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Abstract

This paper discusses the question of stable facts in relational quantum mechanics
(RQM). I examine how the approach to quantum logic in the consistent histories for-
malism can be used to clarify what infomation about a system can be shared between
different observers. I suggest that the mathematical framework for Consistent Histo-
ries can and should be incorporated into RQM, whilst being clear on the interpreta-
tional differences between the two approaches. Finally I briefly discuss two related
issues: the similarities and differences between special relativity and RQM and the
recent Cross-Perspectival Links modification to RQM.
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1 Introduction

This paper is a discussion of Stable and Relative Facts in Relational Quantum
Mechanics. This interpretation of Quantum Mechanics was first introducted by
Carlo Rovelli in [1]. Since then, it has been challenged and developed in various
ways, with growing interest in the past few years—for example [2—-13].

The central principle of RQM is that facts about quantum systems are not
observer-independent, but relative to different observers. As Rovelli says in
[14], ‘Facts are relative to the systems that interact. That is, they are labelled by
the interacting systems. This is the core idea of RQM’. This naturally suggests a
question—when are facts relative to one observer true relative to another? Rovelli
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constrasts, ‘relative facts’ which are only true for individual observers with, ‘sta-
ble facts’ which are true for multiple observers' [14]. In this paper, I will look at
how the approach to quantum logic developed by Griffiths [15, 16] can be used to
clarify exactly which facts are stable and which are relative for which observers. 1
will present this, ‘quantum reasoning’ approach to quantum logic, and explain how
it is applied to families of histories of quantum states in Consistent Histories. I will
then show how this mathematical framework can be given a very different physical
meaning when applied to the RQM interpretation, being very clear how this differs
from their use in Consistent Histories.

Having done this, I will comment on two other issues in the literature relating to
stable facts. First, I clarify some issues about the analogy between special relativ-
ity and RQM, raised by Pienarr [8]. Secondly, I suggest an alternative approach to
the recent, ‘Cross-perspectival links’ modification of RQM [17], which provides an
ontological account of stable facts.

2 Relational Quantum Mechanics

In this section I will present the main points of the RQM representation, based on the
recent accounts [14] and [17]. The clarifications in Rovelli and Di Biagio’s reply [5] to
Pienaar [8] and Brucker [6] are also useful. There are three general points to start.

e There is no ontological difference between observed and observing systems.> An
important corollary of this is that the line between systems can be drawn any-
where—there are many ways to divide the world into systems and subsystems,
and any of these divisions is equally well described by quantum mechanics.

e Though the language of, ‘observer’ and ‘observing’ is used, RQM does not
require that observers are in any sense conscious. Any interaction between sys-
tems is a measurement within RQM.

e A system cannnot measure itself—therefore any interaction must describe
changes within one system from the point of view of a second system. Rovelli
[5] has claimed this is a consequence of certain no-go theorems (e.g. [18]), how-
ever, the applicability of these theorems to the issue of self-measurement has
been challenged [9, 11] and so for this paper I shall take the following statement:

Al: A system cannot measure itself, and therefore cannot ascribe a
quantum state to itself

to be an axiom of RQM.

! This distinction has come in for criticism, most recently in [9]. See also the response by Rovelli et al.
in [10].

2 This is in contrast to strong notions of complimentarity in which there are two types of reality, classical
and quantum, with properties in the quantum reality corresponding to properties in the classical reality,
whilst not being identical to them in any straightforward way.
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2.1 Outline of the Interpretation

RQM holds that Quantum Mechanics is a theory about, ‘events’, or, ‘facts’, which
are interactions between systems in which infomation is transferred.®> Quantum
Mechanics is then a tool for predicting probabilities of future events based on past
events. As Rovelli says in [14]:

RQM interprets QM as a theory about physical events or facts. The theory pro-
vides transition amplitures of the form W(b, a) that determine the probability
P(b,a) = |W(b,a)|? for a fact (or collection of facts) b to occur, given that a
fact (or collection of facts) a has occured... The insight of RQM is that the
transition amplitures W(b, a) must be interpreted as determining physical facts
only if the physical facts @ and b are relative to the same system.

In recent presentations [4, 17], the following set of postulates is used. I have copied
this vertabim from [17]:

R1: Relative Facts. Events, or Facts, can happen relative to any physical sys-
tem*

R2: No Hidden Variables. Unitary quantum mechanics is complete

R3: Relations are Intrinsic. The relation between any two systems A and B is
independent of anything that happens outside these systems’ perspectives

R4: Relativity of Comparisons. It is meaningless to compare the accounts
relative to any two systems except by invoking a third system relative to which
the comparison is made

RS: Measurement. An interaction between two systems results in a correla-
tion between these systems and a third one: that is, with respect to a third sys-
tem W, the interaction between two systems S and F is described by a unitary
evolution that potentially entangles the quantum states of S and F.

R6: Internally Consistent Descriptions. In a scenario where F measures
S, and W also measures S in the same basis, and W then interacts with S to,
‘check the reading’ of a pointer variable (i.e. by measuring F in the appropiate,
‘pointer basis’), the two values are found in agreement.

All this means that RQM is highly contextual. This is the opposite of being non-
contextual, which is defined by the Stanford Encyclopedia of Philosophy [19] as the
condition that

3 Thus the nature of the quantum world is the same as the problem with Politics according to the mid
20th century British Prime Minister Harold Macmillan—‘Events, Dear Boy—Events!”

 This idea of a, ‘Relative State’ is taken by Rovelli from the Everettian interpretation of Quantum
Mechanics, though given a different physical meaning.
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If a quantum mechanical system possess a property (value of an observable)
then it does so independently of any measurement context (i.e. independently
of how that value is eventually measured)

Conversely, contextuality occurs when the properties a quantum system posseses
are dependent on the context of the measurement.” RQM states that, “facts’, includ-
ing measurement probabilities, are relative to potential observers. This is inherently
contextual since the, ‘facts’ pertaining to a system depend upon which observer is
measuring, and hence upon a particular context.

