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Abstract

We consider a system of particles undergoing correlated diffusion with elastic
boundary conditions on the half-line in the limit as the number of particles goes to
infinity. We establish existence and uniqueness for the limiting empirical measure
valued process for the surviving particles, which is a weak form for an SPDE with
a noisy Robin boundary condition satisfied by the particle density. We show that
this density process has good L?-regularity properties in the interior of the domain
but may exhibit singularities on the boundary at a dense set of times. We make
connections to the corresponding absorbing and reflecting SPDEs as the elastic
parameter varies.

Keywords— Particle System, Common Noise, Mean-field type SPDE, Elastic killing,
Robin boundary

1 Introduction

Consider a conditionally independent and identically distributed system of N It6 diffu-
sions {X*}1<i<n living on the positive half-line [0, 00) with reflection at the origin over
a given finite time horizon 7. The initial values {X(}1<i<n are chosen independently
from a common distribution v on (0, 00), and each X* has diffusive dynamics

t t
Xj = Xj+ [ s, Xds + [ (s, XDp(s)aw?
0 0 1.1
' | L (1.1)
+/ o(s, XH(1 - p(s)?)2dW!+ L}, i=1,...,N,
0

where L is the local time of X* at the origin which ensures that the particles remain
in the positive half-line and WO W1, ..., W are independent Brownian motions. The
precise assumptions on the coefficients are left for Section 2.
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We shall also refer to each X as the i’th particle. On top of the dynamics (1.1), we
wish to consider the ‘killing’ of each particle after a suitable (random) amount of time
has been spent at the boundary. To this end, we fix a parameter £ > 0 and define

r=inf{t>0: L >}, i=1,...,n, (1.2)

for a family (x%)1<icny of i.i.d. exponential random variables with rate x > 0. This
captures the idea of each particle being killed elastically at the origin with parameter
k > 0, and we say 7' is the elastic killing time of X?. Note that the measure dLi,
induced by the local time, is supported on the set {t : X; = 0}, so we know that
Xj_i = 0, meaning that each particle can only be killed when it is at the boundary.

The main object of study in this paper is the family of empirical measures for the
surviving particles, for every time ¢ and any number of particles IV, given by

N
1
v (dx) = ~ D xi(da)lycpi, t€[0,T], N>1. (1.3)
=1

Note that the dynamics of each particle X%V for ¢t > 7¢ are irrelevant to the empirical
measures defined by (1.3). A similar particle system with elastic killing, but without
a common noise, has been studied in [15] to model an epidemic advancing through a
susceptible population. The classical work of [38] gave one of the first treatments of a
closely related system of reflected particles in the case without common noise. In this
regard, we also mention the recent work [12] on particle systems with a particular form
of interaction due to reflection at the boundary.

In financial applications, 7° could represent the default time of an entity whose
financial health is modelled by X*. We then say that an entity is in distress when X}
is zero. In practice, an entity could for example be an asset such as a credit instrument
forming part of a larger credit default obligation or a defaultable loan in a mortgage
backed security. It could also represent a company or financial institution that is part of
a larger system. Either way, if enough time is spent in this distressed state, as captured
by the local time, the inevitable will happen: the clock 7% rings and the i’th entity is
declared to be in default. Due to the structure of (1.2), where the underlying exponential
random variables are not observed, we obtain the desirable properties that the default
times are not predictable and, given 7° > t, the event ¢ € (¢,t + At] only depends on
the local time on (0, At] for X restarted from its time ¢ value.

In order to manage the risk of investments or monitor a financial system, it becomes
important to understand, respectively, the pricing of credit derivatives on portfolios of
a large number of defaultable entities or the computation of risk measures related to
the overall health of a large number of financial institutions. Both cases will typically
involve the computation of expected values E[F(v")] for some functional I of the paths
t = v} up until a terminal time 7. Viewing vV := (v}¥)¢>0 as a measure-valued cadlag
stochastic process, it is then natural to look for a functional limit theorem as N — oo
and thereby seek to identify a good approximation E[F(v)], where the limit v = (v4)¢>0
satisfies an evolution equation driven only by the common factor W9. One could also take
an intensity based approach, studying rates of defaults with some specified dynamics,
which can lead to SPDEs in the large N limit [16].



Closely related to our setting, [9] provides a functional limit result motivated by the
pricing of credit default swap indices, which involves computing the expected value of
suitable functionals of the loss process t — L := 1 — 1}¥(0, 00), giving the proportion
of defaults. However, |9] does not work with elastic default times for reflected dynamics
as we do here. Instead, they consider a constant coefficient version of the system (1.1)
without reflection, where defaults are declared to happen immediately at the first time
the financial health X? hits zero. The paper [26] studies precise regularity properties of
solutions to the resulting SPDE with absorbing boundary satisfied by v (in the limit as
N — o00). Moreover, [17, 33] have proposed and analysed efficient numerical schemes
for simulating this SPDE, based on finite difference schemes in combination with multi-
level or multi-index Monte Carlo methods, which can yield substantial gains over the
simulation of the finite system for reasonable sizes of N. Finally, [18, 19] have considered
the well-posedness of broader classes of such parabolic SPDEs with absorbing boundary
and [1] considers an SPDE with an absorbing boundary on a compact interval which is
applied to the pricing of mortgage backed securities.

In a class of sufficiently regular solutions, uniqueness of the SPDE with absorbing
boundary in [9] can be deduced from the general Sobolev theory on Dirichlet problems
for SPDEs developed in |23, 24|. As far as we are aware, no such theory exists for the
type of SPDEs with reflecting or elastic boundaries that we consider in the present paper.
For details on the specific type, see (1.4)-(1.5) below with k = 0 or k > 0, respectively.

In [9], adapting the approach of |22, 25| for the whole space to a half-line with
absorbing boundary, uniqueness of a priori measure-valued solutions is proved by means
of uniform L? energy estimates for suitable mollifications of the solutions. This method
only works because the authors can quantify the second moment of the mass near the
boundary as having decay of at least order E[fOT |1¢(0,)2dt] = O(e317), as ¢ | 0, for
some v > 0. Even with constant coefficients except for a time dependent correlation
t — p(t), it becomes unclear how to obtain such a strong order of decay. In [18], it
was instead realised that, by working in the dual, H~!, of the first Sobolev space, H!,
uniqueness in the case of an absorbing boundary can be obtained from energy estimates
in H~! as soon as we know that the first moment of the mass near the boundary satisfies
E[fOT [1¢(0,€)|dt] = O(e'7), as € | 0, for some v > 0, which is very easy to verify for
the limit points of the empirical measures in the absorbing case.

The aforementioned first moment control, however, is much too strong a requirement
for elastic and reflecting boundaries. Indeed, the absolute best one could hope for is that
]E[fOT |4(0,€)|dt] is of order O(g) as € | 0. Fortunately, returning instead to work with
the second moment, we are able to implement the H~! approach from [18] by showing
that limit points of (1.3) must satisfy E[fOT [1¢(0,¢)2dt] = O(e'™), as € | 0, for some
~v > 0. This is enough for us to succeed in establishing uniqueness within a broad class
of measure-valued solutions that includes the limit points of the empirical measures.

1.1 Summary of main results

By analogy with the connection between an elastically killed Brownian motion and the
heat equation with a convective Robin boundary, one heuristically expects limit points
of (1.3) to take the form of a stochastic process (V;)i>0, where each V; is a random
sub-probability density on [0, 00) for the limit empirical measure 14, which is governed,



in a suitable sense, by the evolution equation

2
AV, = (am(%tvt) — 0p (Vi) dt — p10 (0, V2) AWY, (1.4)

in the interior, together with the noisy Robin-type boundary condition

2(t,0
_0)

5 Vi(0) + u(t, 00V (0) + p(t)or(t, 0) Vi ()W, (1.5)

(where we write W} for the derivative of the common Brownian motion, a white noise
in time). Note that, to simplify notation, we will often suppress the spatial dependence
and simply write p; = (x — p(t,z)) and oy = (z — o(t,x)) as well as p, = p(t).

Our main contributions in this paper are as follows. Firstly, we identify a suitable
weak formulation of the SPDE (1.4)-(1.5), which is shown to uniquely characterize a
functional limit theorem for the empirical measures (1.3) as N — oo (Theorems 2.4
and 2.5). Secondly, we show that the unique solution v of our weak formulation has
a density V; at all times, that this density is square-integrable for almost all times,
and that it is square-integrable away from the boundary at all times (Theorem 2.6 and
Proposition 2.7). Thirdly, we connect the study of absorbing, reflecting, and elastic
boundaries within the class of linear parabolic SPDEs on a half-line analysed here. We
do this by showing that well-posedness with a reflecting boundary is also captured by
our arguments (Theorem 2.8) and that the cases of a reflecting or an absorbing boundary
emerge as limiting cases when sending the parameter of elastic killing x to 0 or +oo,
respectively (Theorem 2.9). Finally, towards the end of the paper, we show that our
arguments for identifying a limiting SPDE extend to drifts depending continuously on
the empirical measures (Theorem 7.2), and we show that the resulting limiting solutions
have McKean—Vlasov type probabilistic representations (Theorem 7.3). However, it does
not seem straightforward for our H~! approach to yield uniqueness in that setting.

1.2 Making sense of the elastic boundary at the origin

In this section, we present some heuristic arguments that motivate our notion of solution
in Section 2.1 and highlight the reasons for working with a relaxed interpretation of the
boundary condition (1.5).

If we had a smooth noise W and (1.4)-(1.5) hold in the classical sense, then they
imply a loss of mass at the rate

2

%yt([o, %)) = —mg(;’o)Vt(O), for all ¢ > 0, (1.6)
almost surely, after integration by parts. This reveals a natural and slightly weaker way
of imposing the elastic boundary condition without asking for spatial differentiability.

Nonetheless, we will have to drop the differentiability in time implied by (1.6), and,
moreover, we will have to avoid evaluating the solution at the boundary, for reasons we
discuss below. Thus, rather than taking (1.6) as a definition we derive a relaxed version
for the case where the noise W0 is a Brownian motion. Consider the sub-probability
density GE"(z,y), at time ¢ > 0, of a reflected Brownian motion on [0, c0) started at
y > 0 and killed elastically at 0 with rate x > 0 (see (A.3)). Then, from the form of



the reflected Gaussian heat kernel it is easy to see that y — Gf’”((), y) approximates a
Dirac mass at 0 from the right, tending to infinity at y = 0, and hence the function

E () = / GE* (2, )L g0 (4)dy = / GE" (2, y)dy (L.7)

defines a smooth approximation of 1jg .y which is close to 1 at z = 0. In Theorem 2.1,
we introduce a succinct weak formulation of (1.4)-(1.5) that will hold for the limit points
of our particle system. As we will see in Section 5.1, a key step in our uniqueness proof
is that these weak solutions can be shown to satisfy

2
g
d{v, 627%) = =i, 7 G0, ))dt + (v, jugz ")t + (v, proege” ™) AWy (1.8)

for any e > 0, for a suitable correction function g&" := ¢&(0,-) defined in (A.3).

Remark. Throughout the paper we use the notation (£, ¢) for the application of a dis-
tribution £ to the test function ¢. In the case where £ is a measure this represents the
integration of the test function against the measure.

Equation (1.8) may be viewed as a relaxed version of (1.6), where we have shifted
attention from the boundary to arbitrarily small neighbourhoods of the boundary, at
the cost of introducing two correction terms: an absolutely continuous term due to the
drift ;2 and a local martingale term due to the driving noise W°. As per the arguments
in Section 5.1, we can take an expectation and send ¢ to zero, to obtain

t o2
E[v4([0,00))] =1 —lim [ &E[(vs, -Gk, N ]ds. (1.9)
el0 Jo 2
Therefore, we may instructively think of (1.8) as enforcing (1.6) in a generalized sense
in time and space, subject to taking expectations, when we assume nothing about the
existence or regularity of a density or the noise being smooth.

While this is a much weaker formulation of the boundary condition (1.5) than (1.6),
it will be enough for us to carry through our uniqueness proof, as we see in Section 5.2.
Besides allowing for uniqueness, the relaxed formulation (1.8) is crucial for two reasons.
Firstly, we need a sufficiently relaxed formulation so that it can be guaranteed to be
satisfied by weak limit points of the particle system, for which it would seem intractable
to ask for much more than the above. Secondly, even if we had more precise knowledge
of the density for the limiting solutions, it would not be possible to have (1.6) holding
for all ¢ € [0, T] with probability 1. As it turns out, for each realisation, the density can
blow up as we approach the boundary for certain times (albeit a set of times of measure
zero). We discuss this further in Section 2.1 together with our main results.

