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Exvlqhvv F|foh Dv|pphwulhv lq Vwrfn Uhwxuqv=
Hylghqfh iurp Kljkhu Rughu Prphqwv dqg

Frqglwlrqdo Ghqvlwlhv�

Jdeulho Shuh}0Txlurv
Ihghudo Uhvhuyh Edqn ri Qhz \run

Doodq Wlpphupdqq
Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr

Vhswhpehu 47/ 5333

Devwudfw

Pdunry vzlwfklqj prghov zlwk wlph0ydu|lqj phdqv/ yduldqfhv dqg pl{lqj

zhljkwv duh dssolhg wr fkdudfwhul}h exvlqhvv f|foh yduldwlrq lq wkh suredelolw|

glvwulexwlrq dqg kljkhu rughu prphqwv ri vwrfn uhwxuqv1 Wklv doorzv xv

wr surylgh d frpsuhkhqvlyh fkdudfwhul}dwlrq ri ulvn wkdw jrhv zhoo eh|rqg

wkh phdq dqg yduldqfh ri uhwxuqv1 Vhyhudo pl{wxuh prghov zlwk gl�huhqw

vshfl�fdwlrqv ri wkh vwdwh wudqvlwlrq duh frpsduhg dqg zh sursrvh d qhz

pl{wxuh ri Jdxvvldq dqg vwxghqw0w glvwulexwlrqv wkdw fdswxuhv rxwolhuv lq

uhwxuqv1 Wkh prghov surgxfh yhu| vlplodu h{shfwhg uhwxuqv dqg yrodwlolwlhv

exw lpso| yhu| gl�huhqw wlph vhulhv iru frqglwlrqdo vnhzqhvv/ nxuwrvlv dqg

suhglfwlyh ghqvlw|1 Frqvlvwhqw zlwk hfrqrplf wkhru|/ wkh jdlqv lq suhglfwlyh

dffxudf| iurp frqvlghulqj wzr0vwdwh pl{wxuh prghov udwkhu wkdq d vlqjoh0

vwdwh vshfl�fdwlrq duh kljkhu iru vpdoo �upv wkdq iru odujh �upv1

MHO fodvvl�fdwlrq= F55/ F851

Nh| zrugv= Pdunry vzlwfklqj> Ghqvlw| prgholqj> Pl{wxuhv ri glvwulex0

wlrqv> Exvlqhvv f|foh ulvn1

�Zh wkdqn Mxvwlq PfFudu| iru h{fhoohqw uhvhdufk dvvlvwdqfh1 Wzr dqrq|prxv uhihuhhv surylghg
qxphurxv khosixo vxjjhvwlrqv iru lpsuryhphqwv ri wkh sdshu1 Frpphqwv rq dq hduolhu yhuvlrq ri
wkh sdshu iurp Zrxwhu ghq Kddq/ Ure Hqjoh/ Joruld Jrq}doh}0Ulyhud/ Folyh Judqjhu/ Mlp Kdplo0
wrq/ Euxfh Ohkpdqq/ Kdvkhp Shvdudq/ Mrvk Urvhqehuj/ Kdo Zklwh dqg vhplqdu sduwlflsdqwv dw
Fdps Hfrqrphwulfv/ Xqlyhuvlw| ri Ddukxv/ XF Ulyhuvlgh/ XF Vdq Glhjr/ Xqlyhuvlw| ri Vrxwkhuq
Fdoliruqld dqg wkh QEHU2QVI frqihuhqfh rq iruhfdvwlqj dqg hpslulfdo phwkrgv lq pdfur duh
judwhixoo| dfnqrzohgjhg1 Wkh ylhzv h{suhvvhg duh wkrvh ri wkh dxwkruv dqg gr qrw qhfhvvdulo|
uh hfw wkrvh ri wkh Ihghudo Uhvhuyh Edqn ri Qhz \run ru wkh Ihghudo Uhvhuyh V|vwhp1



41 Lqwurgxfwlrq

Suhglfwdelolw| ri wkh phdq dqg yrodwlolw| ri vwrfn uhwxuqv kdv ehhq uhsruwhg lq
d jurzlqj erg| ri hpslulfdo vwxglhv14 Wkh olwhudwxuh suhgrplqdqwo| dvvxphv d
wlph0lqyduldqw uhodwlrqvkls olqnlqj vwrfn uhwxuqv wr d vhw ri sxeolfo| nqrzq idfwruv1
Krzhyhu/ vrph vwxglhv lqglfdwh wkdw wkh frqglwlrqdo yrodwlolw| ri vwrfn uhwxuqv gh0
shqgv rq wkh xqghuo|lqj vwdwh ri wkh hfrqrp|1 Iru h{dpsoh/ Vfkzhuw +4<;<, dqg
Kdplowrq dqg Olq +4<<9, �qg wkdw wkh yrodwlolw| ri vwrfn uhwxuqv lv kljkhu gxulqj
uhfhvvlrqv wkdq gxulqj h{sdqvlrqv1 Dgglwlrqdo hylghqfh rq dv|pphwu| lq wkh frq0
glwlrqdo glvwulexwlrq ri vwrfn uhwxuqv lv uhsruwhg e| Pftxhhq dqg Uroh| +4<<6,1
Fodvvli|lqj wkuhh vwdwhv dffruglqj wr wkh ohyho ri jurzwk lq lqgxvwuldo surgxfwlrq/
wkh| �qg wkdw dqqrxqfhphqw h�hfwv ri pdfurhfrqrplf qhzv rq gdlo| vwrfn sulfhv
fulwlfdoo| ghshqg rq wkh vwdwh ri wkh hfrqrp|1

Wkhvh vwxglhv lqglfdwh vhsdudwh gluhfwlrqv lq zklfk f|folfdo dv|pphwulhv lq wkh
yduldwlrq ri vwrfn uhwxuqv dsshdu wr eh lpsruwdqw1 Krzhyhu/ wkh| idoo vkruw ri
lqyhvwljdwlqj dv|pphwulhv lq rwkhu wkdq wkh �uvw wzr prphqwv ri vwrfn uhwxuqv1
Dv|pphwulhv qhhg wr eh dvvhvvhg lq wkh frqwh{w ri wkh ixoo frqglwlrqdo ghqvlw| ri
vwrfn uhwxuqv dv hpskdvl}hg e| uhfhqw sruwirolr ulvn prghov1 Iru h{dpsoh/ Ydoxh dw
Ulvn +YdU, prghov fkdudfwhul}h ulvn wkurxjk wkh suredelolw| wkdw d orvv ri d fhuwdlq
vl}h rffxuv zlwk d fhuwdlq suredelolw| ryhu d jlyhq lqyhvwphqw krul}rq/ f1i1 Gx!h
dqg Sdq +4<<:,1 Lq frqwudvw/ pruh wudglwlrqdo �qdqfh prghov vxfk dv wkh FDSP
uhtxluh lqirupdwlrq vroho| rq wkh �uvw wzr prphqwv ri dvvhw uhwxuqv1 Qhlwkhu wkh
glvwulexwlrqdo dvvxpswlrqv uhtxluhg iru wkh FDSP wr krog +wkdw uhwxuqv duh gudzq
iurp dq hoolswlfdo glvwulexwlrq, qru wkh uhvwulfwlrqv rq djhqwv* suhihuhqfhv +wkdw
xwlolw| lv txdgudwlf, duh olnho| wr eh ydolg/ krzhyhu15

Zh lqyhvwljdwh lq wklv sdshu wkh wlph0vhulhv surshuwlhv ri kljkhu rughu prphqwv
dqg ri wkh ixoo frqglwlrqdo ghqvlw| ri vwrfn uhwxuqv zkhq wkhvh duh prghohg dv d
wzr0vwdwh Pdunry pl{wxuh surfhvv zlwk wlph0ydu|lqj wudqvlwlrq suredelolwlhv dqg
vwdwh0ghshqghqw frh!flhqwv lq wkh phdq dqg yrodwlolw| htxdwlrq1 Vwrfn uhwxuqv duh
khdylo| lq xhqfhg e| rxwolhuv dqg vwdwlvwlfdo prghov kdyh ehhq ghyhorshg wr df0
frxqw iru wkhvh wkurxjk wlph0ydu|lqj yrodwlolw|/ huuru ghqvlwlhv pruh jhqhudo wkdq

4Vhh/ h1j1/ Idpd dqg Iuhqfk +4<;<,/ Ndqgho dqg Vwdpedxjk +4<<3,/ Jorvwhq/
Mdjdqqdwkdq dqg Uxqnoh +4<<6, dqg Shvdudq dqg Wlphupdqq +4<<8,1

5Hduo| wkhrulhv ri ulvn suhfhglqj wkh FDSP lq idfw uholhg rq wkh ixoo suredelo0
lw| glvwulexwlrq ri dvvhw uhwxuqv1 Ur| +4<85, frqvlghuhg dvvhw kroglqjv vxemhfw wr
d vdihw|0�uvw frqvwudlqw frqwuroolqj wkh suredelolw| ri *glvdvwurxv* orvv vfhqdulrv1
Lpsohphqwdwlrq ri wklv vwudwhj| uhtxluhv nqrzohgjh ri wkh ohiw wdlo ri wkh ghqvlw|
ri dvvhw uhwxuqv1 Pdunrzlw} +4<8<, sursrvhg d phdvxuh ri ulvn/ wkh vhpl0yduldqfh/
zklfk wuhdwv srvlwlyh dqg qhjdwlyh ghyldwlrqv iurp wkh phdq uhwxuq yhu| gl�huhqwo|1
Wklv phdvxuh lv mxvwl�hg zkhq dv|pphwulhv duh suhvhqw lq wkh dvvhw uhwxuq glvwul0
exwlrq1 Pruh uhfhqwo| Ilvkexuq +4<::, kdv jhqhudol}hg wkh vwdqgdug phdq0yduldqfh
prgho wr phdvxuh ulvn dv suredelolw|0zhljkwhg glvshuvlrqv ri sd|r�v ehorz d wdujhw
zhdowk ohyho1
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wkh Jdxvvldq ru vrph frpelqdwlrq ri wkhvh1 Qrqolqhdulwlhv lq dvvhw uhwxuqv duh
dovr zlgho| uhfrjql}hg exw wkh hpslulfdo dvvhw sulflqj olwhudwxuh doprvw h{foxvlyho|
prghov wkhvh zlwklq wkh frqwh{w ri vlqjoh0vwdwh prghov1 Zh suhvhqw qhz vwdwlvwlfdo
hylghqfh vxjjhvwlqj wkdw d wzr0vwdwh vshfl�fdwlrq lv qhfhvvdu| wr fdswxuh qrqolq0
hdulwlhv dqg rxwolhuv lq wkh frqglwlrqdo glvwulexwlrq ri vwrfn uhwxuqv1

Ehvlghv ghprqvwudwlqj wkh qhhg iru d wzr0vwdwh vshfl�fdwlrq/ wkh sdshu dovr �oov
rxw vrph lpsruwdqw jdsv lq wkh jurzlqj olwhudwxuh wkdw hvwlpdwhv Pdunry vzlwfklqj
prghov xvlqj �qdqfldo gdwd1 Wklv olwhudwxuh kdv pryhg iurp �uvw jhqhudwlrq Pdunry
vzlwfklqj prghov zlwk frqvwdqw wudqvlwlrq suredelolwlhv wr vhfrqg jhqhudwlrq prghov
wkdw doorz wkh wudqvlwlrq suredelolw| wr eh wlph0ydu|lqj1 Krzhyhu/ olwwoh lv nqrzq
derxw krz wkh vshfl�fdwlrq ri vwdwh wudqvlwlrq suredelolwlhv dqg xqgho|lqj ghqvlwlhv
d�hfw wkh surshuwlhv ri wkh pl{wxuh prgho1 Zh shuirup d udqjh ri vshfl�fdwlrq whvwv
wkdw frpsduh krz gl�huhqw pl{wxuh vshfl�fdwlrqv vhsdudwh vwrfn uhwxuqv lqwr vwdwhv
dqg krz wkh| shuirup dorqj d udqjh ri suhglfwlyh shuirupdqfh fulwhuld1 Zh dovr
sursrvh d qhz pl{wxuh prgho wkdw frpelqhv d Jdxvvldq dqg d vwxghqw0w ghqvlw|
wr fdswxuh uhwxuq g|qdplfv e| pl{lqj xqghuo|lqj vwdwh ghqvlwlhv wkdw fdq glvsod|
nxuwrvlv1 H�hfwlyho| wklv prgho fdswxuhv rxwolhuv e| prgholqj wkhvh dv gudzq iurp
d idw0wdlohg w0glvwulexwlrq zlwk ihz ghjuhhv ri iuhhgrp1

Ilqdoo| zh h{soruh wkh hfrqrplf lpsolfdwlrqv ri wkh wlph0vhulhv hyroxwlrq lq
wkh kljkhu rughu prphqwv dqg suhglfwlyh ghqvlwlhv lpsolhg e| wkh ydulrxv pl{wxuh
prghov1 Zh xvh wklv lqirupdwlrq wr shuirup prgho vshfl�fdwlrq whvwv dqg dovr
wr fkdudfwhul}h pruh ixoo| wkh f|folfdo yduldwlrq lq ulvn/ dv phdvxuhg iru h{dpsoh
e| wkh frqglwlrqdo vnhzqhvv ru nxuwrvlv1 Zkloh wkh vwdwlvwlfdo shuirupdqfh ri wkh
prghov gl�huv olwwoh lq whupv ri wkhlu frqglwlrqdo phdq/ lqvshfwlrq ri wkh kljkhu
rughu prphqwv lpsolhg e| gl�huhqw pl{wxuh vshfl�fdwlrqv vkrzv idu juhdwhu delolw|
wr glvfulplqdwh ehwzhhq prghov1 Olnhzlvh/ wkh suhglfwlyh ghqvlwlhv ri wkh pl{wxuh
prghov vkrz vxevwdqwldo gl�huhqfhv sduwlfxoduo| zkhq pdunhwv duh yrodwloh1

Wkh pl{wxuh prghov surylgh d fkdudfwhul}dwlrq ri wkh g|qdplf sdwwhuqv lq ulvn
wkdw jrhv zhoo eh|rqg zkdw fdq eh dfklhyhg wkurxjk Jdxvvldq prghov1 Iru wkh
vpdoo �upv/ wkh pl{wxuh prghov lghqwli| qhjdwlyh h{shfwhg uhwxuqv dqg qhjdwlyh
frqglwlrqdo vnhzqhvv iurp wkh odwh h{sdqvlrq wr wkh hduo| uhfhvvlrq vwdjh ri wkh
hfrqrplf f|foh1 Frqglwlrqdo yrodwlolw| dqg nxuwrvlv lqfuhdvh udslgo| sulru wr dqg
gxulqj uhfhvvlrqv1 Wklv phdqv wkdw vpdoo �upv* ulvn lv sduwlfxoduo| kljk durxqg
wkh shdn ri wkh exvlqhvv f|foh dw d wlph zkhuh lw lv yhu| srruo| dssur{lpdwhg e| d
vlqjoh Jdxvvldq prgho1 Zkloh vlplodu sdwwhuqv duh irxqg iru wkh odujh �upv/ f|folfdo
yduldwlrq lq wkhlu frqglwlrqdo prphqwv lv jhqhudoo| zhdnhu iru wkhvh �upv1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh hfrqrphwulf prgho
dqg Vhfwlrq 6 uhsruwv hvwlpdwlrq dqg iruhfdvwlqj uhvxowv1 Vhfwlrq 7 dqdo|vhv wkh
wlph0vhulhv yduldwlrq lq kljkhu rughu frqglwlrqdo prphqwv/ zkloh Vhfwlrq 8 orrnv dw
wkh hyroxwlrq lq wkh frqglwlrqdo ghqvlw| ri uhwxuqv1 Vhfwlrq 9 frqfoxghv1
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51 Dq Hfrqrphwulf Prgho ri Dv|pphwulhv lq Vwrfn Uhwxuqv

Lw lv frpprq lq vwxglhv rq suhglfwdelolw| ri vwrfn uhwxuqv wr vshfli| wkh frqglwlrqdo
phdq ri uhwxuqv rq vwrfnv lq h{fhvv ri d W0eloo udwh +4|, dv d olqhdu ixqfwlrq ri d
yhfwru ri suhghwhuplqhg lqvwuxphqwv wkdw duh nqrzq dw wkh wlph ri wkh suhglfwlrq
+j|3�,=

4| ’ q�j|3� n "|� +4,

Khuh "| lv d }hur0phdq huuru whup1 Vrph vwxglhv dovr doorz iru qrq0olqhdu h�hfwv/
w|slfdoo| e| h{solflwo| prgholqj wlph0ghshqghqfh lq wkh vhfrqg frqglwlrqdo prphqw
ri vwrfn uhwxuqv +�|,=

4| ’ q�j|3� n ��| n "|c "| � Efc �|� +5,

�| ’ iEi�|3�jR�'�c i"|3�j^�'�cj|3���

Khuh i lv vrph wlph0lqyduldqw ixqfwlrq16 Wr fdswxuh dgglwlrqdo nxuwrvlv lq wkh huuru
whup/ riwhq d vwxghqw0w ghqvlw| zlwk ihz ghjuhhv ri iuhhgrp +�� lv dgrswhg iru 0| G

