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ABSTRACT

A speculative security is an asset whose payo� depends on a random shock uncorrelated with

economic fundamentals (a sunspot) about which some traders have superior information.

In this paper we show that agents may �nd it desirable to trade such a security in spite of

the fact that it is a poorer hedge against their endowment risks at the time of trade, and

has an associated adverse selection cost. In the speci�c institutional setting of innovation of

futures contracts, we show that a futures exchange may not have an incentive to introduce

a speculative security even when all traders favor it.

Journal of Economic Literature Classi�cation Numbers: D82, G14.
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1. Introduction

There are several examples of �nancial instruments whose payo�s depend on the re-

alization of lotteries that are completely unrelated to agents' endowments and preferences

(i.e. \sunspots"), regarding which some agents may have private information. An exam-

ple in the futures industry is that of the \presidential futures" launched last year by the

Russian Commodities and Raw Materials Exchange in Moscow. These contracts, which

were heavily traded, were based on the percentage of the vote each of the seven candidates

attracted in the �rst round of the Russian presidential ballot. For example, a trader buying

a 30% Yeltsin contract made a gain (or loss) depending on how much Yeltsin's share of the

vote exceeded (or fell short of) the 30% mark.1 Presumably, traders could use this instru-

ment as a hedge against economic risks associated with the election, while at the same time

gambling on the outcome of the ballot.2

One explanation for the introduction of such securities is that traders �nd pleasure

in gambling. In the case of Yeltsin futures, one could appeal to the well-known Russian

proclivity for gambling. If the intent was to provide a hedging instrument, one could argue,

a contract on Russian GNP, or some other index of economic activity, would have been

more appropriate.

In this paper we o�er a di�erent justi�cation based on more sound economic principles.

Our hypothesis relies on the risk-sharing role of �nancial markets when agents are endowed

with di�erent information. We show that, even when hedging considerations predominate,

there may be a rationale for incorporating an asymmetric information sunspot in the asset

payo�. Such a sunspot introduces noise in the price system that reduces the learning

capabilities of uninformed traders and, under certain conditions, allows more risk to be

shared in the market. When these conditions are met, all agents in the economy are better

o� with the sunspot in the asset payo� than without it. In this sense, agents prefer to trade

1 See \Russians Place Bets on Vote's Future(s)" (New York Times, May 20, 1996).
2 Although not directly related to the analysis in this paper, there are additional examples

in the banking industry. Recently, some commercial banks have o�ered deposit accounts
with a �xed rate of return plus the possibility of getting an extra return if the client wins
some type of lottery. One case is that of Argentaria, a Spanish bank that o�ers a deposit
account paying a �xed x% return plus the following lottery: at the opening of the savings
account the client picks a team out of the twenty two teams in the National Soccer League
as his favorite for winning the competition; if at the end of the season the client was right,
he gets an extra y% return; if he picked the wrong team, no extra return is paid. Our
analysis focuses on the role of �nancial markets in the allocation of risk and, consequently,
does not apply directly to this type of contract.
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In the traditional view of �nancial markets, both partial revelation of information

(informational ine�ciency) and higher volatility of asset prices are welfare-reducing. This

is clearly the view that motivates �nancial regulations such as disclosure rules, margin

requirements, and circuit-breakers. We show that, in a fairly standard framework, there are

circumstances in which this view is untenable. In our model, a nonspeculative security leads

to informational e�ciency and minimizes price volatility but may nevertheless be Pareto

dominated by a speculative security.

After demonstrating that a speculative security may be Pareto-preferred, we investigate

the incentives of a futures exchange to introduce such a security. Maximization of trading

volume is widely perceived to be an appropriate objective for a futures exchange, both in

practice and in the theoretical modeling of futures innovation. However, we �nd that a

volume-maximizing exchange may or may not have an incentive to innovate a speculative

contract depending on the way the contract size is normalized, which is essentially arbitrary.

A more satisfactory objective is maximization of transaction fee revenue, wherein the ex-

change designs a futures contract and chooses the fees traders have to pay per transaction.

It turns out that in this case the exchange always chooses not to include the speculative

component in the asset payo�, even when it makes all the traders in the economy better

o�.