2.2 The 1996 Axioms and Cross-Perspectival Links

As well as this standard set of principles, there are some alternative descriptions of
RQM which are relevant for this paper. First, Rovelli’s original paper [1] introduces
a pair of axioms explaining RQM in terms of information:

1. There is a maximum amount of relevant information which can be extracted from
a system
2. Itis always possible to acquire new information about a system.

As Adlam and Rovelli say [17], ‘together they imply that sometimes when an
agent acquires new information about a system, some of their previous information
becomes irrelevant’.® As is pointed out in [17], this presentation has not been used

5 We can find examples of this without needing to invoke any quantum effects. Suppose we measure the
temperature of a pan of water. The thermometer gets a reading by taking heat from the pan, and therefore
the temperature measured by the thermometer is not the exact temperature of the pan before the measure-
ment, but will be slightly less. For usual applications, this does not matter—the difference in heat will be
negligable, probably far less than the precision of the thermometer. But now suppose the thermometer
is large relative to the size of the pan. Then the thermometer will draw so much heat out of the pan in
the measurement process that the reading on the thermometer is not an accurate measurement of what
the temperature was before the measurement took place. This is where Quantum Theory comes in. We
can try and fix this by using a smaller thermometer, but Quantum Theory seems to indicate that there
is a smallest length scale to everything (and a smallest energy, temperature, etc). Therefore there will
come a point where we cannot decrease the size of the measuring instrument any further relative to what
we are measuring. This means that our measurement will no longer reveal the properties of the system
before the act of measurement. Instead we can only measure what the system has become after we have
interacted with it. This point is strongly made by Dirac in the introduction to [20]. One of my students
suggested an alternative and rather lovely example of Contextuality. If you're feeling down and someone
asks how you are, the answer to the question is usually going to be happier than you were before it was
asked.

© For example, there will be some measurements (eg x and Pp,) which can be mutually stable because the
act of measurement one does not affect the system in ways which disturb the value of the other proper-
ties. However, other measurements (say, x and p,) are such that measuring one does disturb the value of
the other. In order to measure the position of a particle, I must contact it, e.g. by hitting it with a photon.
This will affect its momentum. If I try and measure its momentum first, then this requires interaction
with some medium over a period of time, which will affect the final position relative to where it would
have been had I not measured the momentum first. So the position after the momentum measurement
cannot be taken as the position at that time had the momentum measurement not taken place, and vice
versa. This is the contextuality property in action. See also Feynman’s analysis of the double slit experi-
ment in [21]. The relation between different measurements and their properties is give by the relation
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much in the subsequent development of RQM, but it will be conceptually useful in
this paper—the mathematical framework of Consistent Histories, as I will show, can
be a way to determine exactly which measurements destroy previous information
about the system, and which preserve it.

Second, in a recent paper, Adlam and Rovelli [17] have introduced a new axiom
for RQM, which they call Cross-perspectival links (CPL).

In a scenario where some observer Alice measures a variable V of a system
S, then provided Alice does not undergo any interactions which destroy the
information about V stored in Alice’s physical variables, if Bob subsequently
measures the physical variable representing Alice’s information about the vari-
able V, then Bob’s measurement result will match Alice’s measurement result.

This is in response to the challenge that the original formulation of RQM implies
that each observer has their own solipsistic description of the universe. By R4, we
need to introduce a third observer, Charlie to check if Alice and Bob have measured
the same value of variable V. But then whilst Charlie will always measure Alice and
Bob as having a consistent description of an event S, via R6 , he apparently has no
way of knowing if this description was the one which either Alice or Bob had before
the measurement. This implies each observer lives in a solipsistic universe and has
no way to check their findings with any other observer. The new axiom is meant to
counter this objection by guaranteeing that different observers will agree on meas-
urement results provided that the information held by each observer is not destroyed
when they check each other’s results. I broadly agree with this approach, and will
comment in more detail later in the paper.

For now, one advantage of this axiom is that it allows us to be precise about what
is meant by a system in RQM. Since RQM is a theory about events and facts, it
may not be obvious what the ontological status of Systems is. The CPL approach
allows us to view a system as emergent out of some stable pattern of events. To
quote from [17], ‘A System can simply be identified with a set of quantum events
which are related to one another in certain lawlike ways, as captured by the formal-
ism of Quantum Mechanics’.

2.3 The Wavefunction

Facts about a system are contained in the wavefunction describing a system. We
therefore next turn to the question of how the wavefunction is understood in RQM.
The wavefunction an observer O ascribes to a system S is a statement of the facts
that O ascribes to S. In general, we have:

Footnote 6 (continued)
between operators on the Hilbert space, in another example of Wigner’s, ‘unreasonable effectiveness of
mathematics’ [22].
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e Ifasystem S is in an eigenstate | ;) relative to a system O, then with probability
1 O will measure S to be in that eigenstate. Unless otherwise indicated we can
therefore view S as physically being that eigenstate.

e If asystem S is a superposition Y, ai|¢i) relative to a system O, then this means
O will measure the eigenstate |¢i) with probability |a;|>. No other conclusions
can be drawn about the physical state of S.’

This implies the key feature of RQM—that different observers can assign differ-
ent wavefunctions to the same system.® Consider the following example. We have
a source of particles which we know produces particles with random polarization.
Alice places a vertical polarizer and detector in front of this source, and measure the
spin from each particle after passing through the polarizer. She will measure either
spin up or spin down from each particle.

After being produced and before the measurement, she can assign a particle the
wavefunction — |T> + — |l> Viewing the wavefunction as an epistemic object, this

means that she knows that the particle will be detected either as |1) or||), each with
probability 1/2.° There is no other physical meaning to this superposition.'°

What about after the measurement? Because we are passing it through a verti-
cal polarizer, then there is a definite (and stochastic) change to the particle, which
leads to it having one of the two eigenstates |1) or |]). This eigenstate now has the
epistemic meaning that we know the particle is in that eigenstate. In this case, we
can conclude that the particle is physically rotating with the measured spin. So the
epistemic change also corresponds—in this particular case—to a physical change.