Intuitively, suppose dW} is badly behaved at some time ¢, pushing a non-negligible
amount of mass towards the boundary in an infinitesimal amount of time while not
pushing any mass the other way (due to a Brownian path for which By — B; < 0 for
all s in some small right-neighbourhood of ). Since only a fraction of this mass leaves
the domain, the rest must be instantaneously accommodated for near the boundary,
which may then force lim sup, (v, Gf"{(o, -)) = 400. In particular, this will also imply
non-differentiability of the loss of mass at that time. As the paths ¢ — 14([0,00)) are
decreasing, they are automatically differentiable at almost every time, but, for any given
realisation, there can still be a dense set of times of measure zero where this fails for the
aforementioned reasons.



1.3 Literature on SPDEs with noisy boundary conditions

Our focus in this paper is on identifying the limit of the empirical measures (1.3) as
the unique solution of a suitable weak formulation of the SPDE (1.4)-(1.5). Working
with the relaxed condition (1.8), we will make no attempt at understanding (1.5) in a
stronger sense. Nevertheless, it is worth emphasising that there are several results in
the literature on SPDEs with irregular noise terms in the boundary condition.

Alods and Bonaccorsi 2] study SPDEs with a white noise Dirichlet boundary condition
on the half-line, using the theory of fundamental solutions for linear stochastic evolu-
tion equations from [30] and techniques from Malliavin calculus. They prove existence
of solutions in a weighted LP space and determine the blow-up rate at the boundary.
Da Prato and Zabczyk [13] study nonlinear stochastic evolution equations with white
noise boundary conditions. They employ a stochastic version of the semigroup approach
developed in [3] to show global existence and uniqueness of mild solutions. Moreover,
DaPrato and Zabczyk establish that the solution in the Neumann case exhibits a higher
regularity near the boundary. Maslowski [29] uses similar techniques based on the semi-
group approach to analyse SPDEs on a bounded domain driven by space-dependent
Gaussian noise and Robin-type boundary condition with bounded operators and inde-
pendent noise at the boundary and shows existence and uniqueness of mild solutions.
Sowers [37] studies stochastic reaction diffusion equations on an n-dimensional manifold
with additive noise in the boundary conditions showing existence and uniqueness of so-
lutions. In work on stochastic dynamical boundary conditions, Chueshow and Schmalfus
[10], [11] show well-posedness of a system of quasi-linear parabolic SPDEs on bounded
domains with noisy boundary dynamics, and verify that solutions give rise to a random
dynamical system. In more recent work, Shirikyan [36] studies 2d Navier—Stokes systems
on a bounded domain driven by boundary noise with a piecewise independent structure.

The SPDE (1.4)-(1.5) differs from these problems in a number of ways. The equation
involves a stochastic transport term where the derivative of the solution appears in front
of the Brownian motion. Moreover, the boundary noise is the same as the noise driving
the equation in the interior while most of the literature is focused on the case of an
independent noise at the boundary.

2 Convergence to an SPDE with elastic boundary

To have a unique strong solution of the finite particle system and establish the de-
sired results on convergence and well-posedness of the limit, we impose the following
assumptions on the initial condition and the coefficients of the system.

Assumption 2.1 (Initial Condition). The initial condition vy is supported on (0,00),
and satisfies
vo(A, 00) = o(exp(—a)) as A — +o0,

for every o > 0. Furthermore, we assume that vy has an L?-density Vj.

Assumption 2.2 (Regularity in Space and Time). The coefficients p, o and p have the
following regularity in the space and time variables.



(i) The maps x +— p(t,z) and x — o(t,x) are in C*([0,00)) and we write Cy,, for the
positive constant such that

‘a:?:u(t?x)‘v ‘a’?o—(ux)’ < CO',M
for allt € [0,T],z € [0,00) and n =0,1,2.
(ii) For allt € [0,T],z € [0,00), o(t,z) > C,}, >0 and 0 < p(t) < 1.
(iii) The map t — o(t,x) is in C1([0,T]) and SUDPse(0,7] I 100 (s, y)|dy < oo.

Given these assumptions, strong existence and uniqueness for the system (1.1) follows
by classical results (e.g. [31, Theorem 1.2.1] ). Next, we define a class of processes with
certain regularity conditions that we will need for our uniqueness result. As we will
see, when the particle system satisfies Assumptions 2.1 and 2.2, the limit points of the
empirical measures belong to this class. Thus, we are able to obtain weak convergence
to a unique limit.

Definition 2.3 (The class A). We say that a distribution-valued cadlag process (1)o7
is of class A if v takes values in the space of sub-probability measures M¢;(R) and the
following conditions are satisfied:

(i) (Support on positive half-line) For every ¢ € [0, T], the sub-probability measure v
is supported on the positive half-line [0, c0),

(ii) (Exponential tails) For every o > 0, we have
T
E [/ Vt()\,+oo)dt] =o(e™®), as A — oo,
0
(iii) (Boundary decay) There exists v > 0 such that
T
E [/ (Vt(O,E))th] =0, ase—0,
0
(iv) (Spatial concentration) There exist constants C' > 0 and ¢ € (0,1) such that

T
E U vi(a, b)dt] < Clb—al’, for all pairs 0 < a < b.
0

2.1 Functional convergence and well-posedness of the SPDE

As discussed in the introduction, we are interested in a functional limit theorem for the
empirical measures vV = (v )te[O,T] seen as cadlag stochastic processes. To this end,
we proceed as in [18, 19, 27| and establish weak convergence on the Skorokhod space of
S'-valued cadlag paths, denoted Dgr = Dg/[0,T]. As usual, S’ is the space of tempered
distributions, forming the dual of S, the space of Schwarz functions on R. As in [27],
we endow Dg with Skorokhod’s M1 topology and the corresponding Borel o-field.



Theorem 2.4 (Functional limit theorem). Let vV = (VtN)tG[O,T] be given by (1.3) with
Assumptions 2.1-2.2 in place. Bvery subsequence of (v, W?) has a further subsequence
converging in law on (Dgr, M1) x (CR, ||||l.). Moreover, for any limit point (v, W°), the
marginal v is in the class A and there is a filtration F¥ ’WO, for which the marginal WO
is a Brownian motion and v is adapted, so that the pair (v, W°) satisfies the SPDE

08) = 0.0) + [ Gl + 5 [ 050 ds
(2.1)

t
+ [ pts)ots, )o)aws
0
for all times t € [0,T] and all test functions ¢ € C(])E’”(R), with probability 1, where

CoM(R) = {6 € S : 0,0(0) = r(0)}.

The proof of Theorem 2.4 is given in Propositions 4.6 and 4.7. In Proposition 5.3,
we show that any solution to the SPDE satisfies (1.8). Sending ¢ — 0 in (1.8), using also
Proposition 2.7 and Lemma A.3, one obtains that the loss of mass £; := 1 — 14(]0, 00))

accumulates as ¢ e
L=k lim/ / g (S7x)%(x)q§5(x)dx ds,
0 JO

e—0 2

for ¢ € CéE "(R) with [* ¢e(2)dz = 1 and converging in distribution to the Dirac mass
at zero. Nevertheless, we do not have absolutely continuous dynamics for L, i.e., the
limit in € cannot be passed inside the integral.

Our next result establishes uniqueness for measure-valued solutions to the SPDE
(2.1) in the regularity class A. In particular, in Section 5.2, we obtain the full convergence
in law of the empirical measure processes to the unique solution of (2.1) in this class.

Theorem 2.5 (Uniqueness). Let (v, W) and (7, W°) be solutions to the SPDE (2.1)
such that v and U are in the class A, for Brownian motions W and W°. Then, we have

(i) pathwise uniqueness if WO = W0, that is,

v(S) =e(S)  for everyt € [0,T] and every Borel sets S CR. a.s (2.2)

(ii) uniqueness in law, that is, Law((v, W0)) = Law((7, W?)).

So far, our existence and uniqueness statements have been phrased solely in terms
of properties of measure-valued solutions. Our third result concerns the extent to which
we can guarantee L?-regularity of the unique solution to the SPDE in the class A.

Theorem 2.6 (L2-regularity). Let (v, W°) be the unique solution to the SPDE (2.1) in
the class A. With probability 1, it holds for all t € [0,T] that the measure vy restricted
to (0,00) has a density Vi, which is square integrable on (0,00) for every § > 0. Fur-
thermore, it holds for almost every t € [0,T] that V; is the density of vy on all of [0, 00),
and we have

T
B[ Willzoodt] < o

8



For the proof of Theorem 2.6, see Propositions 6.2 and 6.7. This theorem highlights
two interesting potential issues. Firstly, for a set of times of measure zero, there could
fail to be a density of 14(w) on [0,00). Secondly, even if we have a density for all times,
it could fail to be in L? up to the boundary. The former turns out to not be an issue,
as results of [6] on Brownian motion reflected off of a path of another Brownian motion
will guarantee that there cannot be a point mass at zero. Moreover, based on the results
of [8], we should expect to have limsup, o V;(z) = +oo for a dense set of times. In line
with this, we believe it is unlikely that L? integrability of the density can be guaranteed
all the way up to the boundary for those times.

Proposition 2.7 (Density on all of [0,00)). With probability 1, there is no atom of v
at the origin, for any t € [0, T]. Consequently, each Vi from Theorem 2.6 is in L'(0, c0)
and gives the density of vy on [0,00) for all t € [0,T), with probability 1.

While all our other results are proved in a self-contained manner, using mollification
and energy estimates, we were not able to exploit this technique to rule out atoms at
the origin, and hence a result of [6] is needed for the proof of the above proposition in
Section 6.1. We do not use this proposition for any of our other results, but we believe
it is important to emphasise that there is indeed a density on all of [0, c0). In particular,
we note that our proof of Theorem 2.4 deals explicitly with the a priori possibility of
having atoms at zero.

2.2 Reflecting and absorbing boundaries as limiting cases

The elastic boundary condition in the SPDE (2.1) is encoded in the space of test func-
tions. Changing the space of test functions, we obtain an evolution equation with dif-
ferent boundary behaviour. Specifically, the space of test functions

Cy'(R) = {¢ € S(R) : ¢(0) = 0}, (2.3)
corresponds to what we will call here an absorbing boundary, while
Cy'(R) = {¢ € S(R) : ¢/(0) = 0} (2.4)

captures a reflecting boundary. As we will see, our methods for the elastic case also
yield the following result for a reflecting boundary.

Theorem 2.8. The SPDE (2.1) with a reflecting boundary at zero, captured by the test
function space Cé%(]R), has a unique solution in the class A, as in Theorem 2.5.

Existence and uniqueness in the case of an absorbing boundary has been studied in
[9, 26, 18, 19] with various additional features. Note that the term absorbing boundary
at 0 is used in these (and other) papers for what is technically a boundary with killing
at 0, where the killed particles are removed from the system, and the cemetery state is
labelled as 0. Our final result shows that the elastic boundary gives rise to the absorbing
and reflecting boundaries as limiting cases.

Theorem 2.9. Let (v%, W) denote the unique weak solution with v in the class A to
the SPDE (2.1) with elastic boundary for a given k > 0. Then we have that



(i) as k — oo, (V*, W9) converges in law to (v>°, W) which is a solution to the SPDE
(2.1) with test function space C§(R),

(ii) as k — 0, (v*, W) converges in law to (v°, W°) which is a solution to the SPDE
(2.1) with test function space CF(R).

3 Probabilistic estimates for the particle system

In this section we show a series of probabilistic estimates that will be used in Section
4.3 to prove the regularity of limit points. As a first step, we note that all particles in
the system {(X{1;i)ico.7]}1<i<n are identically distributed. As a result, we obtain
for an arbitrary measurable set S CR, N > 1 and t € [0, 7]

N
1 )
E[(S)] =+ > E [H{Xges}]ltql] =P(X! €St <) (3.1)
=1

We show how we can use a scale transformation and a change of measure to estimate
(3.1) in terms of the distribution of a reflected Brownian motion |W|.

Lemma 3.1 (Scale transformation). Let X} be a particle from the particle system.
Define the transformation function ¢ : [0,T] x R = R as

_ [ dy
() '_/o o(t,y)

then the process Zy = ((t, X}') is a semimartingale and its dynamics are given by dZ; =
fidt + dBy + dLi(Z). The stochastic process B is a Brownian motion

t t
Bi= [ paw?+ [ @ epraw,
0 0

Li(Z) is the local time of Z at zero and fi is a drift coefficient given by

5 X3 Oyo
i = (% — 9,0)(t, X)) — / 9 (4, y)dy.

g 0 ?
The coefficient fiy is uniformly bounded in N and t.

