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Devwudfw

Wkh sdshu frpsduhv wkh wudglqj frvwv iru lqvwlwxwlrqdo lqyhvwruv zkr duh vxe0
mhfw wr oltxlglw| vkrfnv/ ri wudglqj lq dxfwlrq dqg ghdohu pdunhwv1 Wkh edwfk
dxfwlrq uhvwulfwv wkh lqvwlwxwlrqv* delolw| wr h{sorlw lqirupdwlrqdo dgydqwdjhv
ehfdxvh ri frpshwlwlrq ehwzhhq lqvwlwxwlrqv zkhq wkh| vlpxowdqhrxvo| vxe0
plw wkhlu rughuv1 Wklv frpshwlwlrq orzhuv djjuhjdwh wudglqj frvwv1 Lq wkh
ghdohuvkls pdunhw/ frpshwlwlrq ehwzhhq wudghuv lv devhqw exw wudghv rffxu
lq vhtxhqfh vr wkdw sulydwh lqirupdwlrq lv uhyhdohg e| revhuylqj wkh  rz ri
vxffhvvlyh rughuv1 Wklv lqirupdwlrq uhyhodwlrq uhgxfhv wudglqj frvwv lq djjuh0
jdwh1 Zh dqdo|vh wkh uhodwlyh h>hfwv rq sur?wv ri frpshwlwlrq lq rqh v|vwhp
dqg lqirupdwlrq uhyhodwlrq lq wkh rwkhu dqg lghqwli| wkh flufxpvwdqfhv xqghu
zklfk ghdohuvkls pdunhwv kdyh orzhu wudglqj frvwv wkdq dxfwlrq pdunhwv dqg
ylfh yhuvd1

Nh|zrugv= Pdunhw plfurvwuxfwxuh/ Dxfwlrq pdunhw/ Ghdohu pdunhwv
MHO Fodvvl?fdwlrq= J43/ J48/ J4<



4 Lqwurgxfwlrq
Pdunhw plfurvwuxfwxuh lv frqfhuqhg zlwk wkh rujdqlvdwlrq ri wudglqj v|vwhpv
lq vwrfn pdunhwv1 Lq wklv sdshu zh h{dplqh wkh lpsruwdqfh ri wzr gl>hu0
hqw w|shv ri pdunhw plfurvwuxfwxuhv= dq dxfwlrq dqg d ghdohu pdunhw/ iru
wkh sur?wv ri lqvwlwxwlrqdo lqyhvwruv zkr duh wudglqj odujh eorfnv ri vhfxul0
wlhv1 D qxpehu ri sdshuv ^Pdgkdydq +4<<5,/ Eldlv +4<<5,/ Sdjdqr dqg Urhoo
+4<<5/ 4<<9,/ Vklq +4<<9, dqg Yrjohu +4<<:,` kdyh frpsduhg wkh surshuwlhv
ri dxfwlrq dqg ghdohu pdunhwv/ dqg d ixuwkhu vwulqj ri sdshuv ^Kropvwurp
dqg Wluroh +4<<6,/ Dgpdwl/ S hlghuhu dqg ]hfkqhu +4<<7,/ Erowrq dqg yrq
Wkdgghq +4<<;,/ Sdjdqr dqg Urhoo +4<<;,/ Pdxj +4<<;,` kdyh h{dplqhg wkh
uroh ri odujh vkduhkroghuv lq prqlwrulqj pdqdjhphqw/ jlyhq wkdw wkhuh zloo
eh frvwv wr wklv surfhvv1 Wkh frqwulexwlrq ri wklv sdshu lv wr pdnh wkh frp0
sdulvrq ehwzhhq dxfwlrq dqg ghdohu pdunhwv iurp wkh srlqw ri ylhz ri wkh
sur?wv ri odujh lqvwlwxwlrqdo wudghuv zkr duh vxemhfw wr oltxlglw| vkrfnv dqg
zkr wudgh eorfnv ri vhfxulwlhv dw d wlph1

Lq frpsdulqj dq rughu0gulyhq dxfwlrq pdunhw zlwk d txrwh0gulyhq ghdohu
pdunhw/ Pdgkdydq +4<<5, dujxhv wkdw wkh gl>huhqfhv lq wkh wzr v|vwhpv olh
lq wkh vhtxhqfh ri wudglqj/ zklfk ohdgv wr gl>huhqfhv lq wkh lqirupdwlrq sur0
ylghg wr wkh sod|huv dqg wkhuhiruh lq wkh vwudwhjlf qdwxuh ri wkh jdph1 Lq wkh
txrwh0gulyhq v|vwhp frpshwlwlrq ehwzhhq pdunhw pdnhuv lq vhwwlqj txrwhv
hqvxuhv wkdw sulfh txrwhv duh frpshwlwlyh/ dqg pdunhw pdnhuv pdnh }hur suri0
lwv/ zkhuhdv lq wkh rughu0gulyhq v|vwhp frpshwlwlrq ehwzhhq ghdohuv wdnhv wkh
irup ri frpshwlwlrq lq ghpdqg vfkhgxohv1 Yrjohu +4<<:, h{whqgv wklv prgho
wr wkh fdvh ri d ghdohu pdunhw lq zklfk ghdohuv fdq wudgh zlwk hdfk rwkhu



phqwhg iru XV frusrudwlrqv e| Ghpvhw} dqg Ohkq +4<;8,/ dqg iru XN frpsd0
qlhv e| Q|pdq dqg Vloehuwvrq +4<:;, dqg Ohhfk dqg Ohdk| +4<<4,1 Dffruglqj
wr Hfrqrplf Wuhqgv 4<<6/ ryhu vhyhqw| shufhqw ri XN htxlw| lv khog e| lqvwl0
wxwlrqdo lqyhvwruv/ dqg pruh wkdq hljkw| ?yh shu fhqw ri htxlw| kroglqjv duh
khog lq eorfnv juhdwhu wkdq rqh kxqguhg wkrxvdqg srxqgv lq ydoxh1 Lqwhuhvw
lq frusrudwh jryhuqdqfh kdv surpswhg d qxpehu ri sdshuv wr h{dplqh wkh
wudgh0r>v iru lqvwlwxwlrqdo lqyhvwruv zkr duh deoh wr prqlwru frpsdq| shuiru0
pdqfh rq dffrxqw ri wkhlu odujh vwdnhv1 Eklgh +4<<6, lq d suryrfdwlyh sdshu/
vxjjhvwv wkdw wkh ghhs oltxlglw| ri htxlw| vhfrqgdu| htxlw| pdunhwv lq wkh XV
duh wr wkh ghwulphqw ri wkh prqlwrulqj uhvsrqvlelolwlhv ri vkduhkroghuv1 Kh
dujxhv wkdw ehfdxvh wkh vhfrqgdu| pdunhwv duh vr oltxlg/ vkduhkroghuv kdyh
qr lqfhqwlyh wr prqlwru dqg duh deoh 3edlo rxw4 zkhq wkhuh duh dq| sureohpv
lq wkh ?up1 Dgpdwl/ S hlghuhu dqg ]hfkqhu +4<<7, h{dplqh wkh wudgh0r> eh0
wzhhq wkh prqlwrulqj dgydqwdjhv ri d odujh vkduhkroghu dqg wkh ulvn vkdulqj
glvdgydqwdjhv ri odujh eorfnv iru sruwirolr doorfdwlrq ghflvlrqv1 Kropvwurp
dqg Wluroh +4<<6,/ Erowrq dqg yrq Wkdgghq +4<<;,/ Sdjdqr dqg Urhoo +4<<;,/
Pdxj +4<<;, kdyh irfxvhg rq wkh dgydqwdjhv ri d odujh vkduhkroghu lq whupv
ri wkh lqfhqwlyhv wkdw wkh| kdyh wr prqlwru pdqdjhphqw/ exw wkh glvdgydq0
wdjhv ri odujh eorfnv ehfdxvh ri uhgxfhg oltxlglw|/ wkrxjk Exunduw hw do dujxh
wkdw wrr pxfk prqlwrulqj frxog lpsrvh wrr pdq| frqvwudlqwv rq pdqdjhuv
wr pdqdjh h>hfwlyho|1 1

Wkh fhqwudo sureohp dgguhvvhg lq wkh fxuuhqw sdshu lv wkdw odujh lq0
vwlwxwlrqdo vkduhkroghuv idfh oltxlglw| vkrfnv/ exw wkh| dovr srvvhvv sulydwh
nqrzohgjh derxw wkh ?up*v ydoxh dv d gluhfw frqvhtxhqfh ri wkh vl}h ri wkhlu
kroglqjv1 Vr wkdw zkhq oltxlglw| vkrfnv irufh wkh lqvwlwxwlrqv wr wudgh zlwk
ghdohuv/ wkh| idfh xqidyrxudeoh sulfhv dqg kljk wudglqj frvwv1 Wkh ?qdqfldo
lqvwlwxwlrq zrxog olnh wr wudgh lq wkh wudglqj v|vwhp wkdw plqlplvhv wkh frvw
ri wudglqj/ dqg zh frpsduh wkh wudglqj frvwv iru odujh lqvwlwxwlrqv lq edwfk
dxfwlrq dqg ghdohuvkls pdunhwv/ lq whupv ri h{shfwhg sur?wv1

Wkh edwfk dxfwlrq uhvwulfwv wkh lqvwlwxwlrqv* delolw| wr h{sorlw lqirupd0
wlrqdo dgydqwdjhv ehfdxvh ri frpshwlwlrq ehwzhhq lqvwlwxwlrqv zkhq wkh|
vlpxowdqhrxvo| vxeplw wkhlu rughuv1 Wklv frpshwlwlrq orzhuv djjuhjdwh wudg0
lqj frvwv1 Lq wkh ghdohuvkls pdunhw/ frpshwlwlrq ehwzhhq wudghuv lv devhqw
exw wudghv rffxu lq vhtxhqfh vr wkdw sulydwh lqirupdwlrq lv uhyhdohg e| re0
vhuylqj wkh  rz ri vxffhvvlyh rughuv1 Wklv lqirupdwlrq uhyhodwlrq uhgxfhv
wudglqj frvwv lq djjuhjdwh1 Zh dqdo|vh wkh uhodwlyh h>hfwv rq sur?wv ri frp0
shwlwlrq lq rqh v|vwhp dqg lqirupdwlrq uhyhodwlrq lq wkh rwkhu dqg lghqwli|
wkh flufxpvwdqfhv xqghu zklfk ghdohuvkls pdunhwv kdyh orzhu wudglqj frvwv
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wkdq dxfwlrq pdunhwv dqg ylfh yhuvd1
Wkh od|rxw ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5 zh rxwolqh d prgho ri

