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Abstract

We study the asymptotic organization among many optimizing individuals interacting
in a suitable “moderate" way. We justify this limiting game by proving that its solution
provides approximate Nash equilibria for large but finite player games. This proof
depends upon the derivation of a law of large numbers for the empirical processes
in the limit as the number of players tends to infinity. Because it is of independent
interest, we prove this result in full detail. We characterize the solutions of the limiting
game via a verification argument.
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Mean-field type game
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1 Introduction

The theory of Mean Field Games (MFGs, henceforth) began with the pioneering works
of Lasry and Lions [17] and Huang et al. [13] to describe the asymptotic organization
among a large population of optimizing individuals interacting with each other in a
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mean-field way and subject to constraints of economic or energetic type. The mean-
field interaction enables to reduce the analysis to a control problem for one single
representative player, interacting with, and evolving in, the environment created by
the aggregation of the other individuals. Intuitively, the system’s symmetries will force
the players to obey a form of law of large numbers and satisfy a propagation of chaos
phenomenon as the size of the population grows. The literature on MFGs is rapidly
growing and the application of MFG theory is catching on in areas as diverse as
Economics, Biology, Physics, and Machine Learning; hence, it is impossible to give
an exhaustive account of the activity on the topic. For this reason, we refer the reader
to the lecture notes by Cardaliaguet [3] and the two-volume monograph by Carmona
et al. [6] for a comprehensive presentation of the MFG theory and its applications; the
first reference presents the theory from an analytic perspective, whereas the second
one from a probabilistic point of view.

However, in many practical situations (e.g., in evacuation planning and crowd man-
agement at mass gatherings), it stands to reason that a single person interacts only
with the few people in the surrounding environment, i.e., each individual has her/his
space. A possible mathematical way to describe this type of interaction is through
an appropriate rescaling of a given reference function V, where V is a sufficiently
regular probability density function; see, e.g., Oelschldger [21] and Morale et al. [19].
Denoting by x and y the positions of two individuals (out of a population of N) in a
d-dimensional space, then their interaction can be modelled by:

NN (x — ),

where
VvV (z) = NPV (NFP/y). (1.1)

The parameter 8 € (0, 1) describes how V is rescaled for the total number N of
individuals and expresses the so-called moderate interaction among the individuals;
see Oelschldger [21]. On the other hand, 8 = 0 expresses an interaction of mean-
field type, whereas B8 = 1 generates the so-called nearest-neighbour interaction. This
paper aims to analyze the asymptotic organization among many optimizing individuals
moderately interacting with each other. To the best of our knowledge, the study of this
type of asymptotic organization has been performed only in Aurell and Djehiche
[1] and Cardaliaguet [4]. In the former work, authors introduced models for crowd
motion, although in a more simplified setting. Indeed, they account for the moderate
interaction among the individuals in the cost functional only, although they consider
that the position of each pedestrian (in a crowd of N pedestrians) belongs to R?. Also,
in Cardaliaguet [4] only the payoff of a player depends in an increasingly singular
way on the players which are very close to her/him. In addition, to avoid issues related
to boundary conditions or problems at infinity, in the latter work data are assumed
periodic in space. The fact that data are assumed periodic in space and (mostly) that the
moderate interaction enters only in the cost functional has a consequence in proving the
existence and uniqueness of solutions of the Partial Differential Equation (PDE) MFG
system associated with our model; see the discussion here below in the introduction
and Sect. 4.
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The model The motion of a single-player X fv 1 e[0,T]ina population of N
individuals is assumed to be modelled as

: e : 1Y N
XN,! - X N,i / N,i b(XN’l, _ VN XN,z — X\ ) d
¢ 0t (e () +b( X; N,Ezl (X s 7)) )ds (1.2)

+wNi tel0,T], ie{l,...,N}.

Here, aV = (aN Ao oV ) is a vector of strategies that we will specify below, b is
a given deterministic function and WN-!, ..., WN-N are independent d-dimensional
Wiener processes defined on some filtered probability space (2, F, (F;):efo.7], P).
We will denote by XIN = (X tN ’1, X ,N N ) the vector of the positions at time ¢ of
the N individuals. In addition, XON dii=1,...,N,are R9valued independent and
identically distributed (i.i.d) random variables, independent of the Wiener processes,

such that XN 4 & (notice that “ Lo stands for “distributed as") where £ is an
auxiliary random variable with law w with density po, i.e. ;o is absolutely continuous
with respect to (w.r.t) the Lebesgue measure. Eq. (1.2) says that each individual i
partially controls its velocity through her/his strategy /. However, the velocity
depends on her/his position and on the other individuals’ in a neighbourhood of XV
Indeed, the functions V¥ (-) (see Eq. (1.1)) are mollifiers (see Appendix A for a
precise definition) describing the intermediate regime between the mean-field and
the nearest-neighbour interaction. For large N they have a relatively small support
and therefore the individual i interacts, via the term V¥ (Xﬁv’i - Xﬁv’j ), only with
few players, indexed by j, in a neighbourhood of XfVl In particular, the rate of
convergence to zero of the support of V will be such that the number of players i
is still very large, in the limit as N tends to infinity, but very small compared to the
full population size N. It is worth mentioning that it is also possible to let a common
disturbance affect all the individuals [13], commonly referred to in the MFGs literature
as common noise; we refer to the second volume by Carmona et al. [6] for an overview
of this theory. The common disturbance could be used—as also pointed out by Aurell
and Djehiche [1]—to model an evacuation during, for instance, a fire or a earthquake.

We leave, however, the study of this case for future research.

Each player acts to minimize her/his own expected costs according to a given
functional over a finite time horizon [0, T']. More precisely, playeri evaluates a strategy
vector a’V according to the following cost functional

Tr1 i 1Y , ‘ ,

N/ Ny - SN 2 N, N yN,i _ yN.Jj N,i
Al )—E[/O (2|a ©F + £(x! ,Nj§_1v XM - x] )))ds+g<XT >]
(13)

where X fv is the solution of Eq. (1.2) under o’V . Notice that the cost coefficients f and g
are the same for all players. The cost functional Jl.N (a™') can be interpreted practically
in the following way; see, also, Aurell and Djehiche [1]. The first term penalizes the
usage of energy, the second term, instead, the trajectories passing through densely

@ Springer



38 Page4of65 Applied Mathematics & Optimization (2022) 85:38

crowded areas. Finally, the final cost g(-) penalizes deviation from specific target
regions. More details on the setting with all the technical assumptions will be given
in the next sections.

For the class of games just introduced, we focus on the construction of approxi-
mate Nash equilibria [17] for the game with a finite number of individuals (i.e., for the
N-player game) via the solution of the corresponding control problem for one single
representative player (i.e., through the solution of the corresponding MFG). Hereafter,
we will use the words “intermediate interactions" and “moderate interactions" inter-
changeably.

Our main contributions are as follows:

e We introduce the limit model corresponding to the above N-player games as N
tends to infinity, namely the MFG of moderate interaction. We formulate both the
PDE approach to MFGs with moderate interaction and the stochastic formulation;
see Definitions 4.1 and 4.7, respectively.

e We prove that the PDE system (or the equivalent mild formulation; see Lemma
4.2) admits a solution (0, 0o0); see Theorem 4.4. Also, we prove that the same
system admits a unique solution for 7 sufficiently small; see Theorem 4.5.

e We prove the existence of a solution in the feedback form to the MFG of moderate
interaction; see Theorem 4.8.

e We derive, in the limit as the number of different processes in Eq. (1.2) tends to
infinity, law of large numbers for the empirical processes, and we characterize the
limit dynamics; see Theorem 5.1.

e We prove that any feedback solution of the MFG induces a sequence of approximate
Nash equilibria for the N-player games with approximation error tending to zero
as N tends to infinity; see Theorem 6.1.

The MFG system of PDEs associated with our model takes the form of a backward
Hamilton—Jacobi equation coupled with a forward Kolmogorov equation. In particular,
it is a second-order MFG system with local coupling or of local type. Many authors
have studied this type of system in the last years; see Lasry and Lions [16, 17], Porretta
[23], Gomes et al. [ 12], Cardaliaguet and Porretta [S]. However, the framework in these
works deviates from ours’ for two main reasons. First, the authors consider that the
state space is the d-dimensional torus T¢ and not all the space R?. Second, and most
importantly, they do not consider dependence on the local density of measure in the
dynamics; see the term b(x, p(f, x)) in the first equation in Eq. (4.1). We prove1 the
existence of solutions of the PDE MFG system for any 7 > 0 via the Brouwer-
Schauder fixed point theorem. Instead, we will not be able to prove the uniqueness
of such solutions under the standard monotonicity assumption for any 7 > 0 but
only for small T via the contraction principle, the difficulty arising precisely from the
dependence on the local density in the dynamics.

The proof of the existence of a MFG solution is based on a verification argument. We
identify the unique solution of the PDE system of the MFG with moderate interaction
with the feedback control solution of the MFG in its stochastic formulation. In our
case, the value function of the representative player is not “regular enough", and so,

! The authors warmly thank one of the two anonymous Referees for her/his suggestion to look at the Hopf-
Cole reduction, to prove global in time existence, because of the quadratic structure of our Hamiltonian.
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in order to apply Itd formula, some work based on standard mollification arguments
will be needed; see Appendix 1, Sect. 1.

The proof of Theorem 5.1 on the characterization of the limit dynamics of the
empirical processes is one of the main achievements of this work. It represents a ver-
sion of the superb result of Oelschlédger [21] on the study of the macroscopic limit of
moderately interacting diffusion particles. Contrary to us, Oelschldger [21] does not
assume the absolute continuity of o with respect to the Lebesgue measure. Admit-
tedly, this would be an additional technicality that would not add to the present work’s
conceptual advancements. On the other hand, we can show the validity of Theorem 5.1
under a more general assumption on the SDE drift in Eq. (1.2). In Oelschlidger [21] a
more strict Lipschitz condition on the drift (see Eq. (1.5) in his work) is imposed; this
condition is used to prove the uniqueness of the solution of a certain (deterministic)
equation that characterizes the limit dynamics of the empirical processes. We believe
that this paper’s assumptions lead to a much more comprehensive understanding of
the problem at hand. Because it is of independent interest, we will devote the entire
Sect. 5 to the proof of the propagation of chaos result.

The proof of Theorem 6.1 of approximate Nash equilibria is based on weak conver-
gence arguments and controlled martingale problems, whose use has a longstanding
tradition; see, for instance, Funaki [11], Oelschlager [20], Huang et al. [13], as well
Carmona et al. [6], Section 6.1 of the second volume. However, contrary to those
works, we have to study the passage to the many player (particle) limit in the presence
of a deviating player, which destroys the prelimit systems’ symmetry. We will use an
argument based on relaxed controls.

Structure of the paper The rest of this paper is organized as follows. Section
2 introduces some terminology and notation and sets the main assumptions on the
dynamics and on the cost functionals. Section 3 describes the setting of N-player
games with moderate interaction, while Sect. 4 introduces the corresponding MFG.
In Sect. 5, one of the main results, namely the derivation of a law of large numbers
for the empirical processes, is stated and proved. Section 6 contains the result on the
construction of approximate Nash equilibria for the N-player game from a solution
of the limit problem. The technical results used in the paper are all gathered in the
Appendix, including the aforementioned existence and uniqueness result for the PDE
system and the proof of the existence of a MFG solution in Appendix 1, and bounds on
Holder-type semi-norm to prove the results of Sect. 5 in Appendix 1 and Appendix 1.

2 Preliminaries and Assumptions

Let d € N be the dimension of the space of private state and of the noise. We equip
the spaces R4, d € N, with the standard Euclidean norm, which will be denoted by
| - |. Instead T > O is the finite time horizon.

For S Polish space we let P(S) denote the space of probability measures on B(S),
the Borel sets of S. For s € S we let §; indicate the Dirac measure concentrated in s. If
P(S) is equipped with the topology of weak convergence of probability measures, then
P(S) is a Polish space. In particular, C([0, T']; P(S)) denotes the space of continuous
flow of measures.

@ Springer
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We set X = C([0, T]; RY) and we equip it with the topology of uniform conver-
gence; the space X with this topology is a Polish space. Given N € N, we will use the
usual identification of XV = x™ X’ with the space C([0, T]; RYN); X'V is equipped
with the topology of uniform convergence. For £ € R, we denote by Cg (R?; R?) the
set of RY-valued functions on R? with bounded ¢-th derivative, and by C%(R?; R¥) the
set of R?-valued functions on R¢ with compact support and continuous ¢-th derivative.
We will use simply Cp, (R9), Ci (R?) and Cf. (R?) when the functions are real-valued.
Moreover, C* ([0, T1; Cp (Rd)) denotes the space of Cp, (Rd)-valued functions on [0, T']
with continuous £-th derivative; analogous definitions hold if C;,(R?) is replaced with
either C}(RY) or CL(RY).

Similarly, we denote by C([0, T'] x RY; Rd) the set of R?-valued continuous func-
tions on [0, T] x R? and with Cl’z([O, T] x R4, R4 ) the set of R4-valued continuous
functions on [0, 7] x R4 with continuous first (resp. second) derivative with respect
to the time (resp. space); analogous definitions (cfr. the characterizations in the pre-
vious paragraph) hold for the spaces C})‘z([O, T] x R4 RY), Cl’z([O, T] x RY: Rd).
Again, we will use simply C([0, T x RY), C"-2([0, T] x R?), C,*([0, T] x R9),
cﬂ:2([0, T]1 x RY) when the functions are real-valued. In particular, notice that
C([0, TT; Cp(R)) C Cp([0, T] x RY).

As usual, V and A denote the gradient and the Laplacian operator, respectively.
Finally, for the sake of simplicity, we write i € [[N]]inplaceofi =1,..., N.

Now let

b:RYxRy — RY,
f RIxRL >R, g:R'SR

The function b will denote the drift, while f and g will quantify the running and the
terminal costs, respectively. Let us make the following assumptions:

(H1) b and f are Borel measurable functions, continuous and such that there exist
two constants C, L > 0 for which it holds that

b(x, I+ 1fx, p| =C,
[b(x, p) = by, I+ 1f(x,p)— f, @ < L(x —yl+1Ip—gql

forallx,y e R, p,q € R,.
(H2) g is a Borel measurable function such that g, d,, ¢ € C,, (Rd), i €[[d]l].

(H3) For each N € N, for some € (0,1/2) and some V € Ccl,(Rd) N PRY) we
have 5
VNx) = NPV(Ndx), xeR?, (2.1)

where, we remind, CLl, (Rd ) is the space of continuous functions on R? with
compact support and continuous first derivatives, while P(R¢) denotes the
probability measures on R?. In particular, Cé (RY) N P(R?) denotes the set
of probability measures with a density that has compact support and that is
differentiable.
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(H4) The law o € P(RY) is absolutely continuous with respect to the Lebesgue
measure on R and with density py € Cp,(R?) satisfying the following condition:

/ ¥ po(x) dx < o0
R4

for all A > 0.

3 N-Player Games

Let N € N be the number of players. Denote by X ,N " the private state of player
i at time ¢ € [0, T]. The evolution of the players’ state depends on the strategies
they choose and on the initial distribution of states, which we indicate by u(])\’ (thus,
;Lf)v e PRY Xd)). We assume that ,uév can be factorized and that for each g hypothesis
(H4) is in force. Here, we consider players using feedback strategies with full state
information, i.e. strategies a,N’i = a(t, XN) where & € Cp([0, T] x R?N; R?) that
are uniformly bounded by some constant C>0. Thus let .AN /Y denote the set of all
these individual strategies. A vector al —(Ol o alv N ) of individual strategies
is called a strategy vector or strategy profile. We denote with Ag’f ? the set of all
vectors aV' of feedback strategies for the N-player game that are uniformly bounded
by some constant C > 0. Given a vector of N-player feedback strategies a’¥, consider

the system of equations

. . 1 1 Y . .
N, _ N, N N, N/yN, N,j
XN = X, '+/0 (a(s,Xs)—i-b(Xs Z,N?_IV (xNi _ x] )))ds o

+wNi tel0,T], i €[[N]),

where XV = xNto o xNNyand WV WV are independent Wiener pro-
cesses deﬁned on some ﬁltered probability space (2, F, (F;), P) satisfying the usual
conditions. The initial conditions X(])V ' are i.i.d. Fy-measurable random variables,
each with law g € P(Rd) and independent of the Wiener processes, the functions
VN () are mollifiers (see hypothesis (H3)) through which we obtain the interaction of
moderate type among the players. A solution of Eq. (3.1) under e’V with initial distri-
bution )’ is a triple (22, F, (F), P), WV, XV) where (2, F, (F;), P) is a filtered
probability space satisfying the usual hypotheses, WY = (WN-1_ ... W¥-N)avector
of independent d-dimensional (F;)-Wiener processes, and XV (X NI XN
a vector of continuous R?-valued (F;)- adapted processes such that Eq (3 1) holds
P-almost surely with strategy vector @ and P o (Xo¥)~' = ), each X" for
i € [[N]] being independent of the Wiener processes. The i-th player evaluates
(feedback) strategy vector e according to the cost functional
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T N .
JN @) = IE[[O <%|a(s, X1+ f(x@“, % dovix)i - Xﬁ”))) ds
j=1
+8(X7 "‘)}, (32)

where X¥ = (xN!, ... XNy and (. F, (F).P), WY, XV) is a solution of

Eq. (3.1) under uf)v . The cost functional is well defined thanks to the hypothesis (H1).

