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Abstract

We propose a new estimator of multivariate ex-post volatility that is robust to
microstructure noise and asynchronous data timing. The method is based on Fourier
domain techniques, which have been widely used in discrete time series analysis. The
advantage of this method is that it does not require an explicit time alignment, un-
like existing methods in the literature. We derive the large sample properties of our
estimator under general assumptions allowing for the number of sample points for dif-
ferent assets to be of different order of magnitude. The by-product of our Fourier
domain based estimator is that we have a consistent estimator of the instantaneous
co-volatility even under the presence of microstructure noise. We show in extensive
simulations that our method outperforms the time domain estimator especially when
two assets are traded very asynchronously and with different liquidity and when esti-

mating the high dimensional integrated covariance matrix.

KEYWORDS: Quadratic covariation, Fourier transform, Long run variance estimator, Market

microstructure noise



1. INTRODUCTION

There have been many advances in the theory and application of volatility measurement
from high frequency data. The ex-post measure of volatility called the quadratic variation
has been the focus of much attention. The theory has been developed in a series of papers
including: Andersen, Bollerslev, Diebold and Labys (2001), Barndorff-Nielsen and Shephard
(2002, 2004) and Mykland and Zhang (2006). This work has been recently extended to
take account of what is called microstructure noise when an underlying efficient price dif-
fusion is distorted by measurement error in papers by: Zhang, Mykland, and Ait-Sahalia
(2005), Zhang (2006), Kalnina and Linton (2008), Ait-Sahalia, Mykland and Zhang (2010b),
Barndorff-Nielsen, Hansen, Lunde and Shephard (2008, 2011), and Jacod, Li, Mykland,
Podolskij and Vetter (2009). In the multivariate case an additional issue arises, namely that
the observations are asynchronous, i.e., transactions occur at different time points for differ-
ent assets. Hayashi and Yoshida (2005) proposed an estimator of the integrated covariance
that does not require synchronization. However, their estimator is inconsistent under the
presence of microstructure noise. Malliavin and Mancino (2009) proposed a Fourier domain
approach that does not require data alignment but they did not work out the theoretical
results when the noise is present. Estimators addressing both the non-synchronicity and
the microstructure noise have been proposed by Zhang (2010), Barndorff-Nielsen, Hansen,
Lunde and Shephard (2011) and Ait-Sahalia, Fan and Xiu (2010a). The estimators are con-
sistent with convergence rates respectively O,(n'/%), O,(n'/?) and O,(n'/*). The first two
papers require aligning the data, although the consistency of their estimator is robust to the
alignment. However, the hidden cost of data alignment and non-synchronicity for these esti-
mators are that the sample size n that appears in the convergence rate is the sample size of
aligned data. Also, the drawback of Zhang (2010) and Ait-Sahalia et al. (2010a) is that the
estimator cannot be generalized to dimensions higher than two unless the covariance matrix
is estimated element-wise, which in turn does not guarantee the positive definite estimator.

See Park and Linton (2011) for a more detailed survey.



The goal of this paper is to propose a new estimator of the general multivariate volatility
measure that is robust to microstructure noise and to asynchronous data timing. The method
is based on Fourier domain techniques, which have been widely used in discrete time series to
estimate the long run variance. The key advantage of this method is that it does not require
an explicit time alignment. Our results allow for the unbalanced case where one series has
many more observations than another, which is quite common in intra-day financial time
series. In Section 2 we give a set up of the model and assumptions regarding the sampling
scheme. In Section 3, we propose a Fourier domain based estimator of integrated covariance
Section 4 presents the asymptotic properties of the proposed estimator without and with
the presence of microstructure noise. The Fourier method is further extended to estimate
the instantaneous covariance matrix and some economically interesting scalar functions of
the integrated covariance matrix. We carried out extensive simulations and the empirical
analysis reported in Section 5.

A word on notation. For scalars ¢ and b, a A b and a V b denote the minimum and

maximum value. For a series t;;, denote At;; = t;,; — t;_1;, and for any function g, let

2,79
Ag(ti;) = g(ti;) — g(ti—1;). We use —, to denote convergence in probability, and = to
mean stable convergence described in the Appendix. For real sequences a,, and b, a,, >~ b,

means a, = b, +0,(b,). For a matrix A, [|A|s = tr(ATA)Y2. Let L denote the discrete time

lag operator, so that LX; = X;_;.

2. THE MODEL AND ASSUMPTIONS
2.1 Efficient Price and Parameter of Interest

The following assumption describes the general setting used throughout the paper.

ASSUMPTION 1. The efficient price process follows a Brownian semimartingale. For a
dx 1 wector of logarithmic prices P(t) = [Pi(t),..., Py(t)]T defined on the filtered probability
space (2, F, Fi>0,P), we have



where p(u) = [py(u), ..., pa(w)]T is a vector of predictable locally bounded drifts and o (u) is

a symmetric dxd matriz of locally bounded cddldg processes with fg o(u)o(u)T @ o(u)o(u)Tdu <
oo a.s. W(u) is adx1 wvector of independent Brownian motion and is independent from
the volatility process.

The matrix fot o(u)o(u)T ® o(u)o(u)Tdu, which we call integrated quarticity, appears in
the asymptotic variance of the estimator discussed later. The assumption of locally bounded
drift and diffusion coefficient are required to apply Girsanov’s theorem to remove the drift
term in the theoretical derivation. Consider the discrete time grid 0 =tg < --- < t, =T ,
where T is fixed, and let P(¢;) denote the log price at those points. The quadratic covariation
matrix of P over a time interval [0,¢],¢ < T is defined by

[P, P], = plim Y {P(t;) — P(ti-)) {P(t:;) — P(t;-1)}T, (1)
N0y <t
where the limit is finite and well defined with probability one. Under Assumption 1, this is

almost surely equal to the integrated covariance matrix

[P,P]t:/o o(u)o(u)Tdu. (2)

A natural estimator of (2) is the finite sum given in the definition of quadratic variation,
which is called the Realized Covariance. Barndorff-Nielsen and Shephard (2002) showed
that the Realized Covariance is unbiased and is a y/n consistent estimator of the integrated
covariance under Assumption 1 and assuming synchronous trading. Throughout this paper
we will reserve the square bracket to denote the quadratic variation, following the convention
in the stochastic processes literature. The objective of this paper is to consistently estimate
the integrated covariation matrix (2). The integrated covariance is related to the covariance

matrix of prices by

corlP(0)} = B{ | oaW(w)( [ oW w)} = [ Blewa i - BP.P,

where the second equality follows from It6’s formula. Let [P, P] := [P, P],. We will denote



the (i,7)- th element of an instantaneous covariance matrix by ¥, ;(u) = {o(u)o(u)T}; ;.
The j-th diagonal element gives an integrated variance [P}, P;] = fOT 2 (u)du.

Two problems are present in estimating (2). First, prices of different assets are observed at
different times. Second, observed prices are distorted by noise and do not satisfy Assumption

1. We propose below an estimator that is robust to these two problems. We will examine in

detail the two problems in the following sections.

2.2 Sampling scheme
In this section we describe the main assumptions we make on the observation times. We
allow for unequally spaced and asynchronous observation times.

ASSUMPTION 2. The time span is fized and scaled to vary between [0,27]. We observe
log prices at discrete time points: 0 = to, < -+ <ty =27 for ¢ =1,...,d, where ny
1s the total number of observations for the (-th asset. The discrete time points are allowed
to be stochastic and assumed to be independent of the price and volatility process. The total
number of observation points ny is large and n := miny(ny,) — oo. Unless otherwise stated,

all convergence below holds with probability one. For all a,b, € {1,...,d} :
1. The discrete time points satisfy supg<;p, (tie — ti—10) = O(ny ).

