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Htxlw| Ilqdqfh/ Dgyhuvh Vhohfwlrq dqg

Surgxfw Pdunhw Frpshwlwlrq

Huohqg Qlhu4

Iluvw yhuvlrq= 46 Dxjxvw 4<<;

Wklv yhuvlrq= 491 Dxjxvw 4<<<

4Ilqdqfldo Pdunhwv Jurxs/ Orqgrq Vfkrro ri Hfrqrplfv/ Krxjkwrq Vwuhhw/ Orq0

grq ZF5D 5DH> h0pdlo dgguhvv= h1z1qlhuCovh1df1xn 1 L wkdqn p| dgylvru Vxglswr

Ekdwwdfkdu|d dv zhoo dv Zroijdqj Euhxhu/ [dylhu Iuhl{dv dqg vhplqdu sduwlflsdqwv

dw wkh Ilqdqfldo Pdunhwv Jurxs/ OVH/ iru wkhlu frpphqwv1 Ilqdqfldo vxssruw iurp

WPU judqw qr1 HUE7334JW<:4;;9 lv judwhixoo| dfnqrzohgjhg1 Doo huuruv duh

plqh1



Devwudfw

Wklv sdshu dqdo|vhv wkh h�hfw ri dv|pphwulf lqirupdwlrq ehwzhhq d �up dqg

lwv rxwvlgh lqyhvwruv rq wkh �up*v frpshwlwlyh srvlwlrq lq d prgho zkhuh �uvw0

shulrg frpshwlwlrq lv iroorzhg e| d �qdqflqj vwdjh ã od P|huv dqg Pdmoxi

+4<;7,1 Lq rxu prgho/ lqwhulp sur�w jhqhudwhg e| wkh frpshwlwlrq vwdjh wdnhv

wkh uroh ri �qdqfldo vodfn dqg ghwhuplqhv wkh h{whqw wr zklfk h{whuqdo htxlw|

�qdqfh lv uhtxluhg iru d qhz lqyhvwphqw rssruwxqlw|1 L frqvlghu wkh ixoo vhw ri

htxloleuld lq rxu yhuvlrq ri wkh P|huv dqg Pdmoxi prgho dqg irupdoo| dqdo|vh

�qdqfldo vodfn dv d frpsdudwlyh vwdwlfv yduldeoh1 Xvlqj wklv/ L ghulyh wkh �up*v

�uvw shulrg remhfwlyh iurp �uvw sulqflsohv1 Lq frqwudvw wr prghov ri suhgdwru|

ehkdylru/ L �qg wkdw lq wkh suhvhqfh ri dq dgyhuvh vhohfwlrq sureohp wkh qhhg

wr �qdqfh h{whuqdoo| pd| surylgh d vwudwhjlf ehqh�w udwkhu wkdq d vwudwhjlf

glvdgydqwdjh1 Wkh uhdvrq lv wkdw wkh dgyhuvh vhohfwlrq sureohp pd| lqgxfh

vshfxodwlyh ehkdylru/ zklfk zloo pdnh wkh �up pruh djjuhvvlyh ylv ã ylv lwv

ulydo1 +MHO fodvvl�fdwlrq G;5/ J63/ O46,



4 Lqwurgxfwlrq

Wklv sdshu dqdo|vhv wkh lpsolfdwlrqv ri dv|pphwulf lqirupdwlrq ehwzhhq d

�up dqg lwv rxwvlgh lqyhvwruv rq wkh �up*v vwudwhjlf srvlwlrq lq lwv surgxfw

pdunhw1 Wkh prgho devwudfwv iurp lvvxhv ri suhfrpplwphqw dqg kdv d �0

qdqflqj vwdjh zklfk rffxuv diwhu wkh surgxfw pdunhw vwdjh1 Wklv fdswxuhv

wkh lghd wkdw wkh �up frqwlqxrxvo| lqwhudfwv zlwk lwv surgxfw pdunhw frp0

shwlwru/ exw wkhq dw vrph srlqw lq wlph pd| kdyh wr wdnh uhfrxuvh wr wkh

�qdqfldo pdunhw1 Wkh �qdqflqj vwdjh lv d yhuvlrq ri wkh P|huv dqg Pdmoxi

+4<;7, prgho ri htxlw| �qdqfh/ lq zklfk wkh �up*v pdqdjhphqw lv dvvxphg

wr kdyh vxshulru lqirupdwlrq rq wkh ydoxh ri wkh �up*v dvvhwv lq sodfh1 Wklv

jlyhv ulvh wr d ohprqv sureohp/ lq wkdw wkhuh pd| eh htxloleuld lq zklfk rqo|

edg �upv pd| lvvxh dqg lqyhvw1 Lq wkhlu sdshu/ P|huv dqg Pdmoxi vwuhvv

wkh lpsruwdqfh ri �qdqfldo vodfn wr plwljdwh wkh dgyhuvh vhohfwlrq sureohp1

Wkh| gr qrw irupdoo| dqdo|vh wkh uroh ri �qdqfldo vodfn/ krzhyhu1 Dovr/ dv

kdv ehhq srlqwhg rxw e| Jldppdulqr dqg Ohzlv +4<;;, dv zhoo dv Fdgve|/

Iudqn/ dqg Pdnvlprylf +4<<3,/ wkh| gr qrw irupdoo| dqdo|vh wkh ixoo vhw ri

htxloleuld ri wkhlu prgho1 Wklv sdshu surylghv dq dqdo|vlv ri erwk wkhvh lv0

vxhv iru wkh sduwlfxodu yhuvlrq ri wkh prgho1 L wkhq dujxh iru dq htxloleulxp

vhohfwlrq vxfk wkdw wkh suredelolw| ri wkh jrrg �up lqyhvwlqj lv lqfuhdvlqj lq

wkh dprxqw ri �qdqfldo vodfn dydlodeoh dqg dqdo|vh wkh lpsolfdwlrqv ri wklv

htxloleulxp sod| rq wkh �uvw0shulrg frpshwlwlrq1 Wkh lghd lv wkdw �uvw0shulrg

sur�w wdnhv wkh uroh ri �qdqfldo vodfn dqg ghwhuplqhv wkh dprxqw wkh �up

qhhgv wr udlvh h{whuqdoo|1 Xqghu wkh dvvxpswlrq wkdw �uvw shulrg sur�w lv

vwrfkdvwlf/ L vkrz wkdw wkh �up zloo qr orqjhu pd{lplvh wkh h{shfwhg ydoxh

ri �uvw0shulrg sur�w1 Lq dgglwlrq/ lw zloo fduh derxw wkh yduldqfh ri wkh sur�w

glvwulexwlrq dqg zloo vhhn wr lq xhqfh lw e| lwv rxwsxw fkrlfh41 Ghshqglqj rq

4Lq d vhw0xs vlplodu wr rxu rzq/ Udsrvr +4<<;, dqdo|vhv wkh lpsolfdwlrqv ri dq dgyhuvh

vhohfwlrq sureohp rq wkh �up*v rswlpdo ulvn0pdqdjhphqw1 Vkh grhv qrw/ krzhyhu/ h{soruh

wkh lqfhqwlyhv h�hfwv iru d �up zklfk frpshwhv lq d vwudwhjlf hqylurqphqw/ zklfk lv wkh

irfxv ri wkh dqdo|vlv khuh1
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wkh vhyhulw| ri wkh dgyhuvh vhohfwlrq sureohp/ wklv pd| pdnh wkh �up d pruh

djjuhvvlyh ru d ohvv djjuhvvlyh frpshwlwru1 L lghqwli| vlwxdwlrqv lq zklfk wkh

idfw wkdw wkh �up kdv wr �qdqfh h{whuqdoo| dfwxdoo| frqihuv d vwudwhjlf ehqh�w

rq wkh �up/ vlqfh lw zloo kdyh dq lqfhqwlyh wr frpshwh pruh djjuhvvlyho| lq

rughu wr lqfuhdvh wkh suredelolw| ri lqyhvwphqw1

D odujh sduw ri wkh olwhudwxuh rq dgyhuvh vhohfwlrq dqg surgxfw pdunhw

ulydou| kdv irfxvhg rq irupdolvlqj wkh lghd wkdw/ li d �up kdv wr �qdqfh

h{whuqdoo| xqghu frqglwlrqv ri dv|pphwulf lqirupdwlrq/ wklv zloo pdnh lw yxo0

qhudeoh wr suhgdwru| ehkdylrxu e| ulydov1 Wklv lvvxh lv h{soruhg lq Srlwhylq

+4<;<,/ Erowrq dqg Vfkduivwhlq +4<<3, dqg Skloolsv +4<<6,1

Srlwhylq +4<;<, dujxhv wkdw xqfhuwdlqw| derxw wkh ydoxh ri dq hqwudqw pd|

eh odujhu wkdq wkdw ri wkh lqfxpehqw �up1 Wr vljqdo lwv txdolw|/ wkh hqwudqw

pd| kdyh wr lvvxh ghew/ zkhuhdv wkh lqfxpehqw fdq �qdqfh zlwk htxlw|1 Ghew

�qdqflqj uhqghuv wkh hqwudqw yxoqhudeoh wr suhgdwlrq wkurxjk wkh srvvlelolw|

ri edqnuxswf|1 Wklv fdq eh h{sorlwhg e| wkh lqfxpehqw suhgdwru/ zkr pd|

hqjdjh lq d sulfh zdu wkdw ghfuhdvhv wkh hqwudqwv fdvk  rz dqg lqfuhdvhv klv

suredelolw| ri edqnuxswf|1

Lq Erowrq dqg Vfkduivwhlq +4<<3, wkh xqghuo|lqj djhqf| sureohp lv wkdw

�uvw shulrg sur�w lv qrqyhul�deoh1 Wr lqgxfh wkh hqwudqw �up wr wuxwkixoo|

uhyhdo lwv sur�w wkhuh lv d wkuhdw wr whuplqdwh ixqglqj zkhq uhsruwhg sur�w

lv orz1 Wklv/ krzhyhu/ zloo hqfrxudjh ulydov wr hqvxuh wkdw wkh �up*v �uvw

shulrg shuirupdqfh lv srru1 Erowrq dqg Vfkduivwhlq prgho wklv e| dvvxplqj

wkdw wkh ulydo kdv wkh rswlrq wr lqfuhdvh wkh suredelolw| ri orz �up sur�w

e| wdnlqj dq dfwlrq wkdw frvwv wkh ulydo vrph �{hg dprxqw1 Wkh| ghulyh wkh

rswlpdo frqwudfw/ zklfk/ ehfdxvh ri wkh wudgh0r� ehwzhhq ghwhuulqj suhgdwlrq

dqg plwljdwlqj lqfhqwlyh sureohpv/ pd| ru pd| qrw eh ghvljqhg wr ghwhu

suhgdwlrq1

Lq d prgho vhw0xs forvh wr rxu rzq/ Skloolsv +4<<6, dqdo|vhv wkh fdvh ri

wzr0shulrg frpshwlwlrq ehwzhhq wzr �upv1 Ilupv pxvw pdnh dq lqyhvwphqw

dw wkh hqg ri wkh �uvw shulrg lq rughu wr vwd| lq exvlqhvv lq wkh vhfrqg shulrg1
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Rqh ri wkh �upv kdv d ghhs srfnhw/ zkhuhdv wkh rwkhu �up kdv wr �qdqfh

wkh lqyhvwphqw wkurxjk ghew1 Wkhuh lv dv|pphwulf lqirupdwlrq uhjduglqj wkh

�up*v vhfrqg shulrg survshfwv/ zklfk xqghu wkh dvvxpswlrq ri ghew �qdqflqj

fuhdwhv dq lqfhqwlyh wr lqyhvw/ hyhq li wkh lqyhvwphqw kdv qhjdwlyh qhw suhvhqw

ydoxh1 Wr uhvroyh wklv sureohp/ vrph sruwlrq ri wkh lqyhvwphqw kdv wr eh

�qdqfhg e| lqwhuqdo fdvk1 Wklv djdlq fuhdwhv lqfhqwlyhv iru wkh ulydo �up

wr frpshwh pruh djjuhvvlyho| lq wkh �uvw shulrg wr uhgxfh wkh �up*v fdvk

uhvhuyhv dqg wr irufh lw wr irujr wkh lqyhvwphqw1 Mxvw dv lq rxu vhw0xs/ lq

wkh Skloolsv +4<<6, prgho lqwhuqdo fdvk lv dw wkh khduw ri wkh dqdo|vlv1 Lq

frqwudvw wr rxu dqdo|vlv/ Skloolsv irfxvhv rq wkh ulydo*v suhgdwru| lqfhqwlyhv/

iurp zklfk L devwudfw1 Dqrwkhu nh| gl�huhqfh wr wkh prgho ri wklv sdshu lv

wkdw wkh lqfhqwlyh sureohp zklfk xqghuolhv wkh Skloolsv dqdo|vlv frphv derxw

rqo| ehfdxvh wkh �up lv uhvwulfwhg wr lvvxh ghew dqg zrxog glvdsshdu li wkh

�up frxog lvvxh htxlw|/ dv lv dvvxphg khuh1

Wkhuh duh wzr pruh duwlfohv zklfk duh uhodwhg wr rxu dqdo|vlv1 Lq Urwhp0

ehuj dqg Vfkduivwhlq +4<<3, pdqdjhuv pd{lplvh d zhljkwhg dyhudjh ri h{0

shfwhg sur�wv dqg wkh vwrfn sulfh1 Zkloh wkh dxwkruv gr qrw surylgh d

irupdo dujxphqw/ wkh| dujxh wkdw vxfk ehkdylrxu pd| frph rxw ri d prgho

lq zklfk wkh �up dqwlflsdwhv wr lvvxh htxlw| lq wkh ixwxuh1 Wkh| dqdo|vh d

wzr shulrg prgho lq zklfk ghpdqg dqg frvw frqglwlrqv duh xqfhuwdlq/ exw

fruuhodwhg dfurvv shulrgv dqg wkh vwrfn pdunhw wulhv wr lqihu wkhvh iurp wkh

�up*v dqg lwv ulydov* uhdolvhg sur�wv1 Nryhqrfn dqg Skloolsv +4<<8, lqyrnh

wkh shfnlqj rughu wkhru| ri �qdqfh wr dujxh wkdw h{whuqdo �qdqfh lv pruh

frvwo| wkdq lqwhuqdo �qdqfh1 Lq d prgho lq zklfk fdsdflw| kdv wr eh �qdqfhg

ehiruh uhyhqxhv duh hduqhg/ wkh| dqdo|vh wkh lqfhqwlyh wr uhgxfh �qdqfldo

vodfn e| lvvxlqj ghew iru erwk sulfh dqg txdqwlw| frpshwlwlrq1 Wkh| �qg

vxfk dq lqfhqwlyh wr lqfuhdvh �qdqflqj frvwv iru sulfh frpshwlwlrq/ exw qrw

iru txdqwlw| frpshwlwlrq1 Wkhlu uhvxow fdq eh ylhzhg dv frpsohphqwdu| wr

wkh uhvxow rewdlqhg e| Pdnvlprylf +4<<3,/ zkr kdv irxqg d vwudwhjlf ydoxh

lq uhgxflqj wkh yduldeoh frvw ri eruurzlqj/ dqg wkxv dq lqfhqwlyh wr ghfuhdvh
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�qdqflqj frvwv/ iru wkh fdvh ri txdqwlw| frpshwlwlrq1 Lq frqwudvw wr erwk

