt =s,7Fa} H NF,y—m,@(Ty)v (2.5)

7€{0,1}9a yeda\{z}

HFz—a,0+1 (s) o H MF,b—m,f(S)- (2.6)
bedz\{a}

In (2.5)-(2.6) the ox-symbol represents the normalisation required to ensure that the updated
messages satisfy (2.3). In the case of (2.6) such a normalization may be impossible because
the expressions on the r.h.s. could vanish for both s = 0 and s = 1. In this event we agree
that

pFx—ar(s) I praa(s) # 1/2
1{s =0} otherwise

MF,I—)a,€+1(S) = { (5 € {0’ 1})7

in other words, we retain the messages from the previous iteration unless its value was 1/2, in
which case we set pp 4—q,0+1(0) = 1. The same convention applies to pp,q—z ¢+1(s). Further,
at any time ¢ the BP messages render a heuristic ‘approximation’ of the marginal probability
that a random solution to the formula F sets a variable z to s € {0,1}:

HF,z,e(8) o H HFbsz,0(5)- (2.7)
bedx

We set fip,e(0) =1 = ppae(l) =130 o1y [peon HPp—a,e(s) = 0.

» Fact 6. The BP messages and marginals are half-integral for all t, i.e., for allt > 0 and
s € {0,1} we have

,UF,x—m,Z(S)v ,UJF,a—m,Z(S)y HF,;C,Z(S) S {07 1/23 1} (28)
Furthermore, for all £ > ZZaec(F) |0a| we have ppy0(s) = ppz.e+1(8).

Finally, in light of Fact 6 it makes sense to define the approximations for BPGD by letting

HUFgp, = gli{go /’LFBP,taxt+1,e(1)7 HFpe, = [liglo /J’FDC,uwH»he(l)' (2'9)

2.3 Warning Propagation

Thanks to the half-integrality (2.8) of the messages, Belief Propagation is equivalent to a
purely combinatorial message passing procedure called Warning Propagation (“WP’) [18].
Similar as BP, WP also associates two message sequences (Wp,y—sq,¢, WF a—z,¢) >0 With every
adjacent clause/variable pair. The messages take one of three possible discrete values {f,u,n}
(“frozen’, ‘uniform’, ‘null’). Essentially, n indicates that the value of a variable is determined
by unit clause propagation. Moreover, f indicates that a variable is forced to take the value
0 once all variables in the 2-core of the hypergraph representation of the formula are set
to 0. The remaining label u indicates that neither of the above applies. To trace the BP
messages from Section 2.2 actually only the two values {n,u} would be necessary. However,
the third value f will prove useful in order to compare the BP approximations with the
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actual marginals. Perhaps unexpectedly given the all-uniform initialisation (2.4), we launch
WP from all-frozen start values:

WFg—a,0 = WFa—g,0 = I for all a, z. (2.10)
Subsequently the messages get updated according to the rules

n fwpysee=mnforall yeda){z},

if wpyaeFuforally €da\{z} and wpyar #n
S v—a, Ut 2.11
WFa—a.t+1 for at least one y € da \ {z}, (2.11)

u otherwise,

=]

if wpp—see =n for at least one b € 9z \ {a},
w . if WF bzl 7& n for all b € Oz \ {a} and Wrp—see = £ (2 12)
Fo—a,ttl = for at least one b € Oz \ {a} ’ '

u otherwise.

In addition to the messages we also define the mark wg ;¢ of variable node x as in (2.11),
or be it without omitting clause a. The following statement summarises the relationship
between BP and WP.