0| � |Efc �c �|� ’
KE�n�

2
�

KE�
2
�
s
Z��|E� n

02|
��|

�E�n��*2
� +6,

Dowkrxjk wkhvh prghov doorz iru txlwh ulfk qrq0olqhdu g|qdplfv lq vwrfn uhwxuqv/
wkh| dvvxph wkdw wkh ixqfwlrqdo uhodwlrqvkls ehwzhhq h{fhvv uhwxuqv dqg wkh suh0
ghwhuplqhg idfwruv ij|3�j vwd|v frqvwdqw dfurvv gl�huhqw vwdwhv ri wkh hfrqrp|1

Uhfhqw hfrqrplf wkhrulhv surylgh uhdvrqv wr h{shfw vwrfn uhwxuqv wr glvsod|
vwurqj dv|pphwulhv zlwk uhjdug wr wkh xqghuo|lqj hfrqrplf vwdwh1 Wkh| dovr vxj0
jhvw wkdw wkhvh dv|pphwulhv duh uhodwhg wr �up vl}h1 Ehfdxvh ri lqirupdwlrq dv|p0
phwulhv/ �upv* dffhvv wr fdslwdo pdunhwv whqgv wr eh edvhg rq wkhlu froodwhudo1 Vpdoo
�upv w|slfdoo| kdyh idu ohvv froodwhudo wkdq odujh �upv dqg zloo �qg lw pruh gl!fxow
wr udlvh fdslwdo1 Wklv lv olnho| wr eh fulwlfdo durxqg hfrqrplf uhfhvvlrqv zkhq vpdoo
�upv* fdslwdo edvh lv sduwlfxoduo| orz1 Gxulqj vxfk shulrgv zh zrxog h{shfw wkdw
wljkwhu fuhglw pdunhw frqglwlrqv 0 dv hylghqfhg e| kljkhu lqwhuhvw udwhv dqg d kljkhu
fuhglw vsuhdg 0 zrxog d�hfw vpdoo �upv glvsursruwlrqdwho| pruh wkdq odujh �upv1
Dv d uhvxow/ wkh ulvn suhplxp rq wkhvh �upv* htxlw| vkrxog dovr ulvh lq uhfhvvlrqv1
Wkhru| wkxv suhglfwv dv|pphwulhv lq wkh uhodwlrq ehwzhhq suhghwhuplqhg idfwruv/

6Vhyhudo qrq0olqhdu vshfl�fdwlrqv vxfk dv +5, duh hvwlpdwhg iru gdlo| uhwxuqv gdwd
lq Hqjoh dqg Qj +4<<6,/ zkloh Jorvwhq/ Mdjdqqdwkdq dqg Uxqnoh +4<<6, dqdo|}h
prqwko| uhwxuq vhulhv1
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f|3�/ dqg h{fhvv uhwxuqv/ zlwk idfwru vhqvlwlylwlhv wkdw duh odujhvw iru vpdoo �upv
gxulqj uhfhvvlrqv17

Iroorzlqj wkhvh vxjjhvwlrqv/ zh dgrsw dq hfrqrphwulf prgho wkdw doorzv wkh
uhjuhvvlrq frh!flhqwv wr eh vwdwh0ghshqghqw1 Zh eulh | ghvfuleh wkh Pdunryldq
odwhqw vwdwh pl{wxuh prgho wkdw irupv wkh edvlv iru rxu hpslulfdo dqdo|vlv1 Ohw r|
eh d odwhqw vwdwh yduldeoh dqg vxssrvh wkdw wklv fdq wdnh rqh ri & srvvleoh ydoxhv/
l1h1 r| @ �c1111/ &1 Rxu vshfl�fdwlrq xvhv wkh prgho ruljlqdoo| sursrvhg e| Kdplowrq
+4<;<, dv d vwduwlqj srlqw dqg jhqhudol}hv lw e| ohwwlqj wkh lqwhufhsw whup/ uhjuhvvlrq
frh!flhqwv dqg yduldqfh ri h{fhvv uhwxuqv eh vwdwh ghshqghqw=

4| ’ qfr| n ��
r|j|3� n "|c "| � Efc �r|�� +7,

Wkh vwdwh wudqvlwlrq suredelolwlhv ehwzhhq shulrgv | � � dqg | duh dvvxphg wr
iroorz d �uvw0rughu Pdunry fkdlq1 Dowkrxjk qxphurxv sdshuv kdyh sursrvhg gli0
ihuhqw vshfl�fdwlrqv iru wkh vwdwh wudqvlwlrq suredelolwlhv/ yhu| olwwoh zrun kdv ehhq
xqghuwdnhq rq frpsdulqj wkh uhvxowlqj prghov1 Wr dffrpsolvk wklv/ zh frqvlghu
wkuhh dowhuqdwlyh vshfl�fdwlrqv1 Wkh vlpsohvw prgho dvvxphv wkdw vwdwh wudqvlwlrqv
duh frqvwdqw ryhu wlph=

R��El|3�� ’ � Er| ’ �mr|3� ’ �cl|3�� ’ R��c +8,

zkhuh l|3� lv wkh lqirupdwlrq vhw dydlodeoh dw wlph | � �1 Wklv *�uvw jhqhudwlrq*
pl{wxuh prgho lv vlplodu wr wkdw ruljlqdoo| dgrswhg e| Kdplowrq +4<;<,1 Lw ehqh�wv
iurp ehlqj wudfwdeoh dqg vlpsoh wr hvwlpdwh1

Uhfhqw hpslulfdo h{shulhqfh zlwk Pdunry vzlwfklqj prghov vxjjhvwv wkdw wkh
 h{lelolw| jdlqhg e| doorzlqj wkh vwdwh wudqvlwlrqv wr ydu| ryhu wlph dv d ixqfwlrq
ri d yhfwru ri suhghwhuplqhg yduldeohv/ )|3�c fdq eh yhu| vxevwdqwldo dqg wkxv zh
dovr frqvlghu vxfk prghov=8

R��El|3�� � R��E)|3��� +9,

Wkh vwdwlvwlfdo prgho lpsolhv d ghqvlw| ri 4| frqglwlrqdo rq l|3� zklfk zh ghqrwh
e| �E4|ml|3�(��/ zkhuh � lv d yhfwru ri sdudphwhuv hqwhulqj wkh olnholkrrg ixqfwlrq
ri wkh gdwd1 Wkh orj0olnholkrrg ixqfwlrq fdq eh ghfrpsrvhg dv iroorzv=

7Ri frxuvh wkhuh lv qr jxdudqwhh wkdw d sduwlfxodu pl{wxuh prgho zloo vhsdudwh
vwdwhv dorqj exvlqhvv f|foh olqhv1 Iru h{dpsoh/ pdq| pl{wxuh prghov vsolw vhfxulw|
uhwxuqv lqwr d kljk dqg d orz yrodwlolw| vwdwh1

8Wlph0ydu|lqj wudqvlwlrq suredelolwlhv kdyh ehhq frqvlghuhg lq dq h{whqvlyh olwhu0
dwxuh1 Ilodugr +4<<7, dgrswv wkh Frpsrvlwh Ohdglqj Lqglfdwru dv d nh| h{sodqdwru|
yduldeoh ri wkh wudqvlwlrq suredelolwlhv lq hvwlpdwlqj d vzlwfklqj prgho iru lqgxvwuldo
surgxfwlrq1 Gxuodqg dqg PfFxug| +4<<7, dujxh wkdw wkh wudqvlwlrq suredelolwlhv
vkrxog ghshqg rq wkh gxudwlrq ri wkh vwdwh1
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uuE4A c 4A3�c���4�(�� ’
A[
|'�

*?E�E4|ml|3�(���c +:,

zkhuh wkh lqirupdwlrq vhw l|3� frqwdlqvj|3�/ 4|3�/ )|3�/ dqg odjjhg ydoxhv ri wkhvh
yduldeohv= l|3� @ ~j|3�/ 4|3�/ )|3�/ l|32�1 Wkh pl{wxuh ghqvlw| �E4|ml|3�(�� lv
rewdlqhg e| vxpplqj wkh ghqvlw| ixqfwlrqv frqglwlrqdo rq wkh vwdwh #E4|ml|3�c r| ’
�(��/ xvlqj wkh uhvshfwlyh vwdwh suredelolwlhv dv zhljkwv=

�E4|ml|3�(�� ’

&[
�'�

#E4|ml|3�c r| ’ �(��� Er| ’ �ml|3�(��c +;,

zkhuh � Er| ’ �ml|3�(�� lv wkh frqglwlrqdo suredelolw| ri ehlqj lq vwdwh � dw wlph
| jlyhq lqirupdwlrq dw wlph | � �1 Xqghu dvvxpswlrqv derxw wkh vwdwh ghqvlwlhv
ri wkh lqqrydwlrqv/ "|/ dqg d odz vshfli|lqj krz wkh vwdwh hyroyhv ryhu wlph/ wkh
sdudphwhuv ri wklv prgho fdq eh rewdlqhg e| pd{lpxp olnholkrrg hvwlpdwlrq1 Zh
lqyhvwljdwh wzr dowhuqdwlyh vhwv ri ghqvlwlhv1 Wkh �uvw dvvxphv wkdw wkh xqghuo|0
lqj vwdwh ghqvlwlhv #+4|mr|/j|3�>�, duh Jdxvvldq1 Wkh frqglwlrqlqj idfwruv/ j|3�/
hqwhu olqhduo| lq wkh h{fhvv uhwxuq htxdwlrq zlwklq hdfk vwdwh/ exw zh doorz wkhlu
frh!flhqwv wr ydu| ehwzhhq vwdwhv=

#E4|ml|3�c r| ’ �(�� ’
�s
2Z��|

i TE
�E4| � qf� � ��

�j|3��
2

2��|
�c +<,

iru � @ �/ 111/ &1 Vlqfh pl{wxuhv ri qrupdov fdq dssur{lpdwh d yhu| eurdg vhw ri
ghqvlw| idplolhv/ wklv dvvxpswlrq lv qrw yhu| uhvwulfwlyh19

Qhyhuwkhohvv/ vdpsohv ri dvvhw uhwxuqv frqwdlq rxwolhuv dqg hpslulfdo dssolfd0
wlrqv doprvw lqyduldeo| xvh wzr0vwdwh prghov/ vr zh sursrvh d qhz pl{wxuh ri
vwxghqw0w vwdwh ghqvlwlhv

9Dqrwkhu forvho| uhodwhg dssurdfk/ dgyrfdwhg e| Jdoodqw dqg Wdxfkhq +4<;<,
dqg uhfhqwo| lpsohphqwhg lq d vwxg| ri vwrfn uhwxuqv e| Kduulvrq dqg ]kdqj +4<<:,
xvhv Khuplwh sro|qrpldov wr prgho wkh frqglwlrqdo ghqvlw| vhpl0qrqsdudphwulfdoo|1
Wkh wzr dssurdfkhv duh forvh vxevwlwxwhv1 Krz *sdudphwulf* rxu pl{wxuh ri qrupdov
dssurdfk lv ghshqgv ri frxuvh rq wkh uxoh xvhg wr ghflgh krz pdq| qrupdo ghqvlwlhv
wr xvh1 Rxu sduwlfxodu dssolfdwlrq xvhv d odujh frqglwlrqlqj lqirupdwlrq vhw lq
frqmxqfwlrq zlwk d uhodwlyho| vpdoo vdpsoh vl}h dqg zh sduwo| fkrrvh wkh �qlwh0
pl{wxuh dssurdfk rq jurxqgv ri sduvlprq|1 Ixuwkhupruh/ Vhfwlrqv 7 dqg 8 vkrz
wkdw pl{wxuhv ri wzr Jdxvvldq ghqvlwlhv ru d pl{wxuh ri d vwxghqw0w dqg d Jdxvvldq
ghqvlw| fdq jhqhudwh vxevwdqwldo yduldwlrq ryhu wlph lq wkh vkdsh ri wkh frqglwlrqdo
ghqvlw|1

8



#E4|ml|3�c r| ’ �(�� ’
KE

��n�

2
�

KE
��
2
�
s
Z����|E� n

E4|3qf�3�
�

�j|3��2

����|
�E��n��*2

c +43,

zkhuh �� lv wkh ghjuhh ri iuhhgrp sdudphwhu iru wkh �wk vwdwh dqg KE�� lv wkh jdppd
ixqfwlrq1 Iurp wkh wrwdo suredelolw| wkhruhp lw iroorzv wkdw/ iru erwk ghqvlwlhv/ wkh
frqglwlrqdo vwdwh suredelolwlhv fdq eh rewdlqhg uhfxuvlyho|=

� Er| ’ �ml|3�(�� ’

&[
�'�

� Er| ’ �mr|3� ’ �cl|3�(��� Er|3� ’ �ml|3�(��� +44,

Ilqdoo|/ e| Ed|hv* uxoh wkh frqglwlrqdo vwdwh suredelolwlhv fdq eh zulwwhq dv

� Er|3� ’ �ml|3�(�� ’ � Er|3� ’ �m4|3�cj|3�c)|3�cl|32(�� ’ +45,

#E4|3�mr|3� ’ �cj|3�c)|3�cl|32(��� Er|3� ’ �mj|3�c)|3�cl|32(��S&
�'� #E4|3�mr|3� ’ �cj|3�c)|3�cl|32(��� Er|3� ’ �mj|3�c)|3�cl|32(��

�

Htxdwlrqv +44, dqg +45, fdq eh lwhudwhg rq wr uhfxuvlyho| ghulyh wkh vwdwh sured0
elolwlhv S+7|ml|3�(�, dqg rewdlq wkh sdudphwhuv ri wkh olnholkrrg ixqfwlrq1 Vlqfh
wkh sxusrvh ri rxu dqdo|vlv lv wr prgho wkh vwdwh ghshqghqfh lq wkh frqglwlrqdo
glvwulexwlrq ri h{fhvv uhwxuqv jlyhq d vhw ri sxeolfo| nqrzq suhglfwruv/ zh gr qrw
h{wudfw dq| lqirupdwlrq derxw wkh vwdwh ri wkh hfrqrp| iurp wkhvh yduldeohv1: Wkh
uhvxowlqj vwdwh suredelolwlhv zloo hqwluho| uh hfw wkh yduldwlrq lq wkh frqglwlrqdo
glvwulexwlrq ri vwrfn uhwxuqv1

61 Hpslulfdo Uhvxowv

6141 Prgho Vshfl�fdwlrq

Rxu dqdo|vlv xvhv prqwko| h{fhvv uhwxuqv rq wkh ghfloh sruwirolrv frpsulvlqj wkh
vpdoohvw dqg odujhvw �upv vruwhg e| pdunhw fdslwdol}dwlrq dqg surylghg e| wkh
Fhqwhu iru Uhvhdufk lq Vhfxulw| Sulfhv +FUVS,1 Zh frqvlghu vpdoo +ghfloh 4, dqg
odujh +ghfloh 43, �upv vhsdudwho| ehfdxvh ri wkh wkhruhwlfdo suhglfwlrq wkdw f|folfdo
dv|pphwulhv vkrxog eh pxfk vwurqjhu iru wkh ohvv froodwhudol}hg vpdoo �upv1 Iro0
orzlqj vwdqgdug sudfwlfh/ prqwko| h{fhvv uhwxuqv udwkhu wkdq qrplqdo uhwxuqv duh
vwxglhg wr jhw d phdvxuh ri uhwxuqv uhodwlyh wr wkh ehqfkpdun ulvn0iuhh W0eloo udwh1

:Khqfh zh dvvxph wkdw wkh vwdwh wudqvlwlrq suredelolwlhv duh qrw lq xhqfhg e|
wkh lqirupdwlrq lq f|3� dqg l|32/ f1i1 htxdwlrqv +8, dqg +9,/ dqg wkdw � Er| ’
�ml|3�(�� ’� Er| ’ �mj|c +|cl|3�(���

9



Uhwxuqv dw kljkhu iuhtxhqflhv duh pruh qrlv| dqg khqfh lw zrxog eh pruh gl!fxow
wr lghqwli| f|folfdo yduldwlrq lq uhwxuqv dw vxfk krul}rqv1 Wkh vdpsoh shulrg eh0
jlqv lq Mdqxdu| 4<87 dqg hqgv lq Ghfhpehu 4<<:/ jlylqj d wrwdo ri 85; prqwko|
revhuydwlrqv1