The paper is organized as follows. In the next section we describe the model, which is

a variant of the exponential-normal framework for studying security design that is outlined

in Du�e and Rahi (1995). We derive the rational expectations equilibrium for any given

asset that is made available for trade. In Section 3, we analyze the welfare impact of

security design, and provide conditions under which a speculative asset Pareto dominates

a nonspeculative asset. Section 4 looks at the security design problem from the perspective

of a futures exchange. We explore the link between the choice of futures contract and

trading volume, and show that a revenue maximizing contract is necessarily nonspeculative.

Section 5 concludes. Proofs and technical results are in the Appendix.

2. The Model

We consider a static one-good economy with a single risky asset and a riskfree bond

whose interest rate is normalized to zero.4 Both assets are in zero net supply. There are

4 We do not need a riskless asset when the risky security is a futures contract, as in
Section 4.
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two (representative) agents with CARA utility. Agent 1 has risk aversion coe�cient r1 and

initial endowment e1 := k1xz; where x and z are independent normal random variables5

and k1 is a scalar. The random variable x is privately known to agent 1 at the time of

trading and can be thought of as the size of his hedging needs. Agent 1 also observes a

private signal s. This signal is normally distributed, independent of x and z. By a judicious

choice of units we can normalize the variances of x, z, and s to be one. Agent 2 has risk

aversion r2 and endowment e2 := k2z: He has no private information. We will refer to agent

1 as \informed" and agent 2 as \uninformed."6

The aggregate risk in the economy is therefore given by (xk1 + k2)z, which is indepen-

dent of s. The parameters k1 and k2 determine the size of the aggregate risk, as well as

the degree of heterogeneity among traders (and hence the gains from trade). We make the

following technical assumption:

assumption 1. r21k
2
1 < 1:

This is a necessary and su�cient condition for the ex ante expected utility of the informed

agent to be well-de�ned (as will be clear from the proof of Lemma A.3 in the Appendix).

On the other hand, the uninformed agent's expected utility is well-de�ned for all r2 and k2.

We also take k1 to be nonzero (for otherwise, equilibrium will necessarily be fully revealing).

After agent 1 has observed his private signals, he trades the available securities with

agent 2 in a competitive rational expectations equilibrium. Subsequently, all uncertainty is

resolved, the assets pay o�, and consumption takes place.

We now parameterize the risky asset as follows. The payo� of this asset, denoted f , is

linear in the endowment risk z and the signal s:

f = az + bs; (1)

with a nonzero. Our goal is to analyze the e�ect on agents' welfare of the choice of the

security design parameters, a and b. If b is zero, we refer to the asset as \nonspeculative."

There is no asymmetric information about the payo� of a nonspeculative asset and it is

traded for hedging reasons alone. In fact it is a perfect hedge for the z risk. For nonzero b

5 All random variables are de�ned on a �xed probability space.
6 For concreteness, one can think of the agents as farmers, where ki is the size of farmer i's

farm, x is the productivity per acre for the �rst farmer (while it is one for the second farmer),
and z is the (exogenous) price of the farm output at the time of harvest.
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we term the asset \speculative." Note that the speculative component s is pure \sunspot"

uncertainty independent of agents' endowments. Furthermore, as will become clear shortly,

it matters precisely because there is asymmetric information about it.

A position �i in the risky asset leaves agent i with end-of-period wealth

wi := ei + �i(f � p); (2)

where p is the asset price. Agents have rational expectations and learn from prices, i.e.

they know what the random variable p is and condition on it. The information of agent 1

is I1 := (s; x; p), and that of agent 2 is I2 := p: Agent i solves the following maximization

problem:

max
�i2Mi

E[�exp(�riwi)]; (3)

where wi is given by (2), andMi is the space of Ii-measurable random variables. Assuming

for the moment that p, f , and ei are joint normal (which will be the case in equilibrium),

any choice of �i leaves net wealth wi normally distributed, conditional on Ii. Therefore,

agent i's expected utility is

E[�exp(�riwi)] = �E
h
E[exp(�riwi)jIi]

i
= �E

h
exp

�
�ri

h
E(wijIi)�

ri

2
Var(wijIi)

i�i
:

(4)

Let

Ei := E(wijIi)�
ri

2
Var(wijIi): (5)

The problem (3) is equivalent to choosing a position �i to maximize Ei pointwise for each

realization of Ii. From (2):