Proof. We apply It6’s formula to obtain the dynamics of Z

dZ; = 0pC(t, X ) dt + 0,C(t, X dX ]} + 0,.C(t, X d[ X )
1
= ji(t, X} )dt + dB; + ———dL
Al Xt dBes o e
with /1 as defined above. By [15, Proposition 4.2 and Proposition 4.4] we can identify
the last term as

t
1
——dL, =L(Z
/o o(s, x1) s = 1121)

establishing the equation for Z. The uniform boundedness for the drift parameter ji
follows from the conditions on the coefficients in Assumption 2.2. O

10



Remark. The boundedness assumptions on o give that, for all ¢ € [0, T],

‘C(t,y>—<(t,f£)| <Cp‘70|y—l"7 x,y}O (32)

with the constant C), , > 0 from Assumption 2.2. Moreover, note that the transforma-
tion ((t,-) is invertible for all ¢t € [0,T]. We will write ((¢,S) = {((t,x) : x € S} for
measurable subsets S of R.
Remark. Note that the process Z; obtained from the scale transformation is a reflected
Brownian motion with drift. Thus, Z solves the Skorokhod problem for dY; = fidt + dB;
with Yy = Zo = ((0, X}), and, in particular, stays non-negative (see [34]).

After removing the volatility factor o through the scale transformation, we remove
the drift using Girsanov’s theorem and obtain a reflected Brownian motion.

Lemma 3.2 (Removing the drift). For all § € (0,1) there is a constant cs > 0 so that
P(X}! € S) < csFi(C(t,9))°, for every measurable S C R,
where Fy is the marginal law of a reflected Brownian motion at time t.

Proof. We know that Z is the solution to the Skorokhod problem for the process Y with
dZ; = fudt+dB;+dL(Z) and Zy = (0, X¢). As fi is bounded, we can apply Girsanov’s
Theorem with the change of measure

e <(/~ 1/t~2>
—| =exp|-— pisdBs — = 1s)“ds
dIP T 0 2 0 ( )

to see that there is a measure Q with a Brownian motion B? under which the dynamics
of Z are those of a reflected Brownian motion

dZ; = dB2 + dLy(BY), Zy = ¢(0,X}),
where L;(B?) denotes the local time term from the Skorokhod problem under the change
of measure. The result then follows by proceeding as in the proof of [18, Lemma 4.2|. [
As an easy corollary we obtain good spatial concentration of the empirical measures.

Lemma 3.3. There exist constants ¢ > 0 and § € (0,1) such that property (iv) of
Definition 2.3 is satisfied by (VtN)te[QT] uniformly in N > 1.

Proof. By Lemma 3.2 we have
E [11"(a,0)] < csFy(C(t (a,0)))°.
We note that ((t, (a,b)) C [¢(t,a),((t,b)]. Using the reflecting heat kernel G® given in

(A.2) we estimate
oo rl(tb)  q (z — ¢(0, xo))2
Fllh (@b)) < /0 /g(t,a) V2T b < 2t>

x 7))?
+ exp (—W) ] dzvy(dxo)

< 2(2mt) V2(C(£:D) — C(t,a)) < 2Cy0 (27t)2(b - )
5/2

where the last inequality follows from (3.2). Since the map ¢ — ¢~%/¢ is integrable, the
result then follows. O
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Next we prove the boundary estimate that is a crucial part of the proof of uniqueness
for the SPDE. First, we establish an estimate in the simple case where the particles follow
a reflected Brownian motion with zero drift and o = 1.

Lemma 3.4. Assume that we have two particles X and Y following a reflected Brownian
motion with correlation p with |p| < 1 and initial values Xo and Yy, i.e. X = |Xo+W!|
and Y = |Yy + W?2|. Then we have the following estimate

2
PO < |Xo+ W <e,0<|Yo+ W2 <e) ———¢2
( ‘ t’ ’ t| ) Wﬂt

Proof. Using the explicit form of the folded bivariate Gaussian density (see [32]),
PO < |Xo + W} <e,0< Yo+ W2 <e)

b L A

exp< 2(1_p)<(x—xo) _2p(ﬂs—xo)(y—y0)+(y_y0)2 )

(3.3)

t t t

+ exp (‘2(1 1 p?) ((x +tx0)2

e (‘2(1 - ) (CB +tx0)2

¢
1 (z — x9)* (z —z0)(y+wo) |, (y+w)?
e (5 e

gt ) tw) (y + 0)?

| )
(@ +zo)y—yo)  (y— y0)2>>
)

2
+2p + 7

+

t ‘ ; ) ]w(daco)uo(dyo)dxdy.

Simple bounds on the Gaussian density then give the result O

Proposition 3.5 (Boundary estimate). For any g > 1 and t € [0,T] we have as € — 0
that fori,j=1,..., N with i # j

. . . . 1 2
PO< X; <et<7,0< X! <et<7))=t40(e9).

Proof. 1t is clear that we can estimate the probability from above by dropping the
stopping time conditions

PO< X} <e,t<7,0<X] <et<m)<PO<X} <e,0<X] <e).

We apply the scale transformation ¢ and then use the multidimensional version of Gir-
sanov’s theorem (see [20, §1.7.4]) that preserves the correlation structure between the
Brownian motions. Note furthermore that ((¢,0) = 0 and by (3.2) we have ((¢,¢) <
Clo€. As a result, we have

aQ

i J Q ) , , ,
PO <Xi<e0<X/<e)<E (dIP }_) Lio<ixg+wil<0u ey Lio<ixg 4wy < ve)
t

Applying Holder’s inequality yields
P(0 < X} <&,0< X! <e)<CQO < |X§+Wf| < Cpoe,0<|X]+W/|<Cpoe)/

for ¢ > 1 and a constant C' > 0. Then, by Lemma 3.4 we get the desired estimate. [

12



1
Note that ¢t +— ¢ < is integrable because ¢ > 1. A decay result can also be found for
the mass escaping to infinity.

Proposition 3.6 (Tail estimate). For every a > 0, as A — 400
E [1/,{\7()\, +00)] = o(exp(—al)), uniformly in N > 1 and t € [0,T].

Proof. The proof follows as in [18, Proposition 4.5]. O

4 Convergence of the particle system

In this section we show that limit points of the particle system satisfy the SPDE (2.1).
Furthermore, we verify that all limit points satisfy the regularity conditions of the class
A and thus complete the proof of Theorem 2.4.

4.1 Evolution equation for the empirical measures

We begin by finding an evolution equation for the empirical-measure process vV of the
particle system.

Proposition 4.1 (Evolution equation for v%). For all N > 1 and all ¢ € C(J)E’”(]R), the
empirical measure process 7 satisfies the evolution equation

t t
w0 =000+ [ s s+ 5 [0 0%s 0o ds

(4.1)
t
+ [0 s, aWe + 1Y (6) + ¥ (9),
0
with
1 N tAT? o 1 ) ) )
35 (2 / 1 (2
“v 2 [ a=diet xhacraw;
i=1
and
o
JtN(@ = ¢(0) (N Z tATE Z ]17"<t> )
i=1
where E[supte[O’T]]ItN(gb)H — 0 and E[supte[o’TﬂJt (9)]?] =0 as N = co.
Proof. Apply Itd’s formula to ¢(Xt/\7-z) to get
) tAT? , ) ) tAT? , ) on 1 ) )
G(Xirri) = 6(X5) + ; ¢ (Xg)u(s, X)ds + ; (X)L —p)zo(s, Xo)dW
tAT? ) ) 1 tAT? ) ) tAT ) )
+ ¢ (X:)pso (s, Xg)dW, + 3 ¢"(X;)o (s, X;)ds +/ ¢'(X,)dLy.
0 0 0

Recall that N
Vt 7¢ Z XZ I[t<7"

13



Using ¢(Xypri) = ¢(Xy)Lyeri + ¢(X1i) Liy together with the fact that ¢ € C(?’”(]R) we
obtain

) ) tAT? ) . tATE ) 1 ) )
O Xipri) Licri = 0(Xg) + ; ¢'(Xn(s, X;)ds +/O ¢ (X (1 = p3)20(s, X)dW,
tATE . ) tATE ) ) )
+ ¢'(X)pso(s, XDdW,) + 3 ¢" (X0 (s, X)ds + ¢(0) (kLjnpi — Trigy) -
0 0

Averaging over the N particles yields (4.1). It remains to prove that IV (¢) and J(¢)

vanish in a suitable way as N — oo. We start by computing the quadratic variation of
IN(¢). By independence of the idiosyncratic Brownian motions W we obtain

1N t/\Ti_QQS,i/i2S
Z/O (1= p5)o(s, X)(¢'(X5)) ds.

i=1

(1Y ()]t

The boundedness of 02 and ¢’ yields for all ¢ € [0, 7]
N (@) = [|¢/]]% 0N, as N = oo.

By Doob’s martingale inequality it follows that

E | sup |ItN(¢>)2] < AE [I7 (¢)?] = 4E [[IV(¢)]r] — 0 as N — oo.
te[0,T
From |15, Theorem 2.5] we also obtain E[supte[U’T”JgV(gZ))]Q] —0as N — o0. O

4.2 Convergence to the Limit SPDE

The next step is now to show that limit points of the empirical measure processes vV

indeed solve our SPDE. First, we need to verify tightness and conclude that there exist
limit points. To do this we follow the approach in [18], showing tightness in Dg/, the
space of cadlag paths with values in the space of tempered distributions, equipped with
the M1 topology and then verifying that the limit points are sub-probability measure-
valued processes.

Proposition 4.2. For every t € [0,T] and n > 0, the empirical loss process, LV, obeys
6—0 N—oo

N
1
lim lim P(LNs— LY >n) =0, L):= ¥ > g (4.2)
=1

Proof. Using the triangle inequality we can estimate

N

K i i n
P (Eﬁré - Eiv 2 77) <P < Eﬁré - ﬁiv N Z (L(t+5)/\ri - Lt/\ri) = 2)
i=1
K N . . n
+P (N Z; (Ll(t—}-é)/\'ri - L;/\Ti) Z 2) .
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Applying the convergence result for J(¢) as N — oo in Proposition 4.1, which holds
for all ¢ € C(J)E "(R), at the two time points ¢ and ¢ + § we see that the first probability
on the right-hand side vanishes as N — oco. Markov’s inequality can be applied to the
second term to obtain

N
" ' j n 2K : .
F (N Z (Ll(t+6)ATi B L;/\‘ri) > 2) < ;E [L7£+5 — Lﬂ .
=1

Since the particles X? are continuous, the local time processes L’ are also continuous.
Thus, we get convergence to 0 as § — 0 uniform in N > 1. O

Proposition 4.3 (Tightness). The sequence of empirical-measure processes (V) is tight
on the space (Dgr, M1) and the sequence (v, W0) is tight on (Dsr, M1) x (Cg, ||| ..)-

Proof. Using [27, Theorem 3.2] it suffices to show that, for arbitrary ¢ € S, the process
(VN ) is tight on Dg in the M1 topology. For all t € [0,T], we decompose (Y, $) as

N
. . 1
<V£N7¢> = <thva ¢> - d)(o)'czzfvv VIZ/N = N 25)(;/\7_2.’ (43)
i=1
with £ as defined in (4.2). Tightness can then be obtained by controlling the M1-
modulus of continuity. Using |27, Propositions 4.1 and 4.2] it is sufficient to establish
that we have

E (|57, 0) — (02, 0)|'] = O(It = sI*) as [t —s| =0, (4.4)

and that, for any € > 0,

lim lim P |sup|()Y — v, ¢)|+ sup | —v,¢) > =0. (4.5)
0—0 N—oo <68 te(T—46,T)

We note that the results of [27] rely on the fact that the term ¢(0)£Y is monotone and

hence does not contribute to the M1-modulus of continuity. For any s,t € [0, 7],

N

1 . . . .
E [[(2,,0) — (2, )*] < N S B [[(Xjni) = (XL )] < Nl B (1 Xinps = Xipnil’]
i=1

where ||| ;;, denotes the Lipschitz constant of the function ¢. It remains to deal with the
expectation on the right-hand side. By using the inequality (a+b+c)* < 27(a*+b*+c*),
and recalling B! = p;W? + (1 — p?)'/?W}, we have

4 4

t t
E[|X], . — XY < 27(IE / Lycript(u, X;)du| | +E / 1,cri0(u, X})dB,
S S

1)

+E [\L" I

tAT? SAT?
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Since the coefficient ¢ is bounded, the stochastic integral is a martingale and we can
apply the Burkholder-Davis—Gundy inequality [35, Theorem IV.42.1] to find that

4

E =O(t— s, as|t—s| —0.

t
| tueriotu X)aB,
S

The boundedness assumption in Assumption 2.2 (¢) for the drift term g yields

4

t
E / Lyeripp(u, X)du| | = O(t — s|*), as |t —s| — 0.
S

tAT® SAT®
time representation from the Skorokhod problem. Hence, we have E[| X!
O(|t — s]?) as |t — s| — 0, and so we obtain (4.4).
To establish (4.5) it is enough to consider the small time interval (0,0) as the result
for the interval (T' — 6, T) follows similarly. We can apply (4.3) to (4.5) to get

The estimate E [‘LZ —~ L 4} = O(|t — s|*), as |t — s| — 0, follows using the local

—X?

