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Abstract

We develop a model in which financially constrained arbitrageurs exploit price discrepancies
across segmented markets. We show that the dynamics of arbitrage capital are self-correcting:
following a shock that depletes capital, returns increase, and this allows capital to be grad-
ually replenished. Spreads increase more for trades with volatile fundamentals or more time
to convergence. Arbitrageurs cut their positions more in those trades, except when volatility
concerns the hedgeable component. Financial constraints yield a positive cross-sectional rela-
tionship between spreads/returns and betas with respect to arbitrage capital. Diversification of
arbitrageurs across markets induces contagion, but generally lowers arbitrageurs’ risk and price

volatility.
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1 Introduction

The assumption of frictionless arbitrage is central to finance theory and all of its practical ap-
plications. It is hard to reconcile, however, with the large body of evidence on so called market
anomalies, notably those concerning price discrepancies between assets with almost identical pay-
offs. Such discrepancies arise in a variety of markets, during both crises and more tranquil times.
For example, large and persistent violations of covered interest parity have been documented for
all major currency pairs, both during and after the global financial crisis. Price discrepancies that
are hard to reconcile with frictionless arbitrage have also been documented for stocks, government

bonds, corporate bonds, and credit default swaps.1

One approach to address the anomalies has been to abandon the assumption of frictionless
arbitrage and study the constraints faced by real-world arbitrageurs, e.g., hedge funds or trading
desks in investment banks. Arbitrageurs have limited capital, and this can constrain their activity
and ultimately affect market liquidity and asset prices. Empirical studies have constructed various

measures of arbitrage capital and shown them to be related to the magnitude of the anomalies.

Since arbitrage capital can be targeted at multiple anomalies, the returns to investing in the
anomalies are interdependent and so are arbitrageurs’ positions. In this paper we develop a model
to address a number of questions that this interdependence raises. How should arbitrageurs allo-
cate their limited capital across anomalies, and how should this allocation respond to shocks to
capital? Which anomalies’ returns are more sensitive to changes in arbitrage capital? How do the
expected returns offered by the different anomalies relate to sensitivity to arbitrage capital and
other characteristics? How do the expected returns offered by anomalies evolve over time, and how

do these dynamics relate to those of arbitrage capital?

We consider a discrete-time, infinite-horizon economy, with a riskless asset and a number of
“arbitrage opportunities” (the anomalies within our model) each consisting of a pair of risky assets
with correlated payoffs. Each risky asset is traded in a different segmented market by risk-averse
investors who can trade only that asset and the riskless asset. Investors experience endowment
shocks that generate a hedging demand for the risky asset in their market. Shocks are opposites
within each pair, so a positive hedging demand for one asset in the pair is associated with a
negative hedging demand of equal magnitude for the other. This simplifying assumption ensures
that arbitrageurs trade only on the price discrepancy between the two assets. Market segmentation
is exogenous in our model, but could arise because of regulation, agency problems, or lack of

specialized knowledge.

'References to the empirical literature are in Sections 2.2.3 and 4.3.2. In these sections we also explain how to
map our model and results to the empirical settings.



We make two key assumptions. First, unlike other investors, arbitrageurs can trade all as-
sets. Thus, they have better opportunities than other investors. By exploiting price discrepancies
between paired assets, they intermediate trade between otherwise segmented investors, providing
them with liquidity: they buy cheap assets from investors with negative hedging demand, and sell
expensive assets to investors with positive hedging demand. We term the price discrepancies that

arbitrageurs seek to exploit “arbitrage spreads” and use them as an inverse measure of liquidity.

Second, we assume that arbitrageurs are constrained in their access to external capital. We
derive their financial constraint following the logic of market segmentation and assuming that they
can walk away from their liabilities unless these are backed by collateral. Consider an arbitrageur
wishing to buy an asset and short the other asset in its pair. The arbitrageur could borrow the
cash required to buy the former asset, but the loan must be backed by collateral. Posting the asset
as collateral would leave the lender exposed to a decline in its value. The arbitrageur could post
as additional collateral the short position in the other asset, which can offset declines in the value
of the long position. Market segmentation, however, prevents investors other than arbitrageurs
from dealing in multiple risky assets. Hence, the additional collateral must be a riskless asset
position. We assume that collateral must be sufficient to protect the lender fully against default.
This implies, in particular, that positions in assets with more volatile payoffs require more collateral
so that lenders are protected against larger losses. The need for collateral limits the positions that
an arbitrageur can establish, and that constraint is a function of his wealth. The positions that
arbitrageurs can establish as a group are constrained by their aggregate wealth, which we also refer

to as arbitrage capital.

When assets in each pair have identical payoffs, arbitrage is riskless. This case is a natural
benchmark, and we analyze it first. If spreads are positive, then the riskless return offered by
arbitrage opportunities exceeds the riskless rate. Arbitrageurs, however, may not be able to scale
up their positions to exploit that return because of their financial constraint. Their optimal policy
is to invest in the opportunities that offer maximum return per unit of collateral. Equilibrium is
characterized by a cutoff return per unit of collateral: arbitrageurs invest in the opportunities above
the cutoff, driving their return down to the cutoff, and do not invest in opportunities below the
cutoff. The cutoff is inversely related to arbitrage capital. When, for example, capital increases,
arbitrageurs become less constrained and can hold larger positions. This drives down the returns

of the opportunities they invest in.

The inverse relationship between returns and capital implies self-correcting dynamics and a
deterministic steady state. If arbitrage capital is low, then arbitrageurs hold small positions,
returns are high, and capital gradually increases. Conversely, if capital is high, then returns are

low and capital decreases because of arbitrageurs’ consumption. In steady state, arbitrage remains



profitable enough to offset the natural depletion of capital due to consumption.

We next analyze the case where payoffs within each asset pair consist of a component that is
identical across the two assets and hedgeable by arbitrageurs, and a component that differs. Because
asset payoffs are notidentical, arbitrage is risky. Asin theriskless-arbitrage case, arbitrageurs invest
in the opportunities that offer maximum return per unit of collateral. Unlike in that case, however,
the relevant return is the expected return net of a risk adjustment that depends on arbitrageur risk
aversion and position size. The financial constraint binds when the risk-adjusted return exceeds

the riskless rate.

To compute the equilibrium under risky arbitrage in closed form, we specialize our analysis to
the case were asset payoffs are near-identical and hence arbitrage risk is small. In the stochastic
steady state, the financial constraint always binds and arbitrage capital follows an approximate
AR(1) process. Moreover, the first-order effect of arbitrage risk on equilibrium variables operates
through the financial constraint rather than through risk aversion. Indeed, price movements caused
by shocks to arbitrage capital represent an additional source of risk for a collateralized position.
The required collateral must then increase by an amount proportional to the standard deviation of
these movements. On the other hand, the risk adjustment induced by risk aversion is proportional

to the variance because it is an expectation of gains and losses weighted by marginal utility.

Using our closed-form solutions, we can determine the cross-section of expected returns and
arbitrageur positions. We show that expected returns are high for arbitrage opportunities involving
assets with volatile payoffs because these opportunities require more collateral. They are also high
for “long-horizon” opportunities, i.e., opportunities for which price discrepancies take longer to
disappear because endowment shocks have longer duration. Indeed, because spreads for these
opportunities are more sensitive to shocks to arbitrageur wealth, the losses that arbitrageurs can

incur are larger, implying higher collateral requirements.

The characteristics associated with high expected returns are also associated with high sensi-
tivity of spreads to arbitrage capital, i.e., high “arbitrage-capital betas.” Since opportunities with
volatile payoffs require more collateral, they must offer high expected returns. Since, in addition,
changes in capital impact the return per unit of collateral, arbitrage-capital betas for the same
opportunities are high. In the case of long-horizon opportunities, the causal channel is different:
high arbitrage-capital betas result in high collateral requirements, which in turn result in high
expected returns. Our results are consistent with the relationship between expected returns or
spreads on one hand and arbitrage-capital betas on the other being increasing in the cross-section,
as documented in Avdjiev, Du, Koch, and Shin (2016) in the context of covered-interest arbitrage

and Cho (2016) in the context of stock-market anomalies.



The cross-section of arbitrageur positions differs from that of expected returns. Arbitrageurs
hold larger positions in opportunities where the hedgeable component of payoff volatility is larger,
butsmaller positionsin opportunities where the unhedgeable componentislarger or where horizon
is longer. Intuitively, volatility has two countervailing effects on arbitrageur positions: it lowers
them because it raises collateral requirements, but it raises them because it raises investors” hedging
demand and need for intermediation. The effect of each component of volatility on collateral
requirementsisproportional toitsstandard deviation, while thatonhedging demandis proportional
to its variance. The former is larger in the case of small unhedgeable volatility, i.e., small arbitrage
risk. The effect of volatility on the dynamics of positions parallels that on average positions.
Following drops to arbitrage capital, positions in opportunities with higher unhedgeable volatility

are cut by more, while positions in opportunities with higher hedgeable volatility are cut by less.

We finally use our model to study how the degree of mobility of arbitrage capital affects market
stability: does capital mobility stabilize markets, or does it propagate shocks causing contagion
and instability? To do so, we consider the possibility that any given arbitrageur can allocate his
wealth to exploit only one opportunity. That is, arbitrage markets themselves are segmented so
that arbitrage capital cannot be reallocated from one opportunity to another. For simplicity we
take opportunities to be symmetric with independent payoffs. If an arbitrageur can diversify across
opportunities but others remain undiversified, then the variance of his wealth decreases because
spreads are independent. If instead all arbitrageurs can diversify, then spreads become perfectly
correlated, as arbitrageurs act as conduits transmitting shocks in one market to all markets—a
contagion effect. We show, however, that because collective diversification causes the variance
of each spread to decrease, the variance of each arbitrageur’s wealth decreases. In fact, collective
diversification lowers wealth variance by as much as individual diversification. In that sense, capital

mobility stabilizes markets.

Our paper belongs to a growing theoretical literature on the limits of arbitrage, and more
precisely to its strand emphasizing arbitrageurs’ financial constraints.? We contribute to that
literature by deriving the cross section and dynamics of arbitrageur returns and positions in a

setting where arbitrageurs exploit price discrepancies between assets with similar payoffs.

Shleifer and Vishny (1997) are the first to derive a two-way relationship between arbitrage
capital and asset prices. Gromb and Vayanos (2002) introduce some of our model’s building blocks:
arbitrageurs intermediate trade across segmented markets, and are subject to a collateral-based
financial constraint. They assume, however, a single arbitrage opportunity and a finite horizon.

These assumptions rule out, respectively, cross-sectional effects and self-correcting dynamics.

Our result that arbitrage opportunities with higher collateral requirements offer higher returns

®For a survey of this literature, see Gromb and Vayanos (2010).



is related to a number of papers. In Geanakoplos (2003), Garleanu and Pedersen (2011), and
Brumm, Grill, Kubler, and Schmedders (2015), multiple risky assets differ in their collateral value,
i.e., the amount that agents can borrow using the asset as collateral. Assets with low collateral
value must offer higher expected returns, and violations of the law of one price can arise.® These
violations, however, are different in nature from those in our model: we assume that both assets
in a pair have the same collateral value but differ in investors’ hedging demand. Empirical studies
confirm that hedging demand (or more generally demand unrelated to collateral value) is a key

driver of arbitrage spreads.*

In Brunnermeier and Pedersen (2009), collateral-constrained arbitrageurs invest in assets with
maximum return per unit of collateral. Since volatile assets require more collateral, their returns
are higher and more sensitive to changes in arbitrage capital. In that paper, however, there is no
segmentation and the law of one price holds. Moreover, the analysis does not address dynamic

issues such as the effect of horizon or the recovery from shocks.

Our results on self-correcting dynamics are related to several papers. In Duffie and Strulovici
(2012), capital recovers following adverse shocks because new capital enters the market. In Xiong
(2001), He and Krishnamurthy (2013), and Brunnermeier and Sannikov (2014), recovery instead
occurs because existing capital grows faster —the same channel as in our model. In these papers,
however, arbitrageurs invest in a single risky asset. This rules out cross-sectional effects and

violations of the law of one price.®

Finally, our analysis of integration versus segmentation relates to Wagner (2011), who shows
that investors choose not to hold the same diversified portfolio because this exposes them to the
risk that they all liquidate at the same time, and to Guembel and Sussman (2015) and Caballero
and Simsek (2017), who show that segmentation generally raises volatility and reduces investor
welfare. Contagion effects resulting from changes in arbitrageur capital or portfolio constraints are

also derived in, e.g., Kyle and Xiong (2001) and Pavlova and Rigobon (2008).

The rest of the paper is organized as follows. Section 2 presents the model. Section 3 derives
the equilibrium when arbitrage is riskless because assets in each pair have identical payoffs. Section
4 analyzesrisky arbitrage, and derives the cross-sectional properties of prices and positions, as well

as the effects of capital mobility. Section 5 concludes, and proofs are in the Appendix.

3Detemple and Murthy (1997), Basak and Croitoru (2000, 2006), and Chabakauri (2013) derive related results for
more general portfolio constraints.

4See, for example, the literature on covered interest arbitrage, summarized in Section 2.2.3.

*Kondor and Vayanos (2016) derive self-correcting dynamics in a setting where arbitrageurs can invest in multiple
risky assets. Arbitrageurs in their setting, however, do not intermediate trades because there is no segmentation, and
the law of one price holds. Greenwood, Hanson, and Liao (2015) assume gradual rebalancing of arbitrageur portfolios
across markets, in the spirit of Duffie (2010) and Duffie and Strulovici (2012), and allow for multiple risky assets
within each market. Arbitrageurs in their setting, however, face no financial constraints.



2 The Model

2.1 Assets

There is an infinite number of discrete periods indexed by t € N. There is one riskless asset with
exogenous return r > 0. There is also a continuum I of infinitely lived risky assets, all in zero

supply. Risky assets come in pairs. Asset i’s payoff per share in period t is

dit =di+e€it+niy, (1)

where di is a positive constant, and €it and it are random variables distributed symmetrically
around zero in the respective intervals [—=€i-€i] and [=#);#i]. The other asset in i’s pair is denoted

by —i and its payoff per share in period t is
d-it =di+€it — Nit. 2)

If 77 = 0, then assets i and —i have identical payoffs, and a trade consisting of an one-share long
position in one asset and an one-share short position in the other involves no risk. If insteadn; >0,
then payoffs are not identical and the long-short trade is risky. In both cases, we refer to asset pair
(i, —i) as an arbitrage opportunity. This corresponds to textbook arbitrage whenn; = 0 and the
two assets trade at different prices.

We assume that the Variables%" are i.i.d. across time and identically distributed across asset

pairs (but correlation across pairs is possible). We make the same assumption for the variables ",

which we also assume independent of%:". Because distributions are identical across asset pairs, €
and 7); are proportional to the standard deviations of €j and nit, respectively, and we refer to them
as volatilities. We restrict di to be larger than € + rf; so that asset payoffs are non-negative. We

denote by pit the ex-dividend price of asset i in period t, and define the asset’s price discount by

B dli
b=, 3)

i.e., the present value of expected future payoffs discounted at the riskless rate r, minus the price.



2.2 Outside Investors
2.2.1 Market Segmentation

For some agents, who we term outside investors, the markets for the risky assets are segmented.
Each outside investor can invest in only two assets: the riskless asset and one specific risky asset.
We refer to the outside investors who can invest in risky asset i as i-investors. We assume that
i-investors are competitive and infinitely lived, form a continuum with measure y;, consume in each

period, and have negative exponential utility

[ 1
B = v*"'exp(—acis) , (4)

s=t+1

where ais the coefficient of absolute risk aversion and y is the subjective discount factor. In period
t, an i-investor chooses positions {Yis}s>t in asset i and consumption {Cis}s>t+1 to maximize (4)
subject to a budget constraint. We denote the investor’s wealth in period t by wit. We study
optimization in period t after consumption Cit has been chosen, which is why we optimize over
Cis for s = t+1. Accordingly, we define wit as the wealth net of Cit. We assume that i- and
—i-investors are identical in terms of their measure, i.e., li = p-i. Negative exponential utility
of outside investors simplifies our analysis because it ensures that their demand for risky assets is

independent of their wealth. The only wealth effects in our model concern the arbitrageurs.

2.2.2 Endowment Shocks

Outsideinvestorsreceiverandomendowments, which affect their appetite forrisky assets. In period

t each i-investor receives an endowment equal to

Ui t—1(€i,t+Nit), 5)

where Uit-1is knownin period t — 1. We assume that Ui is equal to zero, except over a sequence

of Mi periodst € {hi—M,;, .., hi — 1} during which it can become equal to a constant ui. When this

occurs, we say that i-investors experience an endowment shock of intensity ui and duration M.

An endowment shock in market i is accompanied by one in market —i. If the shocks were
identical, then assets i and —i would be trading at the same price in the absence of arbitrageurs
because of symmetry. To ensure a difference in prices and hence a role for arbitrageurs, we assume
that endowment shocks differ. We further restrict the shocks to be opposites, i.e., Ui= —u-i.