Ei = E(eijIi) + �i

h
E(f jIi)� p

i
�
ri

2

h
Var(eijIi) + �2iVar(f jIi) + 2�icov(f; eijIi)

i
: (6)

The solution to (3) can readily be calculated:

�i =
E(f jIi)� p� ricov(f; eijIi)

riVar(f jIi)
; (7)

so that

�1 =
bs� p� r1k1ax

r1a2
(8)

and

�2 =
bE(sjp)� p� r2k2a

r2[a2 + b2Var(sjp)]
(9)

For reasons of tractability, we limit our attention to linear equilibria.
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Definition 1. A linear rational expectations equilibrium is a 3-tuple of random variables

(�1; �2; p), such that p is of the form:

p = p+ �x+ �s; (p; �; �) 2 IR3; (10)

given this price function, �i solves the utility maximization problem (3) for i = 1; 2; and

markets clear for every realization of private information:

�1 + �2 = 0: (11)

Given an asset of the form (1), there exists a unique equilibrium in the linear class.

Lemma 2.1. There exists a unique linear rational expectations equilibrium. The price

function is

p =
1

D

h
[(r1 + r2)b

2 + r21r2k
2

1(a
2 + b2)](bs� r1k1ax)� r1r2k2a(r

2

1k
2

1a
2 + b2)

i
;

and the equilibrium asset position of agent 1 is

�1 =
1

aD

h
r21k

2

1a(bs� r1k1ax) + r2k2(r
2

1k
2

1a
2 + b2)

i
;

where

D := (r1 + r2)(r
2

1k
2

1a
2 + b2) + r21r2k

2

1b
2:

The equilibrium asset position of agent 2 is, of course, just the negative of that of

agent 1. By observing the equilibrium price (and knowing the price function), the unin-

formed agent learns the random variable (bs� r1k1ax), which is a linear combination of the

informed agent's private signals. Thus the equilibrium is partially revealing|the informed

agent knows the realizations of s and x but the uninformed agent does not. If b is zero, the

information s becomes irrelevant; the equilibrium is then fully revealing with respect to the

relevant information, x.

3. Welfare

In this section we analyze the impact of security design on agents' welfare. In particular,

we are interested in identifying conditions under which a speculative asset Pareto dominates

a nonspeculative asset. We measure agent i's welfare by his certainty-equivalent wealth in
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equilibrium. Any given asset of the form (1) gives rise to a unique linear equilibrium

(Lemma 2.1), with associated terminal wealth w�i (a; b) for agent i. The certainty-equivalent

of w�i is given by

Ui := �
1

ri
ln
h
E[�exp(�riw

�

i )]
i
: (12)

Hence Ui is agent i's certainty-equivalent wealth in equilibrium, or equilibrium utility for

short.

Lemma A.3 in the Appendix gives closed-form expressions for agents' equilibrium utili-

ties. These depend on the asset payo� parameters, a and b, only through �2, where � := b=a:

Di�erentiating, and using Assumption 1, we obtain the following comparative statics results:

Lemma 3.1. For the informed agent,

�
@U1
@(�2)

�
�=0

> 0

if and only if

r22k
2

2(r1 + r2)(1� r21k
2

1)
�
r21(1 + r21k

2

1)� 2r2(r1 + r2)(1 � r21k
2

1)
�

>
�
(r1 + r2)

2(1� r21k
2

1) + r41k
2

1

�
�
�
(r1 + r2)(1 + r21k

2

1) + 2r21r2k
2

1

�
:

For the uninformed agent, �
@U2
@(�2)

�
�=0

> 0

if and only if

r21r
2

2k
2

2(r1 + r2) >
�
(r1 + r2)(1� r21k

2

1) + 2r21r2k
2

1

�
�
�
(r1 + r2)

2 + r21r
2

2k
2

1

�
:

The lemma provides necessary and su�cient conditions for a local Pareto improve-

ment with a speculative asset relative to a nonspeculative asset. In order to understand

these conditions we need to analyze the interplay between the various e�ects of introduc-

ing the speculative component into the asset payo�. First, we have the spanning e�ect:

an asset with a speculative component is a worse hedging instrument. Since the equilib-

rium is partially revealing for nonzero b, the uninformed agent can no longer get a perfect

hedge and reduces his trading activity. Second, there is the adverse selection e�ect: with

partial revelation the uninformed agent is less willing to trade, again reducing the set of
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(information-constrained) feasible allocations. Both these e�ects operate in the same direc-

tion and the result would be to make both agents worse o�. The incidence of the welfare

loss depends on prices.