SAT? |4] =

AT?

P (supld” = o0l > <) < (su 6l = Y00l = 5 ) + B (jo00)2d > 5).
t<d t<6 2 2
We can then again use the estimates in the poof of [18, Proposition 5.1] combined
with the arguments for (4.4) and obtain that the first term converges to 0 as 6 — 0,
uniformly in N > 1. Proposition 4.2 provides the same result for the second term and
the tightness follows. O

At this stage we have only established that there exists a subsequence such that
(vNe, WO — (v*, W9) weakly in the space of S'-valued cadlag processes equipped with
the M1 topology. However, we can deduce that the limiting processes actually take values
in the space of sub-probability measures supported on [0, c0) by the same arguments as
[18, Proposition 5.3].

Proposition 4.4. Let (v*,WY) realise the limiting law of (v™k,W?). Then each v} is
a sub-probability measure supported on [0,00) for all t € [0,T], with probability 1.

Next, we confirm that there is a suitable filtration for the limit points.

Lemma 4.5. Let (v*,W?) be the limit of a subsequence (v™¥*,W©). Then there is a
filtration F WY 5o that v* is adapted and W9 is an FV"W°_Brownian motion.

Proof. On the sample space 2 = Dg/ x Cr we define the filtration
v* WO * *
FW = o ({0, WO) = (v, 0), W0) 1 s < t,¢ € S}), (4.6)

1., 4n .
as the projections 71'?1 ;;f , given by

1. 4n 1. 4n
7" Dg s R0 () = (60 (1), &0 (00)),s

generate the Borel sets on Dgr as shown in [27]. It is clear that v* is adapted to F*"W°.
It remains to show that W is a Brownian motion in this filtration. This follows with
the same arguments as in [28, Section 4.1]. O
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We finally argue that the limit points of the empirical measure processes vV give
rise to the desired SPDE. We rely on the methods of [18, Section 5| which we note also
cover the higher level of generality needed for an extension in Section 7.

Proposition 4.6 (Evolution equation). Let (Ny) be a subsequence such that the weak
convergence (VN WO) — (v*, W0 holds. Then, for every ¢ € CéE’“(R) the processes
M®(v*),S®(v*) and C®(v*, W) are martingales. As a consequence, the pair (v*, W0°)
satisfies the limit SPDE from Theorem 2.4.

Proof. Analogously to [18, Definition 5.8|, we define

M) i=(6,0) = (60.0) = [ (wuls ) )ds =5 [ (6ot (s)0is,

t
0

SP(E)() =M?(&)(t)? —/ (€s,0(s,)p(s)¢')?ds, (4.7)

t
C?(&,w)(t) =M (€)(t) - w(t) - /0 (s, 0(s,7)p(s)¢)ds

for € € Dgr, w € Cr and ¢ € C(J)E’”(R). Using Proposition 4.3, as in [18, Section 5|, it

follows that, for all ¢ € C'éE "(R), we have the following weak convergence in R:

MOWN)(t) = MO (t), ST () = SP)(),
and  C?(Ne, WO (t) — C2(v*, WO)(¢), inR, (4.8)

for ¢ in a deterministic co-countable subset of [0,7]. Now, using the control on the
remainder terms /™ and J” from Proposition 4.1, it follows as in [18, Proposition 5.11]
that the limits in (4.8) are martingales, so the claim follows as in [18, Lemma 5.9]. [

4.3 Regularity of Limiting Solutions

We now show that the solutions we constructed as limits from the particle system satisfy
the regularity conditions of Definition 2.3 using the estimates from Section 3.

Proposition 4.7. Let (v*, W) be a limit point of the sequence of empirical-measure
processes. Then the process (vf)icjo, s in the class A.

Proof. In Proposition 4.4 we already showed that v* takes values in the space of sub-
probability measures supported on [0, 00). It remains to prove the regularity conditions
on the sub-probability measures.

Consider a finite open interval I = (a,b) C R. Take n > 0 and any ¢, € S such
that ¢, =1 on I, ¢, =0 on (—oo,a —n) U (b+n,00) and ¢, € (0,1) otherwise. From
(N, WO) — (v, W0) weakly we get that fg(yévk, bn)ds — fot(yjf, ¢n)ds weakly by [39,
Theorem 11.5.1]. We have

E [/OT yf([)dt} <E [/OT@:,%W} = lim E [/j(ﬁk,%mt} .
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Using the result of Lemma 3.3 and taking the limit 7 — 0 yields (iv) in the definition
of the class A. Similarly, for € > 0,

E[17(0.9)%) <E[(,6,)%] < lim E [1(0,= + 1)’

Ny
< liminf — QZ Z 0< X! <e4+n0< X! <e+4n),
i=1 j#i,j=1

where we have used [26, Proposition 2.2| in the last step, which still holds in the elastic
case. By employing the estimate in Proposition 3.5 and taking 7 to zero we obtain (iii)
because ¢ > 1 ensures the necessary integrability.

For the exponential-tails condition consider I = (A,n) for n > 0, A < n. The
approach for (iv) yields

T T
E [/ Vf()\,n)dt] < liminf E [/ vV —8,m + 5)dt}
0 k—o0 0

T
hmlanE [/ vVE(X =6, oo)dt} = o(e~ =),
0

k—o0
by using Proposition 3.6. Taking the limit § — 0 and then n — oo yields (ii). O

Combining the results from Proposition 4.6 and Proposition 4.7 we can conclude our
first main result Theorem 2.4.

5 Uniqueness of the SPDE

In this section we prove uniqueness of solutions to the SPDE in the class A. Before
presenting the uniqueness proof we show how we can derive an alternative weak boundary
formulation for the SPDE (2.1) that is helpful in dealing with boundary terms appearing
in the uniqueness proof.

To overcome the difficulties of working with solutions of low regularity, we regularize
the weak solutions to our SPDE through convolution with a nice mollifier. The elastic
heat kernel G¥ "(z,y), defined in (A.3), is a natural candidate for this, since it is an
element of the space of test functions C;"(R) and since its explicit form makes it easy to
perform manipulations. This leads us to consider the convolution operator TEE " given
by (TZ"¢)(x) = (¢, GE"(x,-)). While we use a different operator, we take the same
approach as in [18, 19] and work in the space H~!, the dual of the first Sobolev space.
This approach now rests on the following crucial inequality, connecting L? estimates for
the regularized process with an H ! estimate for the non-regularized process:

I<ll—y < C'lim inf <H6;1Tf’“<||p(0m) + ‘ /0 Tf’“@(y)dy‘) : (5.1)

for any ¢ € H~!, where 9,1 denotes the anti-derivative as defined in (B.2). The proof
of this can be found in Lemma B.3 and further details are reserved for Appendix B.
In contrast to [18, 19], here we work with H~! as the dual of H(0,00) = {f :

1/2
||f||H1(07OO) = <||f|| 12(0,00) T |02 f“L2 0.00 > < oo} rather than H&(O, o0), the closure
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of C§°(0, 00) under the norm || - [| 19 o0)- See Appendix B for details. From now on we
will write || f|l2 for the L?(0,00)-norm. In our proof of uniqueness, we will show that
two different solutions to the SPDE, say v and 7, must satisfy E[||v; — ]| _;] = 0 for all
€ [0,7]. In doing so, the first term on the right-hand side of (5.1) is only concerned
with the difference { = v — 7 restricted to (0, c0), while forcing the second term to zero
ensures that potential point masses of v; and 7y at the origin must be of the same value
(recall the solutions are sub-probability measures, which a priori need not have the same
mass at any given time). As per Section 2, the unique solution will turn out to have a
density, but we do not place any such assumption on our class of solutions at this point.
Before proceeding to show uniqueness, we first give two auxiliary results that will
help us deal with the behaviour of our estimates near the boundary.

Lemma 5.1. Let v be a process in the class A and pe the Gaussian heat kernel defined
n (A.1). Then we have

/ / (/ pe(T + y)ut(dy)>2 dmdt] — 0, as € — 0.

Proof. Arguing as in [18, Lemma 7.6] we have

o0

[(ve, pe(z + )| < e_w%/ p-(y)vildy) < ere™ 15721 (0,67) + exp(—¥171/2)],
0

for some n € (0, 2) and ¢; > 0. Squaring and integrating over = > 0 gives

/ e+ )P < ez 2 [0, €M)2 + exp(—e217),
0

for some co > 0. Since v is in the class A, the boundary decay yields a v > 0 so that

T oo
. [/ / (vt pe(e + ')>I2dﬂfdt} = O(e"H)73) + O(e™% exp(—2171)).
0o Jo
Therefore, we get the desired estimate by choosing 7 such that (1++)"! <2np<1. O

Lemma 5.2. Let v be a process in the class A and let gf’“ denote the correction term
in the definition of the elastic heat kernel (A.3). Then we have that

[// ([ e xywt(dy))zm]ﬁo, fore— 0,

Proof. We start by looking at the inner integral. Using Lemma A.3 we get

22

o0 22
/ gE" (@, y)vi(dy) < ke 2= 1(0,00) < ke %=,
0

Now, considering the integral in = we have

e8] o) 2 ) 2 1
/ (/ gf’n(ﬂf,y)l/t(dy)) dr < /~e2/ e s dr = 5/-@2\/7?51/2.
0 0 0
We then obtain
2
/ / (/ (x y)l/t(dy)> dxdt

and the result follows. O

= 0(e'/?) (5.2)
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5.1 Weak Boundary Condition and Elastic Boundary Terms

As discussed in Section 1.2, we need a particular weak formulation of the elastic boundary
condition. This plays a critical role in dealing with the boundary terms appearing in
(5.15) in the final uniqueness proof, presented in the next subsection. With quE’F” as in
(1.7), we note that this gives a smooth function approximating 1 on [0, c0) and satisfying

KOE(0) = 0, 02(0), (5.3)

which it inherits from the elastic kernel G, We then obtain the following.

Proposition 5.3 (Weak boundary condition). Let (v, W°) be a solution to (2.1) with v
in the class A and let ¢£° be as in (1.7). Then (1.8) holds for all € > 0.

Proof. By (5.3), we see that the convolution qbe fo E (z,y)dy results in a valid

test function in CO "(R). Using also Fubini’s theorem to change the order of integration
between dv and dz, the assumption that v is a solution to (2.1) therefore gives

(vr, OE") — (vo, p27) = / " 0, G (2, )) — (v, G ()
0

o] t
~ [ (] trnd,GE G as
0 0
t 0.2
+ [ 0 G068 as+ |
0 2 0

Next, we employ Lemma A.2 to switch the derivatives from y to x. This yields

t
psVs, 0,0, GE (2, ))aW? ) da.

