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We study the competition complexity of dynamic pricing relative to the optimal auction in the fundamental
single-item setting. In prophet inequality terminology, we compare the expected reward A, (F') achievable by
the optimal online policy on m i.i.d. random variables distributed according to F' to the expected maximum
M, (F) of n i.i.d. draws from F. We ask how big m have to be to ensure that (1+¢)A,,(F) > M, (F) for all
F.

We resolve this question and characterize the competition complexity as a function of e. When ¢ =0,
the competition complexity is unbounded. That is, for any n and any m there is a distribution F' such
that Ap,(F) < My (F). In contrast, for any € > 0, it is sufficient and necessary to have m = ¢(¢)n where
¢(e) = O(loglog1/¢). Therefore, the competition complexity not only drops from unbounded to linear, it is
actually linear with a very small constant.

The technical core of our analysis is a loss-less reduction to an infinite dimensional and non-linear opti-
mization problem that we solve optimally. A corollary of this reduction is a novel proof of the factor ~ 0.745

i.i.d. prophet inequality, which simultaneously establishes matching upper and lower bounds.

1. Introduction. An important line of work at the intersection of Economics and Computa-
tion concerns the competition complezity of auctions [4, 14, 15, 3]. The basic idea is to examine how
many bidders need to be added to a simple, suboptimal auction mechanism so that its performance
is guaranteed to match that of the optimal but more complicated auction mechanism.

This competition complexity approach originates in a seminal paper by Bulow and Klemperer
[4], who asked this question for the revenue achievable by the simple but suboptimal second-price
auction and Myerson’s optimal auction. They showed that for i.i.d. bidders whose valuations are
drawn from a regular distribution F', the second-price auction with n + 1 bidders is guaranteed to
achieve at least the expected revenue of the optimal auction with n bidders. They concluded that
rather than going for the more complicated auction mechanism, one could simply attract one more

buyer to the simpler auction mechanism.
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Subsequent work has extended this basic result to a variety of more complex auction settings
[14, 29, 3], and also introduced the idea of approximate competition complexity where instead of

shooting for optimality, one aims at 99% or 99.9% of optimal [15].

1.1. Our Question. In this work, we initiate the study of the competition complexity of
posted pricing. We focus on the fundamental single-item case and compare optimal dynamic pric-
ing versus the optimal auction. While we study the social welfare case, all our results translate
to revenue maximization under the standard regularity assumption (see Section 2 for a detailed
discussion).

Since we are focusing on social welfare, the simplest way to state our question is in prophet
inequality terminology. Our goal is to compare the expected reward A,,(F') achievable by the
optimal policy found by backward induction on m > n i.i.d. draws from a distribution F', to the
expected maximum M, (F) of n ii.d. draws from F. For fixed € > 0 and fixed n, we want to find

the smallest m > n such that for every F' we have

We refer to the functional dependence of m on n and e as the competition complezity of dynamic
pricing. We sometimes refer to the case € =0 as exact competition complexity and to the case ¢ >0

as the approzrimate version.

1.2. Warm-Up: The Uniform Case. As a warm-up and to illustrate some of the key ideas
in our general competition complexity analysis, consider the case where F' =U|[0,1] is a uniform
distribution over [0,1], and convince ourselves that in this case Ay, > M, for all n, so the exact
competition complexity is linear. We have that M, is just the maximum of n i.i.d. draws from a
uniform distribution over [0, 1], and therefore M,, =n/(n+1). On the other hand, we can compute
A,, through the usual backward induction: The recursion is A,,.; = E(max{X, A,}) for n > 1 and
A; =E(X) where X ~U|[0,1]. That is, A; =1/2, and for n>1,

A1 =E(max{X,A,})

= A, Pr(X < A,) +E(X | X > A,)Pr(X > A,)

=A% + (1+2A”)(1 —A,)= %(1+Ai).

Observe that apart from getting an exact formula for the recurrence, we get a simple expression
for A, .1 — A,, that is, the marginal gain of the optimal algorithm when we add one more buyer:
A, — A, =(1—A,)?/2 for n> 1. In particular, this idea will be further exploited to understand

the competition complexity of general distributions.



To analyze the competition complexity for the uniform case, we proceed by induction. It is easy
to verify that the claim holds for n =1 since Ay =5/8 > 1/2 = M,. So we assume Ay, > M,, and
we want to show As, .o > M, 1. Note that if A,,,1 > M, then also Ag, 2> Aspi1 > M, 41, and

there we are done, so we consider the case Ay, 1 < M, 1. We have

Aopio = Aoy + (Aznio — Aspyr) + (Azpgr — Aay)

1 1
= AZn —I— 5(1 — A2n+1)2 + 5(1 - Azn)Q.

Since the function f(z) =z + 1(1 —x)? is increasing in R, and given that A,, > M,, we obtain a

lower bound that together with As, 11 < (n+1)/(n+2) yields

1 1\’ 1 \?
> - .

The argument is completed by observing that what we add to M,, on the right-hand side is at

least M, .1 — M, =1/((n+1)(n+2)). We conclude that for the uniform distribution, it suffices to
choose m > 2n. A closer examination of the asymptotic behavior of A,, and M, shows that this
analysis is in fact tight. Indeed for large m and n, 4,, ~1—2/(m+log(m)+1.76799) [17, 30] while
M, =1 —1/n which roughly shows that we need m =2n+ o(n).

1.3. Our Contribution. The above analysis of the uniform case already rules out a “plus
constant” result as in Bulow and Klemperer [4]. It leaves some hope that the exact competition
complexity of dynamic pricing may be linear or, if not, then at least polynomial with a small
polynomial. Our first main result shows that this hope is unfounded. Indeed, the exact competition

complexity is not only “large,” it is in fact unbounded.

Main Result 1 (exact competition complexity): For any m > n, there exists a distribution

F such that A,,(F) < M, (F).

In light of this strong impossibility, a natural question is whether this impossibility persists if we
relax our goals and aim for 99% or 99.99% of optimal. It turns out that things change, and quite
drastically so. This is formalized by our second main result, which nails down the approximate

competition complexity in terms of function ¢: R, — R, given by

! 1
Pe) = /0 y(1—log(y)) + W

Main Result 2 (approximate competition complexity): Consider £ > 0 and any n. Then,

we have (1+¢)A,,(F) > M,(F) for every F if m > ¢(e)n, and for large n this is tight.



30 30
i
1
25 25 "
1
1
1
20 20 !
1
— — H
=
Z1s g 15 i
1
1
10 10 !
1
1
05 0s i
1
1
1
0.0 — T T T T T 0.0 : |
0.0 02 04 0.6 0.8 1da 0 1000 10000
¢y F 99.9% Le 99.99%

FIGURE 1. Plot of ¢(¢) as a function of € on the left, and as a function of 1/ on the right. Plotting ¢(¢) as a function
of 1/e serves to illustrate the very slow growth of ¢(¢) as ©(loglog1/e) when & — 0. The dashed blue line in the left
plot is at € = ¢! (1) ~ 0.342 which implies the optimal factor 1/(1+ ¢~'(1)) ~0.745 for the i.i.d. prophet inequality.
In the other plot the two blue dashed lines are at 1/ =100 and 1/e = 1000 which correspond to approximation ratios
0f 99.9% and 99.99%. The value of ¢(e) at these points is the constant required to obtain these approximation ratios.

While our first main result shows that the exact competition complexity of dynamic pricing
is unbounded, our second main result shows that if we aim for approximate optimality, then the
competition complexity not only drops from being unbounded to being linear, it is actually linear
with a very small constant.

We illustrate this in Figure 1. In the technical part of the paper, we show that the function
¢(€) grows as O(loglog1/e) as e — 0, with very small constants hidden in the big-O notation. For
example, to obtain 99% of optimal it is sufficient to have m > 2.30 - n, and to obtain 99.99% of
optimal it is sufficient to have m > 2.53 - n.

An interesting implication of our analysis is that it yields the factor 0.745 i.i.d. prophet inequality
[8, 26, 33, 28] and its tightness [21] as a special case. Here is how: Rather than fixing ¢ and finding
m(n,e), we may fix m(n,e) =n and find e. The equality m(n,c) = ¢(e)n corresponds to solving
¢(e) = 1. This yields e = ¢~ *(1) and corresponds to an approximation guarantee of 1/(1+¢*(1)) ~
0.745.