This assumption, together with that of zero supply, ensures that the price discounts of assets i and



—iare opposites in equilibrium. With opposite price discounts, arbitrageurs (described in Section
2.3) find it optimal to hold opposite positions in the two assets, hence trading only on the price
discrepancy between them. This simplifies the equilibrium because arbitrageurs are notexposed to

the shock €it, and hence earn a riskless return when assets i and —i have identical payoffs.

Arbitrageurs exploit price discrepancies, and in doing so they intermediate trade between in-
vestors and provide liquidity to them. Suppose, for example, that i-investors experience a shock
Ui > 0. Their endowment then becomes positively correlated with €it+ it and hence with asset
I's payoff. As a consequence, asset i becomes less attractive to them. Conversely, asset —i becomes
more attractive to —i-investors, who experience a shock u-i < 0. In the absence of arbitrageurs,
the equilibrium price of asset i would decrease and that of asset —i would increase. Arbitrageurs
can exploit this price discrepancy by buying asset i from i-investors and selling asset —i to —i-
investors. In doing so, they intermediate trade between the two sets of investors, which market
segmentation prevents otherwise. Because of arbitrageurs, prices are less sensitive to endowment

shocksand price discrepancies are smaller.®

When investors i and —iexperience endowment shocks, we say that arbitrage opportunity (i, —i)

is active. We identify active opportunities with the assets with the positive endowment shocks: we

set

Ar={iel:u>0},

and refer to active opportunity (i, —i) for i € At as opportunity i. We assume that the set At
of active opportunities is finite. We also assume that the probability of an opportunity becoming
active (an event that may occur in period hi — Mi for opportunity i) is arbitrarily small. This is
consistent with opportunities forming a continuum and a finite number being active in each period.

This also ensures that endowment shocks do not affect prices until they actually hit investors.

°If endowment shocks for i- and —i-investors were not opposites, then arbitrageurs would not hold ?l-lprSite
positions in assets i and —i. They would still intermediate trade between investors, however, if they are sufficiently
risk averse. Suppose, for example, that i-investors experience a shock u; > 0 but —i-investors do not, i.e., u—;=0.

RS S U RE RS S B By Seinty Ree 14 o Es RRRY RIS Sirsosabibkins Yt Beficiently 1
—i-investors. Because buying asset i yields a hiﬁher expected excess return than selling asset —i, arbitrageurs would
choose not to be fully hedged, and lence would be exposed to the risk that €i: is low.

If assets i and —i were in positive rather than in zero supply, then arbitrageurs would hold a larger long position
in asset i and would be more exposed to the risk that €it is low. If assets without endowment shocks were also
in positive supply then they would trade at a positive price discount but one that would be smaller than asset i’s.
Because positions in the no-endowment-shock assets require a comparable level of collateral as in assets i and —i but
earn a lower expected return, arbitrageurs would not trade those assets if their wealth were small enough.



2.2.3 Interpretation

Our assumptions fit settings where assets with similar payoffs trade in partially segmented markets.
These include Siamese-twin stocks, covered interest arbitrage across currencies, governmentbonds,

corporate bonds, and credit-default swaps (CDS).

Siamese-twin stocks have identical dividend streams but differ in the country where most of
their trading occurs. Rosenthal and Young (1990) find that price differences between Siamese
twins can be significant. Dabora and Froot (1999) show that a stock tends to appreciate relative to
its Siamese twin when the aggregate stock market in the country where that stock is mostly traded
goes up. They argue that one reason why Siamese-twin stocks differ in their main trading venue
is that each stock belongs to a different country’s main stock index. Thus, index funds in each
country can only invest in one of the stocks. Index funds in that setting correspond to our model’s
outside investors, flows in or out of these funds correspond to our model’s endowment shocks, and
market segmentation arises from restricted fund mandates (which are possibly a response to agency

problems).

Covered interest arbitrage exploits violations of covered interest parity (CIP), the relationship
implied by absence of arbitrage between the spot and forward exchange rates for a currency pair
and the interest rates on the two currencies. Violations of CIP can be measured by the cross-
currency basis (CCB). Taking one of the currencies to be the dollar, the CCB is the difference
between the dollar interest rate minus its CIP-implied value. A negative CCB indicates that the

dollar is cheaper in the forward market than its CIP-implied value.

Violations of CIP have been small from 2000 until the global financial crisis, but have become
large both during and after the crisis. Explanations of CIP violations during the crisis have fo-
cused on increased counterparty risk and difficulty to borrow in dollars.” These factors, however,
have subsided after the crisis, and explanations of CIP violations since then have instead focused
on hedging pressure in the forward market combined with financially constrained arbitrage. Bo-
rio, McCauley, McGuire, and Sushko (2016) construct measures of the hedging demand of banks,
institutional investors (such as pension funds and insurance companies), and non-financial firms.
Consistent with the hedging pressure explanation, they find that a negative CCB is more likely
when these institutions seek to hedge against a drop in the dollar. Du, Tepper, and Verdelhan
(2016) argue that the demand for hedging against a drop in the dollar should be high for currencies
with low interest rates relative to the dollar, and find that a negative CCB is indeed more likely

for those currencies. They also relate the CCB to measures of arbitrageurs’ financial constraints.?

"See, for example, Baba and Packer (2009), Coffey, Hrung, and Sarkar (2009), and Mancini Griffoli and Ranaldo
(2012).
80ther related work on CIP violations after the crisis includes Avdjiev, Du, Koch, and Shin (2016), Iida, Kimura,



Our model can be applied to covered interest arbitrage by interpreting the two assets in a
pair as a currency forward and its synthetic counterpart. Outside investors in the forward market
are the hedgers that Borio, McCauley, McGuire, and Sushko (2016) consider: these agents may
lack the specialized knowledge or trading infrastructure to access synthetic forwards. Likewise,
outside investors in the synthetic forward market may be prevented from trading forwards because

of restricted mandates.®

Bonds with similar coupon rates and times to maturity can trade at significantly different
yields. Fontaine and Garcia (2012) and Hu, Pan, and Wang (2013) aggregate such deviations
across the nominal term structure by fitting it to a smooth curve. They find that the fit worsens
when arbitrageurs’ financial constraints tighten, e.g., during financial crises or when the leverage
of shadow banks decreases. In that context, outside investors can represent investors who must
hold bonds with specific coupon rates and times to maturity. Such investors might be insurance
companies or pension funds, and their preferences could be driven by asset-liability management

or tax considerations.

Fleckenstein, Longstaff, and Lustig (2014) find that nominal government bonds tend to be
significantly more expensive than their synthetic counterparts formed by inflation-indexed bonds,
inflation swaps, and zero-coupon bonds. Moreover, price discrepancies become larger when arbi-
trage capital, measured by hedge-fund assets, is depleted. The additional finding that nominal and
inflation-indexed bonds are owned by different types of institutions suggests a degree of market

segmentation.

Duffie (2010) documents price discrepancies between corporate bonds and matched CDS. These
discrepancies became particularly large during the global financial crisis, but remained significant
afterwards. One driver of market segmentation in that setting is that individual investors can trade

corporate bonds but not CDS.

2.3 Arbitrageurs
2.3.1 Better Investment Opportunities

Arbitrageurs can invest in all risky assets and in the riskless asset. Hence, only they can overcome

market segmentation. We assume that they are competitive and infinitely lived, form a continuum

and Sudo (2016), Liao (2016), and Sushko, Borio, McCauley, and McGuire (2016).

®Consider, for example, US non-financial firms that issue debt in euros to benefit from lower credit spreads in the
euro area relative to the US (Borio, McCauley, McGuire, and Sushko (2016)). Those firms seek to hedge against a
drop in the dollar as they earn most of their profits in dollars but must pay euro-denominated debt. They can hedge
in the forward market, but trading synthetic forwards may be too complicated or impossible for them: in particular,
they would have to borrow dollars without paying a credit spread. Conversely, bond mutual funds can invest in euro-
or dollar-denominated bonds but may be prevented by their mandates from trading currency forwards. Liao (2016)
links CIP violations to the hedging demand of non-financial firms using a segmented-markets model.

10



with measure one, consume in each period, and have logarithmic utility

[ » ]
> Blog(cs) (6)

E¢ s=t+1

where Bis the subjective discount factor.!? In period t, an arbitrageur chooses positions {Xis}i s>t

in all risky assets and consumption {Cs}s>t+1 to maximize (6). The arbitrageur is subject to a
financial constraint (see section 2.3.2) and a budget constraint. We denote the arbitrageur’s wealth
in period t by Wt and assume that Wo > 0. Since arbitrageurs have measure one, Wt is also their
aggregate wealth, which we also refer to as arbitrage capital. Logarithmic utility of arbitrageurs
simplifies our analysis because it ensures that their consumption is a constant fraction of their

wealth.

2.3.2 Financial Constraint

We assume that agents must collateralize their asset positions. Consider an agent who wants to
establish a long position in a risky asset. If the agent needs to borrow cash to buy the asset,
then he must post collateral to commit to repay the cash loan. Consider next an agent who wants
to establish a short position in a risky asset. The agent must borrow the asset so that he can
sell it subsequently, and must post collateral to commit to return the asset. We assume that i-
investors have enough wealth to collateralize any position they may want to establish, i.e., up to

Hili. Arbitrageurs, however, may be constrained by their wealth.!!

Standard asset pricing models assume that agents can establish any combination of asset posi-
tions provided they have sufficient wealth to cover any liabilities that their positions generate. One
interpretation of this constraint is that a central clearinghouse registers all positions and prevents
agents from undertaking liabilities that they cannot cover. The constraint is formally equivalent
to requiring wealth to be always non-negative, and is thus redundant for agents with logarithmic
utility.

We assume that arbitrageurs are subject to a stronger constraint. We require them to have

sufficient wealth in each market to cover any liabilities that their positions in that market generate.

9By fixing the measure of arbitrageurs, we are ruling out entry and are focusing the evolution of the wealth of
existing arbitrageurs as the driver of price dynamics. Duffie and Strulovici (2012) study how entry impeded by search
frictions affects price dynamics. Their analysis provides a complementary perspective to ours. Note that the duration
M; of endowment shocks can be inlter yreted ﬁs the time it takes for enough new arbitrageurs to enter the market for
arlbltrage opportunity (I, —I) and eliminate that opportunity.

"Our assumption that outside investors are unconstrained does not necessarily imply that they are wealthier
than arbitrageurs because their positions could be smaller. This could be the case for two distinct reasons. First,
the position that arbitrageurs as a group establish in asset i is the opposite to that of i-investors. Therefore, if
arbitrageurs are in smaller measure than i-investors, then they hold a larger position per capita in asset i. Second,
each arl%itrageur can trade more risky assets than each outside investor, leading to alarger aggregate position.
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The positions of arbitrageurs in market i consist of a position in asset i and a position in the
riskless asset. We require this combined position to always have non-negative value. Thus, liability
is calculated market-by-market rather than by aggregating across all markets. This is in the spirit
of market segmentation: the same informational or regulatory frictions that prevent i-investors for
investing in risky assets other than asset i could also be preventing arbitrageurs’ lenders in market

i from accepting such assets as collateral.'?

Toderive the financial constraint of an arbitrageur, we denote by xi t his positionin asseti, by
0 0
z . .
i t his investment in the riskless asset held in market i, and by zit = Xitpit+Z;; the value of his

combined position in market i, all in period t. The value of the arbitrageur’s combined position in

market i in period t+1 is
Zijtr1 = Z4(1 + 1) + Xi g [di a1 +Pi 1]

=Zit(1+r)+Xt[dit+1 + pit+1 — (1 +1r)pit] (7)

and must be non-negative. Requiring (7) to be non-negative for all possible realizations of uncer-

tainty in period t+1 yields

{ « _ )}
Zjt 2 max Xit Pit— di,t+1+Pit+1 ®
{ej,t+1:r]j,t+:|_}je1 1+r

The right-hand side of (8) represents the maximum loss, in present-value terms, that the arbitrageur
can realize in market i between periods t and t+ 1. This loss must be smaller than the value of
the arbitrageur’s combined position in market i in period t. Thus, the arbitrageur can finance a
long position in asset i by borrowing cash with the asset as collateral, but must contribute enough
cash of his own to cover against the most extreme price decline. Conversely, the arbitrageur can
borrow and short-sell asset i using the cash proceeds as collateral for the loan, but must contribute

enough cash of his own to cover against the most extreme price increase.

Aggregating (8) across markets yields the financial constraint

> > { « | s
Wi = Zit = max Xit Pit— i.tr1+Pitel )
iel el {Gj,t+1;f7j,t+1}jeI L+r

2Using one asset as collateral for a position in the other is known as cross-netting. One situation where cross-
netting is generally not possible is when one asset is traded over-the-counter and the other in an exchange, e.g., US
bonds are traded over the counter and US bond futures in the Chicago Mercantile Exchange. For a more detailed
description of the frictions that hamper cross-netting see, for example, Gromb and Vayanos (2002) and Shen, Yan,
and Zhang (2014). While our model rules out cross-netting, it can be generalized to allow for partial cross-netting.
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since the value of the arbitrageur’s positions summed across markets is his wealth Wt. The con-
straint (9) requires the arbitrageur to have enough wealth to cover his maximum loss in each market

separately.!3

Our formulation of the financial constraint assumes that the only assets that arbitrageurs can
trade with i-investors, or use as collateral in marketi, are asset i and the riskless asset. Under a more
general formulation, arbitrageurs could trade with i-investors any contracts that are contingent on
future uncertainty. These contracts could be collateralized by the riskless asset, by asset i, or by any
other contracts traded in market i. Moreover, contracts could extend over any number of periods.
In Appendix B we formulate equilibrium in our model under such general contracts. The only
restrictions that we are maintaining are that i-investors cannot contract directly with j-investors
for j ~ i (only indirectly through arbitrageurs), and that arbitrageurs cannot use contracts
traded with j-investors as collateral for contracts traded with i-investors. These restrictions are

consistent with the logic of market segmentation.

We show in Appendix B that without loss of generality, contracts can be assumed to be fully
collateralized and hence default-free. Moreover, when assets in each pair have identical payoffs
(r7;=0) and distributions are binomial (& binomial), contracts can be restricted to those studied
in this section: only asset i and the riskless asset are traded and used as collateral in market i.

This generalizes, within our setting, the no-default result of Fostel and Geanakoplos (2015), shown

under the assumption that contracts extend over one period.14 Thus, the financial constraint (9)

can be derived under general contracts that are consistent with market segmentation.

2.4 Symmetric Equilibrium

We look for a competitive equilibrium that is symmetric in the sense that price discounts and

agents’ positions are opposites for the assets in each pair.

Defi 1. A competitive equilibrium consists of prices pit and positions in the risky assets Vit
for the i-investors and Xit for the arbitrageurs, such that positions are optimal given prices and the

markets for all risky assets clear:

MiYit + Xit = 0. (10)

BThe constramt (9) can extend to a continuous-time limit of our model if that limit involves jumps. With jumps,
the sugport of {€jt+1, Njrr1tjer does not converge to zero and neither does the maximum loss in period g+ 1. 1If
instead the support of ? €j.t+1, M} t+1 }je T converges to zero, as it would in a Brownian limit, then the maximum loss
converges to zero and (9) is always met. For a derivation of a financial constraint in a continuous-time limit with
jumps, see Chabakauri and Han (2017).

“Besides allowing for dynamic contracts, we allow a contract to serve as collateral for other contracts, in a recursive
manner. A similar recursive construction is in Gottardi and Kubler (2015). Simsek (2013) characterizes default rates
in collateral equilibrium for general distributions in a static setting. For more references on leverage and collateral
equilibrium, see the survey by Fostel and Geanakoplos (2015).
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Defi 2. A competitive equilibrium is symmetric if for the assets (i, —i) in each pair the
price discounts are opposites (@it = —@—it), the positions of outside investors are opposites (Yit =

—Y-it), and so are the positions of arbitrageurs (Xit= —X—i).

Symmetry implies that the price discount of each asset is one-half of the difference between its

price and the price of the other asset:

Bit= Pit —zp—i,t'

Since the price discount measures the price difference between paired assets, we also refer to it as
the spread. The spread is an inverse measure of the liquidity that arbitrageurs provide to outside

investors.

2.5 Optimization Problems
2.5.1 Outside Investors

The budget constraint of an i-investor is

Wi t+1 = Yit(dit+1 + Pit+1) + (1 + 1) (Wit — YitPit) + Uit(€it+1 + Nit+1) — Cit+1- (11)

The investor holds yi shares of asset i in period t, and these shares are worth yi t(dj t+1+pit+1) in
period t+1. The investor also holds wit — yipit units of the riskless asset in period t, i.e., wealth

wi t minus the investment yi tpi  in asset i. This investment is worth (1+r)(wit— Vi pit) in period

t+1. Finally, the random endowment i t(€i t+1+ i t+1) is added to the investor’s wealth in period

t+1, while consumption Ci t+1lowers wealth.

We can simplify (11) by introducing the return per share of asset i in excess of the riskless asset.

This excess return is
Rit+1 = dit+1 + Piter — (1 +1)Pit

=(1+@it — Pit+1 + € t+1 + Nit+1, (12)

where the second step follows from (1) and (3). The expected excess return of asset i is

Dit = Et (Rit+1) = (1 + )it — Et (it+1) (13)
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Using (12) and (13), we can write (11) as
Witt1 = (1 +NWit +Yi@it + (Yie + Ui (€ite1 + Nier1) + Yie [Ee(@ie1) — Piea] — Cirr. (14)

The investor’s wealth in period t+1 is uncertain as of period t because of the payoff shock € t+1+
nNit+1 and the price discount ¢it+1. The investor’s exposure to the payoff shock is the sum of her

asset position yit and endowment shock uit, while her exposure to the price discount is yit.