En) En>

<Vta <VUa

t 2
_ / / (e 1P, ) ds + / O (Ve 2 GE () ds
0 0 0 2

t
—/ P50 vy, 0GBz, ))dWO)daz
0
00 t t
+/ (2 8x<Vsa Mspe(x + )>d3 + 2/ Psaa:<7/5705p5($ + ))dWsO> dx
0 0 0

) t t
_ / (2 / Do (v, 159" (x, ))ds — 2 / psazws,asgf’“(x,-»dWS) dz,
0 0 0

with g2 as defined in (A.3) and p. the Gaussian heat kernel given in (A.1). We can now
interchange the order of integration. This is possible by using [18, Lemma 8.3] which is
still valid in the elastic case because of the regularity of the class A. We compute the
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integrals in x to obtain
E E ¢ E K o? E
0 05%) = (,05%) = [ (o1 GE0.))ds = [ 0ulo TGE(0, s
t
+/ ps<V57O-5GsE’H(07 )>dWSO
0
t t
9 /0 (Ver p1ape(-))ds — 2 /O Pa{Var Tape())dW?

t t
+2/ <VS=M895E’H(07 ')>d8+2/ ps(us,asgf’“((),‘»de.
0 0

Using the specific form of the elastic heat kernel we have that

tV k0, ))ds = tV Nds — tu B0, ))ds
/0< &NSG‘S (Ov )>d 2/0< Sa/jJspE( )>d /0<Sage (07 )>d

t t
/ p5<Vs’0'sGsE’H(0a')>dW£ :2/ p5<VS,O'5p5(')>dWSO _/ pS<V570'sgf’H(0")>dWso-
0 0 0

By using these relations the equation above simplifies to
E E ! a3 E
(Ve Oe ") — (o, e ") =- / e (vs, ?sGs (0, -))ds
0
t

t
* /0 <VS7:U’SgeE’K(Ov )>d8 + /0 p<ys,gsg€E’H(0’ )>dW£

Finally, we can then use the boundary condition of the elastic heat kernel to obtain the
relaxed boundary condition (1.8). O

We will take the coefficients u, o and o outside of the integration against the measure
v¢ by introducing error terms 5,57?8 defined by

8{?8(:6) = (l/t,ht(-)Gf’”(x, ) = ht(x)Tf’“yt(x), x € [0,00), (5.4)
for hy(z) = h(t,z) representing u, o or 0.

Lemma 5.4 (Elastic Boundary Term). Let v and v be two solutions to the SPDE (2.1)
in the class A and denote their difference by A, i.e. A =v — 0. Then we have

E

t 52
/ 07 ' TERA(0)r2(0)TEAL(0) — 07 ' TE# A (0) (€27 - £27) (O)ds]
0
= [(0;' TP A(0)] + (1)

. 2 5.2 . ~ .
with €7, EJ_ error terms as defined in (5.4) for measures vs and Us, respectively.

Proof. We apply the definitions of the operator 7T EE’“ and the anti-derivative 9! to
the corresponding terms in equation (1.8). Rearranging the resulting equation and
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introducing the error terms defined in (5.4), we obtain

s 2 S ~
/0 POV A (0)du = 20, ' TE*A,(0) - /O (€5 — £°)(0)du
, s (5.5)

s
2
+ Ii/g <AU7HugaE7H(O’ )>du + E 0 pu<Aua ngfﬁ(o’ )>dW1(L)

With this relation we obtain

-E

s

t
/ a2(O)angEEmS(O)T;Ems(())ds]
0

t S
—-z| [ o rEea o [ oH0rEsa,0w)]
0 0
t
~_1g [2 / 8;1T6E’“As(O)d(c‘?;lTsE’“As(O))}
K 0
t
+E [ / A7 TERAL(0)(ET. — é’;jj)(())ds]
0
2 t
2| [0, TEA 08 g 0.)ds]
0

2 t
2| [0 B O (A gB 0w
0

The coeflicients pu, o, p are bounded by assumption and
|01 TR AL(0)] < |As(0,00)| < 2.

From Lemma A.3 we have the estimate

2

g2 (0,y) < ke =, (5.6)

Using these facts the stochastic integral in the last line is a martingale and thus the
term vanishes. For the first term, using the fact that 0 1Tk "A.(0) is a continuous
semimartingale, we have

t
(07 TR A(0))* = 2/ 07 TR A(0)d(9; ' TR A(0)) + [0 ' TP A(0)]:.
0

Using equation (5.5) we obtain that

t

0 TERA(0)), = / PA((A, 0ug25 (0, )))ds.
0

This yields
-k

t
| o208 TR A0 TE A s (5.7)
0

t
= —%E [(0; ' TP A(0))?] +E [ / 07 ' TERAL(0)(E22 — E7)(0)ds| + J1 + T2 (5.8)
0

22



with the two terms J; and J5 defined as

n=1s[ N s

2

t
Joy = _EE [/ 3;1Tf’“As(0)<As,usgf’”(oa ')>d8] :
0

For a process ¢ in the class A, using (5.6), we get

/ gBR(0, y)Es(dy) < /
0 0
—1/2

< KE(0,64) + ke™ T2

1/4

3 e}

2
cEG) x|
4

el/

Y
2

Efs(dy) (59)

Thus, using (5.9), there is a constant C' such that

J1<C </0t1a [us(o,gl/‘*)?} ds + /OtE [58(0,51/4)2] ds> roEe=" 2o, (5.10)

as € — 0, because v and U are in the class A. For Jy we similarly get

t Ex(q .. aF"(0. ))ds
12| < CE [/0 (Ve 970, ) + (7 9270, ”d] (5.11)

t
< / E [y5(0,51/4)] +E [53(0,51/4)} ds + 0(6_571/2/2) —0, ase—0,
0
again, by the properties of the class A. Combining (5.7), (5.10) and (5.11) we obtain

t
_E / 02(0)0; TER A (0YTE Ay (0)ds
0

1 t -
= —E[(0; ' T A0))] + E [ / O ' TPRAL(0)(E7: — E2)(0)ds| + o(1)
0
as € — 0, and so the result follows. ]

5.2 Proof of uniqueness for solutions to the SPDE

We can now give the proof of Theorem 2.5. Lemma 5.4 from the previous section plays
an important role in our arguments. It is used in (5.15) to deal with the boundary terms
that arise when integrating by parts.

Proof of Theorem 2.5. Let (v, W9) be a solution to the SPDE (2.1) in the class A. Take
the elastic heat kernel function y — GZ*(z,y) as a test function in the SPDE and
apply the switching of derivatives from y to x using Lemma A.2 to obtain the following
dynamics for the smoothed measure TF "
1
AT v(w) = = 00 (v, G2 (@, )t + 5 0ne (v, 07 G ()t

— O (v, o GE" (, )y AW

+ 20, (vg, pepe (z + 2))dt + 2pi 0y (g, oype( + -))dW

— 20, (1, utgf’”(x, ))dt — 2p105 (v, Utgf’”(:c, NdWY.
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Next, we integrate to introduce the anti-derivative defined in (B.2) and again use |18,
Lemma 8.3] to change the order of integration

1
dc’);lTEE’“Vt(:c) =— (1, uth’”(x, ))dt + §8I<Vt, JfGEE’“(x, ))dt
— pe(w, CftGgE’H(va ')>th0
+ 2(vg, upe(x + -))dt + 2p (v, oype(z + -)>th0
— 2(vg, g " (x,))dt — 2pi(ve, o1 9P (2, ) ) AW

Using the error terms introduced in (5.4) the equation then becomes

1
dOITE Ry (x) = — (T vy (z) + Ete(x))dt + §8$(U?TEE’HV,5(:L') + Egz(x))dt
- Pt(UtTgE’NVt(QU) + Sge(x))thO
+ 2(ve, pupe (@ + ) dt + 2py (i, oupe( + -))dW
— 2w, gl (@ + ) dt — 2py(vi, 0192 (4 ) dWY.
To simplify the notation, we denote by 0s4(1) any family of functions {(fic)icpo,77}e>0
such that -
E/ lfocl2dt =0, ase 0. (5.12)
0

By using the limit behavior from Lemma 5.1 and Lemma 5.2, as well as the results for
E[fs from [18, Lemma 8.1|, which also hold in the elastic case because of the regularity
of the class A, we have

_ . 1 52
Ao TE "y, = — i TE v, dt + 5ax(afT;Eﬁyt + &7 )dt (5.13)

— proi TE R dW 4 040 (1)dt + 054 (1)dW.

Let (7, W°) be another solution to the linear SPDE with the same Brownian motion W°
and define the difference of the two solutions as A = v — ». The dynamics of this are

1 -
A0 TER Ay = = TS Aedt + S0, (7T A + gL — E)dt
— pe TEF A WY + 054 (1)dt 4 054 (1)dWP.
Next we use It6’s formula to find an equation for the square of the anti-derivative

d(OITERA)? = — 20y (9 TR AN TE R Ardt

+ (071 TE A0, (02 TE R A, + E72 — E72)dt
+opp (T2 A dt

— 200, TERA) oy p TE S Ay d WY

+ thtTEE’“Atosq(l)dt

+ (0, TE R Ay)ogy(1)dt

+ (0,1 TER A1) 05 (1) dW; + 044(1)?dt.

xT
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We are interested in estimates for IE[H(?;le’”AtHg] to use the H!-estimate (B.3). We
obtain these by writing in integrated form, integrating over z > 0 and taking expec-
tations. We deal with the terms on the right-hand side individually. Combining the
subexponential-tails property of v, and 7, with |18, Lemma 8.3 and Lemma 8.7|, which
are easily adapted to the elastic heat kernel, it is straightforward to show that the
stochastic integral terms (the fourth and seventh terms) are true martingales and thus
vanish when we take expectation. For the first term we use the generalized Young’s
inequality with free parameter n > 0 to obtain

t oo
- 2/ / MS(BQITE’”AS)TEE’“Adeds]
0 JO

t t [e%s)
<y [ E[lor TEoa )] ds e [/ / (us>21Tf’”Aerdxds].

We employ integration by parts followed by the generalized Young’s inequality for the
second term. Lemma 5.4 allows us to handle the boundary term that appears when
integrating by parts. Thus, we have

(5.14)

K K o2 So?
/ / O ' TEP NGO, (02 TE A, + €2 —587€)dxds]

< —%E (0 T A0 [/ / o2 TERA,| dwds] (5.15)

t o]
+nE U / \TEE’“AS\Zd:cds} + o(1).
0 JO

We leave the third term as it is. For the fifth and sixth terms we proceed to use the
generalized Young’s inequality as in (5.14). Putting everything back together we obtain

t
o 2R A2 | + %E (0,1 T A(0))?] < ¢y [/ Ha;le’“AH;ds]
0

-E U / o; —oaps(1+n) — win — n)!Tf’“AsPdmdS] +o(1).
Since p? < 1 we can choose the free parameter 1 small enough such that

oF —a3pi(L+n) — pin —n = co (5.16)

for all  and s and for some constant ¢y > 0. This yields

1
E ]|, TP A 5] + - [0 TP A0))]

¢ ¢
< c,,/ E [Ha;leﬁAsHﬂ ds — E {/ Hva"“Astds] +o(1).
0 0

Since ¢g > 0 we can drop the second term and add a non-negative term to the right-hand
side to get the estimate

(5.17)

E o TEe Al + LB [0 TR A (0))]

t t
<cn/0 E [Ha;l:rfvmsuz] ds—l—cn/o %1{«: (0,1 TE " A4(0))?] ds + o(1).
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This expression is of the form to apply Gronwall’s lemma and it follows that

hm( [Ha "TERA, } +1E [(angEEvmt(o))?D =0. (5.18)

e—0
Now, recall the Hl-estimate (B.3). We can find another constant Cy such that
1 o0
. . —1mE Kk E.x
I8 < Ctmigt (o 7550, + - \ | At<y>dyD S sa9)

Using (a + b)? < 2(a? 4 b?) and Fatou’s lemma, we obtain from (5.18) that

)]~

and so, as a consequence of (5.19), E [||A¢||_;] = 0. In turn, we can deduce the equality
vy = 1y for all t € [0, T, with probability 1, which concludes the proof. O

[hmlnf (H(’) lTEAtHQ—i—'/ TEAt )dy

6 Existence of a density and its integrability

In this section we establish the existence and regularity results for the densities of the
sub-probability measures v4,t € [0,7], for a solution to the SPDE (2.1). We use an
approach based on energy estimates in L2, similar to the arguments of Section 5, to
establish existence of a density of v, restricted (0,00). Unfortunately, these arguments
do not allow us to rule out the presence of an atom at the boundary. However, as we
show in Section 6.1, this can be achieved by a result of [6] for reflected Brownian motion.

Lemma 6.1. Let (v, W) be the unique solution to the SPDE (2.1) with v in the class
A. Then we have

t
lim E [/ HTf”“I/SH;ds] < 00 for all te€]0,T).
0

e—0

Proof. The proof follows by performing the same estimates as in the proof of Theorem
2.5 but for v instead of the difference of two solutions. Instead of disregarding the
negative term on the right-hand side involving ¢y as in (5.17), we move it over to the
left-hand side and suitably adjust the application of Gronwall’s lemma. O

Using this result we deduce that there is an L2-density for a.e. (w,t) € Q x [0,T].