Xvlqj yduldeohv olqnhg wr wkh exvlqhvv f|foh/ d odujh hpslulfdo olwhudwxuh kdv suh0
vhqwhg hylghqfh wkdw vwrfn uhwxuqv duh suhglfwdeoh e| phdqv ri vlqjoh0vwdwh vshfl�0
fdwlrqv dqg rxu fkrlfh ri uhjuhvvruv lv jxlghg e| wklv olwhudwxuh1 Zh prgho h{fhvv
uhwxuqv dv d ixqfwlrq ri dq lqwhufhsw whup dqg odjjhg ydoxhv ri d 40prqwk W0eloo udwh
+U�,/ rewdlqhg iurp wkh Idpd0Eolvv ulvn0iuhh udwhv �oh rq wkh FUVS wdshv/ d ghidxow
suhplxp +(es,/ phdvxuhg dv wkh gl�huhqfh ehwzhhq |lhogv rq Edd dqg Ddd0udwhg
frusrudwh erqg sruwirolrv/ erwk rewdlqhg iurp wkh GUL Edvlf Hfrqrplfv gdwd edvh/
dqg wkh glylghqg |lhog +t �e,_,1 Wkh rqh0prqwk W0eloo udwh kdv ehhq xvhg e| Idpd
+4<;4, dqg pdq| rwkhuv dv d sur{| iru vkrfnv wr h{shfwhg jurzwk lq uhdo hfr0
qrplf dfwlylw|1 Wkh ghidxow suhplxp wudfnv f|folfdo yduldwlrq lq wkh ulvn suhplxp
rq vwrfnv1 Wkh glylghqg |lhog/ phdvxuhg dv glylghqgv ryhu wkh suhylrxv wzhoyh
prqwkv glylghg e| wkh vwrfn sulfh dw wkh hqg ri wkh prqwk dqg djdlq rewdlqhg
iurp FUVS/ lv frpprqo| xvhg dv d sur{| iru wlph0ydu|lqj h{shfwhg uhwxuqv1 Idpd
dqg Iuhqfk +4<;<, �qg wkdw wkh glylghqg |lhog wudfnv d phdq0uhyhuwlqj frpsrqhqw
lq h{shfwhg vwrfn uhwxuqv zkrvh yduldwlrq h{whqgv eh|rqg wkh exvlqhvv f|foh1 Iru
wklv uhdvrq zh lpsrvh d sulrul wkdw wkh frh!flhqwv rq wkhvh uhjuhvvruv uhpdlq wkh
vdph dfurvv vwdwhv1

Lq dgglwlrq wr wkhvh uhjuhvvruv wkdw duh frpprq wr vpdoo dqg odujh �upv/ zh
dovr lqfoxgh wzr dgglwlrqdo idfwruv lq wkh prgho iru vpdoo �upv1 Pdq| vwxglhv
kdyh irxqg wkdw vpdoo �upv* uhwxuqv whqg wr eh kljkhu lq Mdqxdu| dqg duh vhuldoo|
fruuhodwhg vr zh lqfoxgh d Mdqxdu| gxpp| dqg d vlqjoh odj ri uhwxuqv iru wkhvh
�upv1 Vhuldo fruuhodwlrq lv eholhyhg wr uh hfw qrq0wudglqj h�hfwv dqg wkxv grhv qrw
wudfn wkh f|foh1 Wkh vrxufh ri wkh Mdqxdu| h�hfw lv ohvv zhoo xqghuvwrrg vr zh doorz
lwv frh!flhqw wr ydu| dfurvv vwdwhv1 Iru wkh vpdoo �up sruwirolr wkh phdq htxdwlrq
wkxv ehfrphv

4| ’ qfr| n q�r|U|3� n q2r|(es|3� n q�t �e,_|3� n qe4|3� n qDr|a@?| n 0|c +46,

zkloh iru wkh odujh �upv zh dgrsw wkh vshfl�fdwlrq

4| ’ qfr| n q�r|U|3� n q2r|(es|3� n q�t �e,_|3� n "|� +47,

Iru wkh frqglwlrqdo yduldqfh ri h{fhvv uhwxuqv/ �r|/ zh iroorz Jorvwhq Mdjdqqdwkdq
dqg Uxqnoh +4<<6, dqg frqvlghu dq h{srqhqwldo DUFK vshfl�fdwlrq wkdw ydulhv
zlwk wkh vwdwh/ wkh ohyho ri wkh 40prqwk W0eloo udwh dqg wkh devroxwh ydoxh ri sdvw

:



vkrfnv/ m0|3�m/ glylghg e| wkh dyhudjh ri wkh odjjhg vwdwh yrodwlolwlhv zhljkwhg e|
wkh uhvshfwlyh vwdwh suredelolwlhv dw wlph |� �c j|3�c wr wdnh fduh ri vfdolqj h�hfwv

;

*?E�r|c|� ’ bfr| n b�r|U|3� n b2r|Em0|3�m*j|3� � 2

Z
�� +48,

Wkh pl{wxuh prgho dvvxphv wkdw wkhuh duh wzr vwdwhv/ l1h1 & @ 51 Jlyhq wkh
vdpsoh vl}h uhodwlyh wr wkh qxpehu ri sdudphwhuv dqg wkhlu kljko| qrqolqhdu h�hfw/
lw lv qdwxudo wr fkrrvh d prgho uhvwulfwhg wr wzr vwdwhv1< Wkuhh vwdwh wudqvlwlrq
suredelolw| prghov duh frqvlghuhg dqg zh uhihu wr wkhvh dv PVL/ PVLL dqg PVLLL/
uhvshfwlyho|1 Wkh �uvw prgho vlpso| dvvxphv wkh vwdwh wudqvlwlrq suredelolwlhv duh
frqvwdqw143

�7U G R��El|3�� ’ xEZ��c � ’ �c 2 +49,

Wkh vhfrqg prgho dvvxphv wkdw wudqvlwlrq suredelolwlhv ydu| zlwk d vlqjoh
iruzdug0orrnlqj vxppdu| phdvxuh ri wkh vwdwh ri wkh hfrqrp| exw rplwv d frqvwdqw=

�7UU G R��El|3�� ’ xEZ�{�uU|32�c � ’ �c 2 +4:,

zkhuh {�uU|32 lv wkh wzr0prqwk odjjhg ydoxh ri wkh |hdu0rq0|hdu orj0gl�huhqfh lq
wkh Frpsrvlwh Ohdglqj Lqglfdwru dqg xE�� lv wkh fxpxodwlyh ghqvlw| ixqfwlrq ri d
vwdqgdug qrupdo yduldeoh144 Wkh fkdqjh lq �uU vhhpv d qdwxudo fkrlfh ri vwdwh
yduldeoh lq wklv frqwh{w1

;Qrwlfh wkdw zh gr qrw vfdoh e| wkh yrodwlolw| lq wkh vwdwh dw wlph | � �/ �r|3�
/

vlqfh grlqj vr frpsolfdwhv wkh prgho e| lqwurgxflqj sdwk ghshqghqfh1 Wkh odjjhg
yduldqfh wxuqhg rxw qrw wr eh vljql�fdqw zkhq dgghg dv d vhsdudwh uhjuhvvru lq wkh
yrodwlolw| htxdwlrq/ vr zh jr zlwk wkh vlpsohu DUFK vshfl�fdwlrq iru wkh pl{wxuh
prghov1

<Xqghu wkh qxoo ri d vlqjoh vwdwh/ vwdwh wudqvlwlrq suredelolwlhv duh xqlghqwl�hg
qxlvvdqfh sdudphwhuv dqg vwdqgdug uhvxowv rq wkh glvwulexwlrq ri olnholkrrg udwlr
whvwv qr orqjhu dsso|1 Zh whvwhg iru vwdwh ghshqghqfh lq wkh frqvwdqwv hqwhulqj lqwr
wkh phdq dqg yrodwlolw| vshfl�fdwlrqv/ xvlqj wkh dssurdfk ri Kdqvhq +4<<5, dqg
Kdqvhq +4<<9,1 Ehvlghv ydu|lqj wkh lqwhufhsw frh!flhqwv lq wkh phdq dqg yrodwlolw|
htxdwlrqv dfurvv d julg/ wkh wudqvlwlrq suredelolw| sdudphwhuv pxvw dovr eh ydulhg
lq rxu vhwxs zlwk wlph0ydu|lqj wudqvlwlrq suredelolwlhv dqg vhyhudo frqglwlrqlqj
yduldeohv lq erwk vwdwhv1 Zh irxqg wkdw wkh qxoo ri d vlqjoh vwdwh zdv uhmhfwhg dw
wkh 8 shufhqw fulwlfdo ohyho ru orzhu hyhq zkhq wkh vwdwh ghshqghqfh rqo| vkrzv xs
lq wkh lqwhufhsw whupv1

43Vlqfh wkhuh duh rqo| wzr vwdwhv/ R�2 ’ ��R�� dqg R2� ’ ��R22/ vr wzr wudqvlwlrq
sdudphwhuv kdyh wr eh hvwlpdwhg iru wklv prgho1

44Wzr odjv ri {�uU duh xvhg wr dffrxqw iru wkh sxeolfdwlrq ghod| lq wklv yduldeoh1

;



Qrwlfh wkdw zh kdyh rplwwhg d frqvwdqw lq wkh wudqvlwlrq htxdwlrq ri wklv vhf0
rqg prgho1 Dssolfdwlrqv ri Pdunry vzlwfklqj prghov wr �qdqfldo gdwd vxjjhvw wkdw
vwdwhv duh h�hfwlyho| vhsdudwhg e| ohyhov ri yrodwlolw|1 W|slfdoo| d kljk yrodwlolw|
vwdwh zlwk olwwoh shuvlvwhqfh dqg d orz yrodwlolw| vwdwh zlwk kljk shuvlvwhqfh duh
lghqwl�hg1 Qdwxudoo| wklv uh hfwv wkh pdq| rxwolhuv lq �qdqfldo uhwxuqv1 Li qrw frq0
wuroohg iru/ pl{wxuh prghov phfkdqlfdoo| fodvvli| gdwd lqwr wkh kljk yrodwlolw| vwdwh
diwhu dq rxwolhu lv revhuyhg1 Krzhyhu/ wklv fodvvl�fdwlrq kdv olwwoh suhglfwlyh srzhu
ryhu uhwxuqv1 Wr frqvwudlq wkh wudqvlwlrq suredelolwlhv wr hyroyh pruh vprrwko|
ryhu wlph/ zh uhvwulfw wkhvh e| vhwwlqj wkh lqwhufhsw htxdo wr }hur vr wkdw wkh wudq0
vlwlrq suredelolwlhv duh irufhg wr vprrwko| wudfn f|folfdo yduldwlrqv lq wkh ohdglqj
lqglfdwru1

Wr hydoxdwh wkh h�hfw ri lpsrvlqj wklv *vprrwkqhvv frqvwudlqw* zh dovr frqvlghu
d jhqhudo prgho wkdw lqfoxghv erwk d frqvwdqw dqg{�uU|32 lq wkh vwdwh wudqvlwlrqvG
45

�7UUU G R��El|3�� ’ xEZf n Z�{�uU|32�c � ’ �c 2 +4;,

Ilqdoo| zh frqvlghu erwk pl{wxuhv ri wzr Jdxvvldq ghqvlwlhv dqg d pl{wxuh ri d
vwxghqw0w dqg d Jdxvvldq1 Rxu hvwlpdwlrqv vxjjhvw wkdw wkh ghqvlw| lq rqh vwdwh lv
zhoo fkdudfwhul}hg dv d vwxghqw0w zlwk ihz ghjuhhv ri iuhhgrp/ zkloh wkh ghjuhhv ri
iuhhgrp sdudphwhu iru wkh vhfrqg vwdwh frqwlqxhg wr ulvh zlwkrxw uhdfklqj dq xsshu
erxqg1 Vlqfh d vwxghqw0w zlwk d kljk ghjuhh ri iuhhgrp sdudphwhu lv yhu| vlplodu
wr d Jdxvvldq ghqvlw|/ zh xvhg wkh Jdxvvldq glvwulexwlrq lq wkh vhfrqg vwdwh wr
hqvxuh frqyhujhqfh ri wkh hvwlpdwlrqv1 Zh zloo uhihu wr wkh Jdxvvldq dqg vwxghqw0w
pl{wxuh prgho dv PVw1

Wkhvh Pdunry pl{wxuh prghov duh frpsduhg wr wkh fruuhvsrqglqj vlqjoh0vwdwh
vshfl�fdwlrq iru wkh vpdoo �upv

4| ’ qf n q�U|3� n q2(es|3� n q�t �e,_|3� n qe4|3� n qDa@?| n 0|c +4<,

zkloh wkh vlqjoh0vwdwh prgho dvvxphg iru wkh odujh �upv lv

4| ’ qf n q�U|3� n q2(es|3� n q�t �e,_|3� n "|c +53,

45Zh lpsrvh wkh frqvwudlqw wkdw wkh lqwhufhsw whup lv wkh vdph lq erwk vwdwhv/
zkhuhdv wkh h�hfw ri wkh ohdglqj lqglfdwru fdq eh vwdwh0ghshqghqw1 Wklv lv grqh
lq rughu wr dfklhyh vwdelolw| dqg frqyhujhqfh ri wkh dojrulwkp xvhg wr hvwlpdwh wkh
prgho1 Zh irxqg vhyhuh sureohpv zlwk frqyhujhqfh wr pxowlsoh orfdo rswlpd zkhq
erwk wkh frqvwdqw dqg wkh vorsh frh!flhqw lq wkh vwdwh wudqvlwlrqv zhuh doorzhg wr
eh vwdwh0ghshqghqw1

<



dqg 0| � |Efc �|c v� lq erwk fdvhv1 Frqglwlrqdo yrodwlolw| lv prghohg dv

*?E�|� ’ bf n b�U|3� n b2Em0|3�m*
s
�|3� � 2

Z
�� n b� *?E�|3��� +54,

Frqglwlrqdo rq l|3�c wkh ghqvlw| ri wkh vlqjoh0vwdwh prgho lv vwxghqw0w dqg rqo| lwv
glvshuvlrq dqg fhqwhu ydu| ryhu wlph1

Rwkhu sdshuv kdyh xwlol}hg prgho vshfl�fdwlrqv wkdw duh vlplodu wr rxuv lq vrph
uhvshfwv1 Lq wkh frqwh{w ri d Pdunry pl{wxuh prgho Kdplowrq dqg Vxvpho +4<<7,
dqg Kdplowrq dqg Olq +4<<9, doorz iru DUFK h�hfwv dowkrxjk wkhlu prghov dvvxph
frqvwdqw wudqvlwlrq suredelolwlhv ehwzhhq wzr vwdwhv1 Ilodugr +4<<7, ohwv wkh wudq0
vlwlrq suredelolw| ri d Pdunry pl{wxuh vshfl�fdwlrq ydu| ryhu wlph exw h{foxghv
DUFK h�hfwv1 Fkdxyhw dqg Srwwhu +5333, frqvwuxfw ohdglqj dqg frlqflghqw lqglfd0
wruv ri vwrfn uhwxuqv wkurxjk d idfwru0soxv0qrlvh dssurdfk wkdw dvvxphv wkh idfwru
iroorzv d odwhqw Pdunry fkdlq zlwk frqvwdqw vwdwh wudqvlwlrq suredelolwlhv1 Shuh}0
Txlurv dqg Wlphupdqq +5333, dqdo|}h wkh phdq dqg yduldqfh ri vwrfn uhwxuqv rq
whq vl}h0vruwhg sruwirolrv xvlqj d pl{wxuh ri Jdxvvldq ghqvlwlhv1

6151 Prgho Hvwlpdwhv dqg Gdwd

Wdeoh 4 suhvhqwv pd{lpxp olnholkrrg hvwlpdwhv ri wkh Pdunry pl{wxuh dqg vlqjoh0
vwdwh prghov �wwhg wr wkh vpdoo �upv* h{fhvv uhwxuqv1 Lq wkh vlqjoh vwdwh prgho wkh
frh!flhqw rq wkh lqwhuhvw udwh lv qhjdwlyh dqg kljko| vwdwlvwlfdoo| vljql�fdqw1 Wkh
ghidxow suhplxp dqg glylghqg |lhog frh!flhqwv duh srvlwlyh/ dowkrxjk wkh| idlo wr
eh vljql�fdqw dw frqyhqwlrqdo fulwlfdo ohyhov1 Ilqdoo| wkh hvwlpdwhg frh!flhqwv ri
wkh odjjhg uhwxuq dqg wkh Mdqxdu| gxpp| duh erwk srvlwlyh dqg kljko| vljql�fdqw1
Lq wkh yrodwlolw| htxdwlrq/ odjjhg vkrfnv +m0|3�m� dqg sdvw yrodwlolw| +k|3�� duh erwk
vljql�fdqw zkloh wkh lqwhuhvw udwh frh!flhqw idlov wr eh1 Dw 714/ wkh ghjuhh ri
iuhhgrp hvwlpdwh ri wkh vwxghqw0w glvwulexwlrq lqglfdwhv wkdw wkh �uvw irxu prphqwv
duh �qlwh1