We conjecture that the investor’s value function in period tis

Vit(Wit) = —exp (—Awit — Fit), (15)

where Fit is a possibly stochastic function and A is a constant. The value function is negative

exponential in wealth because the utility function depends on consumption in the same manner.

2.5.2 Arbitrageurs

The budget constraint of an arbitrageur is

W= Xjt(dite1 +Pit+1) +(1+1) Wi — " Xipit — Ct+1. (16)

iel iel

The differences with the budget constraint (11) of an i-investor are that the arbitrageur can invest
in all assets and receives no endowment. We next simplify the budget constraint (16) and the

financial constraint (9) by using properties of a symmetric equilibrium.

A first simplifying property is that ¢it = 0 for assets that are not part of active opportunities.
This property holds in equilibrium, as we explain here and show formally in Sections 3 and 4. An
implication of this property is that Ei(¢it+1) = @it= 0 since the probability of an opportunity
becoming active is arbitrarily small. Since @it = 0, investing in assets that are not part of active
opportunities exposes arbitrageurs to risk that is not compensated in terms of expected excess re-
turn. Investing in those assets also tightens the financial constraint (9). Hence, the optimal position
is zero. Outside investors’ optimal position is also zero because they have a zero endowment and
hence would hold a non-zero position only if the expected excess return were non-zero. Therefore,
the markets for assets that are not part of active opportunities clear with a zero price discount,

confirming our conjecture that ¢it = 0. Using that property as well as (12), (13), €it+1 = €-it+1,
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Nit+1=—Niw+1, and ¢is = —¢—is for s=t,t+1, we can write the budget constraint (16) as

> >
Wi = (1+HN)Wi+ (Xit—X—it) [Pit + Nit+1 + Ee(Pitr1) — Piter]t  (Xit+HX—it)€it+1 —Ct+1,

iEAt ieAt
(17)
and the financial constraint (9) as
W, > > I max Xit[—DPit — €itr1 — Nitr1 — Et(Pit+1) + Pit+1]
A {€jt+1, Nj et jer 1+r |
X—it [Pit — €itr1 + Nitr1 + Er(Pit+1) — Pit+1]
+ max _ (18)
{€jt+1, Njre Lt jer 1+r

Two further simplifying properties are that @¢it+1 is independent of €it+1 and that Xt and
X-it must have opposite signs. The first property holds in equilibrium, as we show in Sections
3 and 4. Intuitively, when arbitrageurs hold opposite positions in assets i and —i, their wealth
Wi+ is independent of €it+1 and the same is true of spreads, which depend on wealth. The second
property follows from arbitrageurs” optimization. Indeed, if Xit and X—it had the same sign, then
an arbitrageur would be able to reduce both in absolute value while holding Xit — X-it constant.
That would reduce his risk without affecting his expected excess return, as can be seen from the
budget constraint (17), and would relax the financial constraint (18). Using the two simplifying

properties, we can write (18) as

> (IXitl + X=itlyei+2maxyn 30 {Xit = X=i) [=Pit = Migr1 — Ed(@itr1) + Pieal}
el .

1+r

Wi =

i€eA

(19)

A final simplifying property is that Xit and X—it must be (exact) opposites. Indeed, if Xit+
X-it/~ 0, then an arbitrageur could set Xit + X-it = 0 while holding Xit — X—it constant. That
would eliminate his exposure to €it+1 without affecting his expected excess return, his
exposure to
Nit+1 and ¢it+1, and the financial constraint (19). Using this property, we can simplify the budget

constraint (17) to

>
Wi = (1 +r)Wi+2 Xit [Pit + Nit+1 + Ee(Pit+1) — Pit+1] — Ct+1, (20)
iEAt

16



and the financial constraint (19) to

Wt = 2Z lxivt [€i + maxyn, o picr (Xt [=DPit — Mirr — Be(@itr1) + Piesr L} . 1)
icA 1+r

The arbitrageur’s optimization problem reduces to choosing positions in assets i € Ay, i.e.,
those with positive endowment shocks. Positions in the corresponding assets —i are opposites, and
positionsin assets that are not part of active opportunities are zero. We conjecture that the value

functionofanarbitrageurinperiodtis
V(W) =Blog(Wy)+Gt, (22)

where Gt is a possibly stochastic function and B is a constant.

3 Riskless Arbitrage

In this section we solve for equilibrium when assets in each pair have identical payoffs {n; = 0).
With identical payoffs, arbitrageur wealth Wt does not depend on the payoff realizations because
arbitrageurs hold opposite positions in the assets in each pair. Hence, the return that arbitrageurs
earn from a period to the next is riskless. That riskless return, however, could change stochastically

over time. We rule out stochastic variation by assuming that the set
Gt = {(e,f, ui, Wi, hi —t) i € A}

describing the characteristics of active opportunities is deterministic. Thus, while arbitrageurs are
uncertain as to which opportunities will become active, they know what their overall return will
be. With a deterministic G, the dynamics of arbitrageur wealth, arbitrageur positions, and spreads

are deterministic. With deterministic spreads, the expected excess return of asset i simplifies to

Dit=(1+ndit — Pit+1. (23)

One setting that yields a deterministic Ct and that we emphasize later is as follows. The universe
I of risky assets is divided into 2N disjoint families In for n=1, .., N, with the assets in each family
forming a continuum and having the same characteristics (i, 7Jj, Ui, Mi, Mi). Moreover, one asset
from each family is randomly drawn in each period to form an active opportunity (together with

the other asset in its pair). Under these assumptions, C: is not only deterministic, but constant.

17



The case of riskless arbitrage is a natural benchmark. It is highly tractable and yields useful
results and intuitions, which also facilitate the analysis of risky arbitrage in Section 4. We start
by deriving the first-order conditions of outside investors and arbitrageurs in an equilibrium of
the conjectured form, i.e., symmetric with deterministic price discounts. We then impose market

clearing and show that such an equilibrium exists.

3.1 First-Order Conditions
3.1.1  Outside Investors
Since Nit+1 =0 and ¢it+1 is deterministic, the budget constraint (14) of an i-investor simplifies to

Wi t+1 = (1 + Wit +VYi Pt + Vit + Uit €i,t+1 — Cit+1. (24)

The only risk borne by the investor between periods tand t+1 is the payoff shock €i,t+1, and the

investor’s exposure to that risk is yit + Ui.

Proposition 1. The value function of an i-investor in period t is given by (15), where A = ra and

Fit is deterministic. The investor’s optimal position in asset i is given by the first-order condition
D¢ —€if [(Yit+Uuiye] =0, (25)

where the function f(y) is defined by

[ 1 1 ¢ €it
MEEQXP _ (26)

a+ A _
(a+A)g

The first-order condition (25) takes an intuitive form. The first term in the left-hand side, @i,
is the expected excess return of asset i. The second term; eif’ [(Yit + uip)€i], is a risk adjustment,
reflecting the investor’s risk from holding the position. Since the function f(y) is convex, as shown
in Lemma 1, the risk adjustment is increasing in the investor’s exposure Yit + Ui t. The investor’s
first-order condition amounts to setting the risk-adjusted expected excess return that she derives
from asset i to zero. This yields a standard downward-sloping demand: the investor’s position yi in
asset i is increasing in the asset’s expected excess return @it and is hence decreasing in the asset’s
price pit. The function &if [(yit+ Uit)€i] can be interpreted as a pricing function, which yields the

expected excess return @jt as a function of the position yit of the “marginal investor.”
Lemma1. Thefunctionf(y)is non-negative, symmetric aroundthe vertical axis (f(—y)=1(y)),
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and strictly convex. It also satisfies f (—y)=—f (y),f(0)=0, and limy—cof (y)=1.

: Af . . . AyEi .
The function CZH,(A)\/) is the cumulant-generating function of —(C; +/{)Eg'l—t Cumulant-generating

functions are convex. Symmetry around the vertical axis followsbecause €; tis distributed sym-

metrically around zero. Symmetry implies f(—y)=—f(y)and f (0)=0.

The first-order condition of —i-investors yields an optimal position that is the opposite to that
of i-investors. This follows from (25) and the observations that price discounts, expected excess

returns, and endowment shocks are opposites for assets i and —i, and that f'(y) = —f(—y).

3.1.2 Arbitrageurs

Since nit1 =0 and ¢iw+1 is deterministic, the budget constraint (20) of an arbitrageur simplifies

to

>
Wir1=(1+1Wi+2 X Dit — Ct+1, (27)
i€At

and the financial constraint (21) simplifies to

> |Xi,t €i Xi tDi.t

Wi =2 (28)

€At I+r
Eq. (27) confirms that the dynamics of arbitrageur wealth are deterministic. The per-share return
of an active opportunity iis 2®iy, i.e., twice the expected excess return @j of asset i. This return is
non-negative in equilibrium, as we show in Section 3.2. While i-investors earn @i t as compensation

for risk, arbitrageurs earn it riskfree because they can combine a position in asset i with one in
asset —i. Thus, when @it > 0, arbitrageurs can earn a riskless return above the riskless rate r.

Eq. (28) shows that the collateral required to hold a position in an active opportunity i is larger
when asset payoffs are more volatile, i.e., & is larger, and when the opportunity offers a lower

return, i.e., @it is smaller. In both cases this is because the maximum loss of the position is larger.

Proposition 2. The value function of an arbitrageur in period t is given by (22), where B = i
1-g
and Git is deterministic. The arbitrageur’s optimal consumption is
1 —_
=By (29)

Ct =

B t
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¢ If all active opportunities offer a zero return, i.e., ®i1=0 for all i € Ay, then the arbitrageur

is indifferent between any combination of positions in these opportunities.

¢ [f instead some active opportunities offer a positive return and the remainder a zero return,
then the arbitrageur holds non-zero positions only in opportunities with maximum return per

unit of collateral:

- (D t
| € argmaxjea, & — it (30)

Forthese opportunities, positions arelongin assetsi € Ay, i.e., those with positive endowment

shocks. Moreover, the financial constraint (28) binds.

The arbitrageurs’ optimal investment policy can be derived intuitively as follows. Substituting

the optimal consumption (29) into the budget constraint (27), we can write the latter as

L 5 1
Wi1=8 (1+nNWi+2  XiiDit | (31)
€At

Since assets i € At offer non-negative expected excess returns, arbitrageurs do not benefit from

shorting them. Therefore, we can write the financial constraint (28) as

Wtzzz Xit (€ _CDi,tZ.

Lot )

iGAt

Maximizing Wt+1 in (31) subject to (32) and Xit = 0 is a simple linear-programming problem.
Arbitrageurs invest only in those opportunities that offer the maximum return @it per unit of
collateral € — @jt. Moreover, when some opportunities offer a non-zero return, arbitrageurs “max

out” their financial constraint (32) because they can earn a riskless return above the riskless rate

oo . it
r. Maximizing return per unit of collateral, =g is equivalent to maximizing return per unit of
11—,

volatility (D%t, and we focus on the latter from now on.
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3.2 Equilibrium
3.2.1 Arbitraging Arbitrage

Combining the arbitrageurs’ optimal investment policy with that of outside investors, and imposing
market clearing, we can derive a sharp characterization of equilibrium returns and positions. We

denote by

Tit={i€eAt:xit>0},

the set of active opportunities that arbitrageurs actually trade in period t, i.e., those in which they

hold non-zero positions.

Proposition 3. In equilibrium, there exists I'lt € [0,1) such that in period t:

* Arbitrageurs trade only active opportunities i such that f'( ui€i) >1I1:. Thatis,

Ti={i € At: f (uie)) > TIi}.

e All active opportunities that arbitrageurs trade offer the same return I'lt per unit of volatility,
while those that they do not trade offer return f'(uiéi) € (0,I1t] per unit of volatility. That is,

i

1

Dit _
i€ AVTi= =f'(ui€i) € (0,114].
1

Proposition 3 implies that active opportunities can be ranked according to f (ui€j). As can be
seen by setting yit= 0 in the outside investors’ first-order condition (25), f'(ui€j) is the return
per unit of volatility that opportunity i would offer in the absence of arbitrageurs. Arbitrageurs
trade only the opportunities for which f'(Ui) is above a cutoff IT; € (0,1). Their activity causes
the return per unit of volatility offered by these opportunities to decrease to the common cutoff.
Opportunities for which f(ui€j) is below that cutoff are not traded, and their return per unit of
volatility remains equal to f'(uiei).

Since the function f(y) is convex, f (ui€p) is increasing in the endowment shock ui and in the
volatility €. Thus, arbitrageurs are more likely to trade opportunities with higher volatility and

higher endowment shocks: these are the opportunities offering higher return per unit of volatility

in the arbitrageurs” absence.
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The equalization of returns across traded opportunities can be interpreted as “arbitraging arbi-
trage.” If a traded opportunity offered lower return per unit of volatility than another opportunity,
then arbitrageurs could raise their profit by redeploying their scarce capital to the latter. The
arbitraging-arbitrage result is at the basis of the contagion effects derived in Section 4. Suppose,
for example, that arbitrageurs experience losses in opportunity i. This forces them to scale back
their position in that opportunity, causing its return to increase. Arbitraging arbitrage induces
them, in turn, to redeploy capital to that opportunity and away from others, causing the return of

others to increase as well.

3.2.2 Dynamics of Arbitrage Capital

Using Proposition 3, we can determine the dynamics of arbitrageur wealth and the relationship

between wealth and IT.

Proposition 4. In equilibrium, arbitrageur wealth evolves according to

1+r

W1 =6 tWh. (33)

1-11

o IfWi>Wet = ﬁ iea, MiUi€i, then the financial constraint is slack, arbitrageurs earn the

riskless rate r, all active opportunities are traded, and their return I'lt per unit of volatility is

zero.

e [f Wi < Wocy, then the financial constraint binds, and arbitrageurs earn a riskless return above
the riskless rate r. The return I1i per unit of volatility offered by all traded opportunities is

the unique positive solution of

A e - )y - w, (34)

ieTt

and decreases in W.
When the variables €i+ have a binomial distribution, 11t is a convex function of Wh.

The financial constraint is slack when all active opportunities offer a zero return, i.e., @it =0
for all i € At. This happens when arbitrageurs fully absorb the endowment shocks of outside
investors, i.e., Xit= Miui for all i € At Setting ®it= 0 and Xit= Miui in (32), we find that W;
must exceed the threshold Wc t defined in Proposition 4. Since all active opportunities offer a zero

return, I'lt =0 and arbitrageurs earn the riskless rate r.
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When instead Wt < We, arbitrageurs cannot fully absorb the endowment shocks of outside
investors. Therefore, all active opportunities offer a positive return, the return It per unit of
volatility offered by all traded opportunities is also positive, and arbitrageurs earn a riskless return
above r. Moreover, when Wi decreases, Ili increases because arbitrageurs are less able to absorb

the endowment shocks.

Convexity of Il means that a given drop in Wi causes a larger increase in I'lt when it occurs
in a region where Wt is smaller. Clearly, this comparison holds between the constrained and the
unconstrained regions: a drop in Wt raises Ilt when Wi < Wc, but has no effect on Il when
Wt > Wet. The intuition for why the comparison can also hold within the constrained region is
as follows. When Wt is smaller than but close to W, all active opportunities are traded, and
hence a drop in Wt causes arbitrageurs to reduce their positions in all of them. Since the effect is
spread out across many opportunities, the reduction in each position is small, and so is the increase
in I'lt. When instead Wtis close to zero, arbitrageurs concentrate their investment on a small
number of opportunities, and a drop in W; triggers a large reduction in each position. Proposition
4 confirms the convexity of I'li under the sufficient condition that the variables €it that describe
asset payoffs have a binomial distribution. Proposition 5 shows that an equilibrium with all the

properties conjectured or shown in this section exists.

Proposition 5. A symmetric equilibrium exists in which price discounts @i, outside investors’
positions Yit, and arbitrageurs’ positions Xit and wealth Wt are deterministic. In this equilibrium,
price discounts are zero for assets that are not part of active opportunities, and expected excess

returns @it are non-negative for assets with positive endowment shocks.