N,1,fb 1

Given a strategy vector aV € Ag’f » and an individual strategy f € A et

[N~ B] € Ag’f ? indicate the strategy vector that is obtained from o™ by replacing
oN'! | the strategy of player i, with B. The correct interpretation of optimization of the
cost functional Jl.N (o) in Eq. (3.2)—classical in game theory—would be the concept
of Nash Equilibrium. In the case of a large number of players, our goal will be to prove
the validity of a weaker equilibrium concept, that is the concept of e-Nash equilibrium,
introduced in the theory of MFGs.

Definition 3.1 (e-Nash equilibria) Lete > 0. A strategy vector a”” is called an e-Nash
equilibrium for the N-player game if for every i € [[N]]

I @) < JN (@™ D e, (3.3)
for all admissible single player strategies f, i.e., strategies that belong to Ag’l’f b,

N

If a? is an e-Nash equilibrium with & = 0, then a” is called Nash equilibrium.

In our framework, we consider strategy vectors o belonging to Ag’f b, where we
will later in the work fix the constant C to be equal to K (T, b, f, po, g) defined in
Eq. (4.13). We say that a single player strategy S is admissible (i.e. it is an admissible

deviation from equilibrium) for a player i € [[N]] if it belongs to Ag’l’f » Where the
constant C is intended to be fixed.

4 Mean Field Games

Let T > 0 be the finite time horizon and b, f, po, g as in Sect. 2. Let us introduce the
PDE approach to MFGs with moderate interaction via the following coupled system
of backward Hamilton—Jacobi Bellman equation and Kolmogorov forward equation,
called PDE system:

—du — YAu —b(x, p(t,x)) - Vu+ 1 |Vul?> = f(x, pt,x)), (t,x) €[0,T) x R?,
p— 3Ap +divip(t, x)(=Vu(t,x) + b(x, p(t, )] =0,  (t,x) € (0,T] x R,
pO, ) =po(-) xR w(T, )=g(), x eRY,

.1

for all (x, p) € R? x R,. Precisely, the first equation of the PDE system is the
Hamilton—Jacobi Bellman equation with a quadratic cost for the value function u of
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the representative player. Instead, the second one is the Kolmogorov forward equation
for the density p(¢, -) of the representative player. As said in the introduction, the
PDE MFG system is of local type with the dependence on the local density p(z, x)
appearing both on the dynamics, via the term b(x, p(z, x)), and on the running cost,
via the term f (x, p(¢, x)). In addition, the state space is R4,

The notion of solution we consider for the PDE system is the one in Definition 4.1
below, where we let .4 denote the following operator:

A=9 — %A. 4.2)

Definition 4.1 (MFG solution, PDE formulation) A weak solution of the PDE system
is a pair (u, p) such that:

() u, dju and p € C,([0, T] x R?) foralli € [[d]];
(i) forall ¢, ¥ € Ccl.’2([0, T1x R% andall ¢ € [0, T] the following two equations

T
(u), o) — (g, o(T)) +/ (u(s), Ap (s))ds
t
T 1
=/ <b(-,p(s))~Vu (s)—EIVu (s)|.2+f(~,p(s)),¢(s)>ds,
t
t
<p(r),w(r)>—<po,w(0)>—/0 (u(s), Ay (s)) ds (4.3)

t
=f0 (P (=Vuls) +b(-, p(s)), Vi (5)) ds. (4.4)

hold.

We now state and prove that under the regularity condition (i) in Definition 4.1 the
system in Eqgs. (4.3)-(4.3) admits an equivalent mild formulation. To this end, set
G (t, x —y) the density of x + W;, where W, is a standard blackian motion, 7 € [0, T]
andx,y € R4, and introduce the notation ‘P; for the associated semi-group,

(Pih)(x) = fRd G(t,x = y)h(y)dy, 4.5

defined on functions & € Cp(R?). By taking, for all + € [0, T'], in the Eqgs. (4.3)
and (4.3) the functions ¢(¢) and v (¢) as the function y — G(t,x — y) h(y), with
Xx a given parameter, one can show the equivalence between the weak formulations
of Eq. (4.3) and (4.3 and the following mild formulation. This is the content of the
following lemma.

Lemma4.2 Let (u, p) a pair with the regularity of point (i) in Definition 4.1. Then (ii)
in the same definition is equivalent to the validity, for all t € [0, T], of the following
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system:

r 1
u(t)="Prg— / Py (b(~,p () - Vu(s) — 3 |Vu (5)1* + f(-,p(s))) ds
t

(4.6)
and .
p®)="Pipo— /(; VPi—s (p (s) (Vu(s) —b(-, p(s)))) ds, 4.7)
where in the last integral we understand that
(VP @)= [ 9.6 =s.x =) dy, @)

A solution of this integral system with the regularity of point (i) in Definition (4.1) is
called a mild solution.

Proof See Appendix 1, Sect. 1, where we give a sketch of the (less classical) proof for
the backward equation (4.6). O

Now, we prove that there exists (u, p) weak solution (cfr. Definition 4.1) of the PDE
MFG system 4.1 in (0, 00). In order to do so, we use the Hopf-Cole transform for
quadratic Hamiltonians (see, e.g. Remark 1.13 in Cardaliaguet and Porretta [5]) and
we consider the following auxiliary system

dw + FAw +b(x, pt.x)) - Vw =w f(x, p(t,x)),  (t.x) €[0,T) x R?,

dp—3Ap+divpt.x) (Y2 +b(x, pt. )] =0.  (t.x) € (0, T] x R?,

P(O, )ZPO() XERdv W(T, )ZCXp(_g())9 XERd-

4.9

Notice that if (w, p) is a weak solution of the previous system such that p, w, d;w €
Cp([0, T] x Rd), i € [[d]], then w(t, x) > e (18llootT 1 flloo) by strong maximum
principle. Therefore, the ratio VT“’ € Cp([0, T] x RY; R4 ) with a bound that depends
only on the infinity norms of the coefficients; precisely:

Vw
"7” < Cylg, f,b,T). (4.10)

This observation justifies the following definition, analogous to Definition 4.1.

Definition 4.3 (MFG solution, PDE formulation - I) Let pg € Cp (Rd) a given prob-
ability density and g € C, (Rd ), also given. A weak solution of the PDE system
(4.9) is a pair (w, p) such that w, d;w and p € Cp ([0, T] x Rd) for all i € [[d]],
w(t,x) > e~ (gl tT 1 ll0) and the system is satisfied in the weak sense as in Defi-
nition 4.1.
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In particular, the weak formulation in Definition 4.3 is equivalent to the validity, for
all t € [0, T], of the following system

T
w (1) = Pr—iexp (—g) — / Ps—i (b (. p () - Vw(s) —w(s) f (-, p(s))ds
t

4.11)
and

Vw (s)
w (s)

t
p () =Pipo +/0 VPi—s (17 (s) ( +b(C,p (S)))) ds, (4.12)

where the quantity VP;_; is defined in Lemma 4.2, Eq. (4.8). The proof of such
equivalence is the same as in Lemma 4.2 and we decide to omit it for the sake of
space.

To prove global existence of weak solutions, we need the following additional assump-
tion on pq:

(H5) There exists a continuous function p : R¢ — (0, co) such that

lim p(x)=0 and po(x) <p(x)

llx =00

for all x € RY. Moreover py € C%(R?) for some & > 0 and p~! € C? (R?) with
|2~ + Ve, < oo

1 1

Notice that the latter assumption on p~ " is not restrictive. Indeed, smoothness of p~
can be obtained by regularization and the bounds on H Ap~! ”oo and H A ”OO are
true if p decays slowly, monotonically and radially, which can always be assumed
without loss of generality. We are now ready to prove the existence of a weak solution
of the PDE system (4.9); this is the content of the following theorem, whose proof is
relatively standard but some new details — up to our knowledge — are due to the fact
that the space is R? instead of a bounded set.

Theorem 4.4 There exists a weak solution (w, p) on [0, T of system (4.9). Moreover,
the pair
(u, p) = (—logw, p)

is a weak solution of the system (4.1).
Proof See Appendix 1, Sect. 1. O

Now, we prove that the system (4.1) admits a unique solution for T sufficiently small
via the contraction principle; indeed, the following theorem holds.

Theorem 4.5 (Local well posedness) There exists a unique weak (or mild) solution of
the MFG system (4.6)—(4.7), for T sufficiently small.
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Proof See Appendix 1, Sect. 1. O

Next, let T > 0 indicate (as before) the finite time horizon, and let b, f, po, g as in
Sect. 2. If the PDE system in Eq. (4.1) has a unique weak (or mild) solution (u, p),
then we denote by K (T, b, f, po, g) the following constant:

K(T,b,f,po,g)= sup |Vu(t, x)|. (4.13)
te[0,T],xeR4

4.1 Feedback MFG with Given Density

We started the section by formulating the PDE approach to MFGs of moderate inter-
action. Here, instead, we introduce the corresponding stochastic (feedback first and
open-loop in the next subsection) formulation.

Let K > 0. In order to make precise our definition of (feedback) MFG solution, we
introduce the following notation:

(i) We denote by Aéb the set of feedback controls for the MFG, which is defined
as the set of functions o € C, ([0, T'] x R4, R4 ) bounded by K.
(i) Next, given the function p as in Definition 4.1, given an admissible control

b . .
o € A'If< , we consider the equation

t
X =Xo —i—/ (a(s, Xs) +b(Xs, p(s, X5)))ds + W, te€]0,T], (4.14)
0

where Xy is a Fp-measurable random variable distributed as p¢ having den-
sity po while W is a d-dimensional Wiener process defined on some filtered
probability space (2, F, (Fy), P).

(iii) Finally, we consider the following cost functional

T
J(@)=E UO Ela(s, XOI? + f(Xs, ps, Xy))ds + g(XT)]

and we say that o* € A',’;b is an optimal control if it is a minimizer of J over
b . . .
Aé e if J(a¥) = 1nfa€A)f<-b J ().

The notion of solution we will consider in the feedback case is then the following:

Definition 4.6 (MFG solution, stochastic feedback formulation) Let T > 0 be the
finite time horizon and b, f, po, g as in (H1)-(H2) and (H4); see Sect. 2. Then a
feedback MFG solution for bound K > 0 is a pair («*, p) such that:

(i) p € Cp([0, T] x RY) and a* € ALY,
(ii) Given p € Cp([0, T]1xRY), a* € .A{(b is an optimal control for the cost functional
J(+) (in the sense of item (iii) above);
(iii) For any weak solution (2, F, (F;), P, X, W) of Eq. (4.14), X; has law u; with
density p(¢, ) forevery t € [0, T].
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Assume that the MFG system in Eq. (4.1) has a unique weak solution (u, p) and let
K be any constant such that

K > K(T,b, f, po, &),

where K(T, b, f, po, g) is the constant in Eq. (4.13). From an operative point of view,
in order to find a (feedback) MFG solution in the sense of Definition 4.6, we look for an
optimal control «* € Aéb such that, given p € C,([0, T] x R?) and given any weak
solution (2, F, (F;), P, X*, W) of Eq. (4.14) (controlled by «* and with density p
appearing in the drift), the law of X7 has density p* € Cp([0, T] x R?) such that
pr=p.

Given the environment (2, F, (F;), P, W, p), i.e. a filtered probability space
with Wiener process W and with a given distribution of players specified by its
density function p, where p is as in Definition 4.1, we notice that path-wise unique-
ness and existence of a strong solution of Eq. (4.14) is provided by Veretennikov
[25]. Then, we define the unique solution X of Eq. (4.14) in the given environment
(Q,F,(F),P, W, p) and with « = —Vu, to be the state of the PDE system in
Eq. (4.1) in the given environment with density p. Nevertheless, we decide to intro-
duce and work with weak solutions in view of the approximation result of Sect. 6,
where we exploit weak convergence of the laws of the N-player system and provide a
stochastic representation of the limiting dynamics by means of the martingale problem
of Stroock and Varadhan [24].

4.2 Open-Loop MFG with Given Density

We now introduce a more general notion of control, that of open-loop control, together
with what we intend with a solution of the MFG in open-loop form.

Let K > 0. In order to make precise our definition of (open-loop) MFG solution, we
introduce the following notation:

(i) We denote by Ak the set of admissible open-loop controls for the MFG, which is
defined as the set of tuples (2, F, (F;), P, X, W, o) where o = («(t)):c[0,7] 1S
Fi-progressively measurable, continuous and bounded by K a.s. forall 7 € [0, T'],
while (2, F, (F;), P, X, W) is a weak solution of

t
Xt=xo+/<a<s>+b<xs,p<s,Xs>)>ds+wz, (e10.T] (A1)
0

where X 4 1o, having density po, is independent of the F;-Wiener process W.
For the sake of brevity and where no confusion is possible we will denote a control
for the MFG simply with «, in place of the full tuple.

(i) We consider the following cost functional

T
J(@)=E [/0 Ela(s)l2 + f(Xs, p(s, Xg))ds + g(XT)] (4.16)
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and we say that «® = («*(#))s¢q0,77 € Ak is an optimal control if it is a minimizer
of J over Ak, ie.if J(@*) =infyec 4, J ().
Thereafter, we will denote by OC the just-introduced optimal control problem. The
notion of solution we will consider in the open-loop case is then the following:

Definition 4.7 (MFG solution, stochastic open-loop formulation) Let T > 0 be the
finite time horizon and b, f, po, g as in (H1)-(H2) and (H4); see Sect. 2. Then a
open-loop MFG solution for bound K > 0 is a pair («*, p) such that:

(1) peCp([0, T] x Rd) and o* € Ak, o standing for the full tuple:
(Q, f’ (f[)v Pv X9 W7 a*);

(ii) Given p € Cp([0, T] x R?), a* € Ak is an optimal control for problem OC (in
the sense of item (ii) above);

(iil) (2, F, (F1),P, X, W) is a weak solution of Eq. (4.15) such that X; has law u;
with density p(¢, -) forevery ¢ € [0, T'].

As for the feedback case, given the environment (2, F, (F;), P, W, p) where p is
as in Definition 4.1, given an admissible control « € Ak, we notice that path-wise
uniqueness and existence of a strong solution of Eq. (4.15) is provided by Veretennikov
[25] but we will continue working with weak solutions in view of the approximation
result of Sect. 6.

We point out that feedback controls induce stochastic open-loop controls so, as
a consequence, the computation of the infimum of J(«) over the class of stochastic
open-loop controls would, in principle, lead to a lower value with respect to performing
the same computation over the set of stochastic feedback controls. However, thanks to
Proposition 2.6 in El Karoui et al. [10], the two minimization problems are equivalent
from the point of view of the value function.
We state now the main result of this section, the Verification Theorem, which gives
an optimal control for OC. In particular, we are going to show that o™ is the optimal
feedback control, namely the optimal strategy to play at time ¢ for a given state x.

Theorem 4.8 (Verification Theorem) Consider the PDE system in Eq. (4.1) and let
(u, p) be a weak (or mild) solution. Consider the optimal control problem OC as in
Definition 4.7-(iii) and set a*(t) = a*(t, x) = —Vu(t, x). Then,
(1) o™ is an optimal control for OC;
(ii) For any weak solution (2, F, (Fy),P, X*, W) of Eq. (4.15) with a(s) =
a*(s, X¥), the state X has law u) with density p(t, -) for everyt € [0, T].