1.4. Our Techniques. Our argument for the uniform distribution F' = UJ0,1] that we pre-
sented above relied on a formula for the differences between two consecutive terms A, and A,,
and at its core compared As(,4+1) — Aoy to M, — M, Intuitively, we explored properties of the
rate of growth and curvature of the two sequences A;, As,..., A, and My, M,,..., M,,.

Our general argument builds on this intuition. Our first key observation characterizes the
sequences Ai, As, ..., A, that can arise. Namely, we show that for any distribution F', the cor-

responding infinite sequence (A;(F));en satisfies the following three properties. Moreover, for any



infinite sequence (A4;);en satisfying these properties there is a distribution F' that leads to this
sequence. The three properties are:

(1) The sequence (A;);en is non-decreasing,

(2) The sequence (A;;; — A;)ien is non-increasing, and

(3) The sequence ((Aij2 — Aiv1)/(Aiv1 — A;))ien is non-decreasing.

Our second key observation is that given a fized infinite sequence (A;);cy with these properties,
we can identify the compatible distribution F' that maximizes M,,. This worst-case distribution
is a simple piece-wise constant distribution, and allows us to express the largest possible M, as
a function of the (A;);en. We thus reduce the problem of checking whether for a fixed n and m,
(14+¢e)An(F)— M,(F) >0 for all F, to an infinite dimensional optimization problem that seeks
to minimize (1+¢)A,,(F) — M, (F) over all infinite sequences satisfying properties (1)—(3): The
inequality is satisfied by all F' if and only if the objective value of this infinite-dimensional optimiza-
tion problem is non-negative. To show our two main results, we then solve this infinite-dimensional
optimization problem optimally. This reduces the problem to the analysis of a recursion, which can

be pointwise bounded by a differential equation, which, by a careful analysis, leads to the function

(e)-

1.5. Other Gaps and Future Work. An additional set of questions that fits the wider
theme of this paper concerns the competition complexity of static pricing. Here—unlike in the
case of dynamic pricing—there are two questions we could ask. The first comparison is between
static pricing A/ and the optimal auction M,,; the other is between static pricing A/, and dynamic
pricing A,,.

For the first comparison between A/ and M,,, we observe the following. First, since A/, < A,,
for all m, our impossibility (Main Result 1) implies that the exact competition complexity of
static pricing is unbounded. Moreover, while the approximate competition complexity of static
pricing may be linear (similar to our Main Result 2 for dynamic pricing), the dependence on
€ certainly has to be worse. This follows from considering the uniform case: For m sufficiently
large, we have that 1 — 2log(m)/m < Al <1 —log(m)/(3m) (see Appendix 5 for a derivation
of these inequalities). Since M, ~ 1 — 1/n, for large m and n, this means that to ensure that
(14+¢)Al, > M,, we approximately need that (1+¢)(1—1log(m)/(3m)) >1—1/n. Then, for € small
with respect to n, say € =1/n?, we can approximate by subtracting ¢ from the left-hand side. We
get 1 — (1+¢)log(m)/(3m) >1—1/n, which happens if and only if 3m/log(m) > n(1+¢), which
for € of this order implies that we need at least m = cn with ¢=Q(log(1/¢)).

For the other comparison, between A/ and A,, observe that for the exact version, we need

m = Q(nlog(n)), even for the uniform distribution. This again follows from the asymptotic formulas



for A ~1—2log(m)/m and A, ~1—2/(n+log(n)+ 1.76799), which show that roughly what
we need is that m/log(m) > n and therefore m = Q(nlog(n)). We leave the full resolution of these
gaps, which will shed additional light on the relative power of static and dynamic pricing, to future

work.

1.6. Further Related Work. Our work examines the relative power of a simple mechanism
(dynamic pricing) to that of an optimal mechanism (the optimal auction) and thus fits under the
broader umbrella of simple vs. optimal mechanisms (e.g., [20, 19]).

At the technical core of our work, we rely on a connection between posted-price mechanisms
and prophet inequalities that was pioneered and explored in the last fifteen years [18, 5, 6, 9]. This
line of work motivated work on prophet inequalities more generally. Most relevant for us is the
work on the i.i.d. single-item prophet inequality [1, 8, 26, 33, 7, 28], but there is also exciting work
on combinatorial extensions such as [27, 16, 11, 13]. A closely related line of work has examined
the gap between various simple mechanisms including posted-price mechanisms and the optimal

mechanism on the same number of bidders [2, 12, 23, 24, 22].

2. Formal Statement of our Results. For our analysis, it will be convenient to consider
N={0,1,2,...}, the natural numbers including zero. We consider distributions F' over the non-
negative reals with finite expectation. For a distribution F', we let My(F) =0 and for n > 1 we
let M, (F)=E(max{X;,Xs,...,X,}), where X;,..., X, is an i.i.d. sample distributed according
to F. We denote by A, (F) the value of the optimal policy and the sequence (A, (F)),en satisfies
the following recurrence: Ag(F) =0, A;(F)=E(X) and A, 1(F) =E(max{X,A,(F)}), where X

is a random variable distributed according to F. We now formally state our main results.

THEOREM 1. For every positive integer n > 1, and every positive integer m > n, there exists a

distribution F' such that A,,(F) < M, (F).

THEOREM 2. Let € > 0 and let n be a positive integer. Then, for every m > ¢(e)n =
©(loglog1/e)n, and every distribution F' we have (1 + €)A,,(F) > M, (F). Conversely, for any
d >0, there exists a distribution G such that for n sufficiently large and m < (¢(g) — §)n, we have
(14¢)A.(G) < M, (G).

While Theorem 1 shows that the exact competition complexity of dynamic pricing is unbounded,
Theorem 2 shows that the approximate competition complexity not only drops from being
unbounded to being linear, it is actually linear with a very small constant (see Figure 1).

As mentioned in the introduction, Theorems 1 and 2 translate to the case of revenue by using

standard reductions between social welfare and revenue optimization for the i.i.d. case [9, 6, 18].



Given a distribution F, the virtual valuation of F is the function ¢r(z) =x — (1 — F(z))/f(x),
where f is the probability density function of F'. To construct an algorithm for the revenue set-
ting in the i.i.d. case with distribution F' and n buyers, we reduce to the social welfare case as
follows: We run the optimal dynamic welfare policy for an instance with n buyers identically and
independently distributed according to F'®, where F'¢ is the distribution of the random variable
br (X)=max(0,¢r(X)) when X is distributed according to F. By doing so, the optimal dynamic
welfare policy is defined by thresholds 7y,...,7,, which can be converted into optimal dynamic
revenue prices (a posted price mechanism) with p; = ¢3'(7;), for every i € {1,...,n}}, when F is
reqular, i.e., ¢ is monotone non-decreasing [18]. We remark that this reduction is based in the

classic result of Myerson for revenue maximizing single-item auctions [31].

3. An Equivalent Optimization Problem. In this section, we develop the main building
block of our analysis. The key result of this section, Theorem 3, shows that the question of whether
for a given € >0, n > 1, and m > 1 it holds that (1+¢)A,,(F) > M, (F) for all F' reduces to showing
whether the following infinite-dimensional, non-linear optimization problem has a non-negative

objective.

)

m—1 o)
minimize (1-+¢) Z d; — Z <1 — (5?1
i=0 ‘

i=0
subject to 041 <6 for every integer j >0, (2)
63 <0510, for every integer j > 1, (3)
do =1 and ¢; >0 for every integer j > 1. (4)

THEOREM 3. Lete >0, and let n and m be two positive integers. Then, we have (1+¢)A,,(F) >
M, (F) for every distribution F' if and only if the optimal value of the optimization problem (1)-(4)

18 mon-negative.