Counteracting these forces is the Hirshleifer e�ect. Less accurate information on ag-

gregate risk at the time of trade can improve agents' welfare. To see more clearly how this

can happen, let us think of a simple Edgeworth box economy with a single good, two states

of the world, and two agents. Suppose there is symmetric information and asset markets

are complete. Then agents can trade to a point on the contract curve. If, however, the true

state of the world is revealed before trade, no trade takes place. This is clearly ine�cient

unless the initial endowment is on the contract curve.

In our economy, the Hirshleifer e�ect is somewhat more subtle. Introducing depen-

dence on extraneous private information results in partial revelation of endowment-related

information (x). Even though the asset payo� is independent of x, this risk can be hedged

to some extent (from the ex ante point of view) since portfolios can depend on x. As in the

Edgeworth box example, partial revelation of endowment risk can improve risk-sharing.

To get a Pareto improvement, the Hirshleifer e�ect must outweigh the spanning and

adverse selection e�ects. Lemma 3.1 provides (necessary and su�cient) conditions on the

parameters of the model for which this is the case. A necessary condition for the utility

of the informed agent to be higher with a speculative asset is that the risk aversion of the

uninformed agent, r2, is small. This can be interpreted as saying that the negative spanning

e�ect should be weak, since the extra noise in a speculative asset hurts the uninformed

agent (and through prices, the informed agent)7 more the higher is his risk aversion. If r2

is small, we can obtain a Pareto improvement provided the size of the uninformed agent's

endowment, k2, is large. The idea here is that for the Hirshleifer e�ect to dominate, the

aggregate initial risk must be large, otherwise less revelation does not have enough scope

for improving risk-sharing. The only question that remains is why we cannot generate the

same e�ect through a large k1. The reason is that prices become less informative with

respect to s as k1 increases (recall that prices reveal the random variable (bs � r1k1x)),

exacerbating both the adverse selection and spanning e�ects. Indeed as r21k
2
1 approaches

one (which it cannot exceed due to Assumption 1), the utility improvement condition for

the informed agent is necessarily violated. We can circumvent this by reducing r1 as we

7 Since the informed agent knows s he does not face a negative spanning e�ect directly.
Hence a restriction on his risk aversion coe�cient r1 is not needed.
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increase k1 (keeping r1k1 constant, say), but this again strengthens the adverse selection

e�ect as the informed agent becomes almost a pure speculator while prices do not reveal

any more information. In this case we see that the utility improvement condition for the

uninformed agent becomes di�cult to satisfy. To summarize:

Proposition 3.2. If the uninformed agent is not too risk-averse and his risk exposure is

su�ciently large, both agents prefer a speculative to a nonspeculative asset.

If k2 is zero, we are in the setting of Rahi (1996). Lemma 3.1 con�rms that in this case

the informed agent prefers a nonspeculative asset, as was shown in Rahi (1996). In fact

it goes further: a speculative asset is Pareto dominated. As we have seen, however, these

results hold only because the Hirshleifer e�ect is weak.

Note that adding a speculative component to the asset payo� can be Pareto improving,

even though it necessarily results in higher volatility of the asset price, as can be veri�ed

from the equilibrium price function (Lemma 2.1):

Proposition 3.3. The variance of the price of an asset with payo� (z + bs) is increasing

in jb j.

Propositions 3.2 and 3.3 show that market e�ciency, as commonly understood in �-

nance, and low volatility may be in conict with Pareto e�ciency. A nonspeculative security

has a fully revealing price. Introducing a speculative component causes the price to be par-

tially revealing and more volatile. Nevertheless, under the conditions of Proposition 3.2, all

agents prefer to trade a speculative security.