» Fact 7. For allt > 0 and all x,a we have

,tl,x_>a7g(1) = 1/2 = WFz—sa,l 75 n, (213)
Ma—)z,@(l) = 1/2 <~ WF,a—z,l 7é n, (214>
/tz7g(1) = 1/2 = WFz.¢ 7£ n. (215)

Moreover, for all £ > 2|C(F)| we have wp a0 = WFz—a+1 04 WE gz, = WFa—sz.0+1-

Fact 7 implies that the WP messages and marks ‘converge’ in the limit of large ¢, in
the sense that eventually they do not change any more. Let wp 4o, Wra—e, Wr s € {£,u,0}
be these limits. Furthermore, let Vz ¢(F), V4 o(F), Vao(F) be the sets of variables with the
respective mark after £ > 0 iterations. Also let Vz(F), V,(F), Va(F) be the sets of variables
where the limit wg , takes the respective value. The following statement traces WP on the
random formula Fpc; produced by the decimation process.

» Proposition 8. Let e > 0 and assume that d > 0, t = t(n) ~ On satisfy one of the following
conditions:

(i) d < dwin, or

(ii) d > dwin and 0 & {6.,0%}.
Then there exists Ly = Lo(d,0,€) > 0 such that for any fized £ > by with A = —log(1 — 0)
w.h.p. we have

[t + [Vae(Fpo)| — cun| < en, [t 4+ |Vie(Fpe)| — (o — a)n| < en, (2.16)
|V;1(FDC¢)AV;’4(FDC¢)| < éen. (2.17)

2.4 The check matrix

Since the XOR operation is equivalent to addition modulo two, a XORSAT formula F with

variables x1,...,x, and clauses a1, ..., a, translates into a linear system over o, as follows.

Let Ap be the m x n-matrix over Fy whose (i, j)-entry equals one iff variable x; appears in
clause a;. Adopting coding parlance, we refer to Ap as the check matriz of F'. Furthermore,
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Belief Propagation guided decimation on random k-XORSAT

let yr € F5* be the vector whose ith entry is one plus the sum of any constant term and
the number of negation signs of clause a; mod two. Then the solutions o € F}! of the linear
system Apo = yp are precisely the satisfying assignments of F.

The algebraic properties of Ap therefore have a direct impact on the satisfiability of
F. For example, if Arp has rank m, we may conclude immediately that F' is satisfiable.
Furthermore, the set of solutions of F' is an affine subspace of F4 (if non-empty). In effect, if
F is satisfiable, then the number of satisfying assignments equals the size of the kernel of
Ap. Hence the nullity nul Ap = dimker Ar of the check matrix is a key quantity.

Indeed, the single most significant ingredient towards turning the heuristic arguments
from [24] into rigorous proofs is a formula for the nullity of the check matrix of the XORSAT
instance F'pc from the decimation process. To unclutter the notation set A; = Ap,,-
We derive the following proposition from a recent general result about the nullity of random
matrices over finite fields [8, Theorem 1.1]. The proposition clarifies the semantics of the
function @4 . ) and its maximiser oumax. In physics jargon @4 1 » is known as the Bethe free
entropy.

» Proposition 9. Let d > 0 and A = —log(1 —0). Then

lim nul A; = gk 2 (Qmax) in probability.
n—oo

2.5 Null variables

Proposition 9 enables us to derive crucial information about the set of satisfying assignments
of Fpc,. Specifically, for any XORSAT instance F' with variables x1, ..., z, let Vo(F') be
the set of variables x; such that o; = 0 for all o € ker Ar. We call the variables x; € Vy(F)
null variables. Since the set of solutions of F', if non-empty, is a translation of ker Ap, any
two solutions o, ¢’ of F set the variables in Vo(F) to exactly the same values. The following
proposition shows that WP identifies certain variables as null.

» Proposition 10. W.h.p. the following two statements are true for any fixed integer £ > 0.
(i) We have Vo o(Fpc,t) € Vo(Fpeoye)-
(ii) We have |Vyo(Fpc,) N Vo(Fpe,)| = o(n).

Propositions 9 and 10 enable us to calculate the number of null variables of Fpc , so
long as we remain clear of the point 6.,,q Where apax is discontinuous.

