Journal of Machine Learning Research 25 (2024) 1-66 Submitted 6/23; Revised 5/24; Published 8/24

A Note on Entrywise Consistency for Mixed-data Matrix Completion

Yunxiao Chen Y.CHEN186 @LSE.AC.UK
Department of Statistics

London School of Economics and Political Science

London WC2A 2AE, UK

Xiaoou Li LIXX1766 @ UMN.EDU
School of Statistics

University of Minnesota

Minneapolis, MN 55455

Editor: Ali Shojaie

Abstract

This note studies matrix completion for a partially observed n by p data matrix involving mixed
types of variables (e.g., continuous, binary, ordinal). A general family of non-linear factor models
is considered, under which the matrix completion problem becomes the estimation of an n by p
low-rank matrix M. For existing methods in the literature, estimation consistency is established by
showing |[M — M*||/ /1p, the scaled Frobenius norm of the difference between the estimated
and true M matrices, converges to zero in probability as n and p grow to infinity. However, this
notion of consistency does not guarantee the convergence of each individual entry and, thus, may
not be sufficient when specific data entries or the worst-case scenario is of interest. To address this
issue, we consider the notion of entrywise consistency based on |M — M*||max. the max norm
of the estimation error matrix. We propose refinement procedures that turn estimators, which are
consistent in the Frobenius norm sense, into entrywise estimators through a one-step refinement.
Tight probabilistic error bounds are derived for the proposed estimators. The proposed methods are
evaluated by simulation studies and real-data applications for collaborative filtering and large-scale
educational assessment.

Keywords: Matrix completion; generalized latent factor model; mixed data; entrywise consis-
tency; max norm

1. Introduction

Missing data are commonly encountered in machine learning, especially for large-scale data involv-
ing many observations and variables. Matrix completion concerns the prediction of missing entries
in a partially observed matrix, which has received wide applications, such as collaborative filtering
(Goldberg et al., 1992; Feuerverger et al., 2012), social network recovery (Jayasumana et al., 2019),
sensor localization (Biswas et al., 2006), and educational and psychological measurement (Bergner
etal., 2022; Chen et al., 2023).

Many matrix completion methods consider real-valued matrices (Candes and Recht, 2009; Candes
and Tao, 2010; Keshavan et al., 2010; Klopp, 2014; Koltchinskii et al., 2011; Negahban and Wain-
wright, 2012; Chen et al., 2020c; Xia and Yuan, 2021). Their theoretical guarantees are typically
established under a linear factor model (e.g. Bartholomew et al., 2008), which says the underlying
complete data matrix can be decomposed as the sum of a low-rank signal matrix M and a mean-
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zero noise matrix. Under this statistical model, the matrix completion task becomes to estimate the
signal matrix M based on the observed data entries. However, many real applications of matrix
completion involve mixed types of variables (e.g., continuous, count, binary, ordinal), for which
the linear factor model may not be suitable. For example, in survey studies, different questionnaire
items may be of different measurement scales — some items may be binary (e.g., yes/no), some may
be ordinal (e.g., disagree/neutral/agree), while others may be count variables (e.g., the number of
times that one skipped school). Mixed data also appear in multimodal biomedical data, where dif-
ferent types of variables are collected with different technologies (e.g., gene expression, genotype,
protein activity). Methods have been developed for matrix completion with specific variable types,
such as binary (Cai and Zhou, 2013; Davenport et al., 2014; Han et al., 2020, 2023), categorical
(Bhaskar, 2016; Klopp et al., 2015), count (Cao and Xie, 2015; McRae and Davenport, 2021; Robin
et al., 2019), and mixed data (Robin et al., 2020). Non-linear factor models, which are extensions
of the linear factor model, are typically assumed in these works.

A matrix completion method is typically evaluated by a mean squared error (MSE), defined as
M — M*||%/(np) = 20, S8 (hij —mi;)?/(np), where ||-|| p denotes the matrix Frobenius
norm, n X p is the size of the data matrix, and M = (Mij ) nxp and M* = (m;‘j)nxp are the estimated
and true signal matrices, respectively. Probabilistic error bounds have been established for the MSE
in the literature (see Chen et al., 2020c; Chen and Li, 2022; Cai and Zhou, 2016, and references
therein). Under suitable conditions, these error bounds imply that the MSE decays to zero when
both n and p grow to infinity, which is viewed as a notion of statistical consistency for matrix
completion. However, this notion of consistency slightly differs from that in our traditional sense;
that is, the MSE converging to zero does not imply the convergence of each individual entry, which,
however, may be important in some applications which concern the prediction of individual data
entries. Entrywise results for matrix completion have been established under linear factor models
(Abbe et al., 2020; Chen et al., 2019b, 2020c; Chernozhukov et al., 2023). However, such results
are not available for non-linear factor models, and extending these entrywise results to non-linear
factor models is non-trivial.

This note considers a general matrix completion problem that allows the variables to be of
mixed types. The generalized latent factor model (GLFM; Bartholomew et al., 2008; Skrondal
and Rabe-Hesketh, 2004) is a general family of latent variable models that combine factor analysis
with generalized linear modelling. By allowing for variable-specific link functions, the GLFM is
suitable for modelling multivariate data with mixed types. Under the GLFM framework, we propose
two methods that ensure entrywise consistency under dense and sparse missingness settings. Both
methods apply to an initial estimate whose MSE converges to zero. They obtain refined estimates by
solving some estimating equations constructed based on the initial estimate. The difference between
the two methods is that one involves data splitting while the other does not. The two methods have
the same asymptotic behavior under a dense setting where the proportion of observed entries does
not decay to zero. In that case, their entrywise error rate matches the MSE of the initial estimate
up to a logarithm factor, suggesting that there is virtually no loss when performing refinement.
However, under a sparse setting where the proportion of observed entries converges to zero, the
procedure with data splitting achieves a smaller error rate than the one without data splitting, and
the error rate of the data splitting procedure matches the MSE of the initial estimate up to a logarithm
factor. To our best knowledge, the current work is the first one obtaining an entrywise consistent
estimator for counts and binary data, assuming that the counts and binary data follow the Poisson
factor and the multidimensional two-parameter logistic model, respectively. Moreover, it is also
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the first one for the more general GLFM model for mixed data. Our theoretical analysis further
shows that the refined estimator based on a constrained joint maximum likelihood estimator (Chen
et al., 2020a) for the GLFM is minimax optimal in an entrywise sense under a suitable asymptotic
regime. The proposed methods are evaluated by simulation studies and real-data applications for
collaborative filtering and large-scale educational assessment.

The rest of the note is organized as follows. In Section 2, we introduce a generalized latent factor
model for matrix completion with mixed data. Section 3 introduces two methods for achieving en-
trywise consistency. Theoretical guarantees on the proposed methods are established in Section 4. A
simulation study is given in Section 5, and two real data examples are given in Section 6. Finally, we
conclude with some discussions in Section 7. Additional simulation results and theoretical results,
and proofs of the theorems are given in the appendix. The computation code used in Sections 5 and 6
canbe foundathttps://github.com/yunxiaochen/MatrixCompletion_MixedData.

2. Mixed-data Matrix Completion
2.1 Notation

For a positive integer n, let [n] := {1,---,n} be the set containing all the integers 1, ..., n. Let ||x||
denote the standard Euclidean norm for a vector x = (x1,...,2,)7 and [|x||co= max;|z;| be the
infinity norm (also called the maximum norm) of a vector. For a matrix X = (z;)nxm, let || X||r,
||IX||« and || X||2 denote its Frobenius, nuclear and spectral norms, respectively. We use || X||max:=
mMaX;e(n],je[m)|7ij| to denote the matrix maximum norm, and use || X|[2—00:= Sup|y|=1 [ Xu/|c to
denote the two-to-infinity norm. According to Proposition 6.1, Cape et al. (2019), the two-to-infinity
norm is the same as the maximum matrix row norm || X||2—e0= max;e(,] (3 e x?j)l/ 2, For two
sequences of real numbers, we write a,, < by p (OF app = 0(byp)) if limy, py00 G p/bnp = 0,
anp > bpp if limy, pyoo np/bpp = 00, anp S bnyp (o anyp = O(byy)) if there is a positive
constant A/ independent with n and p, such that |a,, p|< M|by, p|, anp 2 by p if there is a positive
constant ¢ independent with n and p, such that |a,, ,|> ¢|by, p|, and ar, p ~ by p if by p S anp S by p.
For two real numbers z and y, we denote their maximum and minimum as = VV y = max(z,y) and
x Ay = min(x,y), respectively. We use the standard O,(-) and o,(-) notation for stochastic
boundedness and convergence in probability, respectively. We use “o” for the matrix Hadamard
(entrywise) product.

2.2 Problem Setup

Consider an n x p data matrix Y, with the (¢, j)th entry denoted by Y;;, fori € [n] and j € [p]. In
the rest, we refer to the rows and columns as the observations and variables, respectively. We do not
observe the full matrix due to data missingness. The missing pattern is indicated by an n X p binary
matrix £ = (Wij)ie[n},je[p}’ where w;; = 1if Yj; is observed and w;; = 0 if Y;; is missing. Matrix
completion concerns inferring the value of Y;; for the missing entries, i.e., entries with w;; = 0.
We consider variables of mixed types, which occurs in many real-world applications; that is, we
allow Y;; in different columns to be of mixed types, such as continuous, binary, ordinal, and count

variables. Throughout the paper, we make the following assumption on the missing pattern matrix
Q.

Assumption 1. The missing indicators, w;;,i € [n],j € [p|, are jointly independent. In addition,
Q and 'Y are independent.
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2.3 Generalized Latent Factor Model

Additional assumptions are needed for matrix completion, as otherwise, the missing entries can
take any feasible values. A typical assumption for matrix completion is a low-rank assumption, i.e.,
Y = M + E, where M is a low-rank signal matrix, and E is the noise matrix whose entries are
independent and mean-zero. Let the rank of M be r. Then we can write Y = @A’ + E, where
® and A are n X 7 and p X r matrices, respectively. This model is typically known as a linear
factor model (e.g. Bartholomew et al., 2008), where ® and A are referred to as the factor-score and
loading matrices, respectively. The matrix completion task then becomes an estimation problem,
i.e., estimating the signal matrix M = @ A” based on the observed data entries.

However, the linear factor model may be restricted when not all variables are continuous. The
GLFM is an extension of the linear factor model (Bartholomew et al., 2008; Skrondal and Rabe-
Hesketh, 2004). It assumes that entries Y;; are independent, and the probability density function
of Y;; (with respect to some baseline measure) takes an exponential family form f;(y;;|mij;, ¢;) =
exp [gb;l{yijmij — bj(mij)} + ¢(vij, ¢5)], where b; and ¢; are pre-specified functions, m;; is
the (4, j)th entry of a low-rank signal matrix M = @A’ and ¢; is a dispersion parameter. The
density function depends on variable j so that the variables can be of different types. We give some
examples below.

Example 1. For a continuous variable j, we may assume f; to be a normal density function, where
¢; is the variance, bj(m;;) = mfj/Q and c¢;(yij, ¢j) = —y?j/(2¢j) — (log(27¢;)) /2. When all the
variables follow this normal model, the data matrix follows a linear factor model.

Example 2. Consider a binary or ordinal variable j such that Yi; in {0,1, ..., k;} for some given
k; > 1, where k; = 1 and k; > 1 correspond to binary and ordinal variables, respectively. We can
assume f; to follow a Binomial logistic model, for which ¢; = 1, bj(m;j) = kjlog(1 + exp(m;;))
and cj(yij, ¢;) = log(k;!) — log(yi;!) — log((kj — wij)!). This model has been considered in
Masters and Wright (1984) with psychometric applications. When all the variables are binary
and follow this logistic model, the data matrix is said to follow a multidimensional two-parameter
logistic (M2PL) item response theory model (Reckase, 2009). This model has been considered in
Davenport et al. (2014) and Cai and Zhou (2013) for the completion of binary matrices.

Example 3. A Poisson model may be assumed for count variables j, for which ¢; = 1, bj(m;j) =
exp(m;j) and cj(yij, ¢j) = —1og(yi;! ). When all the variables follow this Poisson model, the joint
model for the data matrix is known as a Poisson factor model (Wedel et al., 2003). This Poisson
model has been considered in Robin et al. (2019) and Robin et al. (2020) for count data with missing
values.

Under the GLFM, EY = (b;-(mij))nxp, where b;() denotes the derivative of the known func-
tion b;(-). Thus, matrix completion under the GLFM again boils down to estimating the signal
matrix M = @AT. This estimation problem will be investigated in the rest. We note that a similar
GLFM framework has been considered in Robin et al. (2020) for analyzing mixed data with missing
values. However, they focused on evaluating the estimation accuracy by the MSE, while our main
focus is the entrywise loss.
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3. Refined Estimation for Entrywise Consistency

The accuracy in estimating M is typically measured by the MSE, or equivalently, a scaled Frobenius
norm ||M — M*||p/ \/p, where M* is the underlying true signal matrix. We say an estimator is
F-consistent, if | M — M*|| ¢/ /1P = 0p(1). As discussed in Section 3.3 below, a few F-consistent
estimators are available under general or specific GLFMs. However, the F-consistency only guar-
antees consistency in an average sense — the proportion of inconsistently estimated entries decays to
zero. It cannot guarantee entrywise consistency, i.e., the consistency of 7;; for each individual data
entry, which may be important in some applications concerning the prediction of individual data
entries. Entrywise results for matrix completion, which focus on the loss ||IM — M*||;ax, have been
established under linear factor models (Abbe et al., 2020; Chen et al., 2019b, 2020c; Chernozhukov
et al., 2023) but not under the GLFM. Establishing entrywise consistency is more challenging under
the GLFM due to the involvement of non-linear link functions of the exponential family. In what
follows, we propose methods that can improve an F-consistent estimator to an entrywise consistent
(E-consistent) estimator under the GLFM.

3.1 Refinement without Data Splitting

Let M be given by an F-consistent estimator based on observed data (Y o ©,Q); see Section 3.3
for examples of such estimators. We propose the following refinement procedure that inputs M and
outputs an E-consistent estimator.

Algorithm 1: Refinement Procedure without Data Splitting

Input: Observed data (Y o €2, Q2), an initial estimate M and a pre-specified constant Cs.
Step 1. Perform singular value decomposition (SVD) to M and obtain V,. € RP*" which
contains the top-r right singular vectors of M.

Step 2. Calculate A = Proj A crrxr: ||A||2_>oo<02}<v ), where

Projia crexr| AH%K}S@}( ) denotes a projection operator that projects a p X r matrix to
satisfy the two-to-infinity norm constraint.

Step 3. For each i € [n], calculate 0; by solving an equation:

Zwm{yw bi((8;)"6:)}a; = 0. (1)
Step 4. For each j € [p], obtain a; by solving the following equation:
wa{ym bi((a;)76:)}6; = 0,. )

Output: M = O(A)T, where © = (81,---,0,)" € R™" and A = (ay,---,a,)T € RP*"
are obtained from Steps 3 and 4, respectively.

We comment on the implementation. First, the constant C'; depends on the true signal matrix
M*. Recall that we assume M* to be of rank 7 under the GLFM. Thus, M* can be decomposed
as M* = U:D:(V)T, where U} € R™ " and V} € RP*" are the left and right singular matrices
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corresponding to the non-zero singular values, and D} € R"*" is a diagonal matrix whose diagonal
elements are the singular values oy (M*) > --- > ¢,(IM*) > 0. We require Cs to satisfy Cy >
IV ¥]|2—00- On the other hand, C should not be chosen too large. As will be shown in Section 4.2,
it is assumed that Cy has the same asymptotic order as |V} ||2—oo; otherwise, the error bound for
|M — M* || max needs additional modification. Second, we note that the projection in Step 2 is very
easy to perform. Let V = (vy,...,v,) be a p x r matrix. Then PrOj A crrxri||A s o<} (V) =
(V1, .oy V)T, where v; = v; if ||v;||< Oz and v; = (Ca/||v;||)v; otherwise. Third, the algorithm
requires knowing the number of factors r. Under the GLFM and suitable conditions, this quantity
can be consistently selected based on information criteria (Chen and Li, 2022) or by identifying a
singular value gap using a SVD-based approach (Zhang et al., 2020). Finally, we provide a remark
on solving the equations in Steps 3 and 4.

Remark 1. In Steps 3 and 4, we propose to solve some estimating equations. As will be shown
in Section 4, these equations have a unique solution with probability converging to 1 under a
suitable asymptotic regime. These steps are equivalent to performing optimization to certain log-
likelihood functions. Let £(M) = Zi’j:wﬁzl {yijmij —bj(mj)} be a weighted log-likelihood func-
tion based on observed data (Y o 2, ), where the individual log-likelihood terms are weighted
by the dispersion parameters'. Then, solving the estimating equations (1) is equivalent to soly-
ing O c arg maxg f(@AT), and solving the estimating equations (2) is equivalent to solving
A ¢ arg maxa E((:)AT). This is due to that the estimating equations (1) and (2) are obtained
by taking the partial derivatives of {(@ AT )with respect to ® and A, respectively, and that the
objective function ((®AT) is convex with respect to © and A given the other.

We provide an informal theorem under a simplified setting to shed some light on the asymptotic
behavior of Algorithm 1. Its formal version is Theorem 5 in Section 4.2, which is established under
a more general setting. For the missing pattern Q = (wj;)ic[n jelp)> let mij = P(wi; = 1) be the
sampling probabilities and i, = MiN;e ] je[p) Tij and Tax = MaX;e[n] je[p] Tij be the minimal
and maximal sampling probabilities, respectively. The notation 7 for the sampling probabilities
should be distinguished from the Roman (upright font) notation 7t for the mathematical constant of
circumference ratio in Example 1.

Theorem 2 (An informal and simplified version of Theorem 5). Assume that lim,, p_so IP’(HM —
M*||r< emr) = 1 and let M be obtained by Algorithm 1. Then, under suitable assumptions
on M* and the asymptotic regime Ty = Tmax = T, T is fixed, pm,nm > (log(np))?3, and
{(n Ap)r}= 2 < (np)VPemr < 7'/%(log(np))~2, with probability tending to 1, we have
M — M [[imax S (log(np))?m =1/ (np) = 2em

We clarify that en ¢ in the above theorem is a non-random number that depends on 7 and p. We
consider the asymptotic regime {(n A p)7}~1/2 < (np)~'/2em r above because {(n Ap)m}—1/2 s
the minimax error rate of (np)~'/2||M — M*||¢; see Chen and Li (2022).

Remark 3. We provide intuitions on the result of Theorem 2 under the linear factor model setting.
Using Wedin’s sine angle theorem (Wedin, 1972) and under suitable assumptions, one can show
that there exist ©* = (0;;)nx, and A* = (aj;)pxr, such that M* = O (A", |A — A*||r<

1. The weighted likelihood is used so that the nuisance parameters ¢; do not involve in estimating IM, which simpli-
fies the theoretical analysis. We believe that the current analysis can be extended to the unweighted log-likelihood
function for the joint estimation of M and dispersion parameters ¢;.
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—1/2 /2 gnd

(np) em,F with probability tending to 1 as n and p grow to infinity, |A*|250eS D™
18*]|200 S P72

Then solving for 0; in Step 3 can be viewed as a linear regression problem with a small mea-
surement error in the covariates, where ajs are the true covariates and a; are the covariates with
measurement error. Under the linear factor model, bj(m;;) = m?j /2 for all j. Thus, one can

write down the analytic form for 0; that solves Equation (1). From these analytic forms, one
can show that with probability tending to 1, |© — O[30 log(np)n =/ 2pl2|A* — A||p<
log(np)n=1/2n=12ens p, which also implies that ||®|2—0< p'/%  Here, the log(np) term

comes from a tail bound of max;—1,.. nj=1,. p|Yij — b’(m;‘j)|. Similarly, one can obtain the an-

alytical expression for a; that solves Equation (2), which now involves 0; — 0:, i =1,...,n
From these expressions, one can show that |A — A*||a00< log(np)p™||© — O*|la100S

(log(np))27r_1/2n_1/2p_1eM,F holds with probability tending to 1. Combining the above results,
it holds that, with probability tending to 1,

IM = M [imax < [© = ©[l2s00[|A 2500+ A = A" l200 IO |20

< (log(np))*m =2 (np) ™ 2em .