3.3 Steady State and Convergence Dynamics

We next derive a steady state by specializing our model to the stationary “asset family” set-
ting described at the beginning of Section 3. This steady state is deterministic, and used as
a basis for constructing a stochastic steady state in Section 4. We index the 2N families by
ne{-N,.,—1,1,.,N}, with the convention that for an asset in family n the other asset in its
pair belongs to family —n, and that families n = 1,..,N comprise the assets with the positive
endowment shocks. We denote by (€n, Nln, Un, Un, Mn) the characteristics (€, ;, ui, ki, Mi) for all
assets i in family n. (As in the rest of Section 3, we assume7); = 0.) The set of active opportunities

in period tis

A={(n,m):ne {1,.,.N}, me{1,..,M}}
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Opportunity (n,m) consists of one asset in family n € {1,..,N} and one asset in family —n, and

remains active for m — 1 more periods. We denote the former asset by (n, m) and the latter by
(—n, m), and refer to m as the horizon of opportunity (n, m). The expected excess returns of assets
(n,m) and (—n, m) do not depend on m (Proposition 3), and neither do the arbitrageurs” and

outside investors” positions (Egs. (10) and (25)). Hence, we index these quantities by the family
subscript, n or —n, and the time subscript, t. The price discounts of the two assets depend on m,
and we index them by the additional subscript m. Since arbitrageurs’ positions do not depend on

m, we can write the set of active opportunities traded in period t as

Ti={(n,m):n € Ny,m € {1,..,Mn}},

where we denote by N the subset of families in {1,..,N} whose assets are traded. We drop the
time subscript for steady-state values.
Proposition 6. /n equilibrium, the wealth W+ of arbitrageurs and the return I'lt per unit of volatility

offered by all traded opportunities converge over time monotonically to steady-state values W and
IL

e If B(1+r)>1, then Wt increases toward W = 0 and Il decreases toward IT=0.

o If B(1+r) <1 —TIIL where IT= maxn=1,. N f (Un€n) < 1, then W; decreases toward W = 0

and It increases toward TT=T1.

e Otherwise, the steady-state values are given by

1-11 2. [ = ]
W =277" HnMn “unen — (F)"Y(IT)" € (0, We), (35)
neN
[T=1-p(1+r) € (0,IT), (36)
where W¢ = ﬁ Z'r\,':l MnMnUnén. If Wt <W, then Wt increases toward W and 11 decreases

toward I'L. If Wt > W, then W decreases toward W and T1; increases toward T1.

The dynamics in Proposition 6 can be derived by specializing Proposition 4 to the stationary
case. According to Proposition 4, the wealth of arbitrageurs increases between periods t and t+1
if R i+f, > 1. Intuitively, wealth increases if the return earned by arbitrageurs exceeds the rate at

. . . 1+r
which they consume. Arbitrageurs earn the riskless (net) retuml_Ht —1, and consume at the rate

158 as shown in (29).
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1+r

1-Tt —
on their wealth Wi. When W > W, all active opportunities offer a zero return, I'li= 0, and

Using Proposition 4, we can characterize how the return 1 earned by arbitrageurs depends

arbitrageurs earn the riskless rate r. When instead Wi < W¢, It is positive, and arbitrageurs earn
a riskless return above r. Decreases in W within that region raise I'lt and hence raise arbitrageurs’
return, which reaches its maximum value, corresponding to the maximum value of IT;, when Wt

goes to zero. Setting yit= 0 in the outside investors’ first-order condition (25), we find that the
return per unit of volatility from an active opportunity (i, —i) in the absence of arbitrageurs is

.....

Proposition 4 to the stationary case ensures that the function linking I'lt to Wi, and in particular

the parameters Wc and IT, are constant over time.

The dynamics of wealth in the stationary case follow from the above observations. When
B(1+r) > 1, arbitrageurs consume at a rate smaller than the riskless rate. Hence, their wealth

increases over time even if It = 0, i.e., all active opportunities offer a zero return, and becomes

arbitrarily large. When instead B(1+r) < 1 —TIT, arbitrageurs consume at a rate larger than the
maximum return that their trades can offer. Hence, their wealth decreases over time and converges

to zero.
In the intermediate case 1—TI < B(1+r) < 1, the wealth of arbitrageurs converges to an interior

steady-state value. Indeed, when wealth is large, all active opportunities offer a zero return, and
wealth decreases because B(1+r) < 1. When instead wealth is close to zero, active opportunities

offer close to their maximum return, and wealth increases because 1 —1I1 < 8(1+r). Dynamics are
self-correcting: wealth decreases whenitislarge because arbitrageurs earn alow return, and wealth
increases when itissmall because arbitrageurs earn a high return. The steady-state value W implied
by these dynamics is smaller than W¢ because the steady-state return earned by arbitrageurs must
exceed r to offset consumption. An increase in the subjective discount factor raises consumption,

and hence raises the steady-state return and lowers the steady-state wealth.

4 Risky Arbitrage

Most real-life arbitrage involves some risk. Tointroduce arbitrage risk in our model, we allow assets
in each pair to have non-identical payoffs {1 > 0). The return that arbitrageurs earn from one
period to the next is then risky and arbitrageur wealth Wt is stochastic. We look for a symmetric
equilibrium in which Wt is the only stochastic state variable. We maintain the assumption that the
set Ct describing the characteristics of active opportunities is deterministic. This prevents charac-

teristics from becoming additional state variables. Because arbitrageurs hold opposite positions in
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the two assets in each pair, Wt does not depend on the realizations of €t but only on those of ni.

The same is true for positions and spreads.

We start by deriving the first-order conditions of outside investors and arbitrageurs in an equi-
librium of the conjectured form. We then specialize our analysis to the case where arbitrage risk
is small (77; small), and compute the equilibrium in closed form. Using our analytical solution, we
study how spreads, expected excess returns, and arbitrageur positions depend on cross-sectional
characteristics, how they respond to shocks, and whether the mobility of arbitrage capital across

markets makes them more stable.

4.1 First-Order Conditions
4.1.1  Outside Investors

An i-investor bears more risk than in the riskless-arbitrage case n; = 0). This is because asset
I’s payoff includes the additional component nit+1, and because the asset’s price discount ¢it+1
varies stochastically following changes in arbitrageur wealth. As in the riskless-arbitrage case, the
investor sets the risk-adjusted expected excess return that she derives from asset i to zero. The
risk adjustment, however, includes a term reflecting the additional risk. This is the third term in
the left-hand side of (37).

Proposition 7. The value function of an i-investor in period t is given by (15), where A = ra

and Fitis a function of Wht. The investor’s optimal position in asset i is given by the first-order

condition
, o [ M t+1 |
Dj ¢ — €if [(Yit+Uir)€i] + Et EMi o1 (Nit+1+Ee(Pite1) — Pit+1) =0, (37)
where
(C _ BN _ )
a{A[Yit+Ui)Nits1 — VitPitr1] + Fiter }
Mit+1 = exp —

a+ A

4.1.2 Arbitrageurs

An arbitrageur bears the risk represented by nit+1 and @it+1. Because of that risk, he may
benefit from shorting assets i € A, and so may amplify the price discrepancies induced by outside
investors” endowment shocks. Short positions in assets i € At may be beneficial even though they

earnnegative expected excess returns because they hedge long positions in other such assets. In the
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rest of this section we assume that short positions in assets i € At do not arise in equilibrium. This

assumption is satisfied, for example, when arbitrage risk is small and the expected excess returns
it of assets i € At exceed a (strictly) positive bound. This result is shown in Proposition 8 and

extends a result shown in Proposition 2 under riskless arbitrage.

When arbitrageurs hold long positions in an asset i € Ay, an increase in 1) t+1 raises their wealth

and hence lowers the spread ¢it+1 (which is positive). When instead arbitrageurs hold no position

in the asset, ¢it+1 is independent of nit+1. In either case, the minimum value —7J; of i1 can

be realized jointly with the maximum value of ¢it+1, which we denote by ¢;1. And conversely,
the maximum value); of nit+1 can be realized jointly with the minimum value of ¢it+1, which we

denote by ¢., .. Using these observations, we can simplify the arbitrageurs’ financial constraint

1
(21) because we can determine the maximum loss scenario. A long position in asset i € At suffers

its maximum loss when ni t+1 = —); and @i t+1 = @i +1 (maximum spread and hence maximum

price discount for asseti). And conversely, a short position in the asset suffers its maximum loss

when nit+1 =7 and @it+1 =@ Eqg. (21) becomes

i,t+1°

Ixit| (€ +ni) +x" [dl - Et(¢i,t+1)] - X [Et(¢i,t+l) -¢ 1—xDis
i,t+1 i,t+1

w 2 , (38)
iGAt

where ){’t =max{Xit,0} and Xj; = min{Xit,0}. Moreover, when Xxit > 0 for all i € A, (38)

simplifies to

5 > Xi,t [fi +1; + @i t+1 — Et(Pit+1) — (I)i,t:I

1+r

Wi > (39)

ieAt

The constraint is more stringent than in the riskless-arbitrage case because of the additional risks

that the arbitrageur is subject to.

Proposition 8. The value function of an arbitrageur in period t is given by (22), where B= " _

1-g
and Gt is a function of aggregate arbitrageur wealth. The arbitrageur’s optimal consumption is given

B

by (29). When short positions in assets i € Atare not optimal, as is the case when minjea, Dit

exceeds a positive bound and maxieA {Ni; i1 — Et(Pit+1)} is small,

e The arbitrageur’s optimal positions are non-zero only in opportunities with maximum risk-
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adjusted return per unit of collateral

[
®j,t + Et M1 ]
jt+1 tojt+l b+l

B T TE@ )=¢ )

_ | , 40
where
1

Mt+1

= > .
A+ DOWe+ 27 4 Xt [Py e+ Mj.er1 + Ee(Pj,t+1) — Bt

For these opportunities, positions are long in assets i € At.

® The financial constraint (39) is slack if the maximum risk-adjusted return per unit of collateral
is zero, and binds if it is positive.

As in the riskless-arbitrage case, the arbitrageur invests only in those opportunities that offer
the maximum return per unit of collateral. When arbitrage is risky, however, that return includes
arisk adjustment that depends on arbitrageur risk aversion and position size. The risk adjustment
for arbitrageurs is different than for outside investors because market segmentation implies that

arbitrageursbear different risks.

The arbitrageur’s portfolio problem combines two aspects: allocate scarce capital to the most
profitable opportunities, and trade off risk and return. When the financial constraint is slack,
only the second aspect is present. The arbitrageur invests in any given arbitrage opportunity i
to take advantage of its positive expected excess return 2®jt. As he increases his position in
that opportunity, he bears more risk, and hence his risk-adjusted return decreases. The optimal
position renders the risk-adjusted return equal to zero. This is the standard first-order condition

of a risk-averse investor.®

If the optimal positions under a slack financial constraint violate that constraint, then the first
aspect of the portfolio problem kicks in. To meet the financial constraint, the arbitrageur scales
down his positions. As a consequence, he bears less risk and risk-adjusted returns become positive.

Positions are scaled down until the constraint is met, and in such a way as to maintain risk-adjusted

BThe standard first-order condition in a one-period setting is

(7/‘4 [R- E(R)]) =0,

E[M]

where R is an asset’s excess return over the riskless asset and M is the pricing kernel. The risk adjustment is

E(MR)=0< E(R)+E

E E[/Mvr]—[R —E(R)] - It depends on the size of the position, which is why the optimal position is interior. (That

is, if the investor invests only in one asset, the risk-adjusted return of that asset declines below that of other assets,
inducing the investor to also invest in the other assets.)
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returns per unit of collateral equal across all opportunities for which positions remain positive.

The twoaspects of the arbitrageur’s portfolio problem canbe completely separated in twospecial
cases. When asset payoffs are identical, only the first aspect is present because the arbitrageur faces
no risk. When instead the common payoff shock €it+1 to both assets in a pair (i, —i) is zero for
all pairs (€ = 0), only the second aspect is present: the arbitrageur determines his positions by

trading off risk and return, and the financial constraint is always slack.

Corollary 1. When-€i=0 for all i € Ay, and short positions in assets i € At are not optimal, the

arbitrageurs’ financial constraint is slack.

The intuition for Corollary 1 is that when the common shock is not present, a long position in
asset i and a short position in asset —i can achieve their maximum loss at the same time. (That
is not possible in the common shock’s presence because the long position achieves its maximum
loss when €jt+1 = —€, while the short position achieves its maximum loss when €1 = €i.)
Hence, requiring arbitrageurs to have sufficient wealth in each market to cover any liabilities in
that market is equivalent to requiring them to be able to cover any overall liability. Moreover,
arbitrageurs choose their positions so to keep positive wealth and hence cover any overall liability

because logarithmic utility makes zero consumption prohibitively costly.

4.2 Equilibrium for Small Arbitrage Risk

Tostudy the case where arbitrage risk is small, we setn; = Aif) and take 7] to be small holding A;
constant. We also specialize our model to the stationary “asset family” setting described at the
beginning of Section 3, and focus on parameters for which the steady state derived in Section 3.3
isinterior, i.e., arbitrageur wealth does not converge to zero or infinity. Since arbitrageur wealth
Wt converges to the steady-state value W whenn = 0, it converges to a stationary probability
distribution with support close to W when7 is small. When Wt moves within the support of
the stationary distribution, as we assume from now on, the subset N of families whose assets are
traded in equilibrium could change over time. If we rule out, however, the non-generic case where
f'(Un€n) =TI for some n € {1,..,N}, then for ;small enough N; remains constant over time and
so does the set Tt of traded active opportunities. We hence drop the time subscript from both
sets. Since the support of the stationary distribution is close to W, expected excess returns ®j
of assets | € Atexceed a positive bound. Hence, short positions in assets i € At are not optimal,

arbitrageurs’ first-order condition is (40), and the financial constraint (39) binds.

Welook forspreads, expected excessreturns, and positions of arbitrageurs and outside investors
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that take the form

Pr,m,t = ¢:,m’t+¢:'m,tn +o(n), (41)

CI>n,m,t=<I>‘r’m+ Cpim,ta +0 (). (42)

Xnme=x" L 0+, (43)
_+/0

yn,m,t_yn,t+y;’m,tﬂ+0(ﬂ), 4

for asset (N, m). The superscript 0 denotes the value of the corresponding variable, as a function
of W4, in the case of riskless arbitrage (Section 3). The superscript 1 denotes a first-order term in
7 introduced by risk. As in Section 3.3, we drop the time subscript from zeroth- and first-order

terms in (41)-(44) when these are evaluated at the steady-state value W.

We look for dynamics of wealth, within the support of the stationary distribution, that take

the form

>
W1 =W +p(Wt = W)+ viT+ Onfnm-1t+1+0 (), (45)
(n,m)eT

where (0, v, { On}nen) are constants. We compute these constants, as well as the first-order terms
in (42)-(44), in the Appendix (Proposition A.1). We confirm, in particular, that p € (0,1). Thus,
to a first-order in 77, Wt follows an AR(1) process. The mean to which this process reverts is equal

to W plus a first-order term in 7). Variation around the mean is caused by the shocks fnm-1,t+1

for (n,m) € T. The coefficient on describing how fnm-1t+1 affects Wi+ is given by

2BxY
on= Za | (46)

n’,m—1,t+1
1+ 2:B (n'meT Xy’ T dWua1

where the derivatives in the denominator are evaluated at Wi+1 = W. The intuition for (46) can
be seen from the budget constraint (20). Substituting the optimal consumption (29) and changing

asset subscripts from i to (n,m), we can write (20) as

i U
>
W1 =L (1+r)Wi+2 Xn,m,t[Pnm,t+Mnm—1,001+Et(@n m—1,0¢1) — Pnm—1,e¢1] - . (47)

(n,m)eT

A negative shock nnm-1,+1 reduces the wealth of arbitrageurs through the term 28Xn m t/Jn,m—1,t+1.
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This is the direct effect of the shock, holding spreads ¢n'm-1t+1 constant, and corresponds to the

numerator in (46). There is also an indirect amplification effect, operating through a change in
spreads: because W; decreases due to the direct effect, spreads increase, and this amplifies the
reduction in Wi. The indirect effect corresponds to the second term in the denominator in (46),

which is negative hence lowering the denominator and raising on.

4.3 Economic Implications
4.3.1 Spreads, Returns, and Positions in the Cross-Section

An arbitrage opportunity (n, m) is described by five characteristics: the volatility €n of the payoff
shock that is common to the two assets and which arbitrageurs can hedge via a long-short trade;
the volatility r7,, of the payoff shock which arbitrageurs cannot hedge away; the endowment shock
Un of outside investors, which determines their relative demand for the two assets; the measure pin
of outside investors; and the horizon m of the opportunity. We examine how these characteristics

affect spreads ¢nm, expected excess returns ®n m,, and arbitrageur positions Xnm.

Proposition 9. Suppose that arbitrage risk n is small. Holding constant all other characteristics

as well as arbitrageur wealth:

* An opportunity with higher hedgeable volatility €n has a higher spread and expected excess
return, and attracts more investment by arbitrageurs.

* An opportunity with higher non-hedgeable volatility i, has a higher spread and expected excess
return, and attracts less investment by arbitrageurs. The same holds for an opportunity with

longer horizon m.

* An opportunity with larger endowment shock Un attracts more investment by arbitrageurs. It
has a higher spread and expected excess return, except when the comparison is between traded
opportunities, in which case spreads and expected excess returns are the same to the first order
in A.

® An opportunity with larger measure of outside investors Un attracts more investment by arbi-
trageurs.