Proof Let o € Ag and X* = (X{");¢q0,77 the solution of Eq. (4.15) controlled by «.
Besides, let X} as in Definition 4.16-(ii), i.e.,

t
X =Xo+ / (=Vu(s, X))+ b(X7, p(s, X)) ds + W,.
0

Notice that, thanks to boundedness of the drift, the previous equation admits both a
weak solution and, in any given environment (2, F, (F;), P, W, p), a strong solution
that is path-wise unique [25].
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Proof of (i). Heuristically, should the function u € Cl’z([O, T] x Rd), then we
could apply Ito formula to (¢, X{') and obtain (in expectation)

E[g(X7)]
=E[u(T, X7)]

T
=K |:u(0, X3) +f (ot(s) -Vu(s, X§) — %qu(s, X?‘)l2 — f(XY, p(s, Xg)) a’s:| ,
0
4.17)

where we use the fact that the function u satisfies the first equation of the PDE system
in Eq. (4.1), which implies

T/
Elg(X7)] = E [u(O, X5) +/0 (—Eloe(s)l2 - f(XY, pCGs, X;")) ds} .

Hence for any admissible control & we would have J («) > E[u(0, X{)]. In particular,
the above inequality becomes an equality for a(s) = a™(s,x) = —Vu(s, x), i.e.
J(@*) = infy J(a) = E[u(0, X{)]. This would prove that o* is an optimal control
for OC.

However, the function u is not “regular enough" to apply It6 formula and some
work is needed to adapt the heuristic argument to u. Given the technicality of this
part and being it based on standard mollification arguments, we decide to move the
required computations in Appendix 1, Sect. 1.

Proof of (ii). Now, let u} be the law of X[ and let ¢ € C%(Rd) be a test function.
By It6 formula,

t
0(X?) = o(Xo) + /0 Vo(X2) - (~Vu(s, X5 + b(XE. pls. X*) ds

t

! 1
+/ Vo(X7)dW; +§/ Ap(XY)ds.
0 0

Hence, taking expectations on both sides, we have

t
(s 0()) = (po. () +/0 (ws, Vo) - (=Vu(s, ) +b(-, p(s, -)))) ds

1 t
+§/ (ur, Ap(-)) ds.
0

Theorem 4.5 guarantees that this equation has a unique weak (or mild) solution
with density p(¢, -); hence u and pu* coincide and w} has density p(t, -) for every
t € [0, T']. This concludes the proof. O
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5 Moderately Interacting Particles

Let N € N be the number of players and denote by X tN ! the private state of player i
attime ¢, ¢ € [0, T]. In this section, we assume that the evolution of the players’ states
is given by Eq. (3.1) and, as said, we consider players using feedback strategies, i.e.
aNi(s) = als, Xﬁv ) with « sufficiently smooth. In particular, we will assume — with
the natural identification —that o € Cp([0, T] x R4N. Rd). Besides, b, VN and XON’i s
i € [[N]], satisfy the hypotheses (H1), (H3) and (H4) in Sect. 2. Before proceeding,
notice that the function
F:[0,T] x RN — RN

defined component-wise as
| N
Fi(t,x1,...,xy) =a(,x;) + b(x,', N Zl vN(x; — xj)) 5.1
j:

is continuous and bounded. Since the blackian motion Wﬁv € RN in Eq. (3.1) is
non-degenerate, both existence of a weak solution and existence of a pathwise unique
strong solution in any given environment ((2y, Fy, (.7-"tN ), PN), WV, V), where now
in the N-player case the interaction among players is prescribed by V, holds for this
system [25]. Let SV be the empirical measure on R? of the players’ private states, that
is,

N
sN(B) = %Z(SX,N,,-(B), B eBRY), te[0,Tl. (5.2)
i=1

SN = (SV) is a continuous stochastic process with values in P(R?); hence it can be
seen as a random variable with values in C([0, T']; P(R%)) (notice that for the sake
of notation we do not put the explicit dependence on w € 2 in these definitions).
Therefore, C(StN) e P(P(RY)) and L(SN) € P(C([0, T1; P(RY))), respectively.

The main goal of this section is the characterization of the convergence of the laws
(L(SM))nen in P(C([0, TT; P(R?))). This characterization result is the content of
Theorem 5.1 here below.

Theorem 5.1 (Moderately interacting particles) [cfr.21, Theoreml] Grant (HI) and
(H3) — (H4). Let o € Cp([0, T] x R¥*N: RY) be given. Then,

(1) The sequence of laws (LSM)) ven converges weakly in P(C([0, T, P(RYY))
to 8, € P(C(0,T]; P(RY))) for a flow of probability measures | €
C([0, T1; P(R)); hence also SN converges in probability to ji;

(ii) For eacht € [0, T), u; is absolutely continuous with respect to the Lebesgue
measure on RY, with density p(t, -); the flow of density functions satisfies

p € Cp([0, T] x RY)
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and it is the unique solution in this space of the equation

t
p (1) =Popo+ /0 VP (p(5) (@ (s) +b(-. p(sH)ds.  (5.3)

The proof of the previous theorem is divided into four parts. The first one is the
tightness of the sequence of laws (LS yen in P(C([0, T1; P(RD)); see Sect. 5.1.
The second one is the collection of estimates on V'V x StN ; see Sect. 5.2. The third one
is the characterization of the limits: all the possible limits are a random solutions of
the deterministic equation in Eq. (5.3), with the required regularity; see Sect. 5.3. The
fourth one is the proof of the uniqueness of solutions of this deterministic equation.

5.1 Tightness of the Empirical Measure

On P(R?) the weak topology is generated by the following complete metric:

dy (1, v) = sup (s f) = (v, f))

feLip; (RY)NCy(RY)

We refer to Oelschldger [21], Page 285, and Dudley [8], Theorem 18, for a complete
proof of the previous result. Also, we consider the regularized empirical measures

(VN % S,N) (x) = /Rd vV (x — y)SN (dy).

In particular, these are probability densities, because they are non-negative functions

with
/ (VN * StN> (x)dx = / (/ VvN(x — y)dX> StN(d)’) =1
R4 R4 R4

Therefore, we consider the probability measure with density V¥V x S[N as a random
time-dependent element of 7(R¢) (for each ¢ and a.s. on the probability space). In the
next lemma, when we mention the laws (£(VY % SV))yen on P(C([0, T1; P(RY))),
we adopt this interpretation.

Lemma 5.2 (Tightness) The laws (L(SN)) yen are tightin P(C([0, T]; PRYY)). Sim-
ilarly, the laws (L(VN s SN))yen are tight in P(C([0, TT; P(R9))).

Proof Part 1. Recall that the initial conditions Xo™*, i € [[N]], admit a density po
which is integrable. Therefore,

E U |x|S(])V(dx):| <C
Rd

for some constant C > 0, uniformly in N € N. To establish the tightness in
C([0, T1; P(R?)), we have to show (see, for instance Karatzas and Shreve, 1998,
Problem 2.4.11) that the following two conditions are satisfied:
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(i) E [SUP;E[Q,T] f]Rd |X|S;N(dx)] <C,tel[0,T],
(i) E[dw(SY,SM)P] < Clt —s|'*, 1,5 €0, T]

for some constants C > 0, p > 2 and € > 0. In order to verify (i), we compute

N
1 .
/Rd IS () = = 31X,
i=1

where
. . t .
X = 0 [ (s, x0)
0
1 N
. o i
+b(X§V”,NZVN(X§V”—XS f))|ds+|w, i,
j=1
Hence,

1XY oo < 1X0™ |+ CT + [ W oo,

which implies

E[IX¥ oo | < E[1X¥]] + €T + cf @),

where we use the boundedness (uniformly in N) of &, b and E [|X oM |]; the quantity
C ;V (d) only depends on T and d. As regards (ii), instead,

P
E [dw(sf“, sj,V)P] <E|sup

1 Y Vi
DA A ENIC ALY
N i=1 t

|

1 Y N,i N,i
SJE_SL;.pN;’f(Xz )= Fx
|

where we apply Jensen’s inequality, the 1-Lipschitz continuity of f, boundedness of
« and b and Burkholder-Davis-Gundy inequality, respectively. To conclude it suffices
to choose p > 2.

Part 2 To prove the statement for the random flow of probability measures V' StN ,
let us first notice that, denoting by R > 0 a real number such that the support of V

B N
1 Ni N
=E NZ,.—I‘XI Lo

<C(r —slP 4+t —s|?),
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is included in B (0), the open ball of radius R around the origin, for all y € RY we
have

/RdIXIVN(x—y)dxzf lz+yI VN (2)dz < sup lw+y| < |yl +R

|lw|<R

and thus

f |x|(vN*s,N)(x)dx=/ |x|(/ vN(x—y)S,N(dy)>dx
R4 R4 R4
-/ (/ b VY (x—y)dx) SN (@)
]Rd Rd
5/ Iy SN (dy) + R.
]Rd

We conclude by going back to the previous estimate without the mollifier. Moreover,
denoted V-~ (x) = V¥ (—x), if f has Lipschitz constant less or equal to one, then

(VM) @ = (V¥ r) )
= /Rd yN (x/—x)f(x’)dx’—/Rd VNV (x" —y) f (x)dx’

:‘/ VN(z)f(z—HC)dz—/ VN Q) f 2+ ) dz
Rd Rd

5/ VN(Z)If(z+x)—f(Z+y)|dz§Ix—yI/ VY (2ydz = Jx — |
R4 Rd

namely V">~ x f has also Lipschitz constant less or equal to one. Therefore,

KVN SN, f>—<VN xS, f>‘
\(SN VAT )= (85 v )

T ) o () ()
x|

and we are again led back to the previous estimate without the mollifier. O

IA

5.2 Estimates on Mollified Empirical Measures

In this subsection we obtain estimates on mollified empirical measures. More precisely,
we first prove that the empirical measure S,N satisfies the following identity for a test
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function ¢ € C,l,’z([O, T1 x R9):

<SZN,¢(t, -))=<S£’,¢(0, ~)>

t
+/ <<S§V,8—¢(s, Dt g, -)>+<S§V,a(s)-w(s,-)>>ds
0 as 2

+/t<SSN,b(-,(VN*Sjv)(-))-vgo(s, -)>ds+Mf’*“’,
0

where M,N “isa martingale to be defined below. Then, in Lemma 5.3 we obtain an
identity in mild form for the empirical density; the latter is defined as any convolution
of the empirical measure with a smooth mollifier. In our paper, we work with the
following particular convolution:

- ;
Pan = (vast)m = [ vhe- st - y VX,

54
where t € [0, 7] and x € R?. Then, in Lemma 5.4 we derive Holder-type semi-
norm bound for the martingale M,N "¢ and in Lemma 5.6, instead, Holder-type semi-
norm bound for the empirical density (5.4). In particular, we will see that in order
to understand the limit of (£(S™))yen it is crucial to study rigorously the regularity
properties of p that remain stable in the limit as N tends to infinity.

First, we obtain the identity for the empirical measure. Let ¢ € C ,i’z([O, T] x RY )
be a test function. By It6 formula,

d<StN,go(t, -)>= %id(p (r, va’i)

I
-

1 e N.i 1 N.i N.i
=¥ . _t<t’Xt ’)dt—l—ﬁ E Vo (t,X, ’).a(z,X, "dt
i=1 i=1
- -
N N, N N
+ﬁ§7:w<r,xl ) (x5 VNN =X ar

+
9
- <s{\’, a—‘:(r, .)>+<S;V,a(z)-w(t, -)>dt
+

<S§V,b(-, (VN*S,N) () - Velt, -)>dt
N

+ N;W’ (r, e ) AWM E(S,N, Aglt, -))dt.
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In particular, the previous expression can be rewritten in integral form as:
(s¥.o @ ) =(si 0 0. )
' N 99 1 N
(Y2 6+ 580 )+ (sV e @) Ve s ) ) ds
0 as 2
t
+f <S§V,b(-, (VN*ng) (-)) Vo (s, -)>ds+M,(p’N,
0

(5.5)
where MV is the martingale

& . .
MM = / —3 v (s, XN) AW (5.6)
0 M is
Second, we obtain the identity in mild form for the empirical density. Henceforth,
we will use the classical notational conventions used in the semigroups theory [see22].
Sometimes, it may happen that we will indicate the explicit dependence on the state

variable to clarify the results; see e.g. the second integral in the lemma here below.

Lemma 5.3 Let p" as in Eq. (5.4). Grant assumptions of Theorem 5.1. Then,

PN =PpY ) + fo VP (vN * (ot(s) sSN)) ds
+/(~)tv7)tS (VN * (b<’7PN(S, )) S;V))ds-l-M,N(')

where

e . 4
MY () =/O NZPHVVN( —Xﬁv”)dWsN’l. (5.7
i=1

Proof For the reader convenience, let us first recall the definition of P;; cfr. Eq. (4.5).
If we set G (¢, x — y) the density of x + W;, where W; is a standard blackian motion,
tel0,T]and x,y € R4, then P is defined on functions & € Cp, (Rd) as

P = [ Gx =iy,
Now, consider for a given ¢t € [0, T'] the identity in Eq. (5.5) with the following choice
() — N,—
0" s.0) = (P (V" xm)) (). 5 € 10,11,

with & € Ci(Rd) and VNV~ (x) = V¥ (—x). Recall that the convolution commutes
and hence P, (VY>~ % h) = (VV-~ % P;h). Besides, it holds that VP, (V= x h) =
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(VN-= % VP, h). Therefore,

<VN * S,N,h> :<VN * S{)V,P,h) - /Z<VN % (a (s) SSN> , VP,_sh>ds
0
(b (- (v SY) ) V) VR nas

tl Y N,— N,i N,i
+/0 N;V *V(Pt_sh)(Xs )~dWs .

By Fubini—Tonelli theorem and stochastic Fubini theorem, we can move the semigroup
on the first argument and use integration by parts to obtain:

(p" @ 1) =(P.p" ©). 1) - /Ot (VP (V¥ 5 (¢ ) 8Y)) ) ds

+ /Ot <V7>H (vN « (b ( (vN . Sﬁ’) (.)) S;’V)) ’h>ds

+ (M ().
By the arbitrarily of 4, this concludes the proof. O

Now, let denote by [f], the Holder semi-norm on R4 and by [If1l, the associated
norm, i.e.:

lLf ) — f O

Lfl, = P~

x,yeR?
xF#y

c U, =0+ 1 D (5.8)

where, as usual, || flloo = sup,cga | f (x)]. We state the following lemma.

Lemma5.4 Let MtN( -) be the martingale in Eq. (5.7) and B € (0, 1/2) the constant
as in the definition of VV; see Eq. (2.1). Then, there exists y € (0, 1) such that, for

all p > 2, there is a constant C, > 0 such that E [”MIN ||5] < Cp, forall N ¢ N
andt € [0, T].

Proof 1t is enough to check the sufficient conditions (C.3)—(C.4) of Lemma C.2 in
Appendix 1.
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Let E;,l = Ng. Using Eq. (C.6), the bound in Eq. (C.3) reads

-
p 1 ! . )
E[|m) )] = ~E VP VY (v = XN ) aw
c 5 ﬂ/2:
< N—I;E vV (x — Xy’) ds
4 B
C,Cl o e’ ”‘3 e
- T.R.VEN LIS S
NP 0 S)
~ g _p/2
Cc e L XVl | Xt 1
Ne i=1 0 (t S)
c e 1XN1jl0g
< p,T,R,];,;S/ZN o [e,,”.r}

where, to ease notation, we set || XN/ [|oo,7 = sup;o.7] XN\ i € [[N]]. The last
expected value is finite thanks to (H4); therefore,

N G—pd—pS
3[Jw o) = G S0

Lok
where (up to a constant) g (x) = e” 87 is integrable at any power. Now, recall that
v =N g. Then

f&pdfpé Ni B (pd+ps)

NP2 T NP/2

which is bounded for g < % by choosing § (depending on p) small enough.