We prove this theorem by characterizing the sequences (A;(F'));jen that can result from dis-
tributions F' and by relating the value of M, (F') to the values of the sequence (A4;(F));en. The
characterization uncovers the properties of the sequences that can arise. Given a sequence of non-
negative real values (S, )nen, we denote by (95, ).en the sequence such that 95, = S,41 — S, for
every non-negative integer n. Consider the following properties:

(a) The sequence (S,,),en is strictly increasing.
(b) The sequence (9S,,),en is non-increasing.

(c) The sequence (05,,4+1/0S,)nen is non-decreasing.



Observe that the properties (b)-(c) imply that the sequence (9S,41/9S,)nen is not only non-
decreasing, but also bounded with 95,,1,/9S,, <1 for every n € N, and therefore it is convergent to a

limit value of at most one. In what follows, given a distribution F', let wo(F) =inf{y e R: F(y) >0}
and w; (F) =sup{y € R: F(y) < 1} be the left and right endpoints of the support of F.
We need a few lemmas to prove Theorem 3. We also use the following proposition about the

optimal policy.

PROPOSITION 1. For every distribution F' the following holds:

(i) Api(F)=A,(F)+ f:O(F) F(y))dy for every n e N.
(1i) Apia(F)=A,1(F)+ fA ”H(F) F(y)dy for every n e N.
(iii) lim,, o A, (F) = w, (F).
(iv) If wo(F) <wi(F) and F has finite expectation, then A, (F) < A, 1(F) for every n € N.

Proof. Since A, 1(F)=E(max{A,(F),X}), where X is distributed according to F', we get

o0

() = A(PFALP) + [ sf(s)ds,

An(F)

By integrating by parts, we have

oo

/ T sf(s)ds = (1— F(A,(F))A,(F) + / (1 F(s))ds,

n(F) n(F)

and therefore (i) holds since we have

Ais(F) = Au(F)F(ALF)) + (1= FA () AL(F) + [ m(p)(l ~ F(s))ds

— A, (F) +/ (1- F(s))ds.

n(F)

To prove (ii), observe that

/ ZF)( / n:)l(F) F(s))ds + /A 11(1 — F(s))ds
A,

An+1(F) oo

1(F)— A, (F) — F(s)ds+/ (F)(l—F(s))ds,

An (F)

and therefore, (i) implies that

n+1(F) oo
| s | L O FG)as = Ao (F) = A (F),

n(F)
where the last equality holds also by (i).
We now show (iii). Let L =lim,,_,,, A,(F) and assume, for the sake of contradiction, that L <
w1 (F). Since (A, (F))nen is non-decreasing, we have A, (F) < L for every n. Let U = min{L +
1,(L+wi(F))/2}. From (i), we have



Avia(F) = Au(P) = [ M(F)u ~ F(y)dy

w1 (F)
- / (1— F(y)dy

n(F)
> / (1= F(y))dy > (U~ L)(1 - F(U)) >0,

where the first inequality holds since A, (F) < L <U < w;(F'), and the second inequality holds
since F' is non-decreasing. The last inequality follows by the definition of w;(F') and using that

L <U < w;(F). Since this inequality holds for all n € N, it implies that
Air(F) =) (A (F) = 4;(F)) = nTH(U—L)(l —FU)) =0
=0

as n — oo, which contradicts that L < w;(F) < co. Finally, we show (iv). Since F' has a finite
expectation, wy(F') < w;(F') and the support is contained in the non-negative reals, we have that
A (F)=E(X)>0= A¢(F). Then, the property holds by induction on n and property (ii). O

An important implication of Proposition 1(iv) is that the sequence (A4;(F)); ey is strictly increas-
ing unless F' is a distribution that puts probability one on a single value. For these distributions
F, however, A,,(F) = M, (F) for all m,n > 1, so they trivially satisfy (1+¢)A,,(F)> M, (F).

In the remainder, we will consider distributions F' with wy(F') < w;(F). We begin by showing
that for such distributions F' the sequence (A;(F'));en satisfies properties (a)-(c).

LEMMA 1. For every distribution F with wo(F) < wi(F), the sequence (A,(F))nen satisfies
properties (a)-(c).

Proof. Consider a distribution F' with wy(F) < w;(F') and a non-negative integer n. Observe
that property (a) holds directly for the sequence (A,,(F)),en from Proposition 1(iv). By Proposition
1(ii), it holds that

An+1(F)
APy = APy = [ Py < A (F) = A,(P),
An (F)
where the inequality holds since F(y) <1 for every y € R. Therefore, property (b) holds. Observe
that thanks to Proposition 1(ii) again, we have

Anio(F)— A, (F) B 1 /An+1(F)
An+1(F) _An(F) B An-‘rl(F) _An(F)

F(y)dy,

An(F)

and since F' is monotone non-decreasing, we therefore have

P, (P < 22 AE) < pa, ),

from where we conclude that that (A, (F)),en satisfies property (c). O
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Next we show that for the type for distributions we are interested in, it is possible to prove an

upper bound on the value of M, (F') in terms of the values of the sequence (A;(F));en.

LEMMA 2. For every distribution F with wo(F') <w(F), we have

M, (F) < °° (1- (W)) 0A,(F).

Proof. Consider the concave function ¢ : R — R given by ¢(z) =1 — 2", and for every non-
negative integer j let u,(y) = 1/0A;(F) for every y € [A;(F'),A;+1(F)) and zero elsewhere. In
particular, u; is a probability density function over [A;(F"), A;11(F)). Then, by Jensen’s inequality,

we have

1 Ajp1(F) .
aAj(F)/Aj(F) (1= Fy) )dy:/RQO(F(y))uj(y)dy

<¢p </RF(y)uj (y)dy>

where the last equality holds by Proposition 1(ii). In particular, for every non-negative integer j

/ P ey < (1- (W)) DA,(F). 5)

Aj(F)

we have

Therefore, we have

M, (F) = / (- Py = i / j:;m(l — F(y)")dy
<5 (- (57) Jonen

where the second equality holds by Proposition 1(iii) and the inequality comes from (5). O

Our final ingredient is a reverse to the previous two lemmas. It shows that for any sequence
satisfying properties (a)-(c) we can construct a distribution G for which (A;(G));en matches the
values of the sequence and M,,(G) matches the upper bound on M, (G) in terms of the values of

the sequence.

LEMMA 3. For every (B,,)nen with By =0, and satisfying (a)-(c), there exists a distribution G
such that A, (G) = B, for every non-negative integer n. Furthermore, we have

oo

M,(G) = Z <1 — <‘323]§f1)n> OB,.

Jj=0
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Proof. 'We construct explicitly the distribution G satisfying the statement of the lemma. Recall
that since (B, )nen satisfies properties (b)-(c) the sequence (0B, 11/0B,)nen converges to a value

p € (0,1]. We prove the following claim.
CLAM 1. Suppose that p < 1. Then, there exists a value B >0 such that lim,,_.., B, =B.

Since the sequence (B, ).en satisfies property (c), we have that 0B, < pdB,_;, and therefore
0B, < p"0By = p" B for every n € N. On the other hand, we have

I
-

n n—1 n—1
B
Bu=3 (B = By) = 0B, < By p < 1
j=0 j=0

J

Il
=)

which implies that the sequence (B, ),en is upper bounded. Since by property (a) the sequence
(B )nen is strictly increasing, we conclude that (B,,),en is a convergent sequence and we call B the
value of this limit. This establishes the claim.

We now construct the distribution G satisfying the conditions of the statement. Consider G :
R — R defined as follows: G(x) =0 for every x € (—o0,0), for every non-negative integer j and
every z € [B;, Bj11) we have G(z) = 0B,41/0Bj, and let G(z) =1 for every x > lim,,_,o B,. Since
the sequence (B, )nen satisfies property (a), the function G is well defined for every non-negative
integer n. Furthermore, since the sequence (B,),cn satisfies (c), we have that G is non-decreasing,
and property (b) implies that G(z) <1 for every x € R,. If p=1 then lim,_,., G(z) = 1. Otherwise,
if p <1, by Claim 4 there exists a value B > 0 such that lim,,_,., B, = B, and therefore G(x) =1
for every « > B. Therefore, we conclude that G is a distribution.

