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ARTICLE INFO ABSTRACT

AMS 2020 subject classifications: Non-Euclidean complex data analysis becomes increasingly popular in various fields of data
primary 62R02 science. In a seminal paper, Petersen and Miiller (2019) generalized the notion of regression
secondary 62J02 analysis to non-Euclidean response objects. Meanwhile, in the conventional regression analysis,
Keywords: model averaging has a long history and is widely applied in statistics literature. This paper
Asymptotic optimality studies the problem of optimal prediction for non-Euclidean objects by extending the method
Cross-validation of model averaging. In particular, we generalize the notion of model averaging for global
Global Fréchet regression Fréchet regressions and establish an optimal property of the cross-validation to select the

Model averaging averaging weights in terms of the final prediction error. A simulation study illustrates excellent

out-of-sample predictions of the proposed method.

1. Introduction

Non-Euclidean complex data analysis becomes increasingly popular in various fields of data science (see, Marron and Alonso [9]
for an overview). A fundamental object to describe distributions of non-Euclidean random objects is the so-called Fréchet mean [5],
which is a generalization of the conventional population mean. There is growing literature on statistical inference for the Fréchet
means (see, e.g., Patrangenaru and Ellingson [10], for a survey). Recently, in a seminal paper, Petersen and Miiller [11] generalized
the notion of the Fréchet mean to conditional distributions, and developed nonparametric and least square regression analyses for
non-Euclidean random objects, called the local and global Fréchet regressions, respectively.

In the conventional regression analysis, a central question is how to select or combine information from various predictors, and
model selection and model averaging are widely applied in the statistics literature (see, Claeskens and Hjort [4], for a survey). Indeed
Tucker et al. [12] developed a model selection method for global Fréchet regressions by extending the ridge selection operator to
the present context, and established its selection consistency. See also Ying and Yu [14] for sufficient dimension reduction on non-
Euclidean random objects using Euclidean predictors. This paper addresses another open question, model averaging of regression
models for non-Euclidean response objects. In particular, we focus on optimal prediction for non-Euclidean objects by extending the
method of model averaging.

In this paper, we generalize the notion of model averaging for global Fréchet regressions and establish an optimal out-of-sample
prediction property of the cross-validation to select the averaging weights in terms of the final prediction error [1]. First of all, it
is not trivial how to conduct model averaging for global Fréchet regressions that reside in non-Euclidean spaces. By adapting the
construction of the empirical Fréchet mean to weighted averages over a class of global Fréchet regressions, we develop a model
averaging scheme as a minimizer of a weighted average of squared metrics of global Fréchet regressions. Second, we introduce and
study the notions of the final prediction error for out-of-sample predictions and cross-validation for model averaging of regression
models on non-Euclidean random objects. We refer to Bhattacharjee and Miiller [2] and Ghosal et al. [6] that study out-of-sample
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cross-validation criteria in the context of single index modeling of random objects. In contrast to Tucker et al. [12] who studied
consistent model selection for global Fréchet regressions, this paper investigates optimal model averaging for the out-of-sample
prediction when all global Fréchet regressions are misspecified.

This paper is organized as follows. Section 2 introduces our basic setup and model averaging estimator. Section 3 presents our
main result, asymptotic optimality of the cross-validation to select the model averaging weights in terms of the final prediction error.
Section 4 illustrates the main result by a simulation study. Technical details to prove our main result are included in Section 5.

2. Model averaging estimator

Let (Y, d) be a totally bounded metric space and consider a random object Y that takes values in Y. We are concerned with
the situation where Y is a complex object so that the space Y may be non-Euclidean and may not lie in a vector space. In such
a situation, a standard notion of mean is the so-called Fréchet mean g = argmin,cy E[d?(Y,#n)], and there is rich literature on
statistical inference for 7g,.

In a seminal paper, Petersen and Miiller [11] extended the notion of the Fréchet mean to regression problems and proposed the
Fréchet regression function

N (x) = argmin E[d(Y, n)| X = x]
neyY

for an Euclidean vector of predictors X. Furthermore, Petersen and Miiller [11] generalized the idea of global least squares regression
and developed the global Fréchet regression:

Lg(x) = argmin BI(1 + (x - W ETHX = wYdAY ),

where ¢ = E[X] and X = Var(X). Note that Lg(x) becomes the conventional population least square regression when Y is Euclidean
and d is the Euclidean distance.