As regards the bound in Eq. (C.3), we use estimate (C.7) with y small enough
compared to § so to have (y — 6 (1 — y)) < 0. To ease notation and for the sake
of space, we denote

ApMYN (x) = MY (x) = MY (x + h)
APy VN = XV = vV e — XNy - VN (x4 b — XN
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and, as before, || XV ||oe.7 = supycio.7y X8I, i € [N1]. We get

STy

N P
1 ! N Ni N
= v B | |2 fo AnPrs VP (x = X Haw
- p/2
Cp N N,i n.i|?
SWE 5V (X—Xs’)dWS' ds
i p/2
_ &}E Z C}rv h e —2d—25(1—y) —ZATR\/‘)C xV ds
= NP 0 S)I-H/
& mpdmpsi=y) |
< 2 T.RVEN |h|PY e~ RVIXIRE [ep)»rR.VHXN" ||oo,T]
- NP/2
and the conclusion is the same as for the previous term. O

Remark 5.5 Lemma 5.4 is a non-trivial achievement of this paper. Indeed, the
Kolmogorov—Chentsov criterion (see Karatzas and Shreve 1998, Theorem 2.2.8)
would provide with much fewer computations a similar result on bounded sets. How-
ever, the dominating constant would diverge when passing to the full space. Notice
that we will need the passage to the full space in Lemma 5.6 below. For this reason, we
use a more complicated strategy—summarized by the results in Appendix 1—based
on Sobolev embedding theorem.

Lemma5.6 Let pV (t) as in Lemma 5.3. If B € (0, 1/2) and supy, || p™ (0) ||i < 00,

then there exist p > 2, y € (0, 1) and a constant C,, > 0 such that E [”pN (1) Hﬂ <
C.

Proof Lemma 5.3 provides the following bound

[lrol]” <5 [l
’ v
1
[l (e o)) e
+/OIE [“VPZ_S (VN * (b(-,PN (s, .)> SN))H ]Up W
p]l/P
V] ’

G
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where we use the first inequality of Lemma C.3 in Appendix 1 and the bound of
Lemma 5.4. Therefore,

lrof]" e [ Sarllv o9 [])s

[ —Cgm e e )] e

(t—s)72
+C.

At this point, we need to find a bound for the last two expected values. We start from
the first.

(7Y (ot 0sY)) o = [V =) et Y )
Rd
< s, ->||oo/Rd VY (x = y) SV (dy) = lleets, Hlloo PV (5, %)

hence

1/p

v (e 02| ] < et e[
< s, Dl B [Hp’v(s)m”p
As regards the second expected value, we similarly obtain
E[[vY e (b (- 0" ) SSN)H;]W < ||b||ooE[HpN<s>H’;]1/p.

Therefore,

E[szv(t)H:]l/p < C+C/O’ lee(s, o + ||b(.1,p1v(s, .))HOOE|:HpN(s)H:i|l/pds.

+r

(t—s)72
The conclusion follows by a generalized version of Gronwall’s lemma. O
We are now ready to prove Theorem 5.1; its proof is the content of the next subsection.
5.3 Identification of the Limit
Let us denote by Py and Qu the laws of SV and VV % SV, respectively, on
C(0, T1; P(Rd)), for each N € N. By Lemma 5.2, we know that both the families

(PN)Nen and (Qn) nen are tight in C([0, T'; PRY)). In particular, their convergent
sub-sequences have the same limit, in the following strong sense.
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Lemma 5.7 Assume a subsequence (P, )reN converges weakly to a probability mea-
sure P on C([0, T; ’P(Rd)). Then also (Q N, )keN converges weakly to P.

Proof To prove the lemma, we are going to show that every convergent subsequence of
(O N, )ken has limit P; indeed, this implies that (Q y, )xen converges to P. To this end,
let (Q N )keN be a subsequence of (O n, )ken converging to a probability measure Q on

C([0, T]; P(R%)). In particular, for every positive integer m and every finite sequence
< .. <ty €[0,T], both 7y, .1, Py and 7(,.....1,,) Q; converge weakly on
P(RY)™, where 7,4, is the projection on the finite dimensional marginal at times
(t1, ..., tpy). The limits are, respectively, w(, .. 1) P and 7, . 4,) Q. If we prove that
they are equal, then P = Q as a consequence of Kolmogorov extension theorem (see
e.g. Stroock and Varadhan, 2007, Theorem 1.1.10). o
Now, by Skorokhod representation theorem, on a new probability space (?2 F, }P’)

..........

.....

we may consider a sequence S of continuous processes with values in P(R?) and a
continuous process [i; with values in P (RY) such that their laws on C([0, T]; P(R9))

are Py, and P respectively; and VxS has law Qp, which we know to be
convergent, weakly, to Q. As remarked at the beginning of Appendix 1, given t €

[0, T'], with probability one, <VNk * S N <p> converges to (ii;, @) forall ¢ € C, (Rd)
and therefore for all g € Cp (R?) because i, € P (R?). Therefore, with P-probability
one, VNk * S converges to JI; in the topology of P(R?). Hence, also the law of

N s St converges weakly to the law of [i; in the topology of P(R“); namely
ntQN/i converges weakly to m; P. Similarly, if /4 < ... < t;, € [0, T], the P(Rd)’"-

. / ~N’ / ~N! ~ ~
valued random variable (VNk 8, o, VNex S, K ) converges a.s. to (,u,l, oo gy

in the topology of P(R?)™. Therefore, also the law of (VNk * S,lk, o VN S,m )

converges weakly to the law of (Mn s eees ,u,m) in the topology of P (R4 )m, which means
that 7, ....1,,) Q) converges weakly to 7. ...1,,) P O

Now, let (Py, )keN be a convergent subsequence of (Py)yen (Which exists thanks
to Lemma 5.2) with limit P on C([0, T']; P(R?)). We shall prove the following two
statements.

(i) The probability measure P is equal to §,, for a suitable u € C([0, T']; PRYY)
which does not depend on the subsequence (Ni),cn; hence the full sequence
(PNn)nen Will converge weakly to 6, and S N will converge in probability to /.

(ii) u satisfies the conditions in Theorem 5.1.

To this end, with the purpose of simplifying notations, we shall prove that the original
sequence (Py)yen admits a subsequence (P, )ken Which converges weakly to §,
for a unique u € C([0, TT; P(RY)) satisfying all the conditions of Theorem 5.1. The
same argument applied to any subsequence ( Py, )ken in place of the original (Py) yen,
proves the claim above; this will be the content of Proposition 5.8.

Denote by A C C([0, T1; P(RY)) the set of all (ie)reo,77 such that there exists
p :10,T] x RY — R with the property that x — p (¢, x) is continuous, bounded,
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non negative, fRd p(t,x)dx =1and u; (dx) = p (¢t,x)dx forall r € [0, T]. Since

t— / p,x)o(x)dx = (uy, @)
]Rd

is continuous for every ¢ € Cp, (Rd), p is measurable in (¢, x) and weakly continuous
in ¢, in the previous sense.
Given & € C([0, T] x R R?), ¢ € CL% (10, T] x RY) and 11 € A, set

t
by, () = sup |{us, @, -)) — (1o, (0, ~)>—f (s, Ap(s, +)
tel0,T] 0
—(x(s) + b (p(s))) - Vols, -))ds| (5.9)

where for the sake of space b (p(s)) denotes the function b (-, p (s, -)) and p (s, -)
is the density of ;. Moreover, we remind that A is the operator defined in Eq. (4.2).

Proposition 5.8 Let (Ny) be a subsequence such that Py, converges in law to P on
C([0, T1; P(RY)). Then:

(i) P(A) = 1.
(i) [ (®y (w) A1) P (dp) = 0 for every ¢ €Ct> ([0, T] x RY).

Proof The proof is divided in four steps. Before proceeding, notice that by Lemma
5.7 also (Qn, )ken converges weakly to P.

Step 1 On an auxiliary probability space, let (u;)o</<7 be a process with law
P.Givent € [0, T], S,N" converges in law to p,. Moreover, V Nk 5 StNk satisfies the
assumptions of Lemma D.2 of Appendix 1. Therefore P (A) = 1.

Step2 Forevery$ € (0, 1)and u € PRY), let ‘Ps u denote the following function:

(Ps) (X)=/ G(@,x—y)nldy).
Rd

Moreover, introduce for ¢ € Cé’z ([0, T] x RY ) and § € (0, 1), the regularized func-
tional, defined on u© € C([0, T]; P(Rd)) (instead of A)

t
<Ml‘v (p(ta )) - (MOa (p(ov )) - / <MS7 A(p(sa ) - (a(s)
tel0,T] 0

+b (Psps)) - Vols, -)) ds|.

Dy 5 (1) = sup

It is easy to check the previous functional is continuous on C([0, T']; P(RY)). There-
fore, being @, s (-) A 1 continuous and bounded,

klirr;o/(©¢,a (1) A1) Qn, (du)=f(<1><p,a () A1) P (dp).
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Recall we know that P (A) = 1. For each u € A and s € [0, T] it holds that:
lim Pypiy = p(s).
locally in the uniform topology, where p(s) is the density of uy; therefore,
lim b (Psps) = b (p(s))
§—0

locally in the uniform topology, and it is a bounded convergence. Hence, thanks to the
local cut-off given by ¢(s) we have:

(s, b (Pspis) - Vo(s, -)) = (p(s), b (Psps) - Vo(s, -))

Z (p(). b (p(s)) - Vols, )

= (s, b (p(s)) - Vols, -)).

By Lebesgue dominated convergence we conclude that
lim @y, 5 (1) = Dy (1)
§—0
and thus again, by the same theorem,
lim f (g5 (1) A1) P (dpt) = f (®y (1) A1) P (dpr) .
Therefore
[ (@G0 A1) Pt = tim tim [ (@560 2 1) O, @,

In the next step, we prove that this double limit, taken in the specified order, is zero.
Step 3 We have the following identity:

/ (®ps (1) A1) O, (dp) = E [%,5 (ka * st) A 1] . (5.10)

Choosing Y Ne— @ as test function,
(s, (v acp) ) = (S5 (VYT 50 (0, )
t
—/O (SX, AV s g)(s, ) ds

= [ (52 () + b (V0 S%)) - TV w5, s + MYV,
0
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N, —
where M,N VT denotes the martingale (5.6) in which N and ¢ have been replaced
by Ny and VN~ « @, respectively. Thus,

<ka « SM o, -)> — <ka S0 (0, -)> —_ /Ot <ka « SN, Ag(s, -)>ds

= /(‘)’ <VNk * [(d(S) +b <VNk % S‘gvk)) Sﬁvk] Vs, ')>ds N MtNk,VNk*‘*q;.

(5.11)
For the sake of space, we set for t € [0, T']:
v/ = ey g vier = vk s
VEOr = als) + bVET) VISP = als) + b(Ps(VE)).
Now, we compute the expected value on the right-hand side of Eq. (5.10).
E [cpw(vt"v*) A 1]
k% k,*
<E| sup (V00 0) - (W 00, )
| r€[0,T]
1
- f (Vi ApGs, ) = vE“P? Vs, ) ds }
0
_ . .
—E| sup / (VNk " [V,"’“’b ngk],w(s, -))dHMtNk’VN‘“ *
_te[O,T] 0
t
ke yrk.,b,8
_/0 (Vv VT Vs, ')>dS] (5.12)

Ni, VN
<E |:‘MT"’ "

2}1/2

+E [/OT (v Vgts, ) = (VE* at) - Veis, )| ds]
T Nk k, %\ ¢Ng

+1EUO Kv *[b(VX )s! ],V(p(s,-))

. <vf’*, b(Ps(VE¥)) - Vs, ))) ds]
= () + D) + Gid).

In the previous equation, we use the following bound

2]1/2

Np,— Ny, —
E| sup ’M,N’“V “ll < CE |:’MITV’“V LT
1€[0,T]

@ Springer



38 Page 30 of 65 Applied Mathematics & Optimization (2022) 85:38

due to Doob’s inequality. At this point, we have that the terms (i) — (iii) in Eq. (5.12)
converge to zero as Ny — oo. By hypothesis ||V~ % V|| o is bounded because
V¢ is uniformly continuous and hence V¥~ % V¢ converges uniformly to V. This
implies that (5.12)-(i) converges to zero. Indeed,

2

:| ds

E I:(Mév’f’VNk’Wp)ziI

N
1 ! .
NZ Z/ B UVVNA"_ * (s, X{)
— Jo
i=1

IA

l ”VN"’_ * V(pH2 T

N o0

The uniform converges of V¥~ % Vg and V&~ x (a(-) - Vo), the weak conver-
gence of va" (realized a.s. on an auxiliary probability space, by Skorohod theorem)
and Lebesgue dominated convergence theorem implies that also the term (5.12)-(i7)
converges to zero. The converges to zero of the third term is more delicate and it will

be proved here below in the third step.
Step 4 Let us consider

T
B[ [ (s %« Vs, = v [oPscvion - Vi, ) as|
0
T
< [CE[[ v e pesvioon - sk 19o 6o ay st | as
T
<[ [ L[ v e = n[pucvin = vt w| 9 6 vty s (dx)] ds
0 R JRA

T
< EU / ka(xfy)(%(vj**)(y)—v.!‘**(y)\|V¢<s,y)|dysst(dx)] ds
0 R4 JRA

[l

We now compute the following two bounds (notice that we use the explicit expression).
The first is given by:

VE () = VIS 0] 19 (5, )l dy S2 <dx>] ds.

[Py (V¥ 59 ) () = (VY 52 ()]
- ’E [(ka 5 SY) (0 + W) = (ka * S§V’<) (y)”
<E H(ka « SSN") (y + W) — (VNk * SSN") (y)H
< [v™ *SSNk]yIE[lWaIV]

=G [VMasi] a7,
Y
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whereas the second, since V has compact support, say 1, so that the support of V™
is ey, , by

VG =) [V SN () = (VM ) (1)
< VN (x —y) [VNk * S;N"] lx —yl”
14

< VM= [Vt

Therefore
T
E [/ (829, bV - (VY 5 V), ) = V% [Py (VE) - Vs, ] (~>ds]
0
T
5cy5V/2/ E[[V’Vk*sjvk] / / VN (x — ) [V (s, )| dy S (dx)] ds
0 v JRA JRI
T
+e,Vvk/ JE[[VNWSN] / / VN (x — ) [V (s, )| dy SN (dx)] ds
0 v JRA JRA
T
§(Cy87’/2+€1}:1,()||v¢’”oo/ E[[VNk*ngk] / / v Nk (x—y)dySSNk (dx)i|ds
0 v JRA JRA

T
=(c 072+ €,) ||V(p||oo/ E [[ka 5] ]ds,
0 Y

which converges to zero as k — oo and then § — oo thanks to the first estimate of
Lemma 5.6. O

In order to complete the proof of Theorem 5.1 we have to prove that P is
supported on a class of solutions of equation (5.3) where we may apply the unique-
ness result of Appendix 1 now we know that P is supported on A and satisfies
[ (®g (W) A1) P (dp) = 0 for every ¢ ecl? ([0, T1 x R¥). On an auxiliary proba-

~

bility space (Q, F, ]P’) with expectation E, let (11;)o</<7 be a process with law P. We
know that

E[®, () A1]=0
hence

sup |<ﬁta (p(ta : )>
tel0,T]

t
— (1o, (0, -)) —/0 (is, Ap(s, -) — (a(s) + b (Ps)) - Vols, -))ds| =0
(5.13)

with ﬁ-probability one. The set Ccl.’2 ([O, T] x Rd) is separable in the natural metric
and therefore we may find a dense countable family D C Cé’z ( [0, T] x R4 ); it follows
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that we may reverse the quantifiers and get that with ]IND-probability one identity (5.13)
holds for all ¢ € D. Obviously we can also write

sup [(p(1), @(t, -)) — (po, ¢(0, -))
1e[0,T]

t
—/O (P(s), Ag(s, ) — (a(s) + b (Py) - Vo(s, -))ds| =0

since [1; has density py, and also 11 has density po by assumption. From the density
of D and classical limit theorems we get that, with P-probability one, the previous
identity holds for every ¢ € C2 (10, T1 x R?). Recall that we denote by G (t, x) the
density of blackian motion in R and by P; the associated heat semigroup. From the
previous identity we deduce

t
(PO, ¥ () = (Pipo, ¥(-)) —/0 (VPi—s (ee(s) + b(p(s))) . ¥(-))ds  (5.14)

for every ¥ € CZ(R?). Indeed, given t € [0,T] and ¥ € CZ(R?), consider the
test function go(’) (s) = Py_sy for s € [0, t]; by approximation by functions of class
cl? (10, 71 x RY), we deduce

(P@), Pi—t¥) — (po. Pi—o¥)

t
—/O (P(s), APr—)(s) — (a(s) + b (P(s)) - VPi—s) ds

(5.15)
which simplifies to

t
(), ¥) = {po, Prip) —/0 (s +b(P(s)), VPi—sr) ds

and therefore leads to equation (5.14) by simple manipulations. By the arbitrariness
of ¥ and the continuity in x of p; and of both P; f and VP,_; f (this one only for
s < t) for every continuous bounded f (here we also use the bound ||[VP;_; f |l o, <
ﬁ Il f |l and the integrability of ﬁ) we get

1
p(t.x) = (Pipo) (x) —/0 VPi—s (a(s) + b(p(s))) (x) ds.