3.2 Refinement with Data Splitting

From Theorem 2 above, we see that | M—M* || .y achieves the same error rate as || M—M?*|| -/ V/p
(up to a logarithm factor) when m ~ 1. However, when m = o(1), the rate of |[M — M* || max be-
comes worse than that of ||M — M*||p/ /7P, due to the factor 7~/2 in the upper bound. This term
comes from the worst-case scenario where A — A* is highly dependent with (w;;) e[, for some i
(e.g,a; —aj = w;jbforall j € [p], some i € [n], and some random vector b € R"). To obtain a
better error rate under the max norm, we propose a new procedure that uses a data splitting step to
break the dependence between A and Q in the following Algorithm 2. The proposed data splitting
method is similar to the one proposed in Chernozhukov et al. (2023) for linear factor models, where
a similar dependence issue exists. However, due to the non-linear link functions involved in the
GLFM, the development of our method and its theory faces unique challenges.

Let N7 C [n] be arandom subset independent of (Y, £2). In particular, we let I (i € N7) be i.i.d.
Bernoulli random variables with P(i € N7) = 1/2 for i € [n], where I(-) denotes the indicator
function. By the law of large numbers, V] is a subset of [n] with size around n/2. We further let
Na = [n] \ M.

The comments on Algorithm 1 regarding the choice of Cs, the number of factors r, the projec-
tion operator, and the solutions to the estimating equations apply similarly to Algorithm 2. As the
rows and columns of the data matrix play a similar role, Algorithm 2 can be modified to split the
columns instead of the rows. As summarized in Theorem 4, which is an informal and simplified
version of Theorem 10 in Section 4.3, Algorithm 2 improves the error rate of Algorithm 1. In fact,
M — M* || uax now achieves the same error rate as |[M — M*||/ /p up to a logarithm factor,
regardless of the missing rate 7.

Theorem 4 (An informal and simplified version of Theorem 10). Assume that limy, ;0 IP(||M Ny —
Mj‘vk |lF< em,r) = 1forem,r (k = 1,2) and M is obtained by Algorithm 2. Then, under suitable
assumptions on M* and the asymptotic regime Ty = Tmax = T, 1 is fixed, pm,nm > (log(np))?,
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Algorithm 2: Refinement Procedure with Data Splitting

Input: Observed data (Y o 2, ), a constraint parameter Co, and initial estimates M N,
for My, . = (mij)ie./\/k,je[p] obtained based on (Y 0 2, Q) v, . = (yijwij, wij)iENk,jG[p]
fork =1,2.
Step 1. Perform SVD to M A, - and calculate \77(«1) € RP*" which contains the top-r right
singular vectors of M J\f1
. o (1

Step 2. Calculate A1 ( )fe[p = Projp crrxr: HA||2—>00<02}(V( )).
Step 3. Calculate © Ny = (01) N , where for each i € N5, 6; is obtained by solving the
cauaton S5, i (1 by ()7 0:)}a;" = 0.
Step 4. Calculate A(! (é;l)) <l where for each j € [p], a ) is obtained by solving the

1)
equation ZZGA& wijiyi; — b](( ( )TH )}0 =0,.

Step 5. Swap N1 and A in Steps 1 — 4, and obtain © A, and A® accordingly.
Output: M = (ng)ze[n] jelp)» Where (m”)ZENMG[p] = G)/\/1 (A(2))T and

(mij)iENQ,]E[p] @N (A( ))T-

and {(n A p)} Y2 < (np) V2emr < (log(np))~2 with probability tending to 1, we have
M — M*{|max S (log(np))?(np)~ 1/2€M,F'

As the data splitting in Algorithm 2 is random, it may be beneficial to run it multiple times
and then aggregate the resulting estimates. We describe this variation of Algorithm 2 below. For a
fixed number of random splittings, the asymptotic behavior of Algorithm 3 is the same as that of
Algorithm 2.

Algorithm 3: Refinement Procedure with Multiple Data Splittings

Input: Observed data (Y o 2, Q) a constraint Cs and the number of data splittings tot.
Step 1. Independently generate index sets /\/l(k)andNQ(k) and obtain initial estimates l\A/IS\]Z)

or (k) _
and M, based on (Y 0o 9, Q)Nl(k)’_ = (yijwij, wij)ieka),je[p} and

(Y o Q, Q)Nék)7. = (Yijwij, wij)ie/\/é“,je@]’ respectively, for k = 1,2, ..., tot
Step 2. For k = 1, ..., tot, run Algorithm 2 with data (Y o €2, Q2), initial estimates l\A/IS\]Z) and

M/(\];), index sets V. fk) , N2(k) and a constraint parameter Cy. Obtain outputs M),
k=1,..t

Output: M ( L M®*) ftot .

3.3 F-consistent Estimators

Our refinement methods require input from an F-consistent estimator. We give examples of F-
consistent estimators.
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CJMLE. The constrained joint maximum likelihood estimator (CJMLE) solves the following op-
timization problem

(©,A) € arg max ((OAT),5.t.©® € R A € RP*",[|O]|2500< C, [|[AlJ2200< C. 3)

The estimate of M is then given by M = GAT. The terminology “joint likelihood” comes from
the latent variable model literature (Chapter 6, Skrondal and Rabe-Hesketh, 2004). This literature
distinguishes the joint likelihood from the marginal likelihood, depending on whether entries of ®
are treated as fixed parameters or random variables, where the marginal likelihood is more com-
monly adopted in the statistical inference of traditional latent variable models. This estimator was
first proposed in Chen et al. (2019a) and Chen et al. (2020b) for the estimation of high-dimensional
GLEMs, and an error bound on |[M — M* || under a general matrix completion setting can be
found in Theorem 2 of Chen and Li (2022). The computation of (3) can be done by an alternating
maximization algorithm as given in Chen et al. (2020b). This algorithm is theoretically guaran-
teed to converge to a critical point and has good convergence performance according to numerical
experiments (Chen et al., 2020b), though (3) is a nonconvex optimization problem.

More specifically, suppose that the true signal matrix has a decomposition M* = @*(A*)7T,
such that ||@*||20o< C and ||[A*||2—500< C. Then, under a similar setting as in Theorems 2 and
4, we have lim,, , o0 P(|M — M*||p/np < kH{(p A n)7}~1/2) = 1, for some finite positive
constant xT. As shown in Proposition 1 of Chen and Li (2022), {(p A n)m} ~/? is also the minimax
lower bound for estimating M in the scaled Frobenius norm, which is why this lower bound is
assumed for (np)~'/2epy r in Theorems 2 and 4.

NBE. The CJMLE requires solving a non-convex optimization problem for which convergence
to the global optimum is not always guaranteed. The nuclear-norm-constrained-based estimator
(NBE) is a convex approximation to CJMLE. It solves the following optimization problem

M € arg max (M), st [M|lmax< 0, [M||«< p'\/rop. 4)

The nuclear norm constraint is introduced, since {M € R™? : [[M||max< 0, [M|< p'\/rrp}
is a convex relaxation of {M € R™*P : |[M|pax< p/,rank(M) < r}. This estimator has been
considered in Davenport et al. (2014) for the completion of binary matrices. When the true model
follows the M2PL model and the true signal matrix M* satisfies ||M*||;,ax< o/, then Theorem 1 of
Davenport et al. (2014) implies that under the same setting of Theorems 2 and 4, lim,, o0 P(||M —
M*||p//mp < KH{(pAn)r}~1/4) = 1, where x* is a finite positive constant which depends on the
true model parameters. We believe that the same rate holds for other GLFMs under the simplified
setting of Theorems 2 and 4.

Other estimators. Note that other F-consistent estimators may be available for GLFMs, such as
SVD-based methods (Chatterjee, 2015; Zhang et al., 2020), nuclear-norm-regularized estimators
(Klopp, 2014; Koltchinskii et al., 2011; Negahban and Wainwright, 2012; Robin et al., 2020; Alaya
and Klopp, 2019) and methods based on a matrix factorization norm (Cai and Zhou, 2013, 2016).

4. Theoretical Results
4.1 Assumptions and Useful Quantities

We make the following Assumptions 2 and 3 throughout Section 4.
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Assumption 2. b (z) = --- = by(x) = b(z) for all x € R. In addition, b(x) < oo and b (x) > 0
forallz € R.

We note that this assumption is made for ease of presentation. It can be relaxed to allowing
functions b; to be variable-specific, and similar theoretical results hold following a similar proof. For
each a > 0, define functions ra(a) = sup|y <, 0" (2), k3(a) = sup‘x|§a\b(3) (x)], and 9 () =
inf ;)< b”(x). Let M* have the SVD M* = U;D; (V)T where r is the rank of M*, Uy € R™*"
and V; € RP*" are the left and right singular matrices corresponding to the top-r singular values,
respectively, and D} € R"*" is a diagonal matrix whose diagonal elements are the singular values
o1(M*) > --- > 0,(M*) > 0. In order to apply the proposed methods, we need to input C.

Assumption 3. We choose Ca such that Cy > ||V} |2 cc-
Define the following quantities that depend on M*. Let p = maXjc[n jefy|mi;l,C1 =

{[U%]J2s00 V (/) 2} - 0 (M*), K5 = ko(2p + 1),65 = §2(2p + 1), and k% = r3(6CCy).

4.2 Error Analysis without Data Splitting

Theorem 5. Assume that lim,, , o P(||M — M*||p< enm.r) = 1, M is obtained by Algorithm 1.,
and the following asymptotic regime holds:

RI: ¢y = =¢p=cn~1;

R2: Tmin ~ Tmax ~ T,

R3: || USll2500 S (/)2 Vim0 S (r/p)Y/2 Co ~ (r/p)M2

R4: 0,(M*) ~ o1 (M*) ~ (np)1/2r”f0r some constants n > —1;

R5: pr > (k3)%(0%) "% (log(np))? max |r(1H2mV5, (mg)Qr(g’H")w] R

R6: nm > (k3)*(93)~*(log(np))? max {r®, (k3)*r°};

R7: (np)~enp < (r3)72(63) (log(np)) 2 min [r=5/2, (k3) e~/ !/,

Then, with probability converging to 1, estimating equations in steps 3 and 4 of Algorithm 1 have a
unique solution and

IV = M (e S (55) 2 (3)* (log (np))*r>/? [{(n Ap)my V2 4 (npm) T Pemr | (5)

In particular, if we further assume that v ~ 1, then, the asymptotic regime requirements RS — R7
can be simplified as pr > (log(np))?, nm > (log(np))? and (np) ™ 2en.r < (log(np))~271/2,
and we have that with probability converging to 1,

M — M*||nax S (log(np))*[{ (n A p)m} =2 + (npr) ™ 2em p].

Remark 6. We comment on the asymptotic requirements R1-R7. R1 requires the dispersion pa-
rameters to be the same for different j € [p|. This assumption is made for ease of presentation,
and it can be easily relaxed to allowing varying values of dispersion parameters. It further requires
that the dispersion parameter is bounded as n and p grow large. R2 requires Tyax and Ty to

10
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be of the same asymptotic order. That is, the missing pattern is not too far from the commonly
adopted uniform missingness assumption where all the m;; are the same (see, e.g. Candes and Tao,
2010; Davenport et al., 2014). R3 is a standard incoherent condition that is commonly assumed for
matrix completion to avoid spiky low-rank matrices (Candeés and Recht, 2009; Jain et al., 2013).
R4 requires that the non-zero singular values of M* are in the same asymptotic order. In addi-
tion, we restrict the analysis to the case where n > —1, because otherwise | M*||max<< 1 and the
asymptotic regime is less interesting. We note that R4 can be relaxed to a more general asymptotic
regime allowing o,(M*) and o1(M*) to have different asymptotic order, and we provide the error
analysis under a more general setting in the appendix. RS and R6 require the expected number
of non-missing observations for each row and column to be large enough. R7 requires the ini-
tial F-consistent estimator to have a sufficiently small estimation error in scaled Frobenius norm.
In Corollary 8 below, we give sufficient conditions for RS — R7 under the three specific GLFMs
described in Section 2.

Remark 7. Let MC]MLE and MNBE denote the constrained joint maximum likelihood estima-
tor and nuclear-norm-constrained-based estimator described in Section 3.3, respectively. Also
let Mg and My g be the corresponding refined estimators by applying Algorithm 1. The-
orem 5 indicates that with high probability |Mcmre — M*||max < (log(np))2a= (n A p)~Y/2 and
IMyge — M*|lmaxS (log(np))?m=3/4(n A p)~Y/* when r is bounded, under suitable regularity
conditions. Because Mcyyr is asymptotically minimax when © ~ 1 in Frobenius norm, we also
have that MC]MLE is asymptotically minimax in the matrix max norm.

In the following corollary, we provide sufficient conditions for R5 - R7 under specific GLFMs
discussed earlier.

Corollary 8. Assume that lim,, ;o P(HM — M¥||p< em,r) = 1 for some non-random e .
Then, (5) holds under one of the following specific models and asymptotic requirements.

1. Data follow a binomial factor model and the following asymptotic requirements hold: R2 —
R4 and R5B: pr > (n V p)0rB+HmMVT. R6B: n > (n V p)or®; R7B: (np) Y2emr <
(n Ap)~ort/2p=T/2, R8B: ky = --- =k, = k ~ 1; and R9B: p < log(n A p)' = for some
€g > 0.

2. Data follow a normal factor model and the following asymptotic requirements hold: R1 — R4,
R5N: pr > (log(np))3r(H20V5: R6N: n > (log(np))?r®; and RIN: (np)~Y2epm p <
(log(np))~2x/2r—=5/2,

3. Data follow a Poisson factor model and the following asymptotic requirements hold: R2 - R4,
R5B — R7B and R10P: 7147 < (log(n A p))t= for some ey > 0.

In the first part of the above corollary, R/ automatically holds because the dispersion parameter
¢; = 1 in the binomial model.

Remark 9. We comment on the asymptotic requirements in the above corollary. RSB, R6B, RSN
and R6N require that rank r is relatively small comparing with (n A p)7, and it can grow at most of
the order {(nA\p)m}** for some constant vy € (0, 1). Conditions RSB and R6B are slightly stronger
than RSN and R6N, because k3 = 0 for the normal model while k3 ~ 1 for the binomial model.
Conditions R7TB and RTN require the scaled Frobenius norm of the initial estimator to be small.

11
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Many F-consistent estimators, including CJMLE and NBE, have the error rate (np)*l/ 2€M7 Fo~

((n N p)m)™2 for some vo € (0,1). For these estimators, R7TB and RTN require that r <
((n A p)m)¥37'/? for some v € (0,1). Condition R8B requires the kjs to be the same for different
j € [p| and are bounded. This condition can be easily relaxed to a more general setting with
varying but bounded k;s. Condition R9B requires that p grows much slower than n and p. Similar
assumptions are made for 1-bit matrix completion (Davenport et al., 2014; Cai and Zhou, 2013).
For Poisson factor models, R10P can be achieved either by an arbitrary v with n = —1 or by
r < (log(n A p)) =€)/ (40 with 5 > —1,

4.3 Error Analysis with Data Splitting

Theorem 10. Assume that lim,, , o P(||My;. — M}, [[F< em,r) = 1 for some non-random
emr (k=1,2), and M is obtained by Algorithm 2. Assume asymptotic requirements R1 - R6 in

Theorem 5 hold as n,p — oo. Also, assume the following asymptotic requirements:

R7" (np)~en,r < (k3)2(83)% (log(np)) > min [r~/2, (w5)~'r~7/?].

Then, with probability converging to 1, estimating equations in steps 3 and 4 of Algorithm 2 have a
unique solution and

IV Mo (55)72(3)2 Tog2(np)r™2 [{(p A m)e} ™2 o+ (np) ™ Venar]. (©)

In particular, if we further assume that v ~ 1, then, the asymptotic regime requirements RS, R6, and
R7’ can be simplified as pr > (log(np))3, nr > (log(np))? and (np)~%em r < (log(np))~2,
and we have that with probability converging to 1, |M — M*||max < (log(np))2[{(n A p)m}—1/2 +
(np)~2em F).

Remark 11. There are two main differences between Theorem 5 and Theorem 10. First, the asymp-
totic requirement R7 has an extra factor 7'/2 when compared with RT. Second, the error rate
(5) has an extra T 1/2 factor when compared with (6). Thus, when w < 1, Algorithm 1 requires
stronger regularity conditions and has a larger error rate. Additional results under a more general
asymptotic regime are provided in the appendix.

The following corollary give sufficient conditions for R7’ to hold under specific GLFMs.

Corollary 12. Assume that lim,, p o0 IP(||M§(2 - Mj‘ka r< em,r) = 1 for some non-random
em,r (k = 1,2). Then, (6) holds under one of the following specific models and asymptotic re-
quirements.

1. Data follow a binomial factor model and the following asymptotic requirements hold: R2 -
R4, RSB, R6B, R8B, R9B, and R7'B: (np) ™Y 2ep p < (n A p)~0r~7/2 for some e > 0.

2. Data follow a normal factor model and the following asymptotic requirements hold: R1 - R4,
RSN, RON, and RT'N: (np) ™ Pen p < (log(np))~?r=>/>.

3. Data follow a Poisson factor model and that asymptotic requirements R2 - R4, R5B,
R6B,R7’B, and R10P hold.

Remark 9 still applies to Corollary 12, except that now we have a better rate when 7 is close to
zero.

12
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Procedure | Initial Refinement | Procedure | Initial  Refinement
1 NBE 5 CIMLE

2 NBE Algorithm 1 6 CIMLE Algorithm 1

3 NBE Algorithm 2 7 CIMLE Algorithm 2

4 NBE Algorithm 3 8 CIMLE Algorithm 3

Table 1: Estimation procedures compared in a simulation study.

Setting n p r w | Setting n p r 7
1 400 200 3 0.6 4 400 200 3 0.2
2 800 400 3 0.6 5 800 400 3 0.2
3 1600 800 3 0.6 6 1600 800 3 0.2

Table 2: Simulation settings. All the variables are ordinal (with k; = 5), for which the Binomial
model is assumed.

5. Simulation Study

We evaluate the proposed methods via a simulation study. Eight estimation procedures are consid-
ered as listed in Table 1. For Algorithm 3, five data splittings are performed. These procedures are
applied under 24 simulation settings, where n, p, r, Tmax = Tmin = 7, and variable types are varied.
Settings 1-6 are listed in Table 2, where all the variables follow Binomial distribution with k; = 5.
The rest of the settings and additional details on data generation can be found in the appendix. For
each simulation setting, 100 simulations are conducted.