» Proposition 11. If § # Ocona then |Vo(Fpet)| = amaxn + o(n) w.h.p.

Let us briefly summarise what we have learned thus far. First, because all Belief
Propagation messages are half-integral, BP reduces to WP. Second, Proposition 8 shows that
the fixed points ., a* of ¢4, determine the number of variables marked n or £ by WP.
Third, the function @4 » and its maximiser amax govern the nullity of the check matrix and
thereby the number of null variables of F'pc ¢. Clearly, the null variables x; are precisely the
ones whose actual marginals P [0, , (z;) = s | Fpc,] are not uniform. As a next step, we
investigate whether BP/WP identify these variables correctly.

In light of Proposition 8, in order to investigate the accuracy of BP it suffices to compare
the numbers of variables marked n by WP with the true marginals. The following corollary
summarises the result.

» Corollary 12. For any d, 0 the following statements are true.
(1) If d < duin, or d > dmin and 0 < Oeong, or d > dyin and 6 > 0., then

Vo(Fpc,t) AVa(Fpey)| = o(n) w.h.p.



4

R

6

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

468

A. Chatterjee, A. Coja-Oghlan, M. Kang, L. Krieg, M. Rolvien and G. B. Sorkin

(i) If d > dmin and Ocona < 0 < b, then |Vo(Fpe,) AVa(Fped)| = 2(n) w.h.p.

Thus, so long as d < dpin or d > dipin and 6 < 6cong or 0 > 6., the BP/WP approximations
are mostly correct. By contrast, if d > dyin and Oeong < 6 < 6., the BP/WP approximations
are significantly at variance with the true marginals w.h.p. Specifically, w.h.p. BP deems
£2(n) frozen variables unfrozen, thereby setting itself up for failure. Indeed, Corollary 12
easily implies Theorem 3, which in turn implies Theorem 1 (ii) without much ado.

In addition, to settle the (non-)reconstruction thresholds set out in Theorem 2 we need to
investigate the conditional marginals given the values of variables at a certain distances from
Z¢41 as in (1.8). This is where the extra value £ from the construction of WP enters. Indeed,
for a XORSAT instance F' with variables 1, ..., x, and an integer ¢ let Vj ¢(F') be the set

of variables z; such that o; = 0 for all ¢ € ker Ap and o), = 0 for all variables z), € 8%z;.

Hence, Vp ¢(F) C Vo (F) is the set of variables whose f-neighbourhood is contained in Vo (F').

» Corollary 13. Assume that d > dyi, and let € > 0.
(i) If 0 < Ocona, then for any fized ¢ we have |V o(Fpc,) N Vo(Fpc)| < en w.h.p.
(it) If 0 > Ocona, then there exists by = £o(d, 0,¢) such that for any fized £ > £y we have

|(Va,e(Fpc,:) U Vee(Fpc,:)) AVoe(Fpc,)| < en w.h.p.

Comparing the number of actually frozen variables with the ones marked £ by WP, we obtain
Theorem 2.

2.6 Proving BPGD successful

We are left to prove Theorem 1. First, we need to compute the (strictly positive) success
probability of BPGD for d < dpin. At this point, the fact that BPGD has a fair chance of
succeeding for d < dpin should not come as a surprise. Indeed, Corollary 12 implies that
the BP approximations of the marginals are mostly correct for d < dpyin, at least on the
formula Fpc+ created by the decimation process. Furthermore, so long as the marginals are
correct, the decimation process F'pc : and the execution of the BPGD algorithm F'gp; move
in lockstep. The sole difficulty in analysing BPGD lies in proving that the estimates of the
algorithm are not just mostly correct, but correct up to only a bounded expected number
of discrepancies over the entire execution of the algorithm. To prove this fact we combine
the method of differential equations with a subtle analysis of the sources of the remaining
bounded number of discrepancies. These discrepancies result from the presence of short
(i.e., bounded-length) cycles in the graph G(F'). Finally, the proof of the second (negative)
part of Theorem 1 follows by coupling the execution of BPGD with the decimation process,
and invoking Theorem 3. In the next subsection we introduce a simple combinatorial Unit
Clause Propagation algorithm to give a glimpse of the proof of the ’positive’ part for the
success probability of Theorem 1 for d < dpi,. The proof of the second part of the theorem
concerning dyi, < d < dgay as well as the details of both arguments can be found in the full
version.