We now introduce our setup for model averaging of global Fréchet regressions. To simplify the presentation, we hereafter focus
on the case where the researcher conducts model selection based on a nested sequence of predictors X = (X, X,, ..., X,,)T € RM.
One can also apply our method to average over other subsets of X and analogous theoretical results in Section 3 can be obtained.
Although there is no theoretical difficulty to consider a large (but fixed) number of subsets of X, practically it needs to be moderate
due to the computational cost. It is beyond the scope of this paper to consider how to select the subsets of X to be averaged under
computational constraints.

Let X™ = (X;,...,X,)T € R", m € {l,...,M}, be a nested sequence of predictors, xX™ = (xi,...,x,)" € R", and for
me{l,...,M}, let

Lg' (") = argmin B[{1+ (" = p™) T (ZO)TH X =y} )

be the global Fréchet regression based on the predictors X, where u™ = E[X] and X" = Var(X™). In this paper, M is
treated as fixed. An extension allowing M to increase depending on the sample size n, as assumed in model averaging of linear
regression models for Euclidean data, necessitates a substantial extension in the theoretical analysis of the global Fréchet regression
itself and we left this extension as future research. In order to build the notion of model averaging for the global Fréchet regressions
{Lé;")(x('”)} 24:1’ we note that in the g-dimensional Euclidean space, the weighted average L,, = Z,':’:l w,, L™ of points L™ & RY
can be defined as

M

;oo . 2 p(m
L,= arggﬁ{{nq’; W, dp (L™, 1),

for the Euclidean distance d. Then the model averaging for global Fréchet regressions can be defined as
M

me(w, x*) = arg min Y w,d* (LG ™), n).
m=1

Based on an independent and identically distributed sample D, = { X,,Y; }?=1 of (X,Y), L(e'an) (x™) and Mg (w, xM)) can be estimated
by their sample counterparts:

n
2 ) = argmin© 3 (14— XO)T(E0) =1 (x " - K0} a2 (v, ),
neY n pary !

M
g, xM) = argmin B’ w,,d* (LG ™).,
m=1

where X =71 " X" and £ = p~! 31 (X" — X)X ™ — X()T,
i= i i= i i
As a criterion to evaluate model averaging weights, we extend the notion of the final prediction error [1] to the global Fréchet
regression as
FPE,(w) = E[d*(Y, figy(w, X))| D, 1,

where (X, ) is an independent copy of (X;,Y;). In this paper, we consider the situation where all global Fréchet regressions and
their averaging versions are misspecified, and develop a selection rule for the averaging weights to achieve an optimal out-of-sample
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prediction property in terms of FPE,(w). This is a sharp contrast with the approach in Tucker et al. [12], which focuses on the
consistent selection of a true model.
As a feasible selection rule for the optimal weights, we propose to minimize the leave-one-out cross-validation criterion:

n
1 -
CV, @) = 3 d*(Y, g, X)),
i=1

where rig, _;(w,x™)) = arg min,ey Y0 wmdz(ig')_i(x(’")), ) and l:é’e'ﬁ)_i(x(m)) is defined as l:g')(x('")) with the ith observation deleted.
Letting W = {w = (wy, ..., wy)" €0, 11M : 2,[:,4:1 w,, = 1}, our model averaging estimator for global Fréchet regressions is defined

as

A A~ (M) A~ .
w, ,  Where @ = CV, (w).
g (W, x*™) argul‘)nel{)lv 2(w)

Remark 1 (Connection with the Euclidean Case). For the conventional Euclidean case of (Y, d) = (R, d), our model averaging estimator
g (0, xM)) reduces to the one studied in Hansen [7]. To see this, consider the following linear regression model