?qdqfldo lqvwlwxwlrqv +wudghuv, dqg ghdohuv1 Vhfwlrqv 6 dqg 7 hydoxdwhv wkh
lqvwlwxwlrqv* djjuhjdwh sur?wv dqg vhfwlrq 8 h{dplqhv wkh flufxpvwdqfhv +sd0
udphwhu ydoxhv, xqghu zklfk rqh v|vwhp grplqdwhv dqrwkhu lq wklv uhjdug1
Vhfwlrq 9 h{dplqhv wkh h>hfwv ri fkdqjlqj wkh fruuhodwlrq vwuxfwxuh ri oltxlg0
lw| vkrfnv dqg ri doorzlqj lqvwlwxwlrqv wr frooxgh lq wkh dxfwlrq pdunhw dqg
vhfwlrq : surylghv d vxppdu| dqg frqfoxvlrq1

5 Wkh Prgho
Rxu prgho iroorzv wkh dssurdfk wdnhq lq Pdgkdydq +4<<5,/ zkr frpsduhv d
txrwh gulyhq phfkdqlvp zlwk frpshwlqj ghdohuv/ zlwk dq rughu gulyhq phfk0
dqlvp rujdqlvhg dv d edwfk dxfwlrq1 Lq wkh ghdohu pdunhw wudghuv wudgh vh0
txhqwldoo| dqg wkhuhiruh wudgh lqghshqghqwo| ri vxevhtxhqw wudghv1 Zkhuhdv
lq wkh dxfwlrq pdunhw doo wudghv rffxu dw wkh vdph wlph/ vr wkdw wudghuv dfw
vwudwhjlfdoo| zkhq vxeplwwlqj wkhlu ghpdqgv1 Lq Pdgkdydq +4<<5, wudghuv
pd| eh dfwlqj rq sulydwh lqirupdwlrq ru ehfdxvh ri d uhdolvdwlrq ri dvvhw
hqgrzphqwv zklfk jhqhudwhv sruwirolr khgjlqj wudghv zklfk duh qrw lqiru0
pdwlrq prwlydwhg1 Lq rxu prgho wkhuh duh ? wudghuv lq wkh pdunhw wudglqj
lq d vhfxulw|/ dqg wkh| dovr wudgh iru wzr uhdvrqv1 Wudghu ð revhuyhv wkh wuxh
ydoxh ri wkh vhfxulw| ñ dqg lv deoh wr wudgh rq wkh edvlv ri wklv lqirupdwlrq
lq wkh vhfrqgdu| pdunhw1 Hdfk wudghu dovr idfhv d oltxlglw| vkrfn üð/ zklfk
lv wkh vhfrqg prwlyh iru wudglqj1 Wkhvh wudghuv duh wdnhq wr eh odujh ulvn0
qhxwudo lqvwlwxwlrqdo lqyhvwruv zkr glvfryhu wkh wuxh ydoxh ri wkh vhfxulw| ñ
zklfk lv glvwulexwhg ñ å ùE7ñc j2ñä diwhu prqlwrulqj wkh frpsdq| rq dffrxqw
ri wkhlu odujh vwdnh1 Lq Pdgkdydq +4<<5, wudghuv lq wkh pdunhw pd{lplvh dq
h{srqhqwldo xwlolw| ixqfwlrq/ zkhuhdv lq wklv sdshu wudghuv xwlolvh d gl>huhqw
remhfwlyh ixqfwlrq zklfk hpskdvlvhv wkh oltxlglw| vkrfnv wkdw duh idfhg e|
?qdqfldo lqvwlwxwlrqv Wkh lqvwlwxwlrqdo lqyhvwruv wudgh %ð lq wkh vhfrqgdu|
pdunhw/ iroorzlqj Vhssl +4<<5, wr pd{lplvh wkh remhfwlyh ixqfwlrq lq +4,

Zðmñc ü ' dñ ý Ro%ð ý )
2
E%ð ý üðä

2 ð ' �c 2ééé? +4,

Wkh remhfwlyh ixqfwlrq +4, vkrzv wkdw wudghuv jhqhudwh lqfrph iru hdfk
xqlw ri vwrfn wkdw wkh| krog/ e| wudglqj dw sulfh R zkhq wkh wuxh ydoxh ri
wkh vhfxulw| lv ñ1 Krzhyhu wkhvh wudghuv idfh d oltxlglw| vkrfn üð uhvxowlqj lq
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orvvhv zklfk duh txdgudwlf lq wkh gl>huhqfh ehwzhhq wkhlu kroglqjv ri wkh dvvhw
%ð dqg wkh oltxlglw| vkrfn1 Wkh uhodwlyh lpsruwdqfh ri wkh wudglqj sur?wv dqg
wkh oltxlglw| vkrfn lq wkh lqyhvwruv* remhfwlyh ixqfwlrq lv frqwuroohg e| wkh
sdudphwhu )é Fohduo| wkh kljkhu lv ) wkh juhdwhu lv wkh zhljkw sodfhg rq wkh
oltxlglw| vkrfn1 Wkh dgydqwdjh ri wkh vshfl?f remhfwlyh ixqfwlrq lv wkdw zh
duh deoh wr rewdlq h{suhvvlrqv iru wkh h{shfwhg sur?wv wr dq lqvwlwxwlrq iurp
wudglqj xqghu wkh wzr dowhuqdwlyh plfurvwuxfwxuh v|vwhpv

Wkh lqvwlwxwlrqdo lqyhvwruv pd| eh wkrxjkw ri dv lqvxudqfh frpsdqlhv
zkr duh jhqhudwlqj suhplxp lqfrph rxwvlgh wkh prgho1 D qhjdwlyh oltxlglw|
vkrfn lv lqwhusuhwhg dv dq xqh{shfwhg lqvxudqfh fdvk fodlp zklfk pxvw eh
phw e| wkh frpsdq| e| hlwkhu vhoolqj wkh vhfxulw| ru e| eruurzlqj1 Xqghu
wklv lqwhusuhwdwlrq wkh txdgudwlf whup +{ð0 xð,2 uhsuhvhqwv lqfuhdvlqj pdujlqdo
eruurzlqj frvwv1 D srvlwlyh oltxlglw| vkrfn pd| eh lqwhusuhwhg dv xqh{shfwhg
suhplxp lqfrph dqg lq wklv fdvh frvwv duh lqfxuuhg e| idlolqj wr lqyhvw wklv
lqfrph lq htxlwlhv zkrvh uhwxuq h{fhhgv wkdw rq oltxlg dvvhwv1 Lq idfw wkhvh
frvwv duh pruh olnho| wr eh olqhdu lq +{ð0 xð,1 Krzhyhu/ doorzlqj iru dv|pphwulf
frvwv zrxog pdnh rxu prgho dqdo|wlfdoo| lqwudfwdeoh11 Wkh txdgudwlf whup lq
+4, wkhuhiruh/ pxvw eh ylhzhg dv dssur{lpdwlqj dfwxdo frvwv1

Pdunhw pdnhuv zkr duh wkh rqo| rwkhu pdunhw sduwlflsdqwv/ dqg vhw sulfhv
R duh qrw deoh wr lqihu h{dfwo| wkh ydoxh ri wkh vhfxulw| iurp wkh wudglqj
ehkdylrxu ri wkh lqvwlwxwlrqv vlqfh wkhvh lqvwlwxwlrqv dovr wudgh ehfdxvh ri
oltxlglw| vkrfnv/ zklfk duh glvwulexwhg üð å ùEfc j2üäé Qrwh wkdw li pdunhw
pdnhuv dovr revhuyhg wkh ydoxh y/ wkhq wkh| zrxog vhw sulfhv htxdo wr wkh wuxh
ydoxh ri wkh vhfxulw|/ dqg wudghuv frxog wkhq vhw wkhlu ghpdqgv htxdo wr wkhlu
oltxlglw| vkrfn wr hqvxuh qr zruvh wkdq }hur sur?wv1 Krzhyhu ehfdxvh pdunhw
pdnhuv gr qrw revhuyh ñ gluhfwo|/ exw lqihu lw iurp wkh wudglqj yroxphv/ wkh|
vhw sulfhv wr uhgxfh wkh dgyhuvh vhohfwlrq sureohp iurp lqiruphg lqvwlwxwlrqv
wudglqj djdlqvw wkhp/ dqg zh vkdoo vhh wkdw wklv uhgxfhv wkh sur?wv ri wkh
lqvwlwxwlrqv1

Wklv prgho lv dq h{whqvlrq ri wkh lqvlghu wudglqj prgho ghyhorshg e| N|oh
+4<;8,/ lq zklfk pdunhw pdnhuv vhw sulfhv doorzlqj iru wkh olnholkrrg wkdw wkh
djjuhjdwh ghpdqg zloo uh hfw lqiruphg wudglqj e| lqvlghuv1 Dq lqvwlwxwlrqdo
gl>huhqfh wkrxjk lv wkdw wkh ruljlqdo N|oh prgho lv d edwfk dxfwlrq lq zklfk
d vlqjoh lqiruphg wudghu sodfhv klv rughu lq zlwk d edwfk ri oltxlglw| rughuv1
Wkh prgho frqvlghuhg khuh doorzv iru d gl>huhqw pdunhw plfurvwuxfwxuh lq
zklfk wudghuv ghdo gluhfwo| zlwk wkh pdunhw pdnhu/ exw wkh pdunhw pdnhu lv
xqdeoh wr lghqwli| zklfk frpsrqhqwv ri wudghv duh oltxlglw| prwlydwhg dqg
zklfk duh lqirupdwlrq prwlydwhg1
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514 Roljrsro| edwfk dxfwlrq

D qxpehu ri vwrfn pdunhwv/ vxfk dv wkh Q\VH dqg wkh Sdulv Erxuvh rshq
wkhlu gdlo| pdunhwv zlwk d edwfk dxfwlrq1 Lq wkh roljrsro| edwfk dxfwlrq
frqvlghuhg khuh/ hdfk lqvwlwxwlrqdo lqyhvwru vxeplwv klv rughu wr wkh pdunhw
pdnhu dw wkh vdph wlph/ dqg wkh pdunhw pdnhu dqqrxqfhv d sulfh wkdw zloo
fohdu wkh pdunhw1 Djjuhjdwh wudglqj yroxph lv f '

S?
ð'� %ð1 Lq wklv roljrsro|

edwfk dxfwlrq zh uhfrjqlvh wkdw hdfk lqvwlwxwlrqdo wudghu nqrzv wkdw erwk
wkhlu rzq wudghv dqg wkhlu ulydo*v zloo kdyh dq lpsdfw rq sulfhv1

Lq rughu wr ?qg wkh htxloleulxp vroxwlrq wr wklv prgho zh pdnh wkh frqmhf0
wxuh wkdw wkh djjuhjdwh wudglqj yroxph lv d olqhdu ixqfwlrq ri wkh lqirupdwlrq
dqg wkh oltxlglw| vkrfnv/ dqg d frpshwlwlyh pdunhw pdnhuv vhw sulfhv dv d olq0
hdu ixqfwlrq ri wkh djjuhjdwh wudglqj yroxph

f ' qEñ ý 7ñä n
?[

ð'�

òðüð +5,

dqg
R ' 7ñ n bf +6,

Wr ?qg wkh rswlpdo wudglqj yroxph ri hdfk vwudwhjlf lqvwlwxwlrqdo wudghu ð
vxevwlwxwh wkh frqmhfwxuhg sulfh ixqfwlrq +6, lqwr wkh remhfwlyh ixqfwlrq +4,1
Wkh uhdfwlrq ixqfwlrq iru wkh lwk lqyhvwru xqghu wkh Frxuqrw dvvxpswlrq wkdw
hdfk lqyhvwru*v ghpdqgv gr qrw d>hfw wkh ghpdqgv ri wkh ulydo/ lv jlyhq e|

%ð '
ñ ý 7ñ
2b n )

n
)üð

2b n )
ý bEf ý %ðä

2b n )
+7,

Doo lqvwlwxwlrqv idfh wkh vdph sureohp dqg vlqfh djjuhjdwh wudglqj yroxph
lv vlpso| wkh vxp ri wkh q lqvwlwxwlrqv* wudghv/ vxpplqj ryhu l@4 wr q lq +7,
dqg uhduudqjlqj jlyhv wkh djjuhjdwh wudglqj yroxph dv

f '
?Eñ ý 7ñä

E?n �äbn )
n

)

E?n �äbn )

?[
ð'�

üð +8,

zklfk lv lqghhg d olqhdu ixqfwlrq ri wkh lqirupdwlrq dqg wkh oltxlglw|
vkrfnv1 Frpsdulqj frh!flhqwv lq +8, dqg +5, |lhogv

q '
?