2. Denote the interval I;, = [ti—1a,tia) and Ly = [tj—1p,tjp). Define the empirical

quadratic covariation of time by

QELTI)LZd(t) = (na Ay A Ang)

Z (tia Ntjp —ticia V1) (ke Atia — thie1e V tic1.4) (3)

4,0k, a0t btk estl,a<t
X 1{1i,aﬂfj,b7f@}1{Ik,cﬂfz,d75@}1{Imm{(i,@,(j,b)}ﬂ-’mm{<k,c),(z,d)}75@}7
where Lningia),Gpy denote L, if ng < ny and I;y otherwise. Lyingke),a.d)) 15 equiva-

lently defined. The empirical quadratic covariation satisfies Q%Zd(t) — Qupea(t) as

Mg ANy AN Ang — 00, where Qupea(t) is continuously differentiable.



3. The degree of non-synchronicity satisfies sup; ; [tio —tip|1s, 1,20y = O((ng Any)™h).

Given any set of {tiqa,tjp} such that n, < n,, we assume that

Ng V Ny
tn € Mtira tia)llir or —0 .
S (0 € st Lo} = O (257

The expression in Assumption 2.2 specializes to Q) (1) = ng Zi:ti’a _(At;4)?, which ap-
pears in the asymptotic variance of the integrated variance estimator and Q((E)b(t) = (ng A
ny) Zz‘,j:ti,a,tj,bq Aty oAt plyr, 01,203, Which appears in the asymptotic variance of the in-
tegrated covariance estimator. The expression (3) appears in the asymptotic covariance
between the integrated covariance estimators. The Assumption 2 does not restrict the ratio
of sample sizes of different assets to be bounded away from zero or infinity. One asset can
be allowed to be much more liquid than the other. If Assumption 2.1 is further restricted
to inf; At;, = O(ne™') and sup; At;y = O(n,~'), then Assumption 2.3 is implied. Define
{Tl(ab)}lngN;ab) ={tioUtip,i=1,....,n1=1,...,n}, where N}ab) is a total number of
data points for union of time stamps. The sample size of the union of time stamps, N:(Fab) is
of order O(n, V ny). We introduce here some notation we will use in the sequel. Denote the
average interval size for asset ¢ by At, := 27 /n,. When comparing asset a and asset b, denote
for convenience the average interval size of the more liquid asset by Eﬁab =27 /(n, Vny). We

may drop the asset index whenever it is obvious.

3. ESTIMATION
3.1 Our Estimator
We propose to use the Fourier domain approach, which does not require data alignment at
all. A nonparametric method based on the Fourier analysis of returns was first introduced
by Malliavin and Mancino (2009). Frequency domain techniques are widely used in discrete
time series analysis. One important and related application is the estimation of the long-
run variance of a stationary time series analysis, which is equal to the spectral density at a

frequency zero. We draw a natural link of such traditional method to the estimation of the



quadratic covariation of a continuous time processes.

The Fourier basis given by {g:(¢) := exp(iqt),q € Z} where i = \/—1 and ¢;(q) denoting
its complex conjugate, constitutes an orthonormal basis on the interval t € [0, 27},

1 1 ifk=j

o 0 gt(k)gt(‘])dt:{ 0 otherwise.

We can express the continuous time signal {3 (%) }1c[o,2+] as a linear combination of the Fourier

basis with coefficient denoted by F(%)(q) for ¢ € Z

5= 5 > FD)a) expliar), (1
and its Fourier pair by
F(2)(q) = /0 " exp(—ig)S(Mdt,  q—0,41,42, ... (5)

This is the continuous time Fourier transform of an instantaneous covariation matrix and at
g = 0 we have the integrated covariance. We will propose an estimator for the above general
form in (5). The above Fourier pair suggests that once we estimate the Fourier coefficient

A~

by F(X)(q), we may reconstruct the signal by replacing the infinite sum by the finite sum

~ 1 < ~ .

B(t) = o q:zn F(2)(q) exp(igt).
By Assumption 1, we have {3(¢)} € L?*([0,27]) which guarantees that (4) is finite and
BIGESGIE —p 0. We next show how we can estimate (5) from the Fourier transform of

the return process. We define the continuous time Fourier transform of return dP(t),¢ =

1,...,d satisfying Assumption 1
2m
F(P)(a) = / exp(—iat)dPy(t), a=0,+1,£2,... (6)
0
where the integral is a stochastic integral. The discrete Fourier transform of the ¢-th asset is

J—"n(Pg) (a) = Zg eXp(—iatj,g)APg@j’g). (7)

J=1



Let F,(P)(«a) = {Fn(P1)(a), ..., Fn(Py)(«)}T for a € Z denote the vector of such Fourier
transforms. Denote the amplitude window by Ky(-) : [-m, 7] — R. It is defined by
Kg(\) := HK(HM\), where the spectral window K (-) satisfies the following assumption.
ASSUMPTION 3 The spectral window K (M), A € [—m, 7| satisfies the following conditions:
i) [T K\)dN =1, [T AKN)dA = 0; (il) [T |[K\)Pd)\ < oo, [T AK(N)|?d\ < oo and
JT MK (V[P < oo; (i) K(A) >0, VA € [—, 7).
Our proposed estimator of (5) is given by
FE)(@) = (FE)@)ig = Y Ku(ha)Fu(P)(@)Fu(P)(g — )T, (8)
la<m/2
where for p(n) := max,—; .. 4ng, we define A\, = 2mwa/p(n), for a € Z. We let m = p(n)/H
where the bandwidth H — oo and p(n), m — oo as n — oo. We are smoothing A, over the
interval [—m/H,m/H| where H controls the width of the smoothing window. We name our
estimator, Fourier Realized Kernel. For ¢ = 0, we may define the realized cross periodogram
between assets 1 and 2 by I1o(0) 1= Fp,(P1)(c) Fn(P2)(—a). Then (1, 2)-th element of F(X)(0)
is given by kernel smoothing the realized cross periodogram around the zero frequency
F(S12)(0) = > Ku(Aa)ha(a). (9)
la<m/2

The condition (iii) in Assumption 3 guarantees that the estimators defined in (9) is p.s.d.

3.2 Comparison with some Time domain estimators

We first make a comparison with the covariation estimator of Hayashi and Yoshida (2005).
Their estimator is a realized cross periodogram at zero frequency over the interval that
overlaps i.e HY = 37" > 702 AP(t;1)AP(tj2) 11 ,n;,20)- Then the centered realized

cross periodogram can be decomposed into I3 2(0) — 0% Yio(t)dt = My + My, where

{I;1NJj2=0}"

2
M, = HY — / Sio(t)dt My = ZAPl )APs(s5)1
0

Hayashi and Yoshida (2008) showed that /nM; is asymptotically zero mean Gaussian, i.e.,

HY is unbiased estimator and achieves y/n consistency when microstructure noise is not

9



Figure 1: Toy Example ¢

Realized Covariance Double Summation
o @ D@ &
. | ] NG |
Assetl | | | | | |
t 0,1 t1,1 t 2,1 t 0,1 t_1,1 t 2,1
o @ 0] @,% &
Asset2 |
t.0,2 t 1,2 t.2,2 t 3,2 t 0,2 1,2 t.2,2 t.3,2
| |
| |
BIAS
*NOTE: Suppose P (t) = Py(t) = B(t), an independent Brownian motion. Then [Py, P](1 fo dt =1.

Let Py (t;1) be observed at {0,1/2,1} and P»(¢;2) at {0,1/4,3/4,1}. The refresh time grid is the same as
the time stamp of the first asset in this case. The double summation estimator >, . APy (t;,1)AP(t;,2) does
not have a bias induced by aligning the non-synchronously observed data.
present. The realized periodogram is unbiased but inconsistent due to the extra term in M,
which has a zero mean but it is a leading order term of O,(1). Figure 1 clarifies how the
realized periodogram at zero frequency does not suffer from the bias due to non syncronicity
of observation points. For data that is synchronized at {7;}, we may define a realized
autocovariance function v,5(h) = >, AP(7;)APy(Ti—1),h € Z, where Y . = >, ., for
h>0,and ;= > ;. for b <0. Given a smoothing window in time domain &(-), the
Realized Kernel proposed by Barndorff-Nielsen et al. (2011) is

k(2 h—NAP APy(r )k (2 10
Z I r12(h) = Z 1(74) 2(73') o ) (10)
‘h‘<n 17.7:1

We recognize that the estimator in (9) can be expressed in a similar form

ny ng

Z KH 112 ZZAPl APQ S])k’H( ), (1].)

jal<m/2 i=1 j=1
where we defined the scaled bandwidth i = HAZ, in which case ky(t; — s;) = k(tl_Ts’)
The lag window k(-) and spectral window K(-) are fourier transform pairs and using the

Parseval’s identity, the Assumption 3 can be translated to condition on the lag windows.