Y=Xf+e¢,

where X; = (X il X ,}MO)T is an Euclidean vector of predictors, f = (f;,..., ﬂMO)T is an unknown vector of parameters, and ¢;
is an unobservable error term with E[e jl)? ;] = 0. We consider a situation where only a subset of the predictors X; = XI.(M) =
(Xij,s ""Xi,jM)T € RM with | < M < M, are observable, and let Xf’") = (X, ""Xi,jm)T for m e {1,..., M}. Assume that for each
me{l,...,M}, E[Xi'")Xi'")T] is invertible and let L (x(™) = x("WTg( be the mth model, where x" = [CT ’xjm)T € R” and
oM = E[X f’")X i’"w]‘lIE[X f’")Yl]. Then the linear prediction of Y; at X f’") = x™ based on the ordinary least square estimation using
{X;}"_, is given by Lm (xm)y = xmTHm)  where

n -1 n
w= (L5 xer) L,
i3 i3
Then the model averaging estimator of E[Y;|X;] based on {L")(X i("'))}m“”:1 is obtained as
M M M
i, XMy = 3 1w, XMWY = N 1w, LX) = arg min Y w,di (LM X™), ).
m=1 m=1 m=1

Further, one can see that FPE,(w) and CV,,(w) correspond to the final prediction error (or the out-of-sample prediction error) in the
Euclidean case.

3. Optimality

We now present our main result, the optimality of the model averaging estimator sig, (i, x*) in terms of the final prediction

error. For z = (z,...,z,)T € R, let ||z||,2 = ,/ELI z]2 be the #? norm and ||z||,1 = 217:1 |z;| be the #! norm, and
M M
Rw.xM.n) = 3w, d* (LG ")m). Raw.x™. )= 3 w,,d*(Lg (<), n).
m=1

m=1 =

We impose the following assumptions.

Assumption 1.

Al. (Y,d) is a totally bounded metric space, P(||X||,2 < B) = 1 for some constant B > 0, Lg’)(x) is continuous at x™) € RM
with [|x®™)]|,, < B, and the global Fréchet regression estimators {ﬁg)(x('”))} ’1:14: | are uniformly consistent in the sense that as

n— oo,

max sup d(ﬁ$>(x(m)), Lg')(x(m))) Zo.
1<m<M oy, <B

A2. Almost surely, for each w € W and ||x™)||,2 < B, mg(w, x*) and g (w, x*)) exist and are unique. Additionally, for each
>0,

inf inf Rw, x™M ) — R@w, ™M), mgy(w, xM))) > 0
weW,[|xM)]| 5 <B d(n,mgw.xM)))>e

and there exists ¢ = ¢(g) > 0 such that as n — oo,

P inf inf Rw, x™ 1) — Rw, xM) gy (w, xM)) > ¢ | > 1.
weW,”x(M)Ht,z <B d(n,me(w,x(M)))>£
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A3. There exist constants Dy > 0 and 0 < fz < 1 such that for each w,,w, € W,

sup  d(mgywy, xM), mg(w,, xM))) < Dyllw, —w,||”%.
x|, <B d

A4. There exists a constant x > 0 such that inf ey E[d*(Y, mg(w, X))] > k.

Al is on the support of Y and X, and a high-level condition on the uniform consistency of the global Fréchet regression estimators
whose primitive conditions are given in Theorem 1 of Petersen and Miiller [11]. In particular, under Conditions (U0)-(U2) in Petersen
and Miiller [11], we can show Al. A2 is an additional condition to guarantee uniform consistency of the model averaging estimator
g (W, xM)), which is an analog of Condition (UO) of Petersen and Miiller [11] and is commonly imposed to derive the consistency of
M-estimators (see, e.g., van der Vaart and Wellner [13]). A3 and A4 are additional conditions to establish the asymptotic optimality
of our model averaging estimator rig (i, x™)) using the cross-validation. A3 is a Lipschitz-type condition for weights to derive
uniform convergence of n~' 37| d*(Y;, mg(w, X;)). A4 is imposed to control the approximation error of all the (possibly misspecified)
global Fréchet regressions and their averaged versions.

Remark 2. Although our setup accommodates dependent observations, the leave-one-out cross-validation is known to be affected by
dependence in finite samples [3]. We expect that an analogous remedy by Chu and Marron [3] to delete more than one observation
can be adapted to our context.