Urwhpehuj dqg Vfkduivwhlq +4<<3, dqg Nryhqrfn dqg Skloolsv +4<<8,/ zkr

dujxh lqirupdoo| wkdw wkh remhfwlyh ixqfwlrq wkh| dvvxph pd| eh mxvwl�hg

e| frvwv ri h{whuqdo ixqgv/ L ghulyh wkh �up*v �uvw shulrg remhfwlyh ixqfwlrq

iurp �uvw sulqflsohv/ wdnlqj dv|pphwulf lqirupdwlrq ehwzhhq wkh pdqdjhu

dqg wkh �qdqfldo lqyhvwru dv d vwduwlqj srlqw1 L frqvlghu dq dv|pphwulf vhw0

wlqj lq zklfk rqo| rqh ri wkh �upv/ �up �c idfhv dq lqyhvwphqw rssruwxqlw|

zklfk qhhgv wr eh ixqghg h{whuqdoo|1 Wklv fdq eh mxvwl�hg e| vd|lqj wkdw

�up � hlwkhu grhv qrw kdsshq wr kdyh d srvlwlyh QSY surmhfw/ ru wkdw lw kdv

vx!flhqw lqwhuqdo fdvk wr �qdqfh lw zlwkrxw uhfrxuvh wr wkh fdslwdo pdunhw/

l1h1 lw kdv d ghhs srfnhw1 \hw dqrwkhu zd| ri mxvwli|lqj wklv lv wr vd| wkdw

wkhuh lv ohvv xqfhuwdlqw| rq �up �c shukdsv ehfdxvh lw lv ehwwhu nqrzq e|

�qdqfldo lqyhvwruv1 Lq whupv ri prghoolqj vwudwhj|/ wkh pdlq lpsolfdwlrq ri

wkh dvvxpswlrq lv wkdw rqh fdq eh vxuh wkdw �up � lv d vwudljkw h{shfwhg

sur�w pd{lplvhu1 Wkxv/ lvvxhv dulvlqj iurp d srvvleoh uhyhuvdo ri wkh qdwxuh

ri frpshwlwlrq/ zklfk kdyh ehhq wkh irfxv ri d suhylrxv sdshu +Qlhu +4<<;,,/

zloo qrw dulvh khuh/ vlqfh �up � kdv d vwdqgdug grzqzdug vorslqj uhdfwlrq

ixqfwlrq1

5 Wkh Prgho

Wkh prgho kdv wzr shulrgv1 Dw wkh vwduw ri wkh �uvw shulrg/ dw | ' fc d �up/

zklfk lv fdoohg �up �c frpshwhv zlwk dqrwkhu �up/ zklfk lv odehoohg �up �c

dv rqh ri wzr gxrsrolvwv lq d surgxfw pdunhw1 Hdfk �up kdv wr fkrrvh vrph

vwudwhjlf yduldeoh zklfk d�hfwv erwk lwv rzq sur�w dqg wkh sur�w ri wkh ulydo1

Wklv yduldeoh fdq eh wkrxjkw ri dv wkh �up*v rxwsxw fkrlfh1 Lq dgglwlrq/

sur�wv duh d�hfwhg e| d udqgrp yduldeoh h5c zklfk pd| lq jhqhudo eh d yhfwru

dqg kdv srvlwlyh vxssruw rq vrph vhw ~� Wkh sur�w ixqfwlrq lv lghqwlfdo iru

erwk �upv1 Iru �up � lw lv jlyhq e| hZ�
' Z�

Eh5�c ^�c ^�
� � Wkh sur�w ixqfwlrq lv
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Wkh udqgrp yduldeohv h5� dqg h5� uhdolvh/ dqg ehfrph sxeolfo| nqrzq dw | ' �c

diwhu ^
�
dqg ^

�
kdyh ehhq fkrvhq1

Dw | ' � d vhfrqg udqgrp yduldeoh uhdolvhv/ zklfk d�hfwv wkh ydoxh ri �up

�
�
r dvvhwv lq sodfh1 Wkhvh dvvhwv duh wkrxjkw ri dv xquhodwhg wr wkh surgxfw

pdunhw lq zklfk wkh �up frpshwhv lq wkh �uvw shulrg1 Wkh ydoxh ri wkh dvvhwv

lq sodfh lv ehvw wkrxjkw ri dv wkh oltxlgdwlrq ydoxh ri wkh �up1 Ilup � fdq eh

ri wzr w|shv1 Li wkh �up lv ri w|sh Mc wkh ydoxh ri lwv dvvhwv lq sodfh lv rM 1 Li

wkh �up lv ri w|sh u/ lwv dvvhwv lq sodfh duh zruwk ruc zkhuh rM : ru� H{ dqwh

+dw | ' f� wkh �up lv ri wkh kljk w|sh M zlwk suredelolw| o dqg lw lv ri wkh

orz w|sh u zlwk suredelolw| � � o� L dvvxph wkdw wkh �up*v w|sh lv sulydwho|

uhyhdohg wr wkh �up*v rzqhu dw | ' �� Dw wklv vwdjh rxwvlgh lqyhvwruv rqo|

nqrz wkh h{ dqwh suredelolw| o1

Dw | ' � dq lqyhvwphqw rssruwxqlw| rshqv xs wr wkh �up zklfk uhtxluhv

dq lqlwldo rxwod| ri U dqg uhwxuqv dq h{shfwhg sd|r� ri %� Erwk wkhvh ydoxhv

duh sxeolfo| nqrzq1 Djdlq/ L zdqw wr dvvxph wkdw wkh lqyhvwphqw rssruwxqlw|

lv xquhodwhg wr wkh surgxfw pdunhw lq zklfk wkh �up frpshwhv lq wkh �uvw

shulrg1 Rqh fdq wklqn ri lw dv dq lqyhvwphqw lqwr vrph qhz olqh ri exvlqhvv

ru dv ixqgv uhtxluhg iru d glyhuvli|lqj dftxlvlwlrq1 Lw lv dvvxphg wkdw wklv

5Wklv dvvxpswlrq lv voljko| pruh jhqhudo wkdq wkdw pdgh lq Eudqghu dqg Ohzlv +4<;9,

dqg zloo hqdeoh ph wr dqdo|vh erwk wkh vshfl�fdwlrq ri Eudqghu dqg Ohzlv +4<;;,/ dv zhoo dv

dq dowhuqdwlyh sur�w ixqfwlrq/ zklfk frpelqhv ghpdqg xqfhuwdlqw| zlwk vrph dgglwlrqdo

dgglwlyh xqfhuwdlqw|1
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lqyhvwphqw lv sur�wdeoh/ vr wkdw % : U� Wkhuhiruh zkhq Z
� � U wkh �up zloo

dozd|v lqyhvw/ vlqfh lq wklv fdvh lw qhhg qrw +dqg zloo qrw, udlvh dq| h{whuqdo

ixqgv1 Zkhq �uvw shulrg sur�wv idoo vkruw ri wkh uhtxluhg rxwod|/ wkh �up

fdq udlvh U � Z
� h{whuqdoo|1 Iroorzlqj wkh ruljlqdo dqdo|vlv ri P|huv dqg

Pdmoxi +4<;7,/ L dvvxph wkdw wkh �up lv frqvwudlqhg wr lvvxh rxwvlgh htxlw|61

Wkhuhiruh/ iru dq| uhdolvdwlrq ri �uvw shulrg sur�w Z
� vxfk wkdw Z

�
	 U d

frqwlqxdwlrq jdph hqvxhv1 Lq wklv jdph wkh �up fdq hlwkhu udlvh U �Z
� iurp

rxwvlgh lqyhvwruv e| vhoolqj r� d iudfwlrq k ri wkh �up*v htxlw| dqg lqyhvw/

ru irujr wkh lqyhvwphqw rssruwxqlw|1 Iru wkh pdlq sduw ri wkh dqdo|vlv lw

lv dvvxphg wkdw �qdqfldo lqyhvwruv duh deoh wr revhuyh wkh uhdolvhg sur�w

dqg wkxv wkh �qdqflqj qhhg ri wkh �up zlwk fhuwdlqw|1 Dovr/ wkh pdunhw iru

rxwvlgh htxlw| lv dvvxphg wr eh frpshwlwlyh1 Wkxv/ lq wkh vslulw ri P|huv dqg

Pdmoxi +4<;7,/ lw lv dvvxphg wkdw wkhuh lv dq dxfwlrq iru wkh �up*v htxlw|/

zklfk hqvxuhv wkdw wkh sulfh iru wkh �up*v htxlw| lv elg grzq wr wkh srlqw

zkhuh �qdqfldo lqyhvwruv mxvw euhdn hyhq1

Dw | ' 2 wkh lqyhvwphqw sd|v r�/ wkh ydoxh ri wkh dvvhwv lq sodfh ehfrph

sxeolfo| nqrzq/ wkh �up lv oltxlgdwhg dqg doo fodlpv duh vhwwohg71

L dvvxph ulvn qhxwudolw| dqg d glvfrxqw udwh ri }hur iru vlpsolflw|1

6Lw lv zhoo nqrzq wkdw �qdqflqj yld uljkwv lvvxhg wr h{lvwlqj vkduhkroghuv vroyhv wkh

dgyhuvh vhohfwlrq sureohp1 Wr uxoh rxw uljkwv lvvxhv/ rqh fdq wklqn ri wkh �up dv ehlqj

rzqhu0pdqdjhg dqg wkdw wkh rzqhu grhv qrw kdyh dq| ixqgv rwkhu wkdq �= Doorzlqj wkh

�up wr lvvxh ulvn| ghew udwkhu wkdq htxlw| zrxog pdnh wkh �qdqflqj sureohp ohvv vhyhuh/

exw zrxog qrw fkdqjh wkh pdlq frqfoxvlrqv ri wkh prgho/ dv orqj dv vrph dgyhuvh vhohfwlrq

uhpdlqv dqg lv uh hfwhg lq wkh ghidxow suhplxp wkdw kdv wr eh sdlg e| wkh �up1 Vlqfh wkh

irfxv khuh lv qrw rq vroylqj wkh �qdqfldo dgyhuvh vhohfwlrq sureohp/ exw rq wkh lpsolfdwlrqv

ri dq dgyhuvh vhohfwlrq sureohp iru d �up zklfk frpshwhv lq d surgxfw pdunhw/ L kdyh

fkrvhq wr frqvlghu wkh pdunhw iru htxlw|/ mxvw dv lq wkh ruljlqdo sdshu e| P|huv dqg Pdmoxi

+4<;7,1
7Wkh wlplqj ri wkh prgho kdv ehhq fkrvhq wr glvhqwdqjoh wkh �qdqflqj vwdjh iurp wkh

surgxfw pdunhw vwdjh dv pxfk dv srvvleoh1 Li rqh kdg wkh �up nqrz lwv ydoxh iurp wkh

vwduw/ iru h{dpsoh/ wkh pdlq frqfoxvlrqv ri wkh prgho zrxog eh suhvhuyhg1 Rqh zrxog kdyh

dq dgglwlrqdo lvvxh/ krzhyhu/ lq wkdw kljk w|sh dqg orz w|sh �upv zrxog ehkdyh gl�huhqwo|

dw wkh surgxfw pdunhw vwdjh/ vr wkdw wkh �qdqfldo pdunhw frxog wu| dqg gudz lqihuhqfhv

iurp revhuyhg sur�w1

9



6 Vhfrqg0Vwdjh Htxloleuld

L vroyh wkh jdph edfnzdugv dqg vwduw dw wkh ehjlqqlqj ri wkh vhfrqg shulrg/

| ' �� Iru dq| uhdolvdwlrq ri �uvw shulrg sur�w Z vxfk wkdw Z 	 U wkh �uppd|

hlwkhu ghflgh wr udlvh U�Z iurp dq rxwvlgh lqyhvwru e| vhoolqj r� d iudfwlrq k

ri wkh �up*v htxlw| dqg lqyhvw/ ru irujr wkh lqyhvwphqw rssruwxqlw|81 Ghqrwh

wkh �up*v ghflvlrq e| _" i�c fj/ zkhuh _ ' � zkhq wkh �up ghflghv wr udlvh

U � Z dqg lqyhvwv dqg _ ' f zkhq wkh �up grhv qrw lqyhvw1 Lq rughu wr

fdswxuh wkdw wkh �up fdq pdnh wklv ghflvlrq frqglwlrqdo rq lwv w|sh ohw BM '

�h d_ ' � m Mo dqg Bu ' �h d_ ' � m uo � Rxwvlgh lqyhvwruv fdq h{shfw wr euhdn

hyhq/ jlyhq wkhlu eholhiv derxw wkh �up1 Ohw 4 eh wkh suredelolw| dwwdfkhg wr

wkh srvvlelolw| wkdw wkh �up lv ri wkh kljk w|sh1

Dq htxloleulxp ri wklv jdph lv gh�qhg dv iroorzv1

Gh�qlwlrq 4 Iru dq| uhdol}hg Z vxfk wkdw Z 	 U dq htxloleulxp ri wkh jdph

lv d txdguxsoh EBM c Buc 4c k� vxfk wkdw

41 Eholhiv duh xsgdwhg xvlqj Ed|hv* uxoh

4 '
oBM

oBM n E�� o� Bu

51 k lv gh�qhg e| wkh htxdwlrq

U � Z ' k d4rM n E�� 4� ru n %o

hqvxulqj wkdw wkh �qdqfldo lqyhvwruv mxvw euhdn hyhq/ jlyhq htxloleulxp

eholhiv1

61 Iru dq| &" iMcuj

B& ' � �s r& n Z 	 E�� k� dr& n %o

B&" dfc �o �s r& n Z ' E�� k� dr& n %o

B& ' f �s r& n Z : E�� k� dr& n %o

Dqdo|vlqj wkh vhw ri htxloleuld ri wklv jdph/ rqh duulyhv dw wkh iroorzlqj

8Lq erwk wklv dqg wkh qh{w vhfwlrq L irfxv rq �up l dqg gurs wkh vxshuvfulsw wkurxjkrxw1

:



Ohppd 4 Wkhuh lv d fxw0r� ohyho ri uhdolvhg �uvw shulrg sur�wv eZc vxfk wkdw

d, iru Z 	 eZ wkh xqltxh htxloleulxp ri wkh frqwlqxdwlrq jdph lv d vhsd0

udwlqj htxloleulxp lq zklfk BM ' fc Bu ' �c 4 ' fc dqg

k '
U � Z

ru n %

e, iru Z � eZ wkhuh h{lvwv d srrolqj htxloleulxp lq zklfk BM ' �c Bu '

�c 4 ' oc dqg

k '
U � Z

dorM n E�� o� ru n %o

Wkh fxw0r� eZ lv lpsolflwo| gh�qhg dv wkh vroxwlrq wr

rM n Z '