2.7 Unit Clause Propagation

The simple-minded Unit Clause Propagation algorithm attempts to assign random values
to as yet unassigned variables one after the other. After each such random assignment the
algorithm pursues the ‘obvious’ implications of its decisions. Specifically, the algorithm
substitutes its chosen truth values for all occurrences of the already assigned variables. If this
leaves a clause with only a single unassigned variable, a so-called ‘unit clause’, the algorithm
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assigns that variable so as to satisfy the unit clause. If a conflict occurs because two unit
clauses impose opposing values on a variable, the algorithm declares that a conflict has
occurred, sets the variable to false and continues; of course, in the event of a conflict the
algorithm will ultimately fail to produce a satisfying assignment. The pseudocode for the
algorithm is displayed in Algorithm 3.

Algorithm 3 The UCP algorithm.

1 Let U =0 and let oyc : U — {0, 1} be the empty assignment;

2 fort=0,....,n—1do

3 if 441 € U then

4 add z;41 to U;

5 choose oyc(ziy1) € {0,1} uniformly at random;

6 while Foyc]| contains a unit clause a do

7 let = be the variable in a;

8 let s € {0,1} be the truth value that  needs to take to satisfy a;
9 if another unit clause a’ exists that requires x be set to 1 — s then
10 output ‘conflict’ and let oyc(z) = 0;

11 else

12 add x to U and let oyc(x) = s;

13 return oyc;

Let F'yc, denote the simplified formula obtained after the first ¢ iterations (in which
the truth values chosen for z1,...,x; and any values implied by Unit Clauses have been
substituted). We notice that the values assigned during Steps 6-12 are deterministic
consequences of the choices in Step 5. In particular, the order in which unit clauses are
processed Steps 6—12 does not affect the output of the algorithm.

» Proposition 14. We have P [BPGD succeeds| = P [UCP succeeds] .

Proposition 14 allows us to analyse UCP to prove Theorem 1.

2.8 The success probability of UCP for d < d,,;,

We continue to denote by Fyc,: the sub-formula obtained after the first ¢ iterations of
UCP. Let V;, = {z1,...,z,} be the set of variables of the XORSAT instance F. Also, let
V(t) C {zi+1,--.,2n} be the set of variables of Fyc. Thus, V() contains those variables
among Tyy1,...,T, whose values are not implied by the assignment of z1,...,z; via unit
clauses. Also let C(t) be the set of clauses of F'yc.; these clauses contain variables from
V (t) only, and each clause contains at least two variables. Let V' (t) = V,, \ V() be the set
of assigned variables. Thus, after its first ¢ iterations UCP has constructed an assignment
ouc : V(t) = {0,1}. Moreover, let V'(t +1) = V(t) \ V(¢ 4 1) be the set of variables that
receive values in the course of the iteration ¢ + 1 for 0 < ¢ < n. Additionally, let C’(t + 1) be
the set of clauses of Fyc, that consists of variables from V’(t+ 1) only. Finally, let Fyq ;44
be the formula comprising the variables V'(¢ + 1) and the clauses C’(t + 1).

To characterise the distribution of Fyc, let n(t) = [V (¢)| and let my,(t) be the number
of clauses of length ¢, i.e., clauses that contain precisely ¢ variables from V'(t). Observe that
m(t) = 0 because unit clauses get eliminated. Let §; be the o-algebra generated by n(t)
and (my(t))2<e<k-
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» Fact 15. The XORSAT formula Fyc: is uniformly random given §¢. In other words,
the variables that appear in each clause are uniformly random and independent, as are their
Stgns.