Based on these assumptions, our main result is presented as follows.

Theorem 1.
(i) Under Al and A2, it holds

»
sup d(mgw, x(M)),m@(w, xMY) 50 as n — oo.
weW,||xM)|| ,<B

(ii) Under Assumption 1, it holds
FPE, () p
—— > lasn— oo.

inf ey FPE, (w)

Theorem 1(i) shows uniform consistency of the model averaging estimator rig (w, x) over the weights w and values of predictors x.
Compared to the uniform consistency result for the global Fréchet regression (Theorem 1 of Petersen and Miiller [11]), a technical
challenge is to establish the uniform convergence over the averaging weight w € W (in addition to x(*"). Since the averaging
estimator g (w, xM)) depends on w and x™ in different ways, our proof of Theorem 1(i) is non-trivially different from that of
Theorem 1 by Petersen and Miiller [11].

Theorem 1 (ii) establishes the optimal out-of-sample prediction property of our averaging weights @& that minimizes the cross-
validation criterion CV,(w). This result says FPE, (&) by using & is asymptotically equivalent to the oracle final prediction error to
minimize FPE,(w) over w € W. To the best of our knowledge, in the literature of statistics for non-Euclidean objects, this is the first
optimality result for the weight selection by the cross-validation criterion. We note that our proof strategy is very different from the
conventional Euclidean case (see, e.g., Hansen [7] and Li [8]), where the support of Y has a linear structure. Instead, we invoke
the empirical process theory to control the difference between the cross-validation and final prediction error criteria uniformly over
the weight space.

We close this section by illustrating our main result with some specific examples.

Example 1 (Symmetric Positive-Definite Matrices with the Frobenius or Cholesky Decomposition Distance). Let Y be the set of symmetric
positive-definite matrices with the Frobenius norm or Cholesky decomposition distance. For SPD matrices A, and A,, the Cholesky
decomposition yields A; = (Ai/ Z)TA:/ % and A, = (A;/ 3T A;/ 2, where Ai /% and A;/ % are upper triangle matrices with positive diagonal
components. Then define the Cholesky decomposition distance between A; and 4, as

de(A. Ay) = \/trace((A}/2 - ATAY? - A
For these examples, Propositions 2 and Theorem 1 in Petersen and Miiller [11] guarantee Al.
Let Lg')(x(”')) be the global Fréchet regression function of the mth model. For SPD matrices with the Frobenius distance, the model
average global Fréchet regression function mg(w, x™) is given by mgw,x*) = Z,':LI meg’)(x(’”)). Let (Lg;")l/2(x<'")))TL$‘)]/2(x(’"))
be the Cholesky decomposition of Lg;')(x("')). For SPD matrices with the Cholesky decomposition distance, mg(w, x*)) is given by

M T /M
o= (L nat P ) ().
m=1 m=1

Applying a similar argument in the proof of Proposition 2 in Petersen and Miiller [11], one can see that A2 and A3 are satisfied
with g = 1.
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Example 2 (Probability Distributions with the Wasserstein Metric). Let Y be the set of univariate probability distributions F on a
compact set equipped with the Wasserstein metric dy, defined as

1
dy (Fi, Fp) = \//0 (F7' ) = Fy ' ())2dt

for the quantile functions F,° I and F; ! of probability distributions F; and F,. For this example, Proposition 1 and Theorem 1
in Petersen and Miiller [11] guarantee Al. Let Lé’B")(x("‘)) be the global Fréchet regression function of the mth model, which is a

distribution function on a compact set, and let Lg”)_l(x('”)) be the quantile function of L (x™). The quantile function of the model

average global Fréchet regression function mél (w, xM)) is given by m é‘(w, xM)y = E”Af: : Wng;n)_l (x). Applying a similar argument

in the proof of Proposition 1 in Petersen and Miiller [11], one can see that A2 and A3 are satisfied with g = 1.