The procedures are evaluated under two loss functions, the scaled Frobenius norm HM —
M*||r/\/np and the max norm M — M*||;nax. The results for Settings 1-6 are given in Fig-
ures 1 and 2, and those for the other settings show similar patterns and are given in the appendix.
First, for each procedure and given r and 7, both the scaled Frobenius norm and the max norm
decay as n and p grow simultaneously. Second, comparing the two figures, we see that the error
rates are larger under Settings 4-6 than those under Settings 1-3 given the same n, p, and r, as
the proportion of missing entries is higher under Settings 4-6. Third, Procedure 1 (i.e., NBE with
no refinement) has larger error rates than its refined versions (Procedures 2-4), suggesting that the
refinement procedures reduce the error of the initial NBE. Fourth, we see that Procedures 5 and
6 perform similarly, which is expected as they are asymptotically equivalent, as discussed in Re-
mark 7. Fifth, comparing Procedures 2 and 6, we see that the refined NBE and the refined CIMLE
have very similar performance. Similar patterns are observed when comparing Procedures 3 and
7 and when comparing Procedures 4 and 8. At first glance, it may seem a little counter-intuitive.
According to Theorems 5 and 10, the error in the max norm of a refined estimator is upper bounded
by the error in the scaled Frobenius norm of its initial estimator, and thus, we would expect the
CJMLE-based refinements to have smaller errors in the max norm than the NBE-based refinements.
The pattern under the current settings may be explained by the SVD steps in Algorithms 1, 2, and
3 that project the initial estimate to the space of rank-r matrices. Under these settings, the initial
NBE after projection tends to approximate the CJIMLE. We note that this is not always the case
under other settings. Under settings 23 and 24 (see their results in the appendix), the CIMLE tends
to outperform the projected NBE, and thus, the CJMLE-based refinements tend to outperform the

13
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NBE-based refinements. Finally, comparing within Procedures 2-4 and comparing within Proce-
dures 6-8, we see that Algorithm 1 leads to better empirical performance regardless of the value of
m, even though Algorithm 2 has a faster theoretical convergence speed when 7 approaches 0. We
conjecture that for CJMLE and NBE, the resulting A in Step 2 of Algorithm 1 does not have a high
dependence with any rows of 2 when w;;s are uniformly sampled, and thus, the upper bound in (5)
may be improved in this case. We also observe that Algorithm 3 outperforms Algorithm 2 through
aggregating results from multiple runs Algorithm 2. By running Algorithm 2 five times, Algorithm
3 has a similar performance as Algorithm 1.

Setting 1 Setting 2 Setting 3
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Figure 1: Results from Simulation Settings 1-3. The panels on the first row show the results based
on the scaled Frobenius norm, and those on the second row show the results based on the max norm.
In each panel, the box plots show the results of the eight procedures in Table 1, each constructed
from 100 independent simulations.

6. Real Data Examples

6.1 Collaborative Filtering

We apply the proposed method to a MovieLens dataset for movie recommendation (Harper and
Konstan, 2015). The dataset contains 943 users’ ratings on 1,682 movies. Only 6.3% of the data
entries are observed. For each movie, the raw ratings take integer values from 1 to 5. We transform
the values from O to 4, and then apply the binomial factor model with k; = 4 for all j. The goal is
to predict the unobserved entries for movie recommendations.

The eight procedures in Table 1 are considered, with candidate rank » = 1,2,3, and 4. To
evaluate the procedures, we split the data into training and test datasets, where the training and test
sets contain 80% and 20% of the observed entries, respectively. We estimate the M matrix using the
training set and then evaluate the prediction accuracy by the test-set log-likelihood at the estimated
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Setting 4 Setting 5 Setting 6
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Figure 2: Results from Simulation Settings 4-6. The plots can be interpreted similarly as those in
Figure 1.

Procedure Index
Rank 1 2 3 4 5 6 7 8

1 -48928 -49247 -49397 -49253 -49256 -49266 -49266 -49163
2 -53201 -49505 -49767 -48875 -48437 -48493 -48654 -48341
3 -56091 -49284 -49754 -48570 -49022 -49217 -48837 -48207
4 -56235 -49633 -50037 -48611 -51192 -51986 -49174 -48271

Table 3: Test-set log-likelihoods for the MovieLens data. The eight procedures are listed in Table 1.

M. A larger log-likelihood function value implies a higher prediction accuracy. The results are
given in Table 3. The refinement methods improve the test-set log-likelihood of the NBE when
r = 2,3,4 but not when r = 1, likely due to the rank-one model being too restrictive for the current
data. Turning to the results from the CIMLE and its refinements, we see that Procedures 5 and 6 tend
to perform similarly. We also see that Procedure 8, which is a refinement of CIMLE by Algorithm
3, tends to improve the test-set log-likelihood of CJIMLE under all values of r. Procedure 7 also
performs fine, despite its relatively high variance brought by performing data splitting only once in
Algorithm 2. The good performance of Procedures 7 and 8 is likely due to that the distribution of the
data missingness indicators w;; is far from a uniform distribution. Instead, their distribution likely
depends on the true signal matrix (i.e., people may be more likely to have watched movies that they
like), which may lead to dependence between the initial estimate A and some rows of 2 when data
splitting is not performed. Such dependence leads to a larger estimation error. The largest test-set
log-likelihood is given by Procedure 8 (i.e., CIMLE refined by Algorithm 3) when r = 3.
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Procedure Index
Rank 1 2 3 4 5 6 7 8

1 -67205 -67938 -67958 -67921 -67587 -67516 -68204 -68140
2 -71620 -68556 -68733 -67749 -63250 -63313 -64914 -64842
3 -75816  -70092 -70067 -69151 -65476 -65370 -68611 -67693
4 -77632  -72365 -72238 -71640 -72320 -72648 -79466 -75989

Table 4: Test-set log-likelihoods for the PISA data. The eight procedures are listed in Table 1.

6.2 Large-scale Assessment in Education

We apply the proposed method to data from the 2018 Program for International Student Assessment
(PISA; OECD, 2019a), a large-scale international educational survey operated by the Organization
for Economic Co-operation and Development (OECD). We consider a subset of the PISA 2018
dataset, containing 9,970 students’ responses to 415 assessment items. The students were from 37
OECD countries. The 415 assessment items measure four knowledge domains, including mathe-
matics, science, reading, and global competence. A matrix sampling design is adopted in PISA
2018, under which each student was only assigned a subset of assessment items. Consequently,
only 15.5% of the entries are observed in the dataset. Under this matrix sampling design, it is not
sensible to directly compare students’ performance based on their total scores, as the students an-
swered different assessment items, and the items measure different knowledge domains and are not
equally difficult. Among these items, 396 items are dichotomously scored, and 19 items have score
levels 0,1 and 2. The goal is to predict students’ performance on the items they did not receive in
order to compare the performance based on the entire set of items.

We apply the binomial factor model. Similar to the above analysis, we split 80% and 20% of the
data into training and test sets and evaluate the prediction accuracy by the test-set log-likelihood.
The eight procedures in Table 1 are considered, with candidate rank » = 1,2, 3, and 4. The results
are given in Table 4. First, the refinement methods tend to improve the test-set log-likelihood given
by the NBE, except for the case when r = 1. The results given by the CJMLE and its refinement by
Algorithm 1 are similar under all values of r. They tend to be better than the refinements given by
Algorithms 2 and 3, likely due to that the variance brought by data splitting is high in this analysis.
Second, the largest test-set log-likelihood is achieved by the CIMLE when the rank » = 2. The test-
set log-likelihoods of the CJMLE and its refinement by Algorithm 1 are similar when » = 2, and
they tend to substantially outperform the rest. In the analysis of PISA data, each of the knowledge
domains is believed to correspond to at least one latent factor. Thus, four- or higher-dimensional
factor models are typically adopted to jointly model the item responses (see Chapter 9, page 22,
OECD, 2019b). Our results suggest that a lower-dimensional factor model may have better predic-
tion performance, though not necessarily have better performance in terms of statistical inference
and interpretation. This finding is closely related to the discussion in psychometrics regarding the
value of subscores (Haberman, 2008).

7. Discussions

This note concerns matrix completion for mixed data under a GLFM framework. It proposes entry-
wise consistent methods for estimating GLFMs based on a partially observed data matrix. Proba-
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bilistic error bounds are established for the matrix max norm under sensible asymptotic regimes (see
Section 4), and they are extended under a more general asymptotic regime in the appendix. These
error bounds imply the entrywise consistency and, further, characterize the asymptotic behaviors
of the proposed methods. With these error bounds, optimal results are established under suitable
asymptotic regimes. The proposed procedures are applied to two real data examples, one on movie
recommendation and the other on large-scale educational assessment. For the movie recommenda-
tion example, the best predictive model is a rank-three model obtained by refining the CJIMLE with
Algorithm 3. For the educational assessment example, a rank-two model given by the CIMLE turns
out to be the most predictive one.

The current work can be extended in several directions. First, some popular factor models,
such as the probit model for binary data considered in Davenport et al. (2014), are not exponential
family GLFMs. We believe that our refinement procedures and their theory can be extended to
many other models beyond the exponential family GLFM. This is because the theoretical properties
of these procedures mainly rely on the convexity of the loss function with respect to M, which still
holds under many other non-linear factor models. Second, the optimal rate for estimating GLFMs
is worth future investigation. We currently do not know whether our upper bounds are minimax
optimal when the dimension 7 diverges. Sharp lower bounds need to be developed to answer this
question.
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Appendix

This appendix provides additional theoretical results, proof of the theorems, and additional sim-
ulation results.

Appendix A. Proof of Theorem 10 and Additional Theoretical Results for
Algorithm 2 with Data splitting

In this section, we obtain the error bound for
M — M < max (|| O, (AM)T = MR [lmase [|Ox5 (AP)T = M, [lmas)-

We will provide detailed analysis for || @, (A1) — My, [[max- The analysis of @, (ACHT —
M, |lmax is similar and is thus omitted. For the ease of presentation, we drop the superscript (1) in
A() when the context is clear. Recall that M* has the SVD M* = U*D*(V*)” where U* € R"*",
Vi € RP*" denote the left and right singular matrices, and D} = diag(o1(M*), - - -, 0,,(M*)).
The rest of the section is organized as follows. In Section A.1, we obtain an error bound for || A —
A*||r where A* = V:ff’ for a carefully chosen orthogonal matrix P. In Section A.2, we provide
non-asymptotic and non-probabilistic bounds for solutions to the non-linear estimation equations
used in Step 3 and 4 in the proposed Algorithm 2. In Section A.3, we obtain non-asymptotic
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probabilistic bounds for terms involved in Section A.2. In Section A.4, we put together results
in Sections A.1 — A.3 and obtain asymptotic error bounds for ||©x;, — ©*||2_,s (Lemma 38),
|A — A*|2—00 (Lemma 39), and ||©x; (AT — M}, |lmax (Lemma 40) where ©* = U:D!P.
Finally, we provide additional theoretical results for Algorithm 2 in Section A.5 and the proof of
Theorem 10 in Section A.6.

Throughout the analysis, for real number operators, we calculate multiplication and division
before the max and min operators (‘V’ and ‘A’) unless otherwise specified. For example, u(zy V
z/w) = umax(xy, z/w) for real numbers x,y, u, w, z. For two events A and B, we say ‘event A
has probability at least 1 — ¢ on event B, if P(A° N B) < e. Note that P(A) > 1 — ¢ — P(B°) in
this case.

A.1 Error Analysis for A

In this section, we provide an error bound for A given an error bound for My, ..

Lemma 13. Let ¢, = 0,(Mj..) A 0, (Mj,) and ¢1 = o, (M},) V o (My,.). If [[My;. —
M, [l2< 27 Yy, [|[Vi2aseo< C2 and rank(M*) = r, then there exists an orthogonal matrix
P € R"*" satisfying

|A = VIP|[p< 8¢, [Ma,. — My, ||F. (7

Proof [Proof of Lemma 13] According to Weyl’s inequality and the assumption that HM Ny —
M, llo< 27, 0n(May.) > (M3, — [[Ma;. — M 2> 2710, (M3},.) > 27 14p,.. Thus
the gaps of singular value satisfies

. . ~ * . ~ . ~ * 1
min | min_{oi(My;)~0;(M5;.)} min oi(Myg )| = min {0, (Mq.), 0 (M ) | > 274
(®)

Let V; ;. € RPX" be the right singular value matrix corresponding to the top-r singular values of
M}‘\/I, and A
P! = argmin|[V, — V} \, P||r, 9)
PcO,
where O, denotes the set of all r x r orthogonal matrices. According to the above equations and
Wedin’s sine angle theorem (Wedin, 1972),

. . 2||My,. — M; 4| My, — M;
IV = Vi Pllle= nf [V, — Vi Pl 20 - Ml AR~ Ml
PcO, or(Mp;.) Py

(10)
On the other hand, since o,,(M};,.) > %, > 0, the column space of (ijl.)T is the same as
the columns space of V; ;. and that of VI, This implies that there exists an orthogonal matrix
P € R™ " such that Vin,. = VP, which further implies that for the orthogonal matrix

P — PP, (11)

we have |V, — V*P| < 4971 |My,. — M}, |lF- According to Algorithm 2, A is the projection
of V,. to the set {A € RP*" : | A|l2—00< Ca} and |[VFP||a00= || VF]l2—00< Co. Thus,

IA = VP p< A=V, |[p+[V, = VIP|lp< 2|V, = VIP| p< 80, [My;. — M, [ 7. (12)
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The next lemma is obtained by directly applying Lemma 13.

Lemma 14. Iflim,, ) P(!]MNl. — Mj‘\/l,sz em,r) = 0, em, F is a non-random number (de-
< Cyand ent,r < 27 14),., then

lim P(|A — VIP|p> ear) =0, (13)

n,p—r o0

where P is defined in (11) and ea r = 8¢;16

A.2 Non-probabilistic Bounds for Solutions to Estimating Equations

Recall that for each i € [n], the partial score function corresponding to 6; is

0
Sl,i(9i§ A) = 00, -1 Zwlj {yw a 9 )}a] (14)

The next lemma provides a non-probabilistic bound for the solution to the partial score equation
51,i(0;, A) = 0,.
Lemma 15. Let ®* € R™ " and A* € RP*" be such that M* = O*(A*)! and Z =

(zi7) with zi5 = yi; — V'(m;) and diag(Q;.) = diag(wir, -, wip). If |©7|l2e< 1,

|A*||2— 00, || A]|2—00 < Co and there exists & > 0 such that

20, (Z1,4(A){|1Zi.diag (i) A+ B1i(A) [ +81.:(A)k3(Ca(Cr + €))}

_ _ 15)
<€ <27 {y1,i(A)r3(C2(Cr + )} ok (Tri(A)),
where we define Zi. = (i) jep € R,
p
Bii(A) = wib'(m}))a;(a; —a;)"0; € R, (16)
Tii(A Zw”b’/ ay(ag)’, (17)
and

B1i(A) == sup wa TB*) |ajTu|and71,Z-(A = sup wa|a u®, 18)

[uf=1 [uf=1

then, there is 8; such that ||0; — 6} < & and Sy ;(6;; A) = 0.

Proof [Proof of Lemma 15] Let 8 be a vector such that ||§ — 0||= & and let m;; = af@i. Consider
the Taylor expansion of ¢S1;(6; A),

¢Slz 0 A wa yZJ z] ZWU b/ ml] b( z]))aj
:ATd1ag( 2T — sz‘jb// mij)(mij —mj;)a — 2! wa (mij)(msj — m;‘j)Qaj,
J
(19)
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for some m;; between m;

7; and my;. Plugging m;; — mj; = aJT(O -0+ (aj — a;?)TGQ‘ into the
above display, we obtain

2

$51,:(0; A) =ATdiag(Q;.)Z] — > wi;b"(m};)a;al (6 — 67)
! . (20)
=) wih"(mi)a;(a; —a3) "oy — 27! Zwu (miz) (mi — my;)a;
Multiplying (8 — 6;)T on both sides, we obtain
$(6 — 67)"51:(6; A)
=(0 — 0;)" ATdiag(Q;)Z] — (6 — 0;)" > wy;b"(m};)ajal (0 — 6;)
J
= (0-67)" Y Swist" (miy)aj(a; — a5)" 6] @D
J
1O = 61T Y wigh™ (iiy) (m; — mij)ay.
J

Recall that ||@ — 0 ||= &. Using inequalities about matrix products and singular values, we have the
following upper bounds for the first three terms on the right-hand side of the above display.

(6 — ;)" AT diag(;.)Z] |< £|| AT diag(;.)ZY ||= €|/ Z;.diag(2;.) A, (22)

— (60— 67)" ) wib"(mf;)a;al (6 — 67) < —%0,(T14(A)), (23)
J

where 0,(Z; ;(A)) denotes the 7-th largest singular value of Z; ;(A ), and

(60— 07)7 > wib(mi))a,(a; — a;)"6;F|= (6 — 6;) (24)
J
Now we analyze the last term 271(0 — 0*) > w; b3 (1) (m; — U)Qa] Note that |m;;|<
\mij* |\/|sz]§ (Cl + 5)02 and mg; — z] (0 9*) (a] —a; )TB* we have
1O -0 b3 (1) (m — mi;)?ay
J
<27 kg((O1 + €)Ca)¢ sup Zwm j —aj “Ter +§a u)? |a u|
flul|=1 (25)
<r3((C1 + &) Ca2){¢ ”81”1p Zwm a;)"6;)%a] u[+¢° ”SI‘TP wa\a ul*}
ul|=1 =1
=r3((CL +€)C2)(EB1i + & Vl,i).
Combining the analysis with (21), (22), (23), and (24), we obtain
(0 —6;) 6514(6; A) < — 0,(T1.:(A))&? + y1.ik3((Cr + €)Ca) & 26)

+{/1Z:.diag(€2:.)

(Cr +8)C)¥E.
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Now, we view the right-hand side of the above inequality as a cubic function in £. For any cubic
function f(z) = —ax? + bx3 + cx with a, b, ¢ > 0, it is easy to verify that if 2¢/a < = < a/(2b),
then f(z) < 0. Applying this result, we can see that sup|jg_g«||—¢ (6 — 0:)781:(6; A) < 0, if the
following inequalities hold:

207! (T1:(A)){11Z:. diag(2: ) A +]|B1,i (A) | +51,i(A)ra((C1 + €)C2)}

27)
<€ <27 My1,ir3((C1L+ &) C2)} op(T1i(A)).

According to Result 6.3.4 in Ortega and Rheinboldt (2000), supg_g=||=¢ (6 — 0:)751,(0;A) <0
implies that there is a solution Sy ;(8; A) = 0 satisfying [|§ — 67]|< €. [

Next, we simplify the result of Lemma 15 to obtain a more user-friendly version in the next lemma.

Lemma 16. Let ©* € R™*" and A* € RP*" be such that M* = ©*(A*)T and Z = (z;;) with
zij = Yij — V' (m;). If [|A"|[200< C2 and ||Al|200< Co, and
1Z;.diag (2. ) A ||+ B1,i(A) || 451, (A)r3(3C1 C2)

S min {2_2 (717i(A))_1(Kg(30102))_10'72,(2171'(A)), 2_10}(1—1@'(A))Cl }, (28)

then, there is 0; such that Su(é; A) =0, and
16 — 6; 1< 20, (Z1,/(A){||1Zi-diag () A +[|B1i(A)|+51,i(A)r3(3C1Ca) ). (29)
Moreover; the solution 0; also satisfies ||0; — 07||< C\.

