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The Katz centrality of a node in a complex network is a measure of the node’s
importance as far as the flow of information across the network is concerned. For
ensembles of locally tree-like undirected random graphs, this observable is a random
variable. Its full probability distribution is of interest but difficult to handle analytically
because of its “global” character and its definition in terms of a matrix inverse.
Leveraging a fast Gaussian Belief Propagation-Cavity algorithm to solve linear systems
on tree-like structures, we show that i) the Katz centrality of a single instance can be
computed recursively in a very fast way, and ii) the probability P(K) thata random node
in the ensemble of undirected random graphs has centrality K satisfies a set of recursive
distributional equations, which can be analytically characterized and efficiently solved
using a population dynamics algorithm. We test our solution on ensembles of Erdds-
Rényi and Scale Free networks in the locally tree-like regime, with excellent agreement.
The analytical distribution of centrality for the configuration model conditioned on
the degree of each node can be employed as a benchmark to identify nodes of empirical
networks with over- and underexpressed centrality relative to a null baseline. We also
provide an approximate formula based on a rank-1 projection that works well if the
network is not too sparse, and we argue that an extension of our method could be
efficiently extended to tackle analytical distributions of other centrality measures such
as PageRank for directed networks in a transparent and user-friendly way.

networks | cavity method | centrality

1. Introduction

The study of complex systems and the applications of the “science of complexity” to
the most diverse areas of research have witnessed spectacular successes in recent years.
Complex systems are quintessentially defined as being composed of many components
that are interacting locally, exhibiting emerging static and dynamical properties, and
involving a certain degree of randomness. However, not every elementary constituent
plays the same role in the structure or functionality of a system, with some constituents
being more critical and “central” to ensure stability, resilience, or other desired global
properties of the architecture (1-14). Identifying the most important nodes in a network
architecture is indeed of paramount importance to ensure the integrity and functionality
of transportation networks and critical infrastructures (15-19), as well as to allow users
to retrieve an accurate list of webpages corresponding to an Internet query (20, 21), or
identify the most suitable receivers of a vaccine to mitigate a disease outbreak (22-24).
Our ability to exploit the advantages of living in a modern and interconnected society
to the full heavily relies on preserving the integrity of crucial infrastructures such as the
Internet and power grids (1, 25-29).

Several “centrality” measures have been developed to classify and rank nodes of a
network, which focus on different structural characteristics: The degree centrality simply
counts how many neighbors each node has and ranks nodes according to how locally
connected they are. More global centrality measures include the eigenvector centrality
(30), the Katz centrality mainly considered here (31), and Google PageRank (20, 21).
Other definitions take into account the relative position of each node in the network
(for instance, closeness and betweenness (32, 33), communicability (34) and DomiRank
(35)), as well as the role played by a node in a dynamic process on networks (for instance,
current-flow (36), entanglement (37), and random-walk (38) centralities)—see ref. 39
and references therein for a taxonomy of centrality measures on networks and refs.
40-42 for comprehensive reviews.

When the underlying structure is a single instance or an ensemble of random networks,
generated according to probabilistic rules, each of the above centrality measures becomes
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a random variable, whose precise statistics are of general interest.
Indeed, distributions of observables on random graphs constitute
an important benchmark, as “null models” constructed out of
random interactions can then be compared with empirical data
to quantify the effect of structure and “information” encoded in
the data that cannot be explained by pure noise.

Perhaps surprisingly, though, the available analytical results for
the full distribution of centrality measures on random networks
are particularly scarce. This is probably due to the “global”
character of most centrality measures, which require complete
information about all other nodes to be characterized exactly.

In the recent mathematical literature, most of the existing
works concern the distribution of PageRank on directed random
graphs (43-51), in particular, aimed at proving rigorously the
empirically observed “power-law hypothesis:” In a Scale Free
network, the PageRank scores follow a power law with the
same exponent as the (in-)degrees (52-56). In this context, the
distribution of PageRank was found to obey a distributional
fixed-point equation, which seemingly facilitated analytical
considerations. However, the derivations are not particularly
transparent or illuminating—at least to our eyes—and do not
allow easy access to an operational scheme to control and solve
the distributional equations. Upper bounds and approximations
to the PageRank distribution are provided in ref. 57 for 4-regular
directed acyclic random networks generated by the configuration
model. The distribution of betweenness centrality was considered
for exponential random graph models in ref. 58 and for random
trees and other subcritical graph families in ref. 59. Exact
calculations of centrality vectors for instances of networks with
special structures are also available (60). For undirected random
graphs, bounds and convergence of the PageRank distribution
have been obtained in ref. 61, while numerical explorations of
distributions of various centrality measures (including PageRank)
as well as analytical results for networks with preferential
attachment are presented in ref. 62. For an empirical study of the
distribution of centralities in urban settings, see refs. 63 and 64.

In this paper, we focus on the Katz centrality of undirected
random networks with NV nodes that are locally tree-like, meaning
that short loops are rare and the typical size of a loop is O(log V).
However, our techniques work also in the case of other similarly
constructed centrality measures (65). We aim to characterize
analytically the full distribution of the Katz centrality of nodes i)
within a single instance with NV nodes, and ii) across the entire en-
semble of large random graphs with fixed mean degree ¢ for N —
00, focusing on Erdés-Rényi and Scale Free graphs as prominent
examples*—although the theory works as well for any configu-
ration model characterized by the degree distribution p(#).

