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Abstract

Take a prime power ¢, an integer n > 2, and a coordinate subspace S € GF(g)"
over the Galois field G F (g). One can associate with S an n-partite n-uniform clutter
C, where every part has size g and there is a bijection between the vectors in S and
the members of C. In this paper, we determine when the clutter C is ideal, a property
developed in connection to Packing and Covering problems in the areas of Integer Pro-
gramming and Combinatorial Optimization. Interestingly, the characterization differs
depending on whether ¢ is 2, 4, a higher power of 2, or otherwise. Each characteriza-
tion uses crucially that idealness is a minor-closed property: first the list of excluded
minors is identified, and only then is the global structure determined. A key insight is
that idealness of C depends solely on the underlying matroid of S. Our theorems also
extend from idealness to the stronger max-flow min-cut property. As a consequence,
we prove the Replication and T = 2 Conjectures for this class of clutters.

Keywords Vector space over finite field - Multipartite uniform clutter - Ideal clutter -
The max-flow min-cut property - Minor-closed property - Matroid

1 Introduction

Let V be a finite set of elements, and let C be a family of subsets of V called members.
A cover is defined as a subset of V that intersects every member in C. Given weights
w € ZY, a minimum weight cover can be computed by solving the integer program
min{fw'x : MC)x > 1,x € ZK}, where M (C) is the incidence matrix of C whose
columns are labeled by the elements and whose rows are the incidence vectors of the
members. The linear programming relaxation of this integer program is the problem

B Dabeen Lee
dabeenl @kaist.ac.kr

Ahmad Abdi
a.abdil @lse.ac.uk

Department of Mathematics, London School of Economics and Political Science, London WC2A
2AE, UK

Department of Industrial and Systems Engineering, KAIST, Daejeon 34126, Republic of Korea

Published online: 05 November 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10107-024-02155-3&domain=pdf
http://orcid.org/0000-0002-3802-1371

A.Abdi, D. Lee

of minimizing w " x over the associated set covering polyhedron given by Q(C) :=
{x € RV :M©OCx>1,x > 0}. For the purpose of finding a minimum weight cover,
we may assume without loss of generality that no member properly contains another,
in which case we call C a clutter over ground set V [15]. A necessary and sufficient
condition for the relaxation to return an integer solution for any w € ZY, thereby
giving a minimum weight cover, is that every extreme point of Q(C) is an integral
vector, in which case we say that C is ideal [12].

Every clutter whose members are pairwise disjoint is obviously ideal. Many non-
trivial examples of ideal clutters can be found in Combinatorial Optimization — let us
mention a few here: the clutter of sz-paths of a graph [27], (inclusionwise) minimal s-
cuts of a graph [14], minimal T'-joins of a graph [17], minimal 7 -cuts of a graph [17],
and odd circuits of a signed graph that has no odd-Ks minor [18]. Each of these
examples has as ground set the edge set of the associated graph. In general, it is co-NP-
complete to decide whether a clutter is ideal [ 13], and understanding the various aspects
of the theory of ideal clutters is one of the long-standing open research directions in
the area: 11 of the 18 conjectures in the book Combinatorial Optimization. Packing
and Covering [10] are directly about general or special instances of ideal clutters.

Very little is known about the structure of all ideal clutters (see [10][Sects. 1.1, 1.2,
and 4]). As such, previous works focused on ideal clutters that arise from graphs and
combinatorial optimization problems. In this paper, we introduce a novel approach to
discover and understand ideal clutters, by studying the notion of multipartite uniform
clutters. Our approach leads to a geometric framework to generate ideal clutters,
thereby providing a new perspective for studying ideal clutters.

1.1 Multipartite uniform clutters and vector spaces

Multipartite uniform clutters A multipartite uniform clutter C is obtained as a
family of hyperedges of an n-partite hypergraph whose vertices are partitioned
into n nonempty disjoint subsets Vi, ..., V, for some n > 1, and every hyper-
edge intersects each of the subsets exactly once. Then all members of C have an
equal size n, and therefore, C is n-uniform (or simply uniform) and a clutter. In
particular, in a multipartite uniform clutter, the size of a member is equal to the
number of partitions. For example, Qg, the clutter of triangles in K4 given by
0s = {{1,3,5},{1,4,6},{2,3,6}, {2,4,5}}, is a 3-partite 3-uniform clutter over
ground set {1, ..., 6} partitioned into {1, 2} U {3, 4} U {5, 6}. The class of multipar-
tite uniform clutters looks restricted, but in fact, it is general enough to understand
the entire class of ideal clutters. More precisely, it was shown in [4] that if we had
a characterization of when a multipartite uniform clutter is ideal, then this would in
turn completely characterize ideal clutters. This is because any given clutter can be
“locally embedded” in a multipartite uniform clutter [4]'. This connection allows us
to take a different angle on understanding idealness.

Vector spacesover G F(q) Thanks to their special structure, one may take advantage
of a geometric framework for constructing multipartite uniform clutters. To explain

I We discuss related ideas in Sect. 6.1.
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From coordinate subspaces over finite fields...

it, take a prime power g and G F(q), the Galois field of order q. For convention, we
denote by 0 and 1 the additive and multiplicative identities of G F(g), respectively.
When ¢ is a power of a prime number p, we call p the characteristic of GF(q).
GF(q)" for some n > 1 is the set of n-dimensional vectors whose coordinates are
in GF(q) and is called a coordinate space. We say that any vector subspace of the
coordinate space over G F(q) is a coordinate subspace. Throughout the paper, we
refer to a coordinate subspace over G F (q) as a vector space over G F (q) or simply as
a coordinate subspace. For any vector space S € GF(q)" over G F(q), there exists a
matrix A whose entries are in G F(q) suchthat S = {x € GF(q)" : Ax = 0} where 0
denotes the vector of all zeros of appropriate dimension and all equalities in the system
Ax = 0 are over GF(q). Given S, we construct a multipartite uniform clutter in the
following way. Taking n disjoint copies V1, ..., V, of GF(g), we can view G F (¢)"
as V1 x -+ x V,; sothat S is a subset of V| x - - - x V},. The multipartite uniform clutter
of S is the clutter over ground set V1 U - - - U V,, defined by

mult(S) == {{x1,...,xx}: (x1,...,x4) €S, x; €V; fori € [n]}.

Here, the size of a member equals the number of partitions n, and mult(S) is an n-
partite n-uniform clutter. For example, Ry 1 := {(0,0,0), (0, 1, 1), (1,0, 1), (1, 1, 0)}
is a vector space over GF(2), and R;; is isomorphic to {(1,3,5), (1,4,6),
(2,3,6), (2,4,3)) C {1,2} x {3,4} x {5,6}.2 So, mult(Rq, 1) is isomorphic3 to Qs.
There is a one-to-one correspondence between the members of mult(S) and the vec-
tors in S. Although we focus on vector spaces over a finite field, we remark that the
definition of multipartite uniform clutters extends to any subset of the direct product
of finite groups. We discuss this further in Sect.2.1.

Binary spaces and clutter minors  Abdi, Cornuéjols, Guri¢anovd, and Lee [4] con-
sidered vector spaces over G F(2), often referred to as binary spaces, and provided
a characterization of when their multipartite uniform clutters are ideal. For example,
mult(Ry,1) = Qg is ideal [34]. The characterization is in terms of clutter minors, or
simply minors. Given a clutter C over ground set V and disjoint subsets 7, J of V,
we define C \ 1/J as the clutter over V — (I U J) that consists of the minimal sets
of {C—J: CeC, CNI =} Here, wesay that C \ 1/J is the minor of clutter C
obtained after deleting I and contracting J. We call it a proper minor if I U J # (.
It is well-known that if a clutter is ideal, then so is every minor [34].

Theorem 1.1 ([4]). Let S be a binary space. Then mult(S) is ideal if, and only if,
mult(S) has none of L7, Qs, b(Qs) as a minor.

Here, L7, Os, b(Q5) are some non-ideal clutters over at most 10 elements, which we
define and explain in detail in Appendix A. The proof of Theorem 1.1 is based on
the connection between binary spaces and binary matroids, by which we can apply
Seymour’s Theorem [32] on the sums of circuits property, introduced in [33].

2 This holds because there is a natural bijection between {0, 1}3 and {1, 2} x {3,4} x {5, 6}.

3 Given clutters C, C’, we say that C is isomorphic to C' and write C = C’ if C’ can be obtained from C
after relabeling the elements of C.
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1.2 Summary of our results

Results | Motivated by Theorem 1.1 for binary spaces, we consider the following
question. Given a vector space S over an arbitrary finite field G F (¢), when is mult(S)
is ideal? In this paper, we completely answer this question. We divide our analysis
into three cases. First, we consider prime powers that are odd, secondly the ¢ = 4
case, and thirdly powers of 2 greater than 4. What follows is a summary of our main
results for the three cases.

For our first result, we need two more definitions. The dimension of vector space S
is defined as the maximum number of linearly independent vectors in S over G F(q).
Moreover, denote by Ajz the clutter over ground set {1, 2, 3} whose members are
{1, 2}, {2, 3}, {3, 1}. Notice that Az is the clutter of edges in a triangle and that A3 is
non-ideal because (1/2, 1/2, 1/2) is a fractional extreme point of the associated set
covering polyhedron Q(Aj3).

Theorem 1.2 (proved in Sect.5). Take an odd prime power q, and let S be a vector
space over G F(q). Then the following statements are equivalent:

i. mult(S) is ideal,
ii. S has the form S = S| x --- x S, where each S; has dimension at most 1,
iii. mult(S) contains no A3 as a minor.

The case of G F'(4) allows more general structures in the vector space. We say that

row vectors v!, ..., v" withr > 2forma sunflower if, after permuting the coordinates,

the vectors are of the form

v rullut|0]---|0
v2 | 4| 0 |u? 0
v Lull0]0 u”
where u®, ul ... , u” are some row vectors with nonzero entries and 0 denotes a row

vector of all zeros of appropriate length.

Theorem 1.3 (proved in Sect.7.1). Let S be a vector space over G F(4). Then the
following statements are equivalent:
i. mult(S) is ideal,
ii. S has the form S = S1 x --- x S¢ where each S; has dimension at most 1 or
admits a sunflower basis,
iii. mult(S) contains no Az as a minor.

Lastly, for the case when ¢ is a power of 2 greater than 4, we define another small
non-ideal clutter. Cg is the clutter over ground set {1, ...,5} whose members are
{1,2},{2, 3}, {3, 4}, {4, 5}, {5, 1}. C52 is the clutter of edges in a cycle of length 5, and
notice that C52 is non-ideal because (1/2,1/2,1/2,1/2,1/2) is a fractional extreme
point of the associated polyhedron Q(C 52).

Theorem 1.4 (proved in Sect.7.1). Let g be a power of 2 such that g > 4, and let S
be a vector space over G F(q). Then the following statements are equivalent:
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i. mult(S) is ideal,
ii. S has the form S = §1 x --- X Sg where each S; has dimension at most 1,
iii. mult(S) contains no C52 as a minor.

Theorems 1.2 to 1.4 lead to the conclusion that when ¢ is a prime power other than
2, the class of coordinate subspaces whose multipartite uniform clutter is ideal has
restricted structures. Nevertheless, the main takeaway of this paper is that we propose
a novel framework to study and generate idealness by multipartite uniform clutters
and complete the analysis of the natural class of multipartite uniform clutters obtained
from coordinate subspaces. Our analysis is based on an interesting interplay between
the clutter and its underlying matroid.

Results I We take one step further to understand the max-flow min-cut (MFMC)
property [34] for the multipartite uniform clutters from coordinate subspaces.
While the idealness of a clutter corresponds to the integrality of the associated set
covering polyhedron, the MFMC property is the analogue of fotal dual integral-
ity [16, 19]. To formalize this, given a clutter C over ground set V with weights
w € ZK, we consider T(C,w) := minfw'x : MCx > 1,x € ZK} and
v(C,w) == max{1Ty: MQO) 'y <w,ye Zi} Note that 7(C, w) computes the
minimum weight of a cover of C, whereas v(C, w) computes the maximum size of a
packing of members of C such that each element v appears in at most w, members
in the packing. Here, we say that C has the MFMC property if t(C, w) = v(C, w)
holds for every w € ZK. Hence, the MEMC property of C is equivalent to the total
dual integrality of the linear system M (C)x > 1, x > 0, and therefore it follows that
the MFMC property implies idealness. The following result provides a complete char-
acterization of the MFMC property for the multipartite uniform clutters from vector
spaces.

Theorem 1.5 (proved in Sect.5). Take any prime power q, and let S be a vector space
over GF(q). Then the following statements are equivalent:

i. mult(S) has the max-flow min-cut property,
ii. S has the form S = Sy x --- X Sg where each S; has dimension at most 1,
iti. mult(S) has none of Az, Qg as a minor.