Proposition 6.2. Let (v, W°) be the unique solution to the SPDE (2.1) with v in the
class A. Then for almost every (w,t) € Q x [0,T] the measure vi(w) has a density Vi(w)
on [0,00) and we have the integrated estimate

t
E {/ IVall3 ds} < 00, for all te0,T]. (6.1)
0

Proof. Fatou’s lemma applied to Lemma 6.1 yields a bounded sequence {T:i"iut}ngl in
L? for almost every (w,t) € Q x [0,T] with ¢, — 0. Fix (w,t). By the Banach-Alaoglu
theorem we get a subsequence converging weakly to some v € L? as e, — 0. But then

Jg o(x)v(z)de = [ ¢(x)dvy(z), for all ¢ € S, since [ TE vy (x)¢(x)dw — Jp (x)dvy(x)
as en —> O By the density of S in L?, the result follows. O
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Note that the proof only gives existence of the density for almost every (w,t). In
particular, for a given w (in a set of probability 1), the sample path ¢ — v4(w) is only
guaranteed to have an L?-density on [0, 00) for almost all times. This, however, is only
an issue at the origin: if we restrict v(w) to (0, 00), then Proposition 6.7 below provides
an L? density for all times. One could worry, then, if v4(w) could fail to have a density
on [0, 00) for a non-empty set of times of Lebesgue measure zero, due to an atom at the
origin, but this is not the case, as confirmed in Section 6.1.

We now turn to the existence of an L?-density of v; for all times, when restricted to
(0,00). Take intervals U € W & (0, 00), where € denotes compact containment, and let
1 be a smooth cut-off function such that » =1 on U, ¢ € (0,1) on W\ U and ¢p =0
otherwise. We have [9,9[ + |022%| < Clyn\y, where the constant C only depends on U
and W. Moreover, we define the error term for each = € [0,00) by

El(x) = 0ure(MGE " (x,)) — hi(2)0: TE "1y (2) + Ophu () He (), (6.2)

where
Hie(w) = vi((@ — )0.GER(a, ), (6.3)
for a function h representing u,o? or o.

Lemma 6.3. Let (v, W) be the unique solution to the SPDE (2.1) with v in the class
A. Then we have the convergence

E [ / t [ v ([ ot +y>us<dy>>2d:cds

with the cut-off function v specified above and p. the Gaussian heat kernel given in (A.1).

—0, ase—0

Proof. Splitting the derivative of the Gaussian heat kernel into two parts we get

/OOW(JU) (/OO L Thy-epn, (d )>2dg;
0 0 V2me € s\%Y
o0 R | 2 2
< ) 2 —x2/5 </ 7Q —y /26 o d > d
/0 Ve (x)e ; \/%Ee vs(dy) T

oo 2 o q ) 2
9 2 —22/e L </ —y?/2e (d ) der.
w2 [Tt ([T e i)

For the first term on the right-hand side we have

') o) 2
| e ( / ye—f/%s(dy)) dn
0 0
1

[e’s) 2
< [T s (000 max e %)) ds
0

2med y€(0,00)

1 2 1 2 2
< 2 —x2 /e dr <e ™ /26/ —x /25d -0 —3/2 —w?/2e
/0 P (x)e gzdr < e ; 5re2¢ x (e7""“e )

where w = inf W > 0. Then we obtain

t o] 00 2
/0/0 1/12(56)6_“”2/5 (/0 Tlﬂgg;e_y2/281/s(dy)> dxds

We can argue similarly for the second term and hence obtain the desired convergence. [

1
2med

E

_ O<6—3/26—w2/25).
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A similar estimate holds for the elastic correction term gEE " defined in (A.3).

Lemma 6.4. Let (v, W°) be the unique solution to the SPDE (2.1) with v in the class
A. Then we have the convergence

// V3 (2) (/ 8xg€xy)y5(dy)>2dxds]—>0 ase—0

with the cut-off function v specified above.

Proof. The derivative of the elastic correction term ggE " is given by

0u: () =0 <Hen<w+y> (1 - (22

2
e Tty), . exp< z+x-;y+n€) >dz
\V &TTE 19
2
_ 2ﬂ6n<x+y>e%; exp (YT ER)TY
\2me 2e

We can then estimate

2K2en($+y

z—l—x—i—y—l—mf) ds < K2 _Gtn)?
2e

F ) e

by Lemma A.3. For the other term we get

2
e (T TY) o2

1 ( (y+z+ n€)2> 2k _@+w)?
——exp | — :
2me 2e

Thus, we get

/ / Vi) ( / Oz (2 y)Vs(dy)>2d:zds
<E/ / V2 (z)k? </ e—(mgf) Vs(dy)> duds
+E/ / V2 (2)4K> (/OOO \1/76 (mgg)zl/s(dy)>2dmds
/ / V2 (x)Kte dxds—i—IE/ / V2@ e dwdS_O(gq/zefw?/gg)

with w = inf W >0. O

The necessary controls on the error term é_’[fa are proved in the following lemmas.

Lemma 6.5. Let gga be the error term defined in (6.2) and 1 the cut-off function
specified above. Then we have the convergence

E[/OtHwS?a ]
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Proof. We can combine the estimates in [18, Lemma 8.2] with the definition of the elastic
heat kernel to get

€] < C9ush], /0 & — y[210.G 7|4 (dy)
< C9shll, /0 & — gl pe( — yve(dy)
T Cl0uahll, / 12— y2(10ape(a + )| + [Bog " (2, )] vs(dy)

The result for the first term follows by [18, Lemma 8.2]. Next, we get

/ot /ooo Vi) </OOO‘~’” — y*|0nge(z, )" "
E [/ot /OOO V3 (z) </Ooo|l‘ — y[*|0upe(z + y)|Vs(dy)>2 o

by calculations similar to Lemmas 6.3 and 6.4. ]

E — 0(8—1/26—1112/25)’

2
Vs (dy)) dxds

— 0(8_5/2€_w2/2€),

To simplify the notation, we denote by og’q(l) any family of functions {(ft.¢)sejo,1] }e>0
such that

T
E [/ ‘Wft,ngdt] — 0, as € — 0.
0
The final auxiliary result is a control on the other error term H; .

Lemma 6.6. Let H,. be the error term defined in (6.3). Then there is a constant cy
such that for all t € [0,T],

[Heel < el o] + 0y (1)
for e > 0 small enough.

Proof. We can use the definition of the elastic heat kernel GE" o estimate
Heel < (@ = 9)0upe (@ — )| + e((@ = y)epe (@ + 9))| + (& = 1)Deg2" (2, ).
For the first term there is a constant ¢ such that

ve((2 — y)Oepe(x — y))| < cve(p=(z — y))

by |18, Lemma 8.2]. Moreover, we have the estimate

7(z+y)2
9E" (x,y) < ke = < pe(z+y),

for € small enough. Thus there is a constant C' such that
vi((& = 9)0up(x = )| < CT3 "y,

The estimates for the other two terms follows as in Lemma 6.3 and Lemma 6.4. O]
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Now we have all the tools to prove the existence of a density in the interior.

Proposition 6.7. Let (v, W°) be the unique solution to the SPDE (2.1) with v in the
class A. The measure v, restricted to (0,00) has a density Vi for all t € [0,T] with
probability 1. The density is square integrable on (6,00) for every § > 0.

Proof. We proceed similarly to the uniqueness proof in Section 5. We use the test
function y — GE"(z,y) in the SPDE (2.1), switch derivatives from y to z and take the
coefficients outside the integration against the measure. This creates the error terms
defined in (6.2) and (6.3). Applying It6’s formula we can then derive the dynamics
A(TE"v)? = = 2Ty (0. TP "vr — Oppe M e + ELL) dt

+ TSE’“Vt&[, (J?@xTaE’“Vt - 3;,;0?7—&75 + ggz) dt

— QTEE’Ktht (O’taxTEE’KVt — 8;,;0,57-[,578 + ggs) thO

+ ATER0, v (pupe (x + ) dt + ATE 1,0, v (prowpe (x + -)) AW,

—ATER10,0,0 (g P (2, ) )dt — ATE 001y (psosgE ™ (x, -) ) AW

- 2
+ (pt (at(‘?szE’“yt — axO'th,g + Sgs) + 28th(PtUtpa(l’ + )) — 28331/15(,0,50'1;95(.%, ))) dt.
(6.4)

Next, we multiply the equation by ¥? and integrate over = and t. We will now estimate
all the terms on the right-hand side individually, in a similar approach to the uniqueness
proof in Section 5, using the results of Lemma 6.3, Lemma 6.4, Lemma 6.5 and Lemma
6.6 together with the generalized Young’s inequality. For the first term we have

t e’}
- 2/ / @Z)QTEE’“VS (,usaxTEE’”Vs — OppisHse + gﬁe) dxds
0 JO

t t
<e /0 [T v, |2 ds + c, /0 [z,

For the term in the second line of (6.4) we apply integration by parts and obtain

2 t 00
2d8—|—77/ / 2?0, TE % v, dads + o(1).
0o Jo

t [ee)
/ / WATERy 0, (02(9IT€E,@S — 0,02 H o + Egj) dwds
0 JO
t [ee) t o]
= — / / V20?0, T v ?dxds — 2 / / VY TE 1,0, TF v,0drds

/ / V20, TE v,0,0°H, edxds + 2/ / VY TE 0,02 edxds

- / / Lanfo’HusggE— / / V' TE “usgffadxds
0o Jo
t o]

—// @ZJ202|61T€E’KI/3|2dSL'dS+77// V20, TE " vy |2 dads
0 Jo 0 Jo

t 00 t o} P
+¢y / / I TE v 2dads + ¢, / / T2 " vs|*dads + o(1).
0o Jo 0o Jo
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For now, we leave the terms involving stochastic integrals unchanged. The remaining
terms in the fourth and fifth line of (6.4) can be estimated via

1 [ [T Pt + dnds +4 [ [P TE Do s
<e /Ot [T |2 ds + o(1).
We can write the last term as
/ / ps 038 T — 0p0sHs e + 5;5) + qu(l))2d$d8
/ / @ZJ 038 TE — 0p0sHse + 526)2 dxds
/ / ? pS 058 T Vg — 0p0sHs e +ggg) o’fq(l)d:vds + o(1)
<(1+n) / / V2 p202|0, TE v |2 dads
(1+n) / / V2 P20 0. T vy (0posHse — E2.) duds
+(1+ n)/o /0 V2 p? (Op0H e — E2.)? dads + o(1).
Hence we obtain
/ / ,os 058 T Mg — 0p0sHs e —I—EU ) ( )) dxds

t 2
< (142477 // V2 p20?|0, TE”us|2d:Uds—|—c7,/ HwTQE;’“Vs 2ds—i—o(l).
0

Putting everything back together and choosing n > 0 small enough such that
o3 = p3(L+ 20+ 0ol —nui —n > co

for some ¢y > 0 yields

t t 2
[WTE ey < NTE el + o [ 255y ds+ ey [T, ds+ o)
0 0

t 00
_ 2/ / VTE Vsps (050, T vg — 0p0iHy e + E) dwd WY
0 JO
t 00
+ 4/ / szgE’KVsasz(psasps(CC + ))dxdWSO
0 JO

t 00
- 4/ / 1/]2T5E’KV581'V5(psangE’H(x, ))d(IJdWSO
0 Jo
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Next, we take supremum over ¢ and then expectation. Using [18, Lemma 8.5] to estimate
the stochastic integrals, which can easily be adapted to this case, we get

E sup HleE”VSHZ

s€[0,t

< [|TEw2] + B [/ 75w s

w1 n
0 2

with a constant ¢’ > 0. Taking the limit ¢ — 0 and using Proposition 6.1, Assumption
2.1 and Lemma B.1 we obtain

5] o)

lim E

e—0

< 0. (6.5)

E.x : E.k
sl[lopt |7 1/3HL2(U)] < glg(l)}E [ il[lop] || ys||2

Fatou’s lemma yields a sequence {7214 },,>1 that is bounded in L2(U) for all t € [0, T
with probability 1. Replicating the proof of Proposition 6.2 gives that, with probability
1, v; restricted to U has a density in L? for all ¢ € [0,T]. Since this holds for any U &
W € (0, 00), the result follows (take a countable union of sets U covering (0,00)). O

6.1 Ruling out a Dirac mass at the origin

As a special case of Theorem 7.3 in the next section, we can characterize the unique
solution (v, W?) to the SPDE (2.1) as the conditional law

v(de) =P (X €de, t < T]}"tWO) (6.6)
of a given reflected diffusion
dX, = p(t, X,)dt + o(t, X)) p(OOW? + o(t, X,)(1 — p(t)2)2dW; + dL;,  (6.7)

where W is a Brownian motion independent of W, [ is the local time at 0 of X and 7 is
the elastic killing time defined by a standard exponential random variable independent
of X. This point of view makes it easy to deduce from [6] that there cannot be an atom
at the origin.