Leveraging a fast recursive scheme based on Cavity/Gaussian
Belief Propagation (GaBP) to solve linear systems on a tree-like
structure (67—-69), we first show that the Katz centralities of all
nodes of a single instance solve a system of recursive equations
for cavity fields, which can be solved very efficiently. Next, we
exploit this result to claim that the corresponding distribution
of Katz centralities across the entire ensemble can be determined
as the solution of a set of recursive distributional equations—
essentially, integral equations for probability density functions
(pdf). Not only are these equations written out explicitly, but an
efficient numerical scheme (Population Dynamics) is proposed
to solve them numerically, the only necessary ingredient being
the degree distribution p(#) of the network of interest. The
numerical solution of the population dynamics scheme is in

*While power-law networks with exponent less than 3 have finite loops (66), the tree-like
approximation appears to work well also on these structures (6).
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excellent agreement with numerical simulations of large random
networks with fixed average connectivity.

The progress we made in the analytical computation of the
probability density of the Katz centrality across nodes having
the same degree in the configuration model (see Eq. 38 below)
makes it possible to validate the functional importance of nodes
in an empirical network against a “null” model where only
the information about node degrees is retained. We test this
statistical validation scheme on a dataset comprising airline
routes connecting 3,425 world airports (70) retrieved from
the OpenFlights database, as well as on a Facebook friendship
interaction network (71), and a citation network (72) (87
Appendix). In all cases, we are able to identify three classes of
nodes: those whose centrality is over- or underexpressed relative
to the value one might have expected for nodes of the same
degree in the “null” model and those whose centrality is instead
compatible with their “null” model counterparts.

We also propose an approximate scheme—based on a rank-1
projection of the adjacency matrix proposed in ref. 65 and suc-
cessfully used in refs. 73 and 74—to reproduce the distribution
of Katz centrality for not too sparse graphs, which also works
very well. All our results confirm and put on firmer analytical
ground the known observations that centrality measures are
often correlated with each other (75-78), as we show that the
distribution of Katz centrality can be naturally decomposed into
contributions coming from nodes of given degree (see Eq. 38
below) yielding a strong correlation between Katz and degree
centrality of each node (see Figs. 2 and 3 below).

We will also argue that an extension of our framework is likely
to be useful to compute analytically the full distribution of other
centrality measures (for example, PageRank in directed graphs)
in a transparent and easy-to-interpret way.

The plan of the paper is as follows. In Section 2, we provide
the definition and interpretation of Katz centrality, and we show
that the centralities of nodes can be computed as the solution of
a linear system. In Section 3, we provide a pedagogical derivation
of the cavity/BP recursive equations that allow us to solve a sparse
linear system of equations on a tree-like structure in a fast and
efficient way. In Section 4, we leverage this result to derive a set
of recursive equations to compute the Katz centrality of all nodes
of a single instance of a network in a fast and distributed way. In
Section 5, we exploit these results to show that the full probability
distribution P(K) of observing a node with Katz centrality X
in an ensemble of large random networks is determined as the
solution of a pair of recursive distributional equations, which
can be efficiently solved using a Population Dynamics algorithm
presented in Section 6 along with the result of numerical
simulations. In Section 7, we present the results on empirical
validation of the importance of nodes in the airport network
dataset against a “null” benchmark where only the information
about the degree sequence is retained. In Section 8, we construct
an approximate scheme—based on a rank-1 projection of the
adjacency matrix—to write P(K) in a more explicit form, which
works well in certain conditions. Finally, in Section 9, we offer
some concluding remarks and an outlook for future research.

2. Katz Centrality

In graph theory, the Katz centrality of a node was first introduced
by Leo Katz in 1953 (31) to measure the relative degree of
influence of an agent within a social network by taking into
account the total number of walks that connect the agent with
all the others. Paths connecting an agent with a “distant” node
are however penalized by an attenuation factor a.

pnas.org
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More formally, let G be the /V x /N symmetric adjacency matrix
of an undirected network formed by V nodes, with G;; = Gj; =
1 if node 7 is connected to node j, and 0 otherwise. The powers of
G indicate the presence (or absence) of links between two nodes
through intermediaries. For instance, the element (G* )ij counts
the number of paths of length # between nodes 7 and ;.

Given a parameter a € (0, 1), K; denotes the Katz centrality

of node 7 if
K=Y "> a"(Gh;. (1]

k=1 j=1

The interpretation is straightforward: The centrality of a node is
a weighted sum of paths of all lengths reaching that node from
all other nodes, where longer paths are weighted less—see ref. 79
for proposals on how to optimally select the parameter a.
The value of the attenuation factor a has to be chosen such
that )
0<a< , (2]

max

where Ay is the largest eigenvalue of G, for the infinite sum in
Eq. 1 to converge. Interestingly, it follows from the definition in
Eq. 1 that

lim — =4, (3]

where k; = Zj Gj; is the degree of node 7, i.e. the number of its
neighbors. Conversely,

lim (1 — admw)K; = EE;, [4]
a—>(l//1max)_

where E; is the eigenvector centrality of node 7, i.e. the i-th

component of the vector E that solves the eigenvector equation

GE = AmaxE, and £ is a numerical constant; see, e.g., ref. 80.
The infinite geometric sum in Eq. 1 converges to

K=(1-aG)1-1, (5]
—_—
KS

where 1 is the V x [V identity matrix, and 1 is a /NV-dimensional
column vector. Here, K is the vector collecting the N centralities
of all nodes. From Eq. 5 and the fact that G is substochastic, it
follows' that K; > 0.

Rearranging Eq. 5 slightly, we can rewrite the vector of
centralities as the solution of the linear system of equations

(1-aG)K;=1, [6]

where K; = K + 1.