10



When time stamps are equally spaced and synchronous, i.e. 7, = 7; + (i — j)27/n, the

realized cross periodogram is a fourier transform of the realized autocovariance, i.e., I15(a) =

n—1

i€ eh2m/ny o (h). Then our estimator (9) can be expressed as smoothing the realized

autocovariances. When data is not syncronous, using all the data and implement (11) delivers
superior estimator, which we will show in the next section. We also note that the relation
between the smoothed periodogram to estimate the spectrum and data tapering (i.e., Fourier
transforming the weighted return) is analogous to the relation between our estimator and

the pre-averaging estimator of Christensen, Kinnebrock and Podolskij (2010).

4.  ASYMPTOTIC PROPERTIES
4.1 Without Microstructure Noise
We consider the case where the sample sizes of different assets may not be of the same order
of magnitude. We require the following rate condition.

ASSUMPTION 4. H is a bandwidth satisfying H o n® with « € (0,1) so that we have
as n — 0o, H — 0o and n/H — oo. Also assume that (ng,V ny)/(ne Any) = o(H) for all
a,be{l,...,d}.

REMARK Let 3 > 1 be a degree of liquidity parameter so that n, V n, = O((n, A ny)?).
Then, Assumption 4 implies that 1 < f < 2 for all a,b € {1,...,d}. By balancing
the squared bias and the variance given in Appendix, the optimal bandwidth is given by
H = Cyn®™, o = (48 — 3)/5, where Cy € (0,00). Then the convergence rate of the
estimator under the optimal bandwidth is given by (n; Ang)?, 0 < 9 = (4 —28)/5 < 2/5.
The result makes intuitive sense that for unbalanced sample sizes, the estimator converges
at slower rate than the balanced case, n*°. As the discrepancy between the liquidity of asset

increases (higher f3), the estimator becomes less efficient.

Define for each a =1,...,d, B,, = 0 and

_ |K"(0)] A7
202

A N9
Bab

27 ) n
/ e M| Sy ()|dt ; A= lim  —
0

n1/A\ng—00 e

Sup|t, - Sj|1{fi,1ﬂfj,27é@}7
Z7j

11



where 0 < A < oo under Assumption 2. A could be thought as a measure of the degree of
non-synchronicity. When the two series are perfectly synchronized and balanced then A4 = 0;
otherwise it is O(1) under Assumption 2.3. Define the asymptotic variance for the typical

diagonal and off diagonal element:

21
Vi = 20|k / 25 (1)dQun (1)
0

2m
Vab = COHkH2/ eiqut {Eaa<t)2bb<t)dgaabb(t> + E§b<t)dgabab<t>} .
0

The covariation between the integrated covariance estimator of asset a and b with the esti-

mator of ¢ and d is given by
2 )
Vab,cd = COHk”Q/ 6712tq {Zac<t)2bd<t>dgacbd<t) + ZadEbC(t)andbC(t)} .
0

Let B and V be the bias and covariance matrix of the vech of unique elements of our estimator.

Define D}, to be the matrix of convergence rates, such that

4928
5

Dy, = diag {vech(D;)} ; {Dy}aa = Va3 {Dh}ap = (na Amp)’s 0 =

for 1 < 8 < 2, where the upper bound ¢ = 2/5 is obtained when the sample sizes are of the
same order.

THEOREM 1 Suppose that Assumptions 1 - 4 hold. Then,
D,vech { F(Z)(q) - F(T)(a)} = N (B,V).

REMARK When data is synchronized and balanced we have B,, = 0 and the covaria-
tion estimator achieves the same rate of convergence as the variance estimator. Our result
is comparable with Malliavin and Mancino (2009) whose results were under sub-optimal
bandwidth.

REMARK ON EFFICIENCY If our goal is to achieve the most efficient estimator, we can
estimate the asymptotic bias term and subtract it from our estimator. In that case we can

get v/n convergence rate at the cost of sacrificing the positive definiteness of the estimator.

12



We also may estimate each element of the covariance matrix in most efficient way and use the
clipping method to achieve p.s.d i.e. we can project a d X d symmetric covariance matrix esti-
mate which has singular value decomposition, UTdiag[\y, - - - , \,]U as Ul diag[A], - -, )\; U
where )\j+ = max{\;,0}. Whether we should emphasize on the efficiency of an estimator or
on the covariance estimator that is guaranteed to be positive definite depends on problem
at hand and we leave this choice to the practitioner.

REMARK ON DIFFERENCE FROM REALIZED KERNEL We analyze the asymptotic bias of
our estimator v.s. the time domain estimator. Define u;; = t; A s; and l;; = t,-1 V s;_1.

Conditionally on 1 jju,;>1,,}, the asymptotic bias of (11) is given by

S [ R0 - Pltndr® + [P - P

li,j
Uy, 5 2
+3 /l - Spo(t)dt

- /l dP(t) /l dPy(s){1 = ku(ti — s5)} = (i) + (i) + (i),

i Yl irj
where (i) = O,({n1 V na}~Y?) and (ii) = O,({n1 V ny}~') are due to the discretization
error of the continuous time signal, which depends inversely on the number of union of time
stamps for two assets. (ii1) = Op({ (5 3%;}°) is due to smoothing, which can be controlled
as it depends on the bandwidth. The leading order term is then (iiz). See Appendix. Our
estimator does not suffer from the Epps effect, that is, a negative bias arising due to aligning
the non synchronous data. In fact, the realized covariance applied to the refresh time aligned
data has a non vanishing component (7i), which is analyzed in Theorem 1 of Zhang (2010).
The stochastic bias term of the Realized Kernel can be derived similarly, given N as a
refresh time sample size, the asymptotic bias is given by O,(N~Y2) + O,(N~Y) + O,(H?),
where bandwidth H is chosen for the Realized Kernel. In practice, with high frequency
data N = o(n; + ny). Hence, using all the realized transaction stamps is a much finer

approximation for the real line [0, 2] than the coarser refresh time. If we let N = (ny Ang)",

then under the optimal bandwidth, our estimator converges faster at (n; A ny)4=2%/5 than

13



the Realized Kernel at (n; Any)?/®, when r < 2— B i.e. N = o(n; Angy). In two dimensional
case, this condition will hold when two assets are traded very asynchronously and it will

most likely hold when we are estimating the large dimensional covariance matrix.

4.2  With Microstructure Noise

The empirical evidence from the volatility signature plot suggests that the observed price
deviates from the semimartingale assumption. More precisely various studies document
that the observed high frequency returns have infinite quadratic variation. To model this
phenomena, we make the following assumption.

ASSUMPTION 5. Let X(t;;) be the observed log price of the j-th asset which has two
additive components. One is a discrete realization of a continuous signal Pj(t; ;) that satisfies
the semimartingale Assumption 1 and the other component is a noise process with respect to

the realization of transaction time U;(t; ;)
Xj(tiy) = Py(ti) + Uj(ti)- (12)

In univariate studies, it is usually assumed that U;(¢; ;) is a stationary time series, which
has been supported by empirical studies. There has not been a lot of empirical work studying
the cross autocorrelation of the microstructure noise for the multiple asset case. We think
it is realistic to assume the following for the microstructure noise that allows cross-sectional
correlation in the measurement error process.