4. Futures Innovation

We now study security design by a futures exchange. If the exchange can levy lumpsum

fees on agents who wish to trade its contracts, and is thus able to extract some of the surplus

that agents get from trading, it will issue a speculative contract under the conditions of

Proposition 3.2. In actual practice, although lumpsum fees are charged in the form of

seat prices, the seats derive their value from commissions that exchange members can

charge nonmembers who wish to trade the exchange's contracts. Exchanges also seem to

be concerned about the volume of trade in their contracts. For a discussion, see Du�e and

Rahi (1995).

The theoretical literature on futures innovation has, by and large, taken trading volume

as the objective function of a futures exchange (see, for example, Du�e and Jackson (1989),
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adding on a speculative component bs. We get the following result for this case:

Proposition 4.2. With the normalization a = 1, a volume-maximizing futures exchange

will always choose a nonspeculative contract.

Once again one wonders if this result is not driven simply by the fact that introducing

a speculative component in the asset payo� increases the variance of the payo� for the

uninformed agent. Our conclusion is that it is problematic to measure the volume of trade.

Any normalization of the size of the contract is arbitrary.

4.2. Transactions Fee Revenue

We now provide a model of a revenue-maximizing futures exchange that chooses both

the contract and a fee for trading the contract. This construction requires no normalization,

as we shall see. The exchange designs a contract with payo� of the form (1). The contract

is traded by two (groups of) agents as in Section 2. The utility functions, endowments and

information of these agents are as in Section 2. In this case, however, transactions incur a

fee that must be paid to the exchange. Speci�cally, if an agent's asset position is �, he pays

T
2
�2. The exchange chooses the security design parameters a and b and the transactions fee

T to maximize expected revenue, i.e. it solves the following optimization problem:

max
a;b;T

E(T�21): (13)

Note that in equilibrium the squared asset position is the same for both agents. To solve

this problem we need to compute the rational expectations equilibrium for any given a; b;

and T . The terminal wealth of agent i is

wi = ei + �i(f � p)�
T

2
�2i :

Analogous to (7), the optimal position is

�i =
E(f jIi)� p� ricov(f; eijIi)

riVar(f jIi) + T
:

The de�nition of equilibrium is the same as De�nition 1, supplemented with (13). We

refer to the economy described in this subsection as the \transactions fee economy" to

di�erentiate it from the economy that we have studied heretofore. We �rst derive the

rational expectations equilibrium:
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Lemma 4.3. There exists a unique linear rational expectations equilibrium in the transac-

tions fee economy. The price function is

p =
1

D

h�
[(r1+r2)a

2+T ]b2+r21k
2

1a
2[r2(a

2+b2)+T ]
�
(bs�r1k1ax)�r2k2a(r1a

2+T )(r21k
2

1a
2+b2)

i
;

and the equilibrium asset position of agent 1 is

�1 =
a

D

h
r21k

2

1a(bs� r1k1ax) + r2k2(r
2

1k
2

1a
2 + b2)

i
;

where

D := [(r1 + r2)a
2 + 2T ](r2

1
k2
1
a2 + b2) + r2

1
r2k

2

1
a2b2:

The proof is analogous to that of Lemma 2.1. It turns out that the exchange's fee

revenue can be expressed as a function of � := T
a2

and �. See Lemma A.4, which also gives

the equilibrium utility (certainty-equivalent wealth) of the traders for any choice (�; �) of

the exchange.8

Proposition 4.4. The revenue-maximizing contract for the exchange is the nonspeculative

contract (� = 0). The optimal transactions fee � is r1+r2
2

.

In the previous section we saw that under some conditions (Proposition 3.2) traders

unanimously prefer a speculative asset. The above proposition, on the other hand, asserts

that a revenue-maximizing exchange would never introduce a speculative asset. One might

ask if a speculative asset would be preferred by all traders if the exchange can levy trans-

action fees. In other words, if the traders could dictate the choice of contract knowing that

the exchange would charge fees to maximize its revenue given the contract, is it possible

that they would still want a speculative contract? The following lemma gives the requisite

conditions:

Lemma 4.5. In the transactions fee economy, for the informed agent,

�
@U1
@(�2)

�
�=0

> 0

8 It is clear that the security design parameter a has no substantive e�ect on the ex-
change's revenues or on agent's utilities. It merely scales the transaction fee and the weight
on the speculative component of the asset.
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if and only if

r2
2
k2
2
(r1 + r2)(1 � r2

1
k2
1
)
�
r1(3r1 + r2)