In the following section, we review the algorithm to solve
efficiently a linear system of equations on a sparse structure using
a recursive method (GaBP/cavity) proposed in refs. 67-69. We
initially follow their idea of reframing the calculation of single-
instance centrality as the solution of a linear system on a sparse
structure, as they first suggested in the case of an extension of
Katz centrality to weighted networks that they named spatial
ranking (69, 82). Standard iterative schemes for linear systems
such as Gauss-Seidel, Jacobi, and conjugate gradient (83) are
routinely used to numerically compute the centrality values on
a single instance (84), as they are more stable and faster than
matrix inversion methods. The GaBP/Cavity scheme has however

Twe have (Ks); = 0 from ref. 81. Then, (Ks); = 1 + a(GKs); from Eq. 6. Since G has
nonnegative entries and a is nonnegative, the claim easily follows.
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two main advantages: i) there is some numerical evidence that
the GaBP/cavity scheme is superior to standard recursive linear
system methods in terms of performances and stability on sparse
structures (85, 86), and ii) contrary to classical recursive methods,
the GaBP/Cavity scheme provides explicit equations connecting
single-instance node and edge fields, which can be easily
translated into analytical distributional equations at the ensemble
level. We start in the next section by presenting the general
GaBP/cavity theory for the solution of sparse linear systems.

3. Solution of a Sparse Linear System with the
Cavity Method

Consider a linear system
Ax = b, (7]

with A square, symmetric and invertible. The fundamental
observation is that the solution vector

X =A"'b, (8]

is identical to the vector of averages

x; =i = / dx; xipi(xi) , [9]

with

pil) = / [T 7). [10]
i

and p(x) given by the following multivariate Gaussian

1 1
plx) = 7 Xp I:—ExTAx + bTx:| . [11]
This follows from

(x—x)TAw—a*) =aTAx —26"x + 6T A6,  [12]

which allows us to write the multivariate Gaussian with mean
vector x* in the form of Eq. 11

plx) = % exp [—%(x — ") Alx - x*):|
e[ esen].

with Z = Z/ exp[(1/2)67 A~ b).

Writing the solution in the form of Eq. 9 transfers the problem
from the linear algebra domain to the probabilistic domain,
allowing us to tackle it with a more powerful and broader set
of tools.

From now on, we further assume that the matrix 4 of
coefficients of the linear system defines a locally tree-like graph
structure, where the unknowns x; live on the N nodes of a graph,
and the coefficients 4;; # 0 stand for the weight of the edge
connecting node 7 and j.

If the graph is a tree—but the treatment below works very
well for tree-like structures—we can appeal to the GaBP scheme
(67—-69)—a particular incarnation of the cavity method (87-89)
from the theory of disordered systems, and of message passing
algorithms (90-92)—to find efficient and fast recursive equations
for the averages y; we are after. Among the many virtues of the
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scheme is the fact that—when the algorithm converges—it is
guaranteed to converge to the true averages (i.e. the inference is
guaranteed to be exact) (67, 69). In our case, the convergence of
the algorithm follows from the condition of Eq. 2, which defines
a walk-summable problem (see ref. 93, Proposition 2).

Let us start by rewriting the marginal p;(x;) as follows

(%) _Z /de exp ——ZxIZAl]x] Zbkxk

i jEedi
—xi ) Ajx;
jeai jeai
X p(i) (%3:) [14]

1 1.2

_ — > Ajixs+bix;

= e 20T dbx; ex
7 l_[ G Xp

where 97 denotes the set of nodes j connected to 7 (4; # 0),

while p() (x5,) denotes the cavity distribution, namely the joint
distribution of remaining variables (so, from the j-th variable
outward) after the node 7 has been removed from the picture.
Now, in a tree structure, the nodes ;j in the neighborhood of
i are only connected to each other via the node i (see sketch
in Fig. 1). When the node 7 is removed, the variables defined
on these nodes become therefore independent, i.e. the cavity
distribution factorizes over the nodes in the neighborhood of i

xaz HP] x] (15]
jeoi
Therefore
1
pilxi) = Ze 2]+ b
X H / dx;j exp [—xl'Aijx]-]p](i) (xj) . [16]
jeoi

We can repeat the reasoning for the cavity distribution itself

(i) B | P g

p () = Z(z‘)e B
X 1_[ /dxg exp xjAjgxg]pgi)(xz), [17]
Ledj\i

where 9 \ 7 denotes the set of neighbors of node j excluding the
node i. Note that Eq. 17 is now a closed recursion for the cavity

( FURTHER NODES |

Fig. 1. Sketch of the tree structure with the node i on top, the neighborhood
9i in dashed blue, and the further-down neighborhood 9/ \ i in dashed green
(Left). On the Right, schematic representation of the removal of node i, which
leaves nodes jj, j, and j3 independent.
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distributions p](l), whereas Eq. 16 is not a closed recursion for

the marginal p;(x;). Knowing the cavity marginals (solutions of
Eq. 17), though, it is possible to compute the marginals using
Eq. 16, as we show below.

We make the (normalized) Gaussian ansatz for the cavity
distribution

SR

. , (18]
(@)
2,

i 1
]’]( )(X) =T P
z

with cavity mean y](i) and cavity variance Vj(i). With this choice,
the integral on the r.h.s. of Eq. 17 is Gaussian, which in turn will
result in a Gaussian dependence on x;. Inserting this ansatz on
the r.h.s. of Eq. 17, we compute the resulting Gaussian integral
using the formula
M2V

R E T [19]
where (-) stands for averaging over a normalized Gaussian
N (u, V) with mean p and variance V. Specializing to

M = x;jAze, [20]

from Eq. 17, we see that the exponent in the r.h.s. becomes

Z Zﬂg

Ledj\i

1 .
— ot 4= X v+
tedj\i
[21]
Furthermore, the average and variance of a normalized
Gaussian of the form appearing in the r.h.s. of Eq. 17, namely

1
pl) = e 2O [22]
are respectively
1
V=">:o (23]
D
== DV . [24]

Using the expressions above, we get—equating mean and
variance—from Eq. 17 and using the ansatz Eq. 18