#
� �

U � Z

dorM n E� � o� ru n %o

$
drM n %o

D surri fdq eh irxqg lq Dsshqgl{ 41

Lw lv xvhixo dw wklv srlqw wr dqdo|vh wkh fxw0r� sur�w ohyho eZ� Rqh fdq �qg

dq h{solflw h{suhvvlrq iru lw e| uhduudqjlqj wkh frqglwlrq xqghu zklfk wkh

kljk w|sh zloo lqyhvw1 Wklv |lhogv

rM n Z �

#
��

U � Z

dorM n E� � o� ru n %o

$
drM n %o

+,

U � E%� U�

#
drM n %o

dorM n E�� o� ru n %o
� �

$
3�

� Z

Iru Z ' eZ wklv krogv dv dq htxdolw| dqg rqh duulyhv dw

U � E%� U�

#
drM n %o

dorM n E�� o� ru n %o
� �

$
3�

' eZ
E| lqvshfwlrq/ rqh vhhv wkdw wkh sur�w ohyho uhtxluhg iru d srrolqj htxloleulxp

wr h{lvw lv lqfuhdvlqj lq wkh uhtxluhg lqyhvwphqw rxwod| U� Rqh dovr �qgv wkdw

lw lv ghfuhdvlqj lq wkh qhw suhvhqw ydoxh ri wkh surmhfw91 Iru orzhu qhw suhvhqw

ydoxh/ d kljkhu dprxqw ri lqwhuqdo ixqgv lv uhtxluhg iru lw wr eh rswlpdo wr jr

9Wklv uhvxow lv ghulyhg dojheudlfdoo| lq wkh odwhu vhfwlrq 81

;



dkhdg zlwk wkh surmhfw1 Wklv lv ehfdxvh lq wkh srrolqj htxloleulxp wkh kljk

w|sh idfhv d gloxwlrq frvw1 Vlqfh wkh �up uhfhlyhv EU � Z� c exw sd|v

k drM n %o '
U � Z

dorM n E�� o� ru n %o
drM n %o

wklv frvw lv htxdo wr wkh gl�huhqfh zklfk fdq eh zulwwhq dv

EU � Z�

#
drM n %o

dorM n E�� o� ru n %o
� �

$

Wkh gloxwlrq frvw lv ghfuhdvlqj lq Z� Wkhuhiruh/ iru orz qhw suhvhqw ydoxh

surmhfwv wr eh dffhswdeoh/ wkh gloxwlrq frvw kdv wr eh orz/ zklfk uhtxluhv d

kljkhu Z�

Ilqdoo|/ wkh uhtxluhg sur�w ohyho lv lqfuhdvlqj lq wkh gloxwlrq idfwru#
drM n %o

dorM n E�� o� ru n %o
� �

$

Wkh odujhu lv wklv idfwru/ wkh kljkhu lv wkh ohyho ri lqwhuqdo ixqgv qhhghg wr

pdnh lqyhvwphqw dwwudfwlyh1

Lw lv zruwk srlqwlqj rxw wkdw/ dv orqj dv wkh surmhfw kdv d vwulfwo| srvlwlyh

qhw suhvhqw ydoxh/ eZ 	 U� Uhfdoo dovr wkdw iru Z � U erwk w|shv ri �up zloo

lqyhvw/ vlqfh wkhq wkhuh lv qr qhhg wr udlvh h{whuqdo ixqgv/ Wkhuhiruh/ jlyhq

wkdw wkh srrolqj htxloleulxp lv sod|hg zkhqhyhu lw h{lvwv/ rqh kdv wkdw iru

Z 	 eZ rqo| wkh orz w|sh lqyhvwv dqg iru Z � eZ erwk w|shv zloo lqyhvw1

Iru wkh pdlq sduw ri wkh dqdo|vlv L dp jrlqj wr dvvxph wkdw wkh srrolqj

htxloleulxp lv sod|hg zkhqhyhu lw h{lvwv1 Ehiruh grlqj vr/ ohw xv h{soruh krz

pxfk jhqhudolw| lv orvw e| vxfk dq dvvxpswlrq
:
1 Rqh �qgv

Ohppd 5 Wkhuh lv d fxw0r� ohyho ri uhdolvhg �uvw shulrg sur�wv eeZ vxfk wkdw

:P|huv dqg Pdmoxi +4<;7, gr qrw surylgh d irupdo fkdudfwhulvdwlrq ri wkh ixoo vhw ri

htxloleuld ri wkhlu prgho1 Lq d prgho vhw0xs vlplodu wr rxuv wkh lvvxh ri pxowlsoh htxloleuld

kdv �uvw ehhq dgguhvvhg e| Fdgve|/ Iudqn/ dqg Pdnvlprylf +4<<3,1 Wkh pdlq gl�huhqfh

ehwzhhq wkhlu dqdo|vlv dqg wkh dqdo|vlv khuh lv wkdw wkh| dvvxph �qdqfldo vodfn wr eh }hur/

zkhuhdv L irfxv rq �uvw0shulrg sur�w dv wkh pdlq yduldeoh ri lqwhuhvw1

<



d, iru Z � eeZ d vhsdudwlqj htxloleulxp h{lvwv lq zklfk BM ' fc Bu ' �c 4 '

fc dqg

k '
U � Z

ru n %

e, iru Z : eeZ wkh xqltxh htxloleulxp lv d srrolqj htxloleulxp lq zklfk

BM ' �c Bu ' �c 4 ' oc dqg

k '
U � Z

dorM n E�� o� ru n %o

Wkh fxw0r� eeZ lv lpsolflwo| gh�qhg dv wkh vroxwlrq wr

rM n Z '

�
� �

U � Z

ru n %

�
drM n %o

D surri lv surylghg lq Dsshqgl{ 41

Sxwwlqj Ohppd 5 dqg Ohppd 6 wrjhwkhu lw lv lpphgldwh wkdw eeZ � eZ�
Lq idfw rqh fdq vkrz wkdw eeZ lv vwulfwo| odujhu wkdq eZ� Wklv fdq eh hdvlo|

hvwdeolvkhg e| ghulylqj dq h{solflw h{suhvvlrq iru eeZ� Wkh frqglwlrq iru wkh

vhsdudwlqj htxloleulxp wr h{lvw lv

rM n Z �

�
��

U � Z

ru n %

�
drM n %o

Wklv fdq eh uhduudqjhg wr jlyh

U � E%� U�

�
rM n %

ru n %
� �

�
3�

� Z

Iru eeZ wklv krogv dv dq htxdolw| dqg rqh kdv

U � E%� U�

�
rM n %

ru n %
� �

�
3�

' eeZ
Wr vhh wkdw eZ 	 eeZ qrwh wkdw#

drM n %o

dorM n E�� o� ru n %o
� �

$
3�

:

�
rM n %

ru n %
� �

�
3�
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+, #
drM n %o

dorM n E�� o� ru n %o
� �

$
	

�
rM n %

ru n %
� �

�
Lw uhpdlqv wr fkdudfwhulvh vhplvhsdudwlqj htxloleuld1 Wkhvh htxloleuld duh

vxfk wkdw wkh orz w|sh dozd|v lqyhvwv/ zkhuhdv wkh kljk w|sh lv mxvw lqgl�huhqw

ehwzhhq lqyhvwlqj dqg qrw lqyhvwlqj/ jlyhq eholhiv1 Wkh kljk w|sh udqgrplvhv

dqg eholhiv duh frqvlvwhqw zlwk wkh suredelolw| ri wkh kljk w|sh lqyhvwlqj1

Rqh �qgv

Ohppd 6 D vhplvhsdudwlqj htxloleulxp h{lvwv li dqg rqo| li Z"
keZc eeZl � Lq d

vhplvhsdudwlqj htxloleulxp Bu ' �/ BM" dfc �o c dqg

4 EBM� '
oBM

oBM n E� � o�

Iru jlyhq sdudphwhuv BM lv wkh vroxwlrq wr

rM n Z '

#
��

U � Z

d4 EBM� rM n E� � 4 EBM�� ru n %o

$
drM n %o

D surri lv jlyhq lq Dsshqgl{ 41

Dfurvv wkh vhplvhsdudwlqj htxloleuld rqh �qgv wkdw

_BM

_Z
	 f

Wkdw lv/ dv wkh kljk w|sh kdv pruh fdvk rq kdqg/ wkh suredelolw| ri wkh kljk

w|sh lqyhvwlqj idoov1 Wklv pd| vhhp frxqwhulqwxlwlyh/ lq sduwlfxodu vlqfh/ dv

rqh pryhv iurp vhsdudwlqj htxloleuld wr srrolqj htxloleuld/ dq lqfuhdvh lq

sur�w lv dvvrfldwhg zlwk dq lqfuhdvh lq BM � Wkh lqwxlwlrq iru wkh fdvh ri wkh

vhplvhsdudwlqj htxloleuld lv wkdw iru wkhvh dq lqgl�huhqfh frqglwlrq kdv wr

krog1 Dv rqh ohwv BM lqfuhdvh 4 lqfuhdvhv/ vr wkdw gloxwlrq frvwv ghfuhdvh1

Gloxwlrq frvw duh ghfuhdvlqj lq Z� Wr nhhs wkh kljk w|sh lqgl�huhqw ehwzhhq

lqyhvwlqj dqg qrw lqyhvwlqj/ gloxwlrq frvwv kdyh wr lqfuhdvh wkurxjk d ghfuhdvh

lq Z�

Rqh fdq vxppdulvh Ohppdv 507 lq wkh iroorzlqj
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Fruroodu| 4 Iru Z 	 eZ wkh xqltxh htxloleulxp lv d vhsdudwlqj htxloleulxp1

Iru Z"

keZc eeZl vhsdudwlqj/ vhplvhsdudwlqj dqg srrolqj htxloleuld h{lvw1 Iru eeZ 	

Z wkh xqltxh htxloleulxp lv d srrolqj htxloleulxp1

Iru Z"

keZc eeZl rqh kdv pxowlsoh htxloleuld;1 Iljxuh 4 jlyhv d judsklfdo uhs0

uhvhqwdwlrq ri wkh htxloleulxp fruuhvsrqghqfh1 Zklfk htxloleulxp lv sod|hg

iru hdfk Z zloo d�hfw wkh �uvw shulrg remhfwlyh ri �up � dqg zloo wkhuhiruh

d�hfw rxu frqfoxvlrqv rq wkh rxwfrph ri wkh �uvw shulrg frpshwlwlrq1 L zrxog

olnh wr prwlydwh dq htxloleulxp vhohfwlrq vxfk wkdw 4 EZ� lv zhdno| lqfuhdv0

lqj lq Z� Wklv frqglwlrq uxohv rxw vhplvhsdudwlqj htxloleuld ehlqj sod|hg rqkeZc eeZl1 Lw dovr uxohv rxw dq htxloleulxp vhohfwlrq vxfk wkdw wkh htxloleulxp

pryhv iurp d srrolqj htxloleulxp wr d vhsdudwlqj htxloleulxp dv Z lqfuhdvhv1

Wkh frqglwlrq kdv vrph lqwxlwlyh dsshdo vlqfh rqh fdq ylhz odfn ri lqwhuqdo

ixqglqj dv wkh vrxufh ri wkh lqh!flhqf| wkdw dulvhv dv wkh kljk w|sh irujrhv

lqyhvwphqw1 Lqwxlwlyho|/ wklv sureohp vkrxog ehfrph ohvv vhyhuh dqg wkh pdu0

nhw vkrxog sodfh d kljkhu suredelolw| rq wkh �up ehlqj ri wkh kljk w|sh dv

wkh dprxqw ri h{whuqdo ixqglqj zklfk wkh �up dvnv iru ehfrphv vpdoohu1

Lq ghulylqj wkh vhw ri htxloleuld iru wkh �qdqflqj jdph/ lw zdv dvvxphg

wkdw wkh ydoxh ri wkh dvvhwv lq sodfh lv wkh rqo| vrxufh ri dv|pphwulf lqiru0

pdwlrq dqg wkdw wkh �qdqfldo lqyhvwru nqrzv doo rwkhu yduldeohv lqfoxglqj

wkh uhdolvdwlrq ri �uvw0shulrg sur�w zlwk fhuwdlqw|1 Dv rqh pryhv dzd| iurp

wklv dvvxpswlrq dqg lqwurgxfhv vrph xqfhuwdlqw| dv uhjdugv wkh �uvw0shulrg

;Vwdqgdug htxloleulxp uh�qhphqwv olnh wkh Lqwxlwlyh Fulwhulrq +Fkr dqg Nuhsv+4<;:,,
gr qrw khos wr uhgxfh wkh qxpehu ri htxloleuld khuh1 Wkhvh uh�qhphqwv duh edvhg rq wkh
qrwlrq wkdw sod|huv vkrxog kdyh uhdvrqdeoh eholhiv rq r�0htxloleulxp ehkdylrxu1 Wkh lghd
lv wkdw lq d jlyhq htxloleulxp vrph r�0htxloleulxp dfwlrq pd| qrw eh xqghuwdnhq ehfdxvh
lw lv dvvljqhg dq xquhdvrqdeoh eholhi1 Wkhuh duh wzr uhdvrqv/ zk| vxfk dujxphqwv gr qrw
zrun lq wkh P|huv dqg Pdmoxi prgho1 Iluvw/ wkh dfwlrq vsdfh lv qrw ulfk hqrxjk= wkhuh
duh rqo| wzr srvvleoh dfwlrqv/ wr lvvxh htxlw|/ dqg qrw wr lvvxh htxlw|1 Vhfrqg/ wkh eholhi
dvvljqhg wr qrw lvvxlqj htxlw| lv qrw sd|r�0 uhohydqw/ suhflvho| ehfdxvh qr htxlw| lv ehlqj
lvvxhg1 Lq wkh vhsdudwlqj dqg wkh vhplvhsdudwlqj htxloleuld erwk srvvleoh dfwlrqv duh rq
wkh htxloleulxp sdwk1 Lq wkh srrolqj htxloleulxp/ wkh sur�wdelolw| ri dq r�0htxloleulxp
pryh wr qrw lvvxlqj htxlw| grhv qrw ydu| zlwk wkh eholhi wkdw lv dvvljqhg wr wklv dfwlrq1
Vwdqgdug uh�qhphqwv wkhuhiruh gr qrw kdyh dq| elwh1
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sur�w/ rqh zrxog h{shfw �qdqfldo lqyhvwruv wr wdnh d odujhu htxlw| lvvxh dv