Here, A3z does not have the MFMC property as it is non-ideal. While Qg is ideal, it
does not have the MFMC property because 7(Q¢, 1) =2 > 1 = v(Q¢, 1).

As a corollary, idealness and the MFMC property coincide when ¢ is an odd prime
power or g is a power of 2 greater than 4. In contrast, there is an example of a vector
space over G F(4) whose multipartite uniform clutter is ideal but does not have the
MFMC property. We demonstrate this example in Sect.8. Theorem 1.5 also has a
consequence on the Replication Conjecture, proposed by Conforti and Cornuéjols [9].
In particular, the Replication Conjecture is a set covering analogue of the Duplication
Lemma for perfect graphs [25].

Corollary 1.6 (proved in Sect.8). The Replication Conjecture holds true for the class
of multipartite uniform clutters from coordinate subspaces.
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Another corollary of Theorem 1.5 is on the T = 2 Conjecture, proposed by Cornuéjols,
Guenin, and Margot [11]. They showed that if the T = 2 Conjecture holds, then so
does the Replication Conjecture [11], providing a way of tackling the Replication
Conjecture.

Corollary 1.7 (proved in Sect.8). The t = 2 Conjecture holds true for the class of
multipartite uniform clutters from coordinate subspaces.

We will formally state the Replication Conjecture and the 7 = 2 Conjecture along
with the proofs of Corollaries 1.6 and 1.7 in Sect. 8.

1.3 Organizations of the paper

This paper provides a complete characterization of when the multipartite uniform
clutter of a coordinate subspace is ideal and when it has the MFMC property. Recall
that the proof for the binary space case (Theorem 1.1) is based on understanding
connections between binary spaces and binary matroids. It turns out that extending this
result to the case of vector spaces over G F (g ) for a general prime power g also requires
characterizing relevant matroids that are representable over G F'(q). The proofs of our
main results are divided into two steps. First, we characterize the underlying matroid
of a vector space after certain minors are forbidden from its multipartite uniform
clutter. Second, based on the theory of ideal clutters, we argue that the corresponding
multipartite uniform clutter is ideal or have the max-flow min-cut property. Although
we presented and categorized our results according to different cases of prime powers
in Sect. 1.2, we organize and structure the paper based on the proof steps.

The first proof step that analyzes the underlying matroid is covered in Sects. 3 and
4. In Sect.3, we provide structural characterizations for the underlying matroid of
a vector space whose associated multipartite uniform clutters do not have A3 as a
minor. In Sect.4, we study how such matroid structures shape the geometry of the
vector space, providing structural characterizations of the vector space.

The second step for proving idealness is given in Sects. 5 to 7. In Sect. 5, we prove
Theorem 1.5 which characterizes idealness for an odd prime power ¢g. In fact, Theo-
rem 1.2 for the MFMC property of the multipartite uniform clutter of a vector space
over G F'(q) for any prime power g shares much of the proof with Theorem 1.5. Hence,
we prove the two theorems in Sect. 5. For the idealness under the case of powers of 2,
we need more techniques. In Sect. 6, we develop some tools for understanding vector
spaces generated by a sunflower basis that appear for the case of powers of 2. We
divide our analysis of the case of powers of 2 into the ¢ = 4 case and the case of
q = 2k for k > 3. The g = 4 case, Theorem 1.3, is covered in Sect.7.1. The other
case, Theorem 1.4, is presented in Sect.7.2.

We conclude the paper by proving Corollaries 1.6 and 1.7 on the Replication Con-
jecture and the T = 2 Conjecture, respectively, for the class of multipartite clutters
from coordinate subspaces in Sect. 8. Section?2 provides some basics of multipartite
uniform clutters and matroid theory. More advanced concepts in matroid theory and
the theory of ideal clutters are defined and explained whenever necessary.
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2 Preliminaries
2.1 Basics of multipartite uniform clutters

In the introduction, we explained how to construct multipartite uniform clutters from
vector spaces. In this section, we generalize this framework and discuss some basic
properties of multipartite uniform clutters.

Multipartite uniform clutters from set systems Let V|, ..., V, be n nonempty sets,
and take a subset S of V] x --- x V,,. We would take V; = GF(q) fori € [n] for a
vector space over G F(g), but we may take arbitrary finite sets that do not necessarily
have the same size. Then the multipartite uniform clutter of S, denoted mult(S), is
defined as the clutter over ground set V| U - - - U V,, whose members are {x{, ..., x,}
for (x1,...,x,) € S. Here, S need not be a vector space. When each V; has size two,
mult(S) for § C V] x- - - x V,, coincides with the cuboid of S, denoted cuboid (S) [4, 5].
In that case, V| x - - - x V,, is given by {0, 1}"*, so cuboids correspond to vertex subsets
of the n-dimensional 0,1 hypercube, and this is how the name cuboid is coined. In
particular, for a binary space S, we have that mult(S) = cuboid(S). Hence, multipartite
uniform clutters generalize cuboids.

Remark 2.1 Let C be a clutter, and let Vy, ..., V, be n non-empty sets. Then the
following statements are equivalent:

(1) C is isomorphic to mult(S) for some S C V| x --- X V,,
(i1) the ground set of C can be partitioned into Vi, ..., V, so that for every C € C,
[ICNV;|=1foralli € [n].

Remark 2.1 provides a different yet equivalent definition of multipartite uniform clut-
ters. Now that we have seen Remark 2.1, we know that the incidence matrix of a
multipartite uniform clutter can be partitioned. To be more precise, notice that if a mul-
tipartite uniform clutter’s ground set is partitioned into n non-empty parts Vi, ..., V,,
then the columns of the member-element incidence matrix M(C) of C can be parti-
tioned into n groups, corresponding to Vi, ..., V,, so that a row has precisely one
nonzero entry in each group. For instance,

0
0,0,00] 1
©,1,0] 1
(1,0,1) 1|1

(1,1,0) 1 11

M(Qe) =

As mentioned in Sect. 1, one can also view a multipartite uniform clutter with parts
Vi, ..., V, as the clutter of hyperedges of an n-partite n-uniform hypergraph whose
vertex set is partitioned into V3 U --- U V.

Isomorphism  We may define an isomorphism between two vector spaces by tak-

ing a bijection. Moreover, an isomorphism between two vector spaces leads to an
isomorphism between their multipartite uniform clutters.
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Remark 2.2 Take an integer n > 1 and a prime power ¢, and let S € GF(g)" be a
vector space over GF(q). Let f; : GF(q) — GF(q) be a bijection for i € [n], and
g : GF(q)" — GF(g)" be the bijection defined as

gx) = (fi(x1), ..., fulxn)), x € GF(g)".
Then S is isomorphic to g(S), and moreover, mult(S) is isomorphic to mult (g(S5)).

Projection and restriction of set systems Take an integern > 1.Let Vi, ..., V, ben
nonempty sets, and let S be a subsetof Vi x --- x V,,.Given J C [n]and x € S, x/J
denote the subvector of x that consists of the coordinates not in J. Given J C [n], we
refer to the operation of taking {x/J : x € S} from S as dropping the coordinates in
J from S. Here, any set obtained after dropping some set J of coordinates from S is
referred as a projection of S. Next, we say that the pointsof aset S C Vi x --- x V,
agree on a coordinate i € [n] if there exists v € V; such that x; = v for every x € S.
Let U; be a nonempty subset of V; for i € [n]. Here, U; need not be a proper subset
of V;. Throughout the paper, we consider the operation of taking SN (Uy x - - - x Up)
and dropping the coordinates where the points of S N (U; x - -- x U,) agree on. We
call the operation restricting S to Uy x - - - x U,. We will refer to a set obtained from
S after restricting S to Uy x --- x U, for some Uy, ..., U, such that U; C V; for
i € [d] as a restriction of §.

Lemma 2.3 Take an integer n > 1. Let Vi, ..., V,, be n nonempty sets, and let S C
Vi x «-« X V. If S’ be a set that is either a projection or a restriction of S, then
mult(S”) is a minor of mult(S).

Proof Suppose first that S’ is a projection, say for some J C [n], S’ is obtained from
S after dropping the coordinates of J. Then mult(S’) is the minor of mult(S) obtained
after contracting the elements in V; for j € J.

Suppose next that S’ is a restriction. Then S’ is obtained after restricting S to
Uy x -+ x U, forsome Uy, ..., U, such that U; C V; fori € [n]. Then mult(S’) is
the minor of mult(S) obtained after deleting the elements in (V; \ U;) for i € [n] and
contracting the elements in V; for j € J where J is the set of coordinates where the
points in S N (Uy x --- x U,) agree on. O

2.2 Matroid theory for vector spaces

As mentioned in the introduction, understanding connections between vector spaces
over G F'(g) and matroids representable over G F'(g) is the key to derive our main
results. In this section, we provide some basic matroid theory concepts and tools.

Matroid basics A matroid is defined over some ground set E and some family Z of
subsets of E, called independent sets, that satisfy the following properties:

(1) vel.
(2) Every subset of an independent set is an independent set, i.e., B € Zif A € 7 and
B C A.
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(3) If A, B € Zand |B| < |A|, then there exists somea € A\ B suchthat BU{a} € 7.

For example, given a matrix over a field F, one can construct a matroid over the set
of columns of the matrix by taking any collection of linearly independent columns as
an independent set.

A basis of a matroid is a maximal independent set. As one would expect, all bases
in a matroid have the same number of elements, and this number is referred to as the
(matroid) rank. A dependent set of a matroid is a subset of its ground set that is not
an independent set, and a circuit is a (inclusion-wise) minimal dependent set.

Graphic matroids (also called cycle matroids) are another common class of
matroids. Let G be a graph whose edge set is E. The graphic matroid of G, denoted
Matroid(G), is defined over ground set E, and its independent sets are (the edge sets
of) the forests in G. Note that a circuit of Matroid(G) is a cycle in G.

Matroids from vector spaces Take a prime power ¢, and consider the Galois field
GF(q) of order g, with additive and multiplicative identities denoted as 0 and 1,
respectively. Take an integer n > 1, and let S € G F(g)" be a vector space over
G F(q). Let A be a matrix over n columns with entries in G F'(¢) such that § = {x €
GF(q)" : Ax = 0}, where the equality in the linear system Ax = 0 holds over G F (g).
The underlying matroid of S, denoted Matroid(S), is the matroid represented by A
over G F(q). Recall that the dimension of vector space § is defined as the maximum
number of linearly independent vectors in S over G F'(q). Note that

the dimension of § = n — rank(A) = n — rank (Matroid(S))

where rank(A) is the matrix rank of A over G F(q) and rank (Matroid(S)) is the
matroid rank of Matroid(S) over G F' (q). Although the representation matrix A is not
unique for vector space S, our terminology suggests that Matroid(S) is. The remark
below justifies this.

Remark 2.4 Take a prime power ¢, and let S be a vector space over G F(q). Then
the clutter of circuits of Matroid(.S) is the set of inclusion-wise minimal members of
{support(x) : x € §,x # 0} where support(x) = {i € [n] : x; # 0} denotes the
support of a vector x € GF(gq)".

Given vectors vl 0" € GF(g)", et (vl, ) =
{Zie[r] AVt : X € GF(q) fori € [r]}, where addition is done over G F(g). The
set (v, ..., v"), which we call the span of the vectors, is a vector space over G F(q).

A basis of a vector space S is an inclusion-wise minimal set of vectors whose span is
S. In this section, we characterize in terms of the underlying matroid when a vector
space is spanned by a set of vectors of disjoint supports, or a set of vectors that form
a sunflower.

Matroid minors Matroid deletions and contractions in Matroid(S) correspond to
restrictions and projections in S. Let M be a matroid over ground set E. The matroid
obtained after deleting a subset I of E is defined as the matroid over ground set E \ 1
whose independent sets are the independent sets of M contained in E \ I, and we use
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notation M \ I. The matroid obtained after contracting a subset J of E is defined as
the matroid over ground set E \ J and denoted as M/J,and aset U C E \ J is an
independent set of M/ J if U U J’ is an independent set of M for some subset J' of J.
Here, we call a matroid obtained from M after a series of deletions and contractions
a matroid minor of M. For a matroid M and disjoint subsets /, J of the ground set
of M, we denote by M \ I/J the matroid minor of M obtained after deleting / and
contracting J. Let C(M) denote the clutter of circuits of M.

Lemma 2.5 Take an integer n > 1 and a prime power q, and let S € GF(q)" be
a vector space over G F(q). Then Matroid(S) \ 1/J for some disjoint I,J C [n] is
precisely Matroid(S") where ' € GF (¢)"~"1=IV1 is the vector space over G F(q)
obtained from S N {x € GF(q)" : x; = 0 Vi € I} after dropping coordinates in
T1UJ.

Proof Ttisclear that S’ is a vector space over G F (g), so Matroid(S”) is well-defined. To
show that Matroid(S)\1/J = Matroid(S”), we will argue that C (Matroid(S)\7/J) =
C (Matroid(S’)).