; 1
A 0 [25]
ZZGB]\Z A]é
w =vO g -3 4| . [26]
Ledj\i

Similarly, we make the (normalized) Gaussian ansatz for the
marginal distribution

1 — uj)?
Pj(x) = E exp <—_(x 2;‘]) )) [27]
’j j

with mean p; and variance V}. Inserting again the Gaussian ansatz
of Eq. 18 for the cavity marginal in the r.h.s. of Eq. 16, and
comparing with the ansatz Eq. 27 for the Lh.s., we obtain the
following equations

pnas.org
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1
Vi = m— [28]

@)
Ajj — theaj V, Afz

Ledj

Solving the self-consistency Eqs. 25 and 26 on the cavity
graph and inserting the results into Eqs. 28 and 29 provides the
solution x* = y; of the linear system Eq. 7. The equations above
are identical to those provided in ref. 68, after some rewriting
and rearrangements. In the next section, we are going to specialize
these results to the case of the linear system Eq. 6 defining the
shifted Katz centrality on a single network instance.

4. Katz Centrality on Single Instance of a
Random Graph

To apply the formalism developed in the previous section to the
Katz centrality, we may define from Eq. 6 the matrix 4 as

—a ifj #¢

1 ifj=¢" [30]

Aje = 60 — aGy = {
since we assume that a link exists between node j and ¢, and that
there are no self-loops. Also, bj =1 forallj.

The self-consistent cavity equations thus become

v = 1 ok 31
L—a? 3 eon: Ve

u =vO 14 3 4, 32]
teaj\i

1

= _ 33]
1—a? Zfeaj VZ(])

w=v[1+a> W], [34]

Leoj

from which the Katz centrality K; of node i can be efficiently
determined from Eq. 6 as

Ki=p—1. [35]

GaBP /Cavity

Fig. 2. Probability density function P(K) of the Katz centrality with a = 1/50
computed over a single instance of an Erdés-Rényi graph of size N = 5,000
with average degree ¢ = 4 by direct matrix inversion from Eq. 5 (pink circles).
Blue dot-dashed line: GaBP/cavity solution of the linear system as given in
Egs. 31-35. The coordinates (Kj, k;) of each green squarej = 1,..., N provide
the degree k; of node j against its centrality K.

PNAS 2024 Vol. 121 No. 40 e2403682121

P(K)

& GaBP/Cavity

Fig. 3. Probability density function P(K) of the Katz centrality with a« = 1/50
computed over a single instance of an Erdés-Rényi graph of size N = 5,000
with average degree c = 20 by direct matrix inversion from Eq. 5 (pink circles).
Blue dot-dashed line: GaBP/cavity solution of the linear system as given in Egs.
31-35. The coordinates (Kj, kj/m) of each green squarej = 1,..., N provide
the degree k; of node j—rescaled by a factor m = 10.81 to make it visible on
the same scale—against its centrality K;.

In Fig. 2, we plot the Katz centrality distribution for a single
instance of an Erdds-Rényi graph of size N = 5,000 with
average degree ¢ = 4, along with the GaBP/Cavity solution
of the recursions above, as well as the degree sequence staircase
(green squares). From the plot, one easily infers that the centrality
distribution is naturally decomposed into contributions (peaks)
coming from nodes of different degrees. Increasing the average
connectivity ¢, the peaks would gradually merge, as more and
more nodes of different degrees happen to have the same
centrality (see Fig. 3 for ¢ = 20).

5. Probability P(K) Over the Ensemble

We are now interested in leveraging the results of the previous
section—valid for a single instance of a random network—to
compute the probability density function P(K') of finding a node
i with centrality P(K) = Prob[K; = K] in an ensemble of large
undirected random graphs. Going from single-instance cavity
results to distributions over an ensemble is a quite standard
procedure (see ref. 94 for a review), which we report here for
completeness.

First, one has to focus on the joint probability density function

7(u, V) of observing a cavity mean y j(i)

V]'(i) = V in the ensemble. To do so, one observes that the self-

consistency equations for the cavity variance and mean (Egs.
31 and 32) refer to the links of the underlying graph. In an
infinitely large network, links can be distinguished from one
another by the degree of the node they are pointing to. Therefore,
considering an edge (4, j) pointing to a node j of degree %, the

= panda cavity variance

value (¢, V) of the pair formed by the cavity mean M]-(i) and the
()

cavity variance V;"/—both living on this edge—is determined by

theset {pe, Vi},_; of the £—1 values of the pair (,uél), VE(I)) living
on each of the edges connecting j with its neighbors £ € 97\i.
In an infinite system, these values can be regarded as £ — 1
independent realizations of the pair of random variables of type

,uéj) and Vg(j), each drawn from the same joint pdf 7 (u, V).
The joint pdf z(p, V) is then obtained by averaging the

contributions coming from every link w.r.t. the probability /f (k)

https://doi.org/10.1073/pnas.2403682121
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of having a link pointing to a node of degree £,* with p(k)
being the degree distribution of the network, and ¢ ~ O(1) the
average connectivity. This reasoning leads to the self-consistency
equation

© k-1
z(u, V)ZZP(/?)-/{dﬂ}/eq(S pu=V{1+ad u
=€ =1
1
x| V- ——— ], [36]

1—a2 Y4\ Ve

where {dr},_1 = I—[/g;ll duedVer(ue, V). The recursive dis-
tributional Eq. 36 can be efficiently solved via a population
dynamics algorithm (Section 6). Note that the integral equations
above can now be considered and solved independently of
the network problem that originated them, since no other
information about the topology of such network enters the
picture apart from the degree distribution p(#), which makes
this approach so general and powerful.