Now Bob wants to measure particles from our source with a horizontal polarizer.
He would assign the particle the state \/_|<—) + \/_|—>) since he expects to find

7 For a discussion of some of the mathematical issues involved, see [23].

8 We could consider the possibility that the properties assigned to the observed system are subjective,
and a system has different properties relative to different observers due to the different observers assign-
ing different properties for subjective reasons (for example, they may only have experimental knowledge
of certain properties, or may have different degrees of confidence in the reliability of their equipment).
This, however, is precisely the QBism interpretation of Quantum Mechanics. This is based on a subjec-
tivist interpretation of probability theory, and assumes that the probabilities ascribed to a state are sub-
jective and depend on an individual’s own beliefs about the probability, rather than being, for example,
linked to the objective frequency of the measurement outcomes. The similarities and differences between
RQM and QBism are expertly discussed in [7], and the difference between them can be summed up by
the fact that for RQM, an observed system being in a definite eigenstate (probability 1) relative to an
observer is a statement about the observed system, that it has a definite physical property, whereas in
QBism, it is a statement about the beliefs of the observer, that they will certainly measure the system to
be in that eigenstate. As Pienaar [7] points out, this has the important consequence that whereas in RQM,
an observing system does not have to be a conscious being, in QBism by definition an observer must be
conscious (i.e. able to have beliefs about probabilities).

° This process is inherently stochastic. Rovelli suggests that some of the indeterminacy comes from the
fact that observers can never fully describe their own role in the measurement (since in RQM we cannot
assign a quantum state to ourselves), and part is inherent to the nature of quantum reality. An interesting
and relevant discussion of the distinction in quantum theory between intrinsically quantum probabilities
and probabilities based on epistemic ignorance is given in [24].

10 Unlike, e.g. physical collapse interpretations of the wavefunction.
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either |« ) or |—) with probability 1/2. The fact that Alice assigns the wavefunction
1 1 . . 1 1 .
— —|l) and Bob assigns the wavefunction — — is not a contra-
ﬁIT)+ ﬁll) g wavefu ﬁl<—>+ \/EI—>)
diction in RQM, because the wavefunction represents the information each has
about the particle, and there is no reason for this to be identical.
Even if Alice has performed her measurement, and knows the particle is in state

[1), it is not a contradiction for Bob to assign the particle the state % <)+ é [—),

since it is still true that he will measure either |« ) or |—) with probability 1/2.

2.4 Stable and Relative Facts

As stated earlier, once we have the picture of multiple observers with their own
descriptions (sets of facts) of a system, we want to ask whether any elements of
these descriptions are shared. Rovelli and Di Biagio give an analysis of this in [5],
distinguishing between stable facts and relative facts. Given a set O of observing
systems, and an observed system S, stable facts are those which are assigned by all
the systems in O to S, whereas relative facts are only assigned to O by some, or even
just one, of the systems in O.
It follows that stable facts obey the standard conditional probability law

P(a)) = )" P(aj|a)P(a)) )
i#]

which is taken by Di Biagio and Rovelli to define stable facts. They go on to define
relative facts:

Relative facts are defined to happen whenever one physical system interacts
with another system

So whenever an observing system O, interacts with an observed system S, and gains
information about it, that infomation is a relative fact between O, and S. Suppose
there is another observer O,, which also has relative facts about S. Let {a;} be a set
of relative facts where each fact g; can be relative to either O, or O,. If each g; satis-
fies Eq. (1) then each fact in the set {a;} is stable for O; and O,—that is, it is a true
fact for both systems.

RQM appeals to decoherence to explain why the world we see (on a classical
scale) seems to be made up of stable facts which are observer-independent. Rovelli
[14] also points out that most other interpretations of Quantum Mechanics implicitly
only deal with facts which are stable, because they do not use the RQM principle
that facts are relative to particular observers.

This definition, using Eq. (1), is hard to check for specific examples, and so stable
facts remain an area of debate in the analysis of RQM. However, I think we can give
a more rigorous account of stable facts using the the logical framework developed
by Griffiths [25] known as Quantum Reasoning, as part of the Consistent histories
interpretation. To do this, I will need to discuss the consistent histories formalism
of quantum mechanics, which will provide the necessary mathematical framework.
This will be the main argument of this paper.
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3 RQM and Consistent Histories

The Consistent Histories (CH) formulation of Quantum Mechanics is based on the
work of Griffiths [26], Omnes [27], and Gell-Mann and Hartle [28]. Each of these
figures has contributed to the mathematics of the interpretation, however they have
differing perspective on the physical conclusions to be drawn—for a history and dis-
cussion, see [29]. The description of the CH interpretation given here mainly fol-
lows Griffiths, being a summary of [25], supplemented by [15]—though I should
clarify that the physical meaning I am attaching to the histories is very different
from the standard one, as I shall discuss below.

In this section, closely following [25], I will approach the CH formalism as defin-
ing a non-standard logic on quantum sample spaces, which Griffiths terms Quantum
Reasoning. This is a consequence of the non-commutativity of quantum operators.
Next, I will discuss how this is extended to histories, or chains of operators at differ-
ent times.

After this overview, I will suggest how this quantum logic can be used to give a
method for determining whether facts shared by different observers are stable or not
(in the RQM sense). Finally, in a concluding section, I make clear how the use of
Quantum Reasoning I am suggesting for RQM differs from its original intended use
within the Consistent Histories formalism.

3.1 The Consistent Histories Formulation

There are two major features of the Consistent Histories approach, following Grif-
fiths. The first is that Quantum Mechanics is fundamentally stochastic. The second
is that the noncommutative nature of the operators in Quantum Theory necessitates
a special kind of logical framework known as, ‘quantum reasoning’ [16, 30]. This
is implemented by treating the Hilbert Space as the quantum analogue of a classical
Phase Space as I shall now outline.