In what follows, we show that A4,,(G) = B, for every non-negative integer n. We proceed by induc-
tion. By construction, we have Aq(G) =0 = By. Suppose that B; = A;(G) for every i € {0,1,...,n}.
By Proposition 1, for every positive integer n it holds that

An(G) 00
[ Gay=[ (1= 6wy =A.i(G) - 4.6,
An-1(G) An(G)
and therefore the inductive step implies that
Bn
| 60y =A0i(6) - B.. (©
Bn—1
On the other hand, by construction of G it holds that
B
" -Bn+lgﬂBn
dy=—mt=Pn g B V=B..,—B,=0B
B, G(y) y Bn _anl ( n n 1) n+1 n 8 n

and therefore together with (6) we conclude that A,1(G) = B,41. Finally, we have

M@ = [ -Gy i / j::(@(l Gy = i (1- (859)) o,

where the second equality holds since lim A;(G)=w;(G), by Proposition 1(iii). O

J—00
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We are now ready to prove Theorem 3.

Proof of Theorem 3. We start by showing that if for some £ >0, n > 1, and m > 1, there exists
a distribution F' such that (1 +¢
problem (1)-(4) must be negative. Note that for this distribution F' it must hold that wy(F) <
w1 (F) because otherwise A,,(F)= M, (F), and so we must have A;,;(F) > A;(F) for all j € N by

)A(F) < M, (F) then the objective value of the optimization

Proposition 1(iv).

We construct a solution (d;);en for the optimization problem as follows. For every non-negative
A;(F)/0A(F). We begin by showing that the sequence (d;);en satisfies
= 0Ay(F)/0As(F) =1, that is, (4) holds. By Lemma 1,

integer j, let 0;(F) =0
(2)-(4). By construction we have o (F')
the sequence (A;(F));jen satisfies properties (a)-(c). In particular, the sequence (0A;(F))jen is
non-increasing and therefore 6;,(F') < 6;(F) for every integer j > 0, that is, (2) is satisfied. The
0;(F)/6j-1(F)
for every integer j > 1, that is, 0,(F)? < d;_1(F)d;41(F), and therefore (3) is satisfied. Finally,

sequence (0A;1(F)/0A;(F));en is non-decreasing, and therefore d,,1(F)/d;(F) >

observe that

0> aAol(F) ((1+8)Am(F) _Mn(F)) (1+5)m_151(F) é\iz((l;))
va S a1 -3 (1- (Ugm) 24
= (14¢) ,%_151 i( ( i lj))n> 0;(F),

where the first inequality holds by assumption and the second inequality comes from Lemma 2.
So, in particular, the last expression of the above chain, which coincides with the objective in (1)
must be negative.

Conversely, suppose that the value of the optimization problem (1)-(4) is negative. That is, there

exists a sequence (05);en satisfying (2)-(4) such that

5*

(1+e)§5;—§;<1—<3§1>n>5;<0. (7)

Consider the sequence (B;);ey defined as follows: By =0 and B; = ZZ;S

0r for every j > 1. In

particular, we have
J Jj—1
Bi=Y 5> 5
=0 i=0

for every integer j > 1, and therefore the sequence (B;);en satisfies (a). Since the sequence (07);en

satisfies (2)-(3), by construction it holds directly that (B;);en satisfies (b)-(c), and therefore by
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Lemma 3 there exists a distribution G such that A;(G) = B, for every non-negative integer j, and

we have

(14 )An(G) = (1+£)B,,

m—1
=(14¢)) &
i=0
o] 5: ) n N [ee] 8BZ-+1 n
F0-(5))s-E (- () Jom-meo
=0 ! i=0 v

where the last equality also holds by Lemma 1. This finishes the proof of the theorem. [J

4. Exact Competition Complexity: Proof of Theorem 1. We show next how to use
Theorem 3 to prove the impossibility result in Theorem 1 about the exact competition complexity.
Proof of Theorem 1. Letting € =0 in Theorem 3, it suffices to show that the value of the
optimization problem (1)-(4) is strictly negative. Consider the sequence (b;);cy defined as follows:

bp =1, and b, € (0,1) to be specified later. For every i € {1,...,m — 1} let

n—1
bi :bl . 5 8
o <”—1> (bi—1> ®)

and for every i > m let b,y = b?/b;_;. We first show that (b;);cy is feasible for the optimization

3=

problem (1)-(4). By construction the sequence satisfies (4). We start with the monotonicity property
(2). Consider the function h(z) = (n/(n—1))"/"z(=Y/" and let h" be the function obtained from
the composition of h with itself i times. From (8), we get b, /b; = h(? (b, /by) = h(V(b;) for every
i€{0,1,...,m—1}. Observe that h(z) is monotone increasing and continuous on z € [0, 1], with
h(0) = 0, and therefore h(Y is also monotone increasing, continuous and h"(0) = 0, for every
i€{0,1,...,m — 1}. Since we also know b;.1/b; = b,,,/b,,_1 for every j > m, it suffices to prove
bi/b;_1 <1 for every i € {1,...,m} in order to show that the sequence (b;);cn satisfies (2). To this
end, we make any choice of b; in a way that max;cqo,1,....m—1} R (by) < 1. This implies that property
(2) is satisfied.

3=

—1
zm >x.

CLAIM 2. For every x € [0, 1] we have <n’j1>

n n—1

1
To see this, consider the function g: R — R given by g(z) = (ﬁ) " 2" — 2. This function is
concave in the interval [0,1] and therefore the minimum is attained in either zero or one. Since
g(0)=0 and g(1) = (n/(n —1))/" —1 >0, we conclude that g(z) >0 for every x € [0, 1], proving

the claim.
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In particular, for every i € {1,...,m — 1} we have

1 n—1
bi+1 n n bz e bl bl bl
= = >
b; (n—1> (bil) g<bz‘1> +bi71 T by

where we used the fact that 0 < b;/b;_; <1 by the monotonicity property (2). Since b;;1/b; =

by /bm—1 < 1 for every ¢ > m, we conclude that (3) is also satisfied, and therefore the sequence
(bi)ien is feasible for the optimization problem (1)-(4). We now show that the objective value of

the sequence (b;);ey is strictly negative. We first observe that the objective value is equal to

a0 () S ()

7 1=0 i=m

‘:?n—l b n [e%e} b n
_ i+1 i+1
> (%) w2 (- () )

1= i=m

By construction of the sequence we have

m—1 b n n m—1 b n—1
bz’ i+1 — bz i

1=

and therefore

:nbm1< m > — (n—1)b".

bmfl
Let v = b,,/bym_1. We have v < 1, b,, = vb,,_; and inductively b,,,; = v**'b,,_; for every non-
negative i. Therefore, overall, the objective value of the sequence is equal to

m—1 n o] n
bi+1 bi+1
R E 1— .
}_0<bi>bz ( (bz‘>>bZ

% =m




15

=nby_17" = (n =1 = (1=9") Y 7" by s
=0

1_ n
(11—~ )vbm_l
I—v

=nb, 17" — (n—1)b] — by Z’Yi
=1

=—(n—1)b" — by (Z T m”) <0,

i=1

=nb,_17" — (n—1)b} —

which concludes the proof. [

We note that the sequence (b,,),en defined in the proof of Theorem 1 gives one possible con-
struction of a distribution such that (1+¢)A,,(F) > M, (F). More precisely, (b,)nen is a sequence
such that the value of the optimization problem (1)-(4) is negative. In other words, it satisfies the

properties of (6%);en (7) as defined in (the converse direction of) the proof of Theorem 3.

5. Approximate Competition Complexity: Proof of Theorem 2. In this section we
show how to use Theorem 3 to derive Theorem 2 about the approximate competition complexity.
In particular, we show how to optimally solve the optimization problem (1)-(4). For every m,n
and € > 0, we show how to reduce the task to finding the minimum of a real convex function in
finite dimension. Then, using this reduction, we show that the optimal value of (1)-(4) is obtained
by a recursive formula. As a final step, we analyze this recurrence by considering a continuous
counterpart defined by a differential equation.