Wxuqlqj wr wkh wzr0vwdwh prghov/ Wdeoh 4 vkrzv wkdw wkh frh!flhqw hvwlpdwhv lq
wkh wzr vwdwhv duh yhu| gl�huhqw iurp wkh vlqjoh vwdwh ehqfkpdun1 Dfurvv pl{wxuh
vshfl�fdwlrqv/ wkh frh!flhqw ri wkh qrplqdo lqwhuhvw udwh lv vwurqjo| qhjdwlyh dqg
vwdwlvwlfdoo| vljql�fdqw lq vwdwh 4 dqg forvhu wr }hur lq vwdwh 51 Olnhzlvh/ iru wkuhh
ri irxu pl{wxuh prghov/ wkh frh!flhqw ri wkh ghidxow suhplxp lv srvlwlyh/ kljko|
vljql�fdqw dqg odujhu lq vwdwh 4 wkdq lq vwdwh 51 Lqwhuhvwlqjo|/ wkh Mdqxdu| gxpp|
vhhpv prvw lpsruwdqw lq vwdwh 41 Wklv pd| surylgh d foxh wr wkh vrxufh ri wklv
srruo| xqghuvwrrg h�hfw1

Wkh ryhudoo ohyho ri yrodwlolw| lv jhqhudoo| kljkhu lq vwdwh 4 dv lqglfdwhg e| wkh
odujhu +ohvv qhjdwlyh, lqwhufhsw whup lq wkh yrodwlolw| htxdwlrq iru wklv vwdwh1 Lqwhuhvw
udwh h�hfwv whqg wr eh ri vlplodu pdjqlwxgh lq wkh wzr vwdwhv1 Wkh frh!flhqwv lq wkh
vwdwh wudqvlwlrqv dovr surylgh lpsruwdqw lqirupdwlrq1 Iru wkh frqvwdqw wudqvlwlrq
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prgho/ vwdwh 4 lv ohvv shuvlvwhqw +R�� ’ f�bD, wkdq vwdwh 5 +R22 ’ f�b.,1 Lq wkh
wudqvlwlrq prgho zlwk d ohdglqj lqglfdwru exw qr frqvwdqw wkh frh!flhqw rq {�OL
lv qhjdwlyh lq vwdwh 4 dqg srvlwlyh lq vwdwh 5/ dowkrxjk qrqh ri wkh frh!flhqwv lv
lqglylgxdoo| vljql�fdqwo| gl�huhqw iurp }hur1 Lw lv fohdu iurp wkh orj0olnholkrrg
ydoxhv wkdw h{foxvlrq ri dq lqwhufhsw whup ohdgv wr d vxevwdqwldo ghfolqh lq wkh
lq0vdpsoh �w ri wkh pl{wxuh prgho1 Lq wkh prvw jhqhudo wudqvlwlrq vshfl�fdwlrq
+PVLLL,/ wkh lqwhufhsw whup lv kljko| vljql�fdqw zkloh wkh qhjdwlyh frh!flhqw rq
{�uU lq vwdwh 4 lv erughuolqh vljql�fdqw1

Ilqdoo| frqvlghu wkh pl{wxuh Jdxvvldq dqg vwxghqw0w prgho1 Wr nhhs wkh qxpehu
ri prghov dv orz dv srvvleoh/ zh rqo| frqvlghu wkh vwdwh wudqvlwlrq prgho zlwk dq
lqwhufhsw dqg {�uU1 Wkh frqglwlrqdo phdq dqg yrodwlolw| frh!flhqwv iroorz wkh
vdph sdwwhuqv dv iru wkh sxuh Jdxvvldq pl{wxuhv1 Wkh frh!flhqw rq {�uU lv
djdlq qhjdwlyh dqg vljql�fdqw lq vwdwh 4 dqg forvh wr }hur lq vwdwh 51 Wkh ghjuhh ri
iuhhgrp sdudphwhu hvwlpdwh lv :13/ vxjjhvwlqj idw wdlov lq vwdwh 41 Wklv hvwlpdwh lv
vrphzkdw odujhu wkdq wkdw iurp wkh vlqjoh0vwdwh prgho +714,/ lqglfdwlqj wkdw uhjlph
vzlwfklqj h�hfwv dffrxqw iru vrph ri wkh ohswrnxuwrvlv lq uhwxuqv1

D frpsdulvrq ri wkh vlqjoh0vwdwh dqg Pdunry vzlwfklqj prghov lq Wdeoh 4 vkrzv
wkdw wkh hvwlpdwhv ri wkh vlqjoh0vwdwh prgho whqg wr olh ehwzhhq wkh fruuhvsrqglqj
Pdunry vzlwfklqj hvwlpdwhv iru wkh wzr vwdwhv1 Vlqfh wkh frh!flhqw hvwlpdwhv ri
wkh Pdunry vzlwfklqj prgho duh yhu| gl�huhqw dfurvv vwdwhv/ dvvxplqj d frqvwdqw0
frh!flhqw prgho uhvxowv lq plvohdglqj frqfoxvlrqv1 Iru h{dpsoh/ d uhvhdufkhu pljkw
frqfoxgh iurp wkh vlqjoh0vwdwh vshfl�fdwlrq wkdw wkh ghidxow suhplxp lv qrw vljqli0
lfdqwo| fruuhodwhg zlwk vwrfn uhwxuqv1 Wkh pruh fruuhfw frqfoxvlrq zrxog eh wkdw
ghidxow ulvn lv vljql�fdqwo| srvlwlyho| fruuhodwhg zlwk vwrfn uhwxuqv/ exw rqo| vr lq
vwdwh 41

Wdeoh 5 suhvhqwv wkh hvwlpdwhv iru wkh odujh �upv dfurvv wkh vdph vhw ri prghov1
Wkh vljqv ri wkh frh!flhqwv lq wkh vlqjoh vwdwh vshfl�fdwlrq duh vlplodu wr wkrvh iru
wkh vpdoo �upv= wkh frh!flhqw rq wkh lqwhuhvw udwh lv qhjdwlyh zkloh wkh ghidxow
suhplxp dqg glylghqg |lhog rewdlq srvlwlyh frh!flhqwv1 Iru wkh pl{wxuh prghov/
wkh odujh �upv djdlq glvsod| dv|pphwulhv dfurvv vwdwhv lq wkh frqglwlrqdo phdq
htxdwlrq1 Wkh lqwhuhvw udwh frh!flhqw dqg wkh ghidxow suhplxp frh!flhqw duh
odujhu lq devroxwh ydoxh lq vwdwh 4 dowkrxjk wkh ghjuhh ri dv|pphwu| ehwzhhq wkh
wzr vwdwhv lv ohvv surqrxqfhg wkdq iru wkh vpdoo �upv1

Wr dvvlvw lq wkh hfrqrplf lqwhusuhwdwlrq ri wkh wzr vwdwhv lghqwl�hg e| wkh
pl{wxuh prghov/ Iljxuh 4 vkrzv wkh wlph vhulhv ri wkh suhglfwhg vwdwh04 suredelolw|
+R�| ’ �hEr| ’ �ml|3�(���� Dovr vkrzq lq vkdghg duhdv duh wkh r!fldo uhfhvvlrq
shulrgv wudfnhg e| wkh QEHU1 Zkhq d frqvwdqw lv lqfoxghg lq wkh vwdwh wudqvlwlrqv/
wkh pl{wxuh prgho vhsdudwhv wkh gdwd lqwr d vwdwh wkdw/ zkloh fohduo| uhodwhg wr
uhfhvvlrq shulrgv/ dovr slfnv xs pruh lvrodwhg hslvrghv ri kljk yrodwlolw| vxfk dv
Rfwrehu 4<;:1 Iru prvw shulrgv/ lw lv uhodwlyho| fohdu zklfk vwdwh jhqhudwhg wkh
gdwd dqg R�| lv idu iurp 3181 Lq frqwudvw/ wkh prgho zlwkrxw d frqvwdqw lq wkh vwdwh
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wudqvlwlrqv jhqhudwhv vprrwkhu vwdwh suredelolwlhv dqg wudfnv wkh hfrqrplf f|foh
pruh forvho|1

Wkhvh sorwv h�hfwlyho| ghprqvwudwh krz vhqvlwlyh wkh vwdwh fodvvl�fdwlrq fdq
eh ghshqglqj rq zklfk vwdwh wudqvlwlrq dqg xqghuo|lqj ghqvlw| lv xvhg1 Zkloh wkh
wlph vhulhv ri wkh vwdwh04 suredelolwlhv duh txlwh vlplodu iru wkh wkuhh pl{wxuh prghov
zlwk d frqvwdqw lq wkh wudqvlwlrq suredelolwlhv/ wkhuh lv d glvwlqfw gl�huhqfh ehwzhhq
krz �uvw dqg vhfrqg jhqhudwlrq pl{wxuh prghov fodvvli| vwdwhv1 Iru h{dpsoh/ wkh
vtxduhg fruuhodwlrq ehwzhhq wkh wlph vhulhv ri R�| jhqhudwhg e| wkh prgho zlwk
d frqvwdqw wudqvlwlrq suredelolw| E�7U� dqg wkh pl{wxuh Jdxvvldq0w prgho zlwk
d frqvwdqw dqg wkh ohdglqj lqglfdwru E�7|� lv ohvv wkdq 318 iru wkh vpdoo �upv1
Zkhq d frqvwdqw lv lqfoxghg lq wkh vwdwh wudqvlwlrqv/ wkh gdwd jhwv vhsdudwhg ohvv
lqwr exvlqhvv f|foh vwdwhv dqg pruh lqwr kljk dqg orz yrodwlolw| vwdwhv1

6161 Iruhfdvwlqj Shuirupdqfh

Wr dvvhvv wkh vwdwlvwlfdo shuirupdqfh ri wkh vlqjoh0 dqg wzr0vwdwh prghov zh frp0
sduh wkhp dorqj d ydulhw| ri fulwhuld1 Lqlwldoo| zh irfxv rq wudglwlrqdo iruhfdvwlqj
phdvxuhv vxfk dv phdq vtxduhg iruhfdvw huuru +PVIH, zkloh wkh qh{w vhfwlrqv
frqvlghu suhflvlrq lq iruhfdvwlqj kljkhu rughu prphqwv dqg frqglwlrqdo ghqvlwlhv1
Zh �uvw surylgh ixoo0vdpsoh uhvxowv lq rughu wr vxppdul}h wkh shuirupdqfh ri wkh
prghov zkhq sdudphwhu hvwlpdwlrq xqfhuwdlqw| lv qrw wrr lpsruwdqw1 Krzhyhu/
wkhuh lv dozd|v d gdqjhu ri lq0vdpsoh ryhu�wwlqj zlwk qrqolqhdu prghov dv frpsol0
fdwhg dv rxuv/ vr zh dovr suhvhqw rxw0ri0vdpsoh uhvxowv wkdw gr qrw frqglwlrq rq wkh
lqirupdwlrq hperglhg lq wkh ixoo0vdpsoh sdudphwhu hvwlpdwhv1

Iluvw frqvlghu wkh phdq vtxduhg iruhfdvw huuruv uhsruwhg lq Wdeoh 6 iru doo prghov
xqghu frqvlghudwlrq1 Glherog dqg Pduldqr +4<<8, kdyh vxjjhvwhg d whvw ri wkh
vljql�fdqfh ri wkh gl�huhqfh lq wkh iruhfdvwlqj shuirupdqfh ri wzr prghov dqg/ iru
hdfk vdpsoh/ wkh wdeoh uhsruwv wkh ydoxhv ri wklv vwdwlvwlf lq wkh vhfrqg froxpq1 Zh
vhw xs wkh vwdwlvwlf vr wkdw d srvlwlyh ydoxh phdqv wkdw wkh Pdunry vzlwfklqj prgho
grhv ehwwhu wkdq wkh vlqjoh0vwdwh prgho dqg dsso| d rqh0vlghg whvw1 Doo pl{wxuh
prghov �wwhg wr wkh vpdoo �upv jhqhudwh orzhu PVIH ydoxhv wkdq wkh vlqjoh0vwdwh
prgho/ dqg wzr ri wkh whvw vwdwlvwlfv duh vljql�fdqw dw wkh 8 shufhqw ohyho zkloh d
wklug whvw lv erughuolqh vljql�fdqw1 Wkh PVIH shuirupdqfh lv uhodwlyho| srruhu iru
wkh odujh �upv zkhuh rqo| rqh ri wkh pl{wxuh prghov lpsuryhv rq wkh vlqjoh0vwdwh
vshfl�fdwlrq dowkrxjk qrqh ri wkh whvw vwdwlvwlfv lv vljql�fdqw dw frqyhqwlrqdo ohyhov1
Lqwhuhvwlqjo|/ doo irxu pl{wxuh prghov jhqhudwh d srvlwlyh whvw vwdwlvwlf iru wkh odujh
�upv lq wkh r!fldo uhfhvvlrq shulrgv/ exw doo pl{wxuh prghov xqghushuirup gxulqj
h{sdqvlrqv1

Lq wkh rxw0ri0vdpsoh iruhfdvwlqj h{shulphqw zh duh fduhixo wr dyrlg frqglwlrqlqj
rq lqirupdwlrq wkdw zdv qrw nqrzq klvwrulfdoo|1 Glherog dqg Uxghexvfk +4<<4,
revhuyh wkdw wkh frpsrvlwh ohdglqj lqglfdwru kdv ehhq uhylvhg qxphurxv wlphv/ vr
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lw lv lpsruwdqw wr dyrlg xvlqj wkh lqirupdwlrq lpsolflw lq odwhu uhylvlrqv1 Iru wklv
uhdvrq zh xvh wkh ruljlqdoo| uhohdvhg klvwrulfdo ydoxhv wr frpsxwh {�uU|321

46 Pruh
vshfl�fdoo|/ ohw {�uU�| eh wkh � �|� ylqwdjh ri wkh fkdqjh lq �uU dssolhg wr wlph |c

vr wkdw | � � 1 Wkhq zh edvh rxu suhglfwlrq iru shulrg | rq if|3�c{�uU�32|32 c
ew|3�j

zkhuh ew|3� lv wkh yhfwru ri sdudphwhuv edvhg rq l|3�1 Zh ehjlq wkh vdpsoh lq 4<:9=4
wr dyrlg wkh glvuxswlyh h�hfwv ri d vhw ri pdmru uhylvlrqv ri wkh �uU lq 4<:81 Wkh
sdudphwhuv ri wkh iruhfdvwlqj prghov duh uh0hvwlpdwhg dw wkh ehjlqqlqj ri hdfk |hdu
xvlqj dq h{sdqglqj zlqgrz ri gdwd1 Frqyhujhqfh ri wkh sdudphwhu hvwlpdwhv dw
hdfk srlqw lq wlph lv gl!fxow wr dfklhyh/ sduwlfxoduo| dw wkh ehjlqqlqj ri wkh vdpsoh/
exw zh irxqg wkdw wklv xsgdwlqj vfkhph pdgh lw ihdvleoh wr h{soruh wkh h�hfw ri
xvlqj gl�huhqw vwduwlqj ydoxhv dw hdfk hvwlpdwlrq srlqw1 Rxw0ri0vdpsoh iruhfdvwlqj
zdv qrw ihdvleoh wr lpsohphqw iru wkh prvw frpsolfdwhg Jdxvvldq/ vwxghqw0w pl{wxuh
prgho zkrvh frqyhujhqfh lv pruh gl!fxow wr dfklhyh1 Iru wklv uhdvrq zh rqo|
frqvlghu wkh wkuhh Jdxvvldq pl{wxuh prghov lq wkh rxw0ri0vdpsoh h{shulphqw1

Xqvxusulvlqjo| wkh pl{wxuh prghov gr qrw rxwshuirup uhodwlyh wr wkh vlqjoh vwdwh
prgho lq wkh rxw0ri0vdpsoh h{shulphqwv1 Dowkrxjk wkh pl{wxuh prghov fruuhfw iru
eldvhv lq wkh vlqjoh vwdwh prgho/ wkh| dovr dgg wr sdudphwhu hvwlpdwlrq yduldelolw|/
sduwlfxoduo| dw wkh ehjlqqlqj ri wkh h{shulphqw zkhuh wkh vdpsoh lv yhu| vkruw
dqg lw lv gl!fxow wr suhflvho| hvwlpdwh wkh pl{wxuh prghov1 Lq wklv vlwxdwlrq lw
lv frpprqsodfh wr �qg wkdw wkh PVIH shuirupdqfh ri qrqolqhdu prghov lv zruvh
wkdq wkdw ri vlpsohu olqhdu dowhuqdwlyhv/ hyhq lq flufxpvwdqfhv zkhuh wkh qrqolqhdu
vshfl�fdwlrq lv fruuhfw/ vhh h1j1 Shvdudq dqg Srwwhu +4<<:, dqg Fohphqwv dqg Vplwk
+5333,1

Dowkrxjk PVIH lv e| idu wkh prvw frpprq vwdwlvwlfdo phdvxuh ri iruhfdvwlqj
shuirupdqfh/ lw pd| qrw uh hfw wkh hfrqrplf ydoxh ri wkh suhglfwlrqv1 D vwdwlvwlf
ghvljqhg wr phdvxuh pdunhw wlplqj lqirupdwlrq lq d vhtxhqfh ri suhglfwlrqv lv wkh
qrqsdudphwulf vljq whvw sursrvhg e| Shvdudq dqg Wlphupdqq +4<<5,1 Wklv vwdwlvwlf
lv dv|pswrwlfdoo| qrupdoo| glvwulexwhg xqghu wkh qxoo ri lqghshqghqfh ehwzhhq wkh
vljq ri wkh suhglfwhg dqg uhdol}hg ydoxhv ri h{fhvv uhwxuqv1 Wdeoh 7 uhsruwv wkh
ydoxh ri wklv whvw vwdwlvwlf1 Lq0vdpsoh doo prghov surgxfh d vljql�fdqw ydoxh ri
wklv whvw vwdwlvwlf1 Zkloh wkhuh lv olwwoh hylghqfh wr vhsdudwh wkh shuirupdqfh ri
wkh vlqjoh0vwdwh prgho iurp wkh Jdxvvldq pl{wxuh prghov/ wkh pl{wxuh Jdxvvldq0w
prgho jhqhudwhv d vrphzkdw kljkhu whvw vwdwlvwlf wkdq wkh rwkhu prghov1