If C (Matroid(S) \ I/J) = @, then every C € C (Matroid(S)) intersects I, which
means that support(x) intersects / for every x € S — {0}. This implies that S’ = {0}, in
which case C (Matroid(S")) = #. Thus we may assume that C (Matroid($)\1/J) # 0.

Let C; € C (Matroid(S) \ 1/J). Then there exists C € C (Matroid(S)) such that
CNI =¢¥and C; = C—J.Then C = support(x) for some x € S by the definition of
Matroid(S) (see also Remark 2.4). As CNI = @, it follows that x; = Ofori € I, which
implies that there exists x” € S’ — {0} such that support(x") = support(x)—J = C—J.
So, there exists C, € C (Matroid(S’ )) such that C, C Cy. Therefore, every member
of C (Matroid(S)\1/J) contains a member of C (Matroid(S")).

LetCy e C (Matroid(S’)). Then Cy = support(x’) for some x” € S’ by Remark 2.4.
This implies that there is some x € S such thatx; = O fori € [ and support(x) —J =
support(x”). Since support(x) contains a circuit of Matroid(S) and support(x)NI = @,
it follows that C, = support(x’) contains a circuit of Matroid(S) \ I/J. Therefore,

we deduce that C (Matroid(S)\//J) = C (Matroid(S")), as required. ]
Matroid direct sum and graph block decomposition Consider matroids M, ..., My
over pairwise disjoint ground sets E1, ..., E, and independent set families 7y, . . ., Zy,

respectively. The direct sum of My, ..., Mg, denoted M| & - - - My, is the matroid
over ground set E1U- - -UE, whose independent set familyis {[1U- - -Ul, : [; € Z;,i €
[£]}. We shall need the following basic remark about the direct sum of matroids. For the
remark, we need to recall two notions. First, a block of a graph G is any maximal vertex-
induced subgraph of G that is 2-vertex-connected. A bridge is a block that consists of a
single edge, which is trivially 2-vertex-connected. Finally, we say that a vector space S
is the product of vector spaces Sy and > if S = {(x, y) : x € S§1, y € S} =: S; x 5.

Lemma 2.6 The following statements hold:

1. For a graph G, let Gi,...,Gg be the blocks of G. Then Matroid(G) =
Matroid(G1) @ - - - & Matroid(Gy).
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2. Take a prime power q and G F (q)-representable matroids M, My over disjoint

ground sets. If A1 and A are G F (q)-representations of M| and M, respectively,

then My @ M3 can be represented by (’%‘ ﬁz )

3. Take a prime power q and a vector space S over GF(q). Then S = §1 x S for
some vector spaces S1, S» over G F(q) if and only if Matroid(S) = Matroid(S1) &
Matroid(S»).

Proof (1), (2): See Chapters 4.1 and 4.2 of [28]. (3) follows immediately from (2). O

3 Matroid structures after forbidding non-ideal minors

In this section, we provide structural characterizations for the underlying matroid of
a vector space over G F(g). We start by proving a key tool, given in Lemma 3.1, that
helps us to analyze the structure of the underlying matroid after excluding A3z from
the multipartite uniform clutter. Using this tool, in Sect. 3.1, we study the case where
q is a power of 2 greater than 2. In Sect. 3.2, we consider the case when ¢ is an odd
prime power.

Let g be a power of a prime number p. Recall that we denote by 0 and 1 the additive
and multiplicative identities of G F(¢). Then there must exist an integer £ such that
a+a+---+a (£times)equals O forall a € GF(q), and in fact, the smallest of such
integers is p. Here, p is often referred to as the characteristic of G F(q). Throughout
this paper, we denote by —v and v™! the additive and multiplicative inverses of v for
eachv € GF(q) — {0}.

Lemma 3.1 Take an integer n > 3 and n non-empty sets Vi, ..., V,, and let § C
Vi x -+ x V. If mult(S) contains no Az as a minor, then for any distincta, b, c € S
and distinct i, j, k € [n] such that

ai=b; #ci, bj=c;#aj, cx=ar#b, (%)

there exists d € S — {a, b, c} that satisfies the following:

(1) dy € {ag, by, cp} forall £ € [n], and
(2) atleast two of di = c;, dj = aj, and dy = by hold.

Proof Let V denote the ground set of mult(S). We may assume that there exist three
distinct points a, b, ¢ € § satisfying (x) for some distinct i, j, k € [n]. Take subsets
1, J of [n] as follows:

I = V_{a[,b[,C[ S [n]} and J:{a[,b[,C[ e [l’l]_{l,],k}}

We will show that if d € S — {a, b, ¢} satisfying (1) and (2) does not exsit, then
mult(S) \ //J contains Az as a minor.

Notice that mult(S) \ 7 is mult(Rg) where Ry = {v € S: vy € {ag, by, ¢} for
£ € [n]} and that each member of mult(Ry) is {v1, ..., v,} for some v € S. Further-
more, each v € Ry satisfies {vy, ..., vu} — J = {v;, v, v}, so {v, ..., 00} = J
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remains minimal after contracting J from mult(Rp). This in turn implies that
mult(Rp)/J isequal tomult(R) where R := {(vl-, Vj,U): vES, v €{ag, by, ce} for
£ € [n]}. So, mult($)\//J = mult(R). By definition, R contains points (a;, a;, ax),
(bi, bj, b), and (c;, cj, cx) that are obtained from a, b, c. Suppose that there is no
d € S—{a, b, c} that satisfies (1) and (2). Letd € S withdy € {ay, by, c¢} for £ € [n].
Since d satisfies (1), d does not satisfy (2). Then (d;, dj, dy) can be (c;, bj, k),
(ai,aj,cr), (ai, bj, by),or (a;, bj, ci). To argue that mult(R) contains A3 as a minor,
let us look at the incidence matrix of mult(R):

a; ? aj b K
all 0 1 0 1 0
bl1 0 0 1 0 1
c|l 0 1 0o 1 1 0

Observe that arow of M (mult(R)) other than the ones for a, b, c, if any, has at least two
ones in the columns for a;, b}, ck. So, after contracting the columns for ¢;, a;, by and
removing non-minimal rows, the resulting incidence matrix is precisely M (Az). This
implies that we obtain A3 after contracting c¢;, a;, by from mult(R), a contradiction
to the assumption that mult(S) has no A3 minor. O

3.1 Excluding 83 for the case of characteristic 2

In this section, we prove Theorem 3.6 which provides an important tool for character-
izing the idealness of mult(S) where S is a vector space over G F (2% for k > 2. To
be more specific, Theorem 3.6 characterizes the structure of the underlying matroid
Matroid(S) when mult(S) has no Az as a minor.

Lemma 3.2 Let g be apower of 2, and let S € G F(q)* be avector space over G F (g).
If Matroid(S) is isomorphic4 to U3 4, then mult(S) has A3 as a minor.

Proof Suppose for a contradiction that mult(S) has no A3 as a minor. Since the rank
of U4 is 2, the dimension of S is 4 — —2 = 2. Let vl 2 € GF(q)4 be two
generators of S. By elementary row operations, we may assume that (v} , v%) =(1,0)

and (v}, v3) = (0, 1). Then
v [10/xy
v 01|z w

where x, y, z, w € GF(q). Each circuit of U, 4 has size 3, so x, y, z, w # 0. Then

a:= (—x’lz)vl, b :=v?%, c:=a+ b are vectors in S. Let us consider
al —x7'7]0|—z| —x"'yz
b 0 |1} z w

c| —x71z|1| 0 |—x"lyz+w

4 Matroids M, M’ are isomorphic if M’ can be obtained from M after relabeling the elements of M.
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Fig.1 K4/e

@
4 5
2 3
® ®
1
and observe that a; = ¢; # by, b, = ¢y # ap. We also have that az = b3 # c3,
because g being a power of 2 implies z + z = 0 and z = —z. By Lemma 3.1, there
is a vector d € GF(q)4 that satisfies at least two of dj = by = 0, d» = ap = 0,
d; = c3 = 0 and satisfies dy € {—x~'yz, w, —x~'yz 4+ w}. But then the support

of d has size at most 2. Since every circuit of Us 4 has size 3, d = 0, and therefore,
dy = —x~'yz 4+ w = 0. This implies the support of ¢ has size 2, a contradiction. O

Graph minors We say that a graph H is a graph minor of a graph G if H can be
obtained from G after a series of edge deletions, edge contractions, and deletions of
isolated vertices. If G is connected, then H is a graph minor of G if and only if for
some disjoint subsets E, E» of E(G), we can obtain H from G by deleting E; and
contracting E>. It is well-known that if H is a graph minor of G, then Matroid(H) is
a matroid minor of Matroid(G) (see Chapter 3.2 in [28]).

K4 is the complete graph on 4 vertices, and we denote by K4/e what is obtained
from K4 after contracting an edge from it (see Fig. 1).

Lemma 3.3 Let g = 2K for some k > 2, and let S € GF(q)° be a vector space over
G F(q). If Matroid(S) is isomorphic to Matroid(K4/e), then mult(S) has A3 as a
minor.

Proof In Fig. 1, we can see that the fundamental cycles of K4/e with respect to span-
ning tree {4, 5} are {1, 4, 5}, {2, 4}, {3, 5}. Pick vectors v!, 2, 13 € S whose supports

are the three cycles. Notice that these vectors are linearly independent. Since the

dimension of S is 5 — 2 = 3, vectors v!, vZ, v3 generate S. After elementary row

operations, S is generated by the 3 vectors v', v2, v? of the following forms:

v [100]x y
v2[010|z0
v 0070w

wheret, x, y, z, w # 0. Since ¢ > 2, we may assume that z and w are distinct nonzero
elements in G F (g). Now consider the restriction S’ of S defined as follows:

§ =8N {x €GF(Q)’: x1€{0,2,w}, x2 € {0,x}, x3 € {0, ty}}.
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We will show that mult(S”) has A3 as aminor. Then as S’ is a restriction of S, it follows
from Lemma 2.3 that mult(S) also has A3 as a minor. Notice that

3
s = {invi : a1 €{0,z,w), A2 €{0,x}, A3 € {0, y}¢.
i=1

Consider three distinct points a := 2ol b= wv!, ci=xv? + yv3 in S’
al z0O0|zx zy
b w0 0|wx wy

c| 0 xtylzx wy

As 7 # w, we have that ¢4 = a4 # ba and b5 = ¢5 # as. We also have az = b3 # c3,
because ty # 0. Suppose for a contradiction that mult(S’) has no A3 as a minor. By
Lemma 3.1, thereis d € S’ — {a, b, c} that satisfies

(1) di € {0,z, w},dr € {0, x},d3 € {0, ty}, ds € {zx, wx}, d5 € {zy, wy}, and
(2) atleasttwo of d3 = ty, ds = wx, ds = zy hold.
The points of S’ — {a, b, ¢} are the following:

0,0,0,0,0), 0, x,0, zx,0), 0,0,ty,0, wy),

8" —{a,b,c}=1{ (2.x,0,0,zy), (z.0,1y,2x, 2+ w)y), (w,x,0,(z+w)x, wy), t.
(w,0,ty, wx,0), (z,x,ty,0,(z+w)y), (w,x,ty, (z+w)x,0)

Since z, w # 0 and z # w, (z + w)x ¢ {zx, wx} and (z + w)y ¢ {zy, wy}. Since
z,w,x,y # 0,0 ¢ {zx,wx} and 0 ¢ {zy, wy}. This indicates that no point in
S" —{a, b, ¢} satisfies condition (1), a contradiction. Therefore, mult(S’) has A3 as a
minor, and so does mult(S), as required. |

How does a graph with no K4/e graph minor look like? We have the following
result. Given an integer ¢+ > 3, denote by A; the graph that consists of two vertices
and ¢ parallel edges connecting them. A subdivision of A, is a graph obtained after
adding vertices in between the edges of A;.

Lemma3.4 Let G = (V, E) be a connected graph. If G contains no K4 /e as a graph
minot, then each block of G is a bridge, a cycle, or a subdivision of A; for some t > 3.

Proof See §B in the appendix. O

We call a graph a series—parallel network if each of its blocks is a series—parallel
graph.
Theorem 3.5 ([8]). Let M be a matroid. Then the following statements are equivalent:

(i) M contains none of Uy 4 and Matroid(K4) as a matroid minor,
(ii) M is the graphic matroid of a series—parallel network.