ASSUMPTION 6. Let U;(.),j = 1,...,d be a n dimensional stationary process, inde-
pendent of the efficient price process with E(U;(.)) =0 and covariance function defined by
EU,(tia)Us(tjp) = v(|tia — tj7b|/&ab) that satisfies for some d X d p.s.d. covariance matriz

I" with (a,b)-th element denoted by T4,

na—l nb—l

(ma A1) ™ DY " A(|tia — tisl/Atay) = T
j=1

i=1
We also assume that |E(U,(tiq)Us(tjp), Uc(tre)Ua(tia))| < p(M), where

M = Sup gy, gp,s11 (Fup — tv,s)/&ps}< oo and Y > p(v)(1 +€)V < oo for some € > 0.

14



We will show that our estimator in (8) is a consistent estimator of the Fourier transform
of the covariance matrix even under the presence of microstructure noise. We add one further
assumption on the end points.

ASSUMPTION 7. The two end points, X;(to ;) and X;(t, ;) are respectively an average of
mg number of distinct observations on the interval [t_y j,t0;) and [tn;, tnt1,;)-

This assumption turns about to be crucial for our estimator to achieve consistency. The
time domain estimator by Barndorff-Nielsen et al. (2011) also assumes this condition. From
Proposition 1 and 2 in the appendix, we derive the rate of convergence of our estimator by
balancing the asymptotic variance of order O,(H/(n1 A n2)) and the asymptotic bias of order
O,((n1 V na)/H?). The optimal bandwidth is given by H = Con®’, o* = (28 + 1)/5, where
Co € (0,00). When the two sample sizes are the same order i.e.(8 = 1), then o* = 3/5. In
general, liquidity parameter 1 < 8 < 2 implies that 3/5 < o* < 1. The rate of convergence
is then (n; Any)?, 0 <9 := (2 — 3)/5 < 1/5, where the upper bound is achieved when the
sample sizes are of the same order. We define a finite tuning parameter n in a following
way. There exists C* € (0,00) such that n,supy<;<,, Atiy < C* for V/ = 1,...,d under
Assumption 2.1. We define n = (£-)2. Let denote B = vech(Cyn|k”(0)|T),and let V be as

defined in Theorem 1. Let D} be the matrix of convergence rates

9 _
D, = diag {vech(D})} {D}}ap = (na Anp)’ 9 = — 1< 8 <2,

where the degree of liquidity parameter 3 is defined in Theorem 1. The the upper bound for
¥ is 1/5 which is obtained when n,/n, = O(1).

THEOREM 2. Suppose that Assumptions 1-7 hold. Then,
Dvech { F(2)(q) - F(2)(g) } = N (B,V).

The instantaneous covariance matrix is also a parameter of interest, see Kristensen (2010).

We can construct an estimator of instantaneous covariation matrix by Fourier inverting the
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estimator given in (8)

)= o= 3 Kl explia) F(2)(0). (13)
lg|<m/2
Suppose that the modulus of continuity of 3(¢) denoted by C(h) is given by
e(h) = sup [S() - S(s)]e (14)
|t—s|<h
The continuity assumption is met when each element of 3(¢) in Assumption 1 does not
contain jumps, for example, when it is a Brownian semimartingale.

THEOREM 3. Suppose that the assumptions of Theorem 2 hold and that (14) holds. Then,
there ezists a sequence §(n) — 0, such that

lim sup || 2(t) = =(t)]2 = 0.
00 §(n)<t<2m—(n)

Often, practitioners encounter a problem of running a regression between variables that
are asynchronously observed - for example we might be interested in the effect of returns
and order book information of one asset on another asset. Hannan (1975) and Robinson
(1975) are the earlier literature on using frequency domain to solve such problems. Mykland

and Zhang (2006) discussed a general the set up of analysis of variance for continuous time

regression.

5. NUMERICAL STUDY
5.1 Simulation studies
In the theoretical work, we assumed no leverage between the volatility and the return process.
In the simulation studies, we relax this assumption and see if our estimator is robust to a
presence of the leverage. The first DGP is same as the Brownian semimartingale with the
perfect leverage given in Barndorff-Nielsen et al.(2011). For the second setting, we consider
the stochastic volatility specified as a jump diffusion process given in Ait-Sahalia et al.

(2010a) . We enrich their DGP by letting the instantaneous co-volatility coefficient to follow
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Table 1: 2 dimensional covariation matrix simulation result (-/100)

Realized Cov HY Realized Kernel FRK.H FRK,H*

NSR 1) (1,2) (22 (1,2) (L) (1,2) (22 (1) (12 (22 (11 (12 (22

DGP1 : Continuous Stochastic Volatility

Sampling: (3/2,30) Balanced

0 bias 1.0 (1.9) 08 1.0 10 (1.3) 08 09 (0.6) 14 09 (0.6) 14
rmse 8.0 7.6 8.1 7.6 8.2 7.5 8.0 20.9 19.6 20.8 209 196 20.8

0.001 bias 232 7.3 229 103 1.6 0.9 1.6 1.0 0.8 1.7 0.9 (0.1) o0.1
rmse 24.7 10.6 24.6 129 16.7 152 154 30.2 28.9 323 382 355 41.2

0.01 bias 225 923 225 964 35 23 40 0.6 (1.2) (1.5) 0.6 (1.2) (1.5)
rmse 226  93.6 226 976 253 237 255 438 40.1  46.7 43.8 40.1  46.7

Sampling: (3/2,30) Unbalanced

0 bias 01 (26) 05 04 00 (1.9 06 10 (31) 14 11 (0.1) 1.3
rmse 6.7 6.9 7.0 6.6 7.0 7.0 7.3 15.9 14.8 15.9 222 210 23.1

0.001 bias 235 6.6 21.3 9.5 2.0 1.8 3.1 1.5 (12.5) 5.0 1.0 (42) 2.9
rmse 24.7 9.6 22.6 117 157 146 15.6 10.5 155 12.2 152 144 15.3

0.01 bias 239 925 210 95.7 2.6 2.3 4.6 1.9 (1.9) 11.6 1.6 0.3 4.9
rmse 240 939 211 96.8 240 233 25.9 18.1 16.7 21.7 239 229 25.8

Sampling: (20,30) Unbalanced

0 bias 0.1 (27.1) 07 08 02 (237 0.7 09 (0.4) 18 09 (0.4) 18
rmse 8.3 28.0 8.2 9.3 8.4 24.8 8.2 20.2 19.1 20.9 20.2 19.1 20.9

0.001 bias 16.8 (23.1) 16.2 4.9 2.0 0.1 2.8 1.1 0.1 1.9 0.8 0.4 1.5
rmse 19.0 244 18.6 11.0 16.3 150 16.2 23.3 22.1 242 269 259 28.7

0.01 bias 162 10.4 155 41.1 3.8 2.2 4.7 1.7 0.6 1.9 1.0 (0.5) 0.2
rmse 164 16.5 156 436 24.3 234 267 322 308 345 358 341 394

DGP2 : Jump Diffusion Stochastic Volatility

Sampling: (3/2,30) Balanced

0 bias  (0.3) (2.0) (18.7) (0.3) (0.2) (1.5) (18.6) (0.1) (0.7) (18.8) (0.1) (0.7) (18.8)
rmse 6.7 18.1 20.3 18.6 7.1 18.3  20.3 18.0 23.4 24.6 18.0 234 24.6

0.001 bias 233 8.2 4.9 9.8 1.5 1.3 (16.9) 0.0 0.1 (193) 0.0 0.1 (19.3)
rmse 24.7 19.8 9.9 211 13.4 220 21.8 29.1 29.2 319 291 29.2 31.9

0.01 bias 233 967 211 988 26 21 (158) 1.4 13 (180) 102 (0.7) (10.0)
rmse 234 99.6 212 102 198 245 25.3 42.6 38.9 428 172 21.2 17.1