E?n �äb n )
> òð '

)

E?n �äb n )
d' òo +9,

Wxuqlqj wr wkh sureohp idfhg e| wkh pdunhw pdnhu/ zh dvvxph wkdw wkh
pdunhw pdnhu dfwv frpshwlwlyho| dqg vhwv sulfhv dv wkh h{shfwdwlrq ri wkh
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whuplqdo ydoxh ri wkh dvvhw ñ frqglwlrqdo rq wkh djjuhjdwh wudglqj yroxph f
vr wkdw sulfhv duh

R ' .dñ m f ' qEñ ý 7ñä n ò
?[

ð'�

üðo +:,

Wr frpsxwh wklv h{shfwdwlrq zh qhhg wr pdnh dvvxpswlrqv derxw wkh fruuh0
odwlrqv ehwzhhq wkh oltxlglw| vkrfnv1 Lq zkdw iroorzv zh dvvxph wkh oltxlglw|
vkrfnv duh lqghshqghqw1 Wklv frxog dulvh iru h{dpsoh li wkh lqvxudqfh pdunhw
zdv glylghg lqwr vhyhudo qlfkhv hdfk qlfkh ehlqj lghqwl?hg zlwk dq lqghshq0
ghqw vrxufh ri ulvn dqg zlwk d ?up lqvxulqj djdlqvw wkdw ulvn1 Dq dvvxps0
wlrq dw wkh rwkhu h{wuhph zrxog eh wkdw wkh oltxlglw| vkrfnv duh shuihfwo|
fruuhodwhg l1h1 lghqwlfdo iru doo lqvwlwxwlrqv1 Wklv zrxog dulvh li doo lqvxudqfh
frpsdqlhv ixoo| glyhuvl?hg wkhlu ulvnv lq d vhfrqgdu| pdunhw vr wkdw wkh| zhuh
rqo| h{srvhg wr hfrqrp|0zlgh v|vwhpdwlf ulvn1 Ehfdxvh rxu lqvwlwxwlrqv duh
dvvxphg wr eh ulvn qhxwudo dqg wkhuhiruh kdyh qr lqfhqwlyh wr glyhuvli| ulvnv
wkh xqfruuhodwhg vkrfnv dvvxpswlrq vhhpv pruh dssursuldwh dqg zh wdnh wklv
dv rxu pdlq fdvh1 Krzhyhu/ zh h{dplqh wkh h>hfw wkdw wkh dvvxpswlrq ri
lghqwlfdo vkrfnv kdv rq rxu uhvxowv odwhu1

Mrlqw qrupdolw| ri wkh prghov* yduldwhv jxdudqwhhv wkdw .dñmfo dqg khqfh
R lv olqhdu lq f zklfk frq?upv wkh frqmhfwxuh iru sulfhv lq htxdwlrq +6,1
Wdnlqj wkh oltxlglw| vkrfnv wr eh llg dqg xvlqj wkh vwdqgdug irupxod iru wkh
frqglwlrqdo h{shfwdwlrq ri qrupdo yduldwhv jlyhv b lq +6, dv

b ' iSJñEñcfä*ñ@oEfä 'j qj2ñ
q2j2ñ n ?ò

2j2ü
+;,

Zh qrz kdyh wkuhh htxdwlrqv lq +9, dqg +;, dqg wkuhh xqnqrzqv q/b dqg
ò1 Vroylqj iru wkh xqnqrzqv zh pd| zulwh wkh frqmhfwxuhg frh!flhqwv dv

b '
)j2ñ

)2j2ü ý j2ñ
( q '

?d)2j2ü ý j2ño
)d)2j2ü n ?j

2
ño
> ò '

d)2j2ü ý j2ño
)2j2ü n ?j

2
ñ

+<,

Qrwh wkdw wkh vhfrqg rughu frqglwlrq iru pd{lplvdwlrq ri wkh wudghuv*
sur?wv lv wkdw )2j2ü : j

2
ñ1 Wklv frqglwlrq lqglfdwhv wkdw d plqlpxp dprxqw

ri qrlvh wudgh yduldelolw| lv uhtxluhg wr hqvxuh wkdw htxloleulxp h{lvwv dqg
wkdw q dqg ò duh vwulfwo| srvlwlyh1

Wkurxjkrxw wklv sdshu zh dvvxph wkdw frooxvlrq ehwzhhq pdunhw wudghuv
lv loohjdo dqg2ru lqihdvleoh1 Krzhyhu lw lv lqwhuhvwlqj wr frpsduh wkh vroxwlrq

9



wr wkh prgho lq +<, dqg wkh lq xhqfh ri wkh qrq0frrshudwlyh jdph sod|hg
ehwzhhq wkh q lqvwlwxwlrqdo lqyhvwruv zlwk wkh sureohp ri wkh 3pxowl0sodqw4
prqrsro| lqyhvwru zklfk zh glvfxvv lq wkh Dsshqgl{1 Lq wkh qrq0frrshudwlyh
htxloleulxp lq +<, wkh q lqvwlwxwlrqdo lqyhvwruv duh wudglqj wrr lqwhqvlyho|
uhodwlyh wr wkh frooxvlyh rxwfrph lq D<1 Zh glvfxvv wkh h>hfwv ri frooxvlrq lq
pruh ghwdlo odwhu1

Zh qrz zlvk wr frpsxwh wkh h{shfwhg sur?wv wr hdfk wudghu ehiruh wkh|
kdyh revhuyhg hlwkhu wkh ydoxh ri wkh dvvhw ru wkhlu oltxlglw| vkrfn1 Zh
qhhg wr vxevwlwxwh wkhlu rswlpdo wudghv edfn lq wr wkh remhfwlyh +4, dqg wkhq
lqwhjudwh ryhu wkh mrlqw glvwulexwlrq ri ñ dqg üð1

Wkh rswlpdo ghpdqgv iru hdfk wudghu duh rewdlqhg e| vxevwlwxwlqj +5,
lqwr +7, dqg uhduudqjlqj1 Iru hdfk wudghu ð zh kdyh

%ð '
j2ü)

2 ý j2ñ
)E?j2ñ n j

2
ü)

2ä
Eñý7ñän j

2
ü)

2 ý j2ñ
j2ü)

2
üðn

j2ñEj
2
ñ ý j2ü)2ä

j2ü)
ôE?j2ñ n j

2
ü)

2ä

?[
æ'�

üæ +43,

Vxevwlwxwlqj +6, dqg +43, lqwr wkh sur?w ixqfwlrq +4,/ wdnlqj h{shfwhg
ydoxhv ryhu wkh ydoxh ri wkh dvvhw dqg wkh oltxlglw| vkrfnv dqg pxowlso|lqj
e| ? +h{shfwhg sur?wv duh lghqwlfdo iru hdfk wudghu, jlyhv h{shfwhg sur?wv iru
wkh q lqvwlwxwlrqdo wudghuv dv

?.Z@üS|ðJ?
ð ' ý ?j2ñ

2)ôj2ü

%
)ejeü n )

2j2üj
2
ñ n E?ý �äjeñ

)2j2ü n ?j
2
ñ

&
+44,

zkhuh e| dexvh ri qrwdwlrq zh kdyh xvhg jeü dqg jeñ wr ghqrwh Ej2üä
2 dqg

Ej2ñä
2 uhvshfwlyho|1
Htxdwlrq +44, vkrzv wkdw h{shfwhg sur?wv duh dozd|v qhjdwlyh1 Wr vhh

zk| wklv lv vr qrwh wkdw h{shfwhg sur?wv lq htxdwlrq +4, kdyh wzr frpsrqhqwv1
Wkh ?uvw .Eñ ý Rä%ð zklfk zh fdoo wudglqj sur?wv uhsuhvhqwv sxuh h{shfwhg
jdlqv ru orvvhv wr wkh lqvwlwxwlrq iurp wudglqj1 Wkh vhfrqg E)*2ä.E%ð ý üðä2

zklfk zh fdoo oltxlglw| frvw +frvw ehfdxvh lw hqwhuv lqvwlwxwlrqdo sur?wv zlwk
d plqxv vljq, lv dozd|v srvlwlyh1

Ohppd 4 Lqvwlwxwlrqdo wudglqj sur?wv duh dozd|v }hur

Surri1 Wudglqj sur?wv pd| eh vxpphg ryhu doo lqvwlwxwlrqdo ?upv dqg
h{sdqghg dv iroorzv

:



?[
ð'�

.dEñ ý Rä%ðo ' .dEñ ý Räfo '
] "

3"
.dEñ ý Räf m fo sEfä_f

'
] "

3"
.iEñ ý .dñmfoäf m fj s Efä_f +45,

'
] "

3"
i.dñmf oý .dñmfojf sEfä_f ' f +46,

Djjuhjdwh lqvwlwxwlrqdo wudglqj sur?wv duh dozd|v }hur dqg lw lv hdv| wr
vhh wkdw wklv lpsolhv wkdw hdfk lqvwlwxwlrq*v wudglqj sur?w lv dovr }hur1 n