Outside investors in more volatile opportunities, i.e., those with higher&n or 7], are more eager
tosharerisk. Therefore, those opportunities offer higher expected excessreturnsin the arbitrageurs’
absence. Their expected excess returns remain higher even if arbitrageurs invest in them. Indeed,

arbitrageursinvestin opportunities with the highest return per unit of collateral, and more volatile
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opportunitiesrequire more collateral. Inturn, higherreturnsimply higher spreads. Indeed, spreads

are a present value of future expected excess returns discounted at the riskless rate:

(., )
> n m_s t+s
®n,m,t=E¢ . (1+I’)S+1 , (48)

as can be seen by solving (13) backwards with the terminal condition ¢n o t+m =0.°

The source of volatility, € or f],,, matters for arbitrageurs’ positions. When hedgeable volatility
is higher (higher €n), positions are larger. When instead non-hedgeable volatility is higher (higher
Tn), positions are smaller. The intuition comes from higher volatility having two countervailing
effects on arbitrageur positions: it raises positions because expected excess returns increase, but
it lowers positions because collateral requirements increase. Expected excess returns in the arbi-

trageurs’ absence are proportional to the return variance, which for small ris proportional to €2,
plus second-order terms in7).” Collateral requirements are equal to a position’s maximum possible
loss, which is €n+1)n + @n m—1.t+1 — Et(@n,m-1,t+1) — Pnmt from (39). The ratio of these quantities

(return per unit of collateral) is increasing in€n but decreasing in7),,. In particular, anincrease in

An has a second-order effect on the variance but a first-order effect on the collateral requirement.

More generally, when arbitrage risk is small, its dominant effect on equilibrium variables is
through the financial constraint rather than through risk aversion. Arbitrage risk raises the maxi-
mum possible loss of a position by a first-order term in 7}. The risk adjustments that it induces in
(37) and (40), however, are second-order in 7], as they involve an expectation of gains and losses
weighted by marginal utility. It is because of the effect through the financial constraint that the

equilibrium variables in (41)-(44) include a first-order term in 7.

The effect of horizon m on spreads follows from (48). Spreads of opportunities with a longer
horizon are the present value of a longer sequence of future returns, and hence are higher. The
effect of horizon on expected excess returns and arbitrageur positions is more subtle. Spreads
of opportunities with a longer horizon are more sensitive to shocks to arbitrageur wealth, as

we show in Section 4.3.2. As a consequence, these opportunities require more collateral (term

an,m—l,tﬂ — Et(¢nm-1,t+1) in (39)), and higher collateral requirements push expected excess re-

turnsup and arbitrageur positions down. Note thathorizon hasno effect on expected excessreturns

!%Because (13) is linear in spreads and expected excess returns, (48) is exact and not a small-risk approximation.

YThe return variance can be computed using (12), the independence between €nt and {fn,}n' en, the fact that
Wi is the only stochastic state variable affecting spreads, and the dynamics of of W;in (45). Note that since the
effect of arbitrage risk on the return variance is second-order in 7], our analysis of the equilibrium for small arbitrage
risk would not change if instead of holding €n constant when ™, varies, we also vary € so that the return variance
in the arbitrageurs’ absence remains constant. Indeed, the required variation in € would be second-order in 1.
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or positions under riskless arbitrage. The effect instead arises because arbitrage risk impacts col-

lateral requirements, and is included in the first-order terms in (42)-(44).

The effect of the endowment shock un on spreads, expected excess returns, and arbitrageur
positions is the same as under riskless arbitrage. In particular, spreads and expected excess returns
increase with un for non-traded opportunities and become flat when un is large enough so that
opportunities are traded. The flat part arises because traded opportunities offer the same return
per unit of collateral and because un does not affect the collateral requirement. The effect of the
measure Un of outside investors on arbitrageur positionsis also the same as under riskless arbitrage:

arbitrageurs hold larger positions in an opportunity where there are more outside investors.

4.3.2 Response to Shocks

Wenextexamine how spreads, expected excessreturns, and arbitrageur positions respond to shocks
to arbitrageur wealth, and how these dynamics depend on the characteristics of arbitrage oppor-

tunities. We focus on traded opportunities; non-traded opportunities are not affected by shocks.

For any given traded opportunity, spreads, expected excess returns, and arbitrageur positions
change over time both because arbitrageur wealth changes and because the opportunity’s horizon
shortens. We focus on the wealth-induced variation, keeping horizon constant. Hence, we compare
spreads, expected excess returns, and arbitrageur positions across opportunities within the same

family and with the same horizon (same (n, m)) but at different points in time.

Proposition 10. Suppose that arbitrage risk ) is small and that a shock in period t lowers arbi-

trageur wealth below its mean.

e The immediate effect is that spreads and expected excess returns increase, and arbitrageurs
scale down their positions.

® following this immediate reaction, there is a recovery phase, during which spreads, expected
excess returns, and positions are expected to revert gradually toward their original values.

The dynamics in Proposition 10 follow from the self-correcting dynamics (45) of arbitrageur
wealth. Following a shock that lowers wealth in period t, wealth is expected to increase gradually
back toits mean. Spreads and expected excess returns are decreasing functions of wealth, and hence
increase instantly and then decrease gradually. By contrast, positions are increasing functions of

wealth, and hence decrease instantly and then increase gradually.

Proposition 11. Suppose that arbitrage riskn is small and that a shock in period t lowers arbi-

trageur wealth below its mean. Holding constant all other characteristics:

33



® For an opportunity with higher hedgeable volatility €n, the immediate increase in spread and

expected excess return is larger, and the immediate decrease in arbitrageur positions is smaller.

® fFor an opportunity with higher non-hedgeable volatility 1, the immediate increase in spread
and expected excess return is larger, and so is the immediate decrease in arbitrageur positions.

® For an opportunity with longer horizon m, the immediate increase in spread is larger. The im-
mediate increase in expected excess return and the immediate decrease in arbitrageur positions

are also larger if the steady-state value W of arbitrageur wealth Wt is large enough.
These comparisons remain the same during the recovery phase.

Spreads and expected excess returns of more volatile opportunities, i.e., those with higher &
or 7], are more sensitive to changes in arbitrageur wealth. This is because changes in wealth
impact the return per unit of collateral, which arbitrageurs equalize across all opportunities in
which they invest. The resulting impact on returns, and hence on spreads, is stronger for more

volatile opportunities because they require more collateral.

Arbitrageur positions in more volatile opportunities can be more or less sensitive to changes in
wealth, depending on the source of volatility. Positions are less sensitive when volatility is higher
because of &, but more sensitive when it is higher because of 1),,. The intuition parallels that
in Proposition 9. Following a drop in arbitrageur wealth, positions in all opportunities must be
scaled down, and the return per unit of collateral is equalized across opportunities at a higher
level. The increase in expected excess returns resulting from a cut in arbitrageur positions (i.e.,

the inverse elasticity of the demand of outside investors) is proportional to the return variance,

and hence to € plus second-order terms in7). The ratio of this quantity to the collateral required

€n+An+Pnm—1t+1 — Et(Pn,m-1,t+1) — Pnm t is increasing in €n;-and so positions in opportunities

with higheren mustbe cutby less to achieve the new higher level of return per unit of collateral.
Theratioisinstead decreasinginr,, and so positionsin opportunities with highern,, mustbe cut
by more. Put differently, by cutting positions in opportunities with higher r7,, arbitrageurs save
alarger amount of collateral, and the returns of these opportunities do not increase sufficiently

following the cuts to compensate for that.

Spreads of opportunities with a longer horizon are more sensitive to changes in wealth because
they depend on a longer sequence of future returns, all of which are sensitive to wealth changes.
Because their spreads are more sensitive to changes in wealth, collateral requirements are higher
for long-horizon opportunities. In turn, this implies that expected excess returns and arbitrageur
positions for long-horizon opportunities tend to be more sensitive to wealth changes. At the same

time, wealth changes affect the required collateral as a function of horizon because they affect the
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volatility of equilibrium prices. If the incremental collateral required by longer-horizon opportuni-
ties decreases following a wealth drop, then expected excess returns and arbitrageur positions for
these opportunities can be less sensitive to wealth changes. This possibility is ruled out if W is

large enough.

Taken together, the results of Sections 4.3.1 and 4.3.2 imply an increasing cross-sectional re-
lationship between spreads and expected excess returns on one hand, and betas with respect to
arbitrageur wealth on the other. Indeed, Proposition 9 shows that spreads and expected excess
returns are higher for more volatile opportunities and for opportunities with a longer horizon.
Moreover, Proposition 11 shows that spreads for the same opportunities increase more following a

drop in wealth. Hence, their realized returns decrease more and their wealth betas are higher.

The cross-sectional relationship implied by our model is consistent with recent empirical evi-
dence. Avdjiev, Du, Koch, and Shin (2016) study the behavior of the cross-currency basis, which
is defined in Section 2.2.3 and is an arbitrage spread associated with violations of covered interest
parity. They find that currencies with a higher basis are also those for which the basis increases
more when the dollar exchange rate increases. Moreover, increases in the exchange rate are as-
sociated with tighter funding conditions of currency-market arbitrageurs. Cho (2016) studies the
relationship between alphas of a wide cross-section of stock-market anomalies and the sensitivities
of these anomalies’ returns to the funding conditions of broker-dealers. He finds no relationship
before 1993. After 1993, however, anomalies with higher alphas are also ones that yield lower
returns when funding conditions tighten. These findings are consistent with arbitrageurs becoming

more active in trading the anomalies in the more recent sample.®

We show that an increasing cross-sectional relationship between spreads/returns and wealth
betas arises because of two mutually reinforcing mechanisms. High collateral requirements cause
spreads and expected excess returns to be high (through the equalization of return per unit of
collateral) and wealth betas to be high (through the dynamics implied by same channel). Moreover,
high wealth betas cause collateral requirements to be high (because the maximum possible loss of
a position increases) and feed back into high spreads and expected excess returns. Exogenous
characteristics can “activate” either of the two mechanisms, setting off the mutually reinforcing
cycle. Payoff-shock volatility t€n and7),) activates the first mechanism, as higher volatility pushes
upcollateralrequirements. Horizon (m)activatesthe second mechanism, asalongerhorizonrenders
spreads more sensitive to wealth. Versions of the first mechanism have been shown in a number of

papers (e.g., Gromb and Vayanos (2002), Geanakoplos (2003), Brunnermeier and Pedersen (2009),

8Cho (2016) also finds that anomalies with higher profitability before 1993 tend to have higher wealth betas after
1993. This is consistent with arbitrageurs allocating more wealth to the more profitable anomalies: anomalies with
small un do not attract any investment and are not sensitive to changes in wealth, while the opposite holds when un
exceeds a threshold.
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Garleanu and Pedersen (2011), and Brumm, Grill, Kubler, and Schmedders (2015)). The second

mechanism is new to our model.

4.4 Mobility of Arbitrage Capital

Finally, we use our model to study how the mobility of arbitrage capital affects market stability.
Our maintained assumption so far is that all arbitrageurs can trade all assets and hence arbitrage
capital is fully mobile across markets. We contrast full mobility to the case where the assets in each
family pair (n, —n) for n =1,.,,N are traded by a separate set of arbitrageurs. We refer to the
former case as integrated arbitrage markets and to the latter as segmented arbitrage markets. These
notions of integration and segmentation are distinct from the asset-level segmentation concerning
outside investors and collateral requirements, which we continue to assume. Integration of arbitrage

markets could be triggered, for example, by a deregulation of international capital flows.

When arbitrage is riskless, integration and segmentation of arbitrage markets yield the same
steady state. Indeed, Proposition 6 applied to each segmented arbitrage market implies that arbi-
trageurs in market n have non-zero wealth in steady state if f'(Unen) > 1 — B(1 +r). Moreover,
the return per unit of volatility is [T=1 — B(1 +r) in the markets where arbitrageur wealth is
non-zero, and f(Un€n) < IT in the markets where it is zero. Since this return is the same across
the non-zero-wealth markets, and is lower in the zero-wealth markets, lifting the segmentation re-
striction has no effect: arbitrageurs are indifferent between staying in their market or diversifying
into other non-zero-wealth markets, and the return per unit of volatility in all markets does not

change.

Corollary 2. Suppose that n = 0 (riskless arbitrage). In steady state, integration of arbitrage

markets has no effect on spreads and returns.

When arbitrage is risky, arbitrageurs strictly prefer diversifying across arbitrage markets as
long as risks are imperfectly correlated. We assume that risks are independent across markets,
i.e.,, the shocks fnm_ are independent across n. But while diversification is beneficial for any
given arbitrageur assuming that others do not diversify, it has a countervailing effect when they
all diversify: it induces correlation between arbitrage markets, which makes diversification less
effective. This is because arbitrageurs who hold positions in multiple markets react to negative

shocks in one market by cutting positions in all markets—a contagion effect.

To examine whether diversification remains effective despite the correlation that it induces,
we compute the variance of arbitrageur wealth. We also compute the variance of spreads, which

can be interpreted a measure of market stability. We first compare integration and segmentation
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when arbitrage opportunities are symmetric, i.e., (€n,7Jn, Mn, Un, Mn) is independent of n, and then

consider the asymmetric case.

Proposition 12. Suppose that arbitrage risk T is small and that arbitrage opportunities are sym-

metric.

e The variance of each arbitrageur’s wealth under integration is 1W times that under segmenta-
tion. It is also equal to the wealth variance of an arbitrageur who diversifies across markets

when other arbitrageurs do not.

e The variance of each spread under integration is 1W times that under segmentation.

Anarbitrageur who diversifies across markets when other arbitrageurs donotenjoysareduction
in the variance of his wealth by a factor of N. This follows from a standard result in portfolio theory:
optimal diversification across N assets with i.i.d. returns results in a variance that is N times lower
than without diversification. Surprisingly, diversification lowers the variance by a factor of N even
when all other arbitrageurs diversify and hence markets become correlated. This is because while

spreads become perfectly correlated across markets, their variance is divided by N.

The intuition why the variance of the spreads is divided by N under integration is as follows.
Since the aggregate position of arbitrageurs in each market is the same under integration as under
segmentation when arbitrage is riskless, the same holds for small arbitrage risk to the highest
order in 7). Hence, a negative shock nn,m causes the same drop in aggregate arbitrageur wealth
under integration as under segmentation, holding spreads constant. Under segmentation, only
arbitrageurs in market n are affected, and they cut their positions in that market. Under integration,
all arbitrageurs are affected, and they cut their positions in all markets. Because the drop in

aggregate wealth is the same in both cases and because markets are symmetric, the cut in each

market under integration is 1ﬁ times the cut in market n under segmentation. Hence, spreads in

all markets under integration increase by 1W times the increase in the spreads in market n under

segmentation. Moreover, the contribution of the shock fnmt to the variance of the spreads in

17

NE of its contribution under segmentation. Because, however, N

market n under integration is
times as many shocks (i.e., all shocks) contribute to the variance under integration, the variance of

. 11
the spreads is N x 2 = N times that under segmentation.

Proposition 13. Suppose that arbitrage riskT) is small and that arbitrage opportunities are asym-
_ N—1
e )"y or T are

maxn'en [Un'en’— ()~ (D] maXn'en MNn’

metric. Spreads of traded opportunities n € N for which

sufficiently small have higher variance under integration than under segmentation.
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Integration can raise the variance of spreads of opportunities with small endowment shocks
(small un) or low volatility (small &n or 17,,). For example, because arbitrageurs hold small positions
in opportunities with small un, payoff shocks fn,m,thave small effects on their wealth and on spreads,
resulting in low variances under segmentation. Instead, under integration, these opportunities are

exposed to shocks coming from other markets, so variances can increase.

5 Conclusion

We develop a model in which arbitrageurs’ limited access to capital affects the functioning of finan-
cial markets. Arbitrageurs in our model are uniquely able to exploit price discrepancies between
assets traded in segmented markets, but face financial constraints limiting their ability to do so. We
compute the equilibrium in closed form when arbitrage is riskless and when arbitrage risk is small.
In the latter case, arbitrage capital follows AR(1) dynamics in a stochastic steady state. We de-
termine how arbitrageurs allocate their limited capital across mispriced assets in steady state, and
how this allocation changes following shocks to capital. We also determine which arbitrage trades
offer the highest expected returns and how these returns relate to the trades’ sensitivity to arbitrage
capital and other characteristics. We finally examine how the diversification of arbitrageurs across

markets affects the risk that they bear and the volatility of spreads.

When arbitrage risk is small, its first-order effect on equilibrium variables is through the finan-
cial constraint rather than through risk aversion. Hence, our results on how characteristics such
as volatility, horizon, and investor demand affect expected returns and arbitrageur positions are
driven by the characteristics’ effects on the financial constraint. For general arbitrage risk, risk
aversion would come into play, and its effects might differ from those of the financial constraint.
Determining the combined effects of risk aversion and the financial constraint on the cross-section
of expected returns and arbitrageur positions is a natural extension of our research. This would
require computing the equilibrium for general arbitrage risk. Analysis of this equilibrium would
shed light on the role of arbitrage capital as a risk factor, and on how the significance of this factor

is affected by the capitalization and diversification of arbitrageurs.
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APPENDIX

A Proofs

Proof of Proposition 1: The proposition follows from Proposition 7 by setting 7 =0 and noting

that arbitrageur wealth and spreads are deterministic. ]
Proof of Lemma 1: To prove the properties in the lemma, we set &= % and &t = &+ Since

the distribution of &t is independent of i and t, so is the function f(y). Since &, has mean zero,

Jensen’s inequality implies that
E [exp (—Oy&1)] = exp(0)=1,

and hencef(y) = 0. Since & tisdistributed symmetrically around zero,

E[exp(—ay&1)] =E [exp (ay&)],

and hence f(—y) = f(y). Differentiating f(—y) =f(y) we find f (—y)=—f(y), and setting y =0
in f'(—y) = —f(y) we find f'(0) = 0. To show that f(y) is strictly convex, we show that f (y) > 0.