By the same arguments we deduce that p is continuous in (¢, x). Moreover, it is
bounded uniformly in (¢, x) by the identity itself, because P.pg is bounded, « is

bounded, b is bounded and again we use |VP;—s f |l oo < ﬁ Il f Il so- In conclusion

D is of class Cp ([O, T] x R4 ) In Appendix 1 it is proved that in this class there is
a unique solution of the previous mild equation, hence P is supported by a single
element. This completes the proof of Theorem 5.1.
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6 Approximate Nash Equilibria from the Mean Field Game

In this section we show that if we have a weak solution (u, p) of the PDE system in
Eq. (4.1), then we can construct a sequence of approximate Nash equilibria for the
corresponding N-player game. This is the content of the following theorem.

Theorem 6.1 Let N € N, N > 1. Grant (HI)-(H4). Suppose (u, p) is a weak solution
of the PDE system in Eq. (4.1) and let «*(t, x) = —Vu(t, x) the optimal control of
the problem OC in the class Aéh with K given by Definition (4.13). Set

o™i, x) = o*(t, xi) = —Vu(t, x;), €0, T],
X=(x1,...,x5) € RN i e [[N]] 6.1)

and oV = @M1, ... oV Ne Az;fb. Then for every ¢ > O, there exist Ny =
No(e) € N such that & is an e-Nash equilibrium for the N -player game whenever
N > Nj.

Proof The proof is divided in three steps.

Step 1 Let (v, Fn, (FN), PV), WV, XV) be a weak solution of Eq. (3.1) under
strategy vector a™N'. We note that the function F defined in (5.1) with «(s, Xév Yy =
—Vu(s, X gv ') is continuous and bounded; this guarantees the existence of a weak
solution of the the system in Eq. (3.1) forany N € N Let S,N (resp. SV) denote the
associated empirical measure on R¥ (resp. on the path space X'). We are going to show
that

Nlim JN @y = J(@@*). (6.2)

Theorem (5.1)-(i) enables us to prove the convergence result in Eq. (6.2) for the
following simplified cost functional, where we do not change the notation for the sake
of simplicity:

T : ,
IV =E UO 5= vuls, XM ds + g(X?*’)} .

Symmetry of the coefficients allows us to re-write the previous cost functional in terms
of SV, 1 € [0, T]as

N

T 1 1 . 1 N .
JiN(aN):E[/O NZ§|—VM(S,X§V’Z)|2ds+NZg(Xy’l):|
i=1 i=1
T 1
ZE[/O <S§V,§|—W(s, -)|2>ds+<S’TV,g(-)>]

which converges, as N — 00, to

T 1
fo <S§’°,5|—W(s, 2 ds + (8%, g(+))
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where S* is the deterministic limit in probability of the sequence of random empirical
measures (S™) yen given by Theorem (5.1)-(i).

We claim that S7° = p(z, -), t € [0, T], with p the second component of the pair
(u, p),i.e.thedensity of the solution of Eq. (4.15) as stated by the Verification Theorem
4.8. Theorem 5.1 states that, given a”, the empirical measure S,N corresponding to
the interacting system with this control converges to a flow of measures with density
p(t, -), where we stress the dependence on «. In addition, Theorem 5.1-(i7) states
that p® (¢, -) is the mild solution of Eq. (5.3). By applying the previous result to the
optimal control we have that the corresponding empirical measure on R converges
to p‘”* (z, -), mild solution of Eq. (5.3). Also p, the second component of (u, p), is a
mild solution of this equation. The uniqueness Theorem 4.5 now implies that p® (7, -)
coincides with p(¢, -). Hence, we can conclude that Eq. (6.2) holds.

Step 2 Foreach N € N\ {i}, let gV ¢ A%;l;fb such that

NN BNy < inf TN (e B +e/2.
ﬁEA%;I'ﬂ’

We are going to show the following result:

l}vminf JN (N BN > T (@), (6.3)

To this aim, we introduce the N-player dynamics in the case the first player only
deviates from the Nash equilibrium. For N € N, consider the system of equations:

: ' , R , .
X = X! +/ (ﬂN’l(s,Xév'ﬂ)+b<X§V-1*ﬁ, DA X?“""ﬂ») ds
0 X
j=1

N A 1 N o1 XY N N
X\ = XN +f0 (a*(s,X§V”’ﬂ)+b<X§V”’ﬁ, DDA —XSN’““))) ds
j=1

+ wNip
ief{2,...,N}, t [0, T],
(6.4)
where ,BN’I € A%;l;fb. We denote with SV:8 = (S,N;ﬂ),e[oj] the empirical measure

process on R? of the previous system.

Now, foreach N € N, let (R, Fy, (FV), QV), WA XN:F) be a weak solution
of Eq. (6.4). Since the presence of a deviating player destroys the symmetry of the
pre-limit system, following Lacker [15] proof of Theorem 3.10 therein, we perform
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a change of measure to restore it. More precisely, we define as PV the probability
measure under which X”V:# has the following dynamics:

, : ' N R ) .
XN = x4 /0 (a*(s, XPEPY b TN - ’“3») ds+
j=1

+ WM i eINLL telo, T],

~ N . ) ) PN .
where the W, 8 are PN-Wiener processes, i.e. PV is defined via % = zZN

=T
where

where ﬂN = [a™— 1, ,BN’I] and WN:B = (WN’I”B, e, WN’N;ﬁ). We notice that ZV
is a well-defined QY -martingale thanks to boundedness of the coefficients. Theorem
5.1-(i) ensures the convergence under PV of the SV:f to §*° = § p- Boundedness
of the coefficients also gives uniform integrability of the sequence ((Zy Y YHyen:
therefore, the probability measures QM) = EPY [(Z¥ )1 A], AeFN, converge
to zero whenever PV (A) converges to zero in the limit N — o0o. So the convergence
(in law and also in probability) of S¥:# to §°° under PV implies its convergence (in
law and also in probability) under QV to the same (constant) limit.

Now, in order to gain more compactness in the space of admissible controls, we
interpret the controls in Eq. (6.4) as stochastic relaxed controls (Appendix 1). To this
end, we denote with Bx (0) C R? the closed ball of radius K around the origin and
Rk = REK 0)- Then Rk is compact (Appendix 1). For N € N, let ,B~,1 and &;k ‘i,

i €{2,..., N}, be Rg-valued random measures determined by:
B (dx)dt =8, v (¥) dxdl, (t.x) € [0,1] x B (0)
&f’i(dx)dt = Sa*([ XN.i;/S)()C)dX dr  (t,x) €[0,¢] x Bx(0), i € {2,...,N}.
s Ay

We rewrite Eq. (6.4) in terms of these relaxed controls:

x VB x N1 +/ xBY 1 (dx) ds
[0,¢1x Bk (0)

' 5 1 . s .
+/ O Y VN X ds + w
0 ;
j=1

Xt]V,i;ﬂ — XON,i +/ x&;k‘s(dx) ds (65)

[0,11x Bk (0)
! 1 & . _
+/ b(}(ﬁvalﬁg7 _ Z VN(Xy’l;ﬂ _ Xﬁvvllﬂ)) ds + W[N,I;IB
0 ' N o
ief{2,...,N}, te[0,T]
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We do the following claims. Claim a.: the family (]P’N o (XN’I;/S, BN’I, SN;/S)_1>N N
€

is tight in P(X x Rg x P(R%)) and thus it admits a convergent subsequence. We
denote by (X B g1, p) the limit of the subsequence that can be constructed by
means of Skorokhod’s representation theorem on a suitable limiting probability space
(Qﬁ *, Fh *, Qﬁ *); Claim b.: the limit X#" has the following representation:

x{ = X0+/ _
[0,T]x Bk (0)

tel0,T] (6.6)

! o o *
x,B;"l(dx)ds—i—/ b(XP", p(s, X)) ds + WP,
0

on (Qﬂ*, F /3*, Qﬁ*) where W#” is a Wiener process, i.e. there exist a filtration (]-"tﬂ *)
and an (ff*)—Wiener process WF on (QF", FF”, Qﬂ*). such that X#" has represen-
tation (6.6). If both Claim a and Claim b hold, by setting ;" = fEK ©) xﬁ,* o1 (dx), we
have that JN ([« =7, BV:/]) converges to

kY Tl *(2 B*
J(B)=E A 5187 ds +8(X7)

along the selected subsequence with J(8*) > J(«™). Equation (6.3) follows by taking
the limit inferior of the sequence.

We now prove the two claims.

Proof of Claim a. Tightness of (PN o (XV-1:#)~1) and of (PN o (SV:#)~1) under
QN follows from their tightness under PV . On the other hand, (PN o(8N-1)~1) istight in
P(Rx)because R g is compact. This implies that (IP’N o (XN-L:B gN.1 SN?ﬂ)_l)

is tight in P(X x Rg x P(R?)).

Proof of Claim b. We use a characterization of solutions to Eq. (6.6) with fixed
measure variable through a martingale problem in the sense of Stroock and Varadhan
[24] (see El Karoui and Méléard [9] for a study of the martingale problems we employ).
Let f € Cg(Rd) and let us define the process M7 on (X x Rg, B(X x Rg)) by

NeN

M (p.p) = f(p(®) — f(9(0) —/ _ xps@0)V f(p(s))ds
[0,¢]x B g (0) 6.7)

! 1
—/0 <b(¢>(S),P(S,w(S))Vf(w(S))+ EAf(w(S))) ds,

where ¢ € [0, T']. We claim that ®* = Po (Xﬂ*, 5*)_1 € P(X x Rg) is a solution of
the martingale problem associated to Eq. (6.7),1.e. such that forall f € CZ (Rd), M7 is
a ®*-martingale. The martingale property is intended on (X x Rk, B(X x Rg)) with
respect to the ®*-augmentation of the canonical filtration made right continuous by a
standard procedure. However, to conclude it is sufficient to check that the martingale
property holds with respect to the canonical filtration on X x Rk (see, for instance,
Problem 5.4.13 in Karatzas and Shreve (1998)). We denote by (G;);e[o0,7] such a
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filtration show that the process in Eq. (6.7), which is bounded, measurable and G;-
adapted, isa ®* = Po (X B g1 martingale for all f € C% (R9). This is equivalent
to having

E®” [Y~(M,’;—M,}:)] —0

for every choice of (t1,1,Y) € [0, T]2 X Cp(X x Rg) suchthatfy < 1 and Y is
Gy, -measurable. To this aim, we define and compute the following function W” =

\II(IZIJZ,Y-,f) :P(X x Rg) — R:
vre" = \Dgl’tz’y’f)(@*) =E” [Y ' (Mt]; - Mt{)]

_ / Y. p) (flo()) — f@(n)) ©*(dg. dp)
XxRc

- / Y(g.p) | xp(dx)V fg(1))dt ©*(dy, dp) (6.8)
XxRc .

Be x[t1,12]

n
- / Y(p. ) f b(p (1), p(t. @)V f(p(D)di ©*(dg. dp)
XXRC n

! E
-3 f Y(p. p) f Af(p(0)dt 0 (dg, dp).
XXRC n

The previous function, in particular, is continuous with respect to the weak convergence

of measure since the integrands are bounded and continuous on X x Rg. Also, we
define:

M@V, o) = Fe™Ni ) — Fe(0)
— /0 [ fB xpN i (dx) + N (s), v(goN(s)))] V£ (@Ni(s))
C

1 .
- EAf(wN"(S))ds

1 Y . )
v 0) = 5 VI 0 oM @), 1el0,T], i elINT,
j=1

for (o, pN) € N x RN where pV+i and ¢V+! are respectively the i"" component
@ K % p y p

.. —=N;
of p and ¢, and the extended empirical measure S p as

N
<Nig L1
S /3 = ﬁ ZS(XNJ;;SHDN.[;,S).
i=1

Here, XV-©:# denotes the dynamics of player i in the system where the first player
only deviates from the Nash equilibrium written in terms of relaxed controls p™-/:#.
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Now, by construction, it holds that
1 N — . . .
v 3 ECw [?’ : (MIJ; - M,f)] —0, (6.9)
i=1

where ©), = PN o (XV:i38 | pN:i:8)=1 and for every choice of (¢, 2, Y') e[0T x
Ch(X*N x REN) such that 1; < £, and Y is G} -measurable, with (G/) being the

canonical filtration on B(X*N x R;N ). To conclude, it then suffices to show that
the previous term converges to the expected value of W7 (®*) in the limit for N —

oo. Let us set the sequence Y asY' (@) = Y(¢™") and show that the following
decomposition for the term in Eq. (6.9) holds:

N
1 o Sifi ot <N:B <N:B
v E N[Y.(M,2 — ] )]:E[xp(tl,,z,y,f)(s )]—A‘ZI’Q’Y,f)(S ).
i=1

(6.10)
Indeed, the first term is equal to:
—N:
E[‘I’m,rz,Y,n(S ﬂ)]
N
_ 1 Ely XN,i;/S N,i;B N,i;B N,i;B
=5 2 E|X( NP (£ =
i=l1
N _
-y LB YN o | xpfv’l"g(dx)Vf(X,N’“ﬁ)dr]
N « L By (0)x[11,12]

I
-

z[=

.FQZ

I
—-

B . . L&) . . .
Y (XN pN ) / bx"" P, pa, Xf“"“’))Vf(Xﬁ’“f‘)dr}
a1

ng

r N ;. 21 i
Y(XNJ,B’ pN‘l,ﬁ)/ EAf(XIIVJ”B)dt] ’
[ "

z[ -

(6.11)
whereas the second reads as:

p <N;B
Aty nS )

N
1 .. .. 2 ;e . i
=2 :E[Y(XN”’ﬂ,pN”’ﬂ)/ b(x; P, u(va'ﬂ))Vf(XfV""f‘)dt]
i=1 n

N
I N LR . .
-5 :E[Y(XN"‘ﬁ,pN’l’ﬁ)/ bXH pa, va’l’ﬁ))Vf(va”’ﬁ)dt}
i=1 h

(6.12)
In particular, W, .y, 1) (EN;/S) corresponds to the integrals in Eq. (6.8) computed

w.r.t. the extended empirical measure EN;/S. The term in Eq. (6.11) converges to
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\Il(’; Yo f) (p) in the limit for N — oo thanks to the weak continuity of the involved
functional and weak convergence of measures. Term in Eq. (6.12), instead, vanishes
in the limit as N — oo thanks to Lemma D.2, since it can be bounded by: :

<N:B
‘Am by, (S )’

1 N 153 . )
= NZEUY(XNW)\/ (XN, N (s, X058
i=1 |

“h(XNEB (s, X;V,i;ﬂ))‘ ‘Vf(X;V,i;ﬂ)‘ds] (6.13)

= Z
93 V1 FllooL |12V, = ps. s,
We conclude that ®* € P(X x Rg) solves the martingale problem associated to
Eq. (6.7). By an argument analogous to that in the proofs of Proposition 5.4.6 and
Corollary 5.4.8 in Karatzas and Shreve (1998), we finally conclude that there exists a
weak solution (", FF*, QF"), X", WF") of Eq. (6.6).