Rxw0ri0vdpsoh/ wkh vlqjoh vwdwh dqg pl{wxuh prghov jhqhudwh yhu| vlplodu ydoxhv
ri wkh pdunhw wlplqj whvw1 Krzhyhu/ zkloh wkh suhglfwdelolw| ri wkh gluhfwlrq ri wkh
pdunhw frqwlqxhv wr krog rxw0ri0vdpsoh iru wkh vpdoo �upv/ wkhuh lv qr hylghqfh ri
suhglfwdelolw| ri wkh vljq ri odujh �upv* uhwxuqv rxw0ri0vdpsoh1

D frqwhqwlrxv lvvxh lq wkh olwhudwxuh rq suhglfwdelolw| ri vwrfn uhwxuqv lv krz

46Wkh uhdo0wlph �uU vhulhv xvhg e| Glherog dqg Uxghexvfk +4<<4, whuplqdwhg lq
4<;;=45/ vr zh xsgdwhg wkhlu vhulhv iru wkh shulrg 4<;<04<<:1
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wr lqwhusuhw qhjdwlyh ydoxhv ri suhglfwhg h{fhvv uhwxuq1 Lw lv gl!fxow wr lpdjlqh
d phdqlqjixo htxloleulxp prgho lq zklfk ulvn dyhuvh lqyhvwruv duh zloolqj wr krog
vwrfnv gxulqj shulrgv zkhuh wkh| h{shfw qhjdwlyh ulvn suhpld1 Suhylrxv glvfxvvlrqv
kdyh ehhq edvhg rq plvvshfl�hg vlqjoh vwdwh prghov vr lw lv fohduo| lpsruwdqw wr
lqyhvwljdwh zkhwkhu qhjdwlyh h{shfwhg h{fhvv uhwxuqv dovr vkrz xs lq wkh pl{wxuh
prghov1 D qdwxudo phdvxuh ri wkh rffxuuhqfh ri qhjdwlyh ulvn suhpld lv wkh sur0
sruwlrq ri prqwkv zkhuh wkh h{shfwhg h{fhvv uhwxuq lv qhjdwlyh dqg pruh wkdq wzr
vwdqgdug huuruv ehorz }hur1 Frpsxwlqj wklv vwdwlvwlf uhtxluhv nqrzlqj wkh vwdq0
gdug huuruv ri wkh suhglfwhg ydoxhv zklfk lv vxusulvlqjo| frpsolfdwhg gxh wr wkh
uhfxuvlyh vwuxfwxuh ri wkh pl{wxuh prghov1 Lq Dsshqgl{ D zh vkrz krz wr ghulyh
wkh vwdqgdug huuruv ri wkh suhglfwlrqv1 Wr vdyh vsdfh zh rqo| uhsruw ixoo vdpsoh
uhvxowv iru wkh prvw jhqhudo pl{wxuh vshfl�fdwlrq +PVLLL,1 Iru wkh vpdoo �upv/ wklv
pl{wxuh prgho jhqhudwhg qhjdwlyh suhglfwlrqv iru 587 prqwkv/ ru 7; shufhqw ri doo
fdvhv/ zlwk :4 ru 46 shufhqw ehlqj pruh wkdq wzr vwdqgdug huuruv ehorz }hur1 Lq
frqwudvw wkhuh zdv yhu| zhdn hylghqfh ri qhjdwlyh h{shfwhg uhwxuqv iru wkh odujh
�upv1 Rqo| 436 fdvhv/ ru 4< shufhqw/ zhuh qhjdwlyh dqg wkhvh zhuh vwdwlvwlfdoo|
vljql�fdqw rqo| lq wkuhh shufhqw ri wkh shulrgv1 Wkhvh �qglqjv vxjjhvw wkdw wkh



wkh ohyho ri yrodwlolw|/ d ohvv fohdufxw sdwwhuq lv irxqg iru wkhvh �upv1

71 F|folfdo Yduldwlrq lq Kljkhu Rughu Prphqwv

Vwrfn uhwxuqv duh fohduo| qrw qrupdoo| glvwulexwhg vr yrodwlolw| lv dq lqvx!flhqw
phdvxuh ri ulvn1 Whvwlqj wkh lpsolfdwlrqv ri lpshuihfw fdslwdo pdunhw wkhrulhv wkdw
vpdoo �upv* htxlw| lv ulvnlhu durxqg uhfhvvlrqv wkxv uhtxluhv lqvshfwlqj kljkhu rughu
prphqwv dv zhoo dv wkh suhglfwlyh ghqvlw| ri vwrfn uhwxuqv1 Iru frpsohwhqhvv/ wklv
vhfwlrq lqlwldoo| vwxglhv wlph0yduldwlrq lq wkh frqglwlrqdo phdq dqg yduldqfh dqg
wkhq surfhhgv wr dqdo|}h wkh hyroxwlrq lq wkh frqglwlrqdo vnhzqhvv dqg nxuwrvlv1
Wkhvh prphqwv duh lqfuhdvlqjo| xvhg wr fkdudfwhul}h ulvn1 Iru h{dpsoh/ Nudxv dqg
Olw}hqehujhu +4<:9, h{whqg wkh vwdqgdug wzr0prphqw FDSP wr d vhwwlqj zkhuh
lqyhvwruv* suhihuhqfhv duh dovr gh�qhg ryhu wkh vnhz ri wkh glvwulexwlrq ri dvvhw
uhwxuqv dqg Kduyh| dqg Vlgltxh +5333, lqyhvwljdwh wkh hpslulfdo lpsruwdqfh ri
dffrxqwlqj iru frqglwlrqdo vnhzqhvv lq wkh frqwh{w ri d furvv0vhfwlrqdo prgho ri
vwrfn uhwxuqv1 Zh nqrz ri qr sulru vwxg| ri wkh wlph0vhulhv surshuwlhv ri wkh wklug
dqg irxuwk frqglwlrqdo prphqwv ri uhwxuqv dqg wkhlu olqn wr wkh hfrqrplf f|foh1
Lq d uhfhqw glvfxvvlrq ri ghqvlw| iruhfdvwlqj Wd| dqg Zdoolv +5333, hpskdvl}h wkh
lpsruwdqfh ri frqvlghulqj wklv txhvwlrq dowkrxjk yhu| olwwoh hylghqfh h{lvwv1

Wkh frqglwlrqdo prphqwv ri wkh vlqjoh0vwdwh prgho duh/ ri frxuvh/ vlpsoh wr
ghulyh1 Frqglwlrqdo rq l|3�/ h{fhvv uhwxuqv duh jhqhudwhg e| d vlqjoh vwxghqw0w
glvwulexwlrq zlwk d phdq iroorzlqj iurp +53, ru +54,/ frqglwlrqdo yduldqfh �
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Ghulylqj wkh �uvw irxu fhqwhuhg/ frqglwlrqdo prphqwv ri wkh Pdunry pl{wxuh
glvwulexwlrqv lv ohvv vwudljkwiruzdug1 Iluvw frqvlghu wkh pl{wxuh ri Jdxvvldq ghqvl0
wlhv1 Uhfdoo wkdw R�| ’ �hEr| ’ �ml|3�(�� lv wkh suredelolw| ri ehlqj lq vwdwh 4 dw
wlph | jlyhq lqirupdwlrq dw wlph |��1 Ohw >�| @ qf� . q

�

�f|3�/ dqg j2�| @ ��c| eh wkh
�uvw wzr frqglwlrqdo prphqwv ri wkh ��|� vwdwh1 Fruroodu| 4 lq Wlpphupdqq +5333,
zklfk fkdudfwhul}hv wkh prphqwv ri wkh hujrglf glvwulexwlrq ri pdunry vzlwfklqj
prghov fdq hdvlo| eh h{whqghg wr fryhu wkh �uvw irxu frqglwlrqdo prphqwv=

Frqglwlrqdo phdq=

.d4|ml|3�(�o � >| ’ R�|>�| n E�� R�|�>2|� +55,

Frqglwlrqdo yduldqfh=
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Frqglwlrqdo vnhzqhvv=
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Frqglwlrqdo nxuwrvlv=
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Wkhvh h{suhvvlrqv vkrz wkdw gl�huhqw phdqv ri wkh xqghuo|lqj vwdwh ghqvlwlhv duh
lpsruwdqw wr wkh yrodwlolw|/ vnhzqhvv dqg nxuwrvlv1 Iru h{dpsoh/ li wkh phdqv lq
vwdwh 4 dqg 5 duh lghqwlfdo/ wkhq wkh pl{wxuh prgho fdqqrw jhqhudwh vnhzqhvv1
Khqfh wkh wlph0vhulhv ri wkh frqglwlrqdo vnhz jhqhudwhg e| wkh pl{wxuh prghov
uh hfw wkh glvfuhsdqf| ehwzhhq wkh frqglwlrqdo phdq lq wkh wzr vwdwhv1

Wkh pl{wxuh ri wkh vwxghqw0w dqg Jdxvvldq ghqvlw| ohdgv wr vrphzkdw gl�huhqw
frqglwlrqdo prphqwv1 Vxssrvh wkh w0glvwulexwlrq rffxuv lq vwdwh 4 dqg ohw �� eh wkh
ghjuhh ri iuhhgrp sdudphwhu iru wklv vwdwh� Dsshqgl{ E suryhv wkh iroorzlqj uhvxow

Sursrvlwlrq
Wkh �uvw irxu frqglwlrqdo prphqwv ri wkh wzr0vwdwh pl{wxuh ri d vwxghqw0w glvwul0

exwlrq zlwk �� ghjuhhv ri iuhhgrp rffxuulqj lq vwdwh 4 dqg d Jdxvvldq glvwulexwlrq
iru vwdwh 5 duh jlyhq e|
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Iljxuh 6 suhvhqwv wlph0vhulhv sorwv ri wkh frqglwlrqdo phdq iru wkh vlqjoh0vwdwh
dqg wzr ri wkh pl{wxuh prghov xqghu frqvlghudwlrq147 Iluvw frqvlghu wkh sorwv iru

47Wkh wlph0vhulhv sorwv iru wkh uhpdlqlqj pl{wxuh prghov zhuh yhu| vlplodu dqg
duh wkhuhiruh rplwwhg1
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wkh vpdoo �upv1 Wkh �yh vhulhv duh fohduo| vwurqjo| fruuhodwhg/ zlwk fruuhodwlrqv
wkdw ydu| ehwzhhq 31;3 dqg 31<;1 Dowkrxjk wkhuh lv d fohdu f|folfdo sdwwhuq lq
h{shfwhg uhwxuqv zklfk ghfolqh wrzdugv wkh hqg ri h{sdqvlrqv dqg ulvh gxulqj wkh
frxuvh ri wkh uhfhvvlrq shulrgv/ wkhuh lv dovr vxevwdqwldo vkruw0uxq yduldwlrq durxqg
wkh f|folfdo frpsrqhqw1 Wklv lv d uhvxow ri lqfoxglqj wkh odjjhg uhwxuq dv d uhjuhvvru
lq wkh vpdoo �up prgho1 Vxfk vkruw0uxq yduldwlrq lv odujho| devhqw lq wkh sorwv iru
wkh odujh �upv* h{shfwhg uhwxuqv zklfk gr qrw lqfoxgh d odj1 Iru wkh odujh �upv
wkh �uvw0prphqw wlph0vhulhv fruuhodwlrqv duh hyhq kljkhu dfurvv prghov dqg udqjh
iurp 31<4 wr 31<<1

Wxuqlqj wr wkh vhfrqg prphqw sorwv/ Iljxuh 7 vkrzv wkdw wkhvh glvsod| uhodwlyho|
pruh yduldwlrq dfurvv hfrqrphwulf vshfl�fdwlrqv1 Fruuhodwlrqv ehwzhhq vhfrqg pr0
phqwv qrz udqjh iurp 316; wr 31;; iru wkh vpdoo �upv dqg iurp 318: wr 31<< iru wkh
odujh �upv1 Lqwhuhvwlqjo|/ wkh vwxghqw0w pl{wxuh �wwhg wr wkh vpdoo �upv jhqhudwhv
txlwh gl�huhqw frqglwlrqdo yrodwlolw| frpsduhg wr wkh Jdxvvldq pl{wxuh zkloh wkh
wzr vhulhv duh doprvw lghqwlfdo iru wkh odujh �upv1 Wklv ri frxuvh kdv wr gr zlwk wkh
orz ghjuhh ri iuhhgrp hvwlpdwh iru wkh w0glvwulexwlrq �wwhg wr wkh vpdoo �upv1 Fohdu
frxqwhu0f|folfdo sdwwhuqv lq yrodwlolw| wkdw ohdg uhfhvvlrqv hphujh iru doo prghov1

Vlplodulwlhv ehwzhhq prghov duh ixuwkhu zhdnhqhg rqfh kljkhu rughu prphqwv
duh frqvlghuhg1 Wkh frqglwlrqdo vnhzqhvv lv ri frxuvh }hur iru wkh vlqjoh0vwdwh
prgho1 Krzhyhu/ wkh vnhz jhqhudwhg e| wkh Pdunry pl{wxuh prghov �wwhg wr wkh
vpdoo �upv iroorzv d surqrxqfhg f|folfdo sdwk zlwk qhjdwlyh frqglwlrqdo vnhzqhvv
lq wkh odwh h{sdqvlrq dqg hduo| uhfhvvlrq vwdjh/ f1i1 Iljxuh 81 Wklv �qglqj pdwfkhv
zhoo zlwk wkh iuhtxhqw rffxuhqfh ri qhjdwlyh uhwxuqv dw wklv vwdjh ri wkh f|foh1 Lw
lv lqwhuhvwlqj wkdw vxfk qhjdwlyh uhwxuqv vkrz xs dv qhjdwlyh frqglwlrqdo vnhzqhvv1
V|pphwulf ghqvlw| prghov zrxog qrw lghqwli| vxfk h�hfwv/ vr wkh dgydqwdjh ri
xvlqj d pl{wxuh prgho lv fohdu lq wklv fdvh1 Wkh gl�huhqfh ehwzhhq wkh wklug
prphqw ri �uvw jhqhudwlrq +frqvwdqw wudqvlwlrqv, dqg vhfrqg jhqhudwlrq +wlph0
ydu|lqj wudqvlwlrqv, pl{wxuh prghov lv dovr fohdu1 Wkh frqvwdqw wudqvlwlrq prgho
jhqhudwhv qhjdwlyh frqglwlrqdo vnhzqhvv iru doprvw doo wlph shulrgv/ zkloh wkh rwkhu
prghov surgxfh erwk srvlwlyh dqg qhjdwlyh vnhzv1 Dfurvv prghov/ fruuhodwlrqv
ehwzhhq wkh wlph0vhulhv ri vnhzqhvv udqjh iurp 03145 wr 3139 iru wkh vpdoo �upv1
Iru wkh odujh �upv wkhuh lv ohvv ri d gl�huhqfh ehwzhhq wkh wlph vhulhv sorwv ri
wkh gl�huhqw pl{wxuh vshfl�fdwlrqv/ zklfk jhqhudwh zhdn f|folfdo sdwwhuqv fhqwhuhg
durxqg d vpdoo qhjdwlyh vnhz1

D vwurqj f|folfdo sdwwhuq dovr hphujhv iurp wkh frqglwlrqdo nxuwrvlv1 Iljxuh 9
vkrzv wkdw wklv kdv d whqghqf| wr udslgo| lqfuhdvh sulru wr dqg gxulqj uhfhvvlrqv1 Lw
dovr ghfuhdvhv lq wkh hduo| vwdjhv ri wkh hqvxlqj h{sdqvlrqv1 Djdlq �uvw dqg vhfrqg
jhqhudwlrq pl{wxuh vshfl�fdwlrqv surgxfh yhu| gl�huhqw frqglwlrqdo nxuwrvlv zlwk
fruuhodwlrqv dfurvv prghov dv orz dv 3171

Wkhvh uhvxowv doorz xv wr fkdudfwhul}h wkh f|folfdo yduldwlrqv lq wkh ulvn ri vwrfn
uhwxuqv dv iroorzv= uljkw ehiruh d wxuqlqj srlqw lq wkh exvlqhvv f|foh/ l1h1 gxulqj wkh
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odwh h{sdqvlrq dqg hduo| uhfhvvlrq vwdjh/ vwrfnv duh sduwlfxoduo| ulvn| wr krog vlqfh
wkhlu uhwxuqv kdyh orzhu frqglwlrqdo phdq/ kljkhu frqglwlrqdo yrodwlolw| dqg orzhu
+vrphwlphv hyhq qhjdwlyh, frqglwlrqdo vnhzqhvv1 Zlwk d vkruw ghod|/ l1h1 w|slfdoo|
lq wkh hduo| h{sdqvlrq vwdwh/ nxuwrvlv ri uhwxuqv ulvhv udslgo|1