Ehfdxvh oltxlglw| frvwv duh dozd|v srvlwlyh/ sur?wv ri hdfk lqvwlwxwlrq duh
dozd|v qhjdwlyh1 Wkh lqwxlwlrq dv wr zk| wudglqj sur?wv duh }hur lv ehfdxvh
idfhg zlwk wkh dgyhuvh vhohfwlrq sureohp ri wudglqj zlwk lqiruphg lqvwlwx0
wlrqv/ wkh pdunhw pdnhu vhwv 4idlu4 sulfhv jlyhq nqrzohgjh ri wkh fxuuhqw
rughu  rz l1h1 kh vhwv sulfhv vxfk wkdw h{shfwhg wudglqj sur?wv frqglwlrqdo
rq wudglqj yroxph duh }hur1 Wkhuhiruh wkh lqvwlwxwlrqv fdq qhyhu r>vhw olt0
xlglw| frvwv zlwk wudglqj sur?wv1 Qrwh wkdw li wkhuh zdv qr dgyhuvh vhohfwlrq
sureohp ^j2ñ $ f`/ wkhq h{shfwhg sur?wv wr wkh lqvwlwxwlrqdo wudghuv lq htxd0
wlrq +44, ulvh wr }hur1 Lq wklv fdvh wkh pdunhw pdnhu nqrzv wkdw kh grhv qrw
idfh dq lqiruphg wudghu/ dqg wkh lqvwlwxwlrqv fdq wkhq wudgh wr mxvw r>vhw
wkhlu oltxlglw| vkrfnv +l1h1 wkh| fdq wudgh dq dprxqw %ð ' üð dw d 4idlu4
sulfh,1 Lq wkh pruh jhqhudo fdvh ^j2ñ : f`/ wkh lqvwlwxwlrqv duh irufhg wr wudgh
dw d orvv ehfdxvh wkh| duh xqdeoh wr fuhgleo| frpplw wr wkh pdunhw pdnhu
wkdw wkh| duh qrw wudglqj rq lqirupdwlrq1 Ri frxuvh li wkh| pdnh qhjdwlyh h{0
shfwhg sur?wv lq wkh orqj uxq wkh lqvwlwxwlrqv zrxog fhdvh wr h{lvw1 Krzhyhu
lq uhdolw| htxlwlhv sd| glylghqgv +rxu vhfxulw| grhv qrw, dqg lqvxudqfh frp0
sdqlhv fkdujh suhplxpv kljkhu wkdq wkh h{shfwhg lqvxudqfh fodlpv1 Qhlwkhu
ri wkhvh wzr vrxufhv ri lqfrph duh prghoohg khuh ehfdxvh zh zlvkhg wr irfxv
rq wudglqj frvwv dqg oltxlglw| idfwruv dorqh/ exw wkh| zrxog erwk suhvxpdeo|
hqvxuh wkdw wkh sur?wv ri lqvxudqfh frpsdqlhv zhuh srvlwlyh lq wkh orqj uxq1

Qrwh dovr wkh pdunhw pdnhu lq wkh 4pxowl0sodqw4 prqrsro| fdvh nqrzv
wkdw wkh frooxglqj lqvwlwxwlrqv duh dfwlqj vwudwhjlfdoo| dqg vhwv d kljkhu pdun0
xs zklfk dfwxdoo| uhgxfhv wkh prqrsro| sur?wv1 Iurp wkh Uhvxow 6 lq wkh
Dsshqgl{/ lw fdq eh vhhq wkdw h{shfwhg sur?wv lq wkh frooxvlyh fdvh duh df0
wxdoo| orzhu wkdq wkh vxp ri wkh mrlqw sur?wv lq wkh qrq0frooxvlyh fdvh1 Wkh
dqrpdorxv h>hfw ri frpshwlwlrq lq lqfuhdvlqj lqvwlwxwlrqdo sur?wv lv dq lp0
sruwdqw ihdwxuh ri roljrsro| edwfk dxfwlrqv1 Lw lv lpsruwdqw wr ehdu wklv h>hfw
lq plqg zkhq zh frpsduh wklv fdvh zlwk wkdw ri wkh vhtxhqwldo ghdohuvkls

;



zklfk zkhuh vhuldo prqrsro| h{lvwv dqg vxfk frpshwlwlyh h>hfwv rq sur?wv
duh devhqw1

515 Vhtxhqwldo ghdohu pdunhw

Lq wkh vhtxhqwldo ghdohu pdunhw hdfk lqyhvwru wudghv vhsdudwho| zlwk wkh pdu0
nhw pdnhu/ dqg wkhuhiruh wkh pdunhw pdnhu pd| r>hu gl>huhqw sulfhv wr wkh
wzr lqyhvwruv1 Wkh lqyhvwruv dssurdfk wkh pdunhw pdnhu vhtxhqwldoo|/ dqg
wkh pdunhw pdnhu frpsohwhv d wudgh zlwk wkh ?uvw lqyhvwru ehiruh ghdolqj
zlwk wkh vhfrqg1 Ghdohu pdunhwv duh wr eh irxqg lq ohvv0oltxlg vwrfnv rq wkh
Orqgrq Vwrfn H{fkdqjh/ rq wkh iruhljq h{fkdqjh pdunhwv dqg QDVGDT1 Dv
ehiruh/ wkh ?uvw lqyhvwru pd{lplvhv +4,/ exw wklv wlph zh frqmhfwxuh wkdw wkh
wudglqj yroxph ri wkh lqglylgxdo lqyhvwru lv d olqhdu ixqfwlrq ri wkh lqirupd0
wlrq/ dqg wkh pdunhw pdnhu vhwv sulfh dv d olqhdu ixqfwlrq ri wkh lqglylgxdo
lqyhvwru*v wudglqj yroxph

%� ' q�Eñ ý ñä n ò�ü� +47,

dqg

R� ' ñ n b�%� +48,

Wkh ?uvw lqyhvwru qrz dfwv dv d prqrsrolvw dqg wkhuhiruh grhv qrw kdyh
wr zruu| derxw wkh h>hfw ri klv ulydo*v wudglqj yroxph rq sulfhv1 Wkh rswlpdo
wudglqj yroxph iru wkh ?uvw lqyhvwru lv

%� '
ñ ý ñ
2b� n )

n
)ü�

2b� n )
+49,

Pdunhw pdnhuv dfw frpshwlwlyho| dqg vhw sulfhv wr wkh ?uvw lqyhvwru dv
wkh h{shfwdwlrq ri wkh whuplqdo ydoxh ri wkh dvvhw ñ frqglwlrqdo rq wkh ?uvw
lqyhvwru*v wudglqj yroxph %�1 Xqghu wklv dvvxpswlrq b� lv dqdorjrxv wr wkh
b ri wkh suhylrxv vhfwlrq dqg lv jlyhq dv b� ' SJñE%�c ñä*ñ@oE%�ä

Htxdwlqj frh!flhqwv dv ehiruh |lhogv wkh wkuhh frh!flhqwv

b� '
)j2ñ

)2j2ü ý j2ñ
( q� '

d)2j2ü ý j2ño
)d)2j2ü n j

2
ño
> ò� '

d)2j2ü ý j2ño
)2j2ü n j

2
ñ

+4:,

Zh djdlq zdqw wr rewdlq dq h{suhvvlrq iru h{shfwhg sur?wv iru wkh wudghu1
Xvlqj +49, dqg wkh frh!flhqwv lq +4:,/ zh pd| zulwh wkh rswlpdo wudghv ri
wkh ?uvw lqyhvwru dv

<



%� '
)2j2ü ý j2ñ
)E)2j2ü n j

2
ñä
dñ ý 7ñ n )ü�o +4;,

Wkh htxloleulxp sulfh idfhg e| wkh ?uvw lqyhvwru lv rewdlqhg e| vxevwlwxw0
lqj +4;, lqwr wkh frqmhfwxuhg sulflqj uxoh +48,

R� ' 7ñ n
j2ñ

E)2j2ü n j
2
ñä
dñ ý 7ñ n )ü�o +4<,

Vxevwlwxwlqj +4;, dqg +4<, lqwr 4, dqg wdnlqj h{shfwhg ydoxhv/ zh rewdlq
wkh h{shfwhg sur?wv ri wkh ?uvw lqvwlwxwlrqdo wudghu lq wkh ghdohu pdunhw

.Z_e@,eo
� ' ýj

2
ñ

2)
+53,

Qrz frqvlghu wkh vhfrqg lqyhvwru*v wudglqj vwudwhj|1 Wklv lqyhvwru dovr
wudghv dv d prqrsrolvw dqg grhv qrw kdyh wr zruu| derxw wkh vwudwhjlf lp0
solfdwlrqv ri klv ulydo*v wudglqj= Klv remhfwlyh ixqfwlrq lv jlyhq e| +4, zklfk
grhv qrw gluhfwo| ghshqg rq suhylrxv wudghv1 Rqfh pruh zh dvvxph wkdw wkh
pdunhw pdnhu vhwv 4idlu4 sulfhv lh1 vhwv sulfhv htxdo wr wkh h{shfwdwlrq ri y
frqglwlrqhg rq nqrzohgjh ri %� dqg %21 Wklv zrxog lpso| wkh pdunhw pdnhu
vhwwlqj R2 dv wkh olqhdu +ohdvw vtxduhv, surmhfwlrq ri ñ rq %� dqg %2é Krzhyhu
wr h{srvh wkh uhfxuvlyh vwuxfwxuh ri wkh sureohp dqg wr vlpsoli| wkh vroxwlrq/
zh wdnlqj dq lqgluhfw urxwh wr wkh vhwwlqj ri sulfhv e| wkh pdunhw pdnhu1

Iluvw/ zh frqmhfwxuh wkdw lq htxloleulxp/ rswlpdo wudghv lq wkh vhfrqg
shulrg duh xqfruuhodwhg zlwk wkrvh ri wkh ?uvw1 Wkhq/ iroorzlqj wkh ?uvw
wudgh/ wkh pdunhw pdnhu frpsxwhv dq xsgdwhg glvwulexwlrq iru ñ jlyhq e|
ñ å ùE7ñ�c j2ñ��ä zkhuh

7ñ� ' 7ñ n
)j2ñ

)2j2ü ý j2ñ
%� i' .dñ m%�o ' R�j +54,

dqg

j2ñ�� '
)2j2üj

2
ñ

)2j2ü n j
2
ñ

i' ñ@odñ m%�oj +55,

Kh wkhq vhwv sulfhv wr wkh vhfrqg wudghu lq dq dqdorjrxv zd| wr wkh ?uvw
wudghu/ R2 ' 7ñ� nb2%2czkhuh/ b2 lv dqdorjrxv wr b�lq +48, deryh dqg lv jlyhq
e| b2 ' SJñd%2c Eñýñ�äo*ñ@od%2m%�o1 Xvlqj frqmhfwxuh iru sulfhv lq wkh sur?wv
ixqfwlrq jlyhv rswlpdo ghpdqgv iru wkh vhfrqg prqrsrolvw dv
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%2 ' q2Eñ ý 7ñ�ä n ò2ü2 +56,

zklfk fohduo| vkrzv wkdw rswlpdo ghpdqgv lq wkh vhfrqg shulrg %2/ duh lqghhg
lqghshqghqw ri wkrvh lq wkh ?uvw %�/ +dqg duh dovr qrupdoo| glvwulexwhg,1 Wkh
lqghshqghqfh ri htxloleulxp wudghv qrz lpsolhv wkdw/ sulfhv lq wkh vhfrqg
shulrg vdwlvi|

R2 ' 7ñ� n b2%2 ' .Eñm%�ä n b2%2 ' R� n .Eñm%2ä ' .dñm%�c %2o +57,

zkhuh wkh odvw htxdolw| frq?upv wkdw wkh frqmhfwxuhg sulfhv duh lqghhg idlu1
Vroxwlrqv iru q2c b2 dqgò2 pd| eh frpsxwhg dv lq +4:,1