d vljq ri wkh �up ehlqj pruh olnho| ri wkh edg w|sh1 Wkh uhdvrq lv wkdw wkh

edg w|sh kdv d gloxwlrq jdlq zklfk lv lqfuhdvlqj lq wkh lvvxh vl}h/ zkhuhdv wkh

kljk w|sh kdv d gloxwlrq frvw zklfk lv lqfuhdvlqj lq wkh lvvxh vl}h1 Edg �upv

zloo wkhuhiruh kdyh d vwurqjhu lqfhqwlyh wr ryhuvwdwh wkhlu �qdqflqj qhhgv dqg

vkrxog wkhuhiruh eh wkrxjkw ri dv pruh olnho| wr lvvxh odujhu dprxqwv1

Iru d frqwlqxrxv glvwulexwlrq ri �uvw0shulrg sur�w lw lv gl!fxow wr vwdwh

wkhvh lghdv irupdoo|1 Wr prwlydwh wkh htxloleulxp vhohfwlrq frqglwlrq wkdw

4 EZ� lv zhdno| lqfuhdvlqj lq Zc L pryh wr d vlwxdwlrq zkhuh �uvw shulrg sur�w

fdq eh hlwkhu kljk ru orz1 Frqvlghu d sur�w glvwulexwlrq vxfk wkdw Z" iZc Zj c

zkhuh wkh suredelolw| ri wkh kljk uhdolvdwlrq lv �h dZ ' Zo ' R/ lqghshqghqw ri

wkh �up*v w|sh1 L zdqw erwk sur�w uhdolvdwlrqv wr eh lq wkh uhjlrq ri pxowlsoh

htxloleuld/ wkdw lv
e

eZ : Z : Z : eZ� L dvvxph qrz wkdw �qdqfldo pdunhwv duh

xqdeoh wr revhuyh sur�wv1 Zkhq wkh sur�w uhdolvdwlrq lv Zc wkh �up kdv wkuhh

srvvlelolwlhv1 Lw fdq lvvxh U�Z zruwk ri htxlw|/ ru lw fdq xqghuvwdwh lwv sur�w

uhdolvdwlrq dqg lvvxh d odujhu dprxqw ri htxlw| htxdoolqj lvvxh vl}h U�Z/ ru lw

fdq irujr lqyhvwphqw1 Zkhq wkh �up lvvxhv wkh odujhu dprxqw/ lw lv dvvxphg

wkdw lw lv deoh wr sd| wkh ruljlqdo rzqhuv d glylghqg htxdoolqj wkh vxusoxv

fdvk1 Htxlydohqwo| rqh fdq dvvxph wkdw zkhq Z uhdolvhv wkh rzqhuv duh deoh

wr hdw xs wkh dprxqw Z�Z ' 0 zlwkrxw wkh �qdqfldo lqyhvwruv ehlqj deoh wr

revhuyh wklv1 Zkhq wkh sur�w uhdolvdwlrq lv Zc wkh �up kdv wzr srvvlelolwlhv/

dv ehiruh= lw fdq hlwkhu lvvxh U�Z ru irujr wkh lqyhvwphqw
<
1 Ghqrwh e| BM EZ�

wkh suredelolw| wkdw wkh kljk w|sh lvvxhv U � Zc jlyhq d sur�w uhdolvdwlrq ri

Z dqg e| >
M
EZ� wkh suredelolw| wkdw wkh kljk w|sh lvvxhv wkh odujhu dprxqw

U�Zc jlyhq d sur�w uhdolvdwlrq ri Z� Olnhzlvh/ ghqrwh e| Bu EZ� wkh suredelolw|

wkdw wkh orz w|sh lvvxhv U � Zc jlyhq d sur�w uhdolvdwlrq ri Z dqg e| >
u
EZ�

wkh suredelolw| wkdw wkh orz w|sh xqghuvwdwhv lwv sur�w dqg lvvxhv wkh odujhu

<Wkhuh lv qr srlqw lq dvvxplqj wkdw wkh �up kdv d wklug srvvlelolw| ri lvvxlqj d vpdoohu

dprxqw wkdq lw qhhgv iru lqyhvwphqw vlqfh �qdqfldo lqyhvwruv duh deoh wr revhuyh zkhwkhu

wkh lqyhvwphqw lv xqghuwdnhq ru qrw/ dqg zrxog eh deoh wr ghpdqg wkhlu prqh| edfn li

wkh �up glg qrw lqyhvw diwhu kdylqj lvvxhg htxlw|1
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dprxqw U �Zc jlyhq d sur�w uhdolvdwlrq ri Z� Ilqdoo|/ ohw BM EZ� dqg Bu EZ�eh

wkh suredelolwlhv wkdw wkh kljk w|sh dqg wkh orz w|sh lvvxh U�Zc uhvshfwlyho|/

jlyhq wkdw wkh sur�w uhdolvdwlrq lv Z1 Wkhvh suredelolwlhv vdwlvi|

BM EZ� n >
M
EZ� � �

Bu EZ� n >
u
EZ� � �

dqg

BM EZ� � �

Bu EZ� � �

Iru dq| dfwlrq wkh �up wdnhv/ �qdqfldo lqyhvwruv kdyh d eholhi rq wkh w|sh

ri wkh �up1 Ohw 4 EZ� eh wkh suredelolw| wkdw wkh �up lv ri wkh kljk w|sh

zkhq wkh lvvxh vl}h U � Z lv revhuyhg dqg 4 EZ� eh wkh suredelolw| dwwdfkhg

wr wkh �up ehlqj ri wkh kljk w|sh/ jlyhq wkdw wkh odujhu lvvxh vl}h ri U � Z lv

revhuyhg1 Lq dq htxloleulxp lq zklfk wkh dprxqw U�Z lv lvvxhg zlwk srvlwlyh

suredelolw| rqh zloo kdyh

4 EZ� '
o dE� � R� BM EZ� n R>

M
EZ�o

o dE�� R� BM EZ� n R>
M
EZ�o n E�� o� dE�� R� Bu EZ� n R>

u
EZ�o

Lq dq htxloleulxp lq zklfk wkh dprxqw ri U � Z lv lvvxhg zlwk srvlwlyh sure0

delolw| rqh zloo kdyh

4 EZ� '
oRBM EZ�

oRBM EZ� n E�� o� RBu EZ�
'

oBM EZ�

oBM EZ� n E�� o� Bu EZ�

Zkloh ghvwur|lqj vrph htxloleuld/ wkh lqwurgxfwlrq ri dgglwlrqdo dv|pphwulf

lqirupdwlrq uhjduglqj wkh uhdolvdwlrq ri �uvw shulrg sur�w zloo lq jhqhudo

jhqhudwh ixuwkhu htxloleuld wkdw duh vxssruwdeoh e| sduwlfxodu fkrlfhv ri rxw0

ri0htxloleulxp eholhiv1 Wr mxvwli| wkh htxloleulxp vhohfwlrq fulwhulrq L zdqw

wr irfxv rq htxloleuld lq zklfk/ dv lq wkh fdvh ri v|pphwulf lqirupdwlrq

zlwk uhvshfw wr sur�w/ erwk lvvxh vl}hv rffxu zlwk srvlwlyh suredelolw| rq wkh

htxloleulxp sdwk1 Wr looxvwudwh krz wkh lqwurgxfwlrq ri xqfhuwdlqw| fkdqjhv
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wkh vhw ri htxloleuld ri wkh jdph/ ohw xv �uvw dvn zkhwkhu wkh vhplvhsdudwlqj

htxloleulxp rq erwk Z dqg Z vxuylyhv wkh lqwurgxfwlrq ri xqfhuwdlqw|1 Wklv

zrxog eh vr li iru qhlwkhu w|sh lw sd|v wr xqghuvwdwh lwv sur�w/ jlyhq wkh

htxloleulxp eholhiv1 Ohw xv �uvw fkhfn wkh kljk w|sh1 Jlyhq Z wkh kljk w|sh

zrxog zdqw wr ghyldwh wr >
M
EZ� ' �c li

#
��

U � Z n 0

d4 EZ� rM n E� � 4 EZ�� ru n %o

$
drM n %o n 0

:

#
��

U � Z

d4 EZ� rM n E� � 4 EZ�� ru n %o

$
drM n %o

Exw #
��

U � Z n 0

d4 EZ� rM n E� � 4 EZ�� ru n %o

$
drM n %o n 0

'

#
��

U � Z

d4 EZ� rM n E� � 4 EZ�� ru n %o

$
drM n %o n 0

' rM n Z n 0

' rM n Z

'

#
��

U � Z

d4 EZ� rM n E� � 4 EZ�� ru n %o

$
drM n %o

vr wkdw iru wkh kljk w|sh/ xqghuvwdwlqj lwv sur�w grhv qrw lqfuhdvh lwv sd|r�/

jlyhq htxloleulxp eholhiv1 Wkh kljk w|sh lv mxvw lqgl�huhqw dv wr zkhwkhu wr

sod| lwv htxloleulxp vwudwhj| ru wr ghyldwh wr d odujhu lvvxh vl}h1 Lqwxlwlyho|/

wkh kljk w|sh jdlqv iurp lvvxlqj d odujhu dprxqw/ vlqfh wklv zloo ohdg wr d

pruh idyrxudeoh eholhi1 Wklv lv vr vlqfh 4 EZ� : 4 EZ� lq wkh vhplvhsdudwlqj

htxloleulxp1 Rq wkh rwkhu kdqg/ wkh gloxwlrq frvw lqfxuuhg e| wkh kljk w|sh

lv odujhu iru odujhu lvvxh vl}hv1 Wkhvh wzr h�hfwv h{dfwo| fdqfho rxw1 Wkh kljk

w|sh wkhuhiruh grhv qrw kdyh dq lqfhqwlyh wr ghyldwh wr odujhu lvvxh vl}h/ exw

lv mxvw dv kdss| sod|lqj wkh htxloleulxp vwudwhj|1 Iru wkh orz w|sh/ rq wkh

rwkhu kdqg/ d ghyldwlrq wr >
u
EZ� ' � lv sur�wdeoh/ vlqfh

#
��

U � Z n 0

d4 EZ� rM n E� � 4 EZ�� ru n %o

$
dru n %o n 0
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:

#
��

U � Z

d4 EZ� rM n E� � 4 EZ�� ru n %o

$
dru n %o

+,

0

#
� �

dru n %o

d4 EZ� rM n E�� 4 EZ�� ru n %o

$

:
dU � Zo dru n %o

d4 EZ� rM n E�� 4 EZ�� ru n %o
�

dU � Zo dru n %o

d4 EZ� rM n E�� 4 EZ�� ru n %o

zklfk lv vdwlv�hg vlqfh 4 EZ� : 4 EZ� vr wkdw wkh OKV lv vwulfwo| srvlwlyh

dqg wkh UKV lv vwulfwo| qhjdwlyh� Lqwxlwlyho|/ djdlq wkh orz w|sh jdlqv iurp

pruh idyrxudeoh htxloleulxp eholhiv dvvrfldwhg zlwk wkh odujhu lvvxh vl}h1 Lq

dgglwlrq/ lwv gloxwlrq jdlq lv lqfuhdvlqj lq wkh lvvxh vl}h1 Erwk h�hfwv zrun lq

wkh vdph gluhfwlrq khuh dqg pdnh lw sur�wdeoh iru wkh orz w|sh wr fkrrvh wkh

odujhu lvvxh vl}h1 Wkh orz w|sh/ wkhuhiruh/ grhv kdyh dq lqfhqwlyh wr xqghuvwdwh

lwv sur�w1 Wkh vhplvhsdudwlqj htxloleulxp grhv qrw vxuylyh wkh lqwurgxfwlrq

ri dgglwlrqdo xqfhuwdlqw| vlqfh eholhiv duh vxfk wkdw 4 EZ� : 4 EZ� � Lq idfw/

rqh fdq vkrz

Ohppd 7 Lq dq| htxloleulxp lq zklfk erwk lvvxh vl}hv rffxu zlwk srvlwlyh

suredelolw|/ 4 EZ� � 4 EZ� �

Surri= Dvvxph 4 EZ� : 4 EZ� � Wkhq >
u
EZ� ' �c vlqfh

#
��

U � Z n 0

d4 EZ� rM n E� � 4 EZ�� ru n %o

$
dru n %o n 0

:

#
��

U � Z

d4 EZ� rM n E� � 4 EZ�� ru n %o

$
dru n %o

dv vkrzq deryh1 >
u
EZ� ' � lpsolhv Bu EZ� ' fc vr wkdw rqh kdv

4 EZ� :
oBM EZ�

oBM EZ� n E�� o� Bu EZ�
' �

Wklv frpsohwhv wkh surri1
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Qrwlfh wkdw wkh vhw ri htxloleuld lq zklfk erwk lvvxh vl}hv rffxu zlwk

srvlwlyh suredelolw| lqfoxghv doo wkrvh htxloleuld lq zklfk wkhuh lv qr lqfhqwlyh

wr xqghuvwdwh/ l1h1 lq zklfk >
u
EZ� ' >

M
EZ� ' f� Wkh odwwhu vhw ri htxloleuld lv

d vxevhw ri doo srvvleoh frpelqdwlrqv ri wkh htxloleuld zlwk shuihfw lqirupdwlrq

uhjduglqj sur�w1 Rqh fdq hdvlo| vkrz wkdw ri wkhvh frpelqdwlrqv/ rqo| irxu

vxuylyh wkh lqwurgxfwlrq ri xqfhuwdlqw|1 Wkhvh duh vhsdudwlqj rq erwk Z dqg

Zc vhsdudwlqj rq Z dqg vhplvhsdudwlqj rq Zc vhplvhsdudwlqj rq Z dqg srrolqj

rq Zc dqg vhsdudwlqj rq Z dqg srrolqj rq Z� Dv zh kdyh vhhq/ vhplvhsdudwlqj

rq erwk Z dqg Z grhv qrw vxuylyh vlqfh xqghu wkh htxloleulxp eholhiv wkh orz

w|sh kdv dq lqfhqwlyh wr >
u
EZ� ' �c zkhuhdv wkh kljk w|sh kdv qr vxfk

lqfhqwlyh1

7 Wkh Iluvw0Shulrg Remhfwlyh

Ohw xv qrz jr rq wr frqvwuxfw wkh remhfwlyh ri �up � lq wkh �uvw0shulrg

frpshwlwlrq1 Wklv zloo ghshqg rq zklfk htxloleulxp lv sod|hg iru jlyhq �uvw0

shulrg sur�w1 Lq olqh zlwk wkh dujxphqwv lq wkh odvw vhfwlrq/ L zloo dvvxph

wkdw wkh htxloleulxp vhohfwlrq lv vxfk wkdw 4 EZ� lv zhdno| lqfuhdvlqj lq Z�

Wklv lpsolhv wkdw wkh htxloleulxp pryhv iurp wkh vhsdudwlqj htxloleulxp wr

wkh srrolqj htxloleulxp dw vrph fxw0r�1 Iru frqfuhwhqhvv/ ohw xv vwduw zlwk

wkh dvvxpswlrq wkdw d srrolqj htxloleulxp lv sod|hg zkhqhyhu lw h{lvwv1 Wklv

phdqv wkdw iru Z 	 eZ wkh htxloleulxp zloo eh vhsdudwlqj dqg iru Z � eZ wkh

htxloleulxp zloo eh srrolqj dv lq Ohppd 61

Zlwk suredelolw| o wkh �up lv w|sh M�

Lq wklv fdvh lw zloo qrw lqyhvw iru uhdolvdwlrq ri Zc vxfk wkdw Z 	 eZ dqg lwv

sd|r� zloo eh

rM n Z

Iru uhdolvdwlrqv ri Zc vxfk wkdw � � Z � eZ wkh �up lqyhvwv dqg kdv sd|r�#
� �

U � Z

dorM n E� � o� ru n %o

$
drM n %o
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' rM n %�

U � Z

dorM n E� � o� ru n %o
drM n %o

' rM n %� EU � Z�
drM n %o

dorM n E�� o� ru n %o

' rM n %� EU � Z�

#
drM n %o

dorM n E� � o� ru n %o
� �

$
n d� EU � Z�o

' rM n Z n %� U � EU � Z�

#
drM n %o

dorM n E� � o� ru n %o
� �

$

Wkh �up uhfhlyhv rM n Z� Lw dovr uhfhlyhv wkh qhw suhvhqw ydoxh ri wkh

surmhfw/ exw orvhv wkh gloxwlrq frvw ri

EU � Z�

#
drM n %o

dorM n E�� o� ru n %o
� �

$

Ilqdoo|/ iru uhdolvdwlrq ri Z vxfk wkdw Z : U wkh �up*v sd|r� lv

rM n Z n %� U

Zlwk suredelolw| � � o wkh �up lv wkh orz w|sh u1

Lq wklv fdvh wkh �up dozd|v lqyhvwv1

Iru uhdolvdwlrqv vxfk wkdw Z 	 eZ lwv sd|r� zloo eh�
� �

U � Z

ru n %

�
dru n %o

' ru n Z n %� U

Iru uhdolvdwlrqv vxfk wkdw U : Z � eZ lwv sd|r� zloo eh#
� �

U � Z

dorM n E�� o� ru n %o

$
dru n %o
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ru n %� EU � Z�
ru n %