D irupdo vwdwlvwlfdo dvvhvvphqw ri wkh prghov* fkdudfwhul}dwlrq ri wkh kljkhu
rughu prphqwv ri uhwxuqv fdq eh rewdlqhg iurp uhjuhvvlqj ydulrxv srzhuv ri wkh
uhvlgxdov iurp wkh h{fhvv uhwxuq htxdwlrq rq wkh fruuhvsrqglqj frqglwlrqdo pr0
phqwv/ f1i1 Sdjdq dqg Vfkzhuw +4<<3,=

0?| ’ @n K.d0?| ml|3�(�o +59,

Iruhfdvwv ri wkh ?wk prphqw duh xqeldvhg li @ ’ f dqg K ’ �1 Uhvxowv iurp
lq0vdpsoh dqg rxw0ri0vdpsoh hvwlpdwlrqv duh surylghg lq Wdeoh 81 Iluvw frqvlghu
wkh vhfrqg frqglwlrqdo prphqw1 Iru wkh vpdoo �upv/ doo pl{wxuh prghov jhqhudwh
ydoxhv ri @ forvhu wr 3 dqg ri K forvhu wr 4 wkdq wkh vlqjoh0vwdwh prgho1 Iru wkh odujh
�upv/ wkh pl{wxuh prgho zlwk d frqvwdqw wudqvlwlrq suredelolw| dqg wkh pl{wxuh
Jdxvvldq0w grplqdwh wkh vlqjoh vwdwh prgho lq wklv uhjdug1

Wxuqlqj qh{w wr wkh frqglwlrqdo vnhzqhvv/ e| frqvwuxfwlrq wkh vlqjoh vwdwh prgho
fdqqrw fdswxuh wlph0yduldwlrq lq wklv prphqw1 Lq frqwudvw/ vl{ ri hljkw pl{wxuh
prghov jhqhudwh d srvlwlyh lq0vdpsoh hvwlpdwh ri K1 Wkhuh lv dq lqwhuhvwlqj gl�huhqfh
ehwzhhq wkh hvwlpdwhv ri wklug0prphqw vorshv iru wkh vpdoo dqg odujh �upv1 Zkloh
wkh vorsh hvwlpdwhv h{fhhg rqh iru wkh vpdoo �upv/ wkh| duh zhoo ehorz rqh iru wkh
odujh �upv1 Ilqdoo| wkh wdeoh vkrzv wkdw wkh pl{wxuh prghov surylgh d pxfk ehwwhu
�w iru wkh wlph vhulhv ri wkh vpdoo �upv* irxuwk prphqw wkdq wkh vlqjoh0vwdwh prgho1
Wudfnlqj ri wkh irxuwk frqglwlrqdo prphqw lv sduwlfxoduo| lpsuhvvlyh iru wkh wkuhh
pl{wxuh prghov wkdw lqfoxgh d frqvwdqw lq wkh vwdwh wudqvlwlrqv1 Lq frqwudvw/ zkhq
lw frphv wr wkh odujh �upv/ wkh vlqjoh0vwdwh prgho jhqhudwhv wkh hvwlpdwh ri K forvhvw
wr rqh1

Rxw0ri0vdpsoh wkh vlqjoh0vwdwh prgho lv frpsohwho| xqdeoh wr wudfn wlph0vhulhv
yduldwlrq lq wkh vpdoo �upv* vhfrqg dqg irxuwk frqglwlrqdo prphqwv1 Zkloh d vlp0
lodu slfwxuh hphujhv iru wkh pl{wxuh prgho zlwk rqo| wkh ohdglqj lqglfdwru lq wkh
vwdwh wudqvlwlrqv/ wkh wzr pl{wxuh vshfl�fdwlrqv zlwk d frqvwdqw lq wkhlu wudqvlwlrq
suredelolwlhv jhqhudwh odujhu dqg srvlwlyh vorsh hvwlpdwhv iru wkh vhfrqg dqg wklug
prphqwv1 Wkh vlpsohvw prgho zlwk mxvw d frqvwdqw grhv sduwlfxoduo| zhoo zlwk
hvwlpdwhv ri @ dqg K wkdw duh zlwklq wzr vwdqgdug huuruv ri }hur dqg rqh/ uhvshf0
wlyho|/ iru doo wkuhh prphqwv1 Qrqh ri wkh pl{wxuh prghov vkrzv dq| hylghqfh ri
rxw0ri0vdpsoh suhglfwdelolw| ri wlph0vhulhv yduldwlrqv lq wkh odujh �upv* kljkhu rughu
prphqwv1

81 Wlph Yduldwlrqv lq Frqglwlrqdo Ghqvlwlhv

Dv phqwlrqhg lq wkh lqwurgxfwlrq/ jhqhudo ghflvlrq wkhrulhv fkdudfwhul}h wkh ulvn ri
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d �qdqfldo dvvhw e| phdqv ri wkh suhglfwlyh ghqvlw| ri wkh dvvhw*v uhwxuqv1 Iru wkh
Jdxvvldq pl{wxuh prgho wklv phdqv frpsxwlqj
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zkloh wkh pl{wxuh ri d vwxghqw0w zlwk d Jdxvvldq glvwulexwlrq uhtxluhv fdofxodwlqj
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Wkh vlqjoh0vwdwh prgho dvvxphv d vwxghqw0w ghqvlw| zlwk wlph0ydu|lqj vfdoh dqg
orfdwlrq sdudphwhuv1 Lqvljkwv lqwr krz pxfk wkh frqglwlrqdo ghqvlw| ri uhwxuqv
ydulhv iurp prqwk wr prqwk dqg krz wkh vlqjoh0vwdwh dqg wzr0vwdwh vshfl�fdwlrqv
gl�hu/ fdq eh jdlqhg iurp Iljxuh : zklfk sorwv wkh vhtxhqfh ri prqwko| ghqvlwlhv
gxulqj wkh yrodwloh shulrg 4<;5=3< 0 4<;5=45 durxqg wkh fkdqjh lq wkh Ihghudo
Uhvhuyh*v rshudwlqj surfhgxuhv1 Iluvw frqvlghu wkh frqglwlrqdo ghqvlwlhv ri wkh
vpdoo �upv1 Zkloh wkh orfdwlrq dqg glvshuvlrq ri wkh vlqjoh0vwdwh ghqvlw| ydulhv
frqvlghudeo| iurp prqwk wr prqwk/ wkh vkdshv ri ghqvlwlhv rewdlqhg wkurxjk wkh
pl{wxuh prghov fryhu d pxfk zlghu udqjh1 Wkurxjkrxw wkh ixoo vdpsoh wkh pl{wxuh
prgho jhqhudwhv d ydulhw| ri vlqjoh0shdnhg/ kxps0vkdshg/ dqg el0prgdo ghqvlwlhv
wkdw ydu| vljql�fdqwo| iurp rqh prqwk wr wkh qh{w1

Sorwv iru wkh odujh �upv uhyhdohg idu ohvv yduldwlrq lq wkh ghqvlw| vkdshv wkdq zdv
irxqg iru vpdoo �upv1 Wkh uhdvrq iru wklv lv fohdu iurp wkh hduolhu h{suhvvlrq iru wkh
frqglwlrqdo frh!flhqw ri vnhzqhvv= pl{wxuhv ri qrupdo ghqvlwlhv fdq rqo| jhqhudwh
vnhzqhvv surylghg wkdw wkhuh lv d vl}hdeoh gl�huhqfh lq wkh phdqv ri wkh pdujlqdo
ghqvlwlhv lq wkh wzr vwdwhv1 Vpdoo �upv* phdq htxdwlrqv glvsod| wkh kljkhvw ghjuhh
ri dv|pphwu| dfurvv wkh wzr vwdwhv +f1i1 Wdeohv 4 dqg 5, dqg zloo wkxv jhqhudwh wkh
kljkhvw wlph0vhulhv yduldwlrq lq vnhzqhvv1 Djdlq wklv lv frqvlvwhqw zlwk wkh wkhrulhv
rq wkh uhodwlrqvkls ehwzhhq �up vl}h dqg f|folfdo ulvn h{srvxuhv1

Wkhvh gl�huhqfhv lq ghqvlw| sorwv iru wkh prghov xqghu frqvlghudwlrq xqghuolqh
wkh qhfhvvlw| ri xvlqj pruh jhqhudo whvwv ri prgho �w wkdq/ vd|/ phdq vtxduh iruhfdvw
huuru1 Glherog/ Jxqwkhu dqg Wd| +4<<;, sursrvh wr dsso| wkh suredelolw| lqwhjudo
wudqvirup wr wkh uhdol}dwlrqv ri d wlph vhulhv dv d zd| ri hydoxdwlqj wkh ghqvlw|
lpsolhg e| wkh iruhfdvwlqj prgho1 Li wkh frqglwlrqdo ghqvlw|/ �|3�E�� lv fruuhfwo|
vshfl�hg/ wkhq

U 4|
3"

�|3�E%�_% vkrxog eh gudzq iurp d xqlirup glvwulexwlrq1 Idloxuh
wr fruuhfwo| prgho/ vd|/ wdlo suredelolwlhv zrxog uhvxow lq d glvsursruwlrqdo qxpehu
ri revhuydwlrqv ri wkhvh suredelolw| wudqvirupv ri h{fhvv uhwxuqv qhdu }hur ru rqh1
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Irupdo whvwv ri wkh suhglfwlyh ghqvlwlhv duh surylghg lq Wdeoh 91 Zh frpsduh wkh
lqyhuwhg suredelolw| wudqvirupv wr wkh xqlirup glvwulexwlrq xvlqj d Nroprjrury0
Vpluqry whvw1 Lq0vdpsoh/ qrqh ri wkh vlqjoh0vwdwh ru pl{wxuh prghov ohdgv wr d
uhmhfwlrq ri wkh qxoo dw wkh 8( fulwlfdo ohyho1 Rxw0ri0vdpsoh wkh slfwxuh lv yhu|
gl�huhqw1 Iru wkh vpdoo �upv wkh rqo| prgho qrw wr eh uhmhfwhg lv wkh pl{wxuh
prgho zlwk d frqvwdqw dqg wkh ohdglqj lqglfdwru lq wkh wudqvlwlrq suredelolw|1 Iru
wkh odujh �upv rqo| wkh prgho zlwk d frqvwdqw wudqvlwlrq suredelolw| sdvvhv wkh
whvw dw wkh 8( fulwlfdo ohyho1 Uhfdoolqj wkdw wkh pl{wxuh prghov glg qrw lpsuryh rq
wkh rxw0ri0vdpsoh PVIH shuirupdqfh ri wkh vlqjoh0vwdwh prgho/ wkhvh �qglqjv dovr
vkrz wkdw qrqolqhdu pl{wxuh prghov pd| eh ri sduwlfxodu xvh wr ghflvlrq pdnhuv
zlwk qrq0txdgudwlf orvv ixqfwlrqv1

Ehunrzlw} +4<<<, kdv sursrvhg d whvw wr hydoxdwh wkh dffxudf| ri ghqvlw| iruh0
fdvw wkdw lv vxlwdeoh iru vpdoo vdpsohv1 Xqghu wkh qxoo ri fruuhfw ghqvlw| iruhfdvwv/
wkh whvw lv eholhyhg wr kdyh jrrg srzhu surshuwlhv iru whvwlqj wkh qxoo ri d fruuhfwo|
vshfl�hg ghqvlw| ixqfwlrq1 Zh lpsohphqw wklv whvw e| iruplqj wkh suhglfwlyh ghq0
vlw| ixqfwlrq lq hdfk shulrg/ |/ +d qrupdo glvwulexwlrq/ d pl{wxuh ri qrupdov ru d
pl{wxuh ri d qrupdo dqg d |c ghshqglqj rq wkh prgho, fdofxodwlqj wkh R0ydoxhv ri
hdfk uhdol}dwlrq dqg whvwlqj li wkh suredelolw| lqwhjudo wudqvirup ri wkhvh R0ydoxhv
iroorz dq lghqwlfdo dqg lqghshqghqwo| glvwulexwhg vwdqgdug qrupdo wkurxjk d olnh0
olkrrg udwlr whvw1 Zh glylgh wklv whvw lqwr wkuhh vhsdudwh frpsrqhqwv/ whvwlqj iru
vhuldo lqghshqghqfh +dxwruhjuhvvlyh sdudphwhu htxdo wr }hur,/ }hur phdq/ dqg xqlw
yduldqfh1 Zh dovr uhsruw wkh rxwfrph ri d mrlqw whvw1 Lq0vdpsoh djdlq qrqh ri wkh
lqglylgxdo ru mrlqw whvwv uhmhfwv wkh qxoo ri d fruuhfwo| vshfl�hg ghqvlw|1 Zkloh prvw
prghov duh uhmhfwhg rxw0ri0vdpsoh/ wkh jhqhudo Jdxvvldq pl{wxuh +PVLLL, �wwhg wr
wkh vpdoo �upv dqg wkh pl{wxuh prghov zlwk d frqvwdqw lq wkh vwdwh wudqvlwlrqv
�wwhg wr wkh odujh �upv duh qrw uhmhfwhg dw wkh 4( ohyho +vpdoo �upv, dqg 8( ohyho
+odujh �upv,1

91 Frqfoxvlrq

D ydulhw| ri qhz frqfoxvlrqv derxw krz wr xqghuvwdqg wlph0yduldwlrqv lq ulvn dqg
lwv uhodwlrq wr �up vl}h kdv hphujhg iurp wklv sdshu1 Prvw reylrxvo|/ lw vhhpv wkdw
frpprqo| xvhg vlqjoh0vwdwh vshfl�fdwlrqv iru vwrfn uhwxuqv wkdw dgrsw wkh vdph
prgho lq uhfhvvlrqv dqg h{sdqvlrqv duh plvvshfl�hg dqg fdq eh vwurqjo| uhmhfwhg
djdlqvw rxu wzr0vwdwh prgho1 Gxulqj uhfhvvlrqv vlqjoh0vwdwh vshfl�fdwlrqv xqghu0
hvwlpdwh wkh vl}h ri wkh fruuhodwlrq ehwzhhq vwrfn uhwxuqv dqg yduldeohv vxfk dv
vkruw lqwhuhvw udwhv dqg ghidxow suhpld1 Olnhzlvh/ wkh| ryhuhvwlpdwh wkh fruuhod0
wlrq ehwzhhq wkhvh yduldeohv dqg vwrfn uhwxuqv gxulqj h{sdqvlrq shulrgv1 Zh dovr
�qg wkdw wkh vkdsh ri wkh frqglwlrqdo ghqvlw| ri vwrfn uhwxuqv dqg wkh kljkhu rughu
frqglwlrqdo prphqwv ydu| frqvlghudeo| ryhu wlph dqg wkdw wklv yduldwlrq lv forvho|
olqnhg wr wkh vwdwh ri wkh exvlqhvv f|foh1 Wkhvh �qglqjv vxjjhvw wkdw d frpsuhkhq0
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vlyh fkdudfwhul}dwlrq ri ulvn pxvw jr zhoo eh|rqg wkh vwdqgdug dqdo|vlv ri wkh phdq
dqg yduldqfh ri uhwxuqv1

Wkhuh lv vwurqj hylghqfh wkdw f|folfdo dv|pphwulhv lq wkh suhglfwlyh ghqvlw| ri
vwrfn uhwxuqv lv forvho| uhodwhg wr �up vl}h1 Jdlqv lq suhglfwlyh dffxudf| uhvxowlqj
iurp lqwurgxflqj wzr0vwdwh pl{wxuh prghov duh idu odujhu iru vpdoo wkdq iru odujh
�upv/ erwk lq0vdpsoh dqg rxw0ri0vdpsoh1 Wkh pruh frpsolfdwhg wzr0vwdwh prghov
gr qrw lpsuryh rq wkh rxw0ri0vdpsoh phdq vtxduhg iruhfdvw huuru vwdwlvwlf ri wkh
vlqjoh0vwdwh prgho1 Krzhyhu/ whvwv ri suhglfwlyh dffxudf| edvhg rq wklug dqg irxuwk
prphqwv ru wkh ixoo suhglfwlyh ghqvlw| lqglfdwh wkdw wkh pl{wxuh prghov ohdg wr
ehwwhu iruhfdvwv1 Olnhzlvh/ jdlqv iurp frqvlghulqj gl�huhqw wudqvlwlrq suredelolw|
prghov lv uhodwhg wr �up vl}h1 Iru wkh vpdoo �upv/ rq edodqfh d prgho zlwk d wlph0
ydu|lqj vwdwh wudqvlwlrq olqnhg wr wkh ohdglqj lqglfdwru shuirupv ehvw/ zkloh iru
wkh odujh �upv d frqvwdqw wudqvlwlrq suredelolw| prgho lv suhihuuhg1 Wklv lv djdlq
frqvlvwhqw zlwk wkh suhglfwlrqv ri lpshuihfw fdslwdo pdunhw wkhrulhv wkdw vpdoo �upv*
ulvn h{srvxuh lv prvw vhqvlwlyh wr f|folfdo yduldwlrqv1