Lw lv hdvlo| vhhq wkdw wkh uhfxuvlyh vroxwlrq wr wkh sureohp jlyhq deryh
iru wkh ?uvw wzr wudghv pd| eh jhqhudolvhg wr wudgh æ1 Vroxwlrqv iru qæ /
bæ / dqg .Z_e@,eo

æ / 7ñæ dqg j2ñ � æi' ñ@oEñm%�c %2éééé%æäj pd| eh rewdlqhg iurp
htxdwlrqv +49, 0 +53, uhvshfwlyho| e| uhsodflqj wkh uljkw kdqg vlgh whupv
j2ñ�æ3�dqg 7ñæ3�zlwk j2ñ dqg 7ñ uhvshfwlyho|1 Dgdswlqj htxdwlrq +4:, lq wklv
zd| wr jlyh vroxwlrqv iru qæ dqg bæ

bæ '
)j2ñ�æ3�

)2j2ü ý j2ñ�æ3�
> qæ '

d)2j2ü ý j2ñ�æ3�o
)d)2j2ü n j

2
ñ�æ3�o

+58,

Wkh vroxwlrq vkrzv fohduo| wkdw bæ lv lqfuhdvlqj lq j2ñ�æ3� dqg wkdw qæ lv
ghfuhdvlqj lq j2ñ�æ3�1 Vlploduo| zh pd| dgdsw htxdwlrqv +53, dqg +55, wr jlyh

.Z_e@,eo
æ ' ýj

2
ñ � æ3�
2)

æ è 2 +59,

j2ñ � æ '
)2j2üj

2
ñ � æ3�

)2j2ü n j
2
ñ � æ3�

+5:,

uhvshfwlyho|1 Jlyhq wkh lqlwldo frqglwlrq j2ñ � f ' j
2
ñ / Htxdwlrqv +59, dqg

+5:, pd| eh vroyhg uhfxuvlyho| wr jlyh dq h{solflw irup iru wkh mwk wudghu*v
sur?wv iru m@5/6111q1 Wr jhw d forvhg irup iru h{shfwhg sur?wv iru wkh mwk
wudghu/ uhduudqjh +59, wr jlyh

Ej2ñ � æä
3� ' Ej2ñ � æ3�ä

3� n E)2j2üä
3� ' Ej2ñ ä

3� n æéE)2j2ü ä
3� +5;,

Xvlqj +5;, rq wkh uljkw ri +59, jlyhv djjuhjdwh h{shfwhg sur?wv iru wkh ?
lqvwlwxwlrqdo wudghuv dv
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2E)2j2ü n Eæ ý �äj2ñä
+5<,

Sursrvlwlrq 4 qæ " qæ3� dqg bæ ! bæ3�

Surri1
Iurp +58, qæ lv ghfuhdvlqj lq j

2
ñ�æ3� dqg bæ lv lqfuhdvlqj lq j2ñ�æ3�1 Ixuwkhu/

+5;, vkrzv wkdw j2ñ�æ3� lv ghfuhdvlqj zlwk æ n

î Wkh sursrvlwlrq vkrzv wkdw wkh æwk wudghu wudghv pruh djjuhvvlyho|
wkdq wkh æ ý �wk/ dv d frqvhtxhqfh ri wkh xsgdwhg yduldqfh ri ñ kdy0
lqj idoohq1 Ixuwkhu dv wkh fryduldqfh ri wkh xqghuo|lqj ydoxh ri wkh
dvvhw dqg wkh rughu  rz zloo kdyh idoohq/ wkh pdunhw pdnhu vhw d orzhu
pdun0xs wr wkh æwk wudghu1 Wkh lqirupdwlrq uhyhodwlrq wkdw rffxuv dv
vxffhvvlyh lqvwlwxwlrqv wudgh lqfuhdvhv wkh sur?wv ri vxffhvvlyh wudghuv
dv lv fohdu iurp +5<,1 Wklv lv dq lpsruwdqw h>hfw lq d vhtxhqwldo ghdohu0
vkls pdunhw wkdw lv devhqw iurp d 4rqh0r>4 edwfk dxfwlrq zkhuh hdfk
wudghu*v h{shfwhg sur?wv duh wkh vdph1 Dv qrwhg lq wkh suhylrxv vhfwlrq
krzhyhu/ wkh idfw wkdw hdfk lqvwlwxwlrq dfwv dv d prqrsrolvw zrunv wr
uhgxfh wkh lqvwlwxwlrqv* sur?wv1 Zh h{dplqh wkh qhw lpsdfw ri wkh wzr
h>hfwv ri frpshwlwlrq dqg vhtxhqwldo lqirupdwlrq uhyhodwlrq lq wkh qh{w
vhfwlrq1

6 Frpsdulvrq ri wkh wzr dowhuqdwlyh pdunhw
phfkdqlvpv

Wr frpsduh wkh h{shfwhg sur?wv xqghu wkh dxfwlrq dqg ghdohu pdunhwv jlyhq
lq +44, dqg +5<, zh ?uvw wdnh wkh fdvh ri wzr ?upv +l1h1 wkh fdvhv ri gxrsro|
dqg wzr vhtxhqwldo prqrsrolvwv uhvshfwlyho|, dqg wkhq jhqhudolvh wr ? ?upv1
Wkh iroorzlqj wkhruhp zklfk lv wkh pdlq uhvxow ri wkh sdshu/ vwdwhv wkdw
zkhwkhu rqh pdunhw phfkdqlvp lv suhihuuhg wr wkh rwkhu ghshqgv rq wkh
uhodwlyh ydoxhv ri wkh xqfhuwdlqw| derxw wkh ixqgdphqwdo/ dqg wkh lpsruwdqfh
ri wkh oltxlglw| vkrfnv1

Wkhruhp 4 Gh?qh wkh txdqwlw|
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Lq frpsdulqj wkh h{shfwhg sur?wv wr wkh lqvwlwxwlrqdo lqyhvwruv iurp wudglqj
lq dq dxfwlrq ru ghdohu pdunhw

+l, Iru ? ' 2 d qhfhvvdu| dqg vx!flhqw frqglwlrq iru dxfwlrq pdunhwv wr
|lhog kljkhvw h{shfwhg sur?wv lv

f ÷ S ÷ féôS

+ll, Iru ? ' 2 d qhfhvvdu| dqg vx!flhqw frqglwlrq iru ghdohu pdunhwv wr
|lhog kljkhvw h{shfwhg sur?wv lv

féôS ÷ S ÷ �

+lll, Iru ? : 2 frqglwlrq +ll, dssolhv zlwk vx!flhqf| rqo|
+ly, D vx!flhqw frqglwlrq iru dxfwlrq pdunhwv wr |lhog kljkhvw h{shfwhg

sur?wv lv

f ÷ S ÷
ý� ns� n ?

?

Surri1
Iru ? ' 2 frpsdulqj +44, zlwk +5<,vkrzv wkdw sur?wv zloo eh juhdwhu lq

wkh ghdohu pdunhw dv

ý
%
)j2ü ý

E)2j2ü ý j2ñäE)2j2ü n j2ñä2
)ôj2üE)

2j2ü n 2j
2
ñä

&
: ýj

2
ñ

2)
ý )j2üj

2
ñ

2E)2j2ü n j
2
ñä

Wklv frqglwlrq vlpsol?hv wr

)ejeü ý 2)2j2üj2ñ ý 2jeñ : f
Uhduudqjlqj dqg vroylqj wklv lqhtxdolw| iru S/ ghdohu pdunhwv duh suhihuuhg

dv S : féôS1 Wklv hvwdeolvkhv wkh rqh vlgh ri +l,1 Uhfdoo iurp wkh sdudphwhu
vroxwlrqv lq +<, dqg +58, wkdw iru htxloleulxp zh uhtxluh wkdw j2ñ ÷ )

2j2ü l1h1
wkdw j2ñ

)2j2ü
' S ÷ �/ zklfk hvwdeolvkhv wkh rwkhu vlgh ri +l,1n

Lq wkh udqjh féôS ÷ S ÷ � wkh ghdohu pdunhw zloo eh suhihuuhg e| wkhvh
lqvwlwxwlrqdo wudghuv1 Wkhuhiruh lq wkh udqjh f ÷ S ÷ féôS wkh dxfwlrq pdunhw
zloo |lhog wkh kljkhvw h{shfwhg sur?wv wr wkh wudghuv1 Wklv hvwdeolvkhv +ll,mm
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Wr suryh lll,/ gh?qh wkh gl>huhqfh lq sur?wv ehwzhhq wkh wzr wudglqj
v|vwhpv dv d ixqfwlrq ri ?

Z_E?ä ' ?.Z@üS|ðJ?
ð ý

?[
ð'�

.dZ_e@,eo
ð o ? è 2

Gh?qh dovr wkh lqfuhphqw wr Z_E?ä dv ? lqfuhdvhv e| rqh dv d ixqfwlrq ri ?

{Z_E?ä ' Z_E?äý Z_E?ý �ä ? è 2
4Gl>huhqflqj4 +44, dqg +5<, dqg vxewudfwlqj wkh odwwhu 4gl>huhqfh4 iurp wkh
iruphu jlyhv lqfuhphqwdo sur?w gl>huhqfhv dv

{Z_E?ä ' ýE? ý �äjeñ
?jeñ n 2)

2j2ñj
2
ü ý )ejeü

2)ôj2üdE?ý �äj2ñ n )2j2üod?j2ñ n )2j2üo
? è 2

Fohduo| {Z_E?ä ÷ f li wkh qxphudwru lq wkh iudfwlrq lv srvlwlyh1 Glylglqj wklv
whup e| wkh srvlwlyh txdqwlw| )ejeü jlyhv wkh h{suhvvlrq

?S2 n 2Sý �
zklfk fdq eh idfwrulvhg dv

?S2 n 2Sý � ' ?ESý
s
� n ? ý �
?

äESn

s
� n ?n �

?
ä

Khqfh {Z_E?ä ÷ f l> S :
I
�n?3�

?
1 Iru ? è 2 wklv frqglwlrq lv dozd|v vdwlv?hg

li +ll, krogv vr +ll, lv vx!flhqw wr hqvxuh {Z_E?ä ÷ f 1 Qrwlqj wkdw

Z_E?ä ì Z_E2ä n
?[

æ'ô

{Z_Eæä +63,

zh vhh wkdw li +ll, lv vdwlv?hg/ doo whupv rq wkh uljkw kdqg vlgh ri +63, duh
qhjdwlyh zklfk suryhv +lll,1 mm

Wr suryh +ly, qrwh wkdw iru ? è 2c {Z_E?ä : f l> S ÷ 3�nI�n?
?