2(1 + r2
1
k2
1
)� 8r2(r1 + r2)(1� r2

1
k2
1
)(3r1 + r2 + 2r5

1
k4
1
)
�

>
�
8(r1 + r2)

2(1� r2
1
k2
1
) + r3

1
k2
1
(3r1 + r2)

�
�
�
(3r1 + r2)[r1 + r2 + r2

1
k2
1
(r1 + 2r2)] + r7

1
r2k

6

1

�
:

For the uninformed agent, �
@U2
@(�2)

�
�=0

> 0

if and only if

r32k
2

2(r1 + r2)(9r
2

1 � 15r22 � 10r1r2)

>
�
(r1 + r2)(r1 + 2r2) + r2(r1 + r2)(1 � r21k

2

1) + 4r21r
2

2k
2

1

�
�
�
8(r1 + r2)

2 + r21r2k
2

1(r1 + 3r2)
�
:

Proof. From Lemma A.4, the revenue-maximizing � for a given � is

� =
r1 + r2

2
+

r21r2k
2
1�

2

2(r2
1
k2
1
+ �2)

:

Substituting this in the utility expressions in Lemma A.4, and di�erentiating, we obtain the

result.

From the proof one can see that the exchange charges a higher transactions fee for

a speculative contract than for a nonspeculative one. Nevertheless the traders prefer a

speculative contract under conditions similar to those required for Proposition 3.2.

Proposition 4.6. If the uninformed agent is not too risk-averse and his risk exposure is

su�ciently large, both agents prefer a speculative to a nonspeculative asset, even if the

futures exchange optimally charges a transactions fee.

This proposition is an immediate corollary of Lemma 4.5. The intuition behind the

result is the same one as explained in the previous section. The only additional e�ect in this

case is that a speculative asset is associated with a higher transactions fee, making it more

expensive for agents to hedge their risk. This results in a greater utility loss the more risk

averse the agent is. That is why a necessary condition for the uninformed agent's utility to

be higher with a speculative contract is that his risk aversion be small. This condition was

not needed in the absence of transaction fees (see Lemma 3.1).
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APPENDIX

Lemma A.1. SupposeA is a symmetric n�nmatrix, b is an n-vector, c is a scalar, andw is

an n-dimensional normal variate: w � N(0;�); � positive de�nite. Then E[exp(w>Aw+

b
>

w + c) is well-de�ned if and only if (I� 2�A) is positive de�nite, and

E[exp(w>Aw+ b
>

w+ c) = jI� 2�Aj�
1

2 exp[
1

2
b
>(I� 2�A)�1�b+ c]:

For a proof, see, for example, Dow and Rahi (1996). We will need this result to

calculate ex ante utilities. The following lemma, which is straightforward to show, is useful

for analyzing the volume of trade:

Lemma A.2. Let X � N(m;�2). Then

E(jX j) =
1

p
2�

"
2�e�

1

2 (
m

� )
2

+m

Z m

�

�
m

�

e�
1

2
y2dy

#
:

In particular,

@E(jX j)

@m
=

1
p
2�

Z m

�

�
m

�

e�
1

2
y2dy

and

@E(jX j)

@(�2)
=

1
p
2��

� e�
1

2 (
m

� )
2

:

Proof of Lemma 2.1. Using (10) and the standard theory of the multivariate normal distri-

bution (see, for example, Anderson (1984), Ch. 1):

E(sjp) =
�(p� p)

�2 + �2
; Var(sjp) =

�2

�2 + �2
:

Substituting in (9), and using the market clearing condition (11), we obtain the equi-

librium price function in terms of p; �; and �:

p =
1

Q

�
r1a

2
�
r2k2a(�

2+�2)+b�p
�
+r1r2k1a

�
a2(�2+�2)+b2�2

�
x�r2b

�
a2(�2+�2)+b2�2

�
s
�
;

where

Q := r1a
2b� � r2b

2�2 � a2(r1 + r2)(�
2 + �2):
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Comparing coe�cients with (10), we can solve for �
�
, and subsequently p; �; and �.

The asset position �1 can now be derived by substituting the price function in (8).