In Classical Mechanics, the possible values of our variables can be labelled as
points in a phase space. Suppose we are considering a set of values corresponding to
a region y of the phase space. We can define indicator functions which pick out that
set of points by

_J1lxey
P(x)—{o e @
By this construction the phase space splits neatly into y and y¢, where y€ is the com-
plement of y.

In the Quantum case, our quantum phase space is a Hilbert Space H. Properties
now correspond to subspaces of H, which are picked out by projection operators P.

1 r
Pin={ o 10 &1 G)
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We define the projector =P to be 1 — P. Now we come to the key difference between
the classical and quantum cases. In the classical case, every point lies either in I" or
I'“. In the quantum case this no longer applies. Suppose H = Span(|qb1), |¢2)) and
I is the subspace Span(|¢,)) C H. Then the state vector |¢,) + |¢,) is neither in T
or ['“. How can we interpret such states?

This is an example of a larger issue. Suppose we have two subspaces, P and Q.
In classical terms, P A Q is an intersection of P and Q, but this is ambiguous in
Quantum theory. This is because the projectors corresponding to P and Q might not
commute, and so it is ambiguous whether we should choose PQ or QP as the appro-
priate projector for P A Q.

Consistent Histories attempts to solve this by defining the projector PQ iff P and
Q commute. Otherwise it says that P A Q is meaningless.'! This gives a logic which
no longer follows the principle of the excluded middle—it allows a proposition to be
three things; either true, false or non-defined. That said, as we shall see in the next
section we can only draw conclusions when the sample space contains no undefined
propositions.

3.2 Probabilities and Quantum Reasoning

Once we have the Quantum phase space, along with the consistent histories logic,
we can use it to calculate probabilities. We can think of a probability theory as giv-
ing a triple (S, £, M) where

S is a sample space—the underlying objects or situations we are working with
€ is an event algebra—the set of actual events involving elements of the sam-
ple space we want to know the probability of. The algebra structure is given by
unions and intersections.

e M s a probability measure

For classical physics, the sample space is given by regions of the phase space, and
the event algebra is given by the corresponding indicator functions. In the quan-
tum case, each division of the Hilbert Space into subspaces gives a different sam-
ple space, and the event algebra is given by the projectors onto those subspaces. As
these examples show, there is a one-to-one relation in these cases between the event
algebra and sample spaces, and so we shall refer to them interchangeably. In both
the quantum and classical cases, the probabilities are usually not given intrinsically
and are assigned via theoretical or empirical considerations.

The main different between the quantum and classical cases, according to the
consistent histories interpretation, is that in the classical case, the event algebra is
well defined for any set of subspaces, so in practice we can compare events in differ-
ent probability frameworks, or change the probability framework that we are using,
without any problems.

" Another strategy was adopted by Von Neumann in his 1930s development of, ‘Quantum Logic’ [31].

@ Springer



54 Page 10 of 22 Foundations of Physics (2024) 54:54

in Quantum Mechanics on the other hand,'” the event algebra is only well defined
when the projectors commute (otherwise we define expressions like P A Q to have
no meaning, as explained above). Therefore we cannot straightforwardly add new
events into the event algebra, or compare probabilities between different frame-
works. We must check to make sure that the events and frameworks which we are
comparing give a well defined event algebra.

We say that two sample spaces (projective decompositions) of a Quantum opera-
tor are compatible if all the projectors of one sample space commute with the pro-
jectors in the other. If {P;} and { Q,} are the event algebras, then we require

PiQw =P, Vjk 4)

If the frameworks are compatible, then we can combine them.!3 Otherwise, if the
frameworks are incompatible, then we adopt the Single Framework Rule, which is
the central feature of the Consistent Histories interpretation.

This states that we cannot directly compare probabilities from incompatible
frameworks—we must only use probabilities from a single compatible framework.'*
Finally, we can define measurement operators in the usual way as combinations of
projectors. These operators then form the event algebra. For some worked examples
of compatible and incompatible frameworks, see Sect. 3.4 of [25].

3.3 Histories

So why is the interpretation called, ‘Consistent Histories’? That comes about
because we want to compare measurement at different times, and to discuss
sequences of measurements. We first define a time-graded Hilbert space for succes-
sive times #, t..., %, as

H=HyO0H,0..0H, 5)

where the O represents a tensor product—the different symbol being used as a
reminder that each Hilbert space and its corresponding projectors is associated with
a different time.

We then define a Quantum history as a tensor product of projectors for each
fixed-time Hilbert Space:

Ya=P0®P1®...OPn (6)

These Y form a sample space so long as Y. P, =1, for each H;. In this case,
Y v = 1, where 1 is identity on H—the tensor product of the identities 1, on the

12° At least according to consistent histories.

13 Sometimes this involves a process called refinement, which I am not discussing in this brief introduc-
tion—see [15] or [25].

14 Though this framework may be made of of several compatible frameworks joined together—see
below.
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fixed time Hilbert Spaces. This defines our Event Algebra and Sample Space.'> The
remaining task is to assign probabilities to the histories Y“. To do this, we construct
Chain kets

1Y) = P, Tty Py Tty tyo)or-Tty, 1P T(11, 1) Py D

Note that this is an operator on a single Hilbert space at time #,. The operators
T(t;,t,_,) are unitary operators which describe time evolutions. What they is can
vary according to the system described. Usually, they will be given by the Schroed-
inger equation. If we do not wish to take into account time evolution of a state then
we can just set 7(¢;, #;_;) to be the identity operator. We then assign each history the
probability

Pr(Y®) = (Y*|Y9) (®)
provided that all the histories projectors satisfy the consistency condition
(Y| Y“y=0fora#d )

We call such a set {Y“} a consistent family of histories. It defines a compatible
framework at time #,. We can think of |Y*) as a series of rotations/ dilations from
the unitary operators 7'(¢;,¢,_;) and projections from the P,, which together make up
a single operator which turns the initial subspace corresponding to P to a final state
corresponding to the projector Y.