The same reasoning can be applied to find the joint pdf

#(fi, V) of the pair (y;, V;) satisfying Eqs. 33 and 34. From
there, one notices that the u; and V; are variables related to
nodes, rather than edges. Since in the infinite size limit the nodes
can be distinguished from one another by their degree, the joint
pdf 7#(ji, V) can be written in terms of the solution 7 (u, V) of
Eq. 36 as

o0 k
7, 7) = 32 p8) [[tamus (7= ¥ (1423 m
k=0 =1

1
) k
l—a?} 5 Vi

where p(k) is again the degree distribution. Note that the r.h.s.
of Eq. 37 is a sum of 4-fold integrals involving 7 and not 7,
because y; and V; are defined in terms of the “cavity” pair (Egs.
33 and 34). Also, the integral relations above evidently preserve
the normalization of the joint pdfs 7 and 7.

After solving Eq. 37 for the joint pdf #(fi, V) of the variables
of type y; and V;, we appeal to Eq. 35 and the definition of the
shifted Katz centrality as a linear system in Eq. 6 to write the pdf
P(K;) as

xs|V-— , [37]

P) = [V (K, )= Y p0r(kle), 138)
k=0

with the pdf P(K;|%) of a node having shifted centrality X given
that it has degree £ given by

P(K;|k)

k

1

= [ {dx}id | K — < I-I-aZﬂg
/ L—a?) iy Ve =1

[39]

1:The theory developed here for configuration model ensembles with no degree-degree
correlation can be extended, allowing for a more general probability P(k’|k) that a node
of degree k is connected to a node of degree k’. In this case, the distribution z(u, V)
needs to be made k-dependent, zy (4, V) (103). The case of no degree-degree correlation
is recovered by noting that in this case P(k’|k) is independent of k. Therefore, P(k’|k)
reduces to the probability that an edge points to a node of degree k’, which can be
defined as the ratio between the number of edges pointing to nodes of degree k', k’p(k’),
and the number of edges pointing to nodes of any degree, i.e. the sum Y,/ kK'p(k’) = c.
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Fig. 4. Conditional pdf P(Ks|k) of the shifted Katz centrality Ks = K + 1
of nodes of degree k for an ensemble of graphs with Poissonian degree
distribution with mean ¢ = 35, « = 1/40 and population size Np = 10° (Eq.
38). The curves are obtained via Monte Carlo sampling of the integral in Eq. 39
after the population has reached equilibrium. We display curves for degree
up to k = 14.

The integral in Eq. 39 can be estimated via Monte Carlo
sampling from the equilibrium distribution z(y, V) in Eq. 36.
Written as in Eq. 38, the pdf of the Katz centrality is naturally
expressed as a superposition of contributions, each coming
from nodes of degree 4 (see Fig. 4 for an ensemble of graphs
with Poissonian degree distribution with mean ¢ = 35). For
sufficiently low average connectivity ¢, the individual degree-4
contributions are clearly visible in the form of distinct peaks.
Empirical conditional probability distributions for centrality
measures such as the betweenness have been previously analyzed
to characterize correlations of such metrics with the degree as well
as their expected behavior compared to random models (95). In
Fig. 5, we plot the variance ai of the conditional distribution
P(K;|k) of the shifted Katz centrality as a function of the node’s

, analytic approximation
, population dynamics
¢ = 35, analytic approximation
2+ O ¢ =35, population dynamics .
¢ = 50, analytic approximation
¢ = 50, population dynamics

Fig. 5. Variance uf of the Katz centrality distribution (¢ = 0.01) conditioned
on nodes of degree k for ensembles of graphs with Poissonian degree
distribution with mean ¢ = 10 (blue circles), ¢ = 35 (red circles), and ¢ = 50
(green circles). The variance is computed averaging k2 over the conditional
distribution in Eqg. 39, which is in turn computed via Monte Carlo sampling
from the equilibrium distribution = [solution of Eq. 36 with Poissonian p(k)].
The corresponding solid lines represent an approximate but explicit formula
for this linear trend, which we derive in S/ Appendix after postulating a suitable
simple ansatz for the solution z of Eq. 36, and a continuum approximation
for the degree k. The approximate formula captures the numerical trend
reasonably well, even for values of k well beyond the expected range of
validity, with noticeable discrepancies only for very large k compared to the
mean degree c.
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Fig. 6. Probability density function P(Ks) of the shifted Katz centrality with
a = 1/40 computed over an ensemble of 1,000 Erdds-Rényi graphs of size
N = 1,000 with average degree ¢ = 4 by direct matrix inversion from Eq. 5
(red circles). Blue solid line: distribution of the population M after reaching
equilibrium, with Np = 105 population members and 100 updating sweeps
(see Section 6 for details).

degree for a Poissonian ensemble of graphs with mean degree
¢ = 10 (blue), ¢ = 35 (red), and ¢ = 50 (green) together with
an analytic approximate formula (solid lines) valid in principle
for large ¢, small @, and # = ¢ = O(\/¢) (SI Appendix). For
the range of parameters considered in the figure, the analytic
approximation—obtained postulating a suitable ansatz for the
function 7 (4, V) in Eq. 36 and a continuum approximation for
the degree k—captures the essential trend of the variance quite
accurately and even beyond the a priori expected range of validity
for £. We observe that the variance is increasing linearly with the
node’s degree, with a steeper slope for larger average connectivity
¢, a feature that is perfectly captured by the approximate analytic

formula (87 Appendix).

6. Numerical Solution Using Population
Dynamics

In this section, we describe the stochastic population dynamics
algorithm that leads to the solution of the self-consistency Eq. 36
for the joint pdf z(u, V), coupled with the sampling procedure

c=10

7 T T T

o Direct computation
Population dynamics

Fig. 7. Probability density function P(Ks) of the shifted Katz centrality with
a = 1/40 computed over an ensemble of 1,000 Erdés-Rényi graphs of size
N = 1,000 with average degree ¢ = 10 by direct matrix inversion from Eq. 5
(red circles). Blue solid line: distribution of the population M after reaching
equilibrium, with Np = 10> population members and 100 updating sweeps
(see Section 6 for details).
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to evaluate Eq. 37. This kind of algorithm is widely used in the
study of amorphous systems (96), spin glasses (97, 98), random
matrices (94, 99-101) and percolation in sparse networks (102).