Example 3 (Spherical Data with the Geodesic Distance). Let Y = S?, the unit sphere in R?, equipped with the geodesic distance
dy(x, %) = arccos(x{xz) for x;,x, € S?. Specifically, Petersen and Miiller [11] and Tucker et al. [12] considered the following
Fréchet regression model. Let ng(x) € S? be a regression function and V' be a random vector on the tangent space T - Define Y
as an exponential map of V' at 54(X), i.e.,
. |4
Y = Exp, o) (V) = cos(|V ]| 2)ng (X) + sm(||V||/2)W.

Proposition 3 in Petersen and Miiller [11] gives sufficient conditions of Al.
4. Simulation
4.1. Data generating processes

We consider two data generating processes: (i) the set of 5 x 5 symmetric positive-definite (SPD) matrices with the Cholesky
decomposition distance and (ii) the set of univariate probability distributions with the Wasserstein metric.

For predictors X; = (X, 1, ..., X, ,-,p)T with p =9, we consider the following designs, which are modifications of the data generating
processes considered in Tucker et al. [12]: (i) Generate p-dimensional multivariate Gaussian random variables Z; = (Z;,,.... Z; p)T
with E[Z; ;] = 0 and Cov(Z, ;, Z; ;) = pli=¥ and then set X;; = 2@(Z, ;), where @() is the standard normal distribution function.
(ii) Generate X;; = U, , i N<i<ni<j<
uniform distribution on [0, 2].

4.1.1. SPD matrices with the Cholesky decomposition distance
We set the random object Y; as 5 x 5 SPD matrix and consider the following Fréchet regression function: g (x) = E[Y |X = x] =
E[A]TE[A], where
Xo X

E[A] { +ﬂ( +x3+x5+x7+x9)+ + (x2+x4+ )}I
= X — — — —= —= =
ot Ty r st g )Tt Ty T e TR )T

Xy X4  Xg o Xg
+ 40+ (—+—+—+—>}V,
{oo+r 27276 "
with the T x T identity matrix I; and the T X T matrix V = (I;;,). Conditional on X = (X, ..., X,)", the random response Y is
generated by Y = AT A, where A = (u + 0)I; + oV with

X ~N(u+p X+ 83,5, %5, %
# Ho ITF TS Ty T o)

2

X X, X X Y

o|X ~ Gamma \/2’1 <O’0+7<—2+—4+—6+—8>> s " ; X <
oty (F+i e R)

In our simulation study, we set n € {50,100}, T =5, p=9, p=0.5, yy=3,00=3,=2,y=3,v;=1,and v, =2.
4.1.2. Univariate probability distributions with the Wasserstein metric

Consider the following Fréchet regression function:

X X, X X X X, X, P
n@(x)=]E[Y(-)|X=x]=ﬁ(x1+?3+g5+77+39)+{0'0+y(72+z4+€6+?8)}(D_1(-)‘

Conditional on X, the random response Y is generated as follows: Y = u + c®~! with

xon(p(x+ 2 X 5 X
H TF TS T T )

X, X, X¢ Xg\\? v
U|X~Gammav2_1<60+y<72+T4+?6+?8>>, — Xz —
60+y(72+74+?6+T8>

In our simulation study, we set n € {50,100}, p=9, p=0.5, =0.75, 6y =5, =2,y =0.5, v; = 1, and v, = 0.5.
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4.2. Results

We consider the following three methods to choose the weights in the model averaging: (i) The proposed cross-validation-
based model averaging (CV), (ii) AIC-type model averaging, and (iii) BIC-type model averaging. The proposed method is the first
and currently only asymptotically optimal selection procedure in terms of the final prediction error, and there is no theoretical
justification for the methods (ii) and (iii) in the present setup (see Claeskens and Hjort [4] for a general discussion of the AIC or
BIC model averaging).