orM n E� � o� ru n %

ru n %� EU � Z�

#
ru n %

orM n E� � o� ru n %

� �

$
� EU � Z�

ru n Z n %� U � EU � Z�

#
ru n %

orM n E�� o� ru n %

� �

$

ru n Z n %� U n EU � Z�

#
� �

ru n %

orM n E�� o� ru n %

$

Lw jhwv ru n Z dqg wkh qhw suhvhqw ydoxh ri wkh surmhfw1 Lq dgglwlrq/ lw

jhwv d gloxwlrq jdlq ri

EU � Z�

#
��

ru n %

orM n E� � o� ru n %

$
: f

Ilqdoo|/ iru uhdolvdwlrqv ri Z vxfk wkdw Z : � wkh �up*v sd|r� lv

ru n Z n %� U

Lw lv lpsruwdqw wr uhdolvh wkdw iru dq| uhdolvdwlrq ri Z wkh h{shfwhg gloxwlrq

frvw lv }hur1 Wklv iroorzv gluhfwo| iurp wkh idfw wkdw wkh �qdqfldo lqyhvwru

euhdnv hyhq lq htxloleulxp1 Lw fdq eh yhul�hg dojheudlfdoo| e| qrwlqj wkdw

�o EU � Z�

#
drM n %o

dorM n E� � o� ru n %o
� �

$

nE�� o� EU � Z�

#
��

ru n %

orM n E�� o� ru n %

$

' o EU � Z� n E�� o� EU � Z�

� EU � Z�

%
o

drM n %o

dorM n E�� o� ru n %o
n E�� o�

ru n %

orM n E�� o� ru n %

&

' f
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Iru jlyhq Z wkh h{shfwhg sd|r� lv wkhuhiruh

E� � o� dru n Z n %� Uo n o drM n Zo �s Z 	 eZ

dqg

E�� o� dru n Z n %� Uo n o drM n Z n %� Uo �s Z � eZ

Dfurvv uhdolvdwlrqv ri Z wkh h{shfwhg sd|r� fdq wkhq eh zulwwhq grzq dv] eZ
3"

iE� � o� dru n Z n %� Uo n o drM n Zoj s EZ� _Z

n
]
"

eZ iE� � o� dru n Z n %� Uo n o drM n Z n %� Uoj s EZ� _Z

'
] eZ
3"

iE� � o� ru n orM n Z n E�� o� E%� U�j s EZ� _Z

n
]
"

eZ iE� � o� ru n orM n Z n E�� o� E%� U� n o E%� U�j s EZ� _Z

' E�� o� ru n orM n E%� U� n
]
"

3"

Zs EZ� _Z � 8 EeZ� o E%� U�

' . dhro n E%� U� n . dhZo� 8 EeZ� o E%� U�

Glvfduglqj frqvwdqwv/ wkh �up*v �uvw shulrg remhfwlyh lv wkhuhiruh

. dhZo� 8 EeZ� o E%� U�

Lq dgglwlrq wr wkh h{shfwhg ydoxh ri sur�w/ wkhuh lv d vhfrqg whup1 Lw

lv wkh orvv lq qhw suhvhqw ydoxh/ zklfk rffxuv zkhq wkh �up lv ri wkh kljk

w|sh dqg wkh sur�w uhdolvdwlrq lv wrr orz iru wkh srrolqj htxloleulxp wr h{lvw/

vr wkdw wkh kljk w|sh zloo qrw lqyhvw1 Wklv lv pxowlsolhg e| wkh suredelolw|

wkdw wkh sur�w uhdolvdwlrq lv ehorz wkh fxw0r� eZc deryh zklfk wkh srrolqj

htxloleulxp lv sod|hg1

Lw lv hdv| wr vhh wkdw iru dq| rwkhu dvvxpswlrq rq htxloleulxp vhohfwlrq

vdwlvi|lqj 4 EZ� � 4 EZ� wkhuh zloo djdlq eh d fxw0r� Z"

keZc eeZl vxfk wkdw wkh

kljk w|sh lqyhvwv iru sur�w uhdolvdwlrqv odujhu wkdq wkh fxw0r�1 Wkh �uvw

shulrg remhfwlyh fdq wkhq eh irxqg e| uhsodflqj eZ zlwk wkh fxw0r� fkrvhq1
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8 Iluvw0Shulrg Frpshwlwlrq

Ohw xv qrz jr rq wr dqdo|vh wkh �uvw0vwdjh jdph lq zklfk hdfk ri wkh wzr

�upv fkrrvhv d vwudwhjlf yduldeoh wr pd{lplvh lwv �uvw shulrg remhfwlyh1 Lq

wkh jhqhudo iudphzrun sur�wv duh jlyhq e|

hZ
�
' Z Eh5c ^�c ^��

L zdqw wr pdnh wklv pruh vshfl�f lq wzr gl�huhqw zd|v1

814 Sur�w ixqfwlrq ã od Eudqghu dqg Ohzlv

Lq olqh zlwk Eudqghu dqg Ohzlv +4<;9,/ ohw xv �uvw dvvxph wkdw xqfhuwdlqw|

fdq eh uhsuhvhqwhg e| d vfdodu yduldeoh/ l1h1

hZ
�
' Z

�
�h5�

c ^
�
c ^

�
�
' Z

�

�h
w
�
c ^

�
c ^

�

�

zkhuh hw�
"

�
wc w

�
1 Wkh glvwulexwlrq ri hw lv jlyhq e| 8 Ew� zklfk lv dvvxphg wr

kdyh d ghqvlw| s Ew� � Ixuwkhu/ wkh iroorzlqj dvvxpswlrqv krog

;
�
w
�
c ^

�
c ^

�
�

��|� w
�
5
�
wc w

�
c ^

�
� fc ^

�
� f

E��Z
�
��

�
w
�
c ^

�
c ^

�
�
	 fc E��� Z

�
�

�
w
�
c ^

�
c ^

�
�
	 fc E����Z

�
��

�
w
�
c ^

�
c ^

�
�
	 f +D4,

E���Z
�
w

�
w
�
c ^

�
c ^

�
�
: fc E��Z

�
�w

�
w
�
c ^

�
c ^

�
�
: fc

Khuh dvvxpswlrqv E��� dqg E�� duh yhuvlrqv ri wkh pruh jhqhudo dvvxps0

wlrqv lq D4-/ iru wkh fdvh ri d sur�w ixqfwlrq zklfk lv gl�huhqwldeoh zlwk

uhvshfw wr d vfdodu udqgrp yduldeoh h5�
'

h
w
�
� L dovr pdnh wzr dgglwlrqdo dv0

vxpswlrqv1 Iluvw/ L dvvxph wkdw hw lv xqlirupo| glvwulexwhg1 Wklv jxdudqwhhv

wkdw s �
Ew� ' f1 Vhfrqg/ L zdqw wr dvvxph wkdw Z�

ww ' f
43
�

43Wkhvh dvvxpswlrqv/ dv zhoo dv wkh irupdo dqdo|vlv lq wklv vhfwlrq/ duh vlplodu wr Eudqghu

dqg Ohzlv +4<;;,1 Wkh| dvvxph dq remhfwlyh ixqfwlrq zklfk lv vlplodu wr wkh rqh zh ghulyh

e| vshfxodwlqj wkdw wkh �up kdv ghew lq lwv fdslwdo vwuxfwxuh dqg wkdw wkh �up pd{lplvhv

sur�wv plqxv d �{hg h{rjhqrxv edqnuxswf| frvw/ zklfk lv lqfxuuhg zkhqhyhu sur�wv idoo

vkruw ri wkh ghew reoljdwlrq1
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Frqvlghu �uvw wkh ehqfkpdun ri vlqjoh vwdjh frpshwlwlrq1 Htxlydohqwo|/

dvvxph wkdw %� U lv qhjdwlyh/ vr wkdw qhlwkhu wkh orz w|sh qru wkh kljk w|sh

zloo lqyhvw lq wkh vhfrqg vwdjh1 Wkhq �up �
�
r remhfwlyh lv wr pd{lplvh

.

khZ�
l
'

]
w

w

Z
�
�
w
�
c ^

�
c ^

�
�
s

�
w
�
�
_w

�

Wkh htxloleulxp lv jlyhq e| wkh xqltxh lqwhuvhfwlrq ri wkh �upv* uhdfwlrq

ixqfwlrqv1 Wkhvh duh lpsolflwo| gh�qhg e|

] w

w

Z
�
�

�
w
�
c ^

�
c ^

�
�
s

�
w
�
�
_w

�
' f

] w

w

Z
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�
w
�
c ^
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c ^

�
�
s

�
w
�
�
_w

�
' f

Wkh lqwhuvhfwlrq zloo |lhog htxloleulxp txdqwlwlhv E^�
c ^

�
� ' E^

S
c ^

S
�zklfk zloo

jlyh htxloleulxp sur�w

] w

w

Z
�
�
w
�
c ^

S
c ^

S
�
s

�
w
�
�
_w

�
� Z

S

Qrz dvvxph wkdw %� � lv srvlwlyh1 Wkhq �up �
�
r remhfwlyh lv

T
�
' .

khZ�
l
� 8 EeZ� o E%� U�

'

] w

w

Z
�
�
w
�
c ^

�
c ^

�
�
s

�
w
�
�
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� 8

�e
w
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o E%� U�

zkhuh ew lv lpsolflwo| gh�qhg e|

Z
�
�e
wc ^

�
c ^

�
�
� eZ ' f

E| dvvxpswlrq/ rqo| �up � idfhv dq lqyhvwphqw rssruwxqlw|1 Ilup �
�
r remhf0

wlyh wkhuhiruh lv

T
�
' .

khZ�
l
'

] w

w

Z
�
�
w
�
c ^

�
c ^

�
�
s

�
w
�
�
_w

�

dv ehiruh1
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Gl�huhqwldwlqj �up ��r remhfwlyh zlwk uhvshfw wr ^� qrz |lhogv wkh �uvw0

rughu frqglwlrq] w

w

Z�
�

�
w
�
c ^�c ^�

�
s
�
w
�
�
_w

�
� s

�ew� Yew
Y^�

o E%� U� ' f

Wkh vhfrqg whup ri wkh ghulydwlyh fdq eh dqdo|}hg ixuwkhu1 Xvlqj wkh

lpsolflw ixqfwlrq wkhruhp rqh �qgv

�s
�ew� Yew

Y^�
o E%� U� ' s

�ew� Z�
�

�ewc ^�c ^��
Z�
w

�ewc ^�c ^��o E%� U�

Wkh vljq ri wklv h{suhvvlrq lv dpeljxrxv1 Lw zloo eh srvlwlyh zkhq Z�
�

�ewc ^�c ^�� :

f dqg qhjdwlyh zkhq Z�
�

�ewc ^�c ^�� 	 f� Qrwlfh krzhyhu/ wkdw wkh vljq ri

Z�
�

�ewc ^�c ^�� zloo ghshqg rq wkh srvlwlrq ri eZ� Iru kljkhu eZ lw lv pruh olnho|

wr eh srvlwlyh1 Wr vhh wklv qrwh wkdw Z�
�w

�ewc ^�c ^�� : f dqg wkdw

Yew
YeZ '

�

Z�
w

�ewc ^�c ^�� : f

Wkhuhiruh wkh vljq ri Z�
�

�ewc ^�c ^�� zloo eh srvlwlyh iru kljk eZ dqg qhjdwlyh iru

orz eZ� Pruhryhu/ zkhq/ dv dvvxphg s � Ew� ' f dqg Z�
ww ' fc rqh fdq vkrz d

prqrwrqh uhodwlrqvkls ehwzhhq wkh vl}h ri wkh vhfrqg whup ri wkh ghulydwlyh

dqg wkh srvlwlrq ri eZ�
Y

YeZ
#
�s

�ew� Yew
Y^�

o E%� U�

$

' �s
�ew� o E%� U�

Yew
Y^�YeZ � s �

�ew� o E%� U�
Yew
YeZ Yew

Y^�

' s
�ew� o E%� U�

Z�
�w

�ewc ^�c ^�� Yew
YeZZ�

w

�ewc ^�c ^��� Z�
ww

�ewc ^�c ^�� Yew
YeZZ�

�

�ewc ^�c ^���
Z�
w

�ewc ^�c ^���2
' s

�ew� o E%� U�
Z�
�w

�ewc ^�c ^�� Yew
YeZZ�

w

�ewc ^�c ^���
Z�
w

�ewc ^�c ^���2 : f
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Wkxv xqghu wkh dvvxpswlrqv pdgh/ wkh vl}h ri wkh vhfrqg whup lv lqfuhdv0

lqj lq eZ�

Wkh vhfrqg rughu frqglwlrq lv

Y

Y^�

;?
=
] w

w

Z
�
�

�
w
�
c ^

�
c ^

�
�
s

�
w
�
�
_w

� n s

�ew� Z
�
�

�e
wc ^

�
c ^

�
�

Z
�
w

�e
wc ^�c ^�

�o E%� U�

<@
>

'