Sampling: (3/2,30) Unbalanced

0 bias  (0.3) (1.9) (18.8) (0.1) (0.2) (1.6) (18.8) 02 (25 (19.1) 0.0 (0.5 (18.9)
rmse 7.1 17.7 204 182 7.1 17.9 20.5 13.7 21.1 23.0 201 244 25.3

0.001 bias 240 8.0 2.6 100 0.7 0.5 (175) 15 (8.3) (14.6) 0.7 (3.2) (17.5)
rmse 25.5 19.7 9.3 211 140  20.7 215 9.2 19.1 18.0 12.8 20.5 21.6

0.01 bias 243 941 192 978 1.4 1.0 (157) 18 (16) (86) 38 (33) 2.6
rmse 244 97.1 193 101 221 247 23.8 15.2 21.6 173  12.6 19.6 14.8

Sampling: (20,30) Unbalanced

0 bias  (0.1) (16.7) (18.0) (0.0) 0.1 (147) (18.0) (0.0) (0.9) (189) (0.2) (0.1) (18.9)
rmse 6.8  21.5 19.5 19.2 6.8 20.4 19.6 17.6 23.3 242 242 270 28.3

0.001 bias 153 (13.2) (2.7) 3.7 1.6 (04) (179) 0.1 (0.4) (185) 0.1 (0.0) (18.8)
rmse 17.1 19.1 8.9 196 14,5 212 21.7 19.7 24.5 25.1 23.9  26.7 28.0

0.0l bias 159 20.6 136 401 30 12 (1590 08 09 (178) 62 0.7 (10.5)
rmse 160  26.8 137 455 22.7 258 24.1 30.2 30.6 32.6 179 22.6 17.7
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the CIR process given in Barndorff-Nielsen and Shephard (2004). Specifically, for j = 1, 2-
th asset, we let log price as dP;j(t) = o;(t)dW;(t) where EdW;(t)dW5(t) = p,dt such that
p(t) = (e*® —1)/(e**® 4+ 1) and dx(t) = 0.03(0.64 — 2(t))dt + 0.118x(t)dB,; where B, is
an independent Brownian motion. The DGP of Microstructure noise is a cross correlated
AR(1) process formed with respect to a transaction time. This can be implemented by;
Uj(ti;) = Uj(ti;) + e(ti;) with Ui(t; ;) = aUj(ti1;) + €;(t;;), where idiosyncratic errors
€j(t; ;) are independent Gaussian. The common disturbance is simulated by ¢, ~ AR(1) for

{Ti }1<i<ny = {ti1 Uti2}. The variance of the noise is set to be proportionate to the sample

integrated quarticity; ¢ \/nj—l N aﬁ(tm-), where ¢ = {0,0.0.001,0.01} is a noise to signal
ratio(NSR). We simulated the one second data assuming 6.5 hour daily trading, which give
us 23,400 daily data points over 100 monte carlo sample. We designed the simulation to
assess the impact of the asynchronicity on the estimator. We poisson sampled the data at
the rate {(3/2,30), (20,30)}. The sampling rate (3/2,2) means that we sample the first asset
on average per 1.5 second and the second asset per 2 second. To create a balanced sample
for the rate (3/2,30), for the first asset, we sample on average at 1.5 second for the first half
of the sample and at 30 second for the last half of the sample. For the second asset, we do
this in reverse order. Then we have two assets that have the same number of transactions
each day but traded very asynchronously.

For third simulation setting, we increase the dimension and consider a simple setting
where log prices are given by P(t) = AB(¢) where P(¢) is 10 x 1 vector of prices, B(t)
is 3 x 1 independent Brownian motion and A is a factor loading matrix. This is poisson
sampled at rate {2,2,4,4,8,8,10,10,30,30} and masked by the i.i.d gaussian noise.

Table 1 shows that the proposed estimator has the best bias profile and overall estimates
the off-diagonal elements better than the other methods. We calculate the optimal bandwidth
as given in Theorem 1 and 2 for each element of covariance matrix and take the minimum,

maximum of these and average of the two. We report the results for average bandwidth, H

and the bias minimizing bandwidth H*. With carefully chosen bandwidth we can achieve
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Table 2: Scalar function of 10 dimensional covariation matrix

max(eigenvalue) NSR=0 NSR=0.001 NSR=0.1
Bias rMSE Bias rMSE Bias rMSE
RV _refresh (2.34) 2.75 7.22 7.50 127 127
RV _fixed (0.85)  3.18 0.40  3.28 154 165
Realized Kernel (2.21)  2.65 0.38  3.00 1.29  4.82
Fourier RK minH (1.18) 2.17 (0.28) 1.95 1.22 3.27
avgH (0.47)  2.64 0.13  4.02
maxH (0.52)  3.13 (0.03)  4.92

portfolio

RV refresh 1.76  2.74 2712 275 256 257
RV fixed 0.14 4.09 4.14 6.31 40.4 42.0
Realized Kernel 1.66  2.67 1.67  4.16 323  6.86
Fourier RK' minH 0.26 2.51 3.88 4.87 6.88 8.55
avgH 0.73  3.67 1.76  5.58
maxH (0.20) 3.99 0.67 5.96

the best root MSE under the presence of noise. When no noise is present, the Hayashi and
Yoshida estimator performs well. The refresh time aligned method often performs better in
estimating the integrated variance of the less traded asset; (2,2) element. This is since it
effectively aligns data on the time stamps of the less traded asset. As analysed in the previous
section, when there is no noise and the number of refresh time sample is size small, thr
Realized Kernel underperforms in terms of bias. We observe also that the realized covariance
estimator aligned on sparsely sampled data often performs well - this is because there is two
opposing effect in terms of bias: the negative bias from epps effect and the positive bias
from microstructure noise. The advantage of our estimator is most clear in estimating higher
dimension covariance matrix as shown in Table 2. We estimate 10 dimensional integrated
covariance matrix and compare the maximum of eigenvalues and variance of the equally
weighted portfolio. We note that our estimator seems to have large variance, however it

outperforms other methods under presence of microstructure noise.

5.2 Empirical Application

In this section we apply the Fourier Realized Kernel to a high frequency data. We analyzed
five stocks in order of liquidity : Microsoft, J P Morgan, Dell, Caterpillar Inc. and Banco
de Chile during 05-30 March 2007, where data is taken from WRDS TAQ database. We

calculate the optimal bandwidth for individual asset by equalizing the squared bias and
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Figure 2: Comparison between Realized Covariance and Fourier Realized Kernel : Estimates

of (1,1) to (2,5) element of 5 x 5 matrix

1,1-th element , 13
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the variance term given in Theorem 2. Let n, = n® where n is a minimum of all sample

sizes, then it is given by H, = {chl"(lo)|}2/5§4/5 o

, Where C? is a squared noise to signal
ratio for each asset. We applied maximum, minimum and average of the these individual
bandwidths. The Figure 2 and Figure 3 compare the Realized Covariance and the proposed
method in estimating the daily covariation matrix. Since the first asset is least traded, the
all refresh time is effectively aligned on the trading time of the first asset. In estimating the
integrated variance, the proposed method lies between the RV using pairwise refresh time
(which will be dominated by the microstructure noise) and the RV using all refresh time

(which is more sparsely sampled, therefore less affected by the noise). Most interesting case

is the performance in estimating covariation for assets of different liquidity i.e. (1,4) and

20
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Figure 3: Comparison between Realized Covariance and Fourier Realized Kernel : Estimates

of (3,3) to (5,5) element of 5 x 5 matrix
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(1,5)-th element of the estimator in our case. The daily Realized Covariance take values
closer to zero due to Epps effect whereas proposed estimator clearly gives us non trivial

estimates.

APPENDIX A. PROOFS OF THEOREMS

We will prove the theorems for the general version of our estimator given in (8). We derive
the results conditionally on the volatility matrix and the discretization time points therefore
we regard these variables deterministic in the proofs. Throughout the proof we denote
C,Cq,Cy, - - finite constants.