Proof. This follows from the principle of deferred decisions. |

We proceed to estimate the random variables m(t), my(t). Let a(t) = |V (t)|/n so that
n(t) = n(1 — a(t)). Recall, that V(t) = V,,\ V(t). Let A = \(0) = —log(1 —6) with § ~ t/n
and recall that a. = a.(d, k, \) denotes the smallest fixed point of ¢q . The proof of the
following proposition proof can be found in the full version.

» Proposition 16. Suppose that d < dmin(k). There exists a function 6 = 6(n) = o(1) such
that for all0 <t <mn and all 2 < ¢ < k we have

Plla(t) —a.] > 8 =0(n2), P Hml(t) - %" (’Z) (1— )b

> 54 =0(n"?).
(2.18)

Proposition 16 paves the way for the actual computation of the success probability of
UCP. Let Ry be the event that a conflict occurs in iteration ¢t. The following proposition
gives us the correct value of P[R; | §¢] w.h.p. Since §; is a random variable the value for
the probability P[R; | §:] is random as well.

» Proposition 17. Fize > 0, let 0 <t < (1 —&)n and define
fn(t) =d(k—1)(1 — a,)ar 2 (2.19)
Then with probability 1 — o(1/n) we have

fn(®)?
A(n = 1)(1 = fu(t))

The proof of Proposition 17 can be found in Section 2.8.1. Moreover, in the full version
we prove the following.

PR [ S = 5 +o(1/n).

» Proposition 18. Fize >0 and £ > 1. For any 0 <t3 < --- <ty < (1 —&)n we have

4 0
fn(ti)Q
’ lo R] = —wer (220

Finally, the following statement, proven in the full version, deals with the en final steps
of the algorithm.

» Proposition 19. For any § > 0 there exists € > 0 such that P [U(l_a)n<t<n Rt} < 0.

Before we proceed we notice that Propositions 17-19 imply the first part of Theorem 1.

Proof of Theorem 1 (i). Pick § > 0, fix a small enough ¢ = £(§) > 0 and let R =

"~ 1{R:} be the total number of times at which conflicts occur. Proposition 14 shows

that the probability that BPGD succeeds equals P[R = 0]. In order to calculate P[R = 0], let
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= 2 o<i<(1—c)yn L{R¢} be the number of failures before time (1 — e)n. Proposition 18
shows that for any fixed ¢ > 1 we have

l
)2
~0 ) | Br 1—fn<z>>

0<t1<-<ty<(l—e)n i=1

14

[T(R-—i+1)

=1

E

L

_ fn(ti)Q
Sl 2 131 EEA AR

Hence, the inclusion/exclusion principle (e.g., [4, Theorem 1.21]) implies that
P[R. = 0] ~ exp(—E[R.]). (2.22)

Further, using Proposition 17 and the linearity of expectation, we obtain with A(f) =
—log(1—6)

~ f®? 1T SO
P Oﬁtéz(l:—e)n 4(n = 1)1 = fu(1))? 4n Jo (1-60)1- fn(en))Qde
I fu(On)? Do ONO)
“anJy  (T—a)(1— fa(6n) OX 06
ko_12 l1—¢ ng_41_z
- 4 ) /0 1—d(k - 1§zk—2()1 ¥ [by (2.19)]. (2.23)

Finally, Proposition 19 implies that
P[R > R.] <. (2.24)

Thus, the assertion follows from (2.22)—(2.24) upon taking the limit § — 0. <

2.8.1 Proof of Proposition 17

Fc 441 is the XORSAT formula that contains the variables V'(t + 1) that get assigned
during iteration ¢ + 1 and the clauses C’(t+ 1) of Fyc, that contain variables from V'(t+1)
only. Also recall that G (F{JC,t 1) signifies the graph representation of this XORSAT formula.
Unless V'(t 4 1) = 0, the graph G(Fyc,4,) is connected.