Proof [Proof of Lemma 16]

Let £ = 20, 1(Z1,:(A)){||Z;.diag(2:.)A[|+||B1;(A)||+51.:(A)k3(3C1C2) }. By the assump-
tion that HZi.diag(ﬂi.)AH—i—”BLZ‘(A)||-|—51¢(A)/€3(30102) < 2_10}(1-171‘)01, we have £ < (4.
Thus,

k3(C2(C1 +§)) < Kk3(3C1Cy). (30)

This implies

20, (Z1,i(A)){[|Zi.diag (2. ) A+ B1,i (A) [|+51,(A) 3 (Ca(Cr +€)) } a1
<20, M (T1,i(A){1|Z;. diag(2; ) A +[[B1,i(A) [ +51,:(A)w3(3C1 C2) }.
Because the right-hand side of the above inequality equals &, it is simplified as

20, 1 (Z1,i(A)){]|Zi.diag(£2;. ) A[|+]|B1,i (A)[[+51,:(A)k3(C2(Cr 4 §))} < €. (32)

On the other hand, according to the assumption that || Z;.diag(€2;.) A ||+|B1,i(A)||4+61,i(A)k3(3C1C2) <
272y, 1 (k3(30102))~Lo2(Z1,i(A)), we further have

¢ =20, 1(T1,:(A)){1|Zs.diag(Q:.) A || +[1B1,i(A)[|+51,:(A)k3(3C1 C2) }
<271 (k3(3C1Ca)) o (Th,4(A)) (33)
<27 1i(A)k3(Ca(C1 + )} 'or(T1i(A)).
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Equations (32) and (33) together imply (15). By Lemma 15, there is 0; such

that [|; — 07|< ¢ and S1;(6;A) = 0. We complete the proof by noting that
£ = 20 (Zi(A){]|Z:diag(Qi ) Al +]Bri(A)[l+B1i(A)ks(3C1C2)} < 2071 (Thy) -
2_IUT(I1J‘(A))C1 = (. |

By symmetry, we also have the following non-probabilistic and non-asymptotic analysis for A.
For each j € [p], the estimating equation for a; based on © y;, and 2. is defined as

S2(a5;O8;) = ¢~ Y wi{yi; — V'(a] 6:)}6;. (34)
1€EN2

Let

B2,_] 6/\/2 Z wljb// 1] i(0; — Gf)Taj eR", 35)
ZENQ
IQ,] 6/\/2 Z wljb” 2] 0) ) (36)
1EN>

and

B2j(Ony) = sup Y wi;((0; — 6;)"a3)?|07u| and 72 ;(Op,) = sup Y wy|0]uf’, (37)
lull= 1zgj\/'2 l[all= 11€N2

Lemma 17. Let ©};, and A* be such that My, = ©}, (A N and Z = (zi5) with zij = yij —
b (m,) and diag(S2 ;) = diag((wij)icns). I 1O, 1 [O3 12300 S o, [ A% o0 Co and

|1Z, jdiag(Q2n,5) O, [ +[1B2,j (Onz) [ +62,i (O ) (3C1 Co)
Smln{T 12,5(On;) " (K3 (3C1C2)) 10} (To,5(On)), 27 O'r(I2,j(A))C2}

(38)

where Ly, j = (2ij)icN,, then, there is a such that S j(a; O, ) = 0, and

|13;—aj (1< 20, (Z2,;(Onx)) {1 215, jdiag (ns,5) One 1Bz, (Ons) 1482, (Ons ) k3 (3C1 Co) ).
(39)

Moreover, a; satisfies that ||a; — aj||< Co.

Proof [Proof of Lemma 17] The lemma follows similar proof as that of Lemma 15 and Lemma 16

with (A, A*, Cy, C2) replaced by (O n,, O}, Ca, C1). We omit the details. |

A.3 Non-asymptotic Probablistic Analysis

Recall that M* has the SVD M* = UrD; V. In this section, we first provide non-asymptotic
bounds for each term in Lemma 16 with A replaced by A and A* replaced by V*P where P is de-
fined in (11). Recall that A = A(1) is constructed based on My, . using data {Y;jw;;, wij }ien, Jelpl»
and thus, independent with {y;;, w;;} e[y forall i € N>. The results in this section hold in general
for any estimator A that is independent with {w;;, Y;;wij }ienr, ,jc[p]> including the proposed one.
After the analysis for terms in Lemma 16, we provide non-asymptotic analysis for terms in
Lemma 17 with © y;, replaced by ) N, and ©F, replaced by U*D*P Unlike A, © N, 18 dependent

with {y;j, wij }iepp) fori € Na. Thus, we will take a different approach for the error analysis of © No-
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A.3.1 NON-ASYMPTOTIC BOUND FOR TERMS IN LEMMA 16

Lemma 18 (Upper bound for |1Z;.diag(£2;.) A || with data splitting). Assume n > 2. || M*||max< p
and || A||2— 00 < Co. Then, with probability at least 1 — (nr) ™1,
max]|Z; diag (€2:.) A < 8{6"?(r2(20+1)) 2 Colog! (nr)r! Ppi vt 26Cs [ (p+1) og(nr)}
1EN2

(40)

where pmax = maX;e p] > ;Wi denotes the maximum number of observations in each row.

Proof [Proof of Lemma 18] We first verify that under the generalized latent factor model,
Z;diag(€2;.)A ). is sub-exponential given Qx;,. = (Wij)icnn,jelp) and A. To see this, consider
the moment generating function
Efexp(AZ; diag(;.)A 1) | Q. A]
= [1 EXZijajuwij| s, Al
j€lp]
— * ~ * ~ * 41
=exp [ ! sz’j{b mg; + Aajrd) — b(mg;) — A@jkﬁbb,(mz’j)}] @0

=exp|2 1/\2(;5sz] (ij) (ajx)?]

for some m;; between m; i and m . + Aar¢. Note that here we used the independence between A
and {z;jw;j }ien, in the first and second equations.
Because |m;;|< p and [a;;|< Co, for A< (p+1)/(¢C2), mij < p+ ApCy < 2p + 1.
Thus, E[exp(\Z;.diag(£2:.) A1) |, A] < exp{/\2¢2 wij(ajk)*k2(2p + 1)/2} for \)\\< (p+
1)/(¢Cs). This implies that Z; diag(£2;.)A., is sub-exponential (conditional on (Qy,., A)) with
parameters v, = ¢rz(2p + 1) Y-, wij(ar)* < C3hk2(2p + 1)pmax and o = ¢Ca/(p + 1)
Applying tail probability bound for sub-exponential random variables to Zi.diag(ﬂi.)A.k, we

have
P(|Z,dlag(QZ)Ak\2 t‘ﬂj\/’z,’A) < 2(677&2/(2”2'216) Vi e*t/(2a)) (42)

for all positive £. This implies
P([|Z,.diag(€2:)A || > Q. A)

< Z (|Z;.diag( Z)Ak\Z t/\/;|QN2-aA) (43)
ke(r]

<r. 2(e—t2/(2rmaxk v2) V. e—t/(2T1/2

a)).

Combining results for different ¢ with a union bound, we have

P(?E%y\zi.diag( PA|> ) < 2 - (7P @rmancvh) oty 4g)

For t = {8(log(nr)r maxycp,) v3)"/?} v 8r1/2alog(nr) and n > 2, the right-hand side of the
above inequality is no larger than (nr)~!. Because v < ¢r2(2p + 1)C5pmax, We obtain

ng%/XIIZi-diag(ﬂi-)AH < 8{¢'?(ra(2p+1)) /2 Co log"* (nr)r Ppi 3 v 26 Ca / (p+1) log(nr) }
1 2
45)
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with probability at least 1 — (nr) L.

Lemma 19 (Upper bound for ||B; ;(A)|| with data splitting). Let A* = V*P and @* = U*D*P.
If A is independent with {w;; } jc iy for i € Na, | Allaso0, [|[Vill2m00< Co and U, Dy |l2 00 < C1,
then, for n > 4 with probability at least 1 — 1/(nr),

HelyllBl,i(AA)HS K3 TmaxChl|All2[|A — A%|| p+641og(n) - (mi2k5C1Co|A — A*|| p+13C1CF)
(2 2
(46)

Proof [Proof of Lemma 19] First, by the assumptions and P is orthogonal, [|©*||2_cc=
||U*D*H2ﬁxoo< C7 and ||A*||2%oo— ||V*H2Hoo< C. Let

Sj = (wij — miy)b"(mj;)a;(a; — aj)" 6} (47)
Then,
R p
Bii(A) =) wyd(mi)a;(a; —a5)"0;r = > S;+ > b (m;)a,(a; —a)7Te;. (48)
j= Jj€lp] JE(p]

Note that S; are independent mean zero random vectors for j € [p] (conditional on A)and
1S;1| < 4K3C1C3. (49)

This allow us to apply the matrix Bernstein inequality (Equation (6.1.5) in Tropp (2015)) to
>_jep S; € R, and obtain

2 3t 3t2 3t

<HZ S,|> t|A> (r+1)-e S Ve st <2r-e 8 Ve SE (50)
JElp]

for ¢ > 0 where v = max{sze[p} E{S;8;
4k3C1C3 > ||S,|| for all j. Thus, for any 0 < € < 7

Q’HEJ‘EM E{S;"FSJ'\A}HZ} and L —

P(I13 S5l {8/3 - log(2r/ )}/ 202 v {(8/3 - log(2r/))LYA) <e. (D)

JEP]

Now we find an upper bound for v. Since

E{S;ST|A} = mi;(1 — my) - {0 (m};)}?a;(a; — a3) 767 (6;)" (&; — a})a], (52)
and )

E{S]S;|A} = mi;(1 — mij) - {b"(m;) }*(6;)" (& — a})a] a;(a; — a})" 6y, (53)
we have

max { [E{STS; A}, [E{S;ST|A ], } < mumax(2(0) 2C3CH 2 — 252 (54
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which implies

V= maX{H Z
J€lp]

| BT AL} < mnae(a(0)CRCHIA — A7
Jelp]

(55)
Combine the above inequality with (51), we have that with probability at least 1 — ¢,

1> 85lI< {8/3 - log(2r/e)}*mil 2 ka(p)CrCal A — A*|| p+{(8/3 - log(2r/e€))} - 4ra(p)C1C3
J€lp]

(56)
for any 0 < e < r. Simplifying this inequality, we get that with probability at least 1 — e,
1Y Sjll< {16 -log(r/e)} - (mafmcr2(p)CLCal|A — A*|[r+ra(p)C1C5) (57)
Jj€lpl
for e € (0,r/10).
Next, we obtain an upper bound for sze[p] mib" (my;)a;(a; — a]*-)TH;‘ || as
I~ i (mi)a; (a; — ;)" 6|
J€lp]
<G| b (my)a;(a; — a7’
g (58)
J

=C[|AT diag(min b (my), - - -, wiph” (mi,)) (A — A*)||2
<C1||All2Tmaxr3 | A — A*|
Combine the above inequality with (48) and (57), we have

IB1i(A)I< #3mmaxCi] Allz]| A — A*|| {16 log(r/e)} - (myimensCLC2 | A — A|| p+r5C103)

max

(59)
with probability at least 1 — € for e € (0,7/10). We complete the proof using a union bound for
i € Ny and e = 1/(rn?). [ |

Remark 20. The first term K5mmaxC1||All2]|A — A*||F in the upper bound is the leading term in
the error analysis. To obtain this error bound, we need {w;;}jc[y to be independent with A. In

contrast, if {w;; } jelp] are dependent with A, then the the leading term in the error analysis may be
larger (at the order 1/ /Tmax in the worst case).

Lemma 21 (Upper bound for (;,;(A) with data splitting). If |[UD¥||z00< Ch,
[Al2=00s [[Vill200< Co, and A is independent with {wi;}icn, je[p), then, with probability at
least 1 — 1/n,

max B1(A) < C?Co{mmax||A — A*||%+472 Co(log(n))/?||A — A*||r4C2log(n)}. (60)

ZEN max

Proof [Proof of Lemma 21] Recall

u||=1
J€lp]
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Conditional on A, (w;j — 7ij)||a; — aj ||? are independent, mean-zero, bounded by 4C%, and has the
variance 7;; (1—;;)||a; —a%||*< 4m;;C3||a; —a||. By Bernstein’s inequality for bounded random
variables (Theorem 2.10 in Boucheron et al. (2013) with ¢ = 4C3 /3 and v = 471;;C3 |A— A* %),
fort >0

P( 3 (i — mig)lla; — &[> (87 C3IA — A*[30)V2 +4/3- CRA) < et o
JEP]

Let t = 2log(n) in the above inequality and note that 7;; < 7yax and 4 /3 < 2, we have that with
probability at least 1 — 1/n?2,

> (wij — mij)l|a; — a®||*< 4mi2 Colog(n)) /|| A — A%|| p+4C3 log(n). (63)
JEP]

This implies that with probability at least 1 — 1/n?,

> willa; —aj|?

JEP]

< 3" myllay — af[P+Am 2. Co(log(n) 2| A — A p+4CF log(n) (64)
J€[p]

<Mmax||A — A% || F+47Y2 Co(log(n)) /2| A — A*|| p+4C3 log(n).

We complete the proof by combining the above inequality with (61) and applying a union bound
fori € Na. |

Remark 22. Similar to Remark 20, the above analysis also requires the independence of {w;; } j€lp]
and A in order to obtain the leading term C?CoTmax|A — A*||%.

Lemma 23 (Upper bound for prax). Recall pmax = maxXec(y) pi- If pPrmax > 6logn, then

IP>(pmaux > 2p7rmax) < 1/” (65)

Proof [Proof of Lemma 23] First note that |w;; — 7m;;|< 1 and p; — E(p;) = Zj(wij — mij). We
apply the Bernstein inequality (Corollary 2.11 in Boucheron et al. (2013)) and obtain

(L N S

P(pi — E(pi) 2 pmax) < eXp{ Y E(wij — pij)? + (Prmax) /3

Because ), E(w;; — pij)> = ;Var(wij) <32, mij < pTmax, the above inequality implies,

(Prmax)?/2 }

3
(PTrmax) + (PTmax)/3 =exp(— SPTmax), (67)

P(pi - E(pz) > pﬂ'max) < exp{ - 3

which further implies
]P(pi > 2p7Tmax) < exp(_3p77'max/8)‘ (68)
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Applying a union bound to the above inequality for i € [n], we obtain

P(m‘fx}]cpi > 2pTmax) < 1 exp(—3pTmax/8) < 1/n, (69)
S
where the last inequality is due to the assumption that pmy,ax > 6logn > 16/3logn. |

Lemma 24 (Upper bound of 77 ;(A)). If|Al|2—00< Cy and pmay > 61log n, then with probability
at least 1 — 1/n,
Y1,i(A) < 2pTaxC3. (70)

Proof [Proof of Lemma 24] The lemma follows by Lemma 23 and the following inequality

p
Mi(A) = sup > wijlalul< praxCs. (71)
ull=1=1

The next three lemmas together give a lower bound for o,.(Z; ;(A))
Lemma 25. If ||diag(2;.)(A — A*)||2< 2710, (diag(Q2:.)A*) and |M*||max< p, then
or(T1,i(A)) > 27265 (p) o2 (diag (€2 A¥). (72)
Proof [Proof of Lemma 25] For any |u|= 1 and u € R",
P p
u'Z(A)u = wib (mi)) (Wa;)? > 62(p) > wij(u'a;)? > 65(p)or (diag(€2:)A). (73)
j=1 j=1

This implies o,(Z1(A)) > da(p)o?(diag(2;.)A). By Weyl’s inequality, o,.(diag(€2;.)A) >

o (diag(€2;.) A*) — || diag(€2:.) (A — A*) 2. Thus, if [|diag(€2:.) (A— A*)[|2< 27 o, (diag(£2:.) A*),
then o,.(diag(£2;.)A) > 2710, (diag(£2;.)A*), and thus,

or(T14(A)) = 62(p)or (diag(2:)A) > 2725 (p)or (diag(€2:)A¥). (74)

|

The next two lemmas give a lower bound for o,(diag(€2;)A*) and an upper bound for
[diag(€2;.) (A — A%) 2.

Lemma 26. Let A* = V;fls and let I1y ; = diag(m1,- -, mip) = E(diag(£2;.)) and A;min =
A ((VOTIVE) = A\ ((A*)TTIy ;A%), where \() denotes the r-th largest eigenvalue of a sym-

metric matrix. If \j;, = minie(n) Al i = 16(|V#||3_, log(nr), then

P(min o2(diag(Q:)A*) < 271\ ) <1/(nr) (75)

i€[n] min
Moreover, if Tmino2(A*) > 32||A*||3_, log(n) and n > r, then

P(min o2(diag(:)A*) < 2—17rmm02(A*)) < 1/(nr). (76)

1€[n] "
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Remark 27. In the ‘moreover part’ of the above lemma, 02(A*) = 02(V*P) = 1, so it is possible
to further simplify the statement of lemma. We keep the current form without simplification so that
similar results can be obtained by symmetry for ©* = UrD}P, which will be useful for the analysis
later.

Proof [Proof of Lemma 26] First note that o2(diag(€2;)A*) = o2(diag(2:.)V*P) =
o2(diag(2,.)Vy) = \((V})Tdiag(€2;.) V). Also note that for all t € (0, 1)

P(of(diag(ﬂi.)V*) (1- t)Ajmm)

( Zw” (1—1) Zm]v ), 7

where vi € R" denotes the j-th row of V7. Note that A {E(} ¢, wijv;(v;f) )P = AF

J 4,min?
A1 (wijvi(v ) ) < IV, o0» and wijvi( ]) are independent for different j. Applying Remark
5.31in Tropp (2012) to the above probability, we obtain that for all ¢ € (0, 1),

P (0 ( (i) £ (=0 Noin) <7exp{ =27 [ VII2 (L= )%\ |- (79)

Thus,
P(o2(diag(2i)A") < (1= A pin) < rexp{ =27 V220 = 0N} (79)

Let t = 1/2 in the above inequality, we obtain

P(o?(ding(25)A%) <27 N in ) < rexp{ =87 V2 A\ in (80)
which further implies
P(o2(diag(2:)A%) < 27 Niin ) < rexp{ = 87 V712 A} (81)
Apply a union bound to the above inequality for different i € [n], we obtain
P(min o?(diag(Q;.)A*) < 27'\5) <nrexp{ — 87| Vi3 A (82)

i€[n]

The right-hand side of the above inequality is no greater than (nr)~! when Ao 2
16]| V13, slog(nr) = 16]|A%13,  log(nr).
The ‘moreover’ part of the lemma is proved by noting that A? .., = Ar(3 () i@ (a;f)T) >

7Trmn)\r(zj‘ a; (a;k)T) = Tmin0 (A*) u

Lemma 28. If ||All2o00, [|[VE|2000< Co and A is independent with {wij Yienn je[p) then with
probability at least 1 — 1/(nr),

m%XHdlag(ﬂi-)(A—A*)H%S Tinax|| A — A" || 1+641og(n) - { (m{Z CallA — A™|[F) v C3} (83)

Tmax
1€

forn > 4.
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Proof [Proof of Lemma 28] Let Aaj = a; — a}f and Ap = A - A* =
(AL, Aan)T. Conditional on A, (wij — mij)Aa, AT, are independent symmetric matrices
satisfying [|(wij — i) Aa; AL [12< 1|84, [I3,c< 4C3, and IE{ (wijAa; AZ,) T wijAa; AL H2<
Tijl| A, 13 ool| Aa, [[P< 4mi;C3]|Aa, ||, Applying the inequality (6.1.5) in Tropp (2015) to
> e (Wis — Tij) Aa, Agj, we obtain that for all ¢ > 0

3t2 3t }

P@E:@w—ﬂmA%AQMZHA>S%“%p{—ggAgz

j€lp]
where v = 47inaxC3 | AA 2> 305 epy [EHwijAa; AL Y wijAa, AL and L = 4CF > ||(wij —
i) Aa; Ag 2.
Fore € (0,1),lett = [{8/3-log(2r/€)}'/2v /2] v [{8/3 -log(2r/€)} L] in the above inequality,
we obtain

(84)

P(H Z(wij - TFij)AajAZjHQZ t‘A) S €. (85)
Jj€lpl

Now we give an upper bound for t = [{8/3 - log(2r/e)}/?v'/2] v [{8/3 - log(2r/€)} L] for € €
(0,r/10)

[{8/3 - log(2r/e)}'/21!/?] v [{8/3 - log(2r/€)} L]
<8log(r/e) - (v'/* Vv L) (86)
<32log(r/e) - {(miaxC2l| Aallr) Vv C3}.
Thus, with probability at least 1 — e,

1> (wij = mij) Aa, AL [l2< 3210g(r/€) - {(mifCal| Aallr) v C3} (87)
Jj€lp]

for e € (0,7/10). Applying a union bound to the above result with € = 1/(rn?), we have

1D (wij = mi) Aa, AL [l2< 641og(n) - { (miliCallAallF) Vv C3} (88)
J€lp]

with probability at least 1 — 1/(nr) for all i € Ny and n > 4.
Next, we give an upper bound for \; (Eg’:l TijAa; Agj).

p p
1(2 7Tz‘jAajAZj) < 71'max)\l(z: AajAZj) = 71'maxHAAHgg 7TmaXHAAH%«“ (89)

Combining the above two inequalities and note that ||diag(ﬂi.)(A — A*)||%:
M0 ety WiiDay A:‘fj ), we obtain that with probability at least 1 — 1/(nr),

Idiag(€2;.) (A — A")[3< Tunax|| A, | 7+641og(n) - {(mifiCal Aallr) v O3} (90)

forn > 4. |
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A.3.2 NON-ASYMPTOTIC BOUND FOR TERMS IN LEMMA 17
Let nmax = max;e[p > €ln] Wij be the maximal number of observations in each column.
Lemma 29. [f nmmyax > 61og(p), then P(nmax > 2nmmax) < 1/p.