Theorem 3.6 Let g = 2F for some k > 2, and let S be a vector space over GF(q). If
mult(S) has no A3 as a minor, then for some k > 1, Matroid(S) = M| & --- & My,
where each M is the graphic matroid of a bridge, a cycle, or a subdivision of A, for
somet > 3.
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Proof Assume that mult(S) has no A3z as a minor. Suppose for a contradiction that
Matroid(S) contains Uy 4 or Matroid(K4/e) as a matroid minor. This in turn implies
that there exists S’ obtained from S after a series of restrictions and projections such that
Matroid(S") is isomorphic to U, 4 or Matroid(K4/e) by Lemma 2.5. Here, mult(S")
contains A3 as a minor by Lemmas 3.2 and 3.3. As mult(S”) is a minor of mult(S) due
to Lemma 2.3, it follows that mult(S) also contains a A3 as a minor, a contradiction.
Hence, Matroid(S) contains none of Uz 4 and Matroid(K4/e) as a matroid minor.
As Matroid(K4/e) is a matroid minor of Matroid(K4), Theorem 3.5 implies that
Matroid(S) is the graphic matroid of a series—parallel network not containing K4/e
as a graph minor. Then by Lemma 3.4, each block of the graph is a subdivision of A,
for some ¢ > 3, a bridge, or a cycle. So, the assertion follows from Lemma 2.6, as
required. O

3.2 Excluding A3, Q¢ and odd prime powers

Theorem 3.6 characterized the case where g is a power of 2 greater than 2 and the mul-
tipartite uniform clutter contains no A3 minor. In this section, we prove Theorem 3.9
which settles the case of odd prime powers. Theorem 3.9 also covers the case when ¢
is a power of 2 and the multipartite uniform clutter contains none of A3 and Q¢ as a
minor, which will be the key to study the MFMC property later.

Lemma 3.7 Take an integer n > 1 and a prime power q, and let S C GF(q)" be a
vector space over GF(q). If S does not admit a basis with vectors of pairwise disjoint
supports, then mult(S) contains A3 or Q¢ as a minor. Moreover; if q is an odd prime
power, then mult(S) contains A3 as a minor.

Proof Assume that S does not admit a basis with vectors of pairwise disjoint supports.
We will show that if mult(S) does not contain A3 as a minor, then g is a power of 2
and mult(S) contains Q¢ as a minor.

Assume that mult(S) contains no Az as a minor. Let v!, ..., v" € GF(g)" be a
basis of S. After elementary arithmetic operations over G F (g), we may assume that
foreachi=1,...,r,

v =1 and v;=0 Vjelr]—{i}

Since there is no basis of S with vectors of pairwise disjoint supports, we may assume
that vr] e vr2 1 # 0. This in turn implies that n > 3. Let x and y be the multiplicative
inverses of vr1+1 and Ur2+1 in GF(q), respectively. Leta := 0 € GF(q)", b := xvl,

and ¢ := yvz. Notice that a, b, ¢ € S and that a, b, ¢ satisfy
(a17a2sa}’+l) =(01 Oa O)a (b11b27br+1)=(-x709 1)3 (C11C21Cr+l) = (Oa yv 1)'

Now we consider R = {d € S : d; € {aj, bj, c;} for j € [n]}.

Claim1 R C {Av! + A20% 1 41 € {0, x}, A2 € {0, y}}.
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Proofof Claim. Let u € R. Then u = Z;-:lkjvf for some Aq,..., A € GF(q).

Sinceaj =bj =cj =0for j =3,...,r,itfollows that u3 = --- = u, = 0, which
implies that A3 = --- = A, = 0 and so u = Ajv! 4+ A,v%. Notice that A; € {0, x} and
X € {0, y}, because ay, by, c1 € {0, x} and ay, by, ¢z € {0, y}. O

Claim2 g is a power of 2 and R = {Alvl +a0%: Ay € {0, x}, A2 € {0, y}}.

Proof of Claim. By Lemma 3.1, R contains a vector d ¢ {a,b,c} such that
(d1, dy, dr4+1) equals (0, y,0), (x,0,0), (x,y,1), or (x,y,0). By Claim 1, d €
{Alvl +k2v2 A1 €{0,x}, Ap €10, y}}.Asd #*a,b, c,itmustbethatxvl+yv2 =
d, so xv! + yv? € R.In particular, R = {Ajv! + 2207 1 A1 € {0, x}, A2 € {0, y}}.
Since d = xv! + yvz, we obtain ()cv1 + yvz)r+1 =141 =d-4+1 € {0, 1}. Since
1 #0, wehave 1 + 1 =0, so g is a power of 2, as required. O

By Claim 2, we deduce that R equals {Ajv' + 0% : A1 € {0,x}, A2 € {0, y}}
whose projection onto the space of coordinates 1,2, + 1 is precisely
{(0,0,0), (x,0,1), (0, y, 1), (x,y,0)}, which is isomorphic to R; 1 = {(0,0,0),
(1,0,1),(0, 1, 1), (1, 1,0)}. Since mult(R; 1) = Qp, mult(S) has Qg as a minor
by Lemma 2.3. So, we have shown that if mult(S) has no A3 as a minor, then g is a
power of 2 and mult(S) contains Q¢ as a minor, as required. m]

Lemma 3.7 tells us that forbidding A3 for the case of odd prime powers and A3, Qg
for the case of powers of 2 implies that § is generated by vectors of pairwise disjoint
supports. The next lemma characterizes the structure of the underlying matroid if S
admits a basis with vectors of pairwise disjoint supports.

Lemma 3.8 Tuke an integer n > 1 and a prime power q, and let S C GF(q)" be a
vector space over G F(q). Then the following statements are equivalent:

(i) S has the form S = (v', ..., v") where v', ..., v" € GF(q)" have pairwise
disjoint supports,
(ii) Matroid(S) = Matroid(G) where every block of G is either a bridge or a cycle.

Proof (i)=(ii): Let M be a minor of Matroid(S). Then it follows from Lemma 2.5
that M is isomorphic to Matroid(S”") where S’ is obtained from S N {x € GF(q)" :
x;i = 0 Vi e I} after dropping coordinates in / U J for some I, J C [n] with
I NJ = @. Since S has a basis with vectors of pairwise disjoint supports, so does ',
implying in turn that the circuits of Matroid(S”) are pairwise disjoint. Then the circuits
of M are pairwise disjoint. Note that any of U, 4, Matroid(K4/e), and Matroid(As3)
have two circuits that intersect. Therefore, Matroid(S) contains none of them as a
minor. By Lemma 3.4 and Theorem 3.5, (ii) holds. (ii)=(i): Note that the circuits of
Matroid(S) are pairwise disjoint, meaning that S is generated by vectors of pairwise
disjoint supports. O

Theorem 3.9 Let S be a vector space over G F (q) for a prime power q. Suppose that
one of the following holds.

(a) q is an odd prime power, and mult(S) has no Az as a minor,
(b) q is a power of 2, and mult(S) has none of A3 and Q¢ as a minor.
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Then Matroid(S) = M| & - - - & My, where each M; is the graphic matroid of a
bridge or a cycle.

Proof Lemma 3.7 implies that if (a) or (b) holds, then S admits a basis with vectors
of pairwise disjoint supports. Then it follows from Lemma 3.8 that Matroid(S) is
Matroid(G) where every block of G is a bridge or a cycle. Then we deduce the
assertion of this theorem from Lemma 2.6, as required. O

4 Vector space structure characterization

The characterizations of the underlying matroid provided in Theorems 3.6 and 3.9
are that the underlying matroid can be decomposed as the direct sum of the graphic
matroids of some simple graphs. In Sect. 4.1, we consider how these matroid structures
correspond to the geometry of vector spaces. In Sect. 4.2, we will see that these further
lead to the decomposition of the associated multipartite uniform clutters.

4.1 Vector space decomposition

First, the following result considers the setting where the underlying matroid comes
from a graph each of whose blocks is a bridge or a cycle.

Theorem 4.1 Take an integer n > 1 and a prime power q, and let S € GF(q)" be a
vector space over G F(q). Then the following statements are equivalent:

(i) Matroid(S) = M1 & --- & My, where each M; is the graphic matroid of a
bridge or a cycle,

(ii) S has the form S = S1 X --- X Si for some k where each S; has dimension at
most 1.

Proof Note that Matroid ({0}) is the graphic matroid of a bridge and that {0} = {0} x
-+ x {0}. Moreover, for a vector space T over G F(g), T has dimension 1 if and only
if Matroid(T') is the graphic matroid of a cycle. Then Lemma 2.6 implies that (i) holds
if and only if (ii) holds, as required. O

In Theorem 3.6, we have another outcome, a subdivision of A; for r > 3 when q is
a power of 2 greater than 2. The following lemma provides a structural description of
a vector space whose underlying matroid is the graphic matroid of a subdivision of A,
for some ¢ > 3. We say that two elements e, e> of a matroid are in series if for every
circuit C of the matroid, either C N {ey, e2} = {e1, e2} or C N {ey, e2} = ¥ holds. In
the context of graphic matroids, two edges ey, e are in series if for every cycle C,
edge e is on C if and only if e; is on C.

Lemma 4.2 Take an integer n > 1 and a prime power q, and let T < GF(q)" be a
vector space over G F(q). Then Matroid(T) is the graphic matroid of a subdivision
of A, for some t > 3 if and only if T is generated by a sunflower basis.
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Proof (=): Assume that Matroid(7) = Matroid(G) where G is a subdivision of A;
for some ¢ > 3. Notice that G consists of two vertices and ¢ internally vertex-disjoint
paths connecting them. Let Py, ..., P;_; denotethe paths,andlet E(Pp), ..., E(P;—1)
denote their edge sets. Then it follows from Remark 2.4 that T contains a point whose
support is E(Py) U E(P;). Therefore, T contains t — 1 points v', ..., v'~! (in row
vectors) of the following form:

vl ”(1) ull 0| 0
v2 ug 0 |u?|- 0
v LW oo ul !
where u?, e, “?71 € GF(q)“E(PO)| and u' € GF((])“E(P")| for i € [n] are vectors of

nonzero entries. As 7T is a vector space in G F(g)", Matroid(T) is over n elements,
and therefore, G has n edges. Since G is a subdivision of A;, a spanning tree of
G has n — (¢t — 1) edges, which means that Matroid(7) = Matroid(G) has rank
n — (t — 1). Then the dimension of T is n — Matroid(T) = t — 1, so we have
T = (vl, el v’_l). Now, let us argue that we may assume that “(1) = ... = ”?71
without loss of generality. As P; U P, is acycle of G, Remark 2.4 implies that there is a
pointv € T whose supportis E(P;)UE(P,). Thenv canbe writtenasv = v1+uzv2
for some w1, n2 € GF(gq) — {0}. As the support of v is E(P;) U E(P>), we have that
% 1u(1) + ,uzug = 0, which implies that ug = Azu? for some nonzero Aj. Similarly, we
obtain u? = kiu? for some nonzero A; for i € [t — 1], as required. Therefore, after
scaling v'’s if necessary, we may assume that ”(1) =...= u?_l, as required.

(«=): Suppose T = (vl, R v’_l) where v!, ..., vl € GF(q)" are vectors of
the following form (in row vectors), after permuting the coordinates, for some ¢ > 3:

vl rudlutlo]--- 0
v2 | W% 0 u?]-- 0
vt—l MO 010 ut—l
for some row vectors u°, u! ..., u'~! with no zero entries. Let E ; be the support of

w fori =0,1,...,t — 1. Let C be; a circuit of Matroid(7'). Then C = support(x)
for some x € T. Let x = Y "'_] y;v’. Then x is of the form

X [0 wond® | | pou? ] e =]

If CN Eg # @, then it means Zf;} ui # 0, and therefore, C N Ey = Ey. This implies
that the elements in E are in series. If C N E; # @ for some 1 < i <t — 1, then
i # 0. This indicates that C N E; = E;, implying in turn that the elements in E; are
in series.

Then consider the case where each u’ is 1-dimensional, under which we have

E; = {e;} is a singleton fori = 0, ...,¢ — 1. Observe that |support(x)| > 2 for any
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x € T.Thennone of {ep}, {€1}, ..., {e;—1} is acircuit. However, we know that {e, ¢;}
fori = 1,...,1— 1 are circuits of Matroid(T) because v!, ..., v'~1 € T, Moreover,
vl + (¢ — v/ for i # j has support {e;, e;}, and therefore, {e;, ¢;} for distinct
i,je{l,...,t — 1} are all circuits. Then {{e,-,ej} 2i,je{0,1,...,t —1},i ;éj}
is the family of circuits of Matroid(7') because any subset of the ground set of size at
least 3 would contain {e;, e;} for some i # j. Therefore, Matroid(7') is Matroid(A;).

In general, as the elements of each E; are in series, Matroid(T') is a series extension

of Matroid(A;), which is the graphic matroid of a subdivision of A;, as required. O
Remark 4.2 implies the following characterization for the case of g = 2 for k > 2.

Theorem 4.3 Tuake an integer n > 1 and a prime power q, and let S € GF(q)" be a
vector space over G F (q). Then the following statements are equivalent:

(i) Matroid(S) = M| & --- & My, where each M; is the graphic matroid of a
bridge, a cycle, or a subdivision of A; fort > 3,

(ii) S has the form S = 81 x --- X Sk where each S; has dimension at most 1 or
admits a sunflower basis.