First, in order to solve Eq. 36, one represents the joint pdf
7(u, V) in terms of two populations of Np ordered real values,
M= {u,....,unp} and V. = {V1,..., V,} > 0, which are
assumed to be sampled from that joint pdf. Given that the true
jpdf is initially unknown, a starting population of pairs (M, V)
is initialized randomly.

Similarly, one represents the joint pdf Z(f, V) in terms of

< > /ZNP}
.» Vp} = 0, which are assumed to be sampled

two populations of Np ordered real values, M = {i, ..
andV={V,..
from that joint pdf. Again, a starting population of pairs (M, V)
is initialized randomly.

Then the following stochastic algorithm is iterated until
two stable populations are reached. 1) Generate a random
integer 4 from the distribution /f p(k), where p(k) is the degree
distribution of the ensemble of interest and ¢ = ), kp(#) is the

average degree; 2) Generate a random integer # from the degree

distribution p(£); 3) Select £ — 1 pairs of values ( Méold)) VZ(Old)) at

random—sharing the same indices—from the two populations

(M, V) respectively; 4) Select % pairs of values (ﬁ,ﬁdd), v [(OId)) at

random—sharing the same indices—from the two populations
(M, V) respectively; 5) Compute the new values®

1
V(new) — [40]
b—1 Id) ~
1—a?}7, Vz(o )
k=1
poew) — ynew) (g4 “Z ”éold) ) [41]
=1
I"/(ncw) _ 1/; oD’ [42]
O.
1—a?3 , Vy
k
fnew) — foew) gy azﬂéold) ) [43]

(=1

6) Replace a randomly selected element VO of V with V(0%
and the element ;'Y of M with the same index as V<°ld~) with
1) 7) Replace a randomly selected element VY of V with

V(0ew)  and the element ji©'9 of M with the same index as V(©d)
with 1) 8) Return to 1.

Once two stable populations are reached, the pdf of the shifted
centrality is simply obtained by histogramming the population

M. The fact that the populations have reached convergence is
established by monitoring the first and second moments of the
samples and stopping when they have cleatly plateaued.

In the following, we show the comparison between the
numerical solution obtained with population dynamics and direct
matrix inversion for Erdés-Rényi and Scale Free networks. Erdds-
Rényi networks were built by drawing each possible link with the
same probability p = ¢/(N — 1), which leads to networks with
a Poisson degree distribution in the limit of large V. Scale Free
networks were built using the uncorrelated configuration model
(104): Each node was assigned a number of half-links drawn from

SThe value of @ should ideally be chosen in such a way that for all instances G of graphs
in the ensemble, the matrix (1 — aG) is positive definite - or that at least violations of this
requirement are “sufficiently rare.” While we are not aware of any sound mathematical
treatment of how small the value a should be to ensure that violations of positive
definiteness occur less frequently than a given tolerance, in practice the values of a we
employ are sufficiently small that no practical issues have arisen in our simulations.

https://doi.org/10.1073/pnas.2403682121
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Fig. 8. Probability density function P(Ks) of the shifted Katz centrality with
a = 1/40 computed over an ensemble of 100 Erd6s-Rényi graphs of size
N = 1,0000 with average degree ¢ = 35 by direct matrix inversion from Eq. 5
(red circles). Blue solid line: distribution of the population M after reaching
equilibrium, with Np = 10° population members and 100 updating sweeps
(see Section 6 for details).

a power law distribution P(#) o £#77, and these were randomly
matched to form links. We also check that the occurrence of
multiple links and self-loops is avoided. Furthermore, to prevent
degree correlations we imposed a cut-off to the degree sequence
so that the maximum allowed degree is v/ kmin NV, with £, being
the minimum degree.

To produce the figures below, we use the following parameters:

* for E-R networks (Figs. 6-8) Np = 10° for the population
dynamics, and 100 sweeps (meaning that each population
member has been updated 100 times on average), with
a = 1/40 and different values ¢ = 4, 10, 35 for the average
connectivity. We also perform direct matrix inversion on the
adjacency matrices of 1,000 E-R networks of size NV = 1,000
for ¢ = 4, 10, while for ¢ = 35 we averaged over 100 networks
of size N = 10,000.

o for Scale Free networks (Fig. 9 and two other figures included

in SI Appendix) Np = 10° for the population dynamics, and

o Direct computation
Population dynamics

Fig. 9. Probability density function P(Ks) in semilogarithmic scale of the
shifted Katz centrality with « = 1/40 computed over an ensemble of 100
Scale Free graphs of size N = 10,000 with parameter y = 2.5 and minimum
degree kmin = 3 by direct matrix inversion from Eq. 5 (red circles). Blue
solid line: distribution of the population M after reaching equilibrium, with
Np = 106 population members and 100 updating sweeps (see Section 6 for
details).
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100 sweeps, with @ = 1/40. The network parameters are
y = 2.5 for Fig. 9 and y = 3, 4 for the figures in S/ Appendix,
with minimal degree &min = 3 and degree cutoff at /Nkmin
to ensure no correlation between degrees (104). We perform
direct matrix inversion on the adjacency matrices of 100 Scale

Free networks of size N = 10,000.