Proof [Proof of Lemma 29] The proof is similar to that of Lemma 24. We ommit the details. |

Z[|max< 8log(np){(¢/£§)1/2 v 1}

Proof [Proof of Lemma 30] Note that the moment generating function for z;; is E(exp(Az;;)) =
exp{gb_l(b(m;‘j +A) = b(my;) — A (mij+))} = exp{271\2¢b" (1n;;)} for some 7;; between m;;
and m;; + A. Thus, z;; is sub-exponential with v? = ¢k} and a = 1, which implies P(|Z;;|> t) <

26 t*/(2¢K3) \/ ¢=t/2 Thuys,

Lemma 30. With probability at least 1 — 1/(np),

IP)(HZHmaxZ t) < 2(np)(e_t2/(2¢”§) V, e—t/2) (91)

Let t = 8log(np){(¢x3)'/? v 1} in the above probability bound. We see that the right-hand side is

no larger than (np) 1.
|

Lemma 31 (Upper bound for HZ%“/Mdiag(QNM)(:)NQH). Assume that nmyay > 6log(p). With
probability at least 1 — 3/p — P(||O s, [|2—00> 2C1),

T . =
%ﬁHZdemg(ﬂNz,j)@NQH
<16{Y2(r3)2C1 1og!? (pr)rt 2 (nmmmax) Y2 V /26 C1 [ (p + 1) log(pr) } 2)
+16] O — O, [l 00 M Tmax log (np) { (k50) /2 v 1}

on the event {||@®p;, |2 00< 2C1 }.

Proof [Proof of Lemma 31] With similar derivations as that for the inequality (40), we have that
with probability at least 1 — 1/(pr),

max|ZJ, ;diag(ns.1) O} I< 16{¢"/2(r3)"/2C1 log! 2 (pr)r!ny 2 vr 261 [ (p+1) log(pr) }-

max
93)
Note that
1Z5s, jdiag (s, ) (Onz — OR) 1= 11D wijzij(0; — 65)[|< [|On; — ORsll2-00 | Zlhmaxrmax-
i€Na
(%94)
Thus, with probability at least 1 — 1/(pr),
max]||Z§;, ;diag(x, 1) O |
J€lp]
< max||Z%; .diag(Q, )O%. ||+ max||Z%; .diag(Qp, (:)N )
max| 24, diag(2, ) O max| 24, diag () (Ox — OR) |

<16{¢"/2(r3)"Cy log!/2 (pr)r'/2 (nmax)/? v r26C1 / (p + 1) log (pr) }
+ HéNz - 97\/’2”2—>OOHZ||maXnmax
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Combine the above display with Lemma 29 and Lemma 30, we have that with probability at least
1-3/p,

T ~
I]-Ié?p}}(nzf\/%jdlag(ﬂf\fmj)@NzH
<16{0"/2(55)!/2Calog!2 (pr)r! P (nmma) 2 v 11 26C /(0 + 1) log(pr)y - OO0
+16]Ox; — O, |2 00 MTmax log (np) { (K50) /2 v 1}

Lemma 32 (Upper bound for |By ; (O )|). Assume that nmay > 6log(p). With probability at
least 1 — 1/p, . .
r%?;](HBZj(@Nz)”S 4C1 Ca2kanTmax| [ Onr — 97\/2 2500, O7)
j
on the event {||®;, |2 00< 2C1 }.

Proof [Proof of Lemma 32]

B2, (Ons) = 1| D wisd” (m};)0i(6; — 6;) " af|| < 2C1.Cs|| O, — O [l2—o00max b (m; ) imax
i€No
(98)

According to Lemma 29 and noting that max;; b” (m;kj) < k3, we further have that with probability
atleast 1 — 1/p,

T%?p%HBZj(éNz)HS 40102’%”771&1&)(”@./\/2 = O, Iz 99)
J

Lemma 33. Assume that nmy,ax > 6log(p). With probability at least 1 — 1/p,

i o, (©) < ACLCH|© — O} (100)
J

on the event {||®n;, |l2—00< 2C1 }.

Proof [Proof of Lemma 33]

/827]'(@ = Sup Z ww 0* T *) ’9TU|< 20102“6 G)*Hgﬁoonmax (101)
IIUH LieNs
The proof is completed by combining the above inequality with Lemma 29 |

Lemma 34. Assume that nmy,ax > 6log(p). With probability at least 1 — 1/p,

maX'YZj(G)N’z) < 1601n77max (102)
Jjelpl

on the event {||®;, |l2—s00< 2C1 }.

31



CHEN AND LI

Proof [Proof of Lemma 34]

712,(ON,) = sup > wisl0] uf*< 8CT (103)
ull=1 B
J
Combine this with Lemma 29, we complete the proof. |

Lemma 35. Assume that P(||@;, — O, ll2we< €@ 2500) > 1 — € for some non-random
€0@,2—00) NTTmax >6 108;(]9), Wminag(@}k\@) > 32H®}k\/2 ||%_>0010g(p); p >, and 262@72_>OOn7Tmax <
2_3Wminaf(®f\/2). Then, with probability at least 1 —2/p — €
T5,j(Onz) = 27285(p)Tminor (©) > 27 262(p) Tanin ¥y (104)
Proof [Proof of Lemma 35] First note that
ldiag(2,.,5) (Ons — OR,)3= 1Y wij(6i — 07)(8; — 67) 2= O, — OR300 Tmax

1€N2
(105)

Combine the above inequality with Lemma 29, we have that with probability at least 1 — 1/p,

|diag(2x.1) (O, — O3,)I3< 21O — O35 B o T (106)

On the other hand, with similar argument as those in the proof of Lemma 26, we have that if
Tmin07 (O%y,) > 32[03, 5., 5.l0g(p) and p > r, then

P(min o2 (diag(Qn;,) Ok, ) < 2_17rminaz((~)7\/2)) <1/(pr) (107)

1€[n]

Thus, if 2¢g 5, MTmax < 27 Tmin0; (@}, ), then with probability at least 1 — € — 2/p,

ldiag (x5 1) (On; — OR;)ll2< 27 o (diag (s, Ols)-
With similar arguments as those for Lemma 25, we have that with probability 1 — 2/p — e,

HeliﬁIQ,j((:)Nz) > 2_252(p)7rmin03(@7\/2) > 27265(p) Tunint? (108)
J€lp

where the last inequality in the above display holds because @}, = (U;)as,.D; and as a result

or(@%) = UT(MJ‘\[Q_) > Uy
|

A.3.3 BOUNDS FOR ¥; AND .

Lemma 36. Let R = UDV7 be the singular value decomposition of a non-random matrix R with
U e R,V € RP*" and D = diag(o1(R,---,0.(R)), and let g; ~ Bernoulli(1/2) be i.i.d.
random variables.
Then,
P(0;(Rg) < 27207 (R)) < rexp[-27 07 (R)/{|[U[3,0007 (R)}], (109)
where G = {i : g; = 1} and Rg = (ri;)icg. In particular, if o2(R)/{|| U307 (R)} > log(r),
then with probability converging to 1, o,(R) < 0,(Rg) < 01(Rg) < o1(R).
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Proof First, as Rg is a submatrix of R, we have 01(Rg) < o1(R). In the rest of the proof, we
show that (109) holds. Let T = UD € R™*". Then, Rg = TgV” and 07(Rg) = A\ (RgR{) =
A (TgT) = M(TETG) = A (Xicpy 9itit] ) where t; = T} indicates the i-th row of the matrix
T.

Note that for each 4, g;t;t7 is positive semi-definite, and A1 (git;it?) < ||t;]|?< || T||3_ - Also,
M(E(Yiep gitit] ) = 27'A(TTT) = 27'07(R). Applying the weak Chernoff bounds for
matrices (inequalities on page 61 of Tropp (2015) under equations (5.1.7) with ¢ = 1/2), we obtain

PO gitit]) < 27%02(R)) < re? R/l ooc (110)
i€[n]
We complete the proof by noting that || T||2—00< ||U||250001(R). [ |

A.4 Asymptotic Analysis

In this section, we provide asymptotic analysis of the estimators based on the non-asymptotic
bounds established in previous sections.

Lemma 37 (Asymptotic bounds for 11 and v,.). Recall that 1, = o1(M};, ) V 01(M};,.) and
Yr = 0 (Mjr ) A on(M3g,.). If 02 (M*) /o (M*) > |[Ux|5., log(r), then with probability
converging to 1, o,(M*) < b, <9y < o1 (M*).

Proof [Proof of Lemma 37] This lemma is a direct application of Lemma 36 with R, U, and G
replaced by M*, U* and N; (or N3). We omit the details. [ ]

Lemma 38 (Asymptotic analysis for @ N,)e Let A* = V;‘flA), 0" = UjiD;fla, where P is defined in
(11). Assume that limy, p_.o P(||[A — A*||p< ea,r) = 1. Assume the following asymptotic regime
holds:

\S)

NG 200 S (/) 2, | Vi l2mooS (7/p)12, O~ (r/p) M2

3. (np)V?r < 0, (M*) < 01(M*) < (np)Y2r™, for constants 1y and 1;

PTmin
>(85) 7" () (log(n))”

. max {Tlv(14r2171)\/(172772)(Trmax/ﬂ_min)7 (5;,)2(Wmax/ﬂmin)3r5v(3+2m)v(3+4m)}

)

“

ear < (k3)71(05)* min {r= ") (i /M), (55) 77727 (Tinin/ Tinax) )

S

and n > r1H2m=m2) Jog(r).

33



CHEN AND LI

Then, with probability converging to 1, there is © x, = (87 )icn,, € RN2IXT such that S, ;(05; A) =

1
0 for all i € N3, and

1On; — O ll2-500S £3(03) ™ (Tmax/Tmin )P 2 {r (log(n) )2 (prrmax) /2 + rt/* ey p}.
2
(111)
Moreover, © y;, defined above satisfies ||©® ;, — @j\/QHQ*)ooé C1, and 0; is the unique solution to

the optimization problem maxg,crr Y ey wiji{yij0Ta; — b(01'a;)} for all i € No.

Proof [Proof of Lemma 38]
First, we provide analysis on the asymptotic regime. Note that k5 > k2(0) 2 1 and 65 <
92(0) < 1. Then, the 4-th requirement on the asymptotic regime, i.e.,

PTmin
>(03) " (k3)? (log(n))? max {r!YIF2OVA=202) (o Jmin), (K5)2 (T /Tin) 7Y T2V EHAm,
(112)

implies the following asymptotic regimes,

(max[log(n), r(logn)?, 421 log(n)],

(r3)?(k3)~2r3T2M log(n),

(k%) (k3)~2r3T4m log(n), (113)
(£3)?(#3)%(03) ™ (Tmax/Tmin)*r° (log(n)),

(WmaX/Wmm)(’fz) (5;)727"1727]2 log(n).

*
5)”
PTmin > ;)

Similarly, the 5-th requirement on the asymptotic regime, i.e.,
ea,r < (#83)71(03)? min {r~ ) (i /M), (65) 7727 (Tin/Tmax) ) (114)
implies
roiom (’{3)_1“;7
(Wmin/ﬂ-max)l/Qa
(3) 057~ N2 (Tt / Timax)
(“3)_1 (k3) 71 (05)%r 27 (Tmin/Tmax )%,
because 1 — 72 > 0 and —1 — 23 > —2 — 1. According to the 6-th asymptotic requirement,

n > r1+20n=m) Jog(r), which implies o2(M*) /o3 (M*) > || U%|3_, . log(r) and the assumption
for Lemma 37 holds. Thus, with probability converging to 1,

ear < (115)

(np) /212 < 4y <4y < ()2 (116)
Also, we have
PlERpl R Oy S B2 Cy S e 2pTE and C1Cy S (117

Throughout the proof, we restrict the analysis on the event {||A — A*||r< ear} N {Pmax <
20Tmax } N {(np) /22 < 4, < 4by < (np)Y/?r™}, which has probability converging to 1 by the
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lemma’s assumption, (113), (116), and Lemma 24. On this event, we have that with probability at
least 1 — 1/n,

mjavX\\Zi.diag(ﬂi~)A|!§ 32{¢"/?(r3)"/2Calog"* (n)r'* (pmumax) /2 V 29 Ca  (p + 1) log(n)},
1€EN2

(118)
according to Lemma 18. Under the asymptotic regime that ¢ < 1, Cy < (r/p)'/2, the above
inequality implies

max]| Z; diag(€2; ) A< (53)'/?r log!/? (n)my{Z v rp™ '/ log(n). (119)
1EN2

Note that x5 > 1. According to (113), prmin > r(logn)?, which implies rp~'/2log(n) <
(k3)Y?r log”%n)wi{fx. Thus, the above display implies

m%/XIIZi-diag(ﬂi-)AHS (15)'/2r log!/2(n)myz, S rarlog!?(n)mfd (120)
1€N2

with probability converging to 1. Next, according to Lemma 19, with probability converging to 1,
we have

max||By;(A)]

1EN2 o A . (121)
<R3 TmaxC1| All2l| A — A% || p+6410g(n) - (mifar3C1Cal| A — A¥|| p+r5C1C3 log(n)).

According to (117), C1C3 < #3/2+mp=1/2 Also, note that ||A o< 1. Thus, the above display

implies that with probability converging to 1,

1/2+n1p1/26A,F + 7“1+771 (Wmax)l/Q log(n)eAJ: + 7,3/2+771p—1/2 log(n)},

(122)

ggﬁ;;HBl,i(A)HS Fo{ Tmax”

According to (113), pmmin > 7(logn)?, which implies 7rlln/a2x7“1+771 log(n) < Mmaxr/2tmpl/2,

Thus, (122) implies that with probability converging to 1,
m%/XHBlz(A)H <7Tma Tl/QJranl/QeA,F +r3/2+n1p71/2 log(n)). (123)
1E€EN2
According to (113),  pmmim > 't log(n), which implies 73/2tmp=12log(n) <
r logl/ 2( )errl/a?x. This, together with equations (120) and (123), we have

?elﬁff{HZi-diag(ﬂi-)AllJrIIBl,z‘(A)II}SHE{HOgl/?( ) Tta + Tnaxr /271! 2en £} (124)

max
with probability converging to 1.
We proceed to the analysis of max;en, 51,i(A )/s3 According to Lemma 21, with probability
1-1/n
max fy, i(A) < CFCofmmnax|A — A*[[ft-4my 2 Ca(log(n)) /2| A — A™|| p+4C3 log(n) }.
(125)
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Note that C3Cy < r3/2+2m pl/2_ Thus, the above display implies

m%fxﬁl l( VkS < K3 3/2+2m 1/2{7TmaX6AF + 771/2 1/2 1/2(log( ))1/26A,F +rpt log(n)}.

1€
(126)

First, according to (115), ea r S r_l_nl(m§)_1m§, which implies m§r3/2+2”1p1/27rmaxeif <
K Tma 1/2+”1p1/2eAF Second, according to (113), pmmim > (k3)%(k5) 2r3+2m log(n),
which implies 5r3/2+2mpl/2 . 7rr1n/a2x7‘1/2p_1/2(log(n))1/2eAF S Ky Tmaxr /2T Mpt 2ep g
Third, according to (113), pmmin > (/<;§)2(f<;§)_2r3+4’71 log(n), which 1mphes K r3/2+2’71p1/2

rp~tlog(n) < K51 logl/ Q(n)ml,{gx. Thus, (126) implies that with probability converging to one,

max B,i(A)r5 < 3 {rlog! 2 ()mfi + e #Fp! 2en o} (127)

Equations (124) and (127) together imply that with probability converging to 1

?éjavf{IIZi-diag(Qi-)A!HHBlz( M+B1i(A)k3} S k5 {rlogh 2 (n)mh{2, + Tmaxr > 1p! 2en 1}
(128)

Next, we find a lower bound for o,(Z;;(A)). Note that o,.(A*) = 1 and HA*HQ_mON r/p
by assumption. Under the asymptotic regime that pmyn, > 7(log(n))?, mmnoZ(A*) >
32||A*|13_,Jog(n) for n large enough. According to Lemma 26, with probability at least
1—1/(nr),
min o (diag(2;.)A*) > 27 i (129)
i€EN?

for n and p large enough. According to Lemma 28, with probability converging to 1,

max|diag(2:) (A — A")[3S Tmaxch r + THA(/p) 2 log(n)ea,r + (r/p) log(n). (130

First, according to (115), ea r < (Tmin/Tmax)'/?, which implies Wmaxei p < Tmin. Sec-
ond, according to (113) and (115), ear < (7Tmin/7rmax)1/2 and Tymp > r(log(n))?,
which implies ea r < (Wmin/wmax)1/2(Wmmp)l/Qr*lm(log(n))*l. This further implies
7Tmax(r/p)1/2 log(n)ea r < Tmin. Third, according to (113), pmmin >> 7(log(n))?, which im-
plies (r/p)log(n) < mmin. Combining the analysis, we have that with probability converging to
one,
max|[diag(€2;) (A — A")[3< Trnin. (131)

Combining the above display with (129) and using Lemma 25, we have that with probability con-
verging to 1,

min o, (7, 1(A)) > 2_35;‘7rmin. (132)

i€N2
So far, we have obtained upper bounds for max;e x;, {||Z;.diag(€2;.)A||+|| By (A)||+B81:(A)k%}
and a lower bound for o,.(Z; ;(A)). In the rest of the proof, we restrict our analysis on the event that
(128) and (132) hold. To proceed, we verify conditions of of Lemma 16. According to Lemma 24,
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on the event ppax < 2PTmax, MAXiEN, ’yl,i(A) < plmax(r/p)®/?. This and (132) implies with
probability tending to 1

min { (71 (A)) " (ks(3C1C2)) o2 (T1a(A)) |

iENQ
> (pTmax) " (r/p) 2 (k5) " 7200 (53)° (133)
:(’f;))_l(52)2 1/2 —3/2 12111n/7TmaX

According to (113), PMmin > (%3)2(/@§)2(5;)_4(wmax/ﬂmin)3r5(log(n)), which im-

plies rirlog/2(n)muee < (k5)71(53)2pY2r=3/202 /minay. According to (115)
ear < (mg)—l(n;)—l(é*ﬁ —2-m (Wmin/ﬂ'max)Q, which implies /<c27rmaxr1/2+”1p1/26AF <

(k35)71(83)%p"2r 3272 /max.  Combining the analysis, we have rjrlog'/?(n )mln/fx

K5 Tmax /2T p 1/26A,F <<( $)7H(05)2p" 23212 . /Tnax. This, together with (133) implies

1'1’111'1

max{ |2 diag(2 ) Al |B1i(A) [+ 814(A)r3} < min{(n,4(A)) " (k(3C1C)) o2 (T (A))).