Note that states with probability zero now include those where the dynamics are
impossible—i.e. where the combinations of rotations, dilations and projections lead
to the empty set.

As a final aside, we can use this to understand the Heisenberg uncertainty princi-
ple. The operator whose eigenstate is a position measurement x, is is the delta func-
tion 6(x — x;), and the operator corresponding to a measurement of the momentum
of an object is (ih)d/dx, evaluated at the point x,. These operators are not compatible
at the same point x;, and so there is no meaning to assigning exact values of both
position and momentum to a particle at point x0.16

3.4 Stable Facts and Compatible Frameworks

Now we have given the mathematical details of the CH formalism, we can apply it
to RQM. This will make it clearer what RQM means by, ‘facts’ and in particular it
can be used to give a more rigorous definition of, ‘stable facts’.

15 Remember these are dual since defining a sample space of subspaces automatically picks out an event
algebra based on their projectors, and vice versa.

16 From the point of view of Quantum Reasoning, this is presumably the solution to Zeno’s paradoxes.
The construction of the paradoxes involves inconsistent operators, and therefore incompatible frame-
works, in the sense of the next section. It would be interesting and instructive to show this rigorously for
each paradox.
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I suggest that a history is taken to be the set of facts held by an observer about
the system it describes, at different time steps. We can then assign probabilities to
these histories. This demonstrates Rovelli’s principle that [14]

[Quantum] theory determine(s) the probability... for a fact (or collection of
facts) b to occur given that a fact (or collection of facts) a has occurred.

Consistent Histories also gives a precise way of talking about stable and rela-
tive facts between systems. Given two consistent families, CH gives a criterion
for determining when the two families can be combined into a single framework,
and an algorithm for how to do so. If we associate the two families with the facts
determined by each system, then we can say that the facts are stable relative to
both systems if the families associated with those facts are compatible.

Stable facts are those which come from a consistent family of histories. Within
a given family of histories, the event algebra automatically follows the rules of
classical probability. So Rovelli and Di Biagio’s [5] definition of a relative fact as
one for which

P(b) = Z P(bla;)P(a;) (10)

holds is always satisfied. This gives a well defined condition for which facts are sta-
ble and which are not.

So what is this condition? Given two consistent families of histories, {K;} and
{Y;}, we can combine them into a single family of histories iff the following two
conditions are satisfied:

The operators for each family at each time step #; must commute

The family of histories {K;Y;}, given by taking the tensor product of {K;} and { ¥} }
at each time step, must be a consistent family. Essentially these families represent
{K; A Y;}, which are well-defined due to condition 1

DN =

Therefore if the {K;} correspond to the interactions with (and hence relative facts
about) S by two observers O;, the facts are stable for the O, if the corresponding
families of histories are compatible. These conditions make physical sense in the
RQM context—condition 1 means that the measurements made by each subsys-
tem at each time do not interfere with one another, whereas condition 2 guaran-
tees that the pairs of histories considered together define a consistent space of
probabilities. I will now give some examples to illustrate this. Note that in order
to check compatibility, we must consider the whole sample space, and must there-
fore include all the histories which could have been measured given the experi-
mental setup, not just the one result which was actually obtained.

First, suppose that we have two observing systems O, and O, measuring the
same system S. They each attribute the same initial state, |y), to S at time £,
and they both measure the spin of S in the x direction at time #,. At time f,, O,
measures the momentum eigenstate in the x direction of S, and O, measures the
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momentum eigenstate in the y direction. Assume all time evolution is unitary, fol-
lowing Schroedinger’s equation. Then the two families of histories are'”

Ki = |¢()> © Gx,k pr,l

11
Yj = |¢O> O] O-x,m oPy,n ( )

Each history represents one possible pair of measurement outcomes at ¢, and ¢,. Here
o, is eigenstate [ of the operator o, and so on. As mentioned above, I am summing
over all the possible measurement outcomes, even though only one of these out-
comes will be measured for both O, and O, because it is necessary to check that the
sample space of all possibilities is consistent.

The operators at each time value commute, and we can easily show that the pairs
of operators form a consistent family due to the orthogonality of the operators in
each family at ¢,.'® Therefore we can combine these operators into a single frame-
work. This means that the facts relative to O, and O, are stable at each timestep, so
they can agree on which properties S has at each ¢,.

What would be an incompatible pair of families? Suppose that O, still measured
the spin in the x direction at time ¢#,, but O, now measures the spin in the y direction
at ¢;. Then the two families of histories

K, =|py) @0, Op,,

12
Y, = |¢0> © 0y, OPy, (12

are incompatible because the projectors o, and o, at time #; do not commute. There-
fore O, and O, have only relative facts, and not stable ones.

This use of Quantum Reasoning in RQM is a way of making precise the 1996
axioms

1. There is a maximum amount of relevant information which can be extracted from
a system
2. [Itis always possible to acquire new information about a system.

Compatible histories do not interfere with or destroy the information obtained
through their measurements, whereas incompatible ones do. The mathematical
framework of Consistent Histories is therefore a powerful tool for investigating
Relational Quantum Mechanics. That said, these are elementary examples, and
further work is needed to explore the behaviour of stable facts, and potentially to
improve this algorithm for determining them. For example, is there a way to have
stable facts not only at a single time, but across multiple times? Additionally, if the
facts are stable until #,_; is there a way to, ‘regain’ stability of facts from a later
time ¢, after losing it at ¢;? These are topics I hope to explore in future work. A

17 1 am making a simplification here—technically we should add in histories with operators of the form
1 — Y o; at each time step (where o, are the projection operators at each time step) to ensure that the sum
of the projectors at each time step gives the identity.

18 See chapter 11 of [15] for a guide to techniques for showing consistency.
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useful way to begin this would be to analyse the various quantum paradoxes using
the quantum reasoning method applied to RQM, as outlined in this paper, and com-
paring the results to the analyses in the standard CH framework—see, for example,
the later chapters in [15].