Lemma 1. Let P(t) defined on the filtered probability space (2, F, Fi>o,P) satisfies

Assumption 1 with u(t) = 0. Let f(t,s;q) be a bounded and measurable function. Define
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square bracket operation to denote a quadratic covariation process defined in (1). Then,

5| K / 7 (s q)dPu() AR, / ) / T (s g )AP(s)AP(1) (A1)

- /o /0 {5 ) (8,56 VLB PA(S)IRy, PA(E) + F(E 50)f (58l Poy Pal(5)d[Bs, PO}

where double stochastic integral is Wiener-Ito sense.

PRrROOF. The double Wiener-Ito integral can be written as

/OW/wa(t,s;q)dPa(s)de(t) :/OW/O {f(t,8;q)dP,(s)dPy(t) + f(s,t;q)dPy(s)dP,(1)},

so that the integrand is measurable with respect to F; and the stochastic integration is well

defined. Two terms above are martingale. Therefore (A.1) can be expressed as

[fz“fo ,5:q)dP,(s)d t+f fo stqub( )dPa(t),]
foﬁfo t,s;q")dP.(s)dPy(t) +f0 fo s, t;q)dPy(s)dP.(t) |

Consider one of the cross product terms among four possible terms from above. By Ito’s

ol | K [ rtesaariin. [ N [ st (AP0 (A2)
—E/2ﬂ</ft$qdp ></fstq de())d[Pb,PC](t).

where d[P,, P.|(t) means [B,, P.]'(t)dt, where the prime denotes the time derivative. By

isometry,

Fubini’s theorem,

[ 5 ([ o) ([ i)

— /0%/0 f(t,5:9)f (s, 6 ¢')d[Fo, Pa(s)d[ Py, Pe)(t).

Together with the expected quadratic covariation of following terms,

ol | [ s twaneno. [ tf(t,s;q’)ch(S)de(t)]

- /0 ﬂ /Ot (s, t0) [t 5:q)d[By, P)(s)d[Fa, Pal(t),
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we have the result.
Lemma 2. Define a step function

falt,siq) = et ma)oq, (1, ()L =0y (£ )

1,J

gnlt,s;q) = Y et ey, ()1, 0(s).

1,J

where discretization points {t;,s;} satisfy Assumption 2.1. Then

27 27 27 27 1
|| ftsaasa= [ [ s of
0 0 0 0 ny

PrOOF. Under Assumption 2.1,

27 2
/0 / S = gy oy () e 0960000, (1 (s)ddt
1,

2 27
N /0 /0 Z e_zsjqe_Z(ti_Sj)a1['51'71:%[(25)1[5171:%‘[(5)1{11',1mj,27é@} (t7 S)det
,J

1

nl/\ng

< sup(At ) sup (Asj) Z Lirann 200 = O(

i,

Lemma 3. Define a step function weighted by kernel satisfying Assumption 3 by

f (t $;4,a b) = Z e_itj’bqu(ti a tjvb)l[tifl,ayti,a[( )1[?5; 1,b5t5, b[( )1{Ii,aﬂ1j,b=@}(tv S)? (A3)

g t S; q7a b Ze ’Lt] bqu 1“ _tjyb)l[ti—l,ayti,a[( )1[t] 1bt] b[( )

Then it holds that

Ng N1y AN A\ Ny

H /OW/Oan(t,s;q,a,b)fn(t,s;q,c,d)d[Pa,PC](s)d[Pb,Pd](t) (A.4)

2m
— |&|* / e~ Py, Pe]' (1) [Py, Pa] (t)dQacva(t),
0

where Q.(t) is defined in Assumption 2.
Proor. We will proceed by proving for univariate, bivariate and general version of

the formula in (A.4). First note that for any function d(-,-), it holds that >, d(i, j) =

S ::_lh d(j,j+h)+ >, Zj 1o d(J, 7 — ), which we will denote by >, d(i, j)
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S - "d(j,j + h)[2]. For univariate case, by Lemma 2, we can replace f, by g, with

error O(n~1). Then (A.4) is approximated by 2 D o 2 h(e_“ﬂq+e‘itﬂ'qe—itﬂ'+h‘1)k?{(tj+h -

)P, PY (tjsn) [P, P) (t;) At At;[2], which is equal to
Ki(tn) ) _(e7%0 + e7"9e™ ) [P PY (1) [P, P)(8) Atyn Aty (2] (A.5)

In (A.5) we can make approximation t; — t;_; =~ t;, under Assumption 2. We may replace

the second summation in (A.5) to run to n, with approximation error
n n—1 h
7 2 k() D (e e e PP () [P, PY () Aty At [2
— 1

j=

< C’Q(supAtj)Qn Z %kH (tp) ~ —Cg/ :17k:2

|h|<n
Then (A.5) is equal to
n—1 n
n it —itiq —its
H {kH 0+ QZ%W} S (e 4 et PP (t,0) [P, Pl (1)
h=1 j=1

< Atjunty+ 0050 = 2kl [ e (P PR (DG ) (A6)

where Q;;(t) is defined in Assumption 2. For the bivariate case we first establish some
inequalities regarding the two grids of time stamps,

ZAtiAsj 2 Z AtzASjk?q(tz - Sj) 2 Z AtiAsjl{Ii’lﬁIjg;ﬂD}; (A?)

i\j i\j i,j
since they are of order O(1), O(H/(n; Any)) and O((ny A ng)~t) respectively. Recalling
that {7;}1<1<np are union of time stamps, the lower bound for all (A.7) is >, (t; Asj —t; V
s5)% < supy|Ti — Tia| 3oy en, [Tt = Tica| = O((n1 V m2)~"). By Riemann approximation of
a continuous integral and (A.7), under Assumption 2.2,

(na Amg) Y e 9P P () [Po, Po) () AtiAs; 11,y a0y
]

—>/0 ﬂ’e*’ith[PhPl]/(t)[z_‘)27 P2]/(t>dQ1122(t)_
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Using Lemma 3, then it holds that

t; S
nl;\],n2 €_i2sjqk?{(ti — Sj)/ d[Pl, Pﬂ(t)/ d[Pg, Pg](S)
i ti—1 Sj—1
niy A ng —i2s,
~ 1H Z e 2 qu?q(tz — Sj)[Pl, Pl]/(ti)[PQ, PQ],(Sj)AtZ‘ASj

i7j
~ [|k]1(n1 A ng) Z e 5Py, Py (t)[Pa, Po) (s5) AtiAS; 11, 11, 520y

7:7‘7‘

BT / " e B P (6)[Py P/ (1)dQuin (1), (A3)

where the approximation errors are similarly derived as the univariate case. Next we note
that the cross product term simplifies to g,(t,s;q)gn(s,t;q) = D2, ;5 € e 1lkp(t; —

5 km (te — 80) it vesr_1tins (F) Lite_ v, tons;[(8). Then by Lemma 3 and (A.7),

ny A Ny 2w 2m
i fn(t, 55.0) fu(s, £ q)d[ Py, Po](8)d[Po, Pr](s)
0 0
A . )
e TS e e Oy (1 — sk (e — 0)[Pr Pl (8 A s)[Pas P (b A )

i’j7k7l
X (tiAsi—tia Vsia)(te A sy —teo1 V 8j-1) 11100020y L 101 0}

~ ||klP(na Amg) Y e 9Py, By (1 A 1) [Pa, P (8 A )

i?j7l

X (i ANsp—tia Vsia)(ts A sy —tir V85 1) 11 01020y L{1i11; 220}

—|K[? /0 ' e H([Pr, Py )2 (t)dQuaa(t). (A.9)

To analyse (A.4) for four assets, we first replace off-diagonal step function f,, by g, by Lemma