Dsshqgl{ D
Fdofxodwlrq ri Vwdqgdug Huuruv iru wkh Suhglfwlrqv

iurp wkh Pdunry Vzlwfklqj Prgho

Htxdwlrqv +7, 0 +45, irup wkh Pdunry vzlwfklqj prgho dffruglqj wr zklfk wkh
suhglfwhg ydoxh ri h{fhvv uhwxuqv lv jlyhq e|

e4| ’ � Er| ’ �ml|3��.d4|mr| ’ �cl|3�o n E�� � Er| ’ �ml|3���.d4|mr| ’ 2cl|3�o

’ � Er| ’ �ml|3�� E.d4|mr| ’ �cl|3�o� .d4|mr| ’ 2cl|3�o� n.d4|mr| ’ 2cl|3�oc

+D4,

zkhuh wr vlpsoli| zh kdyh gursshg wkh frqglwrqlqj rq �1 Lq d pruh frpsdfw irup/

e4| ’ s|E�cl|3��c +D5,

zkhuh � ’ Eqf�c qf2c��c�2c bf�c bf2c b��c b�2c b2�c b22�
� lv wkh sdudphwhu yhfwru1 Wklv

htxdwlrq fdq eh dssur{lpdwhg e| d �uvw0rughu Wd|oru h{sdqvlrq hydoxdwhg dw �f G

e4| ’ s|E�fcl|3�� n E� � �f�
�Ys|
Y�

� +D6,

vr wkdw wkh yduldqfh ri wkh iruhfdvw ri h{fhvv uhwxuqv fdq eh dssur{lpdwhg e|
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Eleolrjudsk|

Ehunrzlw}/ M1/ 4<<</ �Hydoxdwlqj wkh iruhfdvw ri ulvn prghov/� Ihghudo Uhvhuyh

Erdug1 Ilqdqfh dqg Hfrqrplfv Glvfxvvlrq Vhulhv1 4<<<0441

Fkdxyhw/ P1 dqg V1 Srwwhu/ 5333/ �Frlqflghqw dqg ohdglqj lqglfdwruv ri wkh

vwrfn pdunhw/� Mrxuqdo ri Hpslulfdo Ilqdqfh/ Yro1 :/ ;:04441

Fohphqwv/ P1S1 dqg M1 Vplwk/ 5333/ �Hydoxdwlqj wkh iruhfdvw ghqvlwlhv ri olqhdu

dqg qrqolqhdu prghov= Dssolfdwlrqv wr rxwsxw jurzwk dqg xqhpsor|phqw/� Mrxuqdo

ri Iruhfdvwlqj/ 4</ 55805:91

Glherog/ I1[1 dqg J1G1 Uxghexvfk/ 4<<4/ �Iruhfdvwlqj rxwsxw zlwk wkh Frp0

srvlwh Ohdglqj Lqgh{= Dq h{ dqwh dqdo|vlv/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo

Dvvrfldwlrq/ ;9/ 93609431

bbbbbb dqg U1V1 Pduldqr/ 4<<8/ �Frpsdulqj suhglfwlyh dffxudf|/� Mrxuqdo

ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 46/ 58605961

bbbbbb / W1D1 Jxqwkhu dqg D1V1 Wd|1 4<<;/ �Hydoxdwlqj ghqvlw| iruhfdvwv

zlwk dssolfdwlrqv wr �qdqfldo ulvn pdqdjhphqw/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/

6</ ;960;;71

Gx!h/ G1 dqg M1 Sdq/ 4<<:/ �Dq ryhuylhz ri ydoxh dw ulvn/� Wkh Mrxuqdo ri

Ghulydwlyhv/ Vsulqj/ :07<1

Gxuodqg/ M1P1 dqg W1K1 PfFxug|/ 4<<7/ �Gxudwlrq ghshqghqw wudqvlwlrqv lq d

pdunhw prgho ri XV JQS jurzwk/� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/

45/ 5:<05;;1

Idpd/ H1I1/ 4<;4/ �Vwrfn uhwxuqv/ uhdo dfwlylw|/ lq dwlrq/ dqg prqh|/� Dphulfdq

Hfrqrplf Uhylhz/ :4/ 87808981

Idpd/ H1 I1 dqg N1 U1 Iuhqfk/ 4<;</ �Vl}h dqg errn0wr0pdunhw idfwruv lq hduq0

lqjv dqg uhwxuqv/� Mrxuqdo ri Ilqdqfh/ 83/ 46404881

Ilodugr/ D1M1/ 4<<7/ �Exvlqhvv f|foh skdvhv dqg wkhlu wudqvlwlrqdo g|qdplfv/�

Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 45/ 5<<063;1

Ilvkexuq/ S1/ 4<::/ Phdq0Ulvn dqdo|vlv zlwk ulvn dvvrfldwhg zlwk ehorz pdunhw

uhwxuqv/� Dphulfdq Hfrqrplf Uhylhz/ 9:/ 44904591

Jdoodqw/ U1/ dqg J1 Wdxfkhq/ 4<;</ Vhplqrqsdudphwulf hvwlpdwlrq ri frqglwlrq0

doo| frqvwudlqhg khwhurjhqhrxv surfhvvhv= Dvvhw sulflqj dssolfdwlrqv/�/ Hfrqrphw0

ulfd/ 8:/ 43<4 0 44531

Jorvwhq/ O1U1 dqg U1 Mdjdqqdwkdq dqg G1 Uxqnoh/ 4<<6/ �Rq wkh uhodwlrq eh0

wzhhq wkh h{shfwhg ydoxh dqg wkh yrodwlolw| ri wkh qrplqdo h{fhvv uhwxuq rq vwrfnv/�

Mrxuqdo ri Ilqdqfh/ 7;/ 4::<04;341

Kdplowrq/ M1G1/ 4<;</ �D qhz dssurdfk wr wkh hfrqrplf dqdo|vlv ri qrq0vwdwlrqdu|

wlph vhulhv dqg wkh exvlqhvv f|foh/� Hfrqrphwulfd/ 8:/ 68:06;71

bbbbbb dqg J1 Olq/ 4<<9 �Vwrfn pdunhw yrodwlolw| dqg wkh exvlqhvv f|foh/�

Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 44/ 8:608<61

bbbbbb dqg U1 Vxvpho/ 4<<7/ �Dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|

dqg fkdqjhv lq uhjlph/� Mrxuqdo ri Hfrqrphwulfv/ 97/ 63:06661



Kdqvhq/ E1H1/ 4<<5/ �Wkh olnholkrrg udwlr whvw xqghu qrqvwdqgdug frqglwlrqv=

Whvwlqj wkh Pdunry vzlwfklqj prgho ri JQS/� Mrxuqdo ri Dssolhg Hfrqrphwulfv/

:/ V940V;51

Kdqvhq/ E1H1/ 4<<9/ �Huudwxp= Wkh olnholkrrg udwlr whvw xqghu qrqvwdqgdug

frqglwlrqv= Whvwlqj wkh Pdunry vzlwfklqj prgho ri JQS/� Mrxuqdo ri Dssolhg

Hfrqrphwulfv/ 44/ 4<80<;1

Kduulvrq/ S1 dqg K1K1 ]kdqj/ 4<<:/ �F|folfdo yduldwlrq lq wkh ulvn dqg uhwxuq

uhodwlrq/� Plphr/ Eudqghlv Xqlyhuvlw|1

Kduyh|/ F1U1 dqg D1 Vlggltxh/ 5333/ �Frqglwlrqdo vnhzqhvv lq dvvhw sulflqj

whvwv/� Mrxuqdo ri Ilqdqfh/ 88/ 4596045<81

Ndqgho/ V1 dqg U1I1 Vwdpedxjk/ 4<<3/ �H{shfwdwlrqv dqg yrodwlolw| ri frq0

vxpswlrq dqg dvvhw uhwxuqv/� Uhylhz ri Ilqdqfldo Vwxglhv/ 6/ 53:0565

Nudxv/ D1 dqg U1 Olw}hqehujhu/ 4<:9/ �Vnhzqhvv suhihuhqfh dqg wkh ydoxdwlrq

ri ulvn| dvvhwv/� Mrxuqdo ri Ilqdqfh/ 64/ 43;8044331

Pdunrzlw}/ K1P/ 4<8</ �Sruwirolr vhohfwlrq�/ Mrkq Zloh| dqg Vrqv1

Sdjdq/ D1 dqg J1 Z1 Vfkzhuw/ 4<<3/ �Dowhuqdwlyh prghov iru frqglwlrqdo vwrfn

yrodwlolw|/� Mrxuqdo ri Hfrqrphwulfv/ 78/ 59:05<31

Shuh}0Txlurv/ J1 dqg D1 Wlpphupdqq/ 5333/ �Ilup vl}h dqg f|folfdo yduldwlrqv

lq vwrfn uhwxuqv/� Mrxuqdo ri Ilqdqfh/ 88/ 455<045961

Shvdudq/ P1K1 dqg D1 Wlpphupdqq/ 4<<5/ �D vlpsoh qrq0sdudphwulf whvw ri

suhglfwlyh shuirupdqfh/� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 43/ 79407981

bbbbbb dqg bbbbbb/ 4<<8/ �Suhglfwdelolw| ri vwrfn uhwxuqv= Urexvwqhvv

dqg hfrqrplf vljql�fdqfh/� Mrxuqdo ri Ilqdqfh/ 83/ 45340455;1

bbbbbb dqg V1P1 Srwwhu/ 4<<:/ �D Iorru dqg fhlolqj prgho ri XV rxwsxw/�

Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 54/ 99409<81

Ur|/ D1G1/�Vdihw|0�uvw dqg wkh kroglqj ri dvvhwv/� Hfrqrphwulfd/ 53/ 764077<1

Vfkzhuw/ J1Z1/ 4<;</ �Zk| grhv vwrfn pdunhw yrodwlolw| fkdqjh ryhu wlphB/�

Mrxuqdo ri Ilqdqfh/ 77/ 4448044861

Wd|/ D1V1 dqg N1I1 Zdoolv/ 5333/ �Ghqvlw| iruhfdvwlqj= D vxuyh|/� 4</ 56805871

Wlpphupdqq/ D1 5333/ �Prphqwv ri Pdunry vzlwfklqj prghov/ � Mrxuqdo ri

Hfrqrphwulfv/ <9/ :804441
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2[( |εt-1|/(ht-1)
1/2)-(2/π)] + λ3 ln(ht-l)

Gaussian Mixture:
ρt = β0,St +  β1,St I1 t-1 + β2,St Def t-1 +  β3 Yield t-1 + β4ρt-1+β5,St Jan +εt     

εt~N(0,hSt), ln(hSt)=λ0 + λ1,St I1 t-1 +  λ2,St[( |εt-1|/(ht-1)
1/2)-(2/π)] 

Model I: pt=Prob(st=1|st-1=1)=Φ (π0), qt=Prob(st=2|st-1=2)=Φ (π1)
Model II: pt=Prob(st=1|st-1=1)=Φ (π1∆CLI t-2), qt=Prob(st=2|st-1=2)=Φ (π2∆CLI t-2)
Model III: pt=Prob(st=1|st-1=1)=Φ (π0+ π1∆CLI t-2), qt=Prob(st=2|st-1=2)=Φ (π0+π2∆CLI t-2)

Gaussian and student-t Mixture:
Same transition probability specification as Model III with densities:
εt~N(0,hSt) if St=1
εt~t(0,v,hSt) if St=2.

ρt is the monthly excess returns on the small firm portfolio, I1  is the one-month T- bill rate, Def  is the default premium, Yield  is the dividend 
yield, Jan  is a January dummy and ∆CLI  is the annual rate of growth of the Composite Index of Leading Indicators. The sample period is 1954-1997. 

Mean Parameters Single-State Model  
Gaussian Mixture 

Model I
Gaussian Mixture 

Model II  
Gaussian Mixture 

Model III
Gaussian, Student-t 

Mixture Model
Constant, State 1 1 -0.013 (0.011) -0.016 (0.024) -0.034 (0.019) -0.030 (0.020) -0.028 (0.016)
Constant, State 2 2 -0.017 (0.011) -0.005 (0.012) -0.010 (0.010) 0.003 (0.010)

Interest Rate, State 1 3 -4.006 (1.196) -6.025 (3.022) -7.588 (3.122) -7.722 (3.054) -6.721 (2.238)
Interest Rate, State 2 4 -4.656 (1.394) 0.057 (1.741) -2.116 (1.291) 1.417 (1.587)

Default Premium, State 1 5 15.648 (10.836) 19.234 (21.684) 50.023 (20.022) 47.578 (18.462) 49.309 (15.304)
Default Premium, State 2 6 26.996 (11.839) -31.553 (13.378) -9.211 (10.777) -42.039 (12.296)

Dividend Yield 7 0.592 (0.361) 0.600 (0.342) 0.763 (0.337) 0.754 (0.312) 0.551 (0.318)

Lag Term 8 0.233 (0.040) 0.196 (0.036) 0.204 (0.036) 0.177 (0.036) 0.188 (0.036)

January Premium State 1 9 0.079 (0.009) 0.198 (0.025) 0.160 (0.018) 0.191 (0.021) 0.146 (0.016)
January Premium, State 2 0.060 (0.008) 0.055 (0.008) 0.066 (0.007) 0.052 (0.007)

Variance Parameters
Constant, State 1 -0.842 (0.463) -5.361 (0.321) -5.694 (0.257) -5.105 (0.356) -6.216 (0.350)
Constant, State 2 -7.003 (0.202) -7.177 (0.311) -6.778 (0.206) -7.228 (0.301)

Interest Rate, State 1 15.368 (10.070) 81.685 (54.354) 103.639 (41.905) 33.101 (56.448) 125.306 (66.572)
Interest Rate, State 2 88.572 (32.389) 85.874 (56.561) 48.985 (37.698) 120.508 (62.371)

ARCH, State 1 0.185 (0.058) -0.218 (0.110) -0.208 (0.117) -0.197 (0.104) -0.021 (0.115)
ARCH, State 2 0.196 (0.192) 0.510 (0.136) 0.177 (0.167) 0.429 (0.188)

Lagged Variance 0.884 (0.065)

Transition Probability 
Parameters

Constant, State 1 1.638 (0.213) 1.816 (0.166) 1.453 (0.184)
Constant, State 2 1.816 (0.183)

Leading Indicator, State 1 -0.144 (0.123) -0.251 (0.129) -0.255 (0.121)
Leading Indicator, State 2 0.174 (0.125) -0.069 (0.088) -0.006 (0.090)

Degrees of Freedom 4.113 (0.628) 7.010 (3.560)

Log Likelihood 773.235 787.408 768.676 786.973 792.596

Note: Standard errors appear in parentheses to the right of the parameter estimates.



Table 2
Large Firms

The following Markov switching model was estimated  for excess returns on the large firm portfolio

Single State Model:

ρt = β0 +  β1 I1 t-1 + β2 Def t-1 + β3 Yield t-1 +  εt     

εt~t(0,v,ht), ln(ht)=λ0 + λ1 I1 t-1 +  λ2[( |εt-1|/(ht-1)
1/2)-(2/π)] + λ3 ln(ht-l)

Gaussian Mixture:
ρt = β0,St +  β1,St I1 t-1 + β2,St Def t-1 +  β3 Yield t-1 + β4ρt-1+β5,St Jan t +εt     

εt~N(0,hSt), ln(hSt)=λ0 + λ1,St I1 t-1 +  λ2,St[( |εt-1|/(ht-1)
1/2)-(2/π)] 

Model I: pt=Prob(st=1|st-1=1)=Φ (π0), qt=Prob(st=2|st-1=2)=Φ (π1)
Model II: pt=Prob(st=1|st-1=1)=Φ (π1∆CLI t-2), qt=Prob(st=2|st-1=2)=Φ (π2∆CLI t-2)
Model III: pt=Prob(st=1|st-1=1)=Φ (π0+ π1∆CLI t-2), qt=Prob(st=2|st-1=2)=Φ (π0+π2∆CLI t-2)

Gaussian and student-t Mixture:
Same transition probability specification as Model III with densities:
εt~N(0,hSt) if St=1
εt~t(0,v,hSt) if St=2.

ρt is the monthly excess returns on the large firm portfolio, I1  is the one-month T- bill rate, Def  is the default premium, Yield  is the dividend 
yield and ∆CLI  is the annual rate of growth of the Composite Index of Leading Indicators. The sample period is 1954-1997.