4 Differences Between RQM and CH

Griffiths has indicated in private correspondence that he does not consider the use
I have made of his theory of Quantum Reasoning to be valid. I therefore want to
make clear how the way I am using Quantum Reasoning differs from its intended
use within the context of Consistent Histories. I shall first discuss the conceptual dif-
ference between the two interpretations, before giving some examples through dis-
cussing measurement in both theories.

4.1 Differences in Interpretation

The main difference between my approach in this paper, and Griffith’s original
approach [15, 16] is the physical interpretation attached to the choice of framework.
For Griffiths, the choice of framework is determined by the following four princi-
ples, quoted verbatim from [25]:

R1: Liberty. The physicist is free to employ as many frameworks as desired
when constructing descriptions of a particular quantum system, provided the
principle R3 below is strictly observed.

R2: Equality. No framework is more fundamental than any other; in particu-
lar, there is no ‘true’ framework, no framework that is ‘singled out by nature’.
R3: Incompatibility. The single framework rule: incompatible frameworks
are never to be combined into a single quantum description. The (probabilistic)
reasoning process starting from assumptions (or data) and leading to conclu-
sions must be carried out using a single framework.

R4: Utility. Some frameworks are more useful than others for answering par-
ticular questions about a quantum system.

The idea here is that any probability framework is just as good as any other prob-
ability framework—we just need to be sure to only use a single framework with a
consistent event algebra. In particular, there is no physical meaning attached to any
choice of framework—all are equally valid. In [16], he says that different frame-
works reveal different aspects of reality, and that the fact that a single quantum real-
ity can be described by different (and possibly incompatible) frameworks is the new
nature of things which quantum mechanics reveals to us.

Therefore the move from the classical to the quantum world involves the aban-
donment of the idea that there is a single correct description of the universe (Grif-
fiths calls this idea the Principle of Unicity) Instead, there are multiple correct (and
incompatible) descriptions of the same events. Griffiths uses the classical analogy
of looking at different properties of an object in order to answer different questions
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about it (e.g. the capacity of a mug and its material) but is clear that this is just an
analogy—the different aspects on the quantum level are more fundamental (as can
be seen from the fact that the families used to describe them can be incompatible).

This approach is similar to RQM’s statement that there is not a unique description
of the universe, but that there is a description relative to each observer. In RQM the
different descriptions of the universe come about from the different observers and
their different interactions with the universe. In Consistent Histories, the different
descriptions are given relative to different frameworks, which are different, observer-
independent, descriptions of the same system (in principle any observer could use
any framework). This is what motivates my approach in this paper to assign different
frameworks to different observers and their histories of interactions. The different
frameworks in CH become different potential sets of interactions between observer
and system in RQM.

4.2 Measurements in CH

A good example of the distinction between these approaches comes from the CH
treatment of measurement. As outlined in [32], a key feature of CH is that it denies
any special status to measurement as opposed to any other kind of event. RQM
also denies that measurements have a special ontological status—every interaction
between two systems is a measurement of each by the other—but it does give meas-
urements a special epistemic status relative to an observer, since the measurement
updates the observer’s description of the measured system.

In CH, we can model a measurement in the following way [32]. Let |¢0) be the
initial state of the measured system, and let |M0) be the initial state of the detector.
Suppose we can decompose |¢)0) into eigenstates |si), & let |Mi) be the state in which
the detector measures |si). Finally, let [Y;] denote the projector corresponding to the
state |Y1>’ and {[Y;]} indicate one history for each choice of [¥;]

Now, consider the following family of histories, describing a measurement, with
appropriate time evolution:

[o] ® [My] © {[5,] ® [My]} © {[s,] ® M, } (13)

This framework allows us to conclude that the conditional probability of the system
being in state s; at time ¢, given that we measured M, at ¢, as

P([s;1,1M;, ) = &; (14)

If we measured M, at t, we can conclude with probability 1 that the combined state
of the system and detector at ¢, was |sl~) ® M,. Now consider a different family

(o] ® [My)10 (1] ® [My]) © {[s5,]1 ® [M;1} (15)

Since this family does not include the states |s); at ¢;, we can say nothing about
whether or not the system was in one of these states at that time. Here we come to
the difference between the application of Quantum Reasoning to RQM which I have
outlined in this paper, and its original use in CH. In CH, we are free to choose any
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framework to describe a system. So even if we cannot draw any conclusions about
whether the system was in one of the states s; from the family (15), we can just as
well use the family (13) to draw such a conclusion.

In RQM, on the contrary, I am suggesting that each history has a physical inter-
pretation as referring to the observer’s history of interactions (and hence knowledge
of the system being described at each time step). Therefore family (13) represents
a situation in which the observer knows that the system is definitely in one of the
states |s;) at 7). In this case, measuring |M;) at , allows us to conclude that the system
was in state s; at ¢,.

However, family (15) represents a case where the observer does not know that the
system is definitely in the state |1) or || ), only that it has probability 1/2 to be found
in either state under an appropriate measurement.

In RQM these are two different situations, and we are not free to choose between
them. The first family would represent, for example, a situation where we know our
initial state |d)0) comes from a machine which will produce either |1) or |] ), whereas
the second family could represent a situation where the particle had an unknown and
random polarisation, so that we know that we would measure either |1) or ||) upon
passing it through a vertically-polarised measuring device, but we do not have any
other information about its state at #,. These are physically different situations and
we are not at liberty to choose between them.

There are two final differences I want to mention. First, in CH, we are free to
assign a quantum state to ourselves—indeed Gell-Mann and Hartle have used CH to
explore Quantum Cosmology by assigning a quantum state to the whole universe. In
RQM, we cannot assign a quantum state to ourselves, and therefore there is always
implicitly a extra observer, i.e. we ourselves, assigning the quantum histories under
consideration.

Secondly, Griffiths does not believe that quantum mechanics is contextual [33].
However, his arguments for this are directed against a particular formulation of con-
textuality used by Bell. The way I am understanding contextuality in this paper is
precisely to say that we can only consider compatible families, and therefore pos-
sible measurements are constrained by our choices of other measurements. Griffiths
agrees with this [32], but believes it is a separate property which should be called,
‘Multitextuality’.