(134)
Next, according to (132) and C = {||U%||as00V(1/n) "2} - oy (M*)
min {o(Z1:(A))C1} 2 8 min(r/n) /2 (np) /1™ 2 O mnr 2 Fp 2 (135)
1EN2

According to (113), pmmm > (Tmax/Tmin) (K5)2(05) 2r1 =212 1og(n), which im-
plies /-e;rlogl/z( )7rr1n/a2X < 55‘7rminr1/2+772p1/2. According to (115), ear <
(k5) 7163 (Tmin/Tmax)T —(m=m2) " which implies mzrrmaxrl/%mplﬂeAf < 55‘7rmm7“1/2+”2p1/2.

Combining the analysis and (133), we get
max{(|Z; diag($2; ) A +]|Bu,i(A)[[+81,:(A)r3} < min{or(Z, i(A)Ci}. (136)
1 2

According to (134) and (136), conditions of Lemma 16 are satisfied. Accordlng to Lemma 16
and (128) and (132), with probability converging to 1, there exists O, = (01‘ )ieN, € RIValxr
such that 5172(017 A) = 0 forall i € N3, and

1O, — OXs, ll2—0c
<max | (0 (Z1,i(A))) " {||Z;.diag(L2:.)A ||+ [|B1,i (A)[|+B1,i (A) k3 }

VA (137)
(63 Tmin) L3 {7 log 2 (n) w2+ Tnaxr T p e p p}

max
=r5(65) " (Tmax/ Tenin)p' >{r (10g(n))/? (pTrmax) /% + 1/ * ey p},
and ||® N, — © NQHZA)OO Cy. Moreover, 6, described above is the unique solution to to the

optimization problem maxg,crr Y e[y wij{yij0Ta; — b(6Fa;)} for all i € N, because this
optimization is strictly convex by (132). |

Lemma 39 (Asymptotic analysis for A). Assume that limy, p—soo P(H(:) N — O, ll2s0e<
€@,2-00) = 1. Assume the the following asymptotic regime holds,
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1. $<1;
Ui las0eS (r/n)Y2, Vi ll2seoS (r/p)Y2, Co ~ (/D)2

(np)1/2r772 5 O'T,(M*) < o (M*) 5} (np)1/27qq71;

\S)

w

NTTmin

>(r3)%(03) " *(log(np))? (138)

),r,(1+2771—2772)V(1+2771—4772)’ ( 37a5+8771_8772};

- max {(Wmax/ﬂmin H§)2 (Wma.x/ﬂmin>

5. e@2500 < C1 and

€0,2—00
<(03)2(r3) "'p"/* (log(np))
. min{(ﬁmin/ﬂmax)r(—lﬂ—nﬁ?m)A(1/2+2n2)’ (/-6§)_1(Wmin/ﬂmax)QT(_5/2_4m+4772)A(_3/2_3m+4"2)}-
(139)

Then, with probability converging to 1, there is A = ((:i;f)je[p] € RP*" such that S j(a;; (:')Nz) =0
forall j € [p), |A — A*||< Cy, and

1A — A*[l200
5’{; (5;)_1(7rmax/7rmin)r_2n2 IOg(np)p_l/Q{rH—m (nﬂ-max)_l/2 + r(1+n1)vop_1/2€@,2—>oo}-

(140)

Moreover, a; defined above is the unique solution to the optimization problem
maxa; err Y n, Wii{vij07 a; — b(0]'a;)} for all j € [p).

Proof [Proof of Lemma 39] First, the 4-th condition on the asymptotic regime, i.e.,

NTmin
>>(’€§)2 (65) - (log(np))2 max { (7"rnax/7rmin)7’(14_2771 ~2m)V {1+ 21 ~dm2) ) (“;)2 (7rmax/77'rnin)37"5+8n1 o }
(141)
implies the following asymptotic regime holds
log(p),
plt2m—2n2 ], ,
Win > 5(r) (142)

(53)(K5)%(05)  (Tmax/Tmin ) *r° 57 =57 (log (np))?,

(HE)Q (55 ) -2 (7"-max/7rmin)'FH_QW1 —Anz 10g2 (np) s

and n > r't2(n—"2)]og(r), which ensures that the conditions of Lemma 37 holds, and thus,
(np)Y/2r2 < ap, < by < (mp)'/2r"2 with probability converging to 1.
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The 5-th condition on the asymptotic regime, i.e.,

€O,2—00

<(53)*(w3)~"p'/*(log(np)) !

- min{ (Tmin /Ty )7 Y 27MHZRIN242m2) (o=l () 2 (T2 AmA A )N (=3/2=3m A-dn2) )

(143)
implies

(pH/2r/7m < 0,

k3 (k5) "1 2pl 2 log(np),

€@ 2500 K (Wmln/wmax)m 2z,

(1)1 (#3) 7 (85)2 (Manin/ Tmax ) 2p!/ 2 (75/2-4m HAm)A(=8/2=3m +4m2) (log (np) ) 7,
(K3)” 165 5 (Tmin/ Tmax )7 (—1/2—n1+2772)/\(1/2+2772)(1Og(np))—1p1/2’

(144)
where we used 72 > —1/2 — 1 + 212 because n; — 72 > 0.

Throughout the proof, we restrict the analysis on the event HC:) N —ON, 2500< €0 2500 < O,
which has probability converging to 1 as n,p — 00, according to the assumption of the lemma
and (144). This also implies that ||@ ||< 2C) with probability converging to 1. According to
Lemma 31 and under the asymptotic regime nmyax > log(p), with probability converging to 1,

BDaXIIZ/T\/Q,jdiag(QNQ,j)@NQH
<16{¢"/2(r3)"/*C1 log"*(pr)r/ 2 (nmmax) '/ v r/2¢C1 /(p + 1) log(pr) }

+ 16”®N2 - G)NQ ”2—>oo'n77max IOg(np){(H2¢)l/2 \ 1} (145)
S(K*)1/2 1/2T1/2+771 10g1/2( ) 1/2(n7Tmax)1/2+T1/2p1/27”1/2+m 10g(p)}

+ €0,2—00MTmax log(np)( )1/2
S(r5) 2 tmpt Pl k2 1012 (p) + @ 2500 Tmax Jog(n V p) (k5) /2,

where we used 71/2pl/2p1/2tm Jog(p) < pl/2r1+m log!/2(p) (n7rmax) /2 under the asymptotic
regime nmax > log(p) for the last inequality.
According to Lemma 32, with probability converging to 1,

f%?ﬁ!\Bz,j(@/\&)\\340102@”7%%”@/\/2 O, ll200S Ko TN Tmaxe@ 2500 (146)
JElPp.

According to Lemma 33, with probability converging to 1,

I%EEP)]( B2 3(6/\/2) < 40162 ||@/\/2 O}, ||%—>oon7rmax S r3/2m _1/26(9 2500 Mmax-  (147)
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Combining the above analysis, we obtain that with probability converging to 1,
gnax{ 1Z5s, jdiag (2, ) O |1+ Bz, (Ons)lI+82, (Ons )5}

<( )1/2 1+m 1/2 1/2 1/2 10g1/2( )+€®2—>oon77max10g(n\/p)( )1/2

~ Tmax
+ rpritm NTmax€@® 2—00 + P32y, 1/26@ 200N Tmax k3 (148)
S(sg) 2 201 212 log /()
+ k3P0 log (np)nmimaxe@ 2 500 + 1/ 2T 2€ 5y Mk,
Under the asymptotic regime that €0,2—500 < K5 (r3) "t 2p 2 log (np),

7“3/2+771pil/ZQ%QHOOTLﬂmaXH;’ < k51T log(np)nTmaxe® 2500 Thus, the above inequal-

ity implies

Hé?)]({HZNQ]dlag(QNz])@Nz|’+HB2](®N2)”+62,J CISEY 149)

<kar 14+m 1/2 1/2 é{fxlog(np)%—/i;r(l““)vo log(np)nTmax€® 200

Next, we derive a lower bound for o, (Iz,j((:) A,)). Under the asymptotic regime nmpyi, >
rl2m=2m]og(p), and €O 2500 < (ﬂmin/ﬂmax)1/2p1/2r"2, we have nmpmax > log(p),
wmin(np)r2’72 > r1+2"1plog(p), and 62972_>OO’I’L7TmaX < Wmin(np)r%?. Note that af(@}%) >

af(Mj‘v%,) > 2 2 (np)r®™ and || O}y, l2 00 (r/n)'/?4py < #1/2+mpl/2 Thus, under the same
asymptotic regime, conditions of Lemma 35 hold. Therefore, with probability converging to 1,

01 (T2, (On)) = 27205 Mmint7 2 05 Tamin (np)r?™. (150)
Note that
mjin{TQ(Vz,j(@Nz))_l(/i?))_lff?(ém)}

(C%nﬂ-max)_l(’%;)_l(5;7Tmin¢2)2 (151)
("2 2 P o) ™1 (15) 1 (85)*in (np)*r ™2

(#3) 1 (03)* (Miin/ T Jp! 2 =3/ 2732,

VoV

Under the asymptotic regime nmmin > (£3)%(£3)2(65) ™4 (Tmax/Tmin ) 375 T8 =812 (log (np) )2,
we have khritm log(np)p!/2n' /22 < (153)7H(05)2 (72, /Tanax )P 2 =3/23m+4n2 Under
the asymptotic regime e@ 200 < (K5) 71 (#35) 71 (05) (Tumin/ Tmax ) 2p*/ 2 (75/2—Am+4m) A (=3/2=3m +4n2).
(log(np))~, we have wir0+m)V0log(np) - nmaxe@ 2500 < (K5) 71 (05)2 (72, / Tmax )PV *10
r=3/2=3m-+4n2 | Combining the analysis, we have rr1 M pl/2nl/21l/2 log!/2 (np) + kir(1+m)V0.
log(np)nTmax€® 2500 K (/<c§)_1(5’5)2(men/Wmax)p1/2nr_3/2_3’“+4’72. This further implies

1Z5s, jdiag (a5, ) O [+ Ba,j (O, ) 1482, (Ons w5 < 27%(12,1(O,)) (K5) 107 (Z2,i(Onz))

(152)
for all J. According to (150), 0r(Z2,;(On;))Ca 2
83 Tmin (np) 1272 (r /p) 1/ > S mminnpt/ 20t/ 2202, According to  (142),
NTmin > (13)2(63) ™% (Mmax/ Tmin ) 721 =472 Jog? (np), which implies
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kiritm log(np)p1/2n1/27rél/3x < 5§ﬂminnp1/2r1/2+2"2. According to  (144),
02300 < (K3) 710} (Tmin/Mamax)r (/2= mH20)A0/242m) (16 (np)) ~1p1/2, which implies

wyrIFmIV01og(np) - NTmaxe® 2300 K O3 Tminnp'/2r/2+2m2 Combine the analysis, we obtain

1Z5s, ;diag(2ns,5) O, |+ Bz, (O ) 14+52,5 (O )RS < 01 (T2(O,))Co (153)

for all j.
The inequalities (152) and (153) verify conditions of Lemma 17 (with C replaced by 2C).
According to Lemma 17 and combining (149) and (150), with probability converging to 1,

1A — A%[|200
< Ijlg[i;}(0;1(1-27j(G)N2)){‘|Z£f2,jdiag(QN2,j)eN2 [+1B2,; (On)[+82,5 (O )3}

5/{3(5’5)_17771 (np)_lr_z’72 {r1+’71p1/2n1/27rrln/a2x log(np) + p4m)Vvo 10g(np)n7rmaxe@7gﬁoo}

min
5’%;(5;)_1(Wmax/wmin)r_an log(np)p_l/Q{rl—Hh (nﬂ—max)_l/Q + 7'(1+m)vop_1/268,2—>oo}-
(154)
According to (153), HA — A*||2500< C3. In addition, a; is the unique solution to to the

optimization problem maxa;err D ;e nr, Wij{¥ij 01'a;—b(0]a;)} for all j because this optimization
is strictly convex by (150).

|
Lemma 40 (Asymptotic analysis for 1\7[]\/2. =0 N2AT). Assume that 1imy, ;o0 }P’(HMM. —
My, [[F< em,r) = 1, and the following asymptotic regime holds:
1‘ ¢ g 1;
2. [ UsllasooSS (r/n)V2, IVill2asoo S (r/p)Y2 Co ~ (r/p)'/2;
3. (np)V?r < 0, (M*) < 01 (M*) < (np) V2™ for some constants 11 and na;
4
PTmin
>(r3)"(83) " (log(np))?
. max (ﬂ_max/ﬂ_min)i’)r(lJer)\/(3+2m74772)\/(174712) (155)
(/{;)2(ﬂ_max/ﬂ_min)57,(3-1—27]1)V(3+47]1)v{7+8(771—772)}V(5+6771—8772) :
5.
NTmin
> (15)2(63) ™4 (log(np) ) max { (Tmax/Min )20 ~212)V (14 2m —4nz) (156)

(K3)2 (T / Tonin ) S5 T8 8721
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(np)_l/QeM,F

<(k3)72(65)% (0g(np)) ™ (Tumin/ Tmax)® min [ HRIANA=2mE3m)A(—m+3m) - (157)
(,{;})*174(72*771)\/{7375(771fng)}/\(f2f4m+5n2)]‘

Then, with probability converging to 1,

||MN2 - M}k\@.”max
5(53)_2(53)2(7Tma></7rmin)2 10g3/2 (np) {T(5/2+2771—2772)\/(3/2+771—2772){(p A n)7rma><}_1/2 (158)

+ r(2+3771—3772)v(1+2m—3772) (np)—l/QeM F:| )

Proof [Proof of Lemma 40] First, we analyze the asymptotic regime assumption. The 4-th condition
of the asymptotic regime, i.e.,

DPTmin
>(k5)"(83) " (log(np))”
- max [(Wmax/ﬂmin)3r(l+2’71)V(3+2’71—4772)V(1—4772)7 (159)
(K3)2 (Tmax/Tanin ) Pr G210V BH4m)VATH8(m1—12) ]V (5:+6m —812)
implies
PTmin

(855) 4 (152 (log(m))? max VTNV (e (2 ()PSO )
> 4 (#3)*(33) O (Tanae/Tmin) *(log (np) ) Pr(FH2m —tm)v1=4m),
(k )2(55)4( 5)~°(Tmax /Tmin) S ATHB(m =)}V (5+6m - 8772)(10g(np))
(160)

where we used the fact 1 < (1+2m1) V(1 —2n3), 34211 —4n2 > 2—2n9, and 7+ 8(n1 —12) > 5.
The 6-th condition of the asymptotic regime, i.e.,

(np) ™ 2en,r
<<(H§)_2(5§)3(10g(np))_1 (Wmin/ﬂmax)?) min [r(—nl+772)/\(—1—2n1+3n2)/\(—m+3nz)7 (161)
(H;))*lr(*?*m)\/{*?’ﬂ”’(m7772)}/\(7274771+5772)]

implies
TTIZ,

(n )_1/26 < »,«772 (K‘;) ! (5;)2 min {Tﬁ(mim) (Trmin/ﬂ—max)a ('%;;)717“727771 (Wmin/ﬂ-max)Q}’

Y e (“5) 2(55)3(7Tmin/77ma><)2(10g(np))_1T(_1_2n1+3n2)/\(_nl+3772)a

(K5)72(5%)% (Tmin/ Tmax) > (log (np)) ! (k%) ~Lri=3-5(m—n2) A (=2=4m +5m2)

(162)
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where we used the fact that o > —1 — 211 + 3ng and 92 — ()1 — 12) > —1 — 211 + 370.
According to (162), emr < (np)l/ 2pn2 < )., which implies that the conditions
for Lemma 14 holds. Thus, with probability converging to 1, ||[A — A*||p< e AF»
where ea r = 81/1;161\/[7}7. Note that e p S 77 (np)*1/2eM,F. According to (162),
emr < (np)l/zrm (“;)_1 (5;)2 min {7“_(771_772) (Tmin/Tmax), (“:‘;)_17“_2_771 (Wmin/ﬂ'maX)Q}’
which implies ea 7 < (13)71(8%)2 min {r~ M=) (10 /Timax), (£5) 727 (Tumin/ Tmax) 2 }-
According to (160),
(5;)74(ﬁ§)2(10g(n))2 max {7n1v(14r2171)v(1—2ng)(Wnrlax/wmin)7 (H§)2(Wmax/ﬁmin)grsv(BJer)v(3+4m)} <
PTmin. Thus, the asymptotic regime of Lemma 38 is satisfied.
According to Lemma 38, ||é) N — OR, lo=0o< €@ Ny 2—+00> With probability converging to 1,
for e@,, 200 satisfying

€0, ,2—00
~KS (55)_1(WmaX/Wmin)pl/Q{r(IOg(n))1/2 (meaX)_l/Q +pl/2Hm eAF} (163)
S5(05) " (Tmax/Tmin)p' *{r(log(n) /2 (pTimax) ™12 4+ r/2H1 . p 72 (np) =1 2epg ).