1 Wklv
frqglwlrq hqvxuhv wkh lqhtxdolw| lq +l, krogv1 Khqfh/ li S ÷ 3�nI�n?

?
doo whupv

rq wkh uljkw ri +63, duh srvlwlyh zklfk suryhv +ly,1 mm
Lw zdv hvwdeolvkhg deryh wkdw lq wkh edwfk dxfwlrq h{shfwhg sur?wv wr

wkh lqvwlwxwlrqv duh errvwhg e| wkh suhvhqfh ri frpshwlwlrq ehwzhhq wudghuv/
exw glplqlvkhg e| wkh lqdelolw| ri wudghv wr uhyhdo lqirupdwlrq vhtxhqwldoo|1
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Zkhuhdv wkh rssrvlwh lv wuxh lq wkh ghdohu pdunhw1 Lq Wkhruhp 4/ S phdvxuhv
wkh udwlr ri lqirupdwlrq yrodwlolw| wr wkdw ri +qrupdolvhg, qrlvh wudgh yrodwlo0
lw|11 Khqfh zkhq S lv kljk/ dv|pphwulf lqirupdwlrq lv suhydohqw zkhuhdv li
S lv orz/ oltxlglw| h>hfwv duh suhydohqw1 Wkh idfw wkdw zkhq S lv kljk ghdohu
pdunhwv |lhog kljkhu sur?wv vkrzv wkdw wkh vl}h ri wkh lqirupdwlrq uhyhod0
wlrq h>hfw lv pruh vhqvlwlyh wr wkh ghjuhh ri lqvlgh lqirupdwlrq wkdq lv wkh
frpshwlwlrq h>hfw1 Lq rwkhu zrugv/ lq pdunhwv zkhuh lqvlgh lqirupdwlrq kdv
d uhodwlyho| odujh lq xhqfh rq vwrfn sulfh pryhphqwv wkh ydoxh ri vhtxhqwldo
wudglqj lq uhyhdolqj lqirupdwlrq wr wkh pdunhw dqg vr uhgxflqj ?qdqfldo lq0
vwlwxwlrqv* wudglqj frvwv lv kljk1 Lq pdunhwv zkhuh oltxlglw| wudglqj lv wkh
suhgrplqdqw vrxufh ri vwrfn sulfh yrodwlolw| wkhq wkh ydoxh ri frpshwlwlyh
elgglqj lq uhgxflqj ?qdqfldo lqvwlwxwlrqv* wudglqj frvwv lv kljk1

614 Vhqvlwlylw| dqdo|vhv= Wkh h>hfw ri shuihfwo| fruuh0
odwhg oltxlglw| vkrfnv dqg frooxvlrq1

Shuihfwo| fruuhodwhg oltxlglw| vkrfnv Lq wkh dqdo|vlv deryh/ rxu lqvwl0
wxwlrqv zhuh shufhlyhg dv lqvxudqfh frpsdqlhv lq d vhjphqwhg pdunhw zkhuh
?up ð r>huv lqvxudqfh djdlqvw lglrv|qfudwlf ulvn üð1 Lw pd| eh krzhyhu/ wkdw
wkhvh lqvxudqfh frpsdqlhv srro wkhlu ulvn lq d vhfrqgdu| lqvxudqfh pdunhw
vr wkdw wkh rqo| ulvn hqfrxqwhuhg lv v|whpdwlf ulvn1 Wklv dvvxpswlrq lv wkh
srodu rssrvlwh ri wkh rqh xvhg lq deryh ehfdxvh lqvwhdg ri oltxlglw| vkrfnv
ehlqj xqfruuhodwhg/ wkh| zrxog ehfrph shuihfwo| fruuhodwhg l1h1 lghqwlfdo1
Wkh dqdo|vlv lv pxfk pruh vlpsoh xqghu wklv dvvxpswlrq dqg zh vxssuhvv
ghulydwlrqv khuh wr jlyh mxvw wkh pdlq uhvxowv1 Wkh lqvwlwxwlrqv* sur?wv xqghu
wkh dxfwlrq dqg ghdohuvkls pdunhwv duh qrz uhvshfwlyho|

.EZäøüS|ðJ? ' ýj
2
ñEj

2
ñ n ?

2j2ü)
2ä

2?)Ej2ñ n )
2j2üä

+64,

dqg

.EZä(e@,eo ' ýj
2
ñ

2)
+65,

Wkh gl>huhqfh ehwzhhq wkh sur?wv iurp wkh wzr pdunhw v|vwhpv lv

.EZäøüS|ðJ? ý.EZä(e@,eo '
E?ý �äj2ñESý ?ä
2?)ESn �ä

÷ f +66,
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Htxdwlrq +66, vkrzv wkdw lq wkh fdvh ri lghqwlfdo oltxlglw| vkrfnv/ wkh
ghdohuvkls dozd|v |lhogv kljkhu sur?wv1 Wkh lqwxlwlrq lv wkdw wkh vhtxhqwldo
uhyhodwlrq ri lqirupdwlrq kdv qrz ehfrph yhu| srzhuixo ehfdxvh wkh pdunhw
pdnhu zloo eh deoh wr lqihu wkh ydoxh ri ñ h{dfwo| diwhu rqo| wzr wudghv1 Khqfh/
h{shfwhg sur?wv wr doo h{fhsw wkh ?uvw lqvwlwxwlrqdo wudghu lq wkh ghdohuvkls
duh }hur1 Qr dprxqw ri frpshwlwlrq ehwzhhq wudghuv lq wkh Edwfk Dxfwlrq/
zkhuh rqo| wkh vlqjoh revhuydwlrq ri djjuhjdwh wudglqj yroxph lv dydlodeoh wr
wkh pdunhw pdnhu/ fdq jhqhudwh vxfk kljk sur?wv1

61414 Frooxvlrq

Lq doo ri wkh deryh zh kdyh dvvxphg wkh devhqfh ri frooxvlrq dprqjvw wkh q
roljrsrolvwv ri wkh Edwfk Dxfwlrq1 Wkh Dsshqgl{ vkrzv wkdw zhuh frooxvlrq
wr rffxu sur?wv zrxog eh orzhu ehfdxvh wkh pdunhw pdnhu zrxog uhvsrqg e|
vhwwlqj d kljkhu pdun xs Ebä dqg vr lqfuhdvh wkh frvwv ri wudglqj1 Krzhyhu
vxssrvh wkh pdunhw pdnhu glg qrw nqrzzkhwkhu ru qrw wudghuv zhuh frooxglqj
exw wkdw wkh pdun xs lv dqqrxqfhg e| wkh pdunhw pdnhu sulru wr wudglqj dv
ehlqj hlwkhu 4kljk4 +wkh pdun xs xqghu frooxvlrq, ru 4orz4 +wkh pdun xs
xqghu frpshwlwlrq,1 Zh frxog zulwh wkh sd|r> pdwul{ wr wudghuv dqg wkh
pdunhw pdnhu dv iroorzv

Kljk b Orzb
Frooxgh Z� Z2
Frpshwh Zô Ze

Lw lv hdv| wr vkrz wkdw4 Zô ÷ Z� dqg wkdw Ze ÷ Z2 dqg khqfh wkdw frooxvlrq
lv wkh grplqdqw vwudwhj| iru wudghuv1 Nqrzlqj wklv/ wkh pdunhw pdnhu zloo
vhw d kljk pdun xs dv wklv lv wkh 4idlu4 sulfh xqghu frooxvlrq1 Wklv vkrzv
wkdw frooxvlrq lv wkh rqo| +Frxuqrw0Qdvk, htxloleulxp wr wklv jdph1 Wkhuh
pd| eh flufxpvwdqfhv lq wkh pdunhwv zkhuh frooxvlrq lv ihdvleoh dqg khqfh
lw zrxog eh lqwhuhvwlqj wr frpsduh lqvwlwxwlrqdo sur?wv lq wkh Edwfk Dxfwlrq
xqghu frooxvlrq zlwk wkh vhtxhqwldo ghdohuvkls1 Zh pd| zulwh sur?wv xqghu
wkh odwwhu dv

4Wr suryh wklv/ wdnh sulfhv dv s @ y.è[ iru dq xqvshfl?hg ydoxh ri è1 Wkhq pd{lplvh
sur?wv dv d pxowlsodqw prqrsrolvw dqg qrq0frooxvlyh roljrsrolvw wdnlqj è dv ?{hg dqg
nqrzq1 Wdnlqj h{shfwdwlrqv jlyhv Häp+è, dqg Hä+è, uhvshfwlyho| iru wkh wzr sur?w
whupv/ erwk ri frxuvh ehlqj ixqfwlrqv ri è1 Gl>huhqwldwh Häp+è, ý Hä+è, zlwk uhvshfw
wr è1 Wkh uhvxow lv hdvlo| vkrzq wr eh srvlwlyh iru doo è1 Qrz Häp+3,ý Hä+3, lv d+qý4,

5*
zklfk lv dozd|v srvlwlyh1 Khqfh sur?wv duh kljkhu xqghu frooxvlrq dw è @ 3 dqg ehfrph
pruh vr iru kljkhu ydoxhv ri è1 Ixuwkhu ghwdlov duh dydlodeoh rq uhtxhvw1
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o +67,

Wkh vhfrqg whup lq vtxduh eudfhv lv fohduo| ohvv wkdq ? vr wkdw ghdohuvkls
sur?wv duh ohvv wkdq ý?dj2ñ

2)
o zklfk lv dv zh vkrz lq wkh Dsshqgl{/ wkh sur?wv

xqghu frooxvlrq lq wkh Edwfk Dxfwlrq1 Li frooxvlrq lv srvvleoh lq wkh Edwfk
Dxfwlrq/ wkhuhiruh/ wkh ghdohuvkls pdunhw dozd|v |lhogv kljkhu h{shfwhg suri0
lwv wr lqvwlwxwlrqdo wudghuv1

615 Dq lqwhusuhwdwlrq ri f lq whupv ri h{fhvv vwrfn
sulfh yrodwlolw|1

Wkh dqdo|vlv deryh vkrzv wkdw wkh uhodwlyh sur?wdelolw| ri dxfwlrq dqg ghdohu
pdunhwv klqjhv rq wkh qxphulfdo ydoxh ri wkh sdudphwhu S/ wkh udwlr ri ixq0
gdphqwdov yrodwlolw| wr +qrupdolvhg, oltxlglw| wudgh yrodwlolw| dqg rq ?/ wkh
qxpehu ri ?upv1 Lq wklv vhfwlrq zh vkrz krz wkhvh sdudphwhuv duh gluhfwo|
+lqyhuvho|, uhodwhg wr h{fhvv vwrfn sulfh yrodwlolw|1