2 and note that fOQW 0% gn(t, s;q,a,0)g,(t, s;q,c,d)dsdt is given by

Z ke (tia —tip)ka(tee — tia)(tia Atee = tici,a Vtk—1,c)(tip Atra —ti—1p Vti—1,4)  (A.10)

i7j7k:7l

The upper bound for (A.10) is given by

Z (tiaAthe—titaVie-1.e) s Atra—ti-1oVti1,a) g ann 20y L, ,nn.020p = O(1). (A1)
ikl
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The lower bound for (A.10) is given by

Z (tia Atie—tic1a Vite—1e)(tip Atra —tj—1p V tl—l,d)1{Ii,aﬁlj7bﬁlk7cﬂll,d7é@} (A.12)
i7j7k7l
1 1 Ng V1pVn.Vng
<C Lir Ar = 0(—~ ,
- na \/ nc nb \/ nd Z%:l {Iz,ar][],bm[k,cm[l,diw} ((na \/ nc> (nb \/ nd)

which will be order of inverse of second or third largest sample size. It is bigger or equal
to sum of squared union of all four time stamps which has order O((n, V ny V n.V ng) ™).
Then we may construct a quantity that lies between the (A.12) and (A.11) as following way.
For simplicity assume that n, < n, < n. < ng, then

Z (tia Atjp—tic1a V1) (ke ANig —tho1e Vti—1,4)

4,5,k,Ut a5ty btk estr,a<t

X 1{f¢,aﬂ1j,b¢@} 1{Ik,cﬂfz,d¢@} ]'{Imz‘n{(i,a),(j,b)}mlmin{(k,c),(l,d)}7£®}

11 Ng MNec np nd
< Corm DD #{the € lticrastial} Y #H{tjn € [ticrar tial} D #{ta € [thoro trel}
i=1 k=1 j=1 =1

which is order of C’nibnidnaZ—ZZ—Z% = O(n, ') under Assumption 2.3. Then (A.4) is derived
similarly as (A.9) using Lemma 3 and inequalities involving the quadratic variation of time
derived above.

Lemma 4. Let P(t) defined on probability space (0, F, Fi>o, P) satisfying the Assumption
1 and let sub-o field of F by G = o(P). The Z is a standard normal variable on the suitable

extension of probability space and V is a G-measurable stochastic variance. Then it holds

that for f,(-) given in (A.3 ),

\/%/027T Ozﬂfn<t733q>dpl(8)dP2(t):>\/§Z.

where convergence is G-stably in law.

PrOOF. Stable convergence is notion of joint convergence and stronger than conver-
gence in law. See Aldous and Eagleson (1978) Proposition 1 for the definition of a stable
convergence. Let the discretized filtration by F;, i = max;{t; < t}. For the discretized

sequence xj = /FAP(t;) D syt AP2(s5) k(i — s;j)e "% which is adopted to F;, we
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show the stable convergence of Zp' 1= > <ty Xio Y0 Zy = fg v, dWs, a Fi-conditional
Gaussian martingale. Under the following conditions: (1), E(|[x?*|Fi1) —» |2, Z);;
(2) 327 E(Ix:l*1qxn > | Fic1) —p 0 Ve we have Z" = Z stably. See the proof for The-
orem 3.2 in Jacod (1997). The sufficient condition for the conditional Lindberg condition in
(2) is the Liapanov condition Y, E({x?}**¢|F;_1) —p 0,for ¢ > 0. We will show for ¢ = 2 in

the proofs for Theorem 1 and Theorem 2.

A.1 Proof of Theorem 1

We first prove for the diagonal element. Consider the first element of the centered estimator

£ = Z K (M) Fn(Pr) () Fr(Pr)(q — ) — F(X11)(q)-

la]<m/2

We drop the subscript denoting asset for now. We can decompose the centered estimator
into two terms, & = M, + M, :
M, = Zn: AP?(t;)e "9 — / " e [P, P](t) ; My = Z AP(t)AP(t)kg(t; — t;)e 9.
i=1 0 i#£]

We will show that \/ng = 0,(1) and \/%MQ stably converges to a zero mean Gaus-
sian variable By Ito’s formula, M; can be further decomposed into a martingale M;; =
2370, ftil_l{P(t) — P(t;1)}e ™*dP(t) = O,(n~/?) and a predictable finite variation com-
ponent A = Y7, fti_i_l(e_“k — e "R d[P, P](t) = O,(n~'). This is the Euler discretization
error and its distribution is given by the Theorem 5.5 of Jacod and Protter (1998). There-
fore, /My = Op(H %) = 0,(1). Given the off-diagonal step function f,(t,s;q) in (A.3
), we can express My = 027r 0% fu(t,s;q)dP(s)dP(t) which has zero expectation. Then it
holds by Lemma 1, E[My, My] = 2 [ [ f2(t, s;q)dP(s)dP(t), which is equal to (A.6) in
Lemma 3. To verify the condition (2) in Lemma 4, let i = {>_,_, VEAP(t)AP(t)kp(t —

t;) (e 4 e=9)}. Then, E|x?|* for i = n is bounded by 2*x

n2H_2E{Z AP(t)AP(tion)km (tn)}

h=1

_ gn2H hil E ( /1t til P P]’(t)dt)2 ( / p P]'(t)dt) 2 KL (t) + 1802 H 2

ti—h—1
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Y ( / 1 ](t)dt)2 / b P / P Pt (4) K ()

h,i=1 - ti—h—1 ti—i—1

/ 2 .
< 9n’H 'sup ([P, P]'(t))" sup,(At;* ZkH th) + H Z ki (tn) kg (t)

t hi=1
=n2H'C, /OO k*(x)dx + 7’L_202(/ K (z)dz)? = O,(n?).
0 0
where [P, P]'(t)dt = d[P, P](t). In univariate case this simplifies to [P, P)'(t) = ¢%(t). The
pen-ultimate equality is using Assumption 2.1. Therefore the condition (2) in Lemma 4 is
satisfied.

We now give a result for the off-diagonal element of the estimator when time stamps
are asynchronous and sample sizes are unbalanced. We first show for the bivariate case and
will extend the result to higher dimension. Denote the transaction time of the first asset
ti1 = t; and the second asset tj, = s;. The centered estimator in (8) can be decomposed
into, & = My + M, where

2
=Y e kg (t; — 5) AP (t:) APs(5;) 11, 111, 00) — /0 e d[Py, Po)(t)
1,J

M2 = Z€_i5jqk’H(ti — Sj)APl(ti)APQ(Sj)1{[2.71m]jy2:@}.
1,7

We first derive the asymptotic bias. Let u;; =t; A's; and [;; = t;_1 V s;_1. Then,

i Uj, 2m :
Z € ZS]q/ dpl (t)/ dPZ(S)l{IiJﬁIj,Q?é@} N / eilqtd[Pb PQKZ&»
! 0

Z —zsm/ dP;(t / dPy(s){1 — ku(t; — $;) 11,01, 201)-

By multivariate 1t6’s calculus, E(M;) is given by the expectation of following terms condi-

tionally on 1¢7, a7, ,20)

S [UR0 - AwaR + e [P0 - P ARG (19

%)

* Z /%i’j(e‘isfq e ")d[Py, P (t) (A.14)

_Zew / 7 ap) /l " APy (s) {1 — k(t: — 5,)}- (A.15)

lij 0,3
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Recalling the definition of the union of time stamps in Assumption 2, the order of magnitude
of the first term in (A.13) is given by

—zs]q/ {Pl P1<lz7j)}dp2<t)

1<z<n1 1<j<ng

:Z/ | {Pi(t) = Pi(Ti-1) }P(T) — - _w]q/ {P1(t) — Pa(lig) }dPa(t)

The order of the magnitude for the second term in (A.13) is derived in a similar way. The
change of discretization points to the union of the time points are without error and holds
analytically. The order of (A.14) is O,(n;') since we can replace summation ., P
by > icicn, fs‘j];l . This term is zero for an integrated (co)variance estimator, ¢ = 0. The

asymptotic bias term conditional on the volatility path is given by
EZ —zs]q/ dP1 / dPQ(S){]_ — kH(tz — Sj)}]'{fi,lﬁsz?é@}
Li

Nzewﬂ/ (ti —sj)

AtH
2 .
n1 V ng 1 [ny Ang " o /uz,a
< | —7=] = ti — siller AL k" (0 5 d|[Py, P)|(t
_((nlw)H) 5 { P suplt = 1o | O e | il

_ (%) e wo) [ " [Py, By (1)

T VAN TLQ)

1,5

atrs PAOT-30) (U= 22) Y1,

by Taylor expansion of {k(0) — kg (t; —s;)}, the first approximation holds by Assumption 2.3
and £'(0) = 0. Then the order of the stochastic bias M is given by O (NT_l/Q) +O0,(ny") +

Op({ iz }?) for estimator at non-zero frequency and O,(Ny N; %) + 0, ke }?) for
integrated (co)variance estimator. In both cases, the leading order term for the bias is the

last term under the optimal bandwidth.