» Lemma 20. Fiz e > 0 and let 0 <t < (1 — e)n. With probability 1 — o(1/n) the graph
G(Fygy1) satisfies

|E(G(Fyc,i))l < [V(G(Fug 1)l

The proof of Lemma 20 can be found in the full version. Thus, with probability 1 —o(1/n)
the graph G(Fyq 4 ,) contains at most one cycle. While it is easy to check that no conflict
occurs in iteration t 4 1 if G(Fyq 4, ,) is acyclic, in the case that G(Fyc ;) contains a
single cycle there is a chance of a conflict. The following definition describes the type of
cycle that poses an obstacle.

» Definition 21. For a XORSAT formula F we call a sequence of variables and clauses
C = (vi,c1,...,0e,¢ce,v0 + 1 =w1) a toxic cycle of length ¢ if
TOX1 c¢; contains the variables x;,x;4+1 only, and



557

558

559

560

561

562

563

565

566

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

585

586

587

588

589

590

591

592

593

594

595

596

597

598

A. Chatterjee, A. Coja-Oghlan, M. Kang, L. Krieg, M. Rolvien and G. B. Sorkin

TOX2 the total number of negations in ci,...cy is odd iff ¢ is even.

» Lemma 22. (i) If Fyg,,, contains a toxic cycle, then a conflict occurs in iteration
t+ 1.
(i) If Fyg,q contains no tozic cycle and |E(G(Fyc 1)) < [V(G(Fycq1))ls then no
conflict occurs in iteration t + 1.

Proof. Towards (i) we show that Fq ., is not satisfiable if there is a toxic cycle C =
(v1,¢1,...,¢0,v041 = v1); then UCP will) of course, run into a contradiction. To see that
Fyc ¢y is unsatisfiable, we transform each of the clauses ¢y, ..., ¢, into a linear equation
¢i = (vi + vi41 = y;) over Fo. Here y; € Fy equals 1 iff ¢; contains an even number of
negations. Adding these equations up yields Zle y; = 0 in Fo. This condition is violated if
C is toxic.

Let us move on to (ii). Assume for contradiction that there exists a formula F without
a toxic cycle such that |[V(G(F))| < |E(G(F))| and such that given Fyg, ., = F, UCP
may run into a conflict. Consider such a formula F' that minimises |V (F)| + |C(F)|. Since
UCP succeeds on acyclic F, we have |V(G(F))| = |E(G(F))|. Thus, G(F) contains a single

cycle C = (vi,¢1,...,04,¢0,0041 = v1). Apart from the cycle, F' contains (possibly empty)
acyclic formulas FY, ..., F} attached to vi,...,ve and F{',..., F} attached to c1,...,c,. The
formulas F{, F{',..., F;, F} are mutually disjoint and do not contain unit clauses.

We claim that FY,..., F} are empty because |V (F)|+ |C(F)| is minimum. This is because
given any truth assignment of vy, ..., vy, UCP will find a satisfying assignment of the acyclic
formulas FY,..., F}.

Further, assume that one of the formulas F{’,..., F;' is non-empty; say, F|’ is non-empty.

If the start variable that UCP assigns were to belong to Fy’, then ¢, containing x; and s,

would not shrink to a unit clause, and thus UCP would not assign values to these variables.

Hence, UCP starts by assigning a truth value to one of the variables vy, ..., vy; say, UCP starts
with v1. We claim that then UCP does not run into a conflict. Indeed, the clauses co, ..., ¢y
may force UCP to assign truth values to xs, ..., xs, but no conflict can ensue because UCP will
ultimately satisfy ¢; by assigning appropriate truth values to the variables of Fy'.