Li wkhuh zhuh qr plfurvwuxfwxuh h>hfwv lq rxu prgho/ sulfhv zrxog dozd|v
dqg hyhu|zkhuh eh htxdo wr ñ dqg wkhlu yduldqfh zrxog eh j2ñ1 Wkh h{lvwhqfh
ri oltxlglw| vkrfnv dqg dv|pphwulf lqirupdwlrq fdxvhv sulfhv wr ghyldwh iurp
ñ vr wkdw vwrfn sulfhv duh 4h{fhvvlyho|4 yrodwloh1 Hpslulfdo sdshuv e| Kdv0
eurxfn +4<<6,/ Vqhoo dqg Wrqnv +4<<;, dqg rwkhuv kdyh ghyhorshg hpslulfdo
phdvxuhv ri plfurvwuxfwxuh h{fhvv yrodwlolw| vr lw zrxog eh xvhixo wr lqwhusuhw
wkh frqglwlrqv jlyhq lq Wkhruhp 4 lq whupv ri wkh ghjuhh ri h{fhvv yrodwlolw|
lq wkh pdunhw1 D qdwxudo phdvxuh ri h{fhvv yrodwlolw| zrxog eh ñ@oERýñä*j2ñ 1
Wkh qxphudwru ri wklv phdvxuh kdv ehhq frpsxwhg e| Kdveurxfn +4<<6,/ Gh
Mrqj/ Qlmpdq dqg Urhoo +4<<9, dqg Vqhoo dqg Wrqnv +4<<;, iru wkh Q\VH/
wkh Sdulv Erxuvh dqg wkh Orqgrq Vwrfnv H{fkdqjh uhvshfwlyho|1 Hvwlpdwhv
ri wkh ghqrplqdwru j2ñ lv dovr dydlodeoh iurp wkhvh vwxglhv1

Vwduwlqj zlwk wkh ghdohuvkls pdunhw/ wkh dqdo|vlv ri wkh suhylrxv vhfwlrq
fdq eh xvhg wr zulwh wkh sulfh iru wkh mwk wudgh dv

Ræi' ñæ3� n bæ%æj ' Ræ3� n bæqæEñ ý Ræ3�ä n bæqæ)üæ +68,

zklfk pd| eh uh0zulwwhq dv

ERæ ý ñä ' E�ý bæqæäERæ3� ý ñä n bæqæ)üæ +69,
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Xvlqj wkh gh?qlwlrqv lq +58,/ +5:, dqg +5;, htxdwlrq +69, ehfrphv

ERæ ý ñä ' E)
2j2ü n Eæ ý �äj2ñ
)2j2ü n æj

2
ñ

äERæ3� ý ñä n E j2ñ
)2j2ü n æj

2
ñ

ä)üæ +6:,

Vroylqj +6:, iru m@5/6/111 xvlqj wkh lqlwldo frqglwlrq iru R� ý ñ lpsolflw lq
+48, jlyhv

ERæ ý ñä ' ý)2j2ü
)2j2ü n æj

2
ñ

Eñ ý ñä n )j2ñ
)2j2ü n æj

2
ñ

æ[
ð'�

üð +6;,

Wdnlqj wkh xqfrqglwlrqdo yduldqfh ri erwk vlghv ri +6;, dqg xvlqj wkh
gh?qlwlrq ri S jlyhv

ñ@oERæ ý ñä ' j2ñ
� n æS

+6<,

Glylglqj +6<, e| j2ñ jlyhv rxu +qrupdolvhg, phdvxuh ri h{fhvv yrodwlolw| dv

ñ@oERæ ý ñä
j2ñ

'
�

� n æS
+73,

Uhshdwlqj wkh vdph fdofxodwlrqv iru dq ? ?up roljrsro| edwfk dxfwlrq
jlyhv

ER? ý ñä ' ý)2j2ü
)2j2ü n ?j

2
ñ

Eñ ý ñä n )j2ñ
)2j2ü n ?j

2
ñ

?[
ð'�

üð +74,

dqg khqfh

ñ@oER? ý ñä
j2ñ

'
�

� n S?
+75,

zklfk duh lghqwlfdo wr wkh fruuhvsrqglqj irupxodh iru wkh qwk ghdohuvkls
pdunhw1 Htxdwlrqv +73, dqg +75, vkrz wkdw rxu prgho rqo| doorzv h{fhvv
yrodwlolw| wr eh dv kljk dv wkh yrodwlolw| ri wkh ixqgdphqwdo lwvhoi l1h1 wkdw wkh
udwlr ñ@oER?3ñä

j2ñ
olhv ehwzhhq }hur dqg xqlw|1 Qrqhwkhohvv/ wkhvh htxdwlrqv jlyh

d pruh frqfuhwh lqwhusuhwdwlrq wr wkh sdudphwhu S dqg wkh frqglwlrqv rq S
dqg ? lq Wkhruhp 41 Lq sduwlfxodu/ wkh| vkrz wkdw iru jlyhq ? wkh ghdohuvkls
lv pruh olnho| wr |lhog kljkhu sur?wv zkhuh pdunhwv kdyh orz h{fhvv yrodwlolw|
ehfdxvh orzhu h{fhvv yrodwlolw| lv dvvrfldwhg zlwk kljkhu S zklfk lqfuhdvhv
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wkh fkdqfhv ri frqglwlrq +ll, lq Wkhruhp 4 ehlqj vdwlv?hg1 Ilqdoo| qrwh wkdw
zh pljkw dvvrfldwh ? zlwk wkh olihvsdq ri sulydwh lqirupdwlrq +l1h1 wkh wlph
wdnhq iru sulydwh lqirupdwlrq wr ehfrph sxeolf, ehfdxvh wkh juhdwhu lv wkh
odj ehwzhhq wkh lqfhswlrq ri wkh sulydwh vljqdo dqg lwv dqqrxqfhphqw/ wkh
kljkhu zloo eh wkh qxpehu ri lqvwlwxwlrqv wudglqj rq lw1

7 Frqfoxvlrqv

Lq wklv sdshu zh kdyh h{dplqhg wzr dowhuqdwlyh vhfrqgdu| pdunhw plfurvwuxf0
wxuhv= d vhtxhqwldo ghdohu pdunhw dqg d edwfk dxfwlrq/ zkhuh lqvwlwxwlrqdo
lqyhvwruv wudgh qrq0frooxvlyho| lq wkh xqghuo|lqj vhfxulw|1 Wkh pdlq uhvxow ri
wklv sdshu kdv ehhq wr lghqwli| wkh frqglwlrqv xqghu zklfk rqh pdunhw pl0
furvwuxfwxuh lv suhihuuhg wr dqrwkhu lq whupv ri wkh kljkhvw h{shfwhg sur?wv wr
wkh lqvwlwxwlrqdo lqyhvwruv/ ru frqyhuvho| zkhuh wudglqj frvwv duh orzhvw1 Zh
hvwdeolvkhg wkdw lq wkh edwfk dxfwlrq/ h{shfwhg sur?wv wr wkh lqvwlwxwlrqv duh
errvwhg e| wkh suhvhqfh ri frpshwlwlrq ehwzhhq wudghuv exw glplqlvkhg e|
wkh lqdelolw| ri wudghv wr uhyhdo lqirupdwlrq vhtxhqwldoo| zkhuhdv wkh rssrvlwh
lv wuxh lq wkh ghdohu pdunhw1

Zh kdyh vkrzq wkdw wkh h{shfwhg sur?wv wr hdfk lqvwlwxwlrqdo lqyhvwru
ghshqgv rq wkh yduldqfh ri wkh ixqgdphqwdo/ wkh yduldqfh ri wkh oltxlglw|
vkrfnv dqg wkh zhljkwlqj ri wkh oltxlglw| vkrfn lq wkh lqvwlwxwlrqv* remhfwlyh
ixqfwlrq1 Wkh pdlq lqvljkw ri wklv sdshu kdv ehhq wr ghprqvwudwh wkdw wkhuh
lv qrw d vlqjoh rswlpdo wudglqj vwuxfwxuh1 Wkh vwuxfwxuh zklfk |lhogv wkh
kljkhvw h{shfwhg sur?wv wr wkh wudghuv ghshqgv rq sdudphwhu ydoxhv zklfk
jryhuq wkh uhodwlyh lpsruwdqfh ri oltxlglw| vkrfnv wr lqirupdwlrq1 Vshfli0
lfdoo| zkhq dv|pphwulf lqirupdwlrq lv suhydohqw wkh ghdohu pdunhwv |lhog
kljkhu sur?wv ehfdxvh wkh vl}h ri wkh lqirupdwlrq uhyhodwlrq h>hfw lv pruh
vhqvlwlyh wr wkh ghjuhh ri lqvlgh lqirupdwlrq wkdq lv wkh frpshwlwlrq h>hfw1
Lq rwkhu zrugv/ lq pdunhwv zkhuh lqvlgh lqirupdwlrq kdv d uhodwlyho| odujh
lq xhqfh rq vwrfn sulfh pryhphqwv wkh ydoxh ri vhtxhqwldo wudglqj lq uhyhdo0
lqj lqirupdwlrq wr wkh pdunhw dqg vr uhgxflqj ?qdqfldo lqvwlwxwlrqv* wudglqj
frvwv lv kljk1 Lq pdunhwv zkhuh oltxlglw| wudglqj lv wkh suhgrplqdqw vrxufh
ri vwrfn sulfh yrodwlolw| wkhq wkh ydoxh ri frpshwlwlyh elgglqj lq uhgxflqj
?qdqfldo lqvwlwxwlrqv* wudglqj frvwv lv kljk/ lq zklfk fdvh wkh dxfwlrq pdunhw
lv wkh suhihuuhg pdunhw plfurvwuxfwxuh1

Zh dovr lqwhusuhwhg rxu uhvxowv lq whupv ri wkh h{fhvv yrodwlolw| ri wkh
wudglqj iulfwlrqv ri hdfk pdunhw plfurvwuxfwxuh1 Zh vkrzhg wkdw iru d jlyhq
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qxpehu ri wudglqj lqvwlwxwlrqv/ wkh orzhu lv wkh h{fhvv yrodwlolw| lq dq| pdu0
nhw/ wkh pruh olnho| lw lv wkdw d ghdohuvkls v|vwhp lq wkdw pdunhw zrxog eh
suhihuuhg ryhu d edwfk dxfwlrq e| lqvwlwxwlrqdo wudghuv zkr duh vxemhfw wr
oltxlglw| vkrfnv1

8 Dsshqgl{
Frqvlghu htxloleulxp iru d 3pxowl0sodqw4 prqrsro| lqyhvwru/ zlwk q oltxlg0
lw| vkrfnv zkr pxvw fkrrvh rswlpdo %ð1 Zh pljkw wklqn ri wklv ?qdqfldo
lqvwlwxwlrq dv dq lqyhvwphqw edqn zlwk lqvxudqfh frpsdq| ru shqvlrq ixqg
vxevlgldulhv/ zlwk hdfk vxevlgldu| vx>hulqj d oltxlglw| vkrfn1 Wkh wudghu
pd{lplvhv