For the mth model, we define the AIC- and BIC-type information criteria as

n n
AIC,, = nln <l > d(,, ig)(x,.))> +2m, BIC,, = nln <i > d(Y,, L%")(x,.))) +mlnn,
n n
i=1 i=1

where d € {d,dy, }. Then the AIC- and BIC-type model average estimators are defined as

M
PN . . o R exp(—AIC,,/2)
m@(wAIC’ x(M)) = arg m1§2w2]CdZ(Lé;")(x(m)), ), wz]C =— m )
e =1 X =1 exp(=AIC; /2)

exp(-BIC,,/2)

M
L A BIC (M)y ._ : ABIC ;2 £ (m),_(m) ~BIC _
Mg @~ , x"")) i=argmin ) w "~d* (L, (x*"),n), 0~ = ——————,
¢ ”GYZ? " ® " XM exp(-BIC;/2)

respectively, where d € {d.,dy, }.
We evaluate each method using the out-of-sample prediction error. For each Monte Carlo replication, we generate { X, Y,}

out-of-sample observations. For the rth replication, the final prediction error is calculated as
100

1 o
FPE(r) = 1= Y (Y, g (i, X,)).
s=1

100 as
s=1

where d € {d.,dy } and @ is chosen by one of the three methods. Then we average the out-of-sample prediction error over R = 200
replications: FPE = R™! ZrR=1 FPE(r). We consider six predictors (X, ..., X;¢) from X; described in Section 4.1, and compute FPEs
by the averaging methods (i)-(iii) for the following cases:

M1 : the model by X;;, M2 : average the models by X ,, {Xi,k}i:],
M3 : average the models by X, ;. {X,,}7_. {Xi,}3_,.

M4 : average the models by X; |, {X,,}i_. (X, 1 . (Xiihi,

M5 : average the models by X, ;, {X,;,k}i:l, {X,-,k}2=17 {Xi,k}i=1’ {XLk}Z:[’

M6 : average the models by X, ;. { X, }i_,. {(Xixhi_,» (XiuYio (X o, (XS,

Figs. 1-2 present the FPEs for SPD matrices with the predictors generated by (i) and (ii), respectively. Our cross-validation
weights @ outperform other averaging weights for all the cases. The improvements in terms of the values of the FPEs are larger
for the case of correlated predictors in Fig. 1. When predictors are correlated, M6 shows the best performance in terms of FPE for
both n =50 and » = 100. This suggests that it is advantageous to average models with a greater number of predictors when making
predictions with correlated predictors. On the other hand, when predictors are independent, M2 demonstrates the best performance
in terms of FPE for n = 50, while M4 exhibits the best performance for » = 100. This implies that averaging simpler models may lead
to better predictions when using independent or weakly correlated predictors. However, in this scenario as well, with an increase
in sample size, there is a tendency for averaging more complex models to improve FPE.

Figs. 3-4 present the FPEs for univariate probability distributions with the predictors generated by (i) and (ii), respectively. One
can find that the FPEs of our method are significantly smaller than other methods for all the cases. When predictors are correlated,
M35 shows the best performance in terms of FPE for both n = 50 and n = 100. On the other hand, when predictors are independent,
M2 demonstrates the best performance in terms of FPE for both n = 50 and »n = 100.

5. Technical details

Proof of Theorem 1. (i) Define diam(Y) = SUP,, uyev d(Hy, Hy)- First, we show the pointwise convergence:
d (g (w, xM), meyw, xM) 5 0, w e W, IxM],2 < B. %)
Pick any w € W and x™ with ||x(*]|,» < B. By Corollary 3.2.3 in van der Vaart and Wellner [13], it is sufficient for (1) to show

sup | R@w, x™, ) = R@w, x™, p)| & 0.
neyY

For this, we show that R(w,x™),.) converges weakly to R(w, x™),.) in £#°(Y), and then apply Theorem 1.3.6 in van der Vaart and
Wellner [13]. By Theorem 1.5.4 in van der Vaart and Wellner [13], this weak convergence follows by showing that

@) Rw,x™ ) — Rw,xM i) 2,0 for each neY.
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(i) Rw,x™M) p) is asymptotically equicontinuous in probability, i.e., for each ¢,¢ > 0, there exists 5 > 0 such that

Pick any 5 € Y. For (i), observe that

limsup P

n—oo

sup
d(ny.np)<6

M

[R@w, x™ 1) — Rw, xM) )| > e

<{.