] w

w

Z
�
��

�
w
�
c ^

�
c ^

�
�
s

�
w
�
�
_w

� n
Y

Y^�

;?
=s

�ew� Z
�
�

�e
wc ^

�
c ^

�
�

Z
�
w

�e
wc ^�c ^�

�o E%� U�

<@
> 	 f

Wkh �uvw whup lv qhjdwlyh vlqfh Z
�
�� 	 f� Jlyhq wkdw s

�

�ew� ' f wkh vhfrqg

whup lv htxdo wr

s

�e
w

�
�
Z
�
��

�e
wc ^

�
c ^

�
�
n Z

�
�w

Yew
Y^�

�
Z
�
w

�e
wc ^

�
c ^

�
�

Z
�
w

�e
wc ^�c ^�

�
2

o E%� U�

�s

�e
w

�
�
Z
�
w�

�e
wc ^

�
c ^

�
�
n Z

�
ww

�e
wc ^

�
c ^

�
�

Yew
Y^�

�
Z
�
�

�e
wc ^

�
c ^

�
�

Z
�
w

�e
wc ^�c ^�

�
2

o E%� U�

Dvvxph wkdw Z�
�

�e
wc ^

�
c ^

�
�
: f dw wkh srlqw dw zklfk wkh �uvw rughu frqgl0

wlrq krogv1 Wklv lpsolhv wkdw Yew
Y^�

	 f vr wkdw jlyhq Z
�
ww ' f wklv h{suhvvlrq kdv

d qhjdwlyh vljq dqg wkh vhfrqg0rughu frqglwlrq krogv1 Zkhq Z
�
�

�e
wc ^

�
c ^

�
�
	 fc

vr wkdw Yew
Y^�

: f dw wkh srlqw dw zklfk wkh �uvw rughu frqglwlrq krogv/ wklv h{0

suhvvlrq fdqqrw eh vljqhg1 Lq rughu iru wkh vhfrqg0rughu frqglwlrq wr krog/

rqh kdv wr pdnh dssursuldwh dvvxpswlrqv rq wkh uhodwlyh vl}hv ri wkh �uvw dqg

wkh vhfrqg whup1 Rqh fdq jxdudqwhh wkdw wkh vhfrqg rughu frqglwlrq krogv/

e| dvvxplqj wkdw s
�e
w

�
lv vpdoo1

Qh{w frqvlghu htxloleulxp txdqwlwlhv1 Zkhq eZ lv kljk hqrxjk/ vxfk wkdw

Z
�
�

�ewc ^Sc ^S� : f rqh zloo kdyh

T
�
� '

] w

w

Z
�
�

�
w
�
c ^

S
c ^

S
�
s

�
w
�
�
_w

� n s

�e
w

�
o E%� U�

Z
�
�

�e
wc ^

S
c ^

S
�

Z
�
w

�ewc ^Sc ^S� : f
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Surylghg wkdw wkh lqwhuvhfwlrq ri wkh uhdfwlrq ixqfwlrqv lv vwdeoh/ zklfk

uhtxluhv wkdw T �

��
T

�

�� � T �
��T

�

�� : fc wklv lpsolhv wkdw ^� : ^S dqg ^� 	 ^S lq

htxloleulxp1 Rq wkh rwkhu kdqg/ zkhq eZ lv orz/ vxfk wkdw Z�
�

�ewc ^Sc ^S� 	 f

rqh zloo kdyh

T �
� '

]
w

w

Z�
�

�
w�c ^Sc ^S

�
s
�
w�
�
_w� n s

�ew� o E%� U�
Z�
�

�ewc ^Sc ^S�
Z�
w

�ewc ^Sc ^S� 	 f

vr wkdw jlyhq uhdfwlrq ixqfwlrq vwdelolw| rqh kdv ^� 	 ^S dqg ^� : ^S lq

htxloleulxp1

Iru d surri dvvxph �uvw wkdw eZ lv vxfk wkdw Z�
�

�ewc ^Sc ^S� ' f dqg wkhq

frqvlghu d yduldwlrq lq eZ� Wrwdoo| gl�huhqwldwlqj wkh v|vwhp ri �uvw0rughu

frqglwlrqv rqh kdv

T �
��_^� n T �

��_^� n T �

�eZ_eZ ' f

T
�

��_^� n T
�

��_^� n T
�

�eZ_eZ ' f

Qrwh wkdw T
�

�eZ ' f� Wkhq rqh fdq vroyh iru frpsdudwlyh vwdwlfv h�hfwv e|

xvlqj Fudphu*v uxoh wr jhw

_^�

_eZ ' �

T �

�eZT �

��

T �
��T

�

�� � T �
��T

�

��

: f

_^�

_eZ '
T �

�eZT �

��

T �
��T

�

�� � T �
��T

�

��

	 f

xvlqj

T �

�eZ ' Y

YeZ
#
�s

�ew� Yew
Y^�

o E%� U�

$
: f

dv vkrzq deryh1

Ohw xv vxppdul}h wkhvh �qglqjv lq wkh iroorzlqj

Sursrvlwlrq 4 Zkhq eZ lv kljk hqrxjk vxfk wkdw Z�
�

�ewc ^Sc ^S� : f rqh zloo

kdyh ^� : ^S dqg ^� 	 ^S lq htxloleulxp1 Zkhq eZ lv vxfk wkdw Z�
�

�ewc ^Sc ^S� ' f

rqh zloo kdyh E^�c ^�� ' E^Sc ^S� �Zkhq eZ lv orz hqrxjk vxfk wkdw Z�
�

�ewc ^Sc ^S� 	

f rqh zloo kdyh ^� 	 ^S dqg ^� : ^S lq htxloleulxp1
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Wklv lv wkh pdlq uhvxow ri wklv sdshu dqg lv vkrzq judsklfdoo| lq Iljxuh

51 Wkh lqwxlwlrq iru wklv uhvxow lv wkh iroorzlqj1 Iluvw/ revhuyh wkdw/ zkhq

Z
�

w

�
w
�
c ^

�
c ^

�
�
: f dqg Z

�
w�

�
w
�
c ^

�
c ^

�
�
: fc dq lqfuhdvh lq ^� lqgxfhv dq lqfuhdvh

lq wkh vsuhdg ru yduldqfh ri hZ�
� Iru odujhu ^�

c d jlyhq vzlqj lq w
� zloo wudqvodwh

lqwr d odujhu vzlqj lq hZ�
� Wklv lv wuxh xqghu wkh dvvxpswlrqv pdgh rq wkh

zd| xqfhuwdlqw| hqwhuv wkh sur�w ixqfwlrq/ dqg lv sodxvleoh1 Lw vd|v wkdw/ dv

wkh �up lqfuhdvhv rxwsxw/ lw h{srvhv lwvhoi pruh wr wkh xqghuo|lqj ghpdqg ru

frvw xqfhuwdlqw|1 Wr vhh krz wklv iroorzv iurp wkh dvvxpswlrqv/ qrwh wkdw

�@o

khZ�
l

' .

��hZ�
� .

khZ�
l�

2
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��hZ�
�
2
�
�
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.

khZ�
ll

2

vr wkdw

Y�@o

khZ�
l

Y^�
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khZ�hZ�
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l
� 2.

khZ�
l
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khZ�
�

l
' 2SJ�

khZ�
c hZ�

�

l

Erwk Z
�
�e
wc ^

�
c ^

�
�
dqg Z

�
�

�e
wc ^

�
c ^

�
�
duh lqfuhdvlqj lq w vlqfh e| dvvxpswlrq

Z
�
w

�
w
�
c ^

�
c ^

�
�
: f dqg Z

�
�w

�
w
�
c ^

�
c ^

�
�
: f� Wkhuhiruh SJ�

�hZ�
c hZ�

�

�
: fc zklfk

lpsolhv wkdw wkh yduldqfh ri hZ� lv lqfuhdvlqj lq ^
�
�

Wkh �up*v remhfwlyh ixqfwlrq fdq eh zulwwhq dv

.

khZ�
l
� 8 EeZ� o E%� U�

ru htxlydohqwo| dv

E�� o�
k
.

khZ�
l
n %� U

l
n o

k
.

khZ�
l
n E�� 8 EeZ�� E%� U�

l

Wkh �up rewdlqv wkh ehqh�w ri ehlqj deoh wr lqyhvw dv d kljk w|sh iru

uhdolvdwlrqv ri hZ� vxfk wkdw Z�
: eZ�

Zkhq eZ lv lq wkh uljkw wdlo ri wkh glvwulexwlrq ri hZ�
c wkh �up fdq lqfuhdvh

wkh suredelolw| ri lqyhvwphqw e| lqfuhdvlqj wkh yduldqfh ri hZ�
� Wklv fuhdwhv

dq lqfhqwlyh wr lqfuhdvh ^
�
�
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Rq wkh rwkhu kdqg/ zkhq eZ lv orz hqrxjk wr eh lq ohiw wdlo ri wkh glvwulex0

wlrq ri hZ�
c wkh �up ehqh�wv iurp uhgxflqj wkh yduldqfh ri hZ�

c vlqfh lq wklv fdvh

lw lv d uhgxfwlrq lq yduldqfh wkdw zloo lqfuhdvh wkh suredelolw| ri uhdolvdwlrqv

odujhu wkdq eZ� Wkhuhiruh/ lq wklv fdvh wkhuh lv dq lqfhqwlyh wr uhgxfh ^
�

�

81414 Frpsdudwlyh vwdwlfv

Lq rxu vhwxs eZ lv dq hqgrjhqrxv yduldeoh1 Lw lv wkhuhiruh lqwhuhvwlqj wr h{soruh

krz wkh surgxfw pdunhw htxloleulxp lv lq xhqfhg e| wkh idfwruv ghwhuplqlqjeZ� Uhfdoo wkdw
U � E%� U�

#
drM n %o

dorM n E�� o� ru n %o
� �

$
3�

' eZ
Lw zdv srlqwhg rxw ehiruh wkdw eZ lv lqfuhdvlqj lq wkh gloxwlrq idfwru#

drM n %o

dorM n E�� o� ru n %o
� �

$
� A

Qrwh wkdw wkh vl}h ri wkh gloxwlrq idfwru ghshqgv rq wkh xqfhuwdlqw| dvvrfldwhg

zlwk wkh ydoxh ri wkh dvvhwv lq sodfh1 Frqvlghu vxemhfwlqj wkh glvwulexwlrq ri hr
wr d phdq suhvhuylqj vsuhdg vxfk wkdw rM lv lqfuhdvhg e| vrph 0 dqg ru lv gh0

fuhdvhg e| o

E�3o�
0�Wklv zloo ohdyh. dhro ' k

o ErM n 0� n E�� o�
�
ru �

o

E�3o�
0

�
n %

l
xqfkdqjhg exw zloo lqfuhdvh wkh qxphudwru wr drM n %on0� Odujhu xqfhuwdlqw|

lq wkh vhqvh ri d phdq suhvhuylqj vsuhdg zloo wkhuhiruh lqfuhdvh eZ� Wkh fxw0r�
zloo pryh wrzdugv wkh uljkw wdlo ri wkh sur�w glvwulexwlrq/ fuhdwlqj d vwurqjhu

lqfhqwlyh wr lqfuhdvh wkh yduldqfh1 Wklv zloo fdxvh �up � wr frpshwh pruh

djjuhvvlyho| dqg zloo uhvxow lq d odujhu ^� dqg d vpdoohu ^
�
� Wkxv rqh fdq vhh

wkdw odujhu xqfhuwdlqw| pd| dfwxdoo| ehqh�w �up �c lq wkdw lw ohdgv wr d orzhu

ulydo txdqwlw|1 Zkhwkhu wklv frpshwlwlyh ehqh�w ri lqfuhdvhg xqfhuwdlqw| lv

rxwzhljkhg e| wkh uhgxfwlrq lq wkh suredelolw| ri lqyhvwphqw zloo ghshqg rq

wkh h{dfw sdudphwhu vshfl�fdwlrq ri wkh prgho1

Qh{w frqvlghu dq lqfuhdvh lq wkh qhw suhvhqw ydoxh ri wkh surmhfw1 Wkh qhw

suhvhqw ydoxh lv %� U� Lw fdq lqfuhdvh wkurxjk dq lqfuhdvh lq % ru d ghfuhdvh
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lq U� Wkhvh h�hfwv duh ehvw dqdo|vhg vhsdudwho|1 Frqvlghu �uvw dq lqfuhdvh lq

%�

Y

Y%

;?=U � E%� U�

#
drM n %o

dorM n E� � o� ru n %o
� �

$
3�
<@> '

Y

Y%

q
U � E%� U�A E%�3�

r

' �A E%�3� n %A E%�32
Y

Y%
A E%�

' �A E%�3� n %A E%�32
orM n E� � o� ru � rM

dorM n E� � o� ru n %o2
	 f

Qh{w

Y

YU

;?=U � E%� U�

#
drM n %o

dorM n E�� o� ru n %o
� �

$
3�
<@>

' � n

#
drM n %o

dorM n E�� o� ru n %o
� �

$
3�

: f

Wkhuhiruh

{E%� U� : f ', {eZ 	 f

zklfk lv lqwxlwlyh1 Zkhq wkh qhw suhvhqw ydoxh ri wkh surmhfw lv odujhu/ lw

zloo h{fhhg wkh gloxwlrq frvw iru d vpdoohu fxw0r�1 Zkhwkhu dq lqfuhdvh lq

wkh qhw suhvhqw ydoxh ri wkh surmhfw zloo ohdg �up � wr frpshwh pruh ru ohvv

djjuhvvlyho| zloo qrw rqo| ghshqg rq wkh h�hfw rq wkh fxw0r�1 Uhfdoo wkdw wkh

whup fdxvlqj ghyldwlrqv iurp wkh Frxuqrw htxloleulxp lv

�s
�ew� Yew

Y^�
o E%� U�

Wkhuh zloo wkhuhiruh eh d gluhfw dqg dq lqgluhfw h�hfw1

Y

Y%

+
�s

�ew� Yew
Y^�

o E%� U�

,
' �s

�ew� Yew
Y^�

o � s
�ew� o E%� U�

Yew
Y^�YeZ YeZ

Y%

Zh nqrz wkdw

�s
�ew� o E%� U�

Yew
Y^�YeZ : f
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Khqfh

�s
�ew� o E%� U�

Yew
Y^�YeZ YeZ

Y%
	 f

Zkhq

�s
�ew� Yew

Y^�
o 	 f

zklfk zloo eh wkh fdvh zkhq ^� 	 ^S erwk h�hfwv jr lq wkh vdph gluhfwlrq1 Dq

lqfuhdvh lq % zloo fdxvh d ixuwkhu uhgxfwlrq lq ^�� Lqwxlwlyho|/ wkh fxw0r� pryhv

ixuwkhu lqwr wkh ohiw wdlo ri wkh sur�w glvwulexwlrq dqg wkh ehqh�w iurp ehlqj

deryh wkh fxw0r� lv juhdwhu1 Erwk jlyh dq lqfhqwlyh wr uhgxfh wkh yduldqfh dw

wkh h{shqvh ri h{shfwhg sur�w vr wkdw �up � zloo frpshwh ohvv djjuhvvlyho| lq

htxloleulxp1

Zkhq

�s
�ew� Yew

Y^�
o : f

zklfk zloo eh wkh fdvh zkhq ^� : ^S wkh qhw h�hfw lv dpeljxrxv1 Vwduw iurp

d vlwxdwlrq zkhuh wkh fxw0r� lv lq wkh uljkw wdlo ri wkh glvwulexwlrq1 Dv wkh

qhw suhvhqw ydoxh ri wkh surmhfw lqfuhdvhv/ wkh ehqh�w iurp ehlqj deryh wkh

fxw0r� lqfuhdvhv/ zklfk zloo jlyh dq lqfhqwlyh wr lqfuhdvh wkh yduldqfh dqg

fdxvh �up � wr frpshwh pruh djjuhvvlyho|1 Rq wkh rwkhu kdqg/ dv % lqfuhdvhv

wkh fxw0r� pryhv lq dqg wkhuh lv d uhgxfhg lqfhqwlyh wr lqfuhdvh wkh yduldqfh

vr wkdw �up � zloo kdyh dq lqfhqwlyh wr frpshwh ohvv djjuhvvlyho|1

Ilqdoo|/ ohw xv orrn dw dq lqfuhdvh lq o� Rqh �qgv

Y

Yo

;?=U � E%� U�

#
drM n %o

dorM n E�� o� ru n %o
� �

$
3�
<@>

' E%� U�

#
drM n %o

dorM n E� � o� ru n %o
� �

$
32

Y

Yo

#
drM n %o

dorM n E�� o� ru n %o
� �

$
	 f

zklfk vd|v wkdw dq lqfuhdvh lq o fdxvhv wkh fxw0r� eZ wr vkliw lq1 Djdlq/

krzhyhu/ wkhuh lv d frpshwlqj gluhfw h�hfw/ vr wkdw wkh frpsdudwlyh vwdwlf

uhvxowv duh txdolwdwlyho| wkh vdph dv iru dq lqfuhdvh lq %�
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L kdyh ghulyhg frpsdudwlyh vwdwlfv uhvxowv xqghu wkh dvvxpswlrq wkdw wkh