5 Discussion

In the final part of this paper I will briefly look at two issues related to Stable Facts.
The first is the claimed analogy between Special Relativity and RQM. Here, the
Consistent Histories ideas can be used to clarify the similarities and differences in
the way that these two theories are relational.

Second, the recent suggestion that RQM is augmented with, ‘Cross-Perspectival
Links’ has strong implications for the ontological meaning of Stable Facts. I there-
fore want to comment on this proposal.
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5.1 Special Relativity and Quantum Mechanics

First, I will examine how the analysis given here applies to the debates around the
different ways in which Special Relativity and RQM are relational. An argument in
favour of RQM [1] is the alleged similarity between the relational, observer depend-
ent description of physical systems in that theory with the frame dependent descrip-
tion of physical systems in Special Relativity. For example, the way that events
which are spacelike seperated from two observers can be given different temporal
orderings by each observer.

Pienaar objects [8] SR has a specific covariant structure, given by the underlying
Minkowski Geometry; in particular the frame invariant spacetime interval between
pairs of events. Relational Quantum Mechanics has no such invariant structure. Rov-
elli and Di Biago respond that it is precisely this which shows the true radicality of
the RQM position.

The consistent histories analysis above can shed light on this. In Quantum
Mechanics, the frameworks corresponding to different observers are in general
incompatible. In SR (as for any Classical theory), this is not the case. Looking at
a system from one reference frame rather than another does not alter which events
happen—hence the invariance of the underlying Minkowski spacetime, which we
are simply approaching from different points of view. In QM, on the other hand, if
there were an underlying invariant structure which different measurements simply
reveal from different perspectives we would be in some Hidden Variables formula-
tion of the theory."”

All that said, there is a clear analogy with the single framework rule in Con-
sistent Histories when analysing paradoxes in Special Relativity. Take, for exam-
ple, the twin paradox. In this paradox, there are two twins, one of whom remains
on earth whilst the other one heads at some large fraction of the speed of light to
the nearest star, and then returns to earth. The paradox comes about due to the
fact that, since time is slower in a moving frame, the first twin (who remains on
earth) should assume less time has passed for his twin (who is moving very fast
relative to earth). However, the twin on the spaceship, who is at rest in his own
reference frame, should also assume that less time has passed for the earthbound
twin, since the earthbound twin is moving very fast relative to the spaceship, just
in the opposite direction. Therefore the spaceship twin should also conclude that

19 The equivalent of the invariant spacetime structure in QM is, I think, twofold. First, there is the con-
sistency of measurements (R6 from the introduction). Another way of putting this is that the Hilbert
Space structure and the rules for determining consistent and inconsistent histories remain the same for
all observers. The second invariant structure in QM is the underlying laws determining the interactions.
Measurements of the same type (e.g. position, momentum, energy etc) create the same types of states
(eigenstates of the relevent operators), and all states evolve according to the Schroedinger equation when
they are not being disturbed by measurement. We could think of this as a meta-formal cause in the sense
that, unlike a formal cause (e.g. the shape of an enzyme which allows it to bind to certain protiens), the
laws of physics do not constitute the shape of material things, but they do set the constraints for the pos-
sible Forms physical things can have. (I developed this idea by analogy with Rahner’s notion of a Quasi-
Formal cause [34], though I do not think the two notions are identical).
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less time has passed for the earthbound twin. When they meet again upon the
spaceship’s return to earth, which of the twins will actually be younger?

A careful analysis of this situation is given in [35], where the conclusion is that
the paradox since the twin on the spaceship is using two reference frames—the
one on the outward journey and the one on the return journey. The issue comes
from combining two inconsistent reference frames into a single description. To
quote from [35]

(The spaceship twin) changes his time reckoning in mid course... by chang-
ing the rules for dating events on earth, and so naturally gets his calcula-
tions awry. The earth-bound twin has an uninterrupted view of what is hap-
pening to his travelling brother, and so his view of the matter is undistorted

That is, the twin on earth only uses a single reference frame, and therefore has the
correct account of the situation.

We can also consider the well known example of the pole moving a relativistic
speeds through a barn shorter than it [36]. Suppose that the pole is 20 m long in
its rest frame, and the barn is 10 m long. Now suppose that the pole is moving suf-
ficiently fast relative to the barn that its length /' in the barn’s rest frame is 10 m.
Then, in the rest frame of the barn, the pole must at some point in time fit entirely
in the barn; whereas in the rest frame of the pole then this cannot be the case. The
paradox comes from the supposition that this is inconsistent with the fact that what
is true in one reference frame must be true in all reference frames.

The resolution of this paradox [36] is that, since simultaneity is relative, whilst
the front end of the pole exiting the barn and the rear end of the pole entering it hap-
pen at the same time in the rest frame of the barn, they do not happen at the same
time in the rest frame of the pole. The front end of the pole leaves the barn in this
frame before the rear end enters it. Each reference frame gives a consistent account
of events—the paradox comes from directly comparing the perspectives of observ-
ers in different Lorentz frames.

In both these cases have an analogue of the single framework rule—we cannot
directly compare events between different reference frames. However, in Special
Relativity, if something is true in one reference frame, it must be true in all refer-
ence frames, whereas in Quantum Mechanics, different frameworks can correspond
to different physical situations.

This suggests the following classification

e I. Classical theories, in which the contextual aspect can be ignored—we do not
need to consider which frameworks we are using.

e II. Relational theories, which posses multiple frameworks describing the same
physical reality. Here we must be careful only to work in a single framework,
but provided we do this then we can, ‘translate’ from one framework to another
to obtain the same physical events. As discussed above, Special Relativity is the
paradigmatic example of such a theory.

e [II. Quantum theories, which are fully contextual in the sense that different
frameworks describe possibly incompatible physical events.
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5.2 Cross-Perspectival Links Revisited

Recall the axiom Cross-perspectival links, suggested as an addition to the RQM
interpretation in [17]:

In a scenario where some observer Alice measures a variable V of a system
S, then provided Alice does not undergo any interactions which destroy the
information about V stored in Alice’s physical variables, if Bob subsequently
measures the physical variable representing Alice’s information about the vari-
able V, then Bob’s measurement result will match Alice’s measurement result.