7. Statistical Validation on Empirical Networks

In this section, we show how the conditional distribution
P(K;|k) derived in Eq. 39 can be exploited in the analysis of
empirical networks. As an example, we consider the Global Air
Transportation Network retrieved from OpenFlights (see details
in SI Appendix) comprising 3,425 airports across the globe (70).
For each airport having £ airline routes departing or arriving,
we are interested in determining whether its Katz centrality is
significantly higher or lower than the value predicted for nodes
of degree £ by a suitably constructed random “null” model. This
approach will prove very useful in providing information on
the functional role played by each airport at different scales
(determined by the number of airline routes passing through
each node).

The algorithm reads as follows. i) From the degree sequence
of the network, we construct the empirical degree distribution
Pemp(k) = Np/N, where Ny is the number of nodes of degree
k that appear in the network. ii) We use pemp(k) as p(k) to
solve Egs. 36 and 37 using the population dynamics algorithm
described in Section 6. This is equivalent to considering an
ensemble of networks where links are randomly rewired, while
preserving the degree of each node of the empirical network.
iii) For each degree £, we estimate the conditional distribution
P(K;|k) in Eq. 39 for nodes of degree £ in the null model. iv)
From this distribution, we compute the confidence bounds at a
given confidence level f and introduce a Bonferroni correction
to account for multiple hypothesis testing (f = f/Np). v) For
a given confidence level B and for a class of nodes of degree
k, we identify over- and underexpressed nodes, whose centrality
significantly deviates from the null benchmark.

The results for the air transportation network are presented in
Fig. 10 (validation on other empirical networks are presented in
SI Appendix). We group the airports in four degree classes, from
those with a number of departing/arriving flights between 1 and
10 to those with a number of 100+ direct connections. Our

14 T T T T T T T T T T
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® Class 1 Normal a
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6 2 B

Fig. 10. Katz centrality (computed with « = 1/90) vs. average centrality
conditional on degree for nodes in the Global Transportation Network
(N = 3,425)(70). Symbols represent different degree classes: Class 1 = degree
[1 to 10], Class 2 = degree [11 to 50], Class 3 = degree [51 to 100], and
Class 4 = degree 100+. Colors reflect under- (red), normal (blue), and over-
(green) expressed categories in terms of Katz centrality for a confidence level
B = 0.99. Yellow boxes are used to highlight airports whose Katz centrality
falls within the top 1%.
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results show that airports with similar degrees can nonetheless
differ significantly in their network importance and functionality
(see full classification table in S/ Appendix). For instance, in the
category of “small” airports (degree [1 to 10]), underexpressed
nodes are mostly regional airports located in isolated or less
accessible regions (e.g., remote parts of Alaska, Canada, and
Greenland), with mainly domestic coverage and low passengers’
volume. Overexpressed nodes correspond instead to airports
in strategic locations, despite having low degree centrality. In
particular, they are located in popular (remote) holiday spots,
hence acting as significant hubs for their region despite fewer
direct connections (e.g., BDA—Bermuda). The remaining nodes
offer balanced connectivity, as expected for their size and region,
without being overly crucial or underused. Similarly, in the
100+ degree centrality category, airports with underexpressed
Katz centrality, such as DME (Moscow Domodedovo, Russia)
and ATL (Adanta, USA), manage high passenger volumes and
provide robust regional connectivity. However, their global
integration is not so pronounced. On the other hand, airports
with overexpressed Katz centrality, such as AMS (Amsterdam,
Netherlands) and JFK (New York, USA), are pivotal in the
global network. These airports have influential connections that
make them essential nodes for supporting global connectivity and
regional economic development. Simply ranking nodes by Katz
centrality value and selecting a fraction of the top ones as leading
hubs of the network, does not provide any information on the
finer scale structure. Indeed, the top 1% nodes by Katz centrality
coincide with high-degree nodes (class 4, # = [101, 248))
and include both under-, over-, and normal nodes as per our
importance validation labeling.

Therefore, the validation procedure proposed here can provide
more detailed and nuanced information about the functional role
played by nodes at different scales, which is not simply captured
by their degree.

8. Centrality Distribution from Rank-1
Approximation

In this section, we consider the rank-1 approximation to
centrality measures proposed in ref. 65, and we show that it
leads to an approximate but explicit formula for the distribution
P(K;), which works very well for ¢ sufficiently high.

The idea is to replace the symmetric adjacency matrix G

featuring in Eq. 5 with a rank-1 approximation G defined as

~ 1
G=—Fkk", [44]
kN

where & = {k1, ..

represented by G, arranged in a column vector, and £ is the

., kN}T is the degree sequence of the network

mean degree % Y ; ki. Constructed in this way, the matrix G
is rank-1 and has the same degree sequence (row sums) of the
original matrix G. From Eq. 5, replacing G with G and using
the Sherman—Morrison formula (105) to compute the inverse
matrix, we obtain

~ M—11
K ~(1-aG) 1= ]l—!—l 7 1
Tk
a
=1+ ——F—kFk. [45]

1 _ az;’ki
2iki
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Note that this rank-1 approximation gives a different—and
superior, as we argue below—result from a simple linear
truncation of the resolvent matrix, which would yield instead

K.~(1+aG+0@)1=1+ak. [46]

To make further analytical progress, we appeal to the Law of
Large Numbers for large V to further approximate

D ki~ N kp(k) =N, [47]
i k=0

Y EaN i Fp(k) = NF . (48]
i k=0

The relation Eq. 45 allows us to write an approximate formula
for the pdf of the Katz centrality for a large network with degree
distribution p(k) as

PK) =Y pk)s | K — —2—k] . [49]
k=0 l—a

B
Specializing for instance to a large Erdés-Rényi network with

finite mean degree? c—characterized by a Poisson degree distri-

bution p(k) = e~“c*/kl—we see that the centrality distribution
is approximated by a Poisson-weighted Dirac comb

S k
c a
P(K) >~ S| K— ——F]), 0
(&) /;)" I ( 1—a(1+f)) 1501
where we used

0 —c k

e ‘e
Dk = [51]

k=0 '

X ek
S oK i =c+ct. [52]

k=0 '

In Fig. 11, we plot in red the empirical Cumulative Distribution
Function (CDF) F(K;) = fOK‘ P(K")dK' (the probability of
observing a node with shifted Katz centrality smaller than K;) over
an ensemble of 30 randomly generated Erdds-Rényi networks of
size N = 5,000 with ¢ = 4 and @ = 1/30. In blue, we plot
the CDF of the theoretical approximate formula Eq. 50, and
in green the CDF of the Dirac comb formula corresponding
to a crude linear truncation of the resolvent matrix (Eq. 46).