Consider the function I';, :R7™" — R defined by

m—2 Tit n
L5 () =e+a] + ;xl <5+ (@) ) —Zpmo1(n—1—¢).
Given € > 0 and positive integer n > 2, let (p.;)jen be the sequence defined by the following

recurrence:
pep=1, and (n—1)p2; | —e=npl " for every j>2 such that (n—1)p?, ; —e>0.  (9)

For fixed e and n we say that p.; is well defined if (n —1)pZ; | —& > 0. Observe that by letting
x = pe,; in Claim 2, we get that p. ; is decreasing in j. It follows that if p. ,, is well defined, then
so is p. ; for j <m. As a first step, we will show that the optimal value of (1)-(4) can be obtained

in terms of the sequence (p. ;),en. To prove this result we require a few propositions.

PROPOSITION 2. Let e >0, and let n>2 and m > 3 be two positive integers such that p. ,, s
well defined. Then, I';,

by

1§ convex over Rffl and it has a unique minimizer Y in this region, given

m

j—1

Yi=pem and Y; = Hps’m,k for every j € {2,...,m—1}. (10)

k=0
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Furthermore, I';, | (Y)=¢—(n—1)pZ,, .
Proof. We begin by proving (strict) convexity of I%;, . We proceed by induction on m. Observe

first that when m = 3, we have that I';, 5(1,72) =&+ 27 +p(21,72) — 22(n — 1 —¢), where p(y, 2) =
y(e+ (z/y)™). The Hessian of p is

Vip(y,2) = n(n—1)2" "y ™" (i/;; ; _21/y> ’

and this is a positive semidefinite matrix for every (y, z) € R%, since one eigenvalue is equal to zero,
3 n—2,1—-n 2 . . 2 .

and the other is n(n —1)2"?y'~"((2/y)* + 1) > 0. In particular, p is convex over R?. Since the

function € 4 27 — 25(n — 1 —¢) is also convex over R%, we conclude that T, 4 is convex over R?.

Now consider an integer value m > 3, and observe that

Fi,m+1($17 L) 7xm) :p(a:.'m—lvan) - (xm - xm—l)(n - 1 - E) + Pi,m(xla L 7xm—1)7

and therefore the convexity follows by the inductive step, that is, I';, |, convex over R7', together
with p convex over R%. Every minimizer y of 7, over R~ is a solution to the system given by

VI3 . =0, that is,
=1 (2) =g (1)
_ Yit1 " o Yi o . _
(n—1) e=mn for every i €{2,...,m —2}, (12)

Yi Yi—1
n—1
n—1—5:n<ym_1> ,and y e R (13)
Ym—2

The above system has a unique solution and therefore this proves the first part.

To finish the proof, we show that Y defined in (10) is strictly positive, satisfies the system
(11)-(13), and I, ,,(Y) =& — (n — 1)pL,,. Since p.; is well-defined for all j <m, we have p. ; =
((n—1)pr,; , — g)Y/(=1) > 0. This implies that Y € R}?'"'. Next observe that Y5 = p. ;pem_1 and
therefore Y5/Y1 = p. n—1. Then, we have

(n=1)(Y2/Y1)" —e=(n—1)pZ,, 4 —e=npl, =n¥""",

and therefore (11) is satisfied. Similarly, for every j € {2,...,m — 2}, we have Y;/Y,;_1 = pp—ji1
and Y;;1/Y; = py—;. Then, we have

(n=1)(Y41/Yy)" —e=(n—1)pL,,_; —e=npl o j =n(Y;/Y;)" 7,
and therefore (12) is satisfied. Finally, since Y,,_1/Y,,_2 = p. 2, we have

n—l—e=n-1)p' —e=npl5" =n(Yn_1/Yn2)""",
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and therefore (13) is satisfied. We now evaluate I';,, (Y'). The vector Y satisfies (11)-(13) and

therefore

n—1

n m—1 m—1
Y;
i=1 i=2 e
m—1 n
Y;
S ()
i—1

1=2

. m—2 Y;'_;'_l n
=nY"+n Z Y; v )
i=1 i

m—2 Y
(n—l)Zﬁ( a

i=1

By subtracting the first term of the left hand side we get

m—2

_ n m—1
S () =t v e v

=1 =1

and by rearranging terms we obtain that

m—2 Y n
My, <5+< Y“) ) = (n—1—¢)Y,_; —nY/"
i=1 i

Therefore, the minimum of s over R~ is equal to

e+Y'+(n—1-¢)Y, 1 —n¥"—(n—1-¢)Y,,_1=c— (n—1)Y}".

The proof follows since we have Y; =p. ,,. U

PROPOSITION 3. Let e >0, let n>2 and m >3 be two positive integers such that p. ,, s well
defined, and let Y be as defined in (10). Then, the following holds:
(a) For every j €{1,...,m—1} we have that Y;; <Y}.
(b) For every j €{2,...,m —1} we have that Y} <Y;_1Yj,,.

Proof. Observe that for every ke {1,...,m — 1}, we have Y,, _411/Yi—x = pex. For k=1 we
have Y,,,/Y,.—1 = p. = 1. From the definition of the recurrence, we have
(n— 1)/)?,1@71 > (n— 1)0?,1@71 —&= nﬂ?,?

for every k € {2,...,m — 1}. By induction, if p.,_1 <1, we have pg’gl < (n—1)/n and therefore
per < 1. This concludes part (a). Since for every j € {1,...,m — 1} we have Y;1/Y; = p. n_j, to
prove part (b) it suffices to show p. x11 < p. . for every k€ {1,...,m —2}. From the construction

of the recurrence, for every k € {1,...,m — 2} it holds that

1
no\" (n-1)/n
Pe 2 (n—l) Pejt1 -
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By (a) we have p. ;41 € [0,1], which together with Claim 2 implies that
1
n " n—1)/n
<n—1> P > pegin.
Therefore we conclude that p. ;11 < pc . This proves part (b). O

PROPOSITION 4. For every sequence (0;);en satisfying (2)-(4) for which 0,,/6,—1 < 1, there

exists a sequence (5;)jen satisfying (2)-(4), and such that the following holds:

(a) For every j €4{0,1,...,m —1} we have ¢; = B;» and By /Bm-1 < 1.
(b) Z ( (”_1> )Mﬁm {j(;ml)

Pmof. Suppose we are given (0;),en satisfying (2)-(4) for which 6,,/9,,-1 < 1. We claim that
then there exists a sequence (f3;);en satisfying (2)-(4) such that (a) holds and furthermore (i)
B; >0, for all j >m and (ii) B;/B8;—1 = Bm/Bm-1 for all j >m.

If (6;)jen does not already satisfy these properties, then it must be because of (ii). In particular,
there must be a smallest index j > m such that 6;,1/9; > d,,,/0,m—1. We next describe a procedure
that maintains all properties, but extends (ii) so that it holds for one more index. Applying this
procedure iteratively, we obtain (3;);en.

Given (0;),en satisfying (2)-(4), let k(d) > m be the first value j such that 6;11/; > 6,,/0m—1. In
particular, we have 0;/0;_1 = 9,,/0m_1 for every j € {m,...,k(d)}. Consider the sequence (D;), cn

defined as follows: D; =¢; for every j€{0,1,...,m —1},

5 m
D —5 (WM) 7
5m71

D;=D,,(D,,/0m-1)""™ for every j € {m+1,...,k(0)}, and D; =9, for every j > k(§)+ 1. Observe
that from the construction it holds directly that D,,,/D; = D,,,/0,,—1 for every j € {m,...,k(5) —
1}. Furthermore, we have

5k(5)+1 —D < Dm )k<5)m+1 . L <5m1>k(5)m _ Dm
-Dk:(é) " 5m—1 Dm Dm

and therefore, we have D;.,/D; = D,,/D,,_; for every j € {m —1,...,k()}. By construction,
the sequence (D;);en satisfies (2)-(4) and D,,/D,,—1 < 1. We show next that D; >, for every
je{m,...,k(d)}. Since 0;41/6; > 6,,/0p—1 for every j € {m,...,k()}, we have

k(8)—m—+1 k()
< S > (0)mmt §ie1 Ok

Om—1 SHT]-: Om

j=m

which implies that 4, < 6m,1(5k(5)+1/5m,1)k<5>*1m+2 =D,,. For je{m+1,...,k(§)} we proceed by

induction:

D, D, 5, 5y o
Dj:Dj—léilZ@quZ%—lé 1=5j' 3‘1'5 1253‘7
m— m— m— j m—
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where the first equality holds by construction of the sequence, the first inequality holds by the
inductive hypothesis, the second inequality holds since D,,, > J,,, and the last equality follows since
0;/0j—1="0p/6m_1 for every j € {m,...,k(d)}. This finishes the proof of part (a).