srrolqj htxloleulxp lv sod|hg zkhqhyhu lw h{lvwv1 Ohw xv eulh | pryh wr wkh

dvvxpswlrq wkdw wkh vhsdudwlqj htxloleulxp lv sod|hg zkhqhyhu lw h{lvwv1 Wklv

phdqv wkdw xs wr d sur�w ohyho ri eeZc rqo| wkh edg w|sh lqyhvwv1 Uhfdoo wkdw

U � E%� U�
�
rM n %

ru n %
� �

�
3�

' eeZ
Vlqfh zh nqrz wkdw eeZ : eZ lw lv fohdu wkdw �up �

�

r htxloleulxp txdqwlw|

zloo eh odujhu dqg �up �
�

r htxloleulxp txdqwlw| zloo eh vpdoohu wkdq xqghu

wkh ruljlqdo dvvxpswlrq1 Qrwlfh wkdw wklv h�hfw zloo zrun djdlqvw wkh xvxdo

qrwlrq wkdw wkh srrolqj htxloleulxp lv vxshulru wr wkh vhsdudwlqj htxloleulxp1

Lq rxu iudphzrun/ orvw lqyhvwphqw h!flhqf| zloo eh sduwo| uhfryhuhg e| pruh

djjuhvvlyh surgxfw pdunhw ehkdylrxu/ fdxvlqj d uhgxfwlrq lq ulydo rxwsxw dqg

wkxv ehqh�wlqj �up ��

Wkh frpsdudwlyh vwdwlf h�hfwv zlwk uhvshfw wr dq lqfuhdvh lq wkh xqfhu0

wdlqw| uhjduglqj r dqg zlwk uhvshfw wr dq lqfuhdvh lq wkh qhw suhvhqw ydoxh

duh txdolwdwlyho| xqfkdqjhg1 Qrwlfh wkdw eeZ lv qrw d ixqfwlrq ri o� Lqwxlwlyho|

wklv frphv derxw vlqfh eeZ lv wkh sur�w ohyho vxfk wkdw wkh kljk w|sh zrxog lq0

yhvw/ hyhq li wkh pdunhw eholhyhg wkdw wkh �up zdv orz w|sh zlwk suredelolw|

rqh1 Dq lqfuhdvh lq o zrxog wkhuhiruh rqo| kdyh d gluhfw h�hfw/ zklfk zrxog

uhlqirufh wkh ghyldwlrq ri �up �
�

r txdqwlw| iurp wkh Frxuqrw ohyho1

815 Dq dowhuqdwlyh sur�w ixqfwlrq

Wr h{soruh ixuwkhu wkh lqwxlwlrq wkdw wkh fxw0r� sur�w ohyho fuhdwhv lqfhqwlyhv

wr pdqlsxodwh wkh yduldqfh ri wkh sur�w glvwulexwlrq/ L zdqw wr h{soruh d

gl�huhqw vshfl�fdwlrq iru wkh sur�w ixqfwlrq ri erwk �upv1 Lq sduwlfxodu/ L

zdqw wr dvvxph wkdw sur�w lv uhsuhvhqwhg e|

Z
�
�h5�c ^�c ^�� ' Z

�

�h@c hw�c ^�c ^�� '
�h@� K

�
^
� n ^

�
��

^
�
� S^

� n h
w
�

Wkhuh lv ghpdqg xqfhuwdlqw|/ zklfk lv dvvxphg wr kdyh d wzr0srlqw glvwule0

xwlrq1 Ghpdqg fdq eh kljk ru orz/ h@" i@c @j dqg wkh suredelolw| wkdw lw lv

63



kljk lv ghqrwhg e| �h d@ ' @o ' R� Lq dgglwlrq/ wkhuh lv vrph dgglwlyh qrlvh

zklfk L dvvxph wr kdyh d }hur phdq qrupdo glvwulexwlrq/ hw
�

� � Efc j� 44�

Ilup �
�
r remhfwlyh lv wr pd{lplvh

T
� ' .

khZ�

l
� 8 EeZ� o E%� U�

Ghqrwh wkh frqglwlrqdo phdqv ri wkh sur�w glvwulexwlrq jlyhq d kljk ghpdqg

dqg d orz ghpdqg uhdolvdwlrq/ uhvshfwlyho| e|
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44Lw lv hdvlol| vhhq wkdw wklv vshfl�fdwlrq vdwlv�hv D4-1
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Djdlq/ lw lv dvvxphg wkdw wklv lv vdwlv�hg1

Ohw xv jr edfn wr wkh �uvw0rughu frqglwlrq dqg frqvlghu htxloleulxp txdq0

wlwlhv1 Vwduw e| hydoxdwlqj Z dqg Z dw wkh Frxuqrw0srlqw E^Sc ^S� � Wkhq qrwh

wkdw E^Sc ^S� lv vxfk wkdw

R
YZ

Y^�
n E�� R�

YZ

Y^�
' f

Wkhuhiruh T
�

�
: f dqg �up � zloo kdyh dq lqfhqwlyh wr lqfuhdvh lwv txdqwlw|

eh|rqg wkh Frxuqrw ohyho zkhq s EeZ m Z� : s EeZ m Z� dw wkh Frxuqrw0srlqw�
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Wkhuh zloo eh qr lqfhqwlyh wr ghyldwh iurp wkh Frxuqrw ohyho/ T �

�
' fc zkhq

s EeZ m Z� ' s EeZ m Z� dqg lw zloo kdyh dq lqfhqwlyh wr uhgxfh lwv txdqwlw|/

T �

�
	 fc zkhq s EeZ m Z� 	 s EeZ m Z� � Uhduudqjlqj wkh frqglwlrq rqh �qgv
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Wkxv zkhq wkh fxw0r� lv h{dfwo| kdoizd| ehwzhhq Z dqg Zc frqglwlrqdo ghq0



Wr frpsohwh wkh surri/ rqh rqo| qhhgv wr uhhpsor| Fudphu*v Uxoh iru wkh

v|vwhp ri �uvw0rughu frqglwlrqv/ mxvw dv zh glg lq wkh odvw vhfwlrq1

Wkh lqwxlwlrq lv wkdw zkhq eZ :
�

2
EZ n Z� c lw sd|v wr lqfuhdvh wkh vsuhdg

ru yduldqfh ri wkh sur�w glvwulexwlrq1 Vlqfh dw E^Sc ^S� rqh kdv
YZ

Y^�
	 f dqg

YZ

Y^�
: f prylqj ^

� xs zloo ghfuhdvh Z dqg lqfuhdvh Zc zklfk zloo pdnh lw pruh

olnho| wkdw Z : eZ� Wkxv wkh nh| surshuw| ri wkh sur�w ixqfwlrq xqghu vwxg|

lv djdlq wkdw wkh yduldqfh ri wkh sur�w glvwulexwlrq lv lqfuhdvlqj lq ^
�
� Wklv

lv fohdu iurp wkh idfw wkdw wkh sur�w glvwulexwlrq vdwlv�hv
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dv zdv dujxhg deryh1 Lw fdq dovr eh vhhq pruh gluhfwo| e| qrwlqj wkdw
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�h@� � K
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� n hw�
lpsolhv
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khZ�
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�hw��
vr wkdw wkh yduldqfh ri hZ� lv lqfuhdvlqj lq ^

�
� Zkhq wkh fxw0r� lv lq wkh uljkw

wdlo ri wkh glvwulexwlrq/ lw zloo sd| wkh �up wr lqfuhdvh wkh yduldqfh ri wkh

glvwulexwlrq lq d vshfxodwlyh dwwhpsw wr lqfuhdvh wkh suredelolw| ri wkh sur�w

uhdolvdwlrq h{fhhglqj wkh fxw0r�1 Wklv vshfxodwlyh ehkdylrxu kdv wzr h�hfwv1

Iluvw/ lw zloo pdnh lw pruh olnho| wkdw wkh �up lqyhvwv lq wkh vhfrqg vwdjh1

Vhfrqg/ lw zloo ohw wkh ulydo �up ghfuhdvh lwv txdqwlw| lq uhvsrqvh wr wkh pruh

djjuhvvlyh ehkdylrxu ri �up ��

81514 Frpsdudwlyh vwdwlfv

Dv iru wkh frpsdudwlyh vwdwlfv zlwk uhvshfw wr eZ rqh �qgv xqdpeljxrxv uh0

vxowv zkhq Z � eZ � Z� Lq wklv fdvh rqh �qgv

Y
2

Y^�YeZ i. EZ�� 8 EeZ� o E%� U�j
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�
EeZ m Z� o E%� U�

YZ

Y^�
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Lw lv hdv| wr vhh wkdw wkh �uvw0rughu frqglwlrq lpsolhv wkdw YZ

Y^�
: f dqg

YZ

Y^�
	 f� Wkhuhiruh zkhq Z � eZ � Z erwk whupv duh srvlwlyh vlqfh wkh ghqvlw|

s E� m Z� kdv srvlwlyh vorsh dw eZ/ zkhuhdv wkh ghqvlw| s E� m Z� kdv qhjdwlyh

vorsh dw eZ� Wkh ryhudoo frpsdudwlyh vwdwlf h�hfw lv wkhuhiruh srvlwlyh1 Mxvw

dv lq wkh odvw vhfwlrq lw zloo wkhuhiruh djdlq eh wkh fdvh wkdw pruh vhyhuh

dv|pphwulf lqirupdwlrq zloo ohdg �up � wr frpshwh pruh djjuhvvlyho| dqg

�up � wr uhvsrqg e| frpshwlqj ohvv djjuhvvlyho|1

9 Glylghqgv

Vr idu L kdyh dqdo|vhg d prgho zkhuh wkh �up glg qrw dfwlyho| vhhn wr frpplw

lwvhoi wr d sduwlfxodu rxwsxw vwudwhj|1 Wkh htxloleulxp rxwsxwv gl�hu iurp

wkh Frxuqrw rxwsxw vlpso| ehfdxvh erwk �upv dqwlflsdwh �up � wr idfh d

�qdqflqj sureohp lq wkh ixwxuh451 Lw vkrxog eh srlqwhg rxw/ krzhyhu/ wkdw

dq h{ dqwh frpplwphqw wr uhgxfh �qdqfldo vodfn pd| eh ydoxdeoh wr �up ��

Vxfk d frpplwphqw frxog eh eurxjkw derxw e| wkh �up hqwhulqj lqwr d ghew

frqwudfw dw | ' fc ehiruh lw fkrrvhv lwv txdqwlw|1 Lw frxog dovr eh eurxjkw

derxw e| d frpplwphqw wr d fhuwdlq glylghqg srolf|1 Wkxv lpdjlqh wkdw wkh

�up fdq/ ehiruh lw fkrrvhv lwv txdqwlw|/ frpplw wr sd| rxw dq dprxqw _ wr

h{lvwlqj vkduhkroghuv dw | ' �� Ohw xv dvvxph wkdw wkh srrolqj htxloleulxp

lv sod|hg zkhqhyhu lw h{lvwv1 Wkhq/ zkhq wkh �up lv ri wkh kljk w|sh/ lw zloo

lqyhvw rqo| li Z�_ � eZc l1h1 zkhq Z � eZ�_� D glylghqg sd|rxw ri _ lqfuhdvhv

wkh fxw0r� e| wkdw vdph dprxqw1 Wklv zloo kdyh wzr h�hfwv1 Iluvw/ lw zloo

45Wklv lv lq frqwudvw wr Eudqghu dqg Ohzlv +4<;;, zkhuh ghew �qdqflqj suhfhghv wkh

surgxfw pdunhw frpshwlwlrq vwdjh dqg ghew lv lvvxhg iru lwv frpplwphqw ydoxh rqo|1
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uhgxfh wkh suredelolw| wkdw wkh lqyhvwphqw lv wdnhq1 Wklv qhjdwlyh h�hfw kdv

wr eh wudghg r� djdlqvw d srvlwlyh h�hfw1 Wklv frphv derxw vlqfh zlwk d

kljkhu fxw0r�/ wkh �up kdv pruh ri dq lqfhqwlyh wr lqfuhdvh wkh yduldqfh ri

wkh sur�w glvwulexwlrq e| lqfuhdvlqj lwv rxwsxw� Wkh glylghqg frpplwv �up

� wr d pruh djjuhvvlyh surgxfw pdunhw vwdqfh/ zklfk zloo ohdg lwv ulydo �up

wr uhgxfh lwv txdqwlw| dqg wkxv ehqh�w �up �� Wklv wudgh0r� pd| ru pd|

qrw ohdg wr d vwulfwo| srvlwlyh fkrlfh ri _c ghshqglqj rq wkh h{dfw sdudphwhu

vshfl�fdwlrq ri wkh prgho1

: Frqfoxvlrq

L kdyh dqdo|vhg d wzr0shulrg prgho zkhuh �upv �uvw frpshwh lq d surgxfw

pdunhw dqg rqh ri wkh �upv wkhq �qdqfhv dq lqyhvwphqw rssruwxqlw| xqghu

frqglwlrqv ri dv|pphwulf lqirupdwlrq1 Vshfldo fduh kdv ehhq wdnhq wr dqdo|vh

wkh ixoo vhw ri htxloleuld ri wkh �qdqflqj jdph dqg wr prwlydwh dq htxloleulxp

vhohfwlrq vxfk wkdw wkh suredelolw| wkdw wkh �up lqyhvwv lv lqfuhdvlqj lq wkh

dprxqw ri �qdqfldo vodfn lw kdv rq kdqg1 Wklv lqwurgxfhv d fxw0r� lqwr wkh

�up*v remhfwlyh ixqfwlrq/ vlqfh lw lv rqo| iru sur�w uhdolvdwlrqv deryh wkh fxw0

r� wkdw wkh kljk w|sh �up zloo lvvxh dqg lqyhvw1 Xqghu wkhvh frqglwlrqv/ wkh

�up zloo qrw vlpso| pd{lplvh wkh h{shfwhg ydoxh ri sur�w1 Udwkhu/ lw zloo

wdnh lqwr dffrxqw wkh frqvhtxhqfhv lwv fkrlfh ri wkh vwudwhjlf yduldeoh kdv rq

wkh suredelolw| wkdw wkh sur�w jhqhudwhg h{fhhgv wkh fxw0r�1 Wklv zloo ohdg

wkh �up wr frqvlghu qrw rqo| wkh �uvw prphqw/ exw dovr wkh vhfrqg prphqw

ri wkh sur�w glvwulexwlrq1 Zkhq wkh fxw0r� eZ lv kljk/ wkhuh lv dq lqfhqwlyh wr

vshfxodwh dqg wr lqfuhdvh wkh yduldqfh ri wkh sur�w glvwulexwlrq e| lqfuhdvlqj

lwv rxwsxw1 Wkh ulydo dqwlflsdwhv wklv dqg uhvsrqgv zlwk d orzhu rxwsxw/ zklfk

zloo ehqh�w wkh �up1 Zkhq wkh fxw0r� eZ lv orz/ wkhuh lv dq lqfhqwlyh wr khgjh

dqg wr uhgxfh wkh yduldqfh ri wkh sur�w glvwulexwlrq e| orzhulqj rxwsxw1 Wkh

ulydo zloo wdnh dgydqwdjh ri wklv dqg uhvsrqg zlwk d kljkhu rxwsxw/ zklfk zloo

kdup wkh �up1 Rqh ri wkh pdlq lqvljkwv ri wklv prgho lv wkdw wkh idfw wkdw
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d �up kdv wr �qdqfh h{whuqdoo| grhv qrw qhfhvvdulo| zruvhq wkh �up*v frp0