We next analyze M, which can be expressed as

M, = /0 N [ htsars)an) / K / Ful, £ ) AP, (5) APy D),

29



where f,(t, s;q) is given in (A.3). It has a zero expectation and by Lemma 1 and Lemma
3, E [My, M| multiplied by the appropriate rate of convergence is equal to (A.8)+(A.9). To
complete the proof for the stable convergence, define x} = ] sy <t \/_ AP (t;) APy (sj)kp (t;—

s;)e""191 . \nr, ,—0y- Then sup; E|x!'|* = O((ny A ny)~?) which can be proved similarly as
the univariate case. Therefore the condition (2) in Lemma 4 is met. To show a convergence
of covariation matrix estimator to a multivariate Gaussian distribution by a Cramer-Wold
device, it is sufficient and necessary to show that the linear combination of the elements
of the matrix estimator converges to a univariate Gaussian random variable. Let denote
R(q) :== F(X)(q) — F(X)(q) and consider the linear combination of the element a' R(q)b
and ¢"R(q)d. Note that a’ R(¢)cb' R(q)d =vech(ab')T(R(¢q) ® R(q))vech(dc"). The ex-
pectation of the above expression depends on F{R(q) ® R(q)}. Each element of this is given

in Lemma 3.

A.2 Proof of Theorem 2

We analyze our estimator applied to microstructure noise not affected by the end points U,

and U, given by

ni—1ng—1

h_ Z Z U1 U2 SJ _Zsjak'/[/{(ti - Sj>Ati+1ASj+1 <A16)
=1 j=1
ni—1ns—1
+ h_l Z Z U1(ti)UQ(Sj)e_isja<€_iAsj+1a — 1)]6;;1(751 — Sj)Ati+1. (Al?)
i=1 j=1

The upper bound for expectations of (A.17) is given by.

ni—1ngs—1

Rt sup |1 — e8| sup (Atiiq) Z Z E{U\(t;)Us(s7) Yy (t: — s)
j

=1 j=1

—oMIm S Y BTl 5)

ning gl —
[ti—s;|/At<VH  |ti—s;|/At>VH

<CimAn)'HTY sup k(=) Y A({ti—s;}/A0)
=3/ At<VH ti—s; 1/ RtV
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+  osup ({E—sl/AD| Y kp(ti—s)|} =o(H ),
|ti—8j|/At>\/ﬁ |t¢*8j|/&>\/ﬁ

since supj,. s]|/At<\F|k5 (ti — sj)| — K'(0) = 0 under the Assumption 2. By Assumption
6, Z\ti—sﬂ/&g\/ﬁ y({t; — sj}/At) = O(ny A ng). The last supremum term vanishes at the
exponential rate by Assumption 6. The expectation of squares of (A.17) is bounded by

Cy(ny Ang) 2H™2 {Z EU, (t:)Us(s;)Uy (t,)Ua(s0) kg (8 — 8, kg (t — sl)}, (A.18)

4,7,1,0
which is O((ny Ang)"LH?*~1). Denote a set S := {i,j,r,[; (t; — t,) /At < H*, (s; — s;)/As <
H*"} where 0 < u < 1. Then the terms in the curly bracket in (A.18) is given by

{ >+t D }EUl Vs (s;)Ur(t,)Us(s1)ki (ti — 55) kg (t: — 51)

i,7,rl€S  i,5,rl€SC

< sup [BUL(t)Ua(s))Ur(t)Ua(s) | > > ky(ti = s,k (ticn — 5-)

1,j,r,l€S i |h|,jo|<HH

+ Csnini sup  |EUL(t:)Us(s5i-n)Ur(t,)Us(8r—0)| = (3) + (i1).

,5,r,lESC

For balanced and equally spaced case, (i) simplifies to

sup |EU1 (ti>U2(Si_h)Ul(tr>U2(Sr_v)‘ Z /{Z/H(tz - Si—h)k;'—[<tr - 87«_@) .

li—r|<H#,|h—v|<HH li—r|<H#,|h—v|<HH

When sample size is balanced, it holds that “ 752 b~ H under Assumption 2. Then
’ h 7, U 2
| > K (g)k (37) = 2H"n > E( <4H“n2{k
li—r|<HH,|h—v|<HW |h—v|< HH

For unbalanced case, we use the fact that Z”{k}{ (ti —s)}? ~ (m Ano)H [T {F(2)}?dx
and that the order of #{0 < i,r < ny;|t; —t,| /At < H*} is same as when the data is
equally spaced under Assumption 2. Then (i) = p(0)4(ny A no) H* [7° {K/(x)}*dz. We
have (1) = Csnin3supj,~ . p(7) which is exponentially vanishing by Assumption 6. The

expectation of (A.16) is given by

h >+ E{UL(t:)Us(s;) e 5%k (t; — ;) A1 Asjyn = (i) + (id).

|ti—s;|/At<VH  |ti—s;|/At>VH
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(17) is bounded by

h2sup(Atir)sup(Asjin)  sup  |[BUI(L)Ua(s)l Y Jky(t —s)))|

sup ol = 1/ [ W@l
|ti—s;|/At>VH —o0

niVvn

e 1H 2

which vanishes at the exponential rate by the Assumption 6. [°°_[k”(x)|dz is well defined
by the Assumption 3. (i) is bounded by

n1Vn2

K" (0)| T2,

n1 'V ne ” isja
U—HZ(nl A o) Z E{U(t:)Us(s5) g (ti — s5)e ~ 7
ti—s; 1/ Bt <V/H

by Assumption 6. The order of (A.16) is derived similarly as (A.18). The expectation of
squares of (A.16) is bounded by

C: (%) {nilnilm VUs (s (1 )}2 (A.19)

=1 j=1

2 oo 5
- n1 VvV ng 2u+1 / " 2 . (n1 vV 712) 23
~ Cj (—Hg(nl X nZ)) p(0)4(n1 Ang)H _Oo{k: (z)}2dx = ()(—n1 e H2=3),

When data is balanced it simplifies to O(nH?**~3). In summary we have

EQ Y EKy(A)F(dUy)(a)F(dUs)(q — ) p ~ n%| K(0)[Tss
la|<m/2

E Z Ky (M) F(dU) () F(dUz)(q — ) = O(%H%—S)'
| <m /2

With some algebra it is easy to show that under the optimal bandwidth given in Theorem
2, the square root of (A.19) multiplied by the rate of convergence of the distribution n?, 19 =
% is o(1). All other terms that involve the end terms are of smaller order by similar
argument given in Lemma A.4 and Lemma A.5, Barndorff-Nielsen et al. (2011) Therefore

the microstructure noise only contributes to the asymptotic bias.

A.3 Proof of Theorem 3

Our Theorem 2 implies that (8) is uniformly consistent in ¢. If we assume the modulus of

continuity of 3(t) is available and given by (14) then by triangular inequality, there exists
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sequence 6(n) — 0 such that

s 20— 5= 3 KuOw)explia )@l <€),

§(n)<t<2m—4(n) lg|<m/2

Therefore we have uniform consistency result for the estimator of instantaneous covariance

matrix.
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