Since

log {E [exp (—0y&1)]}
f(y)= P

differentiating once we find

E [6texp (—&y&y)]
N — , Al
fO=" Elexp(—aya1)] A

and differentiating twice we find

]
) o P (“07&) Elexp (~0ya0)] - (e o) * )
{E [exp (—0y&1)]}

The numerator in (A.2) is positive because of the Cauchy-Schwarz inequality [E(XY )]? < E(X?)E(Y ?),

which is strict when the random variables X and Y are not proportional. We can use the Cauchy-
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Schwarz inequality by setting

Coeved’
X =6&texp
Corad
Y =exp
-,

and noting that X and Y are not proportional because &t is stochastic. Therefore, f'(y) > 0. To

show that limy—co f'(y) =1, we show that |f(y) —1| can be made smaller than 21 for any arbitrary
n >0 wheny goes to infinity. Using (A.1) and the fact that &t is distributed symmetrically around
zero with the supremum of its support being one, we find
E[(A+&nexp(=ay&y)]

E [exp (—ay& )]

If'ty) —1] =

1 [ ]
= E (1 N G’t) exp (_quyt) 1 {&ie[—1,—1+n]} —+ E (1 +@|',t) exp (_quyt ) l{a’te(_“n’ll} .

E [exp (—0y&y1)] E [exp (—0y&y)]
(A3)

Since
(1 +§0)1sge[—1,~14np < 1N,

the first term in the right-hand side of (A.3) is smaller than . The second term can also be made
smaller than 1 for large y. Indeed, multiplying numerator and denominator by exp (—ay(1 —n)),

we can write this term as

[
E (1+&0exp(—&y@e+r1=m)1 ;o ypp
Elexp(=y(&t+1—n))]

(A.4)

Since &t in the numerator of (A.4) exceeds —1+ 1), the numerator remains bounded when y goes
to infinity. The denominator of (A.4) converges to infinity, however, because €it takes values in
[—1, —1+n) with positive probability. i

Proof of Proposition 2: The results on the value function and optimal consumption follow from
Proposition 8 by noting that arbitrageur wealth is deterministic. Optimal positions are derived by

maximizing (A.26) with respect to {Xit}iea, subject to the financial constraint (21). Since 7; =0
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and arbitrageur wealth and spreads are deterministic, we can write (A.26) as

{ ( 5 ) b

{rr;;lx BB+1log (I+NWi+2  Xi®Dit + B log(B) — B(B +1)log(B + 1) + BGt+1
XitsieAt i€ A

(A.5)

and (21) as (28). When ®it= 0 for all i € At any combination of positions in the active
opportunities yields the same value for (A.5). When instead ®jt > 0 for some j € Ay, (28)

binds for the optimal positions because otherwise the arbitrageur could raise (A.5) by raising X;.
Moreover, Xi,t = 0 for all i € At if Xjt < 0 for some j € Ay, then setting Xjt to zero would

relax (28) while also not lowering (A.5). Since Xi,t = 0 for all i € A¢, (28) becomes (32). The
maximization in (A.5) subject to (32) and Xit = O for alli € Atimplies that Xi+>0only ifi € At
maximizes return per unit of collateral. |

Proof of Proposition 3: Proposition 2 implies that if arbitrageurs trade opportunity i then Dt

is equal to a value IT; that is independent of i, and if they do not trade it then % < Il In the

former case, Xit > 0 and (10) imply that yit < 0. Substituting into (25) and using the convexity

of f(y), we find f'(urei) > &

it
€i

= ITt. In the latter case, xit = 0 and (10) imply that yit = 0.
Substituting into (25), we find f (ui€i) — %t < TT;. Since f(y)<1forally, ITt<1. B
€i

Proof of Proposition 4: Proposition 3showsthatforalli € A, either Xj t>0and %“t =1l or

Xi,t=0. We can hence write (31) and (32) as

L 1
>
Wi =8 (1+nWi+2I1t  Xit€ | (A.6)
iGAt
> i e
We > 2(1 =TT~ Xt (A7)
) 1+r
i€At

respectively. If Il = 0, then (A.6) becomes (33). If instead I'lt > 0, then (A.7) holds as an equality,
and substituting it into (A.6) we find again (33).

If It = 0, then arbitrageurs earn the riskless rate r and Proposition 3 implies that all active

opportunities are traded. To determine a lower bound on Wi, we use market clearing and the

financial constraint. Eq. (25) implies that f[(yi+ ui)€] = dﬁf =0 for all i € At. Since f(y) is

€i

symmetric around the vertical axis (Lemma 1), f (0) = 0. Strict convexity of f(y) implies that
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f'(y) is invertible and hence yi + uj = 0. Combining with (10), we find Xit = piui. Substituting
Xi,t = HiUi into (A.7) and using It =0, we find Wi = We.

If Ht > 0, then arbitrageurs earn the riskless return 1+

o 1> r and Proposition 2 implies

that the financial constraint binds. To determine how IT; relates to Wi, we use market clearing and

" — T for all

the financial constraint. Eq. (25) and Proposition 3 imply that f(yit+ ue] = @;

i € Tt. Inverting thisequationyields

(yir + udei = (F)"}(Iy)

()" (TTy)

= Xi,t = HilUi — Hi e (A.8)

where the second step follows from (10). Substituting (A.8) into (A.7), and recalling that Xit=0
for all i € AdTi, we find (34). Moreover, (A.7) implies that Wi < Wct because It € (0,1),

0 < Xit < Miuit for all i € Tt (from (A.8)), and Xit =0 for all i € AdTx.

The left-hand side of (34) decreases in IT; because f'(y) >0 implies that f(y)is increasing.
Moreover, it is equal to zero for It = maxieA, f (Ui€i) and to W for IT; = 0. Therefore, (34) has

aunique positivesolution for Wt € (0,Wc 1), whichdecreasesin W:.

To show convexity of I, we differentiate (34) implicitly with respect to Wi. We find

5%‘ = - L — - = : (A.9)

T+r  jeTMi i L B [(DEEzeIn)

The derivative % is continuous, except at Wi =Wc and at the points where the set Tt changes.
t

For those values of Wi, the left derivative is smaller than the right derivative. For Wi = Wc,
this is because the left derivative is negative and the right derivative is zero. For a point where Tt
changes, this is because the denominator for the right derivative minus that for the left derivative
is

1-1II [

b _ 1-1It 1 >0,
1

T T 2 z I“l e e 1 s
IO =1%r . T~ (0]

9 £ ui[ue ()71 ) +

ii— t
+ i
1 r-ieDTt

where DTt denotes the additional opportunities that become traded to the right of that point.
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Therefore, I'l; is convex if the function

1-TTt

€ — () + e
w2

is increasing in W4, or equivalently is decreasing in I'lt. This is also equivalent to the function

= _yy 1-F(y)
v f(y)

being decreasing in y because f (y) is increasing. The derivative of G(y) with respect to y has the

same sign as the function

Gi(y) = —2f (y)*> — " (y) G- f’<y>) :

Differentiating (A.2) we find

]
Ler exp (—eya) 'E [exp (—0y&)] — {E [arexp (—ay& 1}

" E
f(y) =& 2E [drexp (—ay&y)] 5
{E [exp (—ty&y)]}
] ]
Eleexp(—ayan Efarexp(—ayan] — E &7 exp(~tyn) E [exp (~tya0)]

{E [exp (—ty&n)]}*

—

(A.10)

Using (A.1), (A.2) and (A.10), we find

[
Gi(y)=—& 2 (E [Aé,t exp (—éy@.',t)] E[exp(—ay&1)] +E[Gtexp (—6y@.',t)])

L. PPN AN SE A 112
E &texp(—ay&t) E[exp(—ay&y)] —{E [Grexp (—Oy&)]}
{E [exp (—ay&p]

X

+E[(1+&)exp(—ay&y)]
1 [ 1
XE[&.texp(—aya—,t) E [4rexp (—&y&n)] —E &2 exp(—y&y) E[exp(—qy&y]

{E [exp (—ay&o)]}°

When the distribution of €t is binomial, &t has also a binomial distribution that takes the values
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1 and -1 with equal probabilities. Therefore,

E fexp(—ay&)] —E & exp(~dy&o) - cosh(@),

E [arexp (—ay&0] = E € exp(—ayan) = —sinh(a),
and the function Gi1(y) becomes

2 (coshz(ay) - sinh(ay))

Gu(y)=—¢ .
cosh”(ty)

Since cosh(x) = 1 and cosh(X) > sinh(x), Gi(y) is negative and hence G(y) is decreasing. B

Proof of Proposition 5: Suppose that in equilibrium (i) expected excess returns ®;j; for assets
i € At are given by Propositions 3 and 4, (ii) price discounts ¢it for assets i € At are given by
solving (13) backwards with the terminal condition ¢jn, = 0:

hizt—1 _CDi trs

Pii=
s=0 (1 +r)s+l’ (A.11)

(iii) expected excess returns and price discounts for assets —i, i € Ay, are opposites to those for

assets i, and (iv) expected excess returns and price discounts for assets that are not part of active
opportunities are zero. The first-order conditions of investors and arbitrageurs are then as in
Section 3.1. The analysis in that section and in Section 3.2 ensures that the markets for all assets

clear and that the quantities (Wt @i t, i, Xi t) have the properties in the proposition. |

Proof of Proposition 6: The dynamics of Wt in the three cases of the proposition are as follows:
e If B(1+r)>1, then (33) implies that Wt increases to W = oo,

e If B(1+r) <1—1IT, then (33) implies that Wi decreases to W =0 because ITis the maximum

value of I'l;.

e If 1 —IT1<pB(1+r) <1, then (33) implies that Wt remains constant when IT; is equal to the
steady-state value Il given by (36). The steady-state value W of Wt is given by (35) because
of (34). When W < W, (33) implies that Wt+1 > Wt because It > I'1. Conversely, when
Wi > W, (33) implies that Wi+1 < Wi because I'lt < I'l. To show that convergence of Wt to

W is monotone, we need to show that Wi+1 < W in the former case and Wt+1 > W in the
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latter case. Since (33) implies that
Wie1 — W = B(1+r) (JALF __Ww
1-TL

= Wi

1o, isincreasingin Wi, whereTltis defined

convergence is monotone if the function F (}[N )

implicitly as function of Wt from Proposition 4. When Wt > W¢, F(Wh) is increasing in Wt
because I'li=0. When Wt <W¢, (34) implies that

2 > L1 1
i uiei — (F)™ (11 .

F(Wt) - 1+rieTt

Since f(y) is strictly convex and It decreases in Wy, F (Wh) is increasing in Wt. Since IT> 0,
Proposition 4 implies that W € (0, Wc).

The dynamics of It in each of the three cases follow from the dynamics of Wi, and from the

dependence of I'lt on Wi derived in Proposition 4. |

Proof of Proposition 7: The investor’s Bellman equation is

Vig(Wi) = max E {—y exp(—aCit+1) + yVis1(Wi1) } . (A12)

Ci,t+1,Yit
Substituting (14) and (15) into (A.12), we find
_exp(Awir _ Fig= max g {—yexp(—aci1)

A t+1,Yit

—yexp (—A[(1 + rwit + Tit+a(Yit) + (Yit + Uit)€it+1 — Cite1] — Fit+1)}.
(A.13)

where

i tr1(Yi) EYitDPit+ Yit +Ui)Nit+1 +Yit [E(Pite1) — Pit+1] -
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The first-order condition with respect to consumption is

aexp(—acit+1) = Aexp (—A[(1 +wit+ i t+1(Yit) + (Yit + Uit)€it+1 — Cit+1] — Fit+1)

(A.14)
(
= Cipe = A +nwit+Ti+a(Yig) + Vit + Uin€i+1] + Fia +log "% (A15)
a+A
Hence, we can write the right-hand side of (A.13) as
RRYCETN ¥
T;P%XEt _———exp(—A[A + Wi+ iwa(Yio) + Vit + Ui€ite1 — Cite1] — Fit+1)
" a
(o)
xRN —afALQ+ OWi T + (i el + Fisa) + Alog & 77
Yiit T q P a+A
(A.16)
t a+A L ()7
_ —a{A[(1+ Wit +Tia(yit) — F[(Yit +uine]] +Fiw}t +Alog %
=maxEt exp A )
Vit T q a+A
(A.17)
where the first step follows from (A.14), the second from (A.15), and the third from the indepen-
dence of € t+1 and I t+1(Yit) and from (26) by setting y = (yit+ Uit)€i. Using the definition of
Tit+1(Yit), we find that the first-order condition with respect to it is
{ ( D))
B e —a{A[ +rwit + Tiea(yi) — F(yit + ui)é]] + Fin} + Alog &
‘ P a+A
' y ¥
X O —Ef [(Yit+Ui )€ ]+ Nit+1 + E(@ite1) —dite” =0. (A.18)
Rearranging terms, we find (37).
Substituting (A.17) into (A.13), we find that the Bellman equation holds for all values of the
single state variable wi if
aA(1+r)
A= 7 (A.19)
a+A
t +A L ()5
Fio— — log Ex a exp —a{A[Tiwa(yir) — F[(Yit + Uip€]] + Fisr} +Alog &

a a+A
(A.20)
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where yit denotes the optimal position. Eq. (A.19) implies that A=ra. Substituting into (A.20),

we find
{ ( —ra[liwa(Vit) —f[(Yit+uid€]] — Fit+1— rlog(r))}

Fit=—108Et y(1+r)exp R - ’ +'r ' : . (A21)
Eq. (A.21) determines Fit in terms of yit and Fi t+1. [ |
Proof of Proposition 8: The arbitrageur’s Bellman equation is

V(W) = max- Ei{Blog(Cit+1) + BVi+1(Wi1) } . (A.22)
Cre1,{ XithieAt
Substituting (20) and (22) into (A.22), we find
{ C ) by

>
Blog(Wp+Gt=  max g, Blog(Ciw1)+BBlog (1+NWit+2 — Tit+1(Xit) —Cts1  +BG1

Ce+1, T Xi,tFie A

iGAt
(A.23)
where
Fitr1(Xit) = Xit [Pit + Nijtr1 + E(@iir1) — Pieea] -
The first-order condition with respect to consumption is
1
— > B =0
Citr1  (1+NWit+27 ealira(Xit) — Ceea
=Gt = L FNWi+2 zieA. Fit+1(Xit) — Ct+1 Win (A.24)
B - B
(A+r)Wi+ ZEiEAt I tr1(Xit)
= Cjt+1 = : (A.25)
B+1

where the second equality in (A.24) follows from (20). Using (A.25), we can write the right-hand
side of (A.23) as

{ C 5 J b
{Xr_njx Et BB+1log (A+nNWi+2  Tiwi(Xit) + BBlog(B) — B(B +1)log(B + 1) + BGi1
i\UieAt i€ At

(A.26)
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The maximization is subject to the financial constraint (21).

The optimal values of {Xit}iea, are linear in Wi, as can be seen by setting Xit = Wiwit and
noting that the maximization objective and constraint can be written solely in terms of {wi}ieA:.
Using this observation and substituting (A.26) into (A.23), we find that the Bellman equation holds

for all values of the single state variable Wy if

B=8(B+1), (A.27)
{ ( 5 ) >
Gt=Et BB+1log (1+nN+2 Tisi(wit) +pBlog(B)— BB +1)log(B +1)+LGu1
ieAt
(A.28)

where {wit}ieA denote the optimal positions as fractions of wealth. Eq. (A.19) implies that
B = % Substituting into (A.24), we find (29). Eq. (A.28) determines Gt in terms of {wit}i ea,
and Gt+1.

To characterize the optimal positions {Xi}iea, which are assumed to be non-negative, we first

compute the derivative of (A.26) with respect to xit. This derivative is

{
Dj t+Nitr1+Ee(Pitr1) — Pit+a

2B(B +1)Et =2B(B + 1)Et[My] @1, (A.29)

2
(1+I’)Wt +2 JE€AL rj,t+1(Xj,t)

where

]

Ay = Ojy + Ey [Et[M/V/tT] (Nit+1 + Ee(@it+1) — Pit+1)

We next show that under the optimal positions either (i) d¢=0foralli € Arand (21)is slack, or
(ii) &},t > ( for some j € At and (21) binds. If &?,t > ( for some j € A, then (21) binds because

otherwise the arbitrageur could raise (A.26) by raising X;. If instead @ < 0 foralli € Ay, then
these inequalities must hold as equalities, and hence (21) is slack (because di=0foralli € Atis

the first-order condition from the maximization in (A.26) when the constraint (21) is not imposed).
To show that the inequalities must hold as equalities, we proceed by contradiction, assuming that

@t <0 for some j € At and distinguishing three cases. If X;j,t > 0, then lowering Xjt would raise

(A.26) while also relaxing (21). If Xjt = 0 and Xj+ > 0 for some j' €Ay, j ~j, then lowering
Xj't would relax (21) while also not lowering (A.26) because CAI}',t < 0. With (21) relaxed, the
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arbitrageur could raise (A.26) by lowering X;t (to a negative value). If, finally, Xit = 0 for all
i € Ay, then (21) is slack, and hence lowering Xj t would raise (A.26).