This corresponds to replacing the term 6 ([( — mk) with
5 (K — ak) in Eq. 50.

We observe that the approximate formula Eq. 50 works very
well for higher ¢ throughout the full set of allowed values of
a (Eq. 2), whereas for lower c—where the actual distribution
has a pronounced multimodality—it correctly reproduces the
typical values of the centrality possessed by nodes of degree
k (i.e. the location of the A-th peak) and the value of the

probability mass under each peak. The “network” effect in a

90n scale-free networks with exponent y, the second moment diverges with N. If we
consider the structural cutoff kmax ~ N'/2, we have that (k2) ~ N3=7)/2, This implies
that a should go to zero as N increases for Eq. 49 to be meaningful. A similar conclusion
can be reached from the condition in Eq. 2 using the results for the maximum eigenvalue
of networks generated with the configuration model reported in ref. 106.

https://doi.org/10.1073/pnas.2403682121
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Fig. 11. Red line: empirical Cumulative Distribution Function (CDF) F(Ks) =
f(fs P(K")dK' of the shifted Katz centrality Ks for an ensemble of 30 randomly
generated Erdds-Rényi networks of size N = 5,000 with ¢ = 4 and « = 1/30,
using the inversion formula Eq. 5. Blue dash-dotted line: CDF of the Dirac
comb approximate formula Eq. 50 with K = Ks — 1. Green dashed line: CDF
of the Dirac comb formula resulting from a simple linear approximation of
the resolvent (Eq. 46).

sparse regime therefore essentially amounts to dressing the degree-
only information with some noise. Moreover, in Fig. 11, we also
show that the CDF of the approximate Dirac comb formula
that would result from using a simple linear truncation of the
resolvent matrix (Eq. 46) does not capture the location of the
peaks nearly as accurately as our rank-1 approximation, with a
clear shift of all values to the left.

9. Conclusions and Outlook

In this work, we considered the distribution of the Katz centrality
of nodes on single instances and on ensembles of undirected
random graphs in the locally tree-like regime, focusing in
particular on Erd8s-Rényi and Scale Free networks. The Katz
centrality of a node is a measure of how important that node is
in the context of information flow across the network, as it is
a weighted sum of paths of all lengths reaching that node from
all other nodes, where longer paths are weighted less by a factor
a. Having accurate analytical control over the full distributions
in “null models” (with interactions drawn at random with
a prescribed distribution that typically preserves the degree
sequence/distribution) is important to provide a benchmark
to gauge deviations arising in empirical and synthetic data.
However, the available analytical results for the full distribution
of centrality measures on random networks are surprisingly
scarce, which motivates the work we presented here.

The (shifted) Katz centralities of all nodes satisfy a linear system
of Eq. 6, which can be efficiently solved on a single instance
of the network using the cavity method (or Gaussian Belief
Propagation algorithm). We reviewed in detail the underlying
theory in Section 3.

From the single instance solution, it is straightforward to
deduce that the probability P(K) of observing a node with
centrality K in an ensemble of random networks can be computed
from the functional solution of a pair of recursive distributional
equations (Egs. 36 and 37), which can be efficiently solved using
a Population Dynamics algorithm as described in Section 6.

Our results further confirm that the Katz centrality is highly
correlated with the degree of nodes, with the k-th peak in
the distribution precisely corresponding to the contributions of
nodes of degree £ to the centrality. The sharply multimodal
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distribution of the centrality for low ¢ gradually crosses over
toward a unimodal distribution as the average degree ¢ increases,
with different peaks merging together.

The distribution of centrality across nodes of the same degree
in a random network can be further used as a benchmark to
identify nodes of an empirical network whose centrality is under-
or overexpressed relative to their degree. In the airline routes
example we considered, we indeed showed that an airport having
few or many connecting routes (its degree) does not tell the full
story about its functional role within the airline industry: the
“centrality” dimension is also important e.g. to identify smaller
airports that nonetheless serve a crucial role in ensuring global
connectivity, or conversely very busy ones that only serve local
or regional communities, though.

Our approach has wider applications in different fields. For
instance, in finance and economics preliminary attempts to
determine whether a node would significantly contribute to a
shock propagation have been recently made (107). In biology,
our approach could be useful to determine relevant sets of genes
and proteins (and their functional multiscale role) in different
biological processes (108).

Moreover, we have provided an analytical approximation
for the centrality distribution, which is based on the rank-1
projection proposed in ref. 65 and works well for not-too-sparse
graphs. If the graphs are very sparse, the approximation is anyway
able to capture the location and mass of each peak in a more
accurate way than a simple linear truncation of the resolvent
matrix.

It will be interesting to modify the treatment presented here
to deal with the case of networks with correlated degrees, as
well as directed networks for which the GaBP/cavity solution
of a linear system Eq. 7 on a tree structure requires some
changes (109). Extending the analysis to nonsymmetric adjacency
matrices would allow us to deal for instance with the distribution
of PageRank in random networks, a topic that has received some
attention in the mathematical literature lately in the context of
the so-called “power-law hypothesis” described in Introduction.

Data, Materials, and Software Availability. Previously published data were
used for this work (70).
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