Next, we verify that the asymptotic regime of Lemma 39 is satisfied. We first verify conditions
about e@ 2_,~0. According to (160),

PTmin > (53)4(53)_6(7TmaX/7Tmin)3(10g(np))3T(3+2n1_4n2)v(1_4n2)a

which implies

K3(63) ! (7"rnax/7rmin)pl/2 -r(log(n)) 1/2 (PTmax) —1/2

(5*) ( ) 1 1/2(10g(np))_1(ﬂ-min/ﬂ'max)r(_1/2_m+2n2)/\(1/2+2n2)- (164)

According to (160), prrmin > (k5)2(k5)*(55) ™6 (Tmax/Tmin ) 21 47+ =m2)V5+6m=8m2) (10 (np))3,
which implies

/‘i;(é;)_l(ﬂmax/ﬂmin) ( ( ) 1/2( )_1/2 (165)

<(65)% (k) 'p"(log(np)) ™" (K5) ! (min/ Tinase) 2 (/2 AMFARINS/2=5m +dmz)
According to (162), (np)_l/QeM,F < (KJ;)—Q((S;)3(ﬂ_min/wmax)g(Iog(np))—lr(—1—2n1+3772)/\(—771+37]2)’
which implies

/2 .1/24m

"03(55)71 (ﬂ-max/ﬂ'min)p cpT R (np)*1/2eM,F

< (83)2 (k)71 1/2(10g(np))_1(Wmin/wmax)r(_1/2_’”“’72)“1/2*2”2). (165)
According to (162),
() Penrp € (k5)2(653)* (Tunin/Tana)* (Lo (p)) " (3) L (=3=30m —m)IA=2—dm-+5m2)
which implies
’k‘:;(é;)_l(ﬂmax/ﬂmin)pl/Q : 7«1/2+771 ST (np)_l/QeMJ:

(167)
< (83)2(3) 9210 (mp)) " (5) ™ (s M) /2 AN/ ),
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Combining the equations (164)—(167), we have

15(03) ™" (Tamax /Tanin )02 {r (108 (1)) /2 (Prma) /2 + w1/ 2EM 72 (p) ™ Penny e}

<(83)2(r3) " p"/* (log(np))
)r(—1/2—m+2n2)/\(1/2+2n2), (Kg)—l( )2r(—5/2—4m+4n2)A(—3/2—3m+4v72)}

(168)

- min{ (Tmin /Tmax Tmin/ Tmax

which implies e@ ., 2o satisfies the 5-th condition of the asymptotic regime of Lemma 39.
On the other hand, according to the lemma’s assumption,

NTmin
>(k5)%(55) " (log(np))? max { (Tmax/Tanin )y 21 2RIV AF2N=Am) (002 (70 S )PP 8802,

(169)

Thus, the other requirements for the asymptotic regime in Lemma 39 are also satisfied.
According to Lemma 39, we have ||A — A*||2,00< €A 2,00 With probability converging to 1,
where

€A 200 ~ #3(03) ™ (Tmae/Tan) =27 log(np) {17 p= 1 2 (1) /2 (5O 2,

(170)

Combining the above display with (163), we further have

€A 200
SR3(05) ™ (e i) o)™ /2 [ () 2

+ r(1+m)v0p—1/z
- #53(653) " (T /T )/ {1 (108(1)) /2 (Pna) 1 4 7127017 () eng )
(85) ™ (53)° (10(1p)* (o i)/ [rCF1 2021 )}~/

+ T(3/2+2771—3772)\/(1/2+771—3772)( —-1/2

np) 6M7F} .

(171)

Now, we combine the above analysis to find an upper bound for || M ;. — M., |lmax- Recall that
My,. = O, AT, Thus, for P € Oy, defined in (11), and ©%, = (Uj)n, DiP, A* = V/P,
we have

My, — M},
=0, AT — (U))p DE(V)T
=05, AT — (U, DIP(VIP)T (172)

—6\,AT - O3, (A7)
—(Ox, — ©3,)(A")T + O (A — A",
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Therefore, according to Lemma 38, with probability converging to 1,
M = Mg, lmax
<[|®rz — O, 2500 [[A"[l2500H[| A = A¥[l200 | On 2500 (173)

1/27“1/2+771

S(T/P)l/geez—mo +Dp €A 2—00-

Combine the above inequality with (163) and (171), we obtain
‘|MN2 - M}k\@.”max
S(r/p)"? - 15(63) ™ (Tuna/ Tnin )P {7 (l0g ()2 (ptmaxe) ~1/2 4 #1/2FM =2 (np) "1 2epp )
+ p! 212 (55) 72 (15)? (log (np))*/? (Mmase/ Tanin) 0~/

. 7n(2+771—2nz)\/(1—2772){(p A n)ﬂmax}_l/Q + r(3/2+2771—3n2)V(1/2+m—3nz)(np)—1/2eM7F}

5(65)72(“5)2(Wmm¢/7"min)2 10g3/2 (np) T(5/2+2711*2712)\/(3/2“11*2?72){(]) A ”)7"11%0(}71/2
+ T(2+3771—3772)V(1+2771—3772)(np)—l/QeMvF )
(174)

A.5 Additional theoretical results for Algorithm 2 with data splitting

We provide the following theoretical result for M obtained from Algorithm 2 that extends Theo-
rem 10 to allow o.(M*) and o (M*) growing at different asymptotic orders and 7y, and T ax
decaying at different orders.

Lemma 41 (Asymptotic analysis for M with data splitting). Assume that lim,, ;oo P(||M Ny —
MY, [[F< em,r) = 1 (k = 1,2), and the following asymptotic regime holds:

1 <1
2. | UtllasoeS (r/n)Y2, Vi llasooS (/D)2 Co ~ (/D)2

3. (np)V?r < 0, (M*) < 0 (M*) < (np) Y20 for some constants 11 and na;

4.
PTmin
>(r3)*(03) % (log(np))?
. max (71'111;,u(/7Tmin)37«(1+2771)V(3+2771*4772)V(1*4712)7 (175)
(,{3)2 (Wmax/Wmin)57‘(3+2m WV (3+4n1) }V{748(n1—n2)V (5461 —8n2) :
5.
NTmin
>>(’43§)2 (5;)_4 (log(np))2 max {(7"nrl<’:tx/7"min)7“(1—~_2771 ~2m2) V(14 2m ~dnz) ) (53)2 (WmaX/Wmin)3r5+8nl_8n2 1

(176)
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(np)_l/ZeM,F

<<(I€§)_2(5§)3(10g(np))_1 (77'min/7rrnam)3 min [T(—nl+772)/\(—1—2771+3772)/\(—771+37I2) )
(k3) L (F2mmVA=3 =B (mmm2) JA(=2=dmA-m2)]
(177)

Then, with probability converging to 1, estimating equations in steps 3 and 4 of Algorithm 2 have a
unique solution and

IV — M|
S(ég)_2(/€§)2(ﬂ—max/7rmin)2 10g3/2(np) 7“(5/2+2771_2772)V(3/2+m_2772){(p A n)ﬂmax}—l/Z

+ p(243m=3n2)V (1421 —3n2) ( )*1/2

np eM,F |-

(178)

Proof [Proof of Lemma 41] Recall that M = (M45)ien) jep> Where (Mij)ienn jelp)
~(2) /% - ~ (1), « -

(-)M(A(Q))T and (Mij)iens jep] = @gfi(A(l))T. The error rate for (mij)iens jefp =
@5\2 (AT s obtained by Lemma 40, and the error rate of (17 );cr, je[p) is obtained by swapping

(A, (:)5\1/3, AWM A7) with (A®?), @5\2/1), A N5) in the proof of Lemma 40.
The uniqueness of the solution to estimating equations in steps 3 and 4 of Algorithm 2 is proved
by the uniqueness property in Lemma 38 and 39.
|

A.6 Proof of Theorem 10

Proof [Proof of Theorem 10] Note that when iy ~ Tmax ~ 7™ and ;1 = 12 = 7, the 4-th
asymptotic requirement in Lemma 41 becomes

pr > (15)4(63) 5 (log (np))? - max [r(1+2n)v(3—2n)v(1—4n)’ (/<;§)2r(3+2”)V(3+4’7)V{7V(5‘2n)}}.

(179)
When n > —1, the above requirement is implied by
pr > (3)!(35) " (log(np))* - max |20V, (g2 VT, (180)
which is the asymptotic requirement R5.
Similarly, the 5-th asymptotic requirement in Lemma 41 becomes
nm > (k3)?(53)~* (log(np))? max {r (=21 (k3)%°},
which is  implied by the  asymptotic  requirement  R6: nmw >

(13)?(33) " (log(np))® max {r®, (x5)*r°}.
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The 6-th asymptotic requirement becomes

(np) ™ Penr < (r3)72(83)° (log(np)) ™" min [pONTHHIARH, (5) =1 p(2mmAESAE2ED],
(181)

and is implied by (np)~Y2emr < (k3)72(635)%(log(np)) " min [r=2, (k%) ~'~3], and further
implied by the asymptotic requirement R7’.
Thus, under RI-R6 and R7’, the conditions of Lemma 41 is satisfied and with probability con-
verging to 1,
HM - M” Hmax
S(55)72(3)? 1og®/2 (np) [ 512 2m =2V /Zm=2m)  (p p )} 12
(M Bn) V(L 2m =8m2) (1) 1200 F}
2 21.53/2 5/2V(3/2 1/2 . 2v(1 1/2 (182)
S(03)72(k3)? 10g? 2 () [PV G2 (p A )} 72 4 72V ()= e |
(65)2 ) 10g™ 2(np) [r*/2{(p A m)w} =2 4 12 (np) ™ Pen |

(93)2(x3)* 10 (np)r™/ 2 [{(p A m)m} 12 + () 2en .

A

AN

The above analysis gives the error bound of M.

To proceed to prove the ‘in particular’ part of the theorem. We note thatif r < 1, then o7 (IM*) ~
0.(M*) ~ (np)/? and C; ~ n= 20, (M*) < p'/? and Cy ~ p~1/2. As a result, || M*||max<
C1Cy < 1and thus 2p + 1 < 1. This implies that 65 2 1, k3, x5 < 1. The proof is completed by
combining the above analysis with (182).

Appendix B. Proof of Theorem 5 and Additional Theoretical Results for Algorithm 1
without Data Splitting

In this section, we provide analysis for @, A, and M obtained from Algorithm 1 without data
splitting. Let

P= in |V, - ViP 183

arg min [V, — VPl (183)

and A* = V*P and ©* = U*D*P. With similar derivations as those for Lemma 14, we have the
following lemma.

Lemma 42. [flim,, o0 IP’(HM —M*||F> em,r) =0, em,F is a non-random number (depending
Vil2s00< Co, emp < 2715,.(M*), and Pis defined in (183) then

on n and p),

lim P(||A - ViP|p>ear) =0, (184)

n,p—00

where ea F = 80’;1(1\/.[*)61\/[717.
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The rest of the section is organized as follows. In Section B.1, we obtain non-asymptotic prob-
abilistic bounds for terms involved in the estimating equations in Step 3 and 4 of Algorithm 1. In
Section B.2, we obtain asymptotic error bounds for H(:) — ©*||2500 (Lemma 48). In Section B.3,
we provide error bound ||M — M*|| .y (Lemma 49) under a general setting. Finally, the proof of
Theorem 5 is given in Section B.4.

B.1 Non-asymptotic Analysis

We first analyze each term in Lemma 16 with A = A obtained from Algorithm 1 without data
splitting.

Lemma 43 (Upper bound for ||Zi.diag(Qi.)AH without data splitting). Assume n > 2. || M*||pax<
p. Assume that | A*||2—00< Co and A may be dependent with Q, n > r. Then, with probability at
least 1 — 2(nr)~1,

m[m](HZi-diag(Qi-)AH
€en

<8{¢"/*(r2(2p + 1))/ Calog" () Ppifi v e 6 Co/ (p + Dlog(nr)y - (189
+ 8log(np){(¢x3)"/> v 1} - pilZ || A — A”|| .
Proof [Proof of Lemma 43] Note that
|2, diag(€2:) A< |1 Z: diag(2; ) A" |+]|Z; diag($2.) (A — A")| (186)
and
1Z; diag(€2;.) (A — A™)]|

P
=1 #jwis(a; — aj)|
j=1

» (187)
<N Zllmax ) wijlla; — ajll
j=1
<N ZlmaxPrtan | A — A" -
Combining the above two inequalities and taking maximum over i € [n], we have
x| Z; diag (€ ) A< max{|1Z:diag (1) A"} + |2 a2 A~ A%llr (188)

For the first term on the right-hand side of the above inequality, we follow a similar proof as that in
the proof of Lemma 18 (with A replaced by A*) and obtain that with probability at least 1 — (nr)~*

m?)]({”zi-diag(ﬂi~)A*H} < 8{0"?(k2(2p+1))"/2Calog"* (nr)r' P2 v 29 Ca [ (p+1) log(nr) }.
1€|n

pmax
(189)
For the second term on the right-hand side of equation (188), we apply Lemma 30 and obtain that
with probability at least 1 — (np) !,

|Z | maxpidac| A — A%|| < 8log(np){(¢r3)"/* v 1} - pifa A — A*|p. (190)
The proof is completed by combining the above two inequalities. |
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Lemma 44 (Upper bound for ||B;(A)| without data splitting). Let A* = V*P and ©* =
U*D:P. Assume ||Al2—o00, [|[VE||l200< Co and |[UD?||2s00< C1, and A may be dependent
with Q;. Then,

pmax

IB1,i(A)||< C1Cor3pll2]|A — A*||p. (191)

Proof [Proof of Lemma 44] First, by the assumptions and P is orthogonal, [|©*||s_cc=
IUD} |20 < C and [|A* |2 00= ||V} ||2500< Cs. Recall that

By (A |—r|§jwmb" my;)a;(a; — af) 67|
gclcgzwijwm:j)uaj —al (192)
j=1

p
<CiCory > wijlla; —aj|.

J=1

Applying Cauchy-Schwarz inequality, we further obtain

IB1i(A)|[< CrCor5pillA — A*|F. (193)
The proof is completed by taking maximum for i € [n]. [ |

Lemma 45 (Bound for f;;(A), without data spliting). If [[U*Di||lamee<  Ch,
|All2500, [[Vi]l2500< Co, then,

maxﬁlz( )<0102||A A2 (194)

1€[n]

Proof [Proof of Lemma 45] Recall

Bri(A A)= sup ZWU —a Ta*) |a u< C’102 wauaj ;HQS C%CQ“A_A*H%'
||u|| 1 j€lp]

(195)

|

Lemma 46 (Bound for 71 ;(A), without data splitting). If | A|la—eo< Co, then with probability at
least 1 — 1/n,

max v i(A) < 2pmmaxCs. (196)
i€[n]
Proof [Proof of Lemma 46] The proof of this Lemma is the same as that of Lemma 24 which does
not require the independence between A and €2;.. |
Lemma 47.
H;?XIIdlag(ﬂ i)(A—A")3< |A - A*|F (197)
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Proof [Proof of Lemma 47]

H;?XIIdlag(ﬂ i) (A —AY)|3< maXHdlag( )BIA — A*|7=[|A — A" (198)

B.2 Asymptotic Analysis for Algorithm 1 without Data Splitting

Lemma 48 (Asymptotic analysis of A without data splitting). Let A* = V*f’, ®" = U;D;P,
and P is defined in (183). Assume that lim,, ;o0 P(|A — A*||p> ear) = 1.
Assume the following asymptotic regime holds:

1. ¢ ~ 1, Tin ~ Tmax ~ T,

2. |05 ll2mo0 S (/) 2, Vi ll2ms00S (r/p)M2, Co ~ (r/p) '/

3. (np)V%r < 0,(M*) < o1(M*) < (np)Y?r™, and 1y and 1, are constants;

4. > (53)7 ()2 10g () ma (10 -2m), ()21}

5. ear < (13)71(53)2 (log(np)) " min{rON—1/2-mn)AQ/24m) (jor) =1 p(=5/2-m)A(=3/2)}£1/2,

Then, with probability converging to 1, there is © = (ON-T)ie[n] such that Sy ;(0;, A) = 0, for all

(2
i € [n], l2—00< C1, and

1 — ©%[l2s00S K5(05) " 72 {r(log(n)) '/ + log (np)r T VOp 2ep g} (199)

Moreover, 0; is the unique solution to the optimization problem maxg,cgr » i<l wij{yijOZ-Téj _
b(0Ta;)} foralli € [n].

Proof [Proof of Lemma 48] First, we provide analysis on the asymptotic regime. Note that k5 >
k2(0) 2 1and 05 < 92(0) < 1. Then, the 4-th condition on the asymptotic regime, i.e.,

pr > (85) 74 (k5)? log? (n) max {r1VI=212) | (4%)2r0} (200)

implies the following asymptotic regimes,

r(logn)?,
pr > < (k5)2(k3)2(63) 45 log(n), (201)
(K3)%(65) " log(n)r!—2m.

Similarly, the 5-th condition on the asymptotic regime, i.e.,

ear < (%3)—1(65)2(1(%(”])))—1 min{'rO/\(_1/2_"1+"2)A(1/2+’72), (Hg)—lr(—5/2—m)/\(—3/2)}7_‘,1/2
(202)
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implies

(g 1r=V/2-m g2,

212,

(535) "N (k%) 71(65)%(log(np)) = tr(=0/2=mIN=3/2) 1 1/2,
S (k3)~t (log(ﬂp))717’(71/2*’71Jr772)/\(1/2+772)771/27

ear < (203)

where we used the fact that —1/2 —n; > —5/2 — n;.

Throughout the proof, we restrict the analysis on the event {HA — A*|lr< ear} N {Pmax <
2pTmax }» Which has probability converging to 1 by the lemma’s assumption, and Lemma 23. On
this event, we have that with probability at least 1 — 1/n,

maXHZi.diag(Qi-)AH

i€[n]
<16{¢2(r2(2p + 1))Y2C log 2 (nr)r 2 (pmax) V2 V 1126 Cs / (p + 1) log(nr)} - (204)
+ 8{(¢H§)1/2 v 1} lOg(TLp) ’ (pﬂ-max)l/2€A,F-

according to Lemma 43. Under the asymptotic regime that ¢ < 1, Tpin ~ Tmax ~ 7, Cy S
(r/p)'/2, the above inequality implies

max||Z; diag(€2)A|S (3)"/2r log/2(m)n'/2 + rp~" 2 1og(n) + (i3)" /2 log (np)p' 27 e .
1€EN2

(205)
According to (201), pr > r(log n)2, which implies rp~'/2log(n) < (r3)'/2rlog"/?(n)x'/2.
Thus, the above display implies

mja\ufoZi.diag(ﬂi.)AHg (k5)2r10g! 2 (n) /2 + (k3)Y? log(np)p*/*n'/ %ea (206)
1€N2

with probability converging to 1.
Next, according to Lemma 44,

rrel?THBl,i(A)Hs CrCarbpia | A — A% p. (207)
ne|n

Note that C;Co < ', Thus, the above display implies that with probability converging to one,

max|[By i (A)]| S w3r'p 2 e (208)

Combining equations (206) and (208), we obtain
Iz‘rel%z}]({HZz‘-diag(er)AHH\BLz’(A)H} < w5{rlog'2(n)w'/? + log(np)rHmVOp 27 2e y ).
(209)

Next, we consider max;e|y| {B1.i(A)}K%. According to Lemma 45, we have

max f1 ;(A) < C2Cy||A — A*||%. (210)

1€[n]
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Note that C3Cy < r3/2+2m pl/2_ Thus, the above display implies

mac{ 1 s(A) i 5 w3r 22 2 g e

According to (203), e4 r < (H§)_1r_1/2_’717r1/2. This implies

H§T3/2+2n1p1/2e?4’ (1+m)v0p1/27T1/2

F S Kalog(np)r €A F-

Thus, combining (209) and (211), we obtain

max{||Z; diag(€2;.) A +|B1,:(A)||+51,:(A)r3}
i€[n] 212)
Sﬁg{logl/2 (n)rw1/2 + log(np)r(Hm)V0p1/2771/2e,4’p}.

Next, we find a lower bound for o,-(Z; ;(A)). With similar derivations as those for (129), we have

mﬁa 2(diag(Q2:.)A*) > 271 (213)
€N

with probability converging to 1 under the asymptotic regime pm >> r(log(n))2. According to
Lemma 47,
Hé?XHdlag(ﬂ VA - AE< A - AF|F< e g (214)
n
According to (203), eq r < 71/2. Thus, the above two inequalities and Lemma 25 together imply
that with probability converging to 1,

min o,(Zy ;(A)) > 27385 (215)
1€[n]
Next, we verify conditions of Lemma 16. According to Lemma 46, on the event ppax < 2pTmax,
max;e(,) 71,i(A) < (pr(r/p)*/?). Following similar arguments as those for (133), we have with
probability tending to 1,

Hel[ln{(% i(A) ! (k3(3C1C2)) Lo (T1,4(A))}

>(pm) " (r/p) T2 (k3) "I (85)? (216)
=(k3)" " (63)p" P .