Step 3 For every N € N,

IN @) - inf VAK(CASN1)

<IN @™y — J@*) + J@*) = IN (™ YD) + &/2. 1
By Step 1 and Step 2 there exists Ny(e) such that
@Yy —J@) <e/d T = aN (@MY < e/4.
for all N > Ny(e). This concludes the proof. O
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Appendix A: Some Well Known Results
For the reader convenience, we collect here some (well-known) results on convolu-

tions, regularizations and mollifiers that have been used through the paper.
First, we remind some properties on convolution and regularization.
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Proposition A.1 (Convolution and regularization) [2, Propositions 4.4.15, 4.4.19 and
4.4.20] The following statements on convolution hold true:
(i) Let f € L'(R?) and g € LP(RY), 1 < p < o0o. Then f * g is well defined in
LP(RY).
(ii) Let 6 € C.(R?) and ¢ € L}, (RY). Then © x ¢ is well defined in C(R?).
(i) Let6 € CK(R?) and ¢ € L}, .(R?). Then © x ¢ is well defined in CK(R?), k > 1,
also k = oo.
In particular, in our work we used convolution of the type 6, where 6 € C2° (R?) and
w € P(R?). Therefore, since u € L'(R?) and 0 € LP(R?) forany 1 < p < oo, by
item (i) of Proposition A.1 the convolution €  y is well defined in L? (R?). Moreover,
by items (ii) and (iii) of Proposition A.1,0 % u € Ck(Rd) for any k > 1, also k = oo.
Also, we use scalar product of the type (0 * u, ¢), where ¢ € L*(R%). In particular,
for any function g : R? — R if we denote g~ = g(—-), then

(0w, ) = f / O(x = y)u(dy)p(x)dx
Rd JR

:/ / 0(x — y)px)dxu(dy)
]Rd ]Rd

zf O(—) *x p()u(dy) = (1, 0~ * ¢).
Rd

Second, we give the following definition and proposition.

Definition A.2 (Mollifiers) [2, Chapter 4.4] A sequence of mollifiers is any sequence
of functioni (On)ney from RY to R such that for each N € N: Oy € CSO(R‘I) with
support in B1/y(0), Oy > 0 and [, 6V (dx) = 1.

Proposition A.3 (Mollification) /2, Proposition 4.4.21] Let f € C(R?). Then Oy *
f — f uniformly on compact sets.

Third, we give the following results on weak convergence.

Lemma A.4 (Weak convergence and the double index problem) Let (un)nen C
P(Rd) a sequence converging weakly to . € P(Rd). Let (fN)NeN € Ch(Rd) be
a sequence converging to f € Cp(RY) uniformly on compact sets and such that
sup,eN [ fnlloc £ C <09, || flloo < C < 00 for some C > 0. Then

/ N un(dx) — / F)u(dx).
R4 N—oo Jrd

Proof The proof is based on the following decomposition, holding for any R > 0:

/fN(X)MN(dX)—/ S ) (dx)
R Rd

=ﬁ (fy (@) — FG) ey (dx)
Br(0)
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+/ J ) (un — ) (dx)

Br(0)
+ /  fv@un(d) — /  fon@y)
R4\ B g (0) R4\ B (0)

where B ) cC R? is the closed ball of radius R centered at the origin. Hence

‘ [ xeomnn = [ reou@n| < 1 = Flsyo
R4 R4

+

/, J)(uy — ) (dx)
BR(0)

+C (v R\ Br(0) + 1R\ B(0))

where || - oo, Br(0) is the infinity norm on B (0). Now let ¢ > 0 and choose R > 0
be such that

— & — £
R4\ Br(0 — and p(®R4\ Br(0 —
;i%mv( \ Br( ))<4C and w(R®\ Bg( ))<4C

by the tightness of the family (ux)yen. Then, by uniform convergence on compact
sets of the sequence (fy)neN to f and by weak convergence of the (uy)neN to @
there exists Ng € N such that the first and second terms are lower than 48'1 for all
N > Ny. We conclude that for all £ > 0 there exists Ng € N such that

<é&

‘/ NG (dx) —/ J () u(dx)
R R

forall N > Nj. O

LemmaA.5 Let (un)neny C P(Rd) a sequence converging weakly to | € P(Rd).
Set fy = On * uy for some mollifiers Oy and assume limy_. fy = f in L2(Rd)
for some f € L*>(RY). Then w has density f with respect to the Lebesgue measure on
R4

Proof First, notice that ( fi, @) = (O * un @) = (unOy * @) forany ¢ € L2(R?) N
C(RY) and foreach N € N. Set gy = Oy ¢ foreach N € N.Now (fn, ¢) — (f, ¢)
for any ¢ € L?(R?), by strong convergence in L>(R?) of the £, but also

/ fN(x)(P(x)dx:/ (P;(X)MN(dX)—)/ @(x)p(dx)
R4 R4 R4

by weak convergence of the /¥ and uniform convergence on compact sets of the ¢
to ¢ (Lemma A.4). Hence

/(p(X)M(dX)=/ @(x) f(x)dx
R4 R4
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for any ¢ € L*(R%) N C(R?). The same reasoning holds for any ¢ € Cp (R?) hence
we conclude. O

Appendix B: Hamilton-Jacobi Equation, Kolmogorov Equation Equa-
tions and Mild Solutions

In Sect. 1 we study the decoupled Hamilton—Jacobi Bellman equation and Kolmogorov
equation equations defining the PDE system in Eq. (4.1) via the mild formulation; see
Theorem B.1, Theorem B.2. This enables us to prove the equivalence between the
mild and weak formulations; see proof of Lemma 4.2 in Sect. 1. In Sect. 1 we prove
Theorem 4.4, i.e. the existence of a global solution of the PDE system (see Theorem
4.4 in Sect. 4). On the other hand, in Sect. 1 we prove Theorem 4.5, i.e. the local
uniqueness of a solution of the PDE system (see Theorem 4.5 in Sect. 4). Finally, in
Sect. 1 we give the proof of Theorem 4.8.

B.1: The Hamilton-Jacobi and the Kolmogorov Equation Equation In Mild Form

Throughout this section, we assume that pg, b, f, g satisfy the hypotheses (H1)—(H2)
and (H4) in Sect. 2.

Theorem B.1 Given py € Cp (Rd), given ¢ € Cp ([O, T] x R4, ]Rd), there exists at
most one solution of equation

t
p (1) =Pipo _/o VPi—s (p(s) (a(s) — b(-, p(s)))) ds. (B.1)

in the class Cy, ([O, T] x Rd).

Proof Assume by contradiction that p(i)(t), i = 1,2, are two solutions of Eq. (B.1)
of class Cp ([0, T x R?) and set ¢(¢) as their difference. By a generalized form of
Gronwall’s lemma one has that ||g (t)||, = O for every ¢ € [0, T], from which the
conclusion readily follows. The precise estimates can be found in the proof of Theorem
4.5 in Sect. (1). For the sake of space, we refer the reader to that proof; in particular
one has to use the estimate for the map I'y, first component of the map I defined in
(B.7). O

Theorem B.2 Given p € C,([0, T] x RY), If & € Cp([0, T] x R4; RY), then there
exists at most one solution u, in the class Cp ([O, T] x R‘l) and such that its partial
derivatives are also of class Cp ([O, T] x Rd), of the following equation

r 1
u(t)=7?mg—f Py (b(-,p(s))'a(s)—ilvu (s)|2+f(-,p(s))> ds
t
(B.2)

Proof Assume by contradiction that u(i)(t), i = 1,2, are two solutions of Eq. (B.2)
of class Cp ([O, T] x Rd) and such that their partial derivatives are of class
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Cp (10, T1 x RY). Set 6 = vu®, i = 1,2 and ¢(¢) their difference. Using the
estimates for the map I';, second component of the map I' defined in (B.7), one
has that || (¢)]lec = O for every ¢ € [0, T], from which 0V (r) = 6@ () for every
t € [0, T]. Therefore, u'V (r) = u® (¢) because of Eq. (B.2). o

B.2: Proof of Lemma 4.2

Proof Let (u, p) be a weak solution of the PDE system in Egs. (4.3)—(4.3), and consider
Eq. (4.3). In particular, for a given ¢ € [0, T,

T
(@), e @) —(g ¢ () +/ (u(s), Ap(s)) ds
t

r 1
=/ <b(-,p(S))~Vu (S)—EIW (S)|2+f(~,p(S)),<p(S)>dS-
t

(B.3)
Using on [¢, T'] the following test function

oW (s,x) = (Py—rp) (), s elt, T1,

with ¢ € C1([0, T] x CZ(R?) N WH2(RY)), we get

T
(u(), o) — (g, Pr—i¢) +/ (u(s), APs_;) ds
t
T 1
=/ <b(-,p(s))~Vu (s)—EIVu (s)|2+f(-,p(s)),7>s_t¢>ds-
t

Notice that APs_,¢ = 0 and that (a, P;b) = (P,a, b) for every pair of functions
a,beCy (Rd). Then

(@), ¢) —(Pr—ig, ¢)

r 1
/ <Ps—l <b(~,p(S)) Vuls) -3 IV (5)I* + f(-,p(s))) ,¢>dS~
t

Because ¢ can be chosen in an arbitrary way, we deduce the mild formulation of
Eq. (4.6). The equation for p is similar, as well as the other direction. O

B.3: Proof of Theorem 4.4

Throughout this section, we assume that pg, b, f, and g satisfy the hypotheses (H1)—
(H2) and (H4) in Sect. 2 and (H5) in Sect. 4. In addition, we shall repeatedly use the
following well-known inequality:

IVP flloe < Cat ™ 11 fll (B.4)
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forall f € L® (RY), with C; = d'/2, which follows for instance from the formula
VP, f (x) = t"'E[W, f (x + W,)] (elementary proved by differentiating the heat
kernel):

12
VP @ = I oo EOWAL < 7 I oo B[ W] < Car™ 2 1 f o -

We use the Brouwer—Schauder fixed point theorem to prove Theorem 4.4. Brouwer—
Schauder fixed point theorem says that if K is a non empty, closed, bounded and
convex subset of a Banach space V and ® : K — K is a continuous map such that
® (K) is relatively compact in V, then ® has a fixed point in K.

We will apply this theorem to the space V = Cp([0, T] x R?). Instead, in order
to define the map @, let p € V be given and let w = w) be a weak solution of the
first equation of the PDE system (4.9). Existence and uniqueness of such a solution
is given by classical parabolic results; e.g., one proof can be done by contraction
principle applied to the mild formulation in Eq. (B.5) below. In particular, w, satisfies
the following properties:

wp (t,x) 2 e~ AT and - uy |+ [V, < C1 . 8. T)

independently of p € V, with Cy (b, f, g, T) > 0 depending only on ||/||sc, || f llc
and || g|lcc. One way to prove this fact is by using the following identity

T
wp (1) = Pr—;exp(—g) —/t Ps—t (b, p () - Vwy () —wp () f (-, p(s)ds

(B.5)
and estimate B.4 of the heat semi-group’s gradient. At this point, we call ® (p) the
solution of the following equation

Vw, (s)
w

t
® (p) (1) = Prpo + / VP, (cb (p) (s) (
0 p (s)

+b(,p (s)))) ds. (B.6)

Notice that this is not the second equation of the PDE system (4.9) with w = w),
because we keep the original pin b (-, p (s)). Existence of a global solution ® (p) € V

can be proved by iteration, using B.4 and H Vw—? H < Cy (g, f,b,T). In addition,
one gets Oo
1P (P oo <Ca(b, f,g, p0.T)

for a suitable constant C» (b, f, g, po, T) > 0depending, again, only on ||/ | o, || f llcc
and ||g|lo. Therefore, the set

K={peV:|plle < Ca, f.g po.T)}
is bounded, closed, convex and invariant.
We prove now that the map @ satisfies the assumptions in the Brouwer-Schauder

fixed point theorem. It is not difficult to prove that the map @ is continuous by using
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B.4 again. Instead, it is non straightforward to prove that ® (K) is relatively compact,
due to the unboundedness of the space domain. In order to do so, we use the following
compactness result, which is an easy variant of the Ascoli-Arzela theorem.

TheoremB.3 Leta(-), B(-) and C(-), Ca(-) be four positive and non-decreasing func-
tions and p as in (H5); see Sect. 4. Let C3 > 0 a constant. Then the set Ey ¢, .8,C,,p,Cs
of all functions f € Cp ([O, T] x ]Rd) such that

sup 1/ (1)llg,x < C1 (R) forevery R > 0 HL.D
1€[0,T] '
t J—
Ilf @) f(/ss)”ooR < C2(R) forevery R >0 (H2.1)
1,5€[0,T] |t — sl

t#£s

|f (1, x)| < C3p (x) forall (t,x) €[0,T] xR? (H3.1)

is relatively compact in Cp ([0, T] x Rd).

Before proceeding with the proof of Theorem B.3, we recall the following version of
the Ascoli-Arzela theorem.

Theorem B.4 Assume that that a family of functions F C C ([0, T]; Cp (By)) satisfies
the following two properties:

@) {f@; feF,tel0,T]} C Ky for some compact set Ky C Cp (By)

(i) F is uniformly equicontinuous in C ([0, T]; Cp (Byr)), namely for every € > 0
there exists a § > 0 such that || f (t) — f ($)ll¢c, (B, < € forevery f € F and
t,s € [0, T] such that |t — s| < 4.

Then F is relatively compact in C ([0, T]; Cp (By)).

Proof of Theorem B.3 Notice that given any closed ball By; = B;(0) C R? of radius
M around the origin, the space Cj, ([0, T] x Bys) and the space C ([0, T']; Cp (Buy))
are equivalent. This is not longer true for C; ([0, 7] x R?) and C ([0, T]; Cp, (RY)).
Indeed, it holds that C ([0, T];Cp (Rd)) c Gy ([0, T] x Rd). On any By we use
Theorem B.4. Now, consider a sequence (p),en C Ea,Cy,8,Ca.p,C3- FOI every By,
denote by p,ﬁ” the restriction of p, to [0, T'] x Bys. They belong to Cp, ([0, T'] x Byr)
which is equivalent to C ([0, T']; Cp, (Bys)). The space Cj (By) has compact embed-
ding into Cp, (Bysr) by Ascoli-Arzela theorem. By (H1.1) in Theorem B.3, the set
{p}¥ (1),n € N, €0, T]} is bounded in C§ (By), hence assumption (i) of The-
orem B.4 is satisfied. On the other hand, by (H2.1) in Theorem B.3 the sequence
(pf,” )n N is uniformly equicontinuous in C ([0, T']; Cp (Byr)). Hence, by Theorem
B.4 we may extract a subsequence which converges in C ([0, T]; Cp (By)). By a
diagonal argument, we can find a function p € C ([O, T] x Rd) and a subsequence

(Pn,) such that H (pM — Pliorixsy, Hoo — 0 as k — oo, for every M. Given € > O,

let M, be such that
<<
Cy(BS,) — 4C3

[ 15

M
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Since |p,,k (t, x)| < C3p (x), we also have

In addition, since p,, — p point-wise, we also have |p (¢, x)| < C3p (x) and thus

€
P 110,71 BS, H ) < T

Cyp([0,T1x BS,

=< E-
Cy([0,T1xBS,) — 4

”P|[0,T]xB;4

Then p € Cp ([0, T] x Rd) and ||pnk — p||oo < €. Now, if corresponding to M., we
choose kg such that for all k > ko we have

N €
_ < —.
H (Pue = Pllorixy Cp(10,T1xBy) — 2

Whence, we have proved uniform convergence on the full space R?. O

The following proposition allows us to conclude the proof of Theorem 4.4.

Proposition B.5 There exist four positive and non decreasing functions o(-), C1(-),
B(-),Ca(-), p as in (H5) of Sect. 4 and a constant C3 > 0 such that ® (K) C

Eq,C1.8.C2.p.C3-
Proof Without loss of generality, we may assume o < % To shorten notations, set

Vw, (s)

"=

+b(, p ().