Thus, we may finally assume that all of F{, F{',..., F;, F} are empty. In other words,
F consists of the cycle C only. Since C is not toxic, TOX2 does not occur. Consequently,
UCP will construct an assignment that satisfies all clauses c1, ..., c,. This final contradiction
implies (ii). <

» Corollary 23. Fize >0 and let 0 <t < (1 —¢&)n. Then
P[Riy1] =P [Fyg, 41 contains a tozic cycle] + o(1/n).
Proof. This is an immediate consequence of Lemma 20 and Lemma 22. |

Thus, we are left to calculate the probability that F’UC’t 41 contains a toxic cycle. To
this end, we estimate the number of toxic cycles in the ‘big’ formula Fyc,. Let T, be the
number of toxic cycles of length ¢ in Fyc ;.

> Lemma 24. Fixe >0 andlet 1 <t <(1—¢)n.
(i) For any fived ¢, with probability 1 — O(n~2) we have

E[T,(0) | &) = Be+0(1), where 5y = 4% (d(k—1)(1 - a*)a’:_2)é = 4% (fu(0)".

(ii) For any 1 < £ < n, with probability 1 — O(n=2) we have E[T; (£) | ] < Beexp(el).
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The proof of Lemma 24 is provided in the full version.

Proof of Proposition 17. In light of Corollary 23 we just need to calculate the probability
that F/UC,t 11 contains a toxic cycle. Clearly, if during iteration ¢ + 1 UCP encounters a
variable of F'yc,: that lies on a toxic cycle, UCP will proceed to add the entire toxic cycle to
F{th 41 (and run into a contradiction). Furthermore, Lemma 24 shows that with probability
1 —O(n=2) given §, the probability that a random variable of Fyc ; belongs to a toxic cycle
comes to

b} 1 14 fn(t)2
F=3thetol) =3 1 () = +o(1) = O(1). (2.25)

>2 >2 1- fn(t))

We now use (2.25) to calculate the desired probability of encountering a toxic cycle. To
this end we notice that the (¢t 4+ 1)-st iteration of UCP corresponds to a branching process
with expected offspring f,(¢), unless the root variable x;1; has already been assigned.
With probability 1 — O(n~2) the conditional probability of this latter event equals (na, —
t)/(n —t) 4+ o(1). Further, given that the root variable has not been assigned previously,
the expected progeny of the branching process, i.e., the expected number of variables in
Fc 111, equals 1/(1— f,(t))+o0(1). Since with probability 1—O(n~?) given §; there remain
n(t) = (1 — a. + o(1))n unassigned variables in total, (2.25) implies that with probability
1—o0(1/n),

P[Ris1 | §e) ~

B l-an 1 f”f)z +o(1/n),

QI—agn 1—t/n 1— fult) 41— ful

as claimed. |

3 Discussion

The thrust of the present work is to verify the predictions from [24] on the BPGD algorithm
and the decimation process rigorously. Concerning the decimation process, the main gap in
the deliberations of Ricci-Tersenghi and Semerjian [24] that we needed to plug is the proof of
Proposition 11 on the actual number of null variables in the decimation process. The proof
of Proposition 11, in turn, hinges on the formula for the nullity from Proposition 9, whereas
Ricci-Tersenghi and Semerjian state the (as it turns out, correct) formulas for the nullity
and the number of null variables based on purely heuristic arguments.

Regarding the analysis of the BPGD algorithm, Ricci-Tersenghi and Semerjian state that
they rely on the heuristic techniques from the insightful article [10] to predict the formula (1.7),
but do not provide any further details; the article [10] principally employs heuristic arguments
involving generating functions. By contrast, the method that we use to prove (1.7) is a bit
more similar to that of Frieze and Suen [12] for the analysis of a variant of the unit clause
algorithm on random k-SAT instances, for which they also obtain the asymptotic success
probability. Yet by comparison to the argument of Frieze and Suen, we pursue a more
combinatorially explicit approach that demonstrates that certain small sub-formulas that
we call ‘toxic cycles’ are responsible for the failure of BPGD. Specifically, the proof of (1.7)
combines the method of differential equations with Poissonisation. Finally, the proof of
Theorem 1 (ii) is an easy afterthought of the analysis of the decimation process.