Lemma A.3. The equilibrium utility of agents is given by

U1 =
1

2r1

�
lnM +

r21r
2
2
k22(1� r21k

2
1
)(r21k

2
1
+ �2)2

F 2M

�
and

U2 =
1

2r2

�
�r22k

2

2 + ln (1 + r41r
2

2k
4

1N) +
r42k

2
2
(r21k

2
1
+ �2)N

1 + r4
1
r2
2
k4
1
N

�
;

where

F := (r1 + r2)(r
2

1
k2
1
+ �2) + r2

1
r2k

2

1
�2; (14)

M := (1� r21k
2

1) + r61k
4

1F
�2[r21k

2

1 + (1� r21k
2

1)�
2];

N := F�2[r21k
2

1 + �2 + r21k
2

1�
2]:

Proof. Using (6) and (7), in equilibrium,

Ei = E(eijIi)�
ri

2
Var(eijIi) + �i

h
E(f jIi)� p� ricov(f; eijIi)

i
�
ri

2
�2iVar(f jIi)

= E(eijIi)�
ri

2
Var(eijIi) +

ri

2
�2iVar(f jIi):

Now, from (4), (5) and (12),

Ui = �
1

ri
ln
h
E[�exp(�riEi)]

i
;

and the desired expressions follow from an application of Lemma A.1. The positive de�-

niteness condition in Lemma A.1 is equivalent to Assumption 1.

Lemma A.4. For any given choice (�; �) of the exchange, the equilibrium utility of agents

in the transactions fee economy is given by

U1 =
1

2r1

�
lnM +

r1r
2
2k

2
2(r1 + �)(1� r21k

2
1)(r

2
1k

2
1 + �2)2

F
2

M

�
and

U2 =
1

2r2

�
�r22k

2

2 + ln (1 + r41r
2

2k
4

1N) +
r42k

2
2(r

2
1k

2
1 + �2)N

1 + r4
1
r2
2
k4
1
N

�
;
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where

F := (r1 + r2 + 2�)(r21k
2

1 + �2) + r21r2k
2

1�
2;

M := (1� r21k
2

1) + r51k
4

1(r1 + �)F
�2

[r21k
2

1 + (1� r21k
2

1)�
2];

N := F
�2
r�1
2
[(r2 + �)(r2

1
k2
1
+ �2) + r2

1
r2k

2

1
�2]:

The revenue of the exchange is

�F
�2

(r2
1
k2
1
+ �2)[r2

1
k2
1
(r2
1
k2
1
+ r2

2
k2
2
) + r2

2
k2
2
�2]:

Proof of Proposition 4.1. We denote the mean and standard deviation of �1 by m� and ��

respectively. Using the expression for the equilibrium holding �1 from Lemma 2.1 and the

normalization a2 + b2 = 1, we get

m� =
(1 + �2)

1

2

F
� r2k2(r

2

1k
2

1 + �2) (15)

and

�2� =
1 + �2

F 2
� r41k

4

1(r
2

1k
2

1 + �2); (16)

where F is given by (14). The expected volume of trade is

V = 2E(j�1 j):

Now
@V

@(�2)
= 2

�
@E(j�1 j)

@m�

�
@m�

@(�2)
+
@E(j�1 j)

@�2�
�
@�2�
@(�2)

�
:

Using Lemma A.2, (15) and (16),

�
@V

@(�2)

�
�=0

=

r
2

�

"
r2k2(r1 � r2)

2(r1 + r2)2
�

Z m�

��

�

m�

��

e�
1

2
y2dy

�
(r1 + r2)(1 � r21k

2
1) + 2r21r2k

2
1

��(r1 + r2)3
� e
�

1

2

�
m�

��

�
2

#
;

which is positive if r1 > r2 and k2 is su�ciently large.

Proof of Proposition 4.2. If a = 1, the mean and standard deviation of the equilibrium

holding �1 are

m� =
1

F
� r2k2(r

2

1k
2

1 + �2)

and
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�2� =
1

F 2
� r4

1
k4
1
(r2
1
k2
1
+ �2);

respectively, where F is given by (14). From Lemma A.2, the volume of trade V is increasing

in jm� j and ��, both of which are decreasing in �2. Hence the result.
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