Notice that the following inequalities hold
A (oo < Cuw (g, f,6.T)+ Iblloec = Cn (g, f.b,T)
1P (p) () h (oo = C2(b, .8, P0, T)Cr (g, f,b,T)=C3(b, f,8 po, T)

From Eq. (B.6) we have

t C o
1P (p) Dy < Cr.allpolly +f ;1 @ (p) (s)h ()l ds
0 (l _ S)§+oz

1
S CT,O[ ||p0||a + C‘T,thw2 QC?’ (bv fv gv p07 T) ’
were we have used a gradient estimate in Holder norm similar to those of Lemma C.3

below, but easier. Therefore, (H1.1) in Theorem B.3 is satisfied, even uniformly with
respect to R. Let us see (H2.1) in Theorem B.3 with ¢t > ¢':

e @ -2 ()| g =h+h+15
I == Pt po — P pollso.
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b= [ IVP @ () 6)h 6Dl pds
I = /O VP - VP @ 6 () oo, ds-
We use the following property: for small ¢,
k € C} (By) = |Pik — klloo < Cat® |kl -

Hence

Iy = | Pi—yPrpo — P pol
< Co (t =) NIPyhlly < C(t =) A,

t

C

125/ : T)l 19 () (5)h (5)lo ds < 2C7 VT —1'C3 (3. f.b. po. T)
t (t—5)2

t/
I — fo | (Pier = 1d) VP (@ (p) (5) () | ds

t
< fo Ca (6 = 1) [VPy_y (@ (p) (5) R (5))]), ds

" CroCs(g, £, b, po, T)
< Ca (t_t/)ot/ T.aC3(g fl+ap0
0 t' — )2

ds <C(t—1)"

Therefore, also the second condition in the definition of By, ¢, g.c,,p,c5 15 satisfied,
even uniformly with respect to R. The difficult property is

[P (p) (2, %) = C3p (x)
for every x € Rt e [0, T], p € K, for a suitable constant C3 > 0. The idea is to

write an equation for 7, (¢, x) := o~V (x) @ (p) (¢, x) and deduce that ||7r,, (1) ||OO <
Cs forevery t € [0, T], p € K. We use the weak formulation

1 t t
(@ (p) (1), 9) = (po, ¢) + Efo (@ (p)(s), Ap)ds +/0 (@ (p)()h(s),Ve)ds

with a test function ¢ of the form p~!y with ¢ € C, o0 (Rd). Then

1 t
(rp 0. 9) = (0" po. w>+5f 7y 5) . AY)ds
0

t
+lf <c1> () (s),lﬂA,o_1+2V¢~V,0_l>ds
2 Jo

+/Ot <‘D (P) () h(5).V (pflg"»ds
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namely, formally speaking,

-1 L -1
7y (1) = p P0+E/OA<,0 P (p) (s)) ds

+%/Ol (Ap‘1>¢(p) (s)ds—fotdiv (cb (p) (s) Vp_l)ds

t
- /0 P~ div (@ (p) () h (5)) ds.
Using
p 1 div (@ (p) (5) 1 (5)) = div (7, () h (5)) — @ (p) (s) h (5) - Vo~ !
this leads to
_ -1 L —1
7 () =Pi (07" p0) + 5 fo Pies ((807") @ () ) ds
t
+ / VP (€(0) () Vo) ds
0
t
—}—/ VPi—s (np (s)h (s)) ds
0

t
+ / Py (Vo @ () () h () ds.
0

Therefore

t

EACTINES P +%f (ar7 o) _ds

0

+/Ol \/tci_s ‘CD(p)(s)V,o_IHOOds

e

+ [ =l @r o] as
t

+f0 Vol ®(p) (s)h(s)Hoods

Ap~! ®
slepOHOOJr” p Umzll Pl

+207"2 Vo™ 10 (ol

t CT
+Ch (g, f. b, T)/0 T |7p ()] o ds

4T H vp! Hoo C3(g. f b po.T).
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Recallthat | ® (p)|lo, < C2(g, f. b, po, T)independently of p € K. Moreover recall
that ” Ap’l ||OO + HV,O71 ||o<> < 00. From a generalized form of Gronwall lemma we
deduce a uniform bound for ||rrp (1) || oo O

At this point, we can apply Brouwer—Schauder fixed point theorem and have existence
of a weak solution (w, p). The proof that (u, p) := (—log w, p) satisfies the original
system can then be done by means of mollifiers.

B.4: Proof of Theorem 4.5

Throughout this section, we assume that pg, b, f, g satisfy the hypotheses (H1)—(H2)
and (H4) in Sect. 2.

Proof We are going to apply the contraction principle to the system in Eqs. (4.6)—(4.7).
Setting & = Vu, for T small enough, it reads as

t
p @) ="Pipo —/0 VPi—s (p(s) @ (s) —b (-, p(s)))) ds
T 1 )
0 () =VPr_g —f VP <b(-,p(S)) <0 (r) — 3 16 (r)|” + f(wp(r))> dr.
t
Now, consider the following Banach space:
X7 = Cy([0, T] x RY) x Cp([0, T] x RY),
and by || - |7 o the norm in each space Cp([0, T'] x R9). On the product space X7

consider the norm
(@, D) 1.00 = llall7,00 + I1ll7 o0 -

Define the map I' : X7 — X7 as
I'(p,0)=T1(p,0),T2(p,0)) B.7)
whose marginals are given by
t
Ly (p,0) () =Pipo — /o VPi—s (p(s) O (s) —b (-, p(5)))
T
2 (p,0) (1) =VPr_ig — / VPr—t (b (-, p(r)-0(r)
t
1 2
—S 0P+ f(-p(r))> dr.

Notice that the fact that I" (p, 6) € X7 when (p, ) € X7 is implicit in the following
computations and thus it will not be explained a priori. It is based on the following
estimates of the heat semi-group’s gradient (cfr. also the proof of Theorem 4.4 and
the reference therein): | VP F |l o < Cot~'2||F |l for some constant Cp and every
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F € Cy (R?) and VP, Flloo < ColIVF |l for every F € Cp (R?) such that VF €
Cp (RY).
Now, let us investigate when I" is a contraction. We have
IT1 (p.6) (1) =T (p.6") 0]
t CO
= [ o ol (o ® -0 0.
+oCop N —b (P ®))])) ds

! Co ’ ’ ’
[ ez lp@ = @l (@l + b @) ds

! C
= /o ﬁ (lp ®llos ([0 ) = 0" ® o + Lo | 2 (9) = P ()] ) ds

t C / / /
[ o 1O =P Ol (18 Ol + €1+ 1 0] ds

t C /
= fo ﬁds ' (||P||T,oo (”9 - Q/HT,oo +L|p-p ”TOO))

! C
+/0 ( —so)l/zds - p/”T»OO (HQ/”T,OO +C (1 + ”p/HT,OO>)
< 2CVT [Iplr.00 16 = 0/ 7.0

+(CHN N oo+ C NP e+ L1PIr0) [P = Pl o

and
T2 (p,6) (1) = T2 (p',6") O]
<200VT [(C +CIpllgoo + 907,00 J; HQ/HT’m) o =6
(L1 ) 2= P L)
respectively.

Summarizing, there exists a constant C > 0, depending only on Cy, C, L, such
that

It (. 0) =T (p.0) |7 oo < CVT [(0.0) = (0. 0) ] o
(1. Ol7.c0 + 1(8) 1 1.00) -
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Therefore, to have a contraction we need a bound on |[(p, )7 » + || (p’ 0 )
Proceeding as above we have

“T,oo'

t CO
IT1 .) )l = ol + | e

(112 ) lloo (10 () lloo + 16+, P(s)ls0)) ds
IT2 (p, 6) <r>||oo < ColVgllso

/ - ]/2 <||b< p(r)>||c,o||9<r)||oo+—||9<r>||2 I p(r»noo)

and

IT1 (P, 0) Dllso = IPolloe +2CoNT (1211700 (1011700 + 16 (D)1 7.00))
IT2 (P, 6) (D) llog < Co IVEllog +2Cov/'T

(IIb D700 101700 + 5 |I9|IT o I D7 oo)
Using the bound on b and f, we get

IT1 (P, 6) (Dll7.00 < 1P0lloo +2CoVT - (121700 (1811700 + C (1 + 11PlI7.00)))
IT2 (P.6) D700 < ColIVEllao

+2CoVT - <C (L+11PlI7,00) 10117 00 + 5 ||9||T oo +C (1 + 1Pl oo))

Therefore, we have proved:

IT (. O)lI7.00 = (Co IVglloc + ll0llc)
+2CVTEK - (10,0700 + 12 O )

for some constant K > 0. Hence setting
Arr={(p.0) € X1 : [(p.O)ll7 00 < R}
if we take (p, 0) € At g we get
IT (P O)l7.00 = (CoIVEloo + IP0lloc) +2CovVTK (R + R?).

In particular, there exist Ty, Ry > 0 such that forevery 0 < 7 < Tpand 0 < R < Ry
we have
(CollVellao + llPollos) +2CoVT K (R +R?) < R.
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With any such choice of 7, R > 0 we have
r (AT,R) C AT,R-

If (p.6). (p'.0") € Ar g we have proved above

I (.6) =T (.6 ; oo <2REVT [(p.0) = (p".60) |1 . -

Hence, reducing 7 if necessary, we see that I', as a map from the metric space Ar g
into itself, is a contraction. O

B.5: Proof of Theorem 4.8-(i)

Proof Lete > 0 and let be (6¢)c~0 be a family of mollifiers. Now, define the function
ue : [0, T1 x R? — R by setting

Uelt, x) = O % u(t, ))(x) = /Rd 6 (x — y)ut, y)dy.

In particular, taking the convolution of the Hamilton—Jacobi Bellman equation (4.1)
with 6 it is not difficult to see that u. satisfies the following equation

1 1
—0rlle — gAu6 — 0 x (b(x, p(t,x)) - Vu) + 3 O * |Vu|2 =0 x f(x, p(t,x))

on (0,T) x R?. The smoothing properties of convolution (see Proposition A.1)
guarantees that D?u(t, x) is continuous; besides, from the Hamilton—Jacobi Bell-
man equation it follows that also d,u. is continuous, and therefore that u. €
Ch2((0, T) x R?). Applying It6’s formula we obtain

1
duc(t, X5) = duedt + Vue - (o + b(XY, p(t, X)) dt + Vue - dW; + zVue dt

1
= <8,ue + EVME +6c % (b(-, p) - Vue)(t, Xf‘)) dt

+ (o +b(XE, p(t, X)) - Vue(t, X¥)
0 % (b(-, p) - Vu)(t, X)) dt
+ Vue(t, X%) -dW,

1 2 o o
= 5(96* [Vul?)(t, X77) — (Be x (-, p)(, X)) dt
+ (o Vue(t, X7) + re) dt + Vue(t, X{) - dW,,
where we defined

re(t) = b(X7, p(t, X7)) - Vue(t, X7') — 0 x (b(-, p) - Vu)(t, X7).
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Hence,

E[(0 x &)(X7)] — Elue (0, X5)]

T/
=1E[/0 (5(96*IVuelz)(t,X?’)—(Ge*f(-,p))(t,X?‘> dt}
T
+E [/ (ot - Vue(t, X7) + rg(t))dt}
0

We claim that by taking the limit as ¢ — 0 in the previous equation we obtain the
identity (4.17) as in the heuristic argument.

We first deal with terms that do not explicitly depend on time, then extend the
argument to time-dependent terms. To this end, let v € C(R%); then, 0, % v — v as
€ — 0 uniformly on compact sets (see Proposition A.2). Set now ve = 0 x v. If v is
bounded by a constant K, then the same holds for v, and the constant bounding v is
independent of €. For all R > 0 and for any probability measure 1 € P(R?) we have

< |Br(0)] sup [|ve(x) —v(x)|
x€BR(0)

+f — (llvelloo + lIvllso) 1 (dx) (B.8)
R4\B(0)

‘/ (Ve (x) — v(x)) u(dx)
R4

— ZK/ u(dx) as € — 0,
RY\BR(0)

where B (0) C R? denotes the closed ball of radius R around the origin and |B ¢ (0)|
its measure. In particular, the last term in (B.8) converges to zero as R — oo.

Let now u(t, -) € Cp (Rd), bounded by a constant K, with u the first component of
the solution of the PDE system in Eq. (4.1). Moreover, let uf the law of X{. Then

E[(6e * u(t, -))(X{)] Z/RJ(QG *u(t, ) (x) puy (dx)
—>/ u(t, x)uy(t)(dx) as € -0
R4

for all t € [0, T], so in particular for t = T and u(T) = g.

Now, we show that a similar argument holds also for terms that have an explicit,
continuous, dependence on the time variable. Let v € Cy ([0, T] x Rd); then for each
fixed r € [0, T] we have that 6, % v(f) — v(f) as € — 0 uniformly on compact
sets (see, again, Proposition A.2). In particular, for all R > 0 and for any probability
measure |4 € P(Rd ) we have:

T
< /|um»wmmmmw>
ER ) JO

T
+f4,‘/mmm+wmwmun
RA\ER(©0) J0
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The first term converges to zero as € — 0 provided that both ve and v belongs to
C([0, T] x R?); indeed, in this case we can compute the maximum over [0, T']. The
second term converges to zero by an argument similar to that used in Eq. (B.8).

However, if v € C, ([0, T] x R?), then v(z, ) € Cp(RY) and v(-, x) € C([0, T);
therefore, the compactness of [0, 7'] implies the uniform continuity of v( -, x). Then,
the fact that v(¢, -) € Cp(R?) and the uniform continuity of v( -, x) imply the joint
continuity of v. Indeed, let (¢, x) € [0, T] x RY. For all € > 0 there exist § > 0 and
n > 0 such that

(', x") —v(t,x)| <€ V(' x)el0, T1xR? st |x—x'|<n, |t—1]<3s.

More precisely, let § > 0 be the constant related to the uniform continuity in time
associated to € /2 and , > 0 be the constant related to the continuity in space associated
to €/2. Then:

(', x') —v(t, x)| < v, x") — v, x| + v, x") — v(t, x)|
<S48 Wi x) elo, T] x RY
2 2
st lx—x'|<n, |t—=1]|<38.

By the fact that all our terms satisfy the required continuity as v, by the boundedness
of the admissible controls and by choosing = p* law of X we conclude. O
Appendix C: Holder-Type Seminorm Bounds-1

This section collects some results for Holder-type seminorm (see Definition in
Eq. (5.8)) used in the proof of Theorem 5.1.

We start by fixing the fractional exponent s € (0, 1) and for any p € [1, +00), we
define W*?(R%) as the space:

lf ) —f O

WP (RY) = {f e LP(RY) :
=yl 7

e LP(RY x Rd)}

endowed with the following norm:

. [f @) = F I
||f||€w,p<Rd)=/ |f(X)|”dx+/ fR o

= U2 gy + L Tsp -

Let p € [1,+00) and s € (0, 1) be such that sp > d. Then, there exists a constant
C > 0, depending on d, s, p, such that

“f”oo + [f]y = c (”f”LP + [f]p,sp) s (C~1)
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where y = (sp — d)/p and sp > d. We refer to [7], Theorem 8.2, for a proof of the
previous result. We state the following lemma

LemmaC.1 Let p € [1, +00), s € (0, 1) be such that sp > d, d € N. Then,

YRy — FOIP
1, szd /|h|<1 S+ =T gy 20,0, 1£12, -

|h|d+sp

Proof We write [f]g,sp as

h p
[f]g’sz/Rd/Rd Sy +h) = O dhdy =1, + I where

|h|d+S[7

11=/ / lf (&y+h)— f(y)lpdhdy and
R4 J|h|<1

|h|d+S[7

:// FO+m=fON
R4 J|h|>1

|h|d+sp

Then,

lf &y+h)—fDmIP
dhd
/Rd /h>1 [P Y

lf (v + )P (/ | )(f
= / f T e —rydh 1 D)IP dy
RS =1 (I EAVITRTITES R
lf (v +h)|?P )
——— dydh+ C, 4.,
/h|>1/Rd |h|d+sp pds 1 f e

Lf 1”7
=Cp /hl ]/R Ly —dydh+Cpas I fI1, =2Cpas I fl]s,
>

d |h|d+Ap

which concludes the proof. O

Lemma C.2 Assume there exists a number € > 0 with the following property. For every
p = 2 there is a function g, > 0 such that

B[ o] e, (€2)
E[|MY @ - MY e+ m|"] < gp o117, (C3)
/]Rd gp (x)dx < o0 (C4)

forall \h| < 1and x € RY. Then, there is y > 0 such that, for every p > 2, there is a

constant Cp, > 0 such that
p
E [HM,N } <Cp.
Y
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Proof 1t is sufficient to prove the thesis for arbitrarily large p > 2, since for smaller
ones it follows from Holder inequality. Choose s € (0, €); then take any p > 2 such
that s p > d. We have to find y > 0 such that for every such p there is a constant C5

such that E [”M,N Hf] < Cp uniformly int € [0, T]and N € N.