Yung’s work [25] on random k-XORSAT is motivated by the ‘overlap gap paradigm’ [13],
the basic idea behind which is to show that a peculiar clustered geometry of the set of
solutions is an obstacle to certain types of algorithms. Specifically, Yung only considers the
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Unit Clause Propagation algorithm and (a truncated version of) BPGD. Following the path
beaten in [19], Yung performs moment computations to establish the overlap gap property.
However, moment computations (also called ‘annealed computations’ in physics jargon) only
provide one-sided bounds. Yung’s results require spurious lower bounds on the clause length
k (k > 9 for Unit Clause and k > 13 for BPGD). By contrast, the present proof strategy
pivots on the number of null variables rather than overlaps, and Proposition 11 provides
the precise ‘quenched’ count of null variables. A further improvement over [25] is that the
present analysis pinpoints the precise threshold up to which BPGD (as well as Unit Clause)
succeeds for any k > 3. Specifically, Yung proves that these algorithms fail for d > dcore,
while Theorem 1 shows that failure occurs already for d > dpin With dpin < deore. Conversely,
Theorem 1 shows that the algorithms succeed with a non-vanishing probability for d < dp;p.
Thus, Theorem 1 identifies the correct threshold for the success of BPGD, as well as the correct
combinatorial phenomenon that determines this threshold, namely the onset of reconstruction
in the decimation process (Theorems 2 and 3).

The BPGD algorithm as detailed in Section 2.2 applies to a wide variety of problems
beyond random k-XORSAT. Of course, the single most prominent example is random k-SAT.
Lacking the symmetries of XORSAT, random k-SAT does not allow for the simplification to
discrete messages; in particular, the BP messages are not generally half-integral. In effect,
BP and WP are no longer equivalent. In addition to random k-XORSAT, the article [24]
also provides a heuristic study of BPGD on random k-SAT. But once again due to the lack
of half-integrality, the formulas for the phase transitions no longer come as elegant finite-
dimensional expressions. Instead, they now come as infinite-dimensional variational problems.
Furthermore, the absence of half-integrality also entails that the present proof strategy does
not extend to k-SAT.

The lack of inherent symmetry in random k-SAT can partly be compensated by assuming
that the clause length k is sufficiently large (viz. larger than some usually unspecified constant
ko). Under this assumption the random k-SAT version of both the decimation process and the
BPGD algorithm have been analysed rigorously [7, 9]. The results are in qualitative agreement
with the predictions from [24]. In particular, the BPGD algorithm provably fails to find
satisfying assignments on random k-SAT instances even below the threshold where the set of
satisfying assignments shatters into well-separated clusters [1, 16]. Furthermore, on random
k-SAT a more sophisticated message passing algorithm called Survey Propagation Guided
Decimation has been suggested [20, 24]. While on random XORSAT Survey Propagation and
Belief Propagation are equivalent, the two algorithms are substantially different on random
k-SAT. One might therefore hope that Survey Propagation Guided Decimation outperforms
BPGD on random k-SAT and finds satisfying assignments up to the aforementioned shattering
transition. A negative result to the effect that Survey Propagation Guided Decimation fails
asymptotically beyond the shattering transition point for large enough k exists [14]. Yet
a complete analysis of Belief/Survey Propagation Guided Decimation on random k-SAT
for any k£ > 3 in analogy to the results obtained here for random k-XORSAT remains an
outstanding challenge.

Finally, returning to random k-XORSAT, a question for future work may be to investigate
the performance of various types of algorithms such as greedy, message passing or local
search that aim to find an assignment that violates the least possible number of clauses. Of
course, this question is relevant even for d > dsa (k). A first step based on the heuristic
‘dynamical cavity method’” was recently undertaken by Maier, Behrens and Zdeborové [17].
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