In this section I will suggest an alternative way to derive the axiom, and discuss the
differences between this approach and the original one [17]. We start with the 1996
postulates about RQM in terms of information: [1]

1. There is a maximum amount of relevant information which can be extracted from
a system
2. [Itis always possible to acquire new information about a system.

I suggest that instead of CPL, we can add the axiom:

Creative Measurement (CM): Once information about a system is created in
an interaction, the system possess that information until the next interaction it
is involved in, which may preserve, alter or destroy that infomation’

When combined with the 1996 axioms, this implies that once the values of a vari-
able is created through an interaction,?! if the next interaction is compatible, then the
information about the value, and hence the value itself, remains unchanged. If the
next interaction is incompatible, then the information about the value of the variable
is lost and the value—or even the variable—is changed.?

The main difference between this view and the one in [17] is the underlying onol-
ogy. Adlam and Rovelli explicitly deny that variables have values in between inter-
actions, saying,

Systems do note have observer-independent ontic states which persist through
time storing their variables: variables are only ever defined instantaneously

They are also clear that

20 There is an interesting parallel here to Newton’s first law, which is worth exploring.

2l The idea that measurement is creative and changes the things measured goes right back to Heisenberg
[37]. A good example is given by Feynman’s discussion of the double slit experiment [21]. Feynman
points out that we can only detect which slit the particle goes through by closing one or the other of them
(as the detector blocks the particle). When we only partially close the slit (and only sometimes detect the
particle), the interference pattern re-emerges in inverse proportion to how closed the slit is, and hence
how much we obstruct the particle.

22 for example, a system in state |1), when measured in a horizontal polarizer, loses the vertical polariza-
tion variable and instead gains a horizontal state, either |« ) or |—).
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The version of RQM we have presented here exhibits gappy metaphysical
indeterminacy, since variables have no definite values in regions between
quantum events

This standard RQM approach is often called a,‘Sparse Flash’ ontology, where the
variables only take values instantaneously. In contrast, what I am proposing could
be defined as a, ‘beam ontology’, where variables and their values are created at an
interaction, and persist until the next interaction.

Note this approach is still relational—there are no properties independent of
interactions between systems.”> How do we get from this to CPL? Well, if Alice
has measured a variable V of S, then by CM, S continues to have that variable until
it undergoes an interaction which destroys that information. In addition, Alice will
have measured V, and this measurement will remain unless Alice has undergone
some interaction destroying her measurement result. If Bob believes that neither S
nor Alice have undergone such an interaction, then he is justified in assuming that
his measurement of V will match Alice’s—which is precisely the content of CPL.

Whilst these two ontologies are different, they will both give the mathemati-
cal structure of RQM. One advantage, as I see it, of the, ‘beam’ ontology is that it
avoids the metaphysical indeterminacy of the, ‘sparse flash’ ontology. Another is
that is seems truer to the founding principle of RQM, that, ‘information is physical’
[1]—rather than being an axiom about observing systems which introduces a non-
relational element into RQM, it is an axiom about information, which then gives the
CPL axiom as a consequence. That said, more work will be needed to examine the
pros and cons of the two positions. Both ontological views strongly benefit from the
Consistent Histories methods I have presented in this paper, as these give a method
for determining precisely which interactions satisfy the condition, ‘provided Alice
does not undergo any interactions which destroy the information about V’, and hence
when CPL applies.

6 Conclusion

In this paper I have looked at Stable Facts in RQM, and attempted to give a rigorous
method for determining which facts are stable, by using the mathematical formalism
of the Consistent Histories method.

The heart of this formalism is Quantum Reasoning, which is a Quantum Logic
based on subspaces and operators on a Hilbert Space, as opposed to the usual

23 Having set out this way of understanding RQM, I want to be clear as to why this is not simply a
hidden variables theory. Hidden Variables are variables in a quantum theory which always have a def-
inite value, which is revealed by the measurement of that variable. A key feature of hidden variables
accounts of Quantum Mechanics is that the measurement of a variable is the same as the value before the
measurement—this is called Faithful Measurement [19] and this is certainly not satisfied in the account
I am giving here. This is an example of the Noncontexuality of RQM, discussed in the introduction. It
should be noted here that the only Hidden Variables theory which agrees with the predictions of Quan-
tum Mechanics is Bohmian mechanics, in which only the positions and momenta are hidden variables in
this way.
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classical logic based on subsets of a classical phase space. This allows us to view
the Hilbert Space structure of Quantum Mechanics as a non-standard logical frame-
work for analysing situations in which the truth of propositions depends upon the
ordering of these propositions. This logic allows propositions not only to be true or
false, but to be undefined,?* and propositions are defined or undefined relative to the
other propositions they are considered with. We can therefore see this as a contex-
tual logic, capturing the contextual nature of Quantum Mechanics. In fact, Quantum
Mechanics is simply this contextual logic applied to physics.”> We can see classical
theories as special cases of quantum theories in which all the operators commute.?®

Why does this give RQM? Because according to this analysis, systems have prop-
erties only relative to a particular history of interactions, with respect to a particular
system. Some measurements preserve the information which has already been gained
about a system about an observer, and others destroy it. Likewise, some information
can be shared between observers, if their measurements are compatible; and other
information cannot be shared,if their measurements are mutually destructive.

This is where methods in this paper are useful, by giving a rigorous process for
determining when facts are stable between system, and when they are relative. This
could also lead to a renewed focus on the information-based approach to RQM,
which has been neglected in recent years. There are many opportunities for further
work in developing the application of consistent histories to RQM, and in thinking
through the consequences for the ontological foundations of the interpretation.
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