[R@, x™), 1) = R, x| < Y w, [{d(LG (™), m) + d(LG ™), mHd(Lg ™), m) = d(LG ™), m)}|

m=1

M
< 2diam(Y) Y’ w,, [d(LE ™), n) = d(LE(x™), )]

< 2diam(Y) max d(ﬁg’)(x(m)), Lg')(x(m))) Zo.
1<m<M

m=1
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Fig. 3. FPE of CV, AIC, and BIC when (Y, d) is the space of univariate probability distributions with the Wasserstein metric for n = 50 (left) and » = 100 (right)
with correlated predictors. The circles correspond to the proposed cross-validation-based method (CV), the triangles to AIC-type model averaging (AIC), and the
crosses to BIC-type model averaging (BIC). M1, M2, M3, M4, M5, and M6 correspond to the sets of models averaged.
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Fig. 4. FPE of CV, AIC, and BIC when (Y, d) is the space of univariate probability distributions with the Wasserstein metric for n = 50 (left) and »n = 100 (right)
with independent predictors. The circles correspond to the proposed cross-validation-based method (CV), the triangles to AIC-type model averaging (AIC), and
the crosses to BIC-type model averaging (BIC). M1, M2, M3, M4, M5, and M6 correspond to the sets of models averaged.

where the first inequality follows from the triangle inequality, the second inequality follows from d(7, ) < diam(Y) for any 77 € Y,
the third inequality follows from the triangle inequality and Z,]:[: | W, =1, and the convergence follows from Al.

Pick any #;,n, € Y. For (ii), a similar argument yields
M

[R@, x ™ ) = Raw, x™), 0| < 3w, {dEG ™), my) + d (LG ™), my) MG ™), ) = d(L G (™), )}

m=1
M
< 2diam(Y) Y, w,, [d(LE "), ny) = d(LY (™), ny)|
m=1

< 2diam(Y)d (n;,1,),

which implies supy(,, ,.1<s [Rw,x™ 5) = Rw,x™ 5,)| = 0,(8) so that we obtain (ii). Therefore, we obtain (1).
Next, we show the uniform convergence. Consider the process Z,(w,x™) = d(iig(w,x™), mg(w,x™))). By (1), we have
Z,(w, xM) 2 0 for each w € W and [Ix?*)]|,, < B. By Theorem 1.5.4 in van der Vaart and Wellner [13], it is sufficient to



D. Kurisu and T. Otsu Journal of Multivariate Analysis 207 (2025) 105416

show that for each .S > 0,

. M M
lim sup P sup 1Z, . x™) = Z, @, ") > 25( -0, )
n—oo wy.wyeW, |lwy ""ZHfl <8,
M <BIM o <B M M), <6

as 6 — 0. Since

M M M M A M A M
1Z, @, xM) = Z, (. x| < dmg ., XM, mgywy, xM)) + d (g (w, x). gy (. xM))

by the triangle inequality, it is sufficient for (2) to show that mg(-,-) is uniformly continuous over w € W and [|x*’||,» < B and
that

limsup P sup (g, x\"), gy (w, M) > 5|0, 3)
n—oo wy.wyeW. |lwy —wszl <8,
1Mo <BIM o <B I M) 5 <5
as 6 — 0.

Now, pick any 6 > 0 and then pick any w,w, € W with |jw; — w,||,1 <, and x(lM),x;M) € RM with ||x(1M) — x(ZM)IIﬂ < 6. Note
that Al guarantees uniformly continuity of Lg’)(x(’”)) over [|x™)||,» < B for m € {1,..., M}. Then due to the form of Rw,x™,n),
we have

) ) - 2 () (m)y p (m) . (m)
C<21€1§IR(w1,xl 1) = R(wy, x5, )| < max{diam(Y), 2} {”wl_w2”f1 + max d(Lg’(x"), Lg(x; ))}

<2(1 + C) max{diam(Y), 2}2(0(8) + o(1)), & — 0,

for some constant C > 0. Thus, A2 implies that mg is continuous at (w,x) and thus uniformly continuous over (w, xM)y e
W x {(xM : ||xM)],, < B}. To show (3), pick any ¢ > 0, and suppose d(rh@(wl,x(lM)), rh@(wz,x(zM))) > ¢ with w;,w, € W and
||x(lM)||fz, ||x(2M)||fz < B. Then A2 and the form of R(w,x™),n) imply that

(M) (M)