Thanks to the assumptions,
N p
E ’Mt (x)‘ dx|<cC.
R4

Moreover, thanks to Lemma C.1,

E[[MN]I;S_}

|M (y+h) — M,N(y)|] )
/Rd/h|<l TGRS dhdy +2Cp 4 E |:HM

g5 () |h|P
- —dhdy +C
/l‘&d /h|<1 |h|d+sP Y

1
< (/h|§1 —|h|d*<€*5>ﬁ dh) /Rd gr(»dy+C<C.
(C.5)

Now, using again the fact that E [||M,N ||’Z ,3] < C, we may apply inequality (C.1) and
deduce the desired bound for y = (sp — d)/p. A-priori this value of y depends on
the particular p chosen above. However, it is sufficient to choose first a value pg, such

Ll’]

that s p9 > d and prove that [||MIN||§0] < Cj,; then for all p > po, we prove the
inequality with y = s — d/p which is larger than yp, hence it holds also with Holder
exponent yp, which can be taken as the value of y in the statement of the lemma. O

LemmaC.3 Let N,d € N, let P; be the semi-group associated to the density G(t, x)
of x + W; where W, is a standard blackian motion, x € R andt € (0, T). Moreover,
let Ve CL(RY) N PRY). Then

IP:hll, < Cylnl, -

Moreover, if R > 0denotes a number such that the support of V is contained in Bg(0),
the open ball of radius R around the origin, and we write VN (x) = eg,dV (eg,lx>,

then there exist two constants Ct g,y > Qand At g v > Owiththefollowing property:
forevery§,y € (0,1), x € R4, |h| < landt € [0, T]

‘(VP,VN> (x)) CTlRV i e w. (C.6)

ca

‘(VP,VN> (x) — (VPIVN) (x + h)‘
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Cr.ryv Y esd=30=) y=rrrvlx| 7
T pUan=5a-y) N
Proof The first inequality is a well known properties of analytic semi-group (see, for
instance, Lunardi [18]). We give a detailed proof of the last two equalities.

Step 1 We collect some preliminary fact. We recall that

Gi(x) = G(t,x) = e 3 and (P, f) <x)=fRd G (x —y) f (y)dy

Qrt)d/?

and we find a bound for VG, (x) and | D2G,(x)|. Notice that

VG, (x) = — - AN NS B |- g AN
X)) = —————=¢€ 2 [ — RS T
’ t Qun? Vi i\
hence, being /7 exp (—%r) <exp (_‘l‘r),
VG, (0 < — L e 2 ! -3
X _—— 1 = . e
SV @rn? Vi@ (20)7?
Similarly, for suitable A, C > 0,
’DZG ( )‘ ¢ ! Y
X B XV
SIS 2 uy)

Step 2 In this step we prove that

|(vPv) @] = CTs_JI;VEEde_;T

forallx e R% andt € (0, T], for a suitable constant C7 g v > 0. From the bound for
IVG; (x)| in Step 1 we obtain

(vPv ) | < /Rd VG, (x — IV () dy

_ / VG, (x — )l ey V (ejgly) dy
Br(0)
2d/2

1
—d
2 v / — e
ViV o) @r20))??

IA

If [x] < R + 1, we bound the integral from above by the integral on the full space,
which is equal to one, and deduce

297 a4
sup ((VP VN> (x)‘ < Vs
|x|<R+1 ' \/; N OO
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If [x| > R+ 1and |y| < R, then (we oversimplify to make expressions easier in the
sequel) |x — yl2 > |x — y| > |x| — R. Therefore, for |x| > R + 1,

A <2 v 1B 1 o
‘( , )(x)‘ 76,\, Vileo | BR( )Ime

One show that there is C7 > 0 such that for# € [0, T] and |x| > R + 1, one has

1
@ 20)2°

1 |x 1
2720 < CTe*T-(‘ x|—R)

22

dn e
Indeed the left-hand-side is controlled (up to a constant) by ( x| R) e =

(because |x] — R > 1) and the function r%/2¢=2" is bounded above by ¢~ 4", up
|x|—R

1 1
to a constant; finally, e "4 2r < e~ sT(IXI=R)
Hence

Crrv —g bk Crpy 4 1
VPVN)()C)‘E e e ST = — e e 8
’( 1 \/; N «/; N
Remaning the constant CT RV the same bound is true for |x| < R + 1, hence it is
true for all x and all # € (0, T]

Step 3 We complete the proof of (C.6). In addition to the bound found in Step 2 we
have

(vPv™) @) = [ Gix=n]ovY oy
= g fRd G, (x — ) ’(VV) (e,;ly)‘dy
! ||VV||OO/B Gty

Arguing as above we get,

x|

)(VP’VN) (X)‘ < Crpvey e ¥

where if necessary we have renamed the constant Cr g, v. Now, taken § € (0, 1), we
use both inequalities for [(VP, VV) (x)| to get

(VPVY) | =|(vAvY) (x)(l_‘S (v vY) (x)) Crl’ﬁ Verd=3o=4
2
Step 4 Finally we prove (C.7). We note first that
‘(vptv’v) (x) — (VPtVN> (x + h)‘
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< sup ‘DZPtVN(x+§))|h|
|&1<|h]

< sup/ D%G: (v + & = )| VY 1y [h]
|€1=<I|h]

~d x+E—y|2
N Y
tQr ) g 1<in g
CrRryv el

Ihleg,d sup e~ #T
|E1<Ih|

Cr.rv Lx| €]
R, —d -
|hl€y” sup e” BT
[E1<|h]

IA

C
T.RV hley d 707 o— PF

/

C lx|
T,R,V —d — L
= ; |h|€N e T,

On the other hand, it holds:

‘(vnv’v) (x) — (VPIVN) (x—i—h)‘ < ‘(VP,VN) (x)‘ + ‘(vnv”) (x+h)‘
Cr . C .
< 75 K,d_aefg + Tgve,:,d_ae*%
t2
c .
< Tuv —d— 567%
2

because || < 1. Therefore, for every (small) y € (0, 1),

‘(VP,VN> (x) — (vnvN) (x + h)‘

C’ lx]
CSrey 1 )Y €A== ~dY ;= ammr
—  1=$ N N
tT(l_V) tY
/
CT R,V nlY —d—8(1—y) —4(2&%
1 | | 6]\] e ’
(a+n-3a-y

which completes the proof. O

Appendix D: Holder-Type Seminorm Bounds-2

Let N € N. This section collects some results on Holder type semi-norm for
convolution of the type VN % uy, where VV satisfies to hypothesis (H3), i.e.
VVG) = ey?Viey'x) with ey > 0, limy_oo ey = 0, V € C'(RY) N PRY).
In addition, uy € P(R4). In what follows, for pedagogical reasons, we first treat the
case in which the probability measure wy is deterministic, then we analyse the case
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in which p y is stochastic; the results’ proofs in the latter case are less elementary.
We make the following remark. If i € P(R?), then VN % € C'(R). Moreover,
if (uy)nveny C PRY) converges weakly to u € P(RY) as N — oo, then

Nlim <VN * N, <p> ={(u,p) forall ¢ e CC(Rd).

— 00

Indeed, (VN % uy, @) = (un, VN~ x ¢) where VN~ (x) = VN (—x); then V-~ x

¢ — ¢ uniformly on RY as N — oo and thus (uy, V'™ x ¢) converges to (1, ¢).
Let, as usual, B(0) be the closed ball of radius R centred around zero. Spaces

like CZ) . (R?), namely with the £oc specification, are Polish spaces; the convergence

in this spaces is the convergence in the corresponding topologies over B g (0) for each
R > 0. In addition, let

d d
ZOC(R )_ y'<y ZOC(R )

and endow it with the natural metric which yields convergence in each Cz oc RY).
Recall that, by || f ||y we mean the sum of the supremum norm || f||, on full space

R? plus the y-Holder seminorm on R?.

LemmaD.1 Let (un)yeny C P (Rd) be a sequence converging weakly to . € P(R?).
Set py = VN x uy. Let y € (0, 1) be such that there exists K > 0 for which

Ipnll, < K

for all N € N. Then p is absolutely continuous w.r.t. Lebesgue measure with density
L,OC (Rd) and ||pllo < K. Moreover, py — pinC loc (Rd)

Proof First, notice that forevery R > 0 and y/ < y the space C? (B(0)) is compactly

embedded into C¥ (B(0)). Take any subsequence (p N, )keN. Thanks to the previous
compactness result, together with a diagonal procedure on a subsequence of radius
(Ri)ieN, R;i — o0 as i — oo and a sequence of exponents y; < y such that y;, — y

as i — 0o, we may prove that there exists a subsequence ( Py )k N which converges
€

in C (Rd) for every ¥’ < y, to a function p € CKOC(]Rd), a priori, the function p
depends on the subsequence. Therefore (see the remark above)

= ] ’ =
(. @) = lim (pyr. @) = (p. )

for every ¢ € C, (Rd ) Hence, p is absolutely continuous with respect the Lebesgue
measure with density p. Notice that the properties p > 0 a.e. and p € L' (R?) follow
from the identity (i, ¢) = (p, ¢) for every ¢ € C, (Rd). This identify uniquely p,

independently of the subsequence. Since the convergence in CZ) . (Rd) is metric, we

deduce that the whole sequence (py) converges to p in C} toc (Rd).
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Finally, the previous convergence implies pointwise convergence, hence
lp ()= lim |py (x)| = K
N—o00

This proves || pllo < K. O

Now, we state and prove the previous lemma in the case in which (uy)yen C
P(R?) is a random sequence. Recall that a random probability measure is a random
variable from (2, F, P) to P(RY), considered as a Polish space with a metric inducing
weak convergence of measures. Instead, a random function p of class CZ oc (]Rd) isa
random variable from (2, F, P) to C toc (Rd )

LemmaD.2 Let (un)yeny C P (Rd) be a sequence of random probability measures
converging in law, in the weak topology of P(R?), to a random . € P(R?). Introduce
the random differentiable functions py = VN % uy. Let y € (0, 1), ¢ > 2 be such
that there exists a constant K > 0 for which

E[lpnld] < & (D.1)

for all N € N. Then there exists a random function p of class CZ:C (Rd) such that,
with probability one, i (dx) = p (x) dx; and for every q' < q we have

E[IpI&] < K72, (D2)

Moreover, py converges to p in law, in the topology of C e oc (Rd); and when p is
deterministic (so that py converges to p also in probability) we have

; _ (1/ —
;g&EDmN P%wmm}—o (D.3)

foreveryq’ < qand R > 0.

Proof Let us denote by Py the law of py on Borel sets of C” (Rd), by 7 and 7 the
laws of pn and w on Borel sets P(RY), respectively. We know that 7 converges
weakly to . Set

Kr={f eC"®RY) : | fllcrme < R}

KR is pre-compact in C EOC ~(R%). By assumption (D.1) and Markov inequality,

K
c
Py(KR) < Tk

Then the family (Py)yen is tight in C;;(Rd) Let (P, )ken be any subsequence
converging weakly in the topology of C Zuc ~(R?) to some measure P, which, in principle,
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depends a priori on the subsequence. More precisely, denote by O the joint law of
the vector (py, jn) on Borel sets of C},_(RY) x P(RY). Since we already know that
iy converges weakly, hence it is precompact, we can extract (ny)cn such that Q,
converges weakly to a probability measure Q on Borel sets of C Zo; RY) x P(RY).
The second marginal of Q is m, the first marginal will be called P, as above. The first
marginal of Qp, is Py, and converges weakly to P; the second marginal is 7y, and
converges weakly to 7. Notice that at this stage we do not know yet p has a density
and that P is the law of such density. Concerning uniqueness, u is the unique limit
point (in law) of 1y, but P a priori is not the unique weak limit point of Py . ~
By Skorohod representation theorem, there exists a probability space (Q, F, P),
random variables (ﬁNk, ﬁNk) and (B, 1) from (Q, F,P) to CZOZ (]Rd) x P (Rd),
with laws Qy, and Q respectively, such that (ﬁNk, ﬁNk) — (p, ) as k — oo in
cl . (R? ) x P (Rd) P-a.s. The link < pvi = V™M, is preserved under this change

Loc

of basis: py, = V N s N, with | P _probability one. Indeed, denoting by IE[ ] the
mathematical expectation on (Q }" P),

IE|:1 AN ”VNk *ﬁNk — ﬁNk

_ |=E lAHVNk* - - ]
C(BR«»)] [ FNT PNl ()

(the first identity is true because (ﬁNk, fin,) and (py, . wa, ) have the same law; second
identity is true because pN =V Ne i un,)- Hence py, =V AL ,uNk, P-as.

The novelty on (Q ]—' IE”) is that we have the random variable p, not only [&. Let
us prove that the former is the density of the latter. From the remark above, with P
probability one, since [Iy, converges weakly to i we have

lim <VN" * INg» <0> = (L. ¢)
k— 00

forall ¢ € C.(R?). But at the same time, being VM s I N = PN, and py, converges
to pin CZO_C (Rd), we have

lim <VN" */LNk,qO) =(p.¢)

k— o0

for all ¢ € C.(R¥). Therefore,

(P, ¢) = (I, @) forall p € Cc(RY)

with P probability one. It implies that, P-a.s., the measure /i has density p € Cl. (Rd) ;
the property that p'is a probability density follows from the same identity, by suitable
choice of ¢ € C, (Rd)
Call A the subset of C,_ (RY) x P (R?) such that the first element is the density
of the second. Call A; the set of elements of P (Rd) that have a density of class

CZOC ( ) The sets A and A, are in bijection. The two sets are measurable in the
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corresponding spaces and the bijection is bi-measurable. Therefore a probability mea-
sure on C,_ (RY) x P (R?), concentrated on A, corresponds uniquely to a probability
measure on P (Rd) concentrated on A, by this bijection. It follows that Q is uniquely
determined by its second marginal s, which is unique a priori. This proves that Q is
independent of the subsequence (nx);cy and thus the full sequence (Qn)nen con-
verges, to a single Q. ~

We can now prove that u has a density, P-a.s. We have proved that the law of [t is
concentrated on A»; but, being Q the law of (p, &) and having Q second marginal 7,
the law of [ is 7. Hence 7, which is also the law of i, is concentrated on A,. Namely,
P-a.e. realization of u has a density p, of class CZ)_C (Rd). The random element (p, ()
is the image of w under the bijection above, hence it has law Q. It follows, from the
weak convergence of (Qn)nen to Q, that py converges to p in law.

It remains to prove (D.2) and (D.3). Let us prove (D.2). The sequence of r.v.’s

/ . . .
{ SUP|y|<p |2 (X)]7 . is non decreasing and non-negative, and converges a.s. to
n

SUP, g | P (x)Iq/, hence by Beppo-Levi theorem

E [sup Ip (x>|‘1} = s [sup p <x>|q} :

xeRd |x|<n

Therefore (using also the fact that p and p have the same law, the first marginal of Q
above) it is sufficient to find a constant C > 0, independent of R, such that

E [ sup |ﬁ(x>|q} <C

|x|<R

’
for every R > 0. But we know that supj, < [P™% (x)|? converges as. to

SUP|y|<R [P (x) |q/. Moreover, we know that there exists y > 1 such that

E [( sup |7 (x)\")V} <K
[x|<R

(take y = ¢g/q’ and use assumption (D.1)). Hence, by Vitali convergence theorem, we
get

E|:sup |Z)'(x)|q/:| = lim E|:sup ‘ﬁN (x))q:| <Kk,

lx|<R N—oo | |x|<R

Finally, (D.3) is proved similarly, under the additional assumption that p is deter-

ministic. In this case p" converges to p in probability, not only in law, in CZ;C(Rd ).
In particular, sup, g ] PN (x)—p (x)|q converges to zero in probability. Since

SUP|y|<R ] pN(x)—p (x)|q is uniformly integrable, by Vitali theorem it converges
to zero in average. O
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Appendix E: Relaxed Controls

In the proof of Theorem 6.1 we use the concept of relaxed controls. In this section we
briefly recall the definition of relaxed controls are; for more details, see, for instance,
El Karoui et al. [10] and Kushner [14]. Let S be a Polish space and let R s be the space
of all deterministic S-valued relaxed controls over the time interval [0, 7], that is,

Rs = {r : rpositive measure on B(S x [0, T]) : r(S x [0,t]) =t,t € [0, T]}.

If r € Rg, then the time derivative of r exists almost everywhere as a measurable
mapping r [0, T] — P(S) such that r(dy, dt) = f,(dy) dt. The topology of weak
convergence of measure turns R into a Polish space. In addition, the space Rgs is
compact if S is compact. Finally, any S-valued (F;)-adapted process « defined on
some filtered probability space (€2, F, P) induces a Rs-valued random variable p,
the corresponding stochastic relaxed control, according to:

Po(B x 1) = /I5oz(t,w)(B)dt»

where B € B(I") with I" the set of control actions, or action space, I € B([0, T'])
and w € Q2. The random measure p is (F;)-adapted in the sense that its restriction to
S x [0, t] is F;-measurable for every ¢ € [0, T'].
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