Proof As argued in the proof of Theorem 4.1, a vector space T over G F(gq) has
dimension at most 1 if and only if Matroid(7') is the graphic matroid of a bridge or a
cycle. Moreover, by Remark 4.2, T admits a sunflower basis if and only if Matroid(T")
is the graphic matroid of a subdivision of A, for ¢+ > 3. Then the assertion follows
from Lemma 2.6. O

4.2 Product decomposition of multipartite uniform clutters

In the previous subsection, we saw that the vector space can be decomposed as the
product of smaller vector spaces. We will show that the associated multipartite uniform
clutter can also be decomposed.

Products of set systems and clutters Take two integers n1,n2 > 1. Let Vi, ..., Vp,

be n1 nonempty sets, and let S| be a subsetof V| x --- x V. Let Uy, ..., Uy, be na
nonempty sets, and let S be a subset of Uy X - - - x Up,. Recall that the product of §;

and S, is defined as S| x S2 = {(x1, x2) : x1 € S1, x2 € $2}. We also define products
of clutters. Let Cy, C; be two clutters over disjoint ground sets E, E;. The product of
Cy and C,, denoted C; x C», is defined as the clutter over ground set E1 U E; whose
members are C; X C, = {C{ UCy: Cy € C;, Cp € C3}. Having defined the product
of two clutters, we define the product of two multipartite uniform clutters mult(S;)
and mult(S,). In fact, we can show the following:

Lemma 4.4 The following statements hold:

1. mult(S;) x mult(Sy) = mult(S; x S»).
2. If mult(S1) and mult(Sy) have the idealness (resp. MEMC) property, then so does
mult(S; x ).

Proof (1): Let C; € mult(S)) and C; € mult(S,). Then Cy = {x, ..., x,, } for some
x = (x1,....%,) € Syand C2 = {y1,...., yn,} forsome y = (yi,....yn,) €
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S>. Moreover, (x,y) € S; x S and C; U C, € mult(S; x S»). Conversely, any
C € mult(S; x $2) has the form C = {xi,...,Xp,, Y1, ..., Yn, | for some x =
X1, ..., xp) €S1andy = (1, ..., Yny) € $2. Then Cy = {x1, ..., x5, } € mult(Sy)
and C2 = {y1, ..., Yu,} € mult(S,), which implies that C = C; U C, € mult(S) x
mult(S;). Therefore, we obtain mult(S;) x mult(S;) = mult(S; x ). (2): Let C; and
C> be two clutters over disjoint ground sets. Then we deduce from [23, Proposition
8.3] thatif C;, C; have the idealness (resp. MFMC) property, then so does C; x C;. This
implies that if mult(S7) and mult(S,) have the idealness (resp. MFMC) property, then
so does mult(S7) x mult(S,) which equals mult(S; x $7) due to part (1), as required.

O

So, if a set can be represented as the product of some smaller sets, we can check if its

multipartite uniform clutter is ideal by studying the smaller sets and their multipartite

uniform clutters. In particular, we will use this lemma to show implication (ii)— (i) in
Theorems 1.2 to 1.5.

5 The MFMC property and odd prime powers

In this section, we prove Theorem 1.5 that characterizes when the multipartite uniform
clutter of a vector space has the MFMC property. Moreover, we prove Theorem 1.2
for the case when ¢ is an odd prime power.

Lemma 5.1 Take an integer n > 1 and a prime power q, and let S C GF(q)" be a
vector space over G F (q). If S has the form S = S1 X - - - X Sy for some k where each
Si has dimension at most 1, then mult(S) has the MFMC property, and is therefore
ideal.

Proof We may assume that S = (u')x- - -x (u") x {0} for some vectorsu', . .., u” with

no zero entries over G F(q), by Theorem 4.1. Subsequently, mult(S) = mult((u')) x
-« xmult({#")) x mult({0}), and to prove mult(S) has the MFMC property, it suffices
to argue that mult((u')) for i € [r] and mult({0}) have the MFMC property, by
Lemma 4.4. First, notice that mult({0}) has only one member, so it clearly has the
MFMC property. In fact, we can argue that each mult({«’)) has pairwise disjoint
members as well. Notice that for any distinct x, y € GF(q), xu' and yu' do not have
common coordinates, implying in turn that the members of mult ((«')) corresponding
to xu' and yu' are disjoint. That means that the members of mult ((u')) are pairwise
disjoint, implying in turn that it has the MFMC property, thereby proving that mult(S)
has the MFMC property. O

Having proved Theorem 3.9, Theorem 4.1, and Lemma 5.1, we are now ready to
show Theorem 1.5. The basic flow of our proof is as follows. Lemma 5.1 shows that if
a vector space S is given by the product of some vector spaces of dimension at most 1,
then mult(S) has the MFMC property. Conversely, it follows from Theorems 3.9 and
4.1 that if a vector space S cannot be written as such a product, then mult(S) has some
minors certifying that the clutter does not have the MFMC property. More details are
explained in the proof as follows.
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Proof of Theorem 1.5 (iii)=>(ii) follows from Theorems 3.9 and 4.1. (ii)=>(i) follows
from Lemma 5.1. (i)=-(iii): Assume that mult(S) has the MFMC property. Az is a
non-ideal clutter, so it does not have the max-flow min-cut property. Recall that Qg is
the clutter of triangles in K4. Notice that the minimum number of edges required to
intersect every triangle in K4 is two and that the maximum number of disjoint triangles
in K4 is one. This implies that 7(Q¢, 1) = 2 and v(Q¢, 1) = 1, so Qg does not have
the max-flow min-cut property. Like idealness, the MFMC property is a minor-closed
property [34]. Therefore, a clutter with the MFMC property contains none of A3, Qg
as a minor, implying in turn that mult(S) has none of A3, Q¢ as a minor. O

The proof of Theorem 1.2 works similarly as that of Theorem 1.5. The additional
component is that when ¢ is an odd prime power and a vector space S over G F(q)
cannot be written as the product of some vector spaces of dimension at most 1, then
mult(S) has a non-ideal minor due to Theorems 3.9 and 4.1.

Proof of Theorem 1.2 Take an integer n > 1 and an odd prime power ¢, and let S C
G F(q)" be a vector space over G F(g). Since Aj is non-ideal, direction (i)=(iii) is
clear. Direction (iii)= (ii) follows from Theorems 3.9 and 4.1, and Lemma 5.1 shows
direction (ii)=-(i). Therefore, (i)—(iii) are equivalent. O

6 Idealness and sunflower basis

In this section, we consider the case when g = 2% for k > 2. Excluding A3 minor from
mult(S), vector space S has the form § = S; x - - - x S where each S; has dimension
at most 1 or admits a sunflower basis by Theorem 4.3. If each S; has dimension at
most 1, then Lemma 5.1 implies that mult(S) is ideal. Hence, what remains is to study
the case where some S; is generated by a sunflower basis. In Sect.6.1, we consider
the notion of localizations, a tool for studying the idealness of mult(S). In Sect. 6.2,
we use this tool to analyze the case where vector space S is generated by a sunflower
basis.

6.1 Localization

We mentioned before that a clutter is ideal if and only if every minor of it is ideal.
In this section, we will define and study localizations that appear as a minor of a
multipartite uniform clutter.

Definition 6.1 Given a multipartite uniform clutter C whose ground set is partitioned
into non-empty parts Vi, ..., V,, a localization of C is any minor obtained from C
after contracting precisely one element from each V.

Thus, a localization of C is obtained after contracting vy, ..., v, for some v =
(i, ...,0p) € Vi x -+ x V. As C = mult(S) for some S € V| x --- x V, by
Remark 2.1, the localization is equal to

local(S, v) := mult(S)/{v1, ..., vs}

= {the minimal sets of {{x1,...,x,} —{v1,..., v} : (x1,...,x,) € S}}.
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We call local (S, v) the localization of mult(S) with respect to v. So, every localization
of C is equal to local(S, v) for some v and that local(S, v) = {#} if v € S. In [4],
localizations of a cuboid are referred to as induced clutters.

It turns out that a multipartite uniform clutter is ideal if and only if all localizations
are ideal; let us prove this in the remainder of this section. We say that a clutter is
minimally non-ideal if it is non-ideal but every proper minor of it is ideal. We need
the following lemma.

Lemma 6.2 Let C be a minimally non-ideal clutter, and let V denote the ground set of
C. Then there is no subset U of V satisfying |C NU| = 1 for every member C of C.

Proof Since C is non-ideal, P(C) = {1 > x > 0 : M(C)x > 1} has a fractional
extreme point x*. Let v € V. Notice that P(C/v) and P(C \ v) are obtained from
P(C)N{x :x, =0} and P(C) N {x : x, = 1} after projecting out the variable x,. As
C/vandC\v areideal, P(C/v) and P (C\v) are integral. Then both P(C)N{x : x, = 0}
and P(C)N{x : x, = 1} are integral, implying in turn that x* does not belong to any of
these two. So, it follows that 0 < x;; < 1 foreach v € V. Now, consider a nonsingular
row submatrix A of M (C) such that Ax* = 1. Suppose that V has a subset U such that
|CNU| = 1 forevery member C of C. Let xy denote the characteristic vector of U in
{0, 1}V. Since |C N U| = 1 for every member C of C, we have that M (C) xy = 1 and
thus Axy = 1. Since A is nonsingular, Ax = 1 has a unique solution, so it follows
that x* = xy, a contradiction. Therefore, there is no such subset U of V, as required.

O

Theorem 6.3 A multipartite uniform clutter is ideal if and only if all of its localizations
are ideal.

Proof Let C be a multipartite uniform clutter whose ground set is partitioned into
nonempty parts Vi, ..., V,. (=): If C is ideal, every minor of C is ideal, and so are all
of its localizations. (<=): Assume that C is non-ideal. Then it has a minimally non-ideal
minor C' := C \ I/J obtained after deleting I and contracting J for some disjoint
subsets I, J € Vi U---UV,.Observe that C \ I is another multipartite uniform clutter
whose ground set is partitioned into nonempty parts Uy, ..., U, where U; := V;\I
for i € [n]. In particular, every member C of C \ I satisfies |C N U;| = 1 fori € [n].
Suppose that J N U; = @ for some i € [n]. Then (C — J)NU;| =|CNU;| =1
for every member C of C \ I. As C’ is obtained after contracting J from C \ I, we
have |C' N U;| = 1 for every member C’ of C’. This contradicts Lemma 6.2 due to our
assumption that C’ is minimally non-ideal. Therefore, for each i € [n], J N U; # @,
so we have that J N V; # @. Let v; denote some element in J N V; for i € [n]. Since
{vi,..., vy} € J,C is aminor of C/{vy, ..., vy}, which is a localization. Therefore,
one of C’s localizations is non-ideal, as required. O

In contrast to idealness, even if all localizations have the MFMC property, a multi-
partite uniform clutter may not have the MFMC property. For example, all localizations
of Q¢ = mult(R;, 1) are isomorphic to the clutter over ground set {1, 2, 3} whose mem-
bers are {1}, {2}, {3}. The clutter over 3 elements trivially has the MFMC property,
but Q¢ does not [24, 34].

@ Springer



From coordinate subspaces over finite fields...

6.2 Fields of characteristic 2: a study of the localizations for A,

Recall that a vector space S is generated by a sunflower basis if and only if Matroid(.S)
is the graphic matroid of a subdivision of A; for some ¢ > 3 by Remark 4.2. In this
section, we consider the case when Matroid(S) = Matroid(A;) for some ¢t > 3, where
A; denotes the graph that consists of two vertices and ¢ parallel edges connecting
them. In particular, we prove three lemmas on properties of localizations of mult(S).
Remark 6.4 identifies the structure of S for the case when Matroid(S) = Matroid(A;)
for + > 3. Lemma 6.5 characterizes the members of each localization of mult(S).
Among those members, Lemma 6.6 specifies the members of size 1 or 2.