In the remainder we will prove part (b) using the existence of a sequence (3;);en for which (a)

holds as well as (i) and (ii). To this end we need the following definition and claim. For every

ro= 3 (- (%) )

i=m—1

sequence (0;);en let

CramMm 3. R is non-decreasing in ; for every i > m.

Before proving Claim 3, we show how together with the properties of the sequence (3;) ey it implies

property (b). Namely,
> (-(5) )= 2 (-(5) )
_ Brm )") -
(- ;
( Bm,—l . 1

B B Bm oS} ,Bm i_ n—1 Bm i
_Bmil <1 </8m1) > 12_0: (ﬁml) _Bmliz_; <Bm1> ’

where the inequality holds by Claim 3 and (i), the first equality holds by (ii), and the second
equality holds because (ii) implies 8; = Bm_1 (Bm/ Bm—1)i_m+1 for s >m —1.

i
s 3

It remains to prove Claim 3. Consider the function ¢ : R% — R such that ¢(z,y) = (1—(y/x)")z.

In particular, the derivative of R with respect to §;, with ¢ > m, is equal to

8@ 3(,0 _ (51 net 6i+1 "
a—y(5i71,5i)+%(5¢,5i+1)——n (5 > +1+(n—1)<

i—1 (51

. (5i+1 n—1 l 51 n—1 + 1 B l 57;+1 B 512 n—1
0; n 5i+1 n 0; 5i+15i71

5i+1 n—1 62 n—1

> — L >

=" < d; > (1 <6i+15i1 20

The first inequality holds because for any p € [0,1] we have that (1 —1/n)p+1/(np"~*) > 1, and

di—1 < 0; < ;41 for every i > m, and the second holds since (d;);en satisfies constraint (3). This
concludes the proof of the claim. [

The following lemma relates the optimal value of the optimization problem (1)-(4) with the
sequence (p. ;)jen. Using Lemma 4 and Theorem 3 we can numerically find the competition com-
plexity by computing the recurrence (9) (see Figure 2). More specifically, given n and e, we just
have to find the last value m for which the value of the optimization problem is non-negative, and

this can be found by numerically computing the values of the recurrence (9).



20

LEMMA 4. Let € >0, and let n > 2 and m > 3 be two positive integers such that p. ., is well

defined. Then, the value of the optimization problem (1)-(4) is equal to € — (n—1)p” .

Proof. Consider Y € R7T™! as defined in (10). For every a € (0,1), consider the sequence
(Vj(a))jen defined as follows: Vo(a) =1, V;(a) =Y, for every j € {1,...,m — 1} and Y;(a) =
a™~ItY,, _; for every j >m. Thanks to Proposition 2 and Proposition 3, for every a € (0,1) the

sequence (Y;());en satisfies (2)-(4). The objective value (1) of the sequence is equal to

a5 (- () Yoo

coresanasE o () r- £ (- () o
s 5 e () Y
_5+Y"+Z<6+< n)n_ym1(<<1_an>§w>_1_5>

=I5, (Y)+Y, (n —(1-a") ia’)
=e—(n—1)pl,, + Y (n —(1-a") Zai) ’

i=0
where the last equality holds by Proposition 2. In particular, the feasibility of ();(«));en for every
a € (0,1) implies that the value of the optimization problem (1)-(4) is upper bounded by

e—(n—=1)p.,, +Yn_ 1aé1(10f1){n—(1—a )Zz:(;a }:5—(n—1)p€7m. (14)

Let (0;)jen be any sequence satisfying (2)-(4). We denote by V(9) the objective value (1), which

by rearranging terms, is equal to

V(8) =T5 (81, Omt) + 10y — > <1< 5+_1) )5

i=m—1

Now either 6;11/6; =1 for all i > m — 1 in which case V() =T, (61,...,0m-1) + ndp_1 >
minIeRiq [y . (x) =e—(n—1)p2,,, where the last inequality holds by Proposition 2. Otherwise,
by Proposition 4, there exists a sequence (§;),en satisfying (2)-(4) for which the following holds:

o

0; "
v(é):r‘i,m((sh75m—1)+n6m_1— Z (1_ ((;‘1> )51

i=m—1

i £ ()

i=m—
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FIGURE 2. On the left, we have a plot of the competition complexity as a function of n when € =0.1. On the right,

we have a plot of the competition complexity as a function of € when n = 20.

n—1 i
Z Ffz,m(ﬁlv s 76771—1) +nﬁm—l - 6771—1 Z < /Bm )

i=0 p”"ﬁl
> min I% ()4 B nnzl< B )Z
_IGRZLfl o i—0 ﬁmfl
- . n—1 Bm [
—6_(n_1)p6,m+5m71 n_z 6 )
i=0 \Fm—l

where the second equality holds by property (a) in Proposition 4, the first inequality holds by
property (b) in Proposition 4, and the last inequality again holds by Proposition 2. Observe that
for every (B;),en, the last term of the above inequality can be lower bounded by zero, and therefore,
we get that V(§) > e — (n—1)pl,, also in this case. This, together with the upper bound in (14),
concludes the proof of the lemma. [

As a second step, we study the recurrence (p. ;)jen to find the point in which it becomes non-
positive. More specifically, by Theorem 3 and Lemma 4, our aim is to find the greatest index
m for which p. ., is well defined, or equivalently the unique m for which (n —1)p?, —e <0. To
understand this problem we consider a differential equation that will serve as an upper bound to
our recurrence relation. Recall the definition of ¢(¢) = fol 1/(y(1 —log(y)) + )dy. Given a value

€ >0, consider the following ordinary differential equation:

<
~
—~
~
N—

y(t)(log(y(t)) — 1) —e for every t € (0, ¢(e)), (15)

We define y(¢(e)) = limyg(.) y(t) as the continuous extension of y in ¢(g). The following lemma

summarizes our results for the differential equation and ¢(¢).

LEMMA 5. For every € >0, the differential equation (15)-(16) has a unique solution y.. Fur-
thermore, the following holds:



22

(a) For every t € [0,¢(¢)) we have y.(t) < 0. In particular, y. is decreasing and invertible on

[0,9(¢)) and y(é(c)) =0.
(b) For every integer n>2, and every j € N for which p. ; is well-defined, we have

n—1_ ¢ J
R O R /5 (el P
n n n
(c) For every 6 € (0,¢(¢c)), there exists ng such that for every n>ngo we have (n —1)p; —e >0,

where k= |(¢(e) —d)n].
(d) We have ¢(c) =©O(loglog1/e).

We prove Lemma 5. For (a), (b) and (c) we first need a few propositions.

PROPOSITION 5.  For every € > 0, there exists a unique solution of the differential equation
(15)-(16), that we denote y.. Furthermore, for every t € [0,¢(e)) we have y.(t) < 0. In particular,
Y. is decreasing and invertible in [0, ¢ ()], and y.(¢(e)) =0.