¢< sup [R@,, x{™, ) = Raw,, x5, n)

"’l'WZEW'H"’l’WZHfl <6,
(M) (M) (M)_ (M) 5
Iyl o2 Bl ™ po < Bl ™ =xy Tl o <6

: 2 i (m) (m) 7 (m). (m
< max{diam(Y),2} sup {||w1 — w1 +1£3E’§ud(L® (0o} )) Lty )))}

wywy €W, [lwy-wsl ;| <5,

M0 <B Mo <B M M), <6

. 2 . (m). (m (m). (m _
< max{diam(Y), 2} sup {||w1 — w1+ maxd(Lg') h LY 5)} +0,(1) = 0) + 0,(1),

wiwy €W, [lwy—w;ll 1 <5,

1M1 ,2 <BAKM o <8I M0 <o

as § — 0, where the second inequality follows from the triangle inequality, the third inequality follows from the uniform convergence
of ﬁg')(x(”’)) in A1, and the equality follows from uniform continuity of Lg’) (x™) over [|x*)|| > < B. Therefore, we obtain (3) and
the conclusion of the theorem follows. []

Proof of Theorem 1. (ii) First, we show

sup |CV, (w) — FPE,w)| 3 0. 4)

weW

Decompose
n

CV,(w) — FPE,(w) = % DAY, tingy _(w, X)) — d*(Y, mgy(w, X))
i=1

+ % DAY, mg(w, X,)) = Eld* (Y, mgy(w, X))} + {E[d*(Y, mgy(w, X))] — FPE,, (w)}
i=1

= T\(w) + T)(w) + T3(w).

For T, (w), Theorem 1(i) implies

sup |T,(w)| < 2diam(Y) sup (g w, xM)), mg (w, xM))) 5 0, 5)
weW wEW,Hx(M)IIﬂ <B

For T,(w), we show
sup |+ D> (¥, mg(w, X)) = B (Y, mg(w, X)1}| = O, (n~'/). (6)

weWw | i3
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Define h,,(y, x™) = d2(y, mg(w, x*))) and Fyy = {h,,(y,xM) : w € W}. An envelop function of Fyy is Fyy = diam(Y)?. By A3, we
have
[, (7 XY = By (7, XM < [d(y, mgy(wy, xM)) + d(y, mgy (wr, xXM)1d(y, mg (wy, M) — d(y, mgy(w,, M)
< 2D pdiam(Y)||w, — w2||’;f.
Thus, from Theorems 2.14.2 and 2.7.11 in van der Vaart and Wellner [13], it holds
E [sup

weW

n 1
LY, meaw, X))~ BV, mg xm}H < ﬁ /0 V1410 Ny @e D pdiam(¥), Py | - )de
1

i=
1! 1!
S—/\/1+lnN(e,W, I- ||f1)ds5—/\/1+ln(6‘M/ﬂB)de
Vo /o
1
< % (1 +\/M/ —lned£> = o 1?),
n 0

where Nyj(e, Fyy, || - |I) is the e-bracketing number of Fy, with respect to any norm || - || and N(e, W, || - || ) denote the e-covering
number of W with respect to the norm || - llg, - This yields (6).
For T;(w), a similar argument to (5) yields

sup |E[d*(Y, mg(w, X))] — FPE,w)| < 2diam(Y) sup d(tngy(w, xM)), mgy (w, xMY) 2o, @
wew weW,[|xM)| g <B
where the convergence follows from Theorem 1(i). Combining (5)-(7), we obtain (4).
Next, we show

FPE, (@) = inf E[d*(Y,mg(w, X))] +0,(1). ®)
Observe that
FPE, () = CV,,(#) + 0,(1) = inf CV,(w)+0,(1)
= uigngPEn(w)+op(l) = 'ggwE[dz(Y,m@(w, X))+ 0,(1),

where the first and third equalities follow from (4), the second equality follows from the definition of @, and the last equality
follows from (7). Therefore, we obtain (8).
Finally, we complete the proof. From (7), we have

inf FPE,) = inf E[d>(Y, mg(w, X)] + 0,(1). ©)

Combining (8), (9), and A4, we obtain the conclusion. []
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