When optimal positions {Xi}ieA, are non-negative, the maximization in (A.26) can be carried
out subject to (39) and Xt = 0, rather than subject to (21). This maximization implies that
Xit>0onlyif i € At maximizes risk-adjusted return per unit of collateral. (This is obviousin the
case where €I?,t =0 for all i € At. In the case where &?,t > ( for some j € Ay, it can be shown by
lowering Xi,t >0 for an i € At that does not maximize risk-adjusted return per unit of collateral

and raising Xi,t = 0 for an i that does, in a way that keeps (39) binding.)

When minjea, @it exceeds a positive bound and maxie a{ 17;, ¢ t+1 —Et($i,t+1) } is small, CAI?,t >0
foralli € A, and hence (21) binds. Moreover, short positions are not optimal: if Xj,t <0 for some

j € Ay, then setting Xt to zero would raise (A.26) and relax (21). B

Proof of Corollary 1: When optimal positions {Xit}ieA, are non-negative, the maximization in

(A.26) can be carried out subject to (39) and Xit = 0. Consider this maximization when (39) is

notimposed. Because of logarithmic utility, the solution satisfies
>
A+nNWi+2  Tiwa(Xit) >0
i GAt

2>
S A+NWi+2  Xit[Dit+Nite1 + Ee(Pit+1) — Pit+1] >0 (A.30)
i€eAt

for all realizations of uncertainty in period t+1, including when nit+1= —nj for all i € At. Under

the latter realization, and because {Xit}ie4, are non-negative, the spreads ¢it+1 for all i € At reach
their maximum values®; 1. Since a long position in asset i € At suffers its maximum loss when

Nit+1=—rrand ¢it+1 = @i 1+1, (A.30) holds for all realizations of uncertainty in period t+1 if

> [ _ 1
(1 + r)Wt +2 Xi,t q)|,t —ni+ Et(¢|,t+1) — ﬁi,t+1 > 0. (A31)

ieAt

Equation (A.31) implies that when €j=0 for all i € Ay, (39) holds as a strictinequality and hence
is slack. |

Wenext state and prove Proposition A.1 which characterizes the equilibrium for small arbitrage
risk. We denote by IT the derivative of I; defined in (34) with respect to W, at the steady-state

value Wy =W.

Proposition A.1. Suppose thatn is small. The dynamics of arbitrageur wealth take the form (45),
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with
(A.32)

(A.33)

and On given by (46). Expected excess returns, and positions of arbitrageurs and outside investors

take the form (42)-(44), with (@%’t,xﬂ't,yg’t) as in Section 3, and

dg, > ) B
0 M T dwWer o neN MnOnAn +Toen, if(n,m)eT
dh,m,t= (A.34)
-0, otherwise
X1 1
nmt= —HnYnm,t (A.35)
1
pmt=2  Pame (A.36)
v € [/ o |
PR AN 71
n'r yn,t"'un €n ] ( )
Z [ 0 WnITt d¢0 1.t+1
Hl (1 - Ht) (nm)eT Xnt — {nfu[(yg t_,. Inj < ] An — 210,V 2%Y Zn'eN Mn'on',tAn,
© 2 hen [XH,tE +(1  IT)HIh ] '
n T OtPI0 e
netun) n] (A.37)
_ 2Bx°
Ont = 5 Bn. g . (A.38)
1+2B (n'meT X%',t 7”,:1’\7\/;11’“1

0
The derivative m% in (A.34), (A.37), and (A.38) is evaluated for Wt+1 implied by the

dynamics (33) under riskless arbitrage.

Proof: The dynamics (45) of arbitrageur wealth can be derived from (47). Since the spreads
{¢nm-1t+1t(nmyeT depend on Wi+, (47) determines W1 implicitly as a function F of W, of

the shocks {Nnm-1,t+1}(n.mye7, and of = For a fixed Wt and small r3; the Taylor expansion of F is

oF oF o
>
W1 =F + Nnm-1,t+41 + —n +0(N), (A.39)
(n’m)eT ann,m—l,t+1 ar’
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where F and its derivatives are evaluated at (W4, 0,0). Using (A.39), we find

0 0
Et(@nm-1t+¢1) = dnm-1,t+1 = Et(@nm—-1,t+1) — Pnm—1,+41 + 0 (N)

dg® oF oF _
=Et| |¢0 - 1,t+1 Do
,m—1t+1 v T
n,m—1t+ dWig (n'm)eT ONn’)m'—1,t+1 - + on n
- [l
d 0
—¢0 F)— ¢n,m—1,t+1 B > a—an mo L+l 0B
- O o + +0
nm—1,t+1 dWis1 ('m)eT IMn'm —1t+1 - an ! )
dg®
oF _
n,m—1t+1 z

AWt (n'mYeT ONn'm'=1,t+1 Mn'm=1t+1+0 (1), (A.40)

dg®
where the derivative —{{z-*4s evaluated for Wi+1=F(W},0,0). Substituting (41)-(43), (A.39),

and (A.40) into (47), we find

0
> OF oF > 0
F+ ainn,m—l,ﬁl + ?77 =Bl (1+nw +2 (Xn,t + X%},m,tﬁ)
(et Mnm-1t+1 N (nm)eT
U 0 Hin
x o ol Q+Nnm Lt — d(bn,m—l,t+l 2. —9F ’7n',m'—1,t+1‘ | +0(n),
n.t n,m,t h th+]_ (n',m')e T ann"m'—l,t+1
(A.41)
Identifying highest-order terms in fnm-1,+1 in (A.41) we find
oF  _ 2Bx;
3 = > Bxn, g = Onit, (A.42)
Im=Ltd 142687 0 e X dwa
and identifying highest-order termsin 7we find
oF . )
- 1 1 0
o 2B (X%,tq)n,m,t +XnmtPnt - (A.43)

(n,m)eT

When W lies in the support of the stationary distribution, its maximum distance from the

steady-state value W is of order £ since this is the maximum size of the shocks. Hence, we can
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write (A.39) as

oF > oF oF _  _
Wit =W+ 5 We= W)+ (o O m—se1 -t + - 1+0 (1), (A44)
where F and its derivatives are now evaluated at (W, 0, 0). Since F(V\{[ ,0,0)=p +rw ¢
11Tt
1+r 1+0IT WIT
JoF _ 8 _,_'3( ) W — ,
OWh 1-11 (1-11)2 1-T11

where the second step follows from (36). Since, in addition, (A.42) and (A.43) imply

JF
- O'n,
ONn.m—1.t+1
oF
pppp— = Vl
an

respectively, when partial derivatives are evaluated at (W, 0, 0), (A.44) becomes (45). The coefficient
Wi

p is smaller than one because l;[ decreases in Vy . It is larger than zero because the function
1-TL,

increases in Wi, as shown in the proof of Proposition 6.

We next derive the first-order terms in expected excess returns and positions. Substituting (42)
and (44) into (37), and noting that the third term in the left-hand side is of second order in 17, we
find

®° 1 Q—fif'[(yo +Ui,t)€:i]—€:2f,[(y0 +ui,t)ej]yl n+o(n)=0. (A.45)
n,t+q)n,m,t n,t i nt n,m,t

Identifying terms in7), we find (A.36). Substituting (43) and (44) into (10) and identifying terms
in 77, we find (A.35). Substituting (42), (43), (A.40), and (A.42) into (40), and noting that the

second term in the numerator is of second order in 77, we find that

CDO 1
n,t+q)n,m,tq
——w >

nm—1,t+1 , A,
€n+1ph — dwt+1 n'eN Mn'On tn
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o0
is identical for all (n,m) € T to a first order in . Since +*=TII; for all (n,m) € T,
ol 1
n,t+q)n,m,tq I
dp® — ~ 1k
o 2.
—1,t+1 , , ,
€n+1nh — Tj\Tle n'eN Mn'On't/n
Phmen =TIt Mg =~ n'enMnOn I .
= ———d¢° > — = 1In (A.46)
—1,t+1 S~
€n+1n— gvrcnl n'eN Mn'On M

is identical for all (n,m) € T to a first order in . Multiplying by the denominator in (A.46), we
find

_ C ¢ ~) __
ol n=ILk n - ¢ n m_l'ﬂ > M 1 B
dWi+1 nlon,’tnn' +IIienn+0(n)

n,m,t n

(A.47)

forall (n,m) € T. Since n, =Ann, (A.47) implies (A.34) for (n,m) € T. For (n,m) €T, Xnmt=0
and hence X}, ., =0. Eq. (A.35) then implies y, ,, ; =0, and (A.36) implies @7, ,, = 0.

To compute T1}, we use the financial constraint (39), which binds. Substituting (42), (43),
(A.40), and (A.42) into (39), we find

( -) (Gn + 1 déd m—1.t+1 n —@° ! n
%0 1 V)
- -
nt+tXnmt n dWii n'eN Mn'On't o nt — Pnmit _
Wi=2 > +
(n,m)eT
(A.48)
Identifying first-order termsin /7, we find
R T > e o N
nt n t+1 ' g —
(nm)eT nenN 0" py—dnmil "'Xn,m,tr’ (€n _pnt =0
[ ( > )] 1 -
S (1-1Ih) e An— AR m-1e1 Mn On #An pmtén —I11 > t€n =0,
X + X t x8:
th+l ,
(nm)eT neN (nmeT
(A.49)
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0 .
where the second step follows from (A.47) and (D%’t = Ilt for all (n,m) € T. Noting from (A.34)-

€
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(A.36) that

1 1
n,mt= —HnYnm,t

_ png)%,m,t )
— L[ perun” ]
" n ) 1
B e

Mn ITt An— WA Z"n'eNMn'o'n',tAn' +H%€n

_— n 0 /7
& (N run ]

and substituting into (A.49), we find a linear equation in I}, whose solution is (A.37). ]

Proof of Proposition 9: For each characteristic, we compare two arbitrage opportunities that
differ only in that characteristic, and we assume that arbitrage risk is small. We can perform the
comparison by examining how spreads, expected excess returns, and positions corresponding to one
arbitrage opportunity (n, m) depend on that characteristic, holding aggregate variables constant. If
zeroth-order terms in spreads, expected excess returns, and positions depend on the characteristic,
then we use those to determine the characteristic’s effect; otherwise, we use first- or second-order
terms.

The comparative statics with respect to €n follow from the zeroth-order terms. Proposition 3
implies that @Y ; increases in €n: it does so both in the region where the opportunity is not traded
because €n is below a threshold and in the region where the opportunity is traded because & is
above the threshold. Since Y ; increases in €n, so does ¢ . because of (48). The arbitrageur

position Xnmt increases in €n because it is zero in the region where the opportunity is not traded

and because (A.8) implies that x, ; increases in €n in the region where the opportunity is traded.

The comparative statics with respect to 1, follow from the first-order terms, or the second-
o e . . . . 1
order terms, or are trivial. Suppose that the opportunity is traded. Eq. (A.34) implies that @

increases in An and hence in 7. Eq. (48) then implies that ¢, increasesin,, and (A.35) and
(A.36) imply that x}, ., ; decreasesin,. Suppose next that the opportunity is not traded. Eq.

(A.34) implies that q)%,,m,t =0, so we need to consider the second-order term, which we can derive

from the first-order condition of outside investors. Since the opportunity is not traded, the presence
of arbitrageursisimmaterial, so spreadsand the outside investors’ value function areindependent of
arbitrageur wealth. Using these observations, the independence of the payoff shocks (€n,mt, fin,m.),

and the same arguments as in the proof of Proposition 7, we find the first-order condition

@nmt — €nf (Unen) — M (Uns) = O. (A.50)
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Eq. (A.50) implies that ®nm; increases in fJ,. Eq. (48) then implies that ¢nm also increases in

M. The arbitrageur position Xnm is zero, and hence decreases weakly in 7.

The comparative statics of spreads with respect to m follow from the zeroth-order term. Those
of expected excess returns and positions follow from the first-order terms or are trivial. Identifying

zeroth-order terms in (48) and noting that at the zeroth order the dynamics of Wt are deterministic,

we find
m—1 0
d)pl _ P _ch t+s—
,m,t—
s=0 (1 +r)stl (A-51)
dg® 3 d?
= ¢n,m,t _T 1 n,t+s

dW, e (1 s+l dw

dg® ms1 1 do®  dw
# n,m.,t — n,t+s t+s . (A.52)
dWe  __ (1+0)s*1 dWis  dW

Subtracting (A.51) and (A.52) from their counterparts for m+1, we find

0 0 DR, t+m
nm+1t = Pnmt = (1 +rym+1’ (A.53)
d¢P dg® doP
nm+it nmt __ 1 n,t+m th+m1 (A.54)
dWt dW: (1 +nm*1 dWiy  dW;

increases in m. Since the function "t is

respectively. Since @, ,, >0, (A.53) implies that ¢%, ., ; =

increasing in Wt (as shown in the proof of Proposition 6), Proposition 4 implies that Wi+s increases

in Wt for s > 1. Since, in addition, It decreases in Wi (Proposition 4), Proposition 3 implies that
@0 0
nt for a traded opportunity decreases in Wt. Hence, (A.52) implies that ¢, n decreases in W.
dg®

n,m,t

Moreover, (A.54) implies that —gx~ decreases in m, becoming more negative for larger m. Eq.

(A.34) then implies that @}, ., increases in m, and (A.35) and (A.36) imply that x}, ., decreases
in m. Eq. (A.50) implies that ®n m¢t is independent of m for a non-traded opportunity, and hence
increases weakly in m. The arbitrageur position Xn,m, is zero, and hence decreases weakly in m.
The comparative statics with respect to un follow from the zeroth-order terms, or cannot be
determined from the zeroth- and first-order terms, or are trivial. Proposition 3 implies that ®%,
increases in Un in the region where the opportunity is not traded because un is below a threshold.
Eq. (A.34) then implies that ¢%, ., ; increases in Un. In the region where the opportunity is traded

because un is above the threshold, both zeroth- and first-order terms in expected excess returns
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are independent of un. The arbitrageur position Xnm, increases in Un because it is zero in the
region where the opportunity is not traded and because (A.8) implies that X}, ; increases in Un in
the region where the opportunity is traded.

The comparative statics with respect to pn follow from the zeroth-order terms or are trivial.
For a traded opportunity, (A.8) implies that xJ, ; increases in pn. For a non-traded opportunity
Xn,m,t is zero, and hence increases weakly in pn. |
Proof of Proposition 10: The proposition follows by combining the AR(1) dynamics (45) of

arbitrageur wealth Wt with the dependence of spreads, expected excess returns, and arbitrageur

positions on Wt. This dependence can be deduced from the zeroth-order terms. As shown in the

proof of Proposition 9, CI)?Lt and ¢?,‘m‘t decrease in Wt. Moreover, since I1; decreases in Wt (A.8)
implies that X, ; increases in Wt ]
Proof of Proposition 11: The comparative statics with respect to €n follow from the zeroth-order

terms. Since @Y, ; =TTi€n for traded opportunities, @Y ; is more sensitive to changes in Wt for an
opportunity with higheren. The higher sensitivity of @9, ; translates to a higher sensitivity of ¢,  ,

because of (A.52). Eq. (A.8) implies that X, , is less sensitive to changes in Wh.

The comparative statics with respect to 1, follow from the first-order terms. Since (A.34)
2!
implies that 5532 >0, CD%,,m,t is more sensitive to changes in Wt for a traded opportunity with

higher 71,. The higher sensitivity of (Dln,m,t translates to a higher sensitivity of ¢1n7m7t because of

(48), and to a higher sensitivity of XJ, ., ; because of (A.35) and (A.36).