Lemma 6.4 Take an integer n > 3 and a prime power q, and let S € GF(q)" be a
vector space over G F(q). Then Matroid(S) = Matroid(A,) if and only if S = {x €
GF(@)": x1+--+x, =0}

Proof Let {1,2,3...,n} denote the edge set of A,. Then {1, 2}, {1,3},..., {1,n}
are circuits of Matroid(A,). («<): Let S be the clutter of the minimal supports of
the points in S — {0}. Then S = {{i, j} : i # j}, so Matroid(S) = Matroid(A,)
by Remark 2.4. (=): Since Matroid(S) = Matroid(A,), S contains n — 1 points

ul, ..., u"! whose supports are {1, 2}, {1, 3}, ..., {1, n}, respectively. Notice that
u', ..., u"! are linearly independent over G F(q), so the dimension of S is at least
n — 1. On the other hand, the dimension_ is less than n, because S # G F(q)". Thus,
S = (ul, o utl ).' After scaling the u's, if necessary, we may assume that the first
coordinate of each u‘ is 1. Hence, u!, ..., u" ! are of the form displayed below (left),
where A1, ..., ,—1 € GF(q) — {0}. Notice that {x € GF(¢)" : x1+ -+ -+ x, =
0} = (', ..., v"" 1)y where v!, ..., v"~! are displayed below (right):
u' T1rA0--- 0 v! T1-10---0
w? |10 x--- 0 v |10 =1---0
W10 0 - A 110 0 -1
implying in turn that {x € GF(g)" : X1+ -+ x, = 0} =
{(xl,—,\;lxz,—,\glx3, = ) xe S} . Therefore, S = {x € GF(q)" :
x1 + -+ x, = 0}, as required. O

By Remark 6.4, we may focus on the set
S={xeGF@)": x4+ +x, =0}

to understand vector spaces whose underlying matroids are Matroid(A,). Recall that a
localization of mult(S) with respectto o € G F(gq)", denoted local(S, «), is the minor
of mult(S) after contracting the elements corresponding to « (see Sect.2.1). mult(S)
is defined over ground set V; U --- U V,, where each V; is a copy of GF(g), and
local(S, «)’s ground set is given by Uy U - - - U,, where U; = V; — {«;}. The following
lemma provides a characterization of the members of local(S, «) for any « ¢ S.
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Lemma 6.5 Take an integer n > 3. Let q be a power of 2, and let « € GF (gq)" with
o =a1+--4a, 0. Let S = {x € GF(¢@)" : x1+ -+ x, = 0}, and let
C CUU---UU, where U; = GF(q) — {a;}. Then the following statements are
equivalent:

(i) C is a member of local(S§, «).
(ii) C contains at most one element in U; for eachi € [n]and > (v: v € C) =
o+ (i CNU; #0).

Proof (i)=(ii): There exists x = (x1,...,x,) € S such that C = {x1,...,x,} —
{ag, ..., 0,}. Then CNU; = {x;}—{«;}, implying that C NU; has at most one element.
Without loss of generality, we may assume that x = (xy, ..., Xk, Qk+1, - .., 0¢y) and
X1 # Ay, ..., Xk 7 o forsome | <k <n.Then C = {x1,...,x}. Since x € §, we
have
n k n

in=2xi+ Z Olj=0.

i=1 i=1 j=k+1
As the characteristic of GF(q) is 2, Y ~_, x; = — Y *_, x;, implying in turn that

S ox= Yk As Y = o, wealsoget 3, ;=0 + K,
and therefore, we obtain Zi'(:l Xi =0+ Zf: 1 o, as required.

(i)«=(ii): Without loss of generality, we may assume that C = {x1, ..., xx} where
x; € U; fori € [k]. Then {x, ..., x)} N {ar,...,a,) = @. Since Yr_, x; = o +
K o, wehave Y5 x4 Y ickp1@j =0+ 3_ & =0, implying in turn that
(xl,...,xk,ak_,_l,...,otn) €S. AsC = {xl,...,xk,ak+1,...,a,1} — {Oll, ...,Ot,,},
it follows that C is a member of local(S, «), as required. O

Using Lemma 6.5, we can show the following lemma providing a characterization
of the members of size 1 and 2 in local(S, ) for o ¢ S. Recall that mult(S) is given
by {{x1,...,x,} : (x1,...,x,) € S, x; € GF(q) fori € [n]} whose ground set is
GF(gq) x --- x GF(q). Here, any y with y; = x; (mod ¢) for i € [n] is equivalent
to x. Similarly, if x; is an element in V; = G F(g), then any y; with y; = x; (mod ¢q)
refers to the same element x;.

Lemma 6.6 Take an integer n > 3. Let q be a power of 2, and let « € GF (gq)" with
oci=oa1+ +a, #0. Lt S ={x € GF(@)" : x1+ -+ x, = 0}. Then the
following statements hold:

(1) the members of size I of local(S, «) are {«1 + 0}, ..., {on, +0}.
(2) the members of size 2 of local(S, o) form a graph that consists of % — 1 connected
components G, .. ., G%_l satisfying the following: for each j =1, ..., % -1,

o Gj’svertexsetis {,B]j,,B]j —I—U}Uw-U{ﬂ,{,ﬂ,{—i—a}where{ ij,,Bij—l—U] -
Ui —{ai + 0} =GF(q) —{ai,a;i + o} fori € [n],
e G isabipartitegraphwithbipartition{ﬁlj,...,ﬂf,}u{ﬁ{ +o,...,8) +o],

° ﬁij :,B]j+oz1 + «; fori € [n], and
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B ; j
. . PR .
. . PR .
a1 +o0 as+o Qp +0
. . PR .
Bl+o By+o nto

Gjforj=1,...,4 -1

Fig.2 Members of size 1 and 2 of local(S, o)

o G’sedgesetis Hﬂlj ﬂ,{ + o} i #£ k}, i.e., G j is obtained from a complete
bipartite graph after removing the edges of a perfect matching (see Fig. 2 for
an illustration).

Proof See §C of the appendix. O

7 Characterizing idealness for powers of 2

In this section, based on our development from the previous sections, we consider a
vector space S over GF (2%) for some k > 2 and show a characterization of when
mult(S) is ideal. In Sect.7.1, we prove Theorem 1.3 characterizing when the multi-
partite uniform clutter of a vector space over G F(4) is ideal. In Sect.7.2, we prove
Theorem 1.4 which characterizes when the multipartite uniform clutter of a vector
space S over GF (2") with k > 2 is ideal.

7.1 The g = 4 case

The proof of Theorem 1.3 uses the following two lemmas. We first show Lemma 7.1
which implies that mult(7') is ideal if T is a vector space over G F(4) such that
Matroid(7') = Matroid(A,) for some n > 3. We then prove in Remark 7.2 that
idealness is closed under series extensions.

Lemma7.1 Let T = {x € GF4)" : x1+ .-+ x, = 0} for some n > 3. Then
mult(T) is ideal.

Proof By Theorem 6.3, it suffices to argue that all localizations of mult(7’) are ideal.
Let o = (a1,...,05) ¢ T. We will show that the localization of mult(7") with
respect to «, denoted local(7', «), is ideal. Let 0 = a1 + - -+ + o, # 0. Note that
local(T', «) has n members of cardinality 1, {«1 +0}, ..., {o, +0} by Lemma 6.6 (1).
By Lemma 6.6 (2), the members of cardinality 2 form a connected bipartite graph G
where
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e G is bipartite on {B1,...,B,} U {B1+o0,..., B, + 0} where {B;, 8 + o} =
GF4) —{uj,a; + 0o} fori € [n],

e Bi =p1+ a1 +q; fori € [n], and

e the edge set of G is {{B;, Bx + 0o} : i #k}.
We will show that there is no member of cardinality at least 3 in local(7, ). Suppose
for a contradiction that local(T, «) has a member C whose cardinality is at least 3.
As C does not contain any of the members of local(7', ) that have cardinality 1
or2,C C{B1,...,Bn}or C C {B1+o0,...,By+ o} Without loss of generality,
we may assume that C = {fy, ..., B} for some k > 3. Then, by Lemma 6.5, we
have %\ Bi = o + Y ¥_, o Substituting ; = B + a1 + o fori = 2,... k,
we obtain Zle (B1 +a1) = o. Since o is nonzero and Zle (B1 + o) is either
B1 + o1 or 0, we get Zle (B1+a1) = B1 + a1 = o. However, 1 + a1 = o
in turn implies that 8; = B1 + o1 + @; = «; + o, contradicting the assumption
that 8; € GF(4) — {a;, a; + o}. Therefore, local(T, o) does not have a member of
cardinality at least 3, as required.

Thus the members of local(T', &) have size either 1 or 2. Let C be what is obtained
fromlocal(T, ) after deleting every element that appears in a member of cardinality 1.
As no minimally non-ideal clutter has a member of cardinality 1, local(7, «) is ideal
if and only if C is ideal. Notice that M(C), the incidence matrix of C, is the edge
- vertex incidence matrix of a bipartite graph. It follows from K&nig’s theorem for
bipartite matching that C is ideal. Therefore, local(T, «) is ideal, and mult(7’) is ideal,
as required. O

Lemma 7.2 Suppose that S is a vector space over G F(q) such that Matroid(S) has
elements in series. Let S' be a projection of S obtained after dropping one of the
elements in series. Then mult(S) is ideal if and only if mult(S’) is ideal.

Proof Without loss of generality, assume that Matroid(S) has n elements and that
elements n — 1, n are in series. Let S’ be defined as the projection of S obtained after
dropping the n' coordinate of the points in S. Then S’ is a vector space in G F(q)" !,
and by Lemma 2.5, Matroid(7') = Matroid(S)/{n}.

Let x € S. Then support(x) is the union of some circuits of Matroid(S) by
Remark 2.4. As n — 1, n are series elements, a circuit of Matroid(S) contains n — 1
if and only if it contains n, implying in turn that n — 1 € support(x) if and only
if n € support(x). Let v!, ..., v" give rise to a basis of S. If n € support(x) for
some x € S, thenn € support(ve) for some ¢ € [r], and thus, we may assume that
n € support(v') and that v,ll # 0. After scaling the v*’s, if necessary, we may assume
that vﬁ = 0for £ € [r] — {1}. Since n — 1 € support(x) if and only if n € support(x)
for x € §, we have that vrll_1 # 0 and vﬁ_l = 0 for £ € [r] — {1}. Then for some
v,z € GF(q) — {0},

Ul ey 2

2| ---]00

: 100

v 100
Then it follows that S = {(x1, ..., X4—1, 2y 'xu—1) * (x1,...,x,—1) € S}, and by
Remark 2.2, mult(S) = mult(T) where T = {(x1,...,%Xn—1,Xn—1):
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(xX1,...,x,-1) € S’}. Let Vi U --- UV, be the ground set of mult(S) where each
Vi is a copy of G F(gq). Then

mult(7) = {C: C" e mult(S), CN (V1 U---UV,_))=C, CNV,=C'NV,_1}.

In words, mult(7') is obtained from mult(S’) after duplicating the element in V;,_ of
each member C’ € mult(S’). Then the V,,_; part and the V), part of the members of
mult(7) are identical. Hence, mult(T') is ideal if and only if mult(S’). As mult(S) is
isomorphic to mult(7’), it follows that mult(S) is ideal if and only if mult(S’) is ideal.

O

Now we are ready to prove Theorem 1.3. The proof first reduces to the case when

the vector space T admits a sunflower basis. Then the idea is to show that Matroid (7")

is a series extension of Matroid(T’) where Matroid(7’) = Matroid(A;) for some
t > 3. We then use Lemmas 7.1 and 7.2 to show that mult(7") is ideal.

Proof of Theorem 1.3 Take an integer n > 1, and let S € G F(4)" be a vector space
over G F (4). First of all, (i)=(iii) is straightforward as A3 is non-ideal. In what follows,
we will show directions (iii)=(ii) and (ii)=(i).

(iii)=(ii): By Theorem 3.6, Matroid(S) = M| @ - - - & My for some k > 1 where
for each i € [k], M; is the graphic matroid of a bridge, a cycle, or a subdivision A;
for some ¢ > 3. Then it follows from Theorem 4.3 that S satisfies (ii).

(ii))=-(@): It suffices to show that mult(S;) is ideal for every i € [k] due to Lemma
4.4. To this end, take an i € [k]. If S; has dimension at most 1, then S; = {0} or
S; = (v) for some nonzero vector v, in which case it follows from Lemma 5.1 that

S; is ideal. Thus we may assume that S; = (vl, ..., v") where r > 2 and vl 0"
give rise to a sunflower basis of S;. Let 7" = (w!, ..., w”") where

w! 1/1/0]---]0

w? | 1]0[1]---]0

w” [ 1/0]0]---|1

Then T’ = {x € GF(4)' ™ : x; + -+ + x,41 = 0}, so by Lemma 7.1, mult(7") is
ideal. Suppose that v! is of the form (u°, u') fori € [r], and let d; denote the number

of entries in uf for £ = 0, 1, ..., r. Then we define T as
/
T =3 (X1, X1, X2, ooy X2y e ey Xyl o s Xp1) & (X1, X2, ooy Xpg1) €T
——— ——— —
do di dy
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Then T is generated by yl, ...,y where

Note that T’ is a projection of T obtained after dropping the coordinates that corre-
spond to some series elements of Matroid(7). As mult(7”) is ideal, it follows from
Remark 7.2 that mult(7’) is ideal. Moreover, S; can be obtained from 7' by taking
coordinate-wise bijections. Hence, Remark 2.2 implies that mult(S;) = mult(7),
thereby showing that mult(S;) is ideal, as required. O

7.2 Powers of 2 greater than 4

We start by proving Lemmas 7.3 and 7.4 which imply that if mult(S) is ideal, then the
underlying matroid Matroid(S) does not contain two distinct circuits that intersect.
The proofs of the lemmas rely on the tools from Sect. 6.2. For the first lemma, recall
that C52 is the clutter of edges in a cycle of length 5, and that C% is non-ideal.