Zmñc ü '
?[

ð'�

idñ ý REfäo%ð ý )
2
E%ð ý üðä

2j +D4,

Wr ?qg wkh rswlpdo wudglqj yroxph ri wkh lwk lqvwlwxwlrqdo wudghu vxevwl0
wxwh wkh frqmhfwxuhg sulfh ixqfwlrq +6, lqwr wkh remhfwlyh ixqfwlrq +D4,1 Wkh
uhdfwlrq ixqfwlrq iru wkh lwk vxevlgldu| lv
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+D7,

dqg vlploduo| iru wkh vhfrqg vxevlgldu|/ vr wkdw wkh djjuhjdwh wudglqj
yroxph lv
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vr wkdw

q6 '
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+D9,

Dv ehiruh pdunhw pdnhuv dfw frpshwlwlyho| dqg vhw sulfhv dv wkh frqgl0
wlrqdo h{shfwdwlrq ri wkh whuplqdo ydoxh ri wkh dvvhw ñ frqglwlrqdo rq wkh
djjuhjdwh wudglqj yroxph [1 Wkh lpsolflw ydoxh ri b6 lv jlyhq e|

b6 ' iSJñEñcfä*ñ@oEfä 'j q6j
2
ñ

q26j
2
ñ n ?ò

2
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2
ü

+D;,

Vroylqj iru wkh wkuhh xqnqrzq frh!flhqwv xvlqj +D9, dqg +D;,/ jlyhv
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+D<,

Zh fdq qrz frpsduh wkh ydoxhv ri q dqg b iurp +<, zlwk wkhlu frxqwhu0
sduwv q6 dqg b6 iurp +D<,1

Sursrvlwlrq 5

b ÷ b6 dqg q : q6

Wkh sursrvlwlrq vkrzv wkdw frpshwlwlrq ehwzhhq ulydo lqvwlwxwlrqdo lq0
yhvwruv phdqv wkdw wudglqj lqwhqvlw| lv juhdwhu xqghu wkh qrq0frrshudwlyh
roljrsro| wkdq xqghu prqrsro|/ dqg khqfh wkh pdun0xs ri sulfhv e| wkh
frpshwlwlyh pdunhw pdnhu lv ohvv xqghu qrq0frrshudwlyh gxrsro| wkdq xq0
ghu wkh frooxvlyh rxwfrph1 Frpelqlqj wkhvh wzr h>hfwv zh fdq h{dplqh wkh
ryhudoo lpsdfw rq sulfhv1

Sursrvlwlrq 6 Iru d jlyhq vhtxhqfh ri uhdolvdwlrqv ri üð dqg ñ

R6 ' R

Wkh irup ri wkh sulfh ixqfwlrq lq erwk wkh frooxvlyh dqg frpshwlwlyh fdvhv
ghshqgv rq wkh surgxfw ri b dqg q1 Sursrvlwlrq 5 vkrzv wkdw wkh iruphu
lv kljkhu dqg wkh odwwhu orzhu xqghu frooxvlrq dqg Sursrvlwlrq 6 vkrzv wkdw
wkhvh wzr h>hfwv fdqfho wr ohdyh sulfh h{dfwo| wkh vdph xqghu qrq0frrshudwlyh
roljrsro| dv lq wkh pxowl0sodqw prqrsro|1

Qrwh wkdw wkh frpsdudwlyh vwdwlf surshuwlhv iurp +<, dqg +D<, duh wkdw

_b

_jñ

: f dqg
_b

_jü

÷ f

dqg
_q

_jñ

÷ f dqg
_q

_jü

: f

zklfk duh h{dfwo| wkh vdph dv lq wkh N|oh prgho1 Zkhq jü lv kljk wkhuh lv vr
pxfk qrlvh lq wkh v|vwhp wkdw wkh pdunhw pdnhu fdqqrw glvwlqjxlvk zkhwkhu
wkh lqvlghu lv wudglqj ru qrw dqg b lv lqvhqvlwlyh wr rughu  rz/ olnhzlvh wkh
lqiruphg wudghu fdq hdvlo| glvjxlvh klv wudghv lq wkh oltxlglw| wudghv dqg wudg0
lqj lqwhqvlw| lv uhodwlyho| kljk1 Zkhq jñ lv kljk/ ehfdxvh wkh pp nqrzv wkdw
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wkh lqiruphg wudghu kdv vwurqj uhdvrqv wr wudgh/ wkhuh lv d odujh fryduldqfh
ehwzhhq wkh ydoxh ri wkh dvvhw dqg wkh rughu  rz/ vr wkdw wkh rughu  rz lv
uhodwlyho| lqirupdwlyh derxw wkh xqghuo|lqj ydoxh ri wkh dvvhw dqg pdunhw
pdnhuv vhw d kljk pdun0xs1

Wkh ydoxh ri h{shfwhg sur?wv iru wkh pxowlsodqw prqrsrolvw .Z6 lv jlyhq
e| vxevwlwxwlqj wkh sdudphwhu ydoxhv iurp +D<, lqwr +D7,/ wkh uhvxow dqg
+D8, lqwr wkh remhfwlyh ixqfwlrq +D4, dqg wkhq wdnlqj h{shfwdwlrqv ryhu ñ
dqg üð wr jlyh

.Z6 ' ý?j
2
ñ

2)
+D44,

Zh pd| frpsduh D44 zlwk wkh vxp ri wkh h{shfwhg sur?wv ri wkh roljrsrolv0
wlf wudghuv lq wkh Edwfk Dxfwlrq jlyhq lq htxdwlrq +44,1 Vxusulvlqjo| wkh
h{shfwhg sur?wv ri wkh pxowlsodqw prqrsrolvw duh orzhu1 Wklv lv ehfdxvh wkh
pdunhw pdnhu nqrzv wkdw lq wkh pxowlsodqw prqrsrolvw fdvh wkh wudghu lv
gholehudwho| klglqj klv lqirupdwlrq wkurxjk d ohvv lqwhqvlyh wudglqj vwudwhj|/
dqg wkh pdunhw pdnhu*v uhvsrqvh +iurp Uhpdun 4, lv wr lqfuhdvh wkh sulfh
pdun0xs1 Wklv uhvxowv lq orzhu h{shfwhg sur?wv iru wkh pxowlsodqw prqrsr0
olvw1

Uhihuhqfhv
^4` Dgpdwl/ D1U1/ S1 S hlghuhu dqg M1 ]hfkqhu +4<<7, 3Odujh vkduhkroghu

dfwlylvp/ ulvn vkdulqj dqg ?qdqfldo pdunhw htxloleulxp4/ Mrxuqdo ri sr0
olwlfdo Hfrqrp|/ yro1 435/ 43<:044631

^5` Eklgh/ D1 +4<<6, 3Wkh klgghq frvwv ri vwrfn pdunhw oltxlglw|4/ Mrxuqdo
ri Ilqdqfldo Hfrqrplfv/ yro1 67/ 640841

^6` Erowrq/ S1 dqg H0O yrq Wkdgghq +4<<;, 3Eorfnv/ oltxlglw| dqg frusrudwh
frqwuro4/ Mrxuqdo ri Ilqdqfh/ yro1 86/ qr1 4/ 40591

^7` Exunduw/ P1/ G1 Jurpe dqg I1 Sdqxq}l +4<<8, 3Odujh vkduhkroghuv/
prqlwrulqj dqg ?gxfldu| gxw|4/ LJLHU/ plphr1

^8` Ghpvhw}/ K1 dqg N1 Ohkq +4<;8,/ 3Wkh vwuxfwxuh ri frusrudwh rzqhuvkls=
fdxvhv dqg frqvhtxhqfhv4/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 <6/ 44880
::1
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^9` Gh Mrqj/ I1/ W1 Qlmpdq dqg D1 Urhoo +4<<9,/ 4Sulfh h>hfwv ri wudg0
lqj frpsrqhqwv ri wkh elg0dvn vsuhdg rq wkh Sdulv Erxuvh4/ Mrxuqdo ri
Hpslulfdo Ilqdqfh/ yro1 61

^:` Kdveurxfn/ M1 +4<<6, 4Dvvhvvlqj wkh txdolw| ri d vhfxulw| pdunhw= d qhz
dssurdfk wr wudqvdfwlrq frvw phdvxuhphqw4/ Uhylhz ri Ilqdqldo Vwxglhv/
yro1 9/ 4<405451

^;` Kropvwurp/ E1 dqg M1 Wluroh +4<<6, 3Pdunhw oltxlglw| dqg shuirupdqfh
prqlwrulqj4/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 434/ 9:;0:3<1

^<` N|oh/ D1V1 +4<;8, 3Frqwlqxrxv dxfwlrqv dqg lqvlghu wudglqj4/ Hfrqr0
phwulfd/ yro1 86/ 4648046681

^43` Ohhfk/ G1 dqg M1 Ohdk| +4<<4, 3Rzqhuvkls vwuxfwxuh/ frqwuro w|sh fodv0
vl?fdwlrqv dqg wkh shuirupdqfh ri odujh Eulwlvk frpsdqlhv4/ Hfrqrplf
Mrxuqdo/ yro1 434/ qr1 73</ 474;0476:1

^44` Pdgkdydq/ D1 +4<<5, 3Wudglqj phfkdqlvpv lq vhfxulwlhv pdunhwv4/ Mrxu0
qdo ri Ilqdqfh/ yro1 7:/ qr1 5/ 93:0974

^45` Pdxj/ H1 +4<<;, 4Odujh vkduhkroghuv dv prqlwruv= Lv wkhuh d wudgh0r>
ehwzhhq oltxlglw| dqg frqwuroB4/ Mrxuqdo ri Ilqdqfh/ yro1 86/ qr1 4/ 980
<;1

^46` Sdjdqr/ P1 dqg D1 Urhoo +4<<5, 3Dxfwlrq dqg ghdohuvkls pdunhwv= zkdw
lv wkh gl>huhqfhB4/ Hxurshdq Hfrqrplf Uhylhz/ yro1 69/ qrv1 526/ 9460561

^47` Sdjdqr/ P1 dqg D1 Urhoo +4<<9, 3Wudqvsduhqf| dqg oltxlglw|= d frp0
sdulvrq ri dxfwlrq dqg ghdohu pdunhwv zlwk lqiruphg wudglqj4 Mrxuqdo
ri Ilqdqfh/ yro1 84/ qr1 5/ 8:<09451

^48` Sdjdqr/ P1 dqg D1 Urhoo +4<<;, 3Wkh fkrlfh ri vwrfn rzqhuvkls vwuxf0
wxuh= djhqf| frvwv/ prqlwrulqj dqg wkh ghflvlrq wr jr sxeolf4/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ iruwkfrplqj1

^49` Vhssl/ G1 +4<<5, 3Eorfn Wudglqj dqg lqirupdwlrq uhyhodwlrq durxqg
txduwhuo| hduqlqjv dqqrxqfhphqwv4/ Uhylhz ri Ilqdqfldo Vwxglhv/ yro1
8/ 5;40638
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^4:` Vqhoo/ D1 dqg L1 Wrqnv +4<<;, 4Whvwlqj iru Dv|pphwulf lqirupdwlrq dqg
lqyhqwru| frqwuro h>hfwv lq pdunhw pdnhu ehkdylrxu rq wkh Orqgrq Vwrfn
H{fkdqjh4/ Mrxuqdo ri Hpslulfdo Ilqdqfh/ yro1 8/ 4058

^4;` Yrjohu/ N0K1 +4<<:, 4Ulvn doorfdwlrq dqg lqwhu0ghdohu wudglqj4/ Hxur0
shdq Hfrqrplf Uhylhz/ yro1 74/ qr1 ;/ 4948049671
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