shwlwlyh srvlwlrq1 Lq frqwudvw wr prghov zkhuh d �qdqfldoo| frqvwudlqhg �up

idfhv suhgdwlrq e| d ghhs srfnhwhg ulydo/ lq rxu prgho d sduwlfxoduo| vhyhuh

�qdqflqj sureohp pd| dfwxdoo| khos wkh �up lq pdnlqj lw pruh djjuhvvlyh

ylv ã ylv lwv ulydo1 Wklv lv dq lpsolfdwlrq ri wkh pdlq frpsdudwlyh vwdwlfv uh0

vxow ri wkh prgho/ zklfk vd|v wkdw d odujhu ghjuhh ri xqfhuwdlqw|/ dqg wkxv d

pruh vhyhuh dgyhuvh vhohfwlrq sureohp/ zloo pdnh wkh �up d pruh djjuhvvlyh

frpshwlwru dv wkh �up vwulyhv wr lqfuhdvh wkh suredelolw| ri lqyhvwphqw1 Wklv

uhvxow pd| dovr ohqg lwvhoi wr hpslulfdo whvwlqj1 Wr wkh h{whqw wkdw vpdoohu

�upv duh vxuurxqghg e| d odujhu ghjuhh ri xqfhuwdlqw| wkdq odujhu �upv/ vr

wkdw vl}h fdq eh wdnhq dv d sur{| iru xqfhuwdlqw|/ wkh prgho vxjjhvwv wkdw

vpdoohu �upv vkrxog eh pruh djjuhvvlyh frpshwlwruv wkdq odujhu/ pruh hv0

wdeolvkhg �upv1 Wkh uhvxowv dovr vxjjhvw wkdw vpdoohu �upv pd| eh deoh wr

vxuylyh lq dq hqylurqphqw lq zklfk wkh| duh frpshwlqj djdlqvw odujhu �upv/

suhflvho| ehfdxvh wkh| idfh d pruh vhyhuh dgyhuvh vhohfwlrq sureohp1 Ilqdoo|/

wkh lpsolfdwlrqv ri wkh prgho vhhp frqvlvwhqw zlwk wkh hpslulfdo �qglqj wkdw

frqjorphudwhv duh wudglqj dw d glvfrxqw zkhq phdvxuhg djdlqvw �irfxvhg�

�upv
46
1 Rqh frxog dujxh wkdw lq frqwudvw wr frqjorphudwhv/ irfxvhg �upv

kdyh wr idfh wkh h{whuqdo fdslwdo pdunhw pruh riwhq/ dv wkhuh lv ohvv vfrsh iru

furvv0vxevlglvdwlrq1 Lq dgglwlrq/ wkhuh pd| eh d odujhu ghjuhh ri xqfhuwdlqw|

vxuurxqglqj wkh vpdoohu/ irfxvhg �up wkdq wkhuh lv vxuurxqglqj dq hvwde0

olvkhg frqjorphudwh1 Wklv zrxog lpso| wkdw pruh irfxvhg �upv duh wkh pruh

djjuhvvlyh frpshwlwruv dqg pd| eh rqh uhdvrq zk| wkh| duh pruh ydoxdeoh1

46Vhh iru h{dpsoh Odqj dqg Vwxo} +4<<7,1

6:



Dsshqgl{
Surri ri Ohppd 4=

Iru sduw d, qrwh �uvw wkdw iru doo eholhiv 4" dfc �o lw lv rswlpdo iru wkh orz
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iru doo srvvleoh htxloleulxp eholhiv 4" dfc oo � Iru Z 	 eZ rqh dovr kdv
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vr wkdw

rM n Z :

#
��

U � Z

d4rM n E� � 4� ru n %o

$
drM n %o

iru doo srvvleoh htxloleulxp eholhiv 4" dfc oo � Wklv lpsolhv wkdw zkhqhyhu

Z 	 eZ lw zloo qrw eh rswlpdo iru wkh kljk w|sh wr lqyhvw1 Khqfh BM ' f lq

dq| htxloleulxp zlwk Z 	 eZ� Khqfh wkh xqltxh htxloleulxp kdv BM ' f dqg

Bu ' �c zklfk lpsolhv 4 ' f dqg k dv vkrzq1

Iru sduw e, qrwh �uvw wkdw wkh dujxphqw uhjduglqj wkh htxloleulxp eh0

kdylrxu ri wkh orz w|sh jlyhq iru sduw d, jrhv wkurxjk uhjdugohvv ri Z� Zkhq

Z � eZc wkhuhiruh/ djdlq wkh orz w|sh zloo vhw Bu ' � iru doo 4" dfc �o � Lq wkh sur0

srvhg srrolqj htxloleulxp wkh kljk w|sh dovr dozd|v lqyhvwv/ vr wkdw BM ' ��

Jlyhq Bu ' � dqg BM ' �c wkh htxloleulxp eholhi pxvw eh 4 ' o� Zkhq Z � eZ
rqh kdv

rM n Z �

#
��

U � Z

dorM n E� � o� ru n %o

$
drM n %o

vr wkdw lw lv lqghhg rswlpdo iru wkh kljk w|sh wr lqyhvw jlyhq eholhiv1 Wklv

frpsohwhv wkh surri1

Surri ri Ohppd 5

Surri= Iru sduw d, uhfdoo wkdw Bu ' � lv rswlpdo iru dq| eholhiv1 Lw wkhuhiruh

vx!fhv wr vkrz wkdw BM ' f lv rswlpdo jlyhq 4 ' f dqg Z 	 eeZ� Wr vhh wklv/

rqh qhhgv wr qrwh rqo| wkdw zkhq Z 	 eeZ rqh kdv

rM n Z �

�
��

U � Z

ru n %

�
drM n %o

Iru sduw e, L qhhg wr vkrz wkdw wkh srrolqj htxloleulxp lv xqltxh1 Jlyhq

wkdw Bu ' � lv xqltxho| rswlpdo iru doo eholhiv dqg doo sur�w ohyhov/ rqh qhhgv

6<



wr vkrz rqo| wkdw zkhqhyhu Z : e

eZ krogv BM ' � lv wkh rqo| rswlpdo fkrlfh

iru wkh kljk w|sh iru dq| eholhi 4" dfc �o 1

BM ' � lv xqltxho| rswlpdo zkhq

rM n Z 	

#
��

U � Z

d4rM n E� � 4� ru n %o

$
drM n %o

Zkhq 4 ' f wklv uhgxfhv wr

rM n Z 	

�
� �

U � Z

ru n %

�
drM n %o

zklfk lv vdwlv�hg vlqfh Z : eeZ� Zkhq 4 : f#
� �

U � Z

d4rM n E�� 4� ru n %o

$
:

�
��

U � Z

ru n %

�
dqg wkh frqglwlrq iru xqltxh rswlpdolw| lv djdlq vdwlv�hg1 Wkhuhiruh BM ' �

zkhqhyhu Z : eeZ zklfk wkhq lpsolhv wkdw 4 ' o dqg k dv vkrzq1 Wklv

frpsohwhv wkh surri1

Surri ri Ohppd 6=

Surri= Wkh htxdwlrq zklfk ghwhuplqhv BM zloo gholyhu d vroxwlrq BM" dfc �o

li dqg rqo| li Z"
keZc eeZl � Wr vhh wklv/ qrwh �uvw wkdw zlwk BM ' f rqh kdv

rM n Z '

#
��

U � Z

dru n %o

$
drM n %o

zkhuhdv zlwk BM ' � rqh kdv

rM n Z '

#
� �

U � Z

dorM n E� � o� ru n %o

$
drM n %o

Zh nqrz

4 EBM� '
oBM

oBM n E� � o�

Khqfh

4
�

EBM� '
o doBM n E�� o�o� oBMo

doBM n E� � o�o
2

'
o E�� o�

doBM n E� � o�o
2
: f
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Wrwdoo| gl�huhqwldwlqj wkh lqgl�huhqfh frqglwlrq zlwk uhvshfw wr Z dqg BM

rqh kdv #
� �

drM n %o

d4 EBM� rM n E�� 4 EBM�� ru n %o

$
_Z

� EU � Z� drM n %o
ErM � ru� 4

�

EBM�

d4 EBM� rM n E�� 4 EBM�� ru n %o
2
_BM ' f

Wklv lpsolhv

_Z

_BM

'
EU � Z� drM n %o ErM3ru�4

�

EBM�

d4EBM�rMnE�34EBM��run%o
2�

�� drMn%o

d4EBM�rMnE�34EBM��run%o

�

Vlqfh wkh ghqrplqdwru lv qhjdwlyh rqh kdv

_Z

_BM

	 f

Wklv frpsohwhv wkh surri1
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Uhihuhqfhv

^4` Erowrq/ Sdwulfn dqg Vfkduivwhlq/ Gdylg V1 +4<<3,= � D Wkhru| ri Suh0

gdwlrq Edvhg rq Djhqf| Sureohpv lq Ilqdqfldo Frqwudfwlqj�/ Dphulfdq

Hfrqrplf Uhylhz/ Yro1 ;3/ ss1 <60439

^5` Eudqghu/ Mdphv D1 dqg Ohzlv/ Wudf| U1 +4<;9,= �Roljrsro| dqg Il0

qdqfldo Vwuxfwxuh= Wkh Olplwhg Oldelolw| H�hfw�/ Dphulfdq Hfrqrplf

Uhylhz/ Yro1 :9/ ss1 <890<:3

^6` Eudqghu/ Mdphv D1 dqg Ohzlv/ Wudf| U1 +4<;;,= �Edqnuxswf| frvwv dqg

wkh wkhru| ri roljrsro|�/ Fdqdgldq Mrxuqdo ri Hfrqrplfv/ Yro1 54/ ss1

5540576

^7` Fdgve|/ Fkduohv E1/ Iudqn/ Pxuud|/ dqg Pdnvlprylf/ Yrmlvody +4<<3,=

�Srrolqj/ Vhsdudwlqj dqg Vhplvhsdudwlqj Htxloleuld lq Ilqdqfldo Pdu0

nhwv= Vrph H{shulphqwdo Hylghqfh� Uhylhz ri Ilqdqfldo Vwxglhv/ Yro1

6/ ss1 6480 675

^8` Jldppdulqr/ Urq/ dqg Ohzlv/ Wudf| U1 +4<;;,= �D Wkhru| ri Qhjrwldwhg

Htxlw| Ilqdqfh� Uhylhz ri Ilqdqfldo Vwxglhv/ Yro1 4/ ss1 59805;;

^9` Nryhqrfn/ Gdq dqg Skloolsv/ Jrugrq +4<<8,= �Fdslwdo Vwuxfwxuh dqg

Surgxfw Pdunhw Ulydou|= Krz gr zh uhfrqfloh Wkhru| dqg Hylghqfh�/

Dphulfdq Hfrqrplf Uhylhz/ Yro1 ;8/ ss1 736073;

^:` Odqj/ Oduu|1 dqg Vwxo}/ Uhqì +4<<7,= �Wrelq*v t/ Frusrudwh Glyhuvl�0

fdwlrq/ dqg Ilup Shuirupdqfh�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ Yro1435/

ss1 457;045<4

^;` Pdnvlprylf/ Yrmlvody +4<<3,= �Surgxfw Pdunhw Frpshwlwlrq dqg Ordq

Frpplwphqwv� /Mrxuqdo ri Ilqdqfh/ Yro1 78/ ss1497404986
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�̂ �^̂�

�̂ �^̂�

ÆH

�

1

r

� =
rÆH

rÆH+(1�r)

Iljxuh 4= Vhfrqg0Vwdjh Htxloleuld
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qc qi

qj

qc

�̂ low
qj(qi)

�̂ high

qi(qj)

Iljxuh 5= Wkh Iluvw0Shulrg Htxloleulxp
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^<` P|huv/ Vwhzduw F1 dqgPdmoxi/ Qlfkrodv V1 +4<;7,= �Frusrudwh Ilqdqflqj

Dqg Lqyhvwphqw Ghflvlrqv Zkhq Ilupv Kdyh Lqirupdwlrq Wkdw Lqyhvwruv

Gr Qrw Kdyh�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ Yro1 46/ ss1 4;:0554

^43` Qlhu/ Huohqg Z1 +4<<;,= �Pdqdjhuv/ Ghew/ dqg Lqgxvwu| Htxloleulxp�/

IPJ Glvfxvvlrq Sdshu Qr1 5;<

^44` Skloolsv/ Jrugrq +4<<6,= �Ilqdqflqj Lqyhvwphqw dqg Surgxfw Pdunhw

Frpshwlwlrq� /plphr/ Sxugxh Xqlyhuvlw|/ Nudqqhuw Judgxdwh Vfkrro ri

Pdqdjhphqw

^45` Srlwhylq/ Plfkho +4<;<,= �Ilqdqfldo vljqdoolqj dqg wkh *ghhs srfnhw*

dujxphqw�/ UDQG Mrxuqdo ri Hfrqrplfv/ Yro1 53/ ss1 59073

^46` Udsrvr/ Fodud F1 +4<<;,= �Vwudwhjlf Khgjlqj dqg Lqyhvwphqw H!flhq0

f|�/ plphr/ Orqgrq Exvlqhvv Vfkrro

^47` Urwhpehuj/ Mxolr M1 dqg Vfkduivwhlq/ Gdylg V1 +4<<3,= �Vkduhkroghu0

Ydoxh Pd{lpl}dwlrq dqg Surgxfw0Pdunhw Frpshwlwlrq�/ Uhylhz ri Il0

qdqfldo Vwxglhv/ Yro1 6/ ss169:06<4
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