Lemma 7.3 Let g be a power of 2 greater than 4, and let S € GF(q)> be a vector
space over G F (q) such that Matroid(S) is isomorphic to Matroid(Az). Then mult(S)
has C52 as a minor.

Proof By Remark 6.4, we may assume that § = {x € GF(q)3 1 X1+ x2 +x3 =0}.
Let ¢ = (o1, 2, 03) ¢ S. We will show that local(S, «) has C52 as a minor. Let
o = o1+ a2+ a3, and we choose a, b € GF(q) suchthata € GF(q) — {1, 01 +0}
andb € GF(q) — {a1, a1 +0,a,a +c}.

Claim3 a+b+4+a; € GF(g) — {ay,a1 +0,a,a+0,b, b+ o}.

Proof of Claim. Ifa +b+ o) = o) ora; +o0,thenb = a or b = a + o, contradicting
the choice of b. If a4+ b+« =aora+o,thenb = oy or b = o1 + o, contradicting
the choice of b. Ifa+b+ay = borb+o,thena = oy ora = o) + 0, a contradiction
asa ¢ {a1, o1 + o}. Therefore,a + b + o1 ¢ {1,001 +0,a,a +0,b,b + 0}, as
required. O

By Lemma 6.6 (2), the members of cardinality 2 in local(S, «) form a graph with
% — 1 connected components G1, ..., G% _1 Where the vertex set of G; is

{ﬁ{,ﬁ{+a}u{ﬂg,ﬂ%+o}u[ﬁ;,ﬁ;+a}

where ,BZJ ,Bij 40 eU; —{aj+o}and U; = GF(q) — {«;} fori € [3]. Furthermore,
Gi,...,G gy are 6-cycles by Lemma 6.6 (2) (see Fig.3 for an illustration). As
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Joh o5 55 53 ek 3 3

B B3
...

Bi+o Pi+o Bi+o B2+o Bi+o Bi+4o Bi+o Bi+o Bi+o
e Go G

Fig.3 The subgraph of Hj ¢ after deleting the vertices

% — 1 > 3, without loss of generality, we may assume that /311 =a, ,312 = b, and
,3? =a+b+ ay,ie, Gi,Gy,G3 contain a,b,a + b + a; € Uy — {a) + o},
respectively.

Claim 4 The following statements hold.:

(1) ,Bi—i-cr:a—i—cr, ﬂ21+0=a+a1+a2+0,andﬂ3l =a+oa; + o3z
(2) B5=b+ oy +a2and,322—|—a=b+ot] + oy + o, and
(3) B3 +o=a+b+az+o.

Proof of Claim. The claim follows from Lemma 6.6 (2). O

Now keep elements B}, B! + o, B3 +0, Bl in Gy, B3, B3 +0 in G»,and B3 + 0 in
G3 and delete the other elements from local(S, «). (see Fig. 3 for an illustration; we
keep only the circled elements). Let C denote the resulting minor of local(S, «).

As a; + o for i € [n] are deleted, we know from Lemma 6.6 (1) that C contains
no member of size 1. By Lemma 6.6 (2), C has 3 members of size 2: {,311, /321 + a},
{B3.B] +o}.{Bi. B3 + o}, and these are the only ones. (see Fig. 3 for an illustration;
the 3 thick edges represent the 3 members of size 2 in C).

Claim 5 {,311, ,322, /33” + o} and {,311 + o, ﬁ% + o, ,3;’ + cr} are the only members of
size greater than 2 in C.

Proof of Claim. C contains at most one element in U; for i € [3] by Lemma 6.5, so
C has no member of size greater than 3. Moreover, a member of size 3 contains one
element from each Uy, U,, Us. The subsets of size 3 that do not contain a member of
size 2 but one element from each of Uj, U,, Us are the following:

(8.6 63} (BB o pi) BB B+ o) (Bl B3 o8+,

(6] 408 +0. 83 +0] |8l +o.3.8+0). |8l +0. 83 +0.65 40

By Lemma 6.5, a subset {x1, x3, x3} where x; € U, fori = 1, 2, 3 is a member if and
onlyifx;j+x+x3=0+0a; +a2 —i—oag.Noticethatﬁll +,822+,331 =b+ar+a3
cannot be o0 + o1 + oy + a3, because b is not &1 + o by our choice of b. This
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implies that {8}, 3, 1} is not a member. Similarly, {8}, B3 + o, B3} is not a mem-
ber, because b # «. Notice also that {8 11 +o, 521 +o, ﬂg’ + 0} is not a member, because
Bl+o+pBr+o+B+0=a+b+a+ar+az+o cannotbe o + oy + o + a3
by our assumption that a # b. Observe that ﬂll + ,B% + ,333 +o0=0+o+ar+as,
implying in turn that {ﬂll ,322, ,333 + 0’} and {/311 + o, ,8% + o, /333 + 0} are mem-
bers, whereas {,Bll , ,822 + o, ,833 + a} and {,31' + o, ,8%, ﬁ33 + a} are not. Therefore,
{51] , ,322, ,3§’ + a} and {ﬂf + o, ,322 + o, /3; + a} are the only members of size at least
3in C, as required. O

Now that we have characterized all members of C, we know that the incidence
matrix of the corresponding minor C is the following 0,1 matrix:

Bl By+o B3 Bi+o Bi+o B3 Bi+o

1 1 0 0 0 0 0
0 1 1 0 0 0 0
0 0 1 1 0 0 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0

Contracting the elements corresponding to ﬂzz, ﬂ22 + o from C, we obtain a C 52 minor.
Since C is a minor of local(S, «), we deduce that local(S, «) also has C52 as a minor,
as required. O

Lemma 7.4 Up to isomorphism, Matroid(A3) is the unique minor-minimal matroid
with distinct circuits that have a nonempty intersection. Consequently, if two distinct
circuits of a matroid intersect, then the matroid has Matroid(A3) as a minor.

Proof Let M be a minor-minimal matroid over ground set E with distinct circuits that
intersect.

Let C1, C; be any pair of distinct circuits that intersect. Observe that C; UC, = E,
for if not, M\C; U C, would a proper matroid minor with distinct circuits, namely
C1, Cy, that intersect, which cannot be the case. Observe further that I := C1 N C»,
which by assumption is nonempty, has size one. For if not, forany e € I, M /(I — {e})
would be a proper matroid minor with distinct circuits, namely C1 — (I — {e}), C2 —
(I — {e}), that intersect, which cannot be the case.

In summary, every two circuits that intersect, have E as their union and an intersec-
tion of size one. Since M is amatroid, thereis acircuit C3 C (C1UC2)—{e}. Clearly, C3
intersects both C{, C,. Thus, |C;NC3| = |C2NC3| = land C{UC3 = CLUC3 = E. Tt
can be readily checked that |C{| = |C3| = 2, implying in turn that M = Matroid(A3),
as required. O

Now we are ready to prove Theorem 1.4. The crux of the proof is outlined as
follows. If mult(S) is ideal where S is a vector space over G F (2%) for some k > 2,
then mult(S) has no CS2 as a minor. Then Matroid(S) has no two distinct circuits that
intersect, by Lemmas 7.3 and 7.4. Then we use Theorem 4.1 to argue that S has a basis
with vectors of pairwise disjoint supports.
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Proof of Theorem 1.4 Take an integer n > 1. Let g be a power of 2 larger than 4, and let
S € GF(gq)" be a vector space over G F (q). (iii)=-(ii): Since mult(S) contains no C52
as a minor, Matroid(S) has no Matroid(A3) as a matroid minor, by Lemma 7.3. Thus,
every two distinct circuits of Matroid () must be disjoint, by Lemma 7.4. This implies
that Matroid(S) is the graphic matroid of a graph whose blocks are bridges and cycles,
so (ii) follows from Lemma 2.6 and Theorem 4.1. (i)=>(iii) follows immediately from
the fact that CS2 is non-ideal. (ii)=(i) follows immediately from Lemma 5.1. m]

8 The replication and 7 = 2 conjectures

Let C be a clutter over ground set V. Given the weights of the elements w € ZY,
the minimum weight of a cover of C can be computed by the following integer linear
program:

o(Cwy=min fwTx: MO =1, xezl].
A dual of this integer program is given by the following:
v(C, w) = max {lTy : M(C)Ty <w, yE€ Zi} ,
and this computes the maximum size of a packing of members of C such that each

element v appears in at most w, members in the packing. The linear programming
relaxations of these two integer programs are the following primal-dual pair:

7*(C, w) = minimize w ' x v*(C, w) = maximize 17y
subjectto M(C)x > 1, subjectto M(C)Ty < w.
x>0 y=0

By linear programming duality, we have that
7(C,w) = t(C, w) =v*(C, w) = v(C, w).

Although 7*(C, w) = v*(C, w) always holds, it is not always the case that t(C, w) =
v(C, w). If 7(C, w) = v(C, w) holds for every w € ZK, we say that C has the max-
flow min-cut property. In fact, the max-flow min-cut property is equivalent to the fotal
dual integrality for the integer program computing 7(C, w). Namely, C has the max-
flow min-cut property if and only if the linear system M (C)x > 1, x > 0 is fotally
dual integral. This implies that if C has the max-flow min-cut property, then Q(C) is
integral [16, 19] and thus C is ideal.

As the max-flow min-cut property is a special case of idealness, a natural question is
as to when a clutter has the max-flow min-cut property. In this section, we characterize
when the multipartite uniform clutter of a vector space over a finite field has the max-
flow min-cut property.

The readers may have already noticed that Theorem 1.5 is similar to Theorem 1.2
and Theorem 1.4. As a direct corollary of these theorems, we obtain the following:
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Theorem 8.1 Take a prime power q other than 2,4, and let S be a vector space over
G F(q). Then mult(S) is ideal if and only if mult(S) has the max-flow min-cut property.

Unlike the case when g ¢ {2, 4}, there is a vector space over G F (4) whose multi-
partite uniform clutter is ideal but does not have the max-flow min-cut property. The
element set of G F'(4) can be represented as {0, 1, a, b} where a and b are the numbers
satisfying the following addition and multiplication tables:

+01ab x[01ab
001ab 00000
1110ba 1101ab
alab01 al0abl
blbalO bl0b1la

Example Consider S = ((1, 1,0), (1,0, 1)) € GF(4)3. Then

g 0,0,0), (1,1,0), (a,a,0), (b,b,0), (1,0,1), (0,1,1), (b,a,1), (a,b, 1),
" 1(@a,0,a), (b,1,a), 0,a,a), (1,b,a), (b,0,b), (a,1,b), (1,a,b), (0,b,b) |~

One can check by using PORTA [29] that {x € Rf : M (mult(S))x > 1} is anintegral
polyhedron, so mult(S) is ideal. Notice further that mult(S) does not have the max-flow
min-cut property, since S contains

{(0,0,0),(1,1,0), (1,0, 1), (0,1, 1)} = Ry 1

as a restriction and so mult(S) has Qg as a minor by Lemma 2.3.

We say that clutter C packs if ©(C,1) = v(C, 1). We say that C has the packing
property if every minor of C packs. It was observed in [11] that minimally non-ideal
clutters do not pack due to Lehman’s theorem [22] and that if a clutter has the packing
property, then it is ideal. Moreover, notice that the packing property is a relaxed notion
of the max-flow min-cut property. Here, the Replication Conjecture predicts that the
packing property implies the max-flow min-cut property. We answer the conjecture in
the affirmative for the class of multipartite uniform clutters from coordinate subspaces.

Proof of Corollary 1.6 Take a prime power ¢, and let S be a vector space over G F(g).
Suppose that mult(S) has the packing property. Then every minor of mult(S) packs
and is ideal. Note that A3 is non-ideal. Moreover, it is easy to check that t(Qg, 1) = 2
and v(Qg, 1) = 1, which means that Q¢ does not pack. Therefore, mult(S) has none
of A3 and Qg as a minor. Then it follows from Theorem 1.5 that mult(S) has the
max-flow min-cut property. O

Next we consider the T = 2 Conjecture [11] which predicts that a stronger statement
than the Replication Conjecture holds true. We call a clutter minimally non-packing
if it does not have the packing property but every proper minor of it does. It is known
that a minimally non-packing clutter is either ideal or minimally non-ideal [11]. Here,
the T = 2 Conjecture is that if a clutter C is ideal and minimally non-packing, then its
covering number, defined as 7(C, 1), is two. We show that if the multipartite uniform
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clutter of a coordinate subspace is ideal and minimally non-packing, then its covering
number is two.

Proof of Corollary 1.7 Take a prime power ¢, and let S be a vector space over G F(q).
Suppose that mult(S) is ideal and minimally non-packing. As mult(S) does not pack,
it does not have the max-flow min-cut property. Then by Theorem 1.5, mult(S) has
A3z or Qg as a minor. Note that as A3 is non-ideal but mult(S) is ideal, mult(S) has
no Az as a minor. Then it follows that mult(S) has Qg as a minor. Since Qg itself
does not pack and every proper minor of mult(S) packs, mult(S) is isomorphic to Q.
In fact, Qg is ideal and minimally non-packing, and it has covering number two, as
required. O
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A Multipartite uniform clutters from binary spaces

Recall that the associated matroid of a vector space S over a finite field is denoted as
Matroid(S). For a binary space S, idealness of mult(S) can be characterized in terms
of Matroid(S).