Under the asymptotic regime pm > (k35)%(K3)2(65) 4% log(n), we have
w3 2 (log(n))/? < (k3)71(83)%p /2327, Under the  asymptotic
regime e p < (k3)71(k3)™

L(63)?(log(np)) ~Lr(=3/2=mN=3/071/2 1 we  have
K5 log(np)r(IHmIVORL251/2¢ 4 1 < (k%)71(65)?p"/?r~3/27.  Combining the analysis, we
have 3{log"?(n)rn'/? + log(np)rd+mVOpl2z1/2¢ 4 p} < (k5)~H(0%)%p"/>r—3/2x. This,
together with (216) implies with probability tending to 1,

12;1%({||Zi.diag(ﬂi.)A||+||B11( )+B81,i(A)R3) < mln{(%z( A)) " (k3(3C1C2)) " o7 (T1,4(A))}-
217)
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According to (215) and note that C; > r1/2+2p1/2 we have
or(T1,4(A))Co 2 S5mr! /2T pl/2, (218)

According to (201), pr > (k3)2(83) 2log(n)r!=2%, which implies x%log!/?(n)rz'/? «
S3mrt/ 2t pl/2 - According to (203), ea p < 05(k3) " (log(np))~Lr(=1/2=m+nm)A(1/2402) £ 1/2,
which implies % log(np)r1+mVOpl/251/2¢ 4 o < §5mrl/2412pl/2 Combining the analysis with
(201) and (212), we obtain with probability tending to 1,

mae{ |2 ding(2:) A+ By (A +814(A)ss) < minon(T(A)Co. (219)

Thus, conditions of Lemma 16 are satisfied. According to Lemma 16 with A replaced by A and
according to (212) and (215), we have ||® — ©*||2—,0< C1 and

18 — ©%[|200

Srfel%f]( (0r(Z1,:(A))) {1 Zi.diag (i) A ||+ B1i (A)[|+51,:(A)r5} 220
5(5%)*%;{70 log1/2(n)7r1/2 + log(np)r(Hm)Vopl/le/QeA,F}

=K% (5’2“)_17r_1/2{r(10g(n))1/2 + log(np)r(1+771)vopl/QeAJ:}

with probability converging to 1. Moreover, from (215) the optimization problem
maxg, cRrr Zjé[p] wij{yi;07a; — b(6T4;)} is strictly convex. Thus, 6; is the unique solution to
this optimization problem.

|

B.3 Additional Theoretical Results for Algorithm 1 without Data Splitting

Lemma 49. Let M be obtained by Algorithm 1. Assume that lim,, o0 P(||[M —M*||p< ep ) =
1, and the following asymptotic regime holds:

1. ¢ ~ 1, Tmin ~ Tmax ~ 7,
2. U200 S (r/m)Y2, | Vill2ms00S (r/p)M2, Co ~ (r/p) 2
3. (np)V?r < 0, (M*) < 01 (M*) < (np) V2™ for some constants 11 and 1,

4. pr > (k3)4(63) % (log(np))? max [r(1+2m)V(3+2mf4n2)v(174n2)7 </€§)2r{7+8(771*172)}\/(5+6771*87)2):|,.

5. > (13)2(63)~* (log(np))? max {r (LM —2mV+2m—m) (c5)205+m sy,
6.
(np) ™ 2en,r
<(#3)72(03)*(log(np))~*/2.
min [7«(1/2+2712)A(*3/2*2171Jr?ﬂ?z)/\(*l/?*mJr?ﬂ72)/\(1/2+?ﬂ72)7
(Eg)—l,r(—7/2—5'r]1+5172)/\(—5/2—4771+5772)/\(—3/2—37]1+5772)] )

(221)
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Then, with probability converging to 1, estimating equations in steps 3 and 4 of Algorithm 1 have a
unique solution and

M — M*|[1max
S(03) 72 (k3)? (log (np) )? | (B/2H2m=2m)V(/2Em=2m2) { (g A p)r}—1/2 (222)

+ 5/ 243 =3n2)V (3/242m —=3n2) V(1 /2+m —3n2) —1/2

npm) eM,F} .

Proof First, we analyze the asymptotic regime assumption. The 4-th condition of the asymptotic
regime, i.e.,

P> ( ) (52) 6(10g(np))3 . max r(1+2771)\/(3+27]174772)\/(174772)7 (,%)27.{7+8(771*772)}V(5+6771*8772)}

(223)

implies
(03) 4 (r3)?log? (n) max {r*V(1=212)_(k3)2r°},
pr > 9 (63)70(k3)* (log(np))3rB+2m—anz)V(1=dnz) (224)
(0%) 70 (k%)% (%) (log (np) )3 riTH8(m—n2)}V (5-+6m —8m2)

where we used the fact that 7+ 8(ny —72) > 7 > 5, (1 4+2n;) V (2 —212) > 1,and 2 — 215 <
3 + 27’]1 — 4772.
The 6-th condition of the asymptotic regime, i.e.,

(np)il/ZeM,F

< (K5)72(63) (log(np)) 27!/

(1/242m)\(=3/2=2m1-+3m2) A(=1/2=m+3n2)A(1/2+3m2) (225)

min [r
(H;’)—1r(—7/2—5771+5772)/\(—5/2—4171+5772)/\(—3/2—3771+5772)]

implies
2 (k35)71(63)% (log(np))~t PON=L/2=mAn2) A(1/2+4m2) £1/2,
~1/2 72 (15)~1(05)2 (log(np)) ~ (%)~ 1r(=5/2=mIN=3/2) 7 1/2.
(np) em,r < (55)3(55)—2(1053(”]))) —=2,.(=3/2=2m+3n2)A(=1/2— 771+3772)/\(1/2+3772) 1/2
(55)3(/%)—2(53)—1(1og(np)) 2,.(=T/2=5m+502) A(=5/2—4m+5n2)A(=3/2—3n1+502) 1. 1/2

(226)

where we used the fact that 9y > —1/2 — ny + 212, —1/2 — 1 + 212 > —3/2 — 211 + 319,
—5/2—’!71 + ng > —7/2—5771 + 512, and —3/2+772 > —5/2 —4n1 + 57o.
According to (226),

EM,F
<<(np)1/2r’72( 3" (52) (log(np))_l min{TO/\(—lﬂ—m+n2)/\(1/2+772)7(,{;)—lr(—5/2—m)A(—3/2)}Wl/2’
(227)
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which, together with Lemma 42, implies

EAF
<<(H;)_1 (5;)2(log(np))_1 min{TO/\(_l/Q_m+772)/\(1/2+n2), (mg)_lr(_5/2_’71)/\(_3/2)}7r1/2.
(228)

Also, according to the lemma’s assumption, prr > (65)~4(x3)? log?(n) max {r!V1=21) (x5)2p5},

Thus, the conditions of Lemma 48 are satisfied. According to Lemma 48, ||© — O*||s00<
€@,2—00, With probability converging to 1, for eg 2. satisfying
€O,2—+x
~/4;§(5;)717771/2{7’(10g(n))1/2 + log(np)r(ler)V0p1/2€A7F} 02

Sli;(5;)717771/2{r(10g(n))1/2 + log(np)r(prm)Vopl/2 . r7’72(np)71/26M7F}

~K (5;)_177_1/2{r(10g(n))1/2 + log(np)r(1+”1_772)\/(_’72)11_1/261\/[,1:}.

Note that the proof of Lemma 39 does not require the independence between C) N, and the missing

pattern €. Thus, following similar arguments, Lemma 39 still applies with © N, replaced with C)

and N> replaced with [n]. Next, we verify that the asymptotic regime of Lemma 39 is satisfied.
According to (224), pr > (65) 75 (x3)* (log(np))?rG+2m—42)V(1=412) \which implies

w3(83) a2 (log(n)) 2 < (83) (3) ' p!/2 (log (np)) ~r(T1/ATmAZIINL/ZERR) - (230)
According to (224), prt > (65) 75 (r3)* (k%)% (log(np))3r{7H8(m=—m2)}V(E+6m=812) ' which implies

Kk5(63) " Y2 (log(n) V2 < (63)2 (k%) 'p' 2 (log(np)) (k) 1 (-5/2—Am ) A(=3/2=3m +4mn)
(231)
According to (226),
(p)" Ve p < (85)3(r3)2(log(np))~2r(—3/2-2m+3m)A1/2=m+3m)A(1/243m) 11/2 which
implies
K/;((S;)_lﬂ'_l/2 log(np)r(l-I-m _772)\/(_772)”_1/26M7F
<<(5§)2(’fz)_1p1/2(log(np))_1r(—1/2—771+2n2)/\(1/2+2n2). (232)

According to (226),
(np)—1/2eM & (5;‘)3(/@3)_2(/£§)_1(log(np))_27“(_7/2_5’71+5’72)/\(_5/2_4’71+5"2)A(_3/2_3’71+5’72)7r1/2,

which implies

k3 (05) "t/ log(np)T(Hmfnz)V(*nz)nfl/QeMF

<<(6;)2(I€§)_1p1/2 (log(np))_l (’ig)—17,(—5/2—4711+4n2)/\(—3/2—3771+4172) ) (233)
Combining equations (229), (230), (231), (232) and (233), we have
€O®,2—00
<r3(05) w2 (83) (k3) '/ (log(np)) Tt - min{r(T1/ 2T AR 2 2m2) (234)

(,i;’)*1r(*5/2*4m+4n2)/\(*3/2*3m+4n2)}7
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which implies e@ 2, satisfies the 5-th condition of the asymptotic regime of Lemma 39.

On the other hand, according to the lemma’s assumption,

NTmin

>(r3)(83) ™ (log(np))? maxx { (Tumax /Min)r (21 =2V UF2I =40, (10)2 (7 i) P 5O,
(235)

Thus, the other requirements for the asymptotic regime in Lemma 39 are also satisfied.

According to Lemma 39, we have ||A — A*||2500< €A 2500 With probability converging to 1,
where

€A 2300 ~ K (83) L2 log(np)p_l/2{7’1"'771 (mr)_l/2 + r(1+’71)\/0p_1/2e@,2_,00}. (236)
Combining the above display with (229), we further have

€A 200

SH3(83) 2 log(np)p /2 1M ()12
4 p(1m)VO, =172 /@3(65)_%_1/2{r(log(n))1/2 + log(np)r(H”l_"2)V(_”2)n_1/2eM,F}]
S(63)72(w3)* 0g (np))?p™ /2 [ =2V A=2) {1 7 p) ) 112

M3V (L =302V (=302) () =1/ 200 F] '

(237)

Next, we derive an asymptotic upper bound for |[M — M*|may. Recall that 1\7[~ = OAT.
Thus, for P € O, defined in (183) and ®* = (U7)D;P, A* = VP, we have M — M* =
OAT - @ (A" = (© - ©*)(A")T + ©(A — A*)T. Thus,

IV = M xS [0 = ©%[laosoo|A oot A = A%llsoc Ol (238)

According to Lemma 48 and the assumption ||A*||2 0o < Cy < (1/p)'/2, with probability con-
verging to 1, the above display is further bounded by

IM — M*[|max S €@ 25007/ 2p Y2 4 ep 9 soort/2Hmpt/2, (239)
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Combining the above inequality with (229) and (237), we obtain with probability tending to 1
HM - M*Hmax

SrV2p U2 (85) m 2 (log(n) 2 + log(np)r(HHm V)1 ey )
+ ! 2Ampl/2 . (55) 72 (k5)? (log(np))p~ /2 [T(2+"1_2"2)V(1_2"2){(n Ap)m} 1/

1 (24 2m =302)V (14 —302)V (~3112) (Tlpﬂ')_l/QeM F]

S(63)72(w3)* (l0g (np))? [ O/ 2+2m =2V G/2HM=202) (3 p )y =112

+ p(3/24m=n2)V(1/2=02)V (5/243m =3n2)V (3/ 24 2m = 3m2)V(1/2+m =3m2) ( —1/2

inr) eM,F}
S(63)72(3)2 (log (np))? O/ 2m =2V G/2Em=212){ (1 )} =1/2
i T(5/2+377173T]2)V(3/2+2n173n2)v(1/2+7]173772)(npﬂ,)fl/QeM F} ,

(240)

where we used the fact that 3/2 4+ 1y — 12 < 5/2 431 — 32 and 1/2 — 19 < 3/2+ 2n; — 312 in
the last inequality. This completes the proof. |

B.4 Proof of Theorem 5

Proof [Proof of Theorem 5]
Note that when Ty ~ Tmax ~ 7 and 71 = 72 = 7, the 4-th asymptotic requirement in
Lemma 49 becomes

pr>>(r3)4(63) "5 (log(np))? - max [r(1+2’7)v(3_2n)v(1_4n), (/@§)2r7v(5_2’7)}. (241)
When np > —1, the above requirement is implied by
pr > (15)*(93) " (log(np))? - max [+, ()27, (242)

which is implied by the asymptotic requirement R5.
Similarly, the 5-th asymptotic requirement in Lemma 49 becomes

nm > (15)(53) " (log(np))? max {11727, (55)%r°},

which is  implied by the  asymptotic  requirement  R6: nmw >
(+5)%(65) " (log(np))? max {r?, (x5)*r°}.
The 6-th asymptotic requirement in Lemma 49 becomes
(np)fl/QeM P < (K;)iz (5;)3(10g(np))72ﬂ_1/2 min [T(1/2+27])/\(73/2+77)/\(71/2+27])/\(1/2+377) ’
(Hg)—1T(—7/2)A(—5/2+n)A(—3/2+2n)]
(243)

and is implied by R7: (np)~2emr < (13)72(65)%(log(np)) " 2xY2 min [r—5/2 (k%)= 1r=7/?]
forn > —1.
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Thus, under RI-R7, the conditions of Lemma 49 are satisfied, and thus with probability con-
verging to 1,

||]'\~/I - M" Hmax
<(83) 72 (w3)* (log(np))?
. |:7«(5/2+27]1 *2772)\/(3/24»77172772){(” A p)ﬂ'}il/Z

+ 7 (5/2+4301=3n2)V (3/2+2m —3n2)V(1/2+m —3n2) (npr) -1/2 e F]

S(83)2(k5)* Qo (np) 2 /202D (n A )y~ 2 g OV 2N /220 () 1 2y

<(63)72(k3)* (log(np))? {7“5/2{(71 Ap)r} 2 (npm) T e |
(244)

The above analysis gives the error bound of M. The proof for the ‘in particular’ part of the
theorem is similar to that of the proof of Theorem 10, and we skip the repetitive details. |

Appendix C. Proof of Corollaries

Proof [Proof of Corollary 8] For binomial model b”(z) = ke®(1 + ¢*)~2 and b®) (z) = ke®(1 +
e®)"2{1—2(1+e %)~ 1}. Thus, ko(a) < k, k3(a) < k,and 62(a) > ke®*(1+e%)~2 > ke~?. This
implies that 3, k5 < 1 under the asymptotic regime that k& ~ 1 (R8B). Also, 65 2 ke 2(p+1) >
€720 > ke~ 2108(nAP)' "0 5 (n A p) € for any constant e; > 0, where the third inequality is due to
RYB. Combining the analysis above, we have (k3)*(55) % log(np)? < (nV p)® log(np)? < (nV
p)7. Similarly, (13)*(63)~* (log(np))? < (nVp)*t, and (r3)*(55)*(log(np)) > > (nAp) .
Combine the above analysis with R5B — R7B, and note that (1+2n) V5 < (344n)V 7 forn > —1,
we verify that R5 — R7 hold with 7¢; < €.

For normal model, b”(z) = 1 and b () = 0 for all 2. Thus, x5 = 65 = 1 and x% = 0. Part 2
of Corollary 8 then follows by simplifying Theorem 5.

In the rest of the analysis, we focus on the Poisson model. Note that |[M*||< C1C> so we
could choose p < C1Cy < 71*7. Under RIOP, v+ < (log(n A p))l=¢, so max(p, C1Cs) <
(los(n A p)) 1.

For Poisson model, b(z) = e® so b"(z) = b®)(z) = e®. Thus, ka(a),k3(a) < e* and
2(a) > e~ This implies k3 < e2rt1 < 2 < 2(08(nAp)'™0 < (n A p)el for any constant
€1 > 0. Similarly, 65 > e72° > (n A p)~ and k% < e5€1¢2 < (n v p)° for any constant e; > 0.
The proof then follows similarly as that for the normal model. |

Proof [Proof of Corollary 12] The proof of Corollary 12 is similar to that of Corollary 8, except
that R7B is replaced by R7’B to ensure R7’ holds. We omit the repetitive details. |
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Setting n p r m Variable Types | Setting n p r m Variable Type
1 400 200 3 0.6 O 13 400 200 5 0.6 O
2 800 400 3 0.6 O 14 800 400 5 0.6 O
3 1600 800 3 0.6 o 15 1600 800 5 0.6 O
4 400 200 3 0.2 O 16 400 200 5 0.2 O
5 800 400 3 0.2 o 17 800 400 5 0.2 o
6 1600 800 3 0.2 O 18 1600 800 5 0.2 O
7 400 200 3 0.6 O+C 19 400 200 5 0.6 O+C
8 800 400 3 0.6 0+C 20 800 400 5 06 0+C
9 1600 800 3 0.6 0+C 21 1600 800 5 0.6 0+C
10 400 200 3 0.2 0+C 22 400 200 5 0.2 0+C
11 800 400 3 02 0+C 23 800 400 5 02 0+C
12 1600 800 3 0.2 0+C 24 1600 800 5 0.2 0+C

Table 5: Simulation settings. ‘Variable type = O’ indicates all the variables are ordinal (with k; = 5),
and ‘Variable type = O + C’ indicates half of the variables are ordinal (with k£; = 5) and half are
continuous. For continuous and ordinal variables, we assume the Normal and Binomial models,
respectively.

Appendix D. Simulation Settings and Additional Results
D.1 Simulation Setting Details

A full list of our simulation settings is given in Table 5 below. For each setting, data are generated
as follows. For each replication, we first generate ®* = (6}, )nx, and A* = (afj)pxr, where
07,s and a;;s are independently from a uniform distribution over the interval [—0.9, 0.9]. Then M*
is given by M* = ©*(A*)T. The missing indicators w;;s are generated independently from a
Bernoulli distribution with parameter 7, where 7 = 0.6 and 0.2 are considered in the simulation
settings. When w;; = 1 and for an ordinal variable j, Y;; is generated from a Binomial distribution
with k; = 5 trials and success probability exp(mj;)/(1 + exp(m;;)). When w;; = 1 and for an
continuous variable 7, Y;; is generated from a normal distribution N (m;}, 1). In the implementation,
we set Cy = 2\/7% in Algorithms 1, 2, and 3. We set p’ = r in the NBE and C' = /7 in the
CJMLE.

D.2 Additional Simulation Results

In Figures 3 though 8 below, we give the results under Settings 7 through 24. The patterns are
similar to those in Figures 1 and 2, except for few cases when n and p are relatively small.
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Figure 1.

Figure 4:
Figure 1.
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Figure 1.
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Figure 1.
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Figure 7: Results from Simulation Settings 19-21. The plots can be interpreted similarly as those in
Figure 1.
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Figure 1.
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