Mean Parameters Single-State Model  
Gaussian Mixture 

Model I
Gaussian Mixture 

Model II  
Gaussian Mixture 

Model III
Gaussian, Student-t 

Mixture Model
Constant, State 1 1 -0.008 (0.008) -0.022 (0.009) -0.031 (0.012) -0.021 (0.009) -0.021 (0.008)
Constant, State 2 2 -0.009 (0.006) 0.007 (0.010) -0.008 (0.006) -0.007 (0.006)

Interest Rate, State 1 3 -3.688 (0.771) -5.408 (1.414) -4.382 (1.668) -5.491 (1.476) -5.559 (1.223)
Interest Rate, State 2 4 -2.765 (0.791) -2.933 (1.349) -2.898 (0.739) -2.868 (0.722)

Default Premium, State 1 5 13.269 (6.494) 25.853 (10.013) 36.274 (12.384) 25.840 (10.287) 27.010 (8.795)
Default Premium, State 2 6 6.916 (7.742) -4.579 (10.908) 6.900 (7.343) 6.137 (7.617)

Dividend Yield 7 0.659 (0.258) 0.841 (0.191) 0.662 (0.261) 0.822 (0.179) 0.813 (0.200)

Variance Parameters
Constant, State 1 -1.456 (0.760) -6.561 (0.263) -6.839 (0.277) -6.545 (0.278) -6.619 (0.250)
Constant, State 2 -8.629 (0.206) -7.644 (0.373) -8.598 (0.190) -8.588 (0.163)

Interest Rate, State 1 22.574 (13.121) 65.105 (43.003) 124.239 (44.108) 65.105 (45.251) 49.417 (41.077)
Interest Rate, State 2 188.622 (33.929) 70.823 (56.468) 188.620 (31.359) 190.627 (25.983)

ARCH, State 1 0.186 (0.064) 0.146 (0.122) 0.245 (0.122) 0.149 (0.130) 0.142 (0.098)
ARCH, State 2 -1.667 (0.276) -0.169 (0.178) -1.620 (0.247) -1.620 (0.300)

Lagged Variance 0.804 (0.104)

Transition Probability 
Parameters

Constant, State 1 1.472 (0.203) 1.391 (0.180) 1.420 (0.183)
Constant, State 2 1.348 (0.201)

Leading Indicator, State 1 -0.126 (0.119) -0.026 (0.084) -0.026 (0.061)
Leading Indicator, State 2 0.121 (0.208) -0.046 (0.066) -0.049 (0.053)

Degrees of Freedom 9.772 (3.689) 19.279 (23.023)

Log Likelihood 985.452 1001.032 988.670 1001.117 1002.840

Note: Standard errors appear in parentheses to the right of the parameter estimates.



Full Sample                      Recession Periods Expansion Periods
MSFE DM Test MSFE DM Test MSFE DM Test

Single-State 4.105 6.946 3.598
Gaussian Mixture
Model I 3.819 1.634 5.474 1.542 3.523 0.720
Model II 3.943 1.329 5.951 1.441 3.585 0.206
Model III 3.779 1.694 5.263 1.517 3.514 0.898
Gaussian, student-t Mixture 3.833 2.020 5.681 1.667 3.503 1.300

Full Sample                      Recession Periods Expansion Periods
MSFE DM Test MSFE DM Test MSFE DM Test

Single-State 1.546 2.601 1.358
Gaussian Mixture
Model I 1.547 -0.083 2.522 1.237 1.373 -1.140
Model II 1.537 0.892 2.514 1.624 1.362 -0.727
Model III 1.549 -0.185 2.537 1.013 1.372 -1.089
Gaussian, student-t Mixture 1.547 -0.100 2.529 1.095 1.372 -1.113

Full Sample                      Recession Periods Expansion Periods
MSFE DM Test MSFE DM Test MSFE DM Test

Single-State 3.982 5.171 3.829
Gaussian Mixture
Model I 4.240 -1.239 5.680 -0.853 4.055 -1.003
Model II 3.962 0.214 5.918 -0.836 3.710 1.142
Model III 3.769 1.135 4.941 0.748 3.618 1.012

Full Sample                      Recession Periods Expansion Periods
MSFE DM Test MSFE DM Test MSFE DM Test

Single-State 1.703 2.497 1.601
Gaussian Mixture
Model I 1.712 -0.194 2.424 0.353 1.621 -0.430
Model II 1.727 -0.689 2.428 0.298 1.637 -1.386
Model III 1.736 -0.921 2.639 -0.841 1.620 -0.556

Note: For the Gaussian mixtures, Model I assumes constant transition probabilities, Model II includes only the leading indicator in
the state transition equation and Model III includes both a constant and the leading indicator. The Gaussian and student-t mixture
adopts the same transition equation as model III. The DM statistic tests the null that the MSFE of the single state model is no higher
than that of the mixture models.

Large Firms

 Out-of-Sample Forecasting Results (1976:1 - 1997:12)

Small Firms

Large Firms

Mean Squared Forecast Errors Performance

Table 3

 In-Sample Forecasting Results (1954:1 - 1997:12)

Small Firms



Table 4
Market Timing Test

 In-Sample Forecasting Results (1954:1 - 1997:12)

Full Sample Recession Periods Expansion Periods
%Correct Signs PT Test %Correct Signs PT Test %Correct Signs PT Test

Single-State 0.646 6.386 0.713 3.826 0.634 5.251
Gaussian Mixture
Model I 0.636 6.132 0.688 3.402 0.627 5.261
Model II 0.644 6.860 0.700 3.605 0.634 5.947
Model III 0.644 6.569 0.688 3.428 0.636 5.622
Gaussian and student-t Mixture 0.655 7.028 0.688 3.428 0.650 6.114

Full Sample Recession Periods Expansion Periods
%Correct Signs PT Test %Correct Signs PT Test %Correct Signs PT Test

Single-State 0.598 2.306 0.663 2.905 0.587 1.029
Gaussian Mixture
Model I 0.610 2.904 0.700 3.549 0.594 1.145
Model II 0.595 2.303 0.650 2.631 0.585 1.162
Model III 0.623 3.601 0.700 3.549 0.609 1.904
Gaussian and student-t Mixture 0.631 4.019 0.713 3.787 0.616 2.249

 Out-of-Sample Forecasting Results (1976:1 - 1997:12)

Full Sample Recession Periods Expansion Periods
%Correct Signs PT Test %Correct Signs PT Test %Correct Signs PT Test

Single-State 0.580 3.143 0.700 2.233 0.564 2.656
Gaussian Mixture
Model I 0.583 3.373 0.733 2.583 0.564 2.703
Model II 0.583 3.110 0.633 1.787 0.577 3.000
Model III 0.576 3.033 0.733 2.636 0.555 2.424

Full Sample Recession Periods Expansion Periods
%Correct Signs PT Test %Correct Signs PT Test %Correct Signs PT Test

Single-State 0.519 0.154 0.600 0.959 0.509 -0.154
Gaussian Mixture
Model I 0.489 -1.067 0.667 1.717 0.466 -1.677
Model II 0.515 0.622 0.567 0.530 0.509 0.532
Model III 0.496 0.113 0.633 1.325 0.479 -0.276

Note: For the Gaussian mixtures, Model I assumes constant transition probabilities, Model II includes only the leading indicator in
the transition equation and Model III includes both a constant and the leading indicator. The Gaussian and student-t mixture
adopts the same transition equation as model III. The PT statistic tests the null of independence between the sign of the realized
and predicted excess returns and is asymptotically normally distributed.

Small Firms

 Large Firms

Small Firms

 Large Firms



Powers of the residuals from the return equation are projected on their conditional expectation 

(εt)
n= a + b(E(εt)

n)+υt

Single-State Model  
Gaussian Mixture 

Model I
Gaussian Mixture 

Model II  
Gaussian Mixture 

Model III  
Gaussian and student-

t Mixture
n=2 1.292 (0.879) 0.569 (0.894) 0.972 (0.892) 0.761 (0.792) 0.182 (0.826)

0.664 (0.230) 0.861 (0.254) 0.720 (0.241) 0.770 (0.216) 1.117 (0.297)

n=3 0.018 (0.162) -0.048 (0.129) -0.046 (0.137) -0.113 (0.125) -0.076 (0.132)
0.000 (0.000) 1.665 (1.225) 1.827 (1.138) 2.413 (1.584) 4.247 (2.868)

n=4 0.107 (0.051) 0.040 (0.063) 0.104 (0.043) 0.033 (0.061) 0.054 (0.043)
0.033 (0.033) 0.993 (0.806) 0.212 (0.178) 0.970 (0.759) 0.915 (0.470)

Single-State Model  
Gaussian Mixture 

Model I
Gaussian Mixture 

Model II  
Gaussian Mixture 

Model III  
Gaussian and student-

t Mixture
n=2 0.145 (0.393) 0.033 (0.374) 0.316 (0.388) 0.204 (0.377) 0.034 (0.394)

0.905 (0.277) 0.969 (0.268) 0.783 (0.265) 0.867 (0.269) 1.005 (0.290)

n=3 -0.036 (0.026) -0.031 (0.023) -0.023 (0.026) -0.029 (0.022) -0.031 (0.023)
0.000 (0.000) -0.230 (0.978) 0.639 (1.269) 0.131 (0.914) -0.124 (0.927)

n=4 0.005 (0.007) 0.008 (0.005) 0.008 (0.006) 0.010 (0.005) 0.009 (0.005)
0.679 (0.434) 0.418 (0.277) 0.403 (0.291) 0.291 (0.213) 0.316 (0.232)

Single-State Model  
Gaussian Mixture 

Model I
Gaussian Mixture 

Model II  
Gaussian Mixture 

Model III
n=2 3.256 (0.930) 2.011 (1.542) 3.153 (0.929) 2.618 (1.164)

0.100 (0.059) 0.467 (0.332) 0.100 (0.068) 0.282 (0.227)

n=3 -0.070 (0.232) -0.149 (0.239) -0.193 (0.252) -0.165 (0.223)
0.000 (0.000) 0.841 (0.802) 0.018 (0.068) 1.557 (1.351)

n=4 0.174 (0.084) 0.109 (0.083) 0.169 (0.084) 0.150 (0.095)
-0.005 (0.004) 0.474 (0.550) -0.009 (0.016) -0.021 (0.435)

Single-State Model  
Gaussian Mixture 

Model I
Gaussian Mixture 

Model II  
Gaussian Mixture 

Model III
n=2 1.297 (0.424) 1.262 (0.427) 1.566 (0.394) 1.287 (0.389)

0.208 (0.148) 0.227 (0.155) 0.084 (0.128) 0.209 (0.130)

n=3 -0.013 (0.045) -0.028 (0.042) -0.013 (0.045) -0.020 (0.046)
0.000 (0.000) -0.077 (0.529) 0.099 (0.310) -0.365 (0.202)

n=4 0.020 (0.014) 0.017 (0.011) 0.018 (0.011) 0.017 (0.011)
-0.184 (0.255) 0.009 (0.094) -0.102 (0.130) -0.015 (0.068)

Note: For the Gaussian Mixtures, Model I assumes constant transition probabilities, Model II includes only the Leading Indicator in the transition equation
and Model III includes both a constant and the Leading Indicator. The Gaussian and student-t mixture adopts the same transition equation as model III.

Large Firms

Pagan-Schwert Tests of Predictability of Higher Order Moments
Table 5

Large Firms

 Out-of-Sample Forecasting Results (1976:1 - 1997:12)

Small Firms

 In-Sample Forecasting Results (1954:1 - 1997:12)

Small Firms



Small Firms Large Firms

Single 
State 

Model

Gaussian 
Mixture 
Model I

Gaussian 
Mixture 
Model II

Gaussian 
Mixture 

Model III

Mixture 
Gaussian/   
t-distrib.

Single 
State 

Model

Gaussian 
Mixture 
Model I

Gaussian 
Mixture 
Model II

Gaussian 
Mixture 

Model III

Mixture 
Gaussian/   
t-distrib.

Parameter Constant -0.006 0.003 -0.038 0.005 -0.018 -0.037 0.034 0.014 0.034 0.034
Estimates Autoreg. term -0.023 -0.035 -0.011 -0.040 -0.014 0.021 0.033 0.029 0.036 0.038

Variance 0.999 0.999 0.976 0.983 1.037 0.990 0.995 0.997 1.001 1.009

P-values Constant = 0 0.603 0.418 0.809 0.359 0.744 0.625 0.444 0.505 0.412 0.379

of the test
Autoregressive 
coefficient = 0 0.894 0.938 0.378 0.913 0.691 0.397 0.436 0.753 0.440 0.436
Variance = 1 0.971 0.981 0.439 0.589 0.229 0.747 0.876 0.923 0.963 0.777

Joint test 0.962 0.882 0.702 0.773 0.630 0.798 0.760 0.909 0.745 0.696

Kolmogorov Uniform Density 0.029 0.028 0.047 0.030 0.028 0.028 0.026 0.021 0.028 0.031
Smirnov Normal Density 0.028 0.028 0.047 0.030 0.028 0.030 0.027 0.021 0.028 0.032

Kolmogorov-Smirnov Critical Values: 0.059 (5%)   0.071 (1%)

Small Firms Large Firms

Single 
State 

Model

Gaussian 
Mixture 
Model I

Gaussian 
Mixture 
Model II

Gaussian 
Mixture 

Model III  

Single 
State 

Model

Gaussian 
Mixture 
Model I

Gaussian 
Mixture 
Model II

Gaussian 
Mixture 

Model III
Parameter Constant 0.112 -0.214 -0.114 -0.111 0.146 -0.117 -0.142 -0.173
Estimates Autoregressive -0.081 -0.057 -0.044 -0.134 0.034 0.005 -0.020 0.021

Variance 0.862 1.083 0.811 0.990 0.964 1.008 1.019 0.979

P-values Constant = 0 0.181 0.351 0.469 0.029 0.580 0.940 0.745 0.729

of the test
Autoregressive 
coefficient = 0 0.039 0.002 0.025 0.071 0.015 0.063 0.026 0.005
Variance = 1 0.001 0.061 0.000 0.810 0.401 0.855 0.668 0.636
All of them 0.001 0.000 0.000 0.028 0.100 0.309 0.120 0.048

Kolmogorov Uniform Density 0.103 0.104 0.141 0.080 0.102 0.060 0.098 0.088
Smirnov Normal Density 0.106 0.106 0.140 0.083 0.106 0.057 0.102 0.091

Kolmogorov-Smirnov Critical Values: 0.084 (5%)   0.101 (1%)

Note: For the Gaussian mixtures, Model I assumes constant transition probabilities, Model II includes only the Leading Indicator in the transition
equation and model III includes both a constant and the Leading Indicator. The Gaussian and student-t mixture adopts the same transition
equation as model III. The Kolmogorov-Smirnoff statistic tests the null that the predictive density implied by a given model is correctly
specified. Under the null of no misspecification, the inverted probability transforms should be either iid normally distributed with zero mean, unit
variance and zero autocorrelation or follow a uniform distribution, depending on which probability transform is used. The p-values measure the
probability that the null is satisfied.

Table 6

Predictive Density Tests

 In-Sample Forecasting Results (1954:1 - 1997:12)

 Out -of-Sample Forecasting Results (1976:1 - 1997:12)





Figure 1 (cont)
Probability of State 1 Large Firms
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Figure 2
Variations in Predictability of Returns
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Note: These figures plot estimates of the squared correlation between predicted and realized excess returns computed in a 
neighborhood of state- 1 probabilities (upper  windows) and conditional volatilities (lower windows). A tricubic spline was used to 
produce the plots.



Figure 3
First Moment, Small Firms and Large Firms

Note: Shaded areas indicate NBER recession periods. The figures plot the conditional mean of excess returns implied by the single 
state model and the different specifications listed in the footnote to Figure 1. Model II and III are not plotted because they are very similar
to the Gaussiand and t- mixture.
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Figure 4
Second Moment, Small Firms

1954.01 1958.01 1962.01 1966.01 1970.01 1974.01 1978.01 1982.01 1986.01 1990.01 1994.01

0

0.005

0.01

0.015

Single State

1954.01 1958.01 1962.01 1966.01 1970.01 1974.01 1978.01 1982.01 1986.01 1990.01 1994.01

0

0.005

0.01

0.015

Model II

1954.01 1958.01 1962.01 1966.01 1970.01 1974.01 1978.01 1982.01 1986.01 1990.01 1994.01

0

0.005

0.01

0.015

Model I

1954.01 1958.01 1962.01 1966.01 1970.01 1974.01 1978.01 1982.01 1986.01 1990.01 1994.01

0

0.005

0.01

0.015

Model III

1954.01 1958.01 1962.01 1966.01 1970.01 1974.01 1978.01 1982.01 1986.01 1990.01 1994.01

0

0.005

0.01

0.015

Gaussian and t-mixture

Note: Shaded areas indicate NBER recession periods. The figures plot the conditional variance of excess returns for the single state model 
and the specifications listed in the footnote to Figure 1



Figure 4 (cont)
Second Moment, Large Firms 
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Figure 5
Third Moment, Small Firms 
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Note: Shaded areas indicate NBER recession periods. The figures plot the conditional skewness of excess returns for each of the 
specifications listed in the footnote 1





Figure 6
Fourth Moment, Small Firms 
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Note: Shaded areas indicate NBER recession periods. The figures plot the conditional kurtosis of excess returns for the single state model 
and the specifications listed in the footnote to Figure 1