Proof. Observe that for any solution y of the differential equation (15)-(16), we have y'(0) =
—e < 0. Furthermore, for every y € (0, 1], since log(y) <0 and & > 0, we have y.(t) <0 for every
t€[0,¢(g)). We also know the second derivative
y'(t)
y(t)

In particular, if y € (0,1), then |y”| is bounded, implying that 3’ is Lipschitz continuous. Therefore,

y'(t) =y'(t)(log(y(t)) — 1) +y(t) =y'(t)log(y(t)) > 0.

by the Picard-Lindel6f theorem [32], there is a unique solution on (0,¢(g)). As y(0) is given, and
we defined y(¢(g)) as the continuous extension of y, the solution of the ODE is unique on [0, ¢(¢)]
and we denote it by y.. In particular, the function y. is invertible and with a differentiable inverse

in [0,1]. Let T'=y-'(0). Then, we have

iy R S
v (”‘“/o o)

! 1
:T_/O s(1 —log(s))%—E(iS:T_(b(E)7

and since y-'(1) =0 we conclude that y=*(0) =T =¢(e). O
Given € > 0, consider the function M, : R — R given by

M. (2) = (10g(x) 11— Z) (zlog?(z) + wlog(z) —z —¢).

PROPOSITION 6. Let € >0 and let o.. =y (exp(—1(1++/5))). Then, the following holds:
(a) For everyt € [0,¢(e)] we have y!' (t) = M.(y-(t)).
(b) For every t € [0,a.] we have y!(t) > 0.

g

(¢c) When e <0.25, we have y!'(t) > —1.173 for every t € [a., ()]

€
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(d) When £ <0.25, there exists x. € (0.01,0.067) such that y" is increasing in [y='(z.), ¢(g)].

€

(e) When € >0.25, we have y!'(t) >0 for every t € [0, ¢(e)].

£

Proof. By a direct computation, we have that

ye (t) = y(t) (log(y:=(t)) — 1) +y=(t) - y(t) /y-(t) = yL(t) log (v (1)),

and therefore,

Y2 () = 2 (t) log(y= (1)) + . (1) igg
= yL(t) log® (y(£)) +yL(t) - z/gg
=y.(t) <log2(y5 (1)) +log(y. (1)) — 1 — ye(t))
= (y=(t)(log(y:(t)) — 1) —s) <10g2(ye(t)) Flog(y. () —1— y;(t)>

= M. (y:(1)),

which proves (a). Consider the function g(z) = zlog”(z) + zlog(x) — . We have that g(z) <0 for
every exp(—1(14+/5)) <2 <1, and together with Proposition 5, implies that g(y.(t)) —e <0 for
every t € [0, a.|. Furthermore, by Proposition 5 we have that y.(t)/y.(t) <0 for every t € [0, a.| and
therefore

" _ _ y{e (t)

which proves (b). To prove (c), observe that by Proposition 5 we have that y.(a.) > y.(t) > 0 for
every t € [a., $(g)], and since 0.199 > y. (o) = exp(—(1 ++/5)/2) > 0.198, we have that

min min  y”'(t)= min min M, t))> min M. (z)~—1.1722,
£€(0,0.25) te[ag,qB(e)]yE () £€(0,0.25) te[ae,d(e)] e(ve(1) 2 ee[[o,o.zs],] ()
£€[0,0.199

where the first equality comes from part (a). We now prove (d). By a direct computation, we have

Mz)=-=-=— =2 4 log? 3log?(z) — 21 —1
(o) =5 20 2B o) 4 310g%(@) — 2log(a) - 1.
2¢2 2¢log(x 2 3log*(z) 6log(z
Vo= 2 Zone) 2 Slos’(s) | Glos(s)
x x x x x

Furthermore, we have

min M (z) ~0.716,
=€[0,0.25],
2€[0,067]
and therefore the function M/ is increasing in (0,0.067] for every € € (0,0.25]. On the other hand,

we have

g2 2¢  2elog(0.067) N

M!(0.067) > — - -
(0.067) (0.067)2  0.067 x

6.57,
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and this is a quadratic concave function over [0,0.25] that attains the minimum at € = 0.25 with a

value of ~ 5.36. Furthermore, we have

e? 2 2elog(0.01)
(0.01)2  0.01 z

M!(0.01) < — —25.83,

and this is a quadratic concave function over [0,0.25] that attains the maximum at ~0.036 with a
value of ~ —12.83. Therefore, for every ¢ € (0,0.25], the continuity of M/ implies the existence of
a value z. € (0.01,0.0067) such that M!(z.)=0. Since the function M! is increasing in [0,0.067],
we have M!(x) < M.(z.) =0 for every x € [0,z.], and therefore the function M, is decreasing in
the interval [0,z.]. By Proposition 5 we have that y. is decreasing in [0, ¢(¢)], and therefore we

" __

conclude that y”/ = M. oy, is increasing in the interval [y='(x.), ¢(g)].
Finally, we prove (e). Recall that g(x) = zlog®(x) + zlog(x) — z. It is sufficient to verify that
g(x) < e for every = € (0,1] when e > 0.25, since we have y"(t) = y.(¢)(g(y-(t)) — €)/y-(t), and

y. <0 in [0,¢(e)]. We have
g (z)= logQ(x) +2zlog(z) - % +log(x) 4 - % —1=1log(z)(log(z) + 3).

We have ¢/'(z) >0 when z € (0,e73] and ¢’(x) <0 when z € [e~3, 1]. Therefore, the maximum of g in
(0,1] is attained at e~ and we conclude that g(z) <5e 3 —e <5e™® —0.25 <0 for every z € (0,1].
This concludes the proof of the proposition. [

Given € > 0 and a positive integer n > 2, consider the function F,, . : R — R given by

m(log(ﬂﬁ)—l)+10%“(96‘)(»’17(105-12(33)— )—¢)
n 2n? '

F,.(x)=xz+

PROPOSITION 7. Let n>2 be an integer value and let € € (0,0.25]. Then, the following holds:
(a) For every z € (0,1] we have F, .(z) > (%) AT,

(b) For every x € [0.01,0.199] we have F, .(z) > (%) gaT 4 LT3
(¢) For every x € [0,0.07] we have F, .(x) + ]Vé‘ST(Gx) > (%=1 AT,

n

Proof. The inequality in (a) holds by [8, Proposition D.1.]. Consider the function G,,: R — R
given by
G.(z)=1+

log(z) —1 n log(z)(log(z) —1) (n - 1) 1173

n—1 —
n 2n? n )7 6zns
To prove (b) it suffices to show that G, (z) >0 for every x € [0.01,0.199], since —elog(z) >0 for
every z € [0.01,0.199], and therefore



25

We have that {G,(0.199)},cn is a strictly positive and decreasing sequence, and therefore it is

sufficient to show that G,, is decreasing in the interval [0.01,0.199]. We have
1 log(x) 1 1 E—— 1.173

/ —_— S —
() = nT + n2x 2n2x n 6m8x2
1 1 —x/2 n 1.173
_2(3,7+Iog<ﬂv>:L“/_xn_l+ )
nx n 6n°

and let
n xlog(x) —x/2 _ R 1.173

—1
n 6n°

hy(z)==x
It is sufficient to show that h,, is non-positive in [0.01,0.199]. We have

log() +1/2 <1_1> 1

h' =1 T,
. (x) + - o

1 1 1
)= &~ b1 L (1),

nx n nx

and therefore h”(x) > 0 for every x € [0.01,0.199]. This implies that h,, is convex in the interval
[0.01,0.199], and therefore it is sufficient to verify that h,,(0.01) <0 and h,(0.199) < 0. In fact, we

have
0.0110g(0.01) — 0.005 . 1173
i (0.01) = 0,01 4 2-01108(0-01) .01 +
n 6nb
0.0110g(0.01) — 0.005  1.173
< —0.01
< > + g < —0.019,
0.1991og(0.199) — 0.0995 . 1173
h,(0.199) = 0.199 + 0g(0.199) 0,199 +
n 6n°
_ 0.19910g(0.199) ~00995 1178 _

2 * 6-25
and therefore we conclude that h,, is non-positive in [0.01,0.199], which implies that G,, is positive

in [0.01,0.199]. This proves (b). Finally, to prove (c), consider the function ¥:R?3 — R given by

z(log(z) —1)  log(z)(z(log(z) —1) —e)  Mc(x) (| 1Y _u
y - 2> 6y" <1 y) '

V(z,y,e) =2+

Then, we have

M, —1 n
inf <Fn€(33) + :(2) - <n >$nl> > H;gn V(z,y,e) >0,
y

n>2, 6nS n >2,
€€(0,0.25], £€(0,0.25],
x€[0,0.07] x€[0,0.07]

which concludes the proof. [
Proof of Lemma 5. Part (a) holds by Proposition 5. To prove (b) we proceed by induction.
When j =1, we have pg’jl =1=1y.(0). For every j > 1, Taylor’s theorem implies that

1'): (j—l) lx(i) L(i) Ao
ys(n Y =) o) T g () g (6
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= () () (e (0 (55))) + ' ©

i i—1 :
1 j—1 1
1+ g 08 (0 (7)) + ot
+ 5, 1og (e (— + oY (6)

:ye(j—1)+y€( —) (log (y- (= ))—1)—&7(

n ] n
R (A G )

where £ € ((j —1)/n,j/n), and the second and third equalities come from the ODE definition. We

consider four different cases.