Proof of Proposition 2.7. Express the unique solution v as (6.6). We can then apply the
scale transformation ¢ defined in Lemma 3.1 to (6.7) in order to obtain

t
v(A) <P (Zo + oMWY + /1 — p2(t )W} +/ fisds + Ly € g(t,A)\fW“) :
0

for any Borel set A in [0, 00), where fi is defined as in Lemma 3.1. By our assumptions
on p and o, there is a constant C' > 0 such that |fis| < C for all s € [0,T]. Therefore,

t
Zo+ p(t)W + /1 — p2(t)W}! +/ fisds = Zo + pW2 4+ /1 — p? W} —Ct  (6.8)
0
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for all ¢ € [0, 7] almost surely. Note that the processes in (6.8) only differ by the drift
term. Moreover, the drift —C't is always decreasing by more than the drift fg fsds. We

write
Zy = Zo+ p(OOW) + /1 = p2 ()W

and define the local time processes L' and L? as the processes such that
t
a+/%m+@>0am Zy—Ct+L? >0,
0
for ¢ > 0. We can now estimate

sup ‘L%—L?‘ < sup

t
:/ wsds + Ct
s€[0,t] s€[0,t] 0

/ tydu + C's
0

where the last equality follows from |us| < C for all s € [0,¢]. Using this we obtain

t t
a+/M@+@:@+/%m+ﬁ+g—ﬁ
0 0

t
>&+/%¢+ﬁ—mm@—w>a—m+ﬁ.
0 s€[0,t]

Thus, combining this with the definiton of the local time proceses we have

{(t,w) : Zi(w) +/0 fis(w)ds + L} (w) = 0} - {(t,w) : Zp(w) — Ct + L (w) = O} ,
and, as a result, we get

0 < u({0}) <P (Zo+ pt)W) + V1= 2OW, — Ct+ L3 = 0| 7)),

for all ¢+ € [0,T] almost surely. With f(¢) := Ct, we obviously have that f(t)/v/t is
non-decreasing, so f is not in the upper class of Brownian motion by [21, p.144]. Thus,
[6, Theorem 2.2 and Theorem 2.5] gives that the probability on the right-hand side is
zero for all ¢ € [0, 7] almost surely, and hence v, cannot have an atom at zero for any t.
Combining this with Proposition 6.7 we can conclude that we have a density everywhere
on the positive half-line. ]

While the previous theorem establishes existence of a density for the entire positive
half-line, we do not get the square integrability all the way up to the boundary, beyond
a set of times of full measure as guaranteed by Theorem 2.6. It is unclear to us how to
extend this result to include all ¢ € [0,7] and we actually conjecture it to be false for
all t € [0,T]. To see where the problem lies, we consider the simpler case of a reflecting
boundary, along with a constant correlation coefficient p € (0, 1), zero drift u = 0, and
unit volatility o = 1. As in (6.6), the solution to the SPDE then takes the form

vi(dz) = P (thO V1= pPW} + Ly € dz | FtWD) .

We can interpret this conditional distribution as the distribution of the scaled Brownian
motion /1 — p2W! reflected on a given (fixed) scaled Brownian path —pW?9. This is a
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particular instance of a Brownian motion reflected in a time-dependent domain, which,
together with the related heat equation, have been studied in a series of papers [5, 6,
7, 8]. In [6] the authors show that, at the boundary of such domains, both singularities
of the density as well as atoms are possible. While they establish that there are no
atoms when the boundary is a path of a Brownian motion, in [8] it is shown that in this
case the density exhibits blow-up at the boundary on a dense subset of times t. These
effects arise when the boundary sharply moves into the domain and the diffusion cannot
transport the heat away fast enough. The authors show that, for any boundary that
locally moves in sharper than Brownian motion (i.e., is in the upper class of Brownian
motion), an atom occurs. This leads us to suspect that the blow-up is too strong to
allow for square integrability of the density at the origin.

7 Extension to nonlinear interactions in the drift

In this section we discuss some of the results we can obtain and some of the difficulties
associated to a natural extension of the particle system which allows for interaction
through a dependence on the empirical measure v}¥ in the drift coefficient p. The
particle system then becomes

X =X8+/
0

t ) t )
(s, XN 02)ds + [ ot XEV)p(s)av?
. | 1 .0 | (7.1)
4 / o(s, XIN)(1 — p(s)2) bW + LY,
0

together with the elastic stopping times 7%V, In this case we need additional assumptions
on the regularity of p with respect to the measure variable.

Assumption 7.1 (Regularity in the Measure Variable). The drift coefficient p is Lip-
schitz continuous in the measure variable v on the space of sub-probability measures
Mg (R) with respect to the bounded Lipschitz distance dy which is given by

do(v,v) = sup{[(¢,v = D)| - [¥ll 1y < L [0l < 13, (7.2)
i.e., there exists a fived constant ¢ > 0 such that |u(t, z,v) — p(t, z,v)| < cdo(v, D).

Through the empirical measure in the drift coefficient the elastic stopping times 7"
become part of the equations for the particles. Thus, well-posedness of the particle
system needs additional arguments compared to the system (1.1). The existence of such
a particle system can be established by adjusting the arguments in [15, Theorem 2.3| to
this case. We need to add a common noise in the filtrations defined therein. Another
difference is that in our case the interactions are through the empirical measure not the
loss function. An important step in the construction in [15, Section 3| is, for a given
particle 4, to consider the system without particle i given that ¢t < 7. In our case
such a system will, in contrast to the system in [15], not be independent of the particle
i because of the empirical-measure interaction. However, given the condition ¢ < 75V
we can consider this system with the empirical measure

N
i 1
v ) = o | D S () Lyers + O (d)
J=1,5#i
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Thus, the system without particle i depends on W and X{ but not x’. In this way, the
same recursive construction as in [15] gives existence of a solution to the particle system
(7.1) with elastic stopping times (the presence of a common noise W does not change
the construction). Due to Assumption 7.1 (in addition to Assumptions 2.1 and 2.2),
the coefficients in (7.1) are Lipschitz continuous with respect to the vector of solutions
(XUN . XNNY 50 a standard Gronwall argument gives uniqueness of solutions.

Next, we can observe that one obtains convergence to the desired SPDE as in the
proof of Proposition 4.6, by allowing x to also depend on ¢ in (4.7). Indeed, the methods
we used in the proofs in Section 4 still apply, due to the above mentioned assumptions.
Consequently, we obtain the following result.

Theorem 7.2. Let (v, W0) be a sequence with vV being empirical-measure processes
corresponding to the particle system (7.1) that satisfy Assumptions 2.1, 2.2 and 7.1.
Then (vN,W9) possesses converging subsequences in (Dg/, M1) x (Cg, ||||)- Moreover,
for any limit point (v, W) the process v is in the class A and (v, W) satisfies the SPDE

1

<Vta¢> = <V0)¢> +/0 <V57N(57 K VS)¢/>d5 + 2/0 <Vsa02(5’ ')¢//>d8
(7.3)

t
+ [ pts)ots, yo)aw?
0
for all times t € [0,T] and all test functions ¢ € COE”{(]R), where

CoM(R) = {p € S : 9,6(0) = k(0)}.

Note that in this case the limit equation becomes a nonlinear SPDE with a nonlin-
earity in the drift term p. A convenient way of obtaining regularity for solutions to this
nonlinear SPDE is to use the following probabilistic representation.

Theorem 7.3. Let (v, W°) be a solution to the SPDE (7.3) with v in the class A. Then,
for all t € [0,T] we have the following representation of vy

v =P(X, €t <r|F", (7.4)
where X is a reflecting particle with dynamics given by
dXt = ,u(t, Xt, Vt)dt + O'(t, Xt)ptWtO + O'(t, Xt)(]. - pf)%th + st,

with WO, W independent Brownian motions and Xo being distributed according to vy.

0
The stopping time T is the elastic stopping time associated with X and (ftl”W ) the
filtration generated by v and WP.

Proof. The proof is based on a decoupling argument and the linear uniqueness result.
Let v be a weak solution to the nonlinear SPDE which exists by Theorem 7.2. We then
define a stochastic process X as the solution to the SDE

dX; = ptdt + o (t, X)) (pedW? + (1 — pHY2aw}t) + dL,, (7.5)

where the drift term p” is given by p? = pu(t, Xy, ;) and WO W' are independent
Brownian motions. The associated elastic stopping time is 7/ := inf{t > 0: L; > &}
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for an independent exponential random variable ¢ ~ Exp(k). Define a process (vf")
taking values in the space of sub-probability measures as

", 6) = B [$(X0) Tycqun FV (7.6)

for ¢ € §S. Take a test function ¢ € C(?’“(R), apply Ité’s formula, rearrange and take
conditional expectation. An application of [18, Lemma 8.9] then yields that /" solves
the linear SPDE

) ) 1 . )
™, @) =" )t + S (™, o7 ¢yt + (" o) AW (7.7)

for all ¢ € C(? "(R). By the same arguments as for the particle system in Section 3, one
easily checks that the solution is in the class A. Since v is a solution to the nonlinear
SPDE, it also solves the SPDE (7.7). By Therorem 2.5 solutions to (7.7) are unique in
the class A, so we have v; = 1/, This yields the desired result. O

Based on this representation the same regularity results as in Theorem 2.6 and
Proposition 2.7 can be shown using the methods in Section 6. The question of uniqueness
of solutions to the nonlinear SPDE is more subtle. In the case of an absorbing boundary,
uniform L? regularity is used to deal with the nonlinearity by employing an argument
involving a sequence of stopping times (see [18, 19]). As discussed in Section 6 we do
not expect such regularity to hold in the elastic case. This makes the extension to
the nonlinear case appear significantly more difficult than in the absorbing case and an
entirely different approach may be needed.

8 Absorption and Reflection as Limiting Cases

Intuitively, an elastic boundary condition acts as a mixture of an absorbing boundary
and a reflecting boundary — with the positive parameter k controlling the balance of the
two. This can be seen from the elastic condition

929(0) = £¢(0), (8.1)

if we take the limits K — 0 and Kk — co. When taking x to co we obtain the absorbing
boundary condition ¢(0) = 0 and taking x to 0 yields the reflecting boundary condition
0:¢(0) = 0. This shows that the absorbing and reflecting cases can be obtained as limits
of the elastic case. Moreover, we observe the same when analysing the elastic stopping
times

T=inf{t >0:L; > x"}, x"~ Exp(k).

In the limit kK — oo we get x* — 0 and the stopping time 7 becomes the first time the
process X hits the boundary at 0, i.e. the absorbing stopping time. For x — 0 we have
the convergence Y — oo and the elastic killing time 7% converges to co. As a result the
limit process becomes purely reflecting. The goal of this section is to show that we also
have this convergence at the level of the measure-valued processes as we let x go to 0 or
o0o. We will write v* for the solution to the elastic SPDE to emphasis the dependence
on the elastic-killing parameter k.
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SPDEs of the type (2.1) with an absorbing boundary are studied in [18] and in [19].
Existence and uniqueness of solutions is proved in these articles. The absorbing nature
of the boundary is defined through the space of test functions

C3'(R) = {¢ € S(R) : ¢(0) = 0} (8:2)
By using the space of test functions
Co'(R) == {¢ € S(R) : 0,$(0) = 0} (8.3)

in the formulation of the SPDE (2.1) we have instead a reflecting boundary. With a few
adjustments to the proof for the elastic case, we can also prove Theorem 2.8.

Proof of Theorem 2.8. The particle system is now simply the fully reflected system (1.1)
without any ‘killing’. This amounts to removing the indicator functions from the empiri-
cal measures (1.3). By the work in Section 3, we immediately obtain all the probabilistic
estimates required to implement the same arguments as in Section 4. Thus, we obtain
that limit points of the empirical measures belong to the class A and are solutions to
the desired SPDE with a reflecting boundary phrased in terms of C(I)%(]R).

Since the limit points belong to the class A, we can prove uniqueness as in Section 5,
but now using the reflecting heat kernel G to mollify solutions (instead of the elastic
heat kernel). In the reflecting case the weak formulation of the boundary simplifies
because the process takes values in the space of probability measures. Denoting by TgR
the convolution operator with G and by ©° a solution to the reflecting SPDE, we see
that for the anti-derivative at the boundary, an application of Fubini’s theorem and
the fact that G integrates to 1 gives 9; 'TF)(0) = —12[0,00). The rest of the proof
now follows with the same arguments as in the elastic case (the only changes are some
substantial simplifications to the arguments, as less terms need to be treated). O

Now that we have existence and uniqueness for the three boundary cases, we can
prove Theorem 2.9 on the weak convergence of the solution to the elastic equation to
the absorbing and reflecting counter parts in the following way

e verify tightness of (") to establish existence of limit points
e show that limit points solve the absorbing or reflecting SPDEs, respectively,
e deduce weak convergence from uniqueness of solutions.