Theorem A.1 ([4]). Take an integer n > 1, and let S € GF (2)" be a binary space.
Then mult(S) is ideal if, and only if, Matroid(S) has the sums of circuits property.

The sums of circuits property was introduced by Seymour [33]. Theorem A.1 is orig-
inally stated in terms of what is called the cuboid of S, defined in Sect.2.1. To avoid
confusion, let us stick to multipartite uniform clutters. In [32], Seymour proved that
a binary matroid has the sums of circuits property if and only if it has none of FJ,
R10, M (K5)* as a matroid minor, where F7 is the dual of the Fano matroid, R is the
binary matroid whose graft representation is displayed in Fig.4, and M (K5)* is the
cut matroid of Ks.
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Fig.4 Ryo

Fig.5 The Fano plane e

Theorem 1.1 provides a characterization of ideal multipartite uniform clutters from
binary spaces, and it is in terms of excluded clutter minors. Recall that the following
are two non-ideal clutters in the list of excluded clutter minors.

e [7 is the clutter over ground set {1, ..., 7} whose members are {1, 2, 3}, {1, 4, 5},
{1,6,7},{2,4,7}, {2, 5, 6}, {3, 4, 6}, {3, 5, 7}, and L7 is isomorphic to the clutter
of lines of the Fano plane (Fig.5).

e s is the clutter over ground set E(K5s), the edge set of K5, whose members are
the odd cycles of Ks.

So, an ideal clutter contains none of L7, Q5 as a minor.

A subset B of V is called a cover of a clutter C if B intersects every member of
C. The blocker of C, denoted b(C), is defined as the clutter over the same ground set
V whose members are the minimal covers of C. The following is a consequence of
Lehman’s width-length inequality [21]:

Theorem A.2 ([21]). Let C be a clutter over ground set V. Then C is ideal if, and only
if, b(C) is ideal.

Theorem A.2 implies that the blockers of .7 and Qs are non-ideal. It can be observed
that the blocker of IL7 is itself and that

e b(0s) is the clutter over ground set E(K5) whose members are the cut comple-
ments of K5.

As a consequence of Seymour’s theorem [32] that a binary matroid has the sums of
circuits property if and only if it has none of F-', Ri9, M(K5)* as a matroid minor.
The proof of Theorem 1.1 given in [4] is based on this result. We refer the reader to [4]
for a formal proof.
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B Proof of lemma 3.4

We will prove Lemma 3.4 that characterizes graphs with no K4 /e as a graph minor.
Given a graph G = (V, E) and its block decomposition, we may associate G with a
bipartite graph 5(G) where

e a part of the bipartition of B(G) consists of the cut-vertices of G,
o the other part consists of the blocks of G, and
e acut-vertex u and a block B are adjacent in B(G) if u is a vertex in B.

It is well-known that B(G) is a tree all of whose leaves are blocks of G (see [7]). We
call a vertex of G that is not a cut vertex an internal vertex.

Proof of Lemma 3.4 Assume that G contains no K4/e as a graph minor. We will prove
by induction on the number of edges that each block of G is a bridge, a cycle, or a
subdivision of A, for some ¢ > 3. The base case is trivial. For the induction step, we
may assume that G has at least 3 edges. If G has more than one block, a block of G
has less edges than G does, so we may apply the induction hypothesis to each block of
G. Thus we may assume that G is 2-vertex-connected, in which case, G has no loop.

Let e be an edge of G. By the induction hypothesis, each block of G — {e} is a
bridge, a cycle, or a subdivision of A, for some ¢t > 3. Moreover, since G has no loop,
G — {e} has no loop either. We first prove the following claim:

Claim 6 Either B(G — {e}) is a single vertex, i.e., G — {e} is 2-vertex-connected, or
B(G — {e}) is a path whose two ends are blocks of G and e is incident to internal
vertices of the two end blocks of the path.

Proof of Claim. We may assume that G — {e} has at least two blocks. Since G is
2-vertex-connected, e connects two distinct blocks By, B» of G — {e}. Recall that
B(G — {e}) is a tree, so there is a unique path between B; and B; in B(G — {e}). Then,
after putting e back, the blocks of G — {e} on the path between B and B; become a
single block in G. In fact, since G is 2-vertex-connected, G has no other block. This
implies that G — {e} has no block other than the ones on C. So, B(G — {e}) contains no
vertex outside C, and therefore, B(G — {e}) is a path where B{, B; are its two ends. If
e is not incident to an internal vertex of Bj, then e is incident to the cut-vertex of By,
implying that Bj is separated from B, in G, a contradiction. Thus e is incident to an
internal vertex of Bj. Similarly, e is incident to an internal vertex of Bj, as required. O

Next, we claim the following:
Claim 7 All but at most one block of G — {e} are bridges.

Proof of Claim. We may assume that G — {e} has at least two blocks. Then, by Claim 1,
B(G — {e}) isapath By, uy, By, ..., ui_1, By for some k > 2, where By, ..., By are
the blocks of G — {e} and u is the cut-vertex separating By and B¢+ for £ € [k —1].
Moreover, by Claim 1, e = ugug, where ug is an internal vertex of By and uy is an
internal vertex of By.

Suppose for a contradiction that G — {e} has two blocks that are not bridges. Then
B;, B for some distinct i, j € [k] are not bridges. In particular, B; and B; have cycles
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Fig.6 e=Uuj_1uj e
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C; and Cj, respectively. Here, both C; and C;; have at least two edges as G — {e} has no
loop. After contracting the edges of B, for £ € [k] — {i, j} from G — {e}, the vertices
in By, ..., B;_; are identified with u; _1, the vertices in B; 11, ..., B;j_; are identified
with u;_1, and the vertices in Bj1, ..., By are identified with u ;. Therefore, the
resulting graph is u; 1, B;,uj_1, Bj, uj, where u; 1 and u; are internal vertices of
B; and Bj, respectively, and u;_ is the cut-vertex separating B;, B;. Notice that
e connects u;_1 and u; after the contraction, because ug, u; were identified with
u;_1, uj,respectively (see Fig. 6 for anillustration). We then delete the edges outside of
the cycles C;, C;. After adding e back, we obtain a subdivision of K4 /e, a contradiction
as G has no K4/e as a graph minor. Therefore, at most one block of G — {e} is a bridge.

O

If every block of G — {e} is a bridge, then it follows from Claim 1 that G is a cycle.

Thus we may assume that a block B of G — {e} is a cycle or a subdivision of A, for
some ¢t > 3. Then, by Claim 2, the other blocks of G — {e} are bridges.

Claim 8 G is the union of B and a path P whose ends are two vertices in B and the
other vertices are disjoint from V (B).

Proof of Claim. 1t follows from Claim 1 that e and the bridges of G — {e} form a path
P connecting two vertices of B. An interior vertex of P, if exists, is in a block of
G — {e} other than B, so it is not contained in V (B), as required. ]

As B is a cycle or a subdivision of A; for some ¢t > 3, B is a disjoint union of
internally vertex-disjoint uv-paths for some distinct u, v € V(B). Let Py, ..., P; be
the uv-paths.

Claim9 Ift =2, G is a subdivision of As.

Proof of Claim. 1f t = 2, B is a cycle and P connects two vertices on the cycle by
Claim 3. So, G is the union of three internally vertex-disjoint paths connecting the
two vertice, implying in turn that G is a subdivision of A3. O

By Claim 4, we may assume that + > 3. We will show that P is also a path
connecting u and v, thereby proving that G is a subdivision of A4, obtained from
uv-paths Py, ..., P, P.

Claim 10 P is an uv-path.

Proof of Claim. Suppose for a contradiction that P is not a uv-path. Then one of P’s
two ends is not in {u, v}.

First, consider the case when one end of P is in {u, v}. Without loss of generality,
we may assume that one end of P is u and the other end is w € V — {u, v}. Without
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loss of generality, assume that w is on Pj. Then the subgraph of G obtained after
deleting the edges E — E(P)U E(P1) U E(P>) U E(P3) (see Fig.7 for an illustration)
is a subdivision of K4 /e, contradicting the assumption that G has no K4/e as a graph
minor.

Now consider the case when both ends of P are not in {u, v}. Let the ends of P be
wi, wy € V —{u, v}. There are two cases to consider: wy, w, are on the same uv-path
of B, or wy, wy are on different uv-paths. If wi, wy are on the same uv-path, we may
assume that they are on P; without loss of generality. In this case, deleting the edges
E — E(P)U E(P1) U E(P>) U E(P3) and contracting the edges of the uwj-path on
P; (see Fig. 8 for an illustration), we obtain a subdivision of K4 /e, a contradiction.

If wy, wy are on different uv-paths, we may assume that wj is on Py and w, is on
P, without loss of generality. Deleting the edges E — E(P)UE(P1)UE(P>)UE(P3)
and contracting the edges of P (see Fig. 8 for an illustration), we obtain a subdivision

of K4/e, a contradiction as G has no K4 /e as a graph minor. O
By Claims 3 and 5, P is an uv-path that is internally vertex-disjoint from Py, ..., P;,
implying in turn that G is a subdivision of A, 1. This finishes the proof. O

C Proof oflemma 6.6

Proof of Lemma 6.6 (1) By Lemma 6.5, C is a member of size 1 if and only if C =
{o +«;} for some i € [n]. Therefore, {a; + 0}, ..., {a, + o} are the members of size
1 in local(S, o), as required.

(2) First, we will argue that a member of cardinality 2 contains none of o +
0,...,a, +0o.Let {u, v} be a member of size 2 where u € U; and v € U; for some
i #j. Thenwegetu+v=o0-+o +ajbyLemma65.Ifu =a; +0,thenv = «;,
contradicting the assumption thatv € U; = GF(g) —{a;}. Therefore, the members of
cardinality 2 are containedin U’ := (U — {a; + o} U---U U, — {a, + o}). Notice
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that we have preserved the symmetry between Uy — {1 + 0}, ..., U, —{o, + 0} and
that U; — {a; + o} is not different from the other U; — {a; + o}’s.
Observe that Uy — {o1 + 0} = GF(q) — {«1, 21 + o} has ¢ — 2 elements and
that U; — {1 4+ o} can be partitioned as U; — {«] + 0} = {ﬁll,ﬁll —|—a} U---u
41 4_ q_
{,312 ], By : +o }, with 4 — 1 sets of cardinality 2, where Bl ... BE ! are distinct
elements. Fori =2,...,nand j =1, ..., % — 1, we denote by ,Bij € U; the element
satisfying ﬂi] = ,B]] + a1 + ;.

q_ q_
Claim 11 Ui—{a,'—i-a}:{,Bi],ﬁil—i—a}uu-u{ﬁf v 1+a}fori=l,...,n

Proof of Claim. We may assume that i > 2. Let j, £ be distinct indices in [% - 1].

As /3{ #* ,Bf, we get ,Bi/ # ,Bf. Similarly, ,8{ #~ ﬂf + o implies ﬂij #
491 4

,Bf + o. Therefore, ﬂil, ,81.1 +o,....8 1, B’ ! + o are distinct elements, so

19 4_
{,3,'17 :31‘1 + a} e, {ﬂl? B ! + o} partition U; — {«; + o}, as required. O

By Claim 1, each element in U’ is ,Bij or ﬂij + o forsomei € [n]and j € [% — 1].
Now we are ready to characterize what the members of size 2 are.

Claim 12 Let u, v be distinct elements in U'. Then {u, v} is a member in local(S, a)

if and only if for some j € [1 - 1] and distinct i, k € [n], we have u = ,3] and

v—ﬁk+aoru—ﬁ +aandv—,3k

Proof of Claim. (<) Without loss of generality, we may assume that j = 1,i = 1, and
k=2 As,Bz1 = /311 + o +ot2,wehave,311 +ﬂ21 4+ 0 = a1 + oz + 0. So, by Lemma
6.5, {u, v} is a member.

(=) Without loss of generality, we may assume that u € Uj, v € U,. Then

u = /31 oru = ,31 + o for some j € [4—1] Ifu = ,Bf,thenbyLemma65
v = ,31 +ojtar+o = ,32 + o . Similarly, if u = ,31 + o, we can argue that v = ﬁz,
as required. O

For j € [%—1], let G; denote the graph induced by the elements in
{,3{,3,{} U {ﬁf +a,...,/3,{ +O’}. By Claim 2, the edge set of G; is pre-

cisely { { ,Bij , ﬁ,{ + a} Dl #E k} Moreover, Claim 2 also implies that there is no edge
between G and Gy if j # £, as required. O
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