Case 1: Suppose that € > 0.25. By Proposition 6(e) we have y”’(£) > 0, and therefore
1) = () - Lt
e\ — —Fns e\ — - =
Y (n <y 0 Gl €3]
ZFn,E<ya(Q>) _E
n n
< n—1 <j—1>% €S n—1\ , € ..
- n )Y\ n - n ) Pei T T Peirn

where the second inequality holds from Proposition 7(a), and in the third inequality we used the

inductive step.

Case 2: Suppose that £ <0.25 and 2 < j < a.n+ 1. In particular, we have (j —1)/n € [0,a.]. By
Proposition 6(b) we have y”'(£) > 0, and therefore

g

1>:F ( (E»_E o
yg(n e | e E ST e ve ()
ZFn,5<ys(]_1))_£
n n
n—1 j—1\==1 ¢ n—1 € .
> A I RN
_< n >y6< n ) n_< n )pa,] n pE,]+17

where the second inequality holds from Proposition 7(a), and in the third inequality we used the

inductive step.

Case 3: Suppose that € <0.25 and a.n+1<j <y '(x.)n+ 1, where x. is the value guaranteed
by Proposition 6(d). In particular, we have (j —1)/n € [a.,y-*(x.)], and by Proposition 6(d) we
have 0.01 < x., which implies that 0.01 < y.((j — 1)/n) < 0.199. By Proposition 6(c) we have
y”'(§) > —1.173, and therefore

(D) =r ()~ e
SEAERS
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where the second inequality holds from Proposition 7(b), and in the third inequality we used the

inductive step.

Case 4: Suppose that £ <0.25 and j >y *(2z.)n+ 1. In particular, we have (j —1)/n > y-'(z.) and
y-((j —1)/n) < z. < 0.067. By Proposition 6(d), y” is increasing in [y-'(z.),¢(¢)], and therefore
Yy (&) >y”((j—1)/n). Then, we have

(1) = Fuc (o (50) 1+
2R (0 (50)) 5 e (50)
(1( _))161 ((J;?)—i
( - >y< - )"1 ;>< - )paj %—pﬁjil,

where the second inequality holds from Proposition 7(c), and in the third inequality we used the

1 ///
i (9

IBI

v

inductive step.
Part (c) is a direct extension of [25, Corollary 6.9]. Finally we prove (d). By definition, recall
that

! 1
Pe)= /0 y(1—log(y)) + W

We apply the change of variables x = —log(y) to get that

o 1
= —d
o) /0 l+zteer

Note that the function f(z) =1+ x —ee” has a unique root in x € [0, 00), that we denote r. (i.e.,

f(re) =0). In particular, we have 1+ x > ce” for every z <r., and 1+ x < ee® for every x > ..

Te 1 Te 1
| sarates [ ot
o 2(1+x) o l+x+ece®

<1 * 1
| pmtes [ e
e 2e€7 e 1t+xtee®

By adding both inequalities we get

1 | >~ 1
- < .
2(/0 1+xd$+[5 Eezdaz)_cb(s)

Te 1 oo 1
< d —d
¢(8)_/0 1+ m+/r€ cer %

Then, we have

and

On the other hand, we have
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and therefore, by evaluating the integrals, we have

exp(—r:)
3

exp(—re).

1
5 (tou(1-47)+ .

5 ) < ¢(e) <log(1+7.)+

Observe that r. =log(1+r.) +log(1/e), and therefore r. >1log(1/¢). Furthermore, when ¢ is suffi-
ciently small, we have f(2log(1/¢))=1+2log(1/e) —1/e <0, and therefore r. <2log(1/e). Then,

for € sufficiently small we have log(1/e) <r. <2log(1/¢), which implies that

1 —2log (1 —r,
log <1—|—10g <€>> +w Slog(l—l—rs)—i—eXp(Er)

<log <1—|—2log (i)) | op(zlos(z)

€

The result now follows from the fact that the leftmost expression is lower bounded as

1 1 —92log(L
loglog (€> <log <1 +log (5)) + exp(eog(s)),

and the rightmost is upper bounded as log (1 +2log (1)) + M <2loglog (1).

We are now ready to prove Theorem 2. [

Proof of Theorem 2. Fix € >0 and consider the non-trivial case where n > 2. We begin with
the first part of the theorem. By Lemma 4 it suffices to find the largest index j for which p. ;
is well defined. Suppose for a contradiction that for some m > ¢(e)n, p.n, is well defined but
(n—1)pr,, —&>0. Define &’ > 0 such that m/n = ¢(¢’). Note that such an ¢’ exists and ¢’ <e

because ¢ is monotone and continuous.

CLAIM 4. For every positive integer j, p.s ; is well defined when p. ; is well defined, and p.r ; >
Pe,j-

Using Claim 4, we have

n—1 . e _n—1, e’ ,
Pem — — < Petim = — Sye/ (¢(€ )):07
n n n n

where the second inequality holds by Lemma 5(b) and the final equality holds by Lemma 5(a).
This yields a contradiction. To prove the claim, we consider an inductive argument. The claim
clearly holds for j =1, and assume that it holds for every k <j—1. If p. ; is well defined, that is
(n—=1)pZ; , —e>0, by the inductive step we have p. ;1 > p. ;_, and therefore,

(n=1)pl,; =& >Mn—-1)pl; , —>0,
meaning p. ; is also well defined. Furthermore, in this case we have
np?,;l =(n-1pl; 1 —e<(n—1)pl,; —€'= n/)?/fjl,

which implies that p./ ; > p. ;.
By Lemma 5(d) we have ¢(¢) = ©O(loglog1/e). The second part of the theorem holds by Lemma
4 and Lemma 5(c). This finishes the proof of the theorem. [J
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Appendix.

In this appendix, we show that for sufficiently large values of m, we have 1 —2log(m)/m < A! <
1—1log(m)/(3m). First, observe that the expected welfare with m buyers, obtained by a static price
of T, can be lower bounded by the expected revenue, which is equal to T - P(max;cqi... my X; >
T)=T(1—T"™). Then, the optimal welfare with static prices can be lower bounded by the revenue
of the static price T that maximizes the expected revenue R(T) =T — T™*%!, which is equal to
T = (=2-)Y™. In particular, the expected revenue with price T satisfies that

m m+1
- 1 1/m 1 (m+1)/m
R(T*Y=T* — (T* )"+ = _ .
@=ti- @t = () - ()

For every m > 1 we have R(T%) > R((1/m)Y/™) = (1/m)"™ — (1/m)**/™ and we have
(1/m)*/™ < 2/m. Therefore, R(T*) > (1/m)"'™ — 2/m. Furthermore, observe that (1/m)"/™ =
exp (—log(m)/m) >1—1log(m)/m, where the last inequality holds since exp(—z) > 1 — z for every
x > 0. Hence, we conclude that the optimal revenue is at least 1 —log(m)/m—2/m >1—2log(m)/m.
For a given static price T'> 0, the expected welfare with m buyers is equal to

W(T)= (1= T™)T + (1 —~T")(1-T)/2= S+ T)(1~T") = | <; + 1) R(T),

If T> Ty, we have R(T) < R(T},), and therefore

W)= (; + 1) R(T) < <Ti + 1> R(T%) = W(T™).

Let T,, be the maximizer of the welfare W. The previous inequality implies that T, < 1>, and

therefore

w(T)=51+1;)1-T;)

1 1 tm log(m)
1+7T7)==-11 — <1-
(1+T5) 2<+<m+1> >_ 3m

where the last inequality holds since the function f(z)=1— % -1+ (x%rl)l/ ) is strictly

<

N~ N~

decreasing in [1,00)] and lim, ., f(z) =0.
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