The first step concerns tightness. As in the case of the particle approximations we
consider tightness on the space of cadlag processes with values in the space of tempered
distributions.

Lemma 8.1. Let (1%, W?) be a sequence of solutions with v* in the class A to the SPDE
(2.1) with elastic boundary condition for parameter k > 0. Then, the sequence (v, W?)
is tight on (Dgr, M1) x (Cr, ||-||») for both cases, kK — 0o and k — 0 .

Proof. We follow the same approach as in Proposition 4.3. By the probabilistic repre-
sentation from Proposition 7.3 we know that for ¢ € S we have
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(v, @) = B [¢(X) Tarn| 7] (8.4)

We can then again apply the decomposition of [27, Proposition 4.2] and obtain that the
first condition we need to show is

E[Kﬁfa@—(ﬁﬁ,@\ﬂ =O(|t - s|?), as [t—s| —0 (8.5)
for o
(0F,6) = E [#(Xanm)| 5]

The definition of X is independent of x and we can conclude condition (8.5) with the
same methods as in Proposition 4.3. To conclude tightness using the approach of Propo-
sition 4.3 we need to verify that for all ¢t € [0,7] and n > 0

lim limsup P(Lf, 5 — £F >n) =0, LF=P (Tﬁ < t|.7-"t”K’WO) , (8.6)
0

6—0 K—

to obtain tightness in the case x — 0 and the same condition with limsup,._, ., for the
other case. Markov’s inequality yields

P(Li s — L5 =n) <n Pt <77 <t +0)

We consider a process Y given by
_ t t
Y= X +/ ,usds—i—/ osdWy
0 0

v~vhere dWy = deVVS0 + 41— pgdWSl. The reflecting particle X is then given by X; =
Y; + L, using the Skorokhod problem. Moreover, we set Y,” := Y;* 4+ x". We can apply
this together with the definition of the stopping time 77 to obtain

]P’(T"gt):]P’(Lt>X”):]P’< inf ﬁg—ﬁ) :]P’( %f}Y;‘gO).
s€|0,t

Taking € > 0 we have

P<ri<t+0)=Pl<m"<t+6,Y " >2e)+Pt <7 <t+6,YS €(0,¢))
+P(t <" <t+46,Y"<0).

K

The last term is zero because Y;® < 0 implies 77 < ¢. This gives the estimate

Pt<m8<t+8)<PE<T"<t+0,Yr>e)+P (Y e (0,e)). (8.7)

To deal with the second term on the right-hand side we apply the scale transformation
and change of measure discussed in Section 3 to transform Y* into a Brownian motion.
The only dependence on k is then left in the initial condition. However, note that
x" converges to zero or infinity almost surely if we take the limit k — oo or kK — 0,
respectively. Since the function ¢ is continuous in the x variable and the measure Q is
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equivalent to P we also get Q-almost sure convergences to zero or infinity for {(t, x*).
Using the properties of Brownian motion we then have

limsup P(Y;" € (0,¢)) < C,Q (B, € (0, CW,E))l/q =o0(l), ase—0,

K—00

for ¢ > 1, a constant C; > 0 depending on ¢ and B a Brownian motion under Q. In the
case k — 0 we get
limsup P(Y;" € (0,¢)) = 0.

Kk—0

To estimate the other term in (8.7), we follow the structure of the proof of [18, Propo-
sition 4.7]. We get

P(t<7“<t+5,¥f25)§ﬂ”< inf lg”go,Yf>s)
sE[t,t+0]

<IP’< inf (Y —Y)") < —5).
SE[t,t+4]

Using the scale transformation ¢ from Section 3 we define U = ((t + s,Y},) — ((t +
s,Y{"). The dynamics of U" are given by dUF = ufds + dWs, where u” is a uniformly
bounded drift coefficient. This means we can find a constant ¢; > 0 such that

IP’< inf (Y] -Y)") <—6) :IP’< inf U < —ﬁ)
sE[t,t+6] s€[0,6]

<P ( inf W, < —c1(e — 5)) = ®(—c167 (e —6))
s€[0,4]

where @ is the normal c.d.f. We need that ¢ — § > 0 and the convergences
57 Y2(e(6) — ) = 00, €(8) = 0.

Choosing £(5) = 6%/21log(1/8) gives the desired convergences and we get (8.6). This
completes the tightness proof. O

To show weak convergence, it is now sufficient to prove that the limit points solve
the respective SPDEs for the reflecting and absorbing cases. To do this, we again rely on
the martingale approach described in Section 4.2. Consider the maps M®(v*), S¢ (1)
and C?(v") defined in (4.7). We need to show that, as we take the limit x — 0/0c0, we
obtain the corresponding quantities for the reflecting and absorbing cases, respectively.

Proposition 8.2. Fiz t < T and define Uy, : {{ € Dgr : & € M1 (R)} xS — R by

t
(6, 6) = /0 (€0, h(5, )8} (8.8)

with h denoting a placeholder for p,o? or po. If V* — v* weakly on (Ds/, M1) and
¢" — ¢* in S, then we also have the convergence V5 — Wy weakly on R.
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Proof. We show the result for the case kK — 0. The other case follows using the same
line of argument. We fix a bounded Lipschitz function f € Lip(R). By Lemma 8.1
and the resulting relative compactness we can find a weakly convergent subsequence,
again denoted by (v, ¢"). By Skorokhod representation we can assume almost sure
convergence and use the triangle inequality and the Lipschitz continuity of f to obtain

|

} ) — C (B[] + E[5))

[E[f(R)] = E[f (W3] < C<E [ /0 (Vg —vg, (s, )¢")ds

+E H/Ot@g, h(s,)¢" — h(s,)¢")ds

for some C' > 0. We can treat the first term as in [19, Proposition 4.7]. For the second
term involving I5, using that h is bounded and v is a sub-probability measure gives

IF<c|¢"— ¢, =0 ask—0.

This completes the proof for convergence to the reflecting case. The same arguments
show the result for the case Kk — o0. O

Proof of Theorem 2.9. Combining the martingale approach we used in Section 4.2 with
the results of Lemma 8.1 and Proposition 8.2 it follows that " converges to a solution to
the reflecting or absorbing SPDE when taking the limit x — 0 and kK — oo, respectively.
The necessary regularity results follow in the same way as in Section 4.3. We can then
conclude weak convergence from the uniqueness result of Theorem 2.8 for the reflecting
case and [19, Theorem 2.6] for the absorbing case. O

A Appendix: Properties of the Elastic Heat Kernel

We begin by introducing several heat kernels, corresponding to a standard Brownian
motion either on the whole real line or on the positive half-line with either reflection
or elastic killing imposed at the origin. Recall first that the Gaussian heat kernel on R
with variance e, which we denote by p., is given by

1 22

pe(x) = \/%6_27. (A.1)

The reflecting (or Neumann) heat kernel G on [0, 00) can then be defined as

GE(w,y) = pe(z — y) + pe(z +y). (A:2)
Finally, the elastic (or Robin) heat kernel GE* i given by [4, Appendix 1, Sect. 10]:
1

2me

— Kexp (Fa(w +y)+ '?) (1 — Exf (w\/%’%» (A.3)
=G (z,y) — g2 (2, y)

GE™(,y) == |70/ (o2

40



where Erf is the error function

Erf(x / 212,
f

Lemma A.1. The two maps x +— Gf’”( y), fory >0, and y — GE “(z,y), forx >0
belong to C(])E’”(R) for all e > 0.

Proof. This follows from direct computation of the derivatives. O
The following lemma allows us to switch derivatives from y to x.
Lemma A.2. The derivatives of the elastic heat kernel GE* satisfy
(i) 0,G=" (2, y) = ~0.G ™ (@, y) + 20upe(x +y) — 20592 (2,y)
(ii) Dy G (2,y) = 00 G " ().
Proof. (i) We have

ayGf’R(,I, y) = ang(x’ y) - aygfﬁ(xa y)
0;GE"(w,y) = 0,GL(z,y) — 0,92 (2, y).

Note that by symmetry of g=* in 2 and y we have @gf’“(m,y) = 0,92 (2,y). Recall
that the reflecting heat kernel is given by GZ(z,y) = p.(z — y) + pe(z +y). Thus, we
get the relation

9,GE(x,y) = —0.GE(x,y) + 20.p-(x + ).

Considering the two equations for the elastic heat kernel we have
8yGf’K(x7 Z/) = _angE,n(x, y) + Qaacpa(l' + y) - 28$95E’K(xa y)-

(ii) First of all, it is readily seen that 0y, GE(z,y) = 0,2GE(x,y). The same relation
holds for gEE " by symmetry in = and y. This gives the result. O

We also need a bound on the elastic correction term gaE o
Lemma A.3. For all z,y > 0 and all e > 0 we have g&"*(x,y) < kexp(—(z + y)2/2¢).

Proof. By definition of the error function and a change of variable, we can estimate

H ol r+y+ Ke
gEE, ($,y):ne ( +y) (1—Ef<\/£>>

<z+z+y>2

2
e -5 6fm(z+z+y) dz

_ gerla)

\/ﬁ

22 <z+y>2 _ (at+y)?

e 2xe 2¢ dz < ke 2e

2
K
\V2me Jo
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B Appendix: Elastic Heat Kernel Mollification in H !

Let ¢ be a finite signed measure and let p. denote the Gaussian heat kernel. The

convolution ¢ * p., given by ¢ * pe(x) = [ppe(x — y)¢(dy), is a function in C°(R).
Moreover, the sequence (¢ * p;) converges weakly to ¢ as € — 0, i.e., for every bounded
and continuous function ¢ : R — R we have [, ¢(x)(¢ * pe)(z)dzr — [ ¢(x)((dx) a

¢ — 0. This smooth approximation is the basis of the kernel smoothing method but
instead of the Gaussian heat kernel we use the elastic heat kernel GgE ®_ We define the
smoothed measure TEE "¢ as

TER (@) = (G GE (o) = [ GESmy)glay). (B.1)

0

The reason for this choice is that it is an element of the test function space CéE "(R).
Furthermore, it is known in an explicit form which enables explicit computations such as
the switching of derivatives in Lemma A.2. The weak convergence still holds for TEE e
in the case we are interested in. Furthermore, we have the following property.

Proposition B.1 (Contraction). If f € L%(0,00), then |TZ" flla < ||f|l2 for all & > 0.

Proof. Note that GEE > 0 and apply the Cauchy-Schwarz inequality to get
* 1 . 1
15 @) = [ GER ol = | [ (GE ) GE ) )l

</0 Gf’”(w,y)dy-/o GE(x,y) f(y)*dy.

Integrating over x > 0 yields the result. O

The space in which we perform the energy estimates is H~', the dual space of H'.
The Sobolev space H' is the space of L?-functions with weak derivative in L? equipped
with the norm

1/2
101000 = (171720000 + 1025 W 200)) -

The space H~! is its dual space given by the linear functionals on H! with norm

1K=y = sup [C(@)].

”‘15”1-11(0700):1

The following proposition is adapted from [18]. It justifies that the empirical measures
and their limit points are indeed valued in H~!,

Proposition B.2. Let ¢ be a finite signed measure. Then ( € H™ 1.

Another tool we need for the energy estimates is the notion of an anti-derivative
operator d; !, which we define as
o
= —/ f(y)dy (B.2)
x

for an integrable function f : R — R. Note that we then have 9,0, ' f = f. We use this
operator in the following estimate for the H~'-norm.
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Lemma B.3. Let ( € H™!. Let the convolution operator TEE’” and the anti-derivative
9,1 be defined as above. Then there exists a constant C > 0 such that

61y < Ctim (07 TGl gy +| [ TP ). B3)
Proof. Take a function ¢ € H'(0,00). By integration by parts we have
(CTEG) = (TEC D)ooy = [ 0,0 TEXC(a)ow)do
— 0, TERG(O0(0) - [ 0 T ((@)0r 0l
0

where the boundary term at infinity vanishes due to the decay 0, ITE "(x) — 0, as
x — oo, and Morrey’s inequality [14], which gives |¢[| ., < co. Furthermore, Morrey’s
inequality also gives ¢(0) < C'[|¢|| 1, for a universal constant C' > 0, and hence

(@) < liminf (C10; T2 CO)] 1] + |07 Tl 161 1)

Taking the supremum over all ¢ with ||¢|| ;1 = 1 yields the result. O
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