. . . d¢C e dg?
The comparative statics of spreads with respect to m follow from ¢’;|’\r,“vt 2 < —qe-< 0. Those

of expected excess returns and positions follow from the first-order terms. Eq. (A.34) implies that

_ 40
d(qpn,m,t+1 ¢n,m—1,t+1) Z M

(Dl 1 ’ ,
nm+lt cI)n,m,t =—1L dw ncJ nt''n
t+1 n'eN
do’ >
IT; n,t+m+1 Mo O, 'tA ,
_ n'On’t\n
(1+nm+1 dWer ey
do! do! de d@O
n.m+1.t nmt _ _ Wi nt+m+l > ‘On'tAn’
= - dw (1+n)m+ dWyy o Mn

dW;

C >
_ Il d dOR t+m+1 Mn'On'tAn
(1 +r)m*+1 dW dWi+1

, (A.55)

n'eN

57



where the second step follows from (A.51). If Il; is positive but close to zero (as is the case when
the steady-state value W of Wt is smaller than but close to Wc), then the first term in the right-

hand side of (A.55) is negative and bounded away from zero, while the second term is close to zero.

d)l @1 d(DO
H nm*lt " nmt . .. nt
ence, gy, daw, - Since the zeroth-order term in ®@nmtis independentof mand y,, <0,
1 1
d(:[)n,m+1,t dq)n,m,t d_q)n ,m+1t @n,m,t

g < ao implies  dw < “gw, <0. Hence, ®nmt is more sensitive to changes in

Wi for a traded opportunity with higher m. To show that positions are also more sensitive, we
note from (A.35) and (A.36) that

Co 3
+1.t
am LR ( 1 1 )

dx? dx? Hn o Gw,  ~ SJW# Hn @ -0 [( ) _1dy°
nm+lt— nmt_ ! 1 + _ L h(msit hm] £\,0 +un €r n,t
t dWe—~ y? Fun €n €nf y;t:FUn €n f Yt nen oWt

n n, n,
(A.56)

If IT; is close to zero, so is (D(r)mt (Proposition 3) and hence y?ht +un (Proposition 1). Since f(y) is
symmetric around the vertical axis, "' (0) =0 and hence f " yOn ¢ TUn €n is close to zero when

VAt T Un is close to zero. Since the first term in the right-hand side of (A.56) is positive and the

1 dxt
dXn ma+
n,m+1,t > n,m.t

second is close to zero, —G: aw; - Since the zeroth-order term in Xnm_t is independent of

dx® dx! dxt
n,m+1,t nm,t . %n ,m+1,t %n,m,t . LR
m and Wt >0, —dw > aw. implies  dw > Taw > 0. Hence, Xn,m,t is more sensitive

to changes in Wt for a traded opportunity with higher m. ]

Proof of Corollary 2: The proof follows from the argument in the paragraph just before the

proposition. |

Proof of Proposition 12: Using (A.8), we can write (46) for a traded opportunity (n,m) as

[ ]
)€
On= 2Bun LL — (f'i'n(rn] wc—
-1 n',m—1,t+
1"'2:3 (n’'meT Hn" up — €n' d,Wt+11’t !
[ ]
f )én
- B un— _ (A.57)
1+2,82n'€,v U — — & m=1 n"m’t
dW;
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Since @Y ; =ITi€n, (A.52) implies that

@Onmt _ d_HfE— El 1 dWi+s
dWe  dwe " (T+1)stT dw

dIT m—1 s—1
_dh > 1 HdWesg (A58)
aw" AT L AW
Eq. (A.9) implies that in steady state
oIl 1
- > [ 1. (A.59)
2 r-1 1-1
OV 25 Toew HaMn Unen — £) ™ () + ey Ty

The argument used in the proof of Proposition A.1 to show the AR(1) dynamics of Wi implies that

in steady state and for s = 0

th+s+1 _ th+1 —p
dWi+s dW;

(A.60)

Using (A.32), we find

_owir
p=1+r1=11

i |

x

X o
L 2T e MM (O]
e @tans

1— i+r nenHnMnp nn FIE~Ian]
1-1I

2 —n
PEN IJ.nMn T‘T(fl)TlfmT

_ — T T—IT T
neN HnMn unen —(f)~ (H)+f"[(f)_l(n)]

(A.61)

where the second step follows from (A.59). Using (A.59)-(A.61), we can write (A.58) as

a¢0 B Zm -1 ps
€n s=0 (1+r)s
_ nmt _ [ } 10 , (A.62)

> ,
IWL 27 hen MI'Mn' upey — (F)=3(IT) + ¢ 16~ )
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and (A.57) as

3
2. 1 1-11 1

, M. e
n‘en Mn'Mn" upren— ()~ dD+ Iy —1an]

(A.63)

Under segmentation, the wealth Wn of arbitrageurs in market n € N evolves according to the

AR(1) process

Wh,t+1 = Wn + pn(Wnt — Whn) + Va7 + Onn Mnm-1t+1 + 0 (1) .

m=1

(A.64)

The counterparts of (A.61)-(A.63) can be obtained by removing the summation over NV, and are

1-TI
Pn= f[(F)~1aD] ,
1 T—TI
unen — (F) ~(ID) + Fey—=ao]
d¢° _ 2Zm-1 o
nmt __ r €n s=0 (1+H= 1
aWn,t B 2unM Lu E_ — (f')_l(l_[)+ 1-11
HnMin - Unén ) L(D]
[ ]
O, — 2BUn Un — LF, 1
n,n Un€En— - o 1
1_ [ m=1 s=0 fﬁ}r)s
Mn Unén—(f')_l(n)+fﬁv[?v])‘:gT)]
respectively.

(A.65)

(A.66)

(A.67)

Suppose next that opportunities are symmetric, and denote by (€, 77, W, u, M) the common values

of (€n, Mn, Hn, Un, Mn) and by o2 fhe common variance of nmt. Symmetry and an interior steady
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state imply that all opportunities are traded, i.e., N ={1,..,N}. Moreover, foralln=1,..,N,

1-11
pn=p= (G ) (A.68)
-1 1-11
ue — (f) “(I) + @) —*an;
a¢0 a¢0 —E:m—l psS
nmt_ 1 nmt B [ € s=0 @82 = ¢wm (A.69)
— — =
oWt N odWht 2uUM u€ — (f)~1 (IT)+ -1
[ ]
() (1
On=0nn= u7€2_BU u —— =0, (A.70)
1-— [ m=1 s=0 (1“'?3_

_ n_1 1-11
M ue—(f) " D+ 7res=TanT [ =1aD]

because of (A.61) and (A.65), (A.62) and (A.66), and (A.63) and (A.67), respectively.

The variance of arbitrageur wealth under integration follows from the mean-reverting dynamics
(45), and is

L(n,m)e 7 0aVar(fNnm,) ‘o (’72) .

Var(Wy) =
1—p2

(A.71)

Likewise, the variance of arbitrageur wealth under segmentation can be computed from (A.64), and

is

2 Mn 2
VarWa= w21 08V M0md) | o (A.72)
1—p%
. . . NM& & . . Moo?2 ..
Under symmetry, the highest-order term in (A.71) is 7, and that in (A.72) is 7. Since
1_p2 l—p2

the wealth of the arbitrageurs who are in market n under segmentation is V%under integration, the

2 ~2
highest-order term in the variance of those arbitrageurs’ wealth is % under integration and
1-p2 under segmentation. Therefore, the variance of each arbitrageur’s wealth under integration s
N times smaller than under segmentation. The variance of wealth of an arbitrageur who diversifies
across all opportunities equally under segmentation is N times smaller than without diversification

because spreads are independent across n.
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The variance of the spread associated to opportunity (n,m) is

)2

C
Var(¢n,m,t) = d¢p1,m,t Var(Wt) +0 (7’]2) (A73)
dWi
under integration, and
(¢ )2
Var(¢nm,t) = 098, m. Var(Whnt)+0 (ﬁz) (A.74)
dWh ¢

under segmentation, where the derivative is evaluated at Wi =W. Under symmetry, the highest-

NM0202¢2 N2M020$¢2
order term in (A.73) is T Wnand that in (A.74) is TZW"‘—. Therefore, the variance
of spreads under integration is N times smaller than under segmentation. |

Proof of Proposition 13: Egs. (A.61), (A.63), and (A.71) imply that the variance of the arbi-

trageur wealth under integration is

> L . 12
432 )"l 2
AR IVR N e
- + = T 52
0 Mn o b
B = e —~tap] M=l Smo1 nen HUTR ¢y =tan} 0
] B nelN Hn[un*n m=1 z:;:0 u E =5 j‘: =
g @ HnMnunen—@ "I g
O, [ nen ] riozia
: nen HnMn . ungn—() LD+ A=K -
Var(Wi)= - > 7 w0 72,
neN HnMnﬁEglﬁl(_H_)} ]
1-0 < — T
nen HnMn Unen—(F)" I+ ey 1 0p)]
(A.75)

where we denote by ofm the common variance of nnmt across m =1,..,Mn. Likewise, (A.65),

(A.67), and (A.72) imply that in a segmented market n with traded opportunities, the variance of
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the wealth of arbitrageurs is

P P
4822 Mt un— ) 1an 0
n €n n.n
t ‘D‘ -1 sT12
- B[u e —()~1lam] ZM”_lzm—l e —tant TE
n—n Ly

il m=1 s=0 B @+n o nEn Y~ Tan+ =T 1 ]
1— [ 7 fIETIan]

Mn  unen—(f)~lan+ -1
I ~1an] 0

+0 (,72) . (A76)

Var(Wn.t)=

C
)

e A
Iy~ Tan] .

11— - w1 1-11
unén— ()7 AD* ¢ [y —1am))

Combining (A.75) with (A.62) and (A.73), we find that the variance of the spread associated

to a traded opportunity (n,m) under integration is

J
[Z [ ) ] ] ' > ' ,Mﬁ% °
p2e2 n'en My My Ty — )~ tan Za%,n’ Zf&—ol - n'en Pn L)~ 1an] qU
n n €’ AT u e — ()T 1aD s T
n‘ey’n NN I~ Tan]_
- n > 0 e
Togz D) M —13m-1 n'eN Hn’Mn’f—Bf—)gL('Fl‘)] B
n L u € an > )
O [ =] . u
=1 =0 [ —(fH—1 -1
eN n non m S B = F’n"n'L () c |”|( y ]H
L @@+n u,’en 1 u
1 n"enN n (m]
] — . 1 1-I1
j “n'eN Hn'Mp' up'ey =)™ dD+g [ ~Tan] E
Var(gnmo= i
ar(n,m.t) =
L2, L — 1 — 117 I—Z ———F
Mn Un€n — (F)~ (IT)+ 'eN Hn'Mn' gy
n'en Hn'Mn Un'€n' —(F) 7 (LD + ¢rey-101y) ne () ~HaD)]
(A.77)

Likewise, combining (A.76) with (A.66) and (A.74), we find that the variance of the spread asso-

ciated to opportunity (n, m) under segmentation is

0
1-1 s

2,2 T -1 2 2 Ym-1 FIe) 1o 0
B unMn[UnFn—(f ) (H)] or],n s=o L In
@ unen == o A7V
0 0 n DSH 2
© o pu e —(~an] ZMn—1 sm-1 =t E [
H Len M=l TSSO @y tpen— () tany ——————A "
O . [~ 1an]
1- s i 3 -
J Mn  upen—(f)~lan+ 171 F
- L) ~1an] -
0 ﬁ L )
= 2
Var(¢nm) =1 — — H—t - +o .
-1 - e
MaMn unen — (F) ~(IT) + ¢77¢6)—2am)] _ 2 HnMn £(ey-2am))
neN
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If unén — (F)~X(IT) or oyn/n are close to zero for n but are sufficiently large for n' € N¥{n}, then
Var(¢nmy) is close to zero under segmentation but not under integration. Hence, Var(¢n,m,) is

larger under integration. ]

B General Contracts

B.1 Contracts and Equilibrium

A contract w that arbitrageurs can trade with i-investors in period tis characterized by (i) payments

Twy that the seller of the contract must make to the buyer in periods t' > t, (ii) a price qu, that
the seller of the contract receives from the buyer in period t, and (iii) collateral that the seller of
the contract must post with the buyer. The payments 17 can depend on information available in
all markets including market i. We assume that payments are non-negative and are not all equal

to zero. No-arbitrage then implies that the price gwt must be positive. Collateral must be in the

form of cash or other contracts. A contract w can be traded in any period t € {t,,,.., tw — 1}, where
t,, occurs before the first positive payment and tw is when the last positive payment is made. The
period 1w can be infinite, and if it is finite we set g, = 0. We denote by Q;; the set of contracts

that can be traded in market i and period t.

To specify how contracts can be collateralized using other contracts, we define contracts recur-
sively. Contracts of level 1 are collateralized by the riskless asset. Contracts of level n+1 are
collateralized by the riskless asset and by a finite number of contracts of levels 1 up to n. For
a contract w € Qjt and period t, we denote by @wt = 0 the units of the riskless asset and by

Wwwt = 0 the units of a lower-level contract w € Qit that are required as collateral. We also

denote by f(w, t) the level of the contract. The collateral amounts Ww,t and Wy, w'+ and the level

f(w, 1) can depend on information available in all markets including market i.

We denote by yw, the position of i-investors and Xw,t the position of arbitrageurs in a contract
w € QOitand period t. Because the number of contracts is infinite, there is an infinite set of positions.

We assume that only a finite number of the positions are non-zero.

The collateral that short positions require must be covered by long positions. Suppose, for
example, that arbitrageurs have a short position in a contract w € Qit, which requires contract

w' € Qi as collateral. This does not necessarily imply that arbitrageurs must have an overall long

position in contract w": they must buy contract w' to post as collateral for the short position in
contract w, but they could undertake an additional transaction in contract w' to establish an overall
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short position in that contract. We decompose the position X't in contract w' into
Xw't =Xt +Rw't,

where Xfuz’t > (O is collateral set aside for short positions in higher-level contracts w € Qit, and &'t

is the remainder of the position, which can be negative. The collateral x° -, mustsatisfy

>
X' = (X )Ww,w't- (B.1)
we Qi,t
Hw,t)>f(w',t) and Xw,t<O0

The collateral Vit in the riskless asset required for contracts in market i must likewise satisfy

>
Vit = (—%w,)Yuw,t. (B.2)
WEQ; t
Xw,t<0

The wealth that arbitrageurs “tie up” in market i is Zwe o, Xwtlwt + Vit, the value of their
positions in the contracts traded in market i and of the riskless collateral. The financial constraint of
arbitrageurs requires that the sum of that quantity across markets does not exceed the arbitrageurs’
total wealth W

(] U

. > > XwtQwt+Vit . (B.3)

ie] weQit

Wi

Asin Section 2.3.2, we assume that i-investors have enough wealth so that their financial constraint

isneverbinding.

Investors and arbitrageurs can default on their short positions in the contracts. Defaulting
on a unit short position in a contract w € Qi in period t+ 1 raises the wealth of an agent by
TTw,t+1 + Qu,t+1 since the agent does not make the payment 1y t+1 and no longer has the liability
Qu,t+1. At the same time, the agent loses the collateral associated to the position. Default is costlier

to the agent than no default if

Mwtr1 +Quw,tr1 < (THNWe t+ Wow,w t(Mw' 41+ Qw' t+1), (B.4)
w'e Qj t
Hw,)>t(w' 1)

i.e., the amount saved by not making the payment is smaller than the value of the collateral seized.
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Without loss of generality, we can assume that there is no default. This is because we can replace a
contract w that involves default by one with the same collateral and with required payments equal

to the actual payments (including the effects of default) under w.

Under no default, the budget constraint of an i-investor is

l l

Wi, t+1 = Yt(TMew,t+1 + eo,t+1) + (1 +1) Hwi e — Yw,tQwt  + Uit€it+1 — Citr1, (B.5)

wWEQit WEQ;t
and of an arbitrageur is
0 0

> > O

Wi = Xw,t(TTw,t+1 + Quo,t+1) + (1 +1) Wi — Xw,tQwt — Ctel. (B.6)
iel weQit iel weQit

Egs. (B.5) and (B.6) are counterparts of (14) and (16), with the positions in the contracts replacing

those in the risky assets.

Defi 3. A competitive equilibrium with no default consists of prices Qu, for all contracts
w € Qiy, and positions in the contracts Yw  for the i-investors and Xw,_t for the arbitrageurs, such

that (B.4) holds, positions are optimal given prices, and the markets for all contracts clear:

HiYw,t +Xw,t = 0. (B.7)

B.2 Binomial Payoffs

We next assume that the variables €t have a binomial distribution and the variables it are equal

to zero. Given symmetry, the binomial assumption implies that the Variablesg take the values 1

and -1 with probabilities one-half.

Proposition B.1. There exists a competitive equilibrium with no default such that the dynamics
of wealth of i-investors and arbitrageurs are as in Section 3.2 and the prices Qut of all contracts

w € Qit are given by

exp(—Zi)Et(Mw.tr1+Quw.t+1| €it+1=€) +exp(Zit) Et(Mw t+1+ Qu t+1 | €it+1=—€)

= , (B.8
ot (1+r)[exp(—Zit)+exp(Lit)] (B8)
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where

aA

Ziy = a+A(Yi,t+Ui,t)€i

and Vit is as in Section 3.2.
Proof of Proposition B.1: We first study optimization by i-investors. We proceed as in the

proof of Proposition 1, conjecture the value function (15) with A = ra and Fit given by (A.21),

and use the budget constraint (B.5) instead of (14). Optimal consumption is given by

[ 1

>
A (1+nNWit+ " yea Yot[Mwt1+quw,te1 — (141w t] +Uit€itr1  + Fitel +log\%/

Cit+y1= aiA '
(B.9)
which is the counterpart of (A.15). Optimal positions in the contracts solve
U
9 0 g, - ~ 00g
maxEr —exp''— A +r)wi+ Yot [Mwt1+ Qw1 — (1 +1N)0wt] +Uit€ia
Yw,t U a+A weQ, ]
(B.10)

which is the counterpart of (A.16) after omitting terms that are known in period t. The first-order

condition with respect to yuw, is

L]

O

Et [Mwt+1+Qwt+r — (1+1)wt]
|

aA 2 0
Yot [Mwte1 + Qu,tst — (141w t] + Uit€ite1 ~=0. (B.11)

| _
Xexp a+A wWEQit

Eq. (B.8) that characterizes equilibrium prices can be written as

t C 4 )3
Et [TTw,t+1 +(w,t+1 — (1 + T)Qw,t] exp _Tp\(yi t+ Ui t)ei 1 =0. (B.12)
a , JE,
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Egs. (B.11) and (B.12) imply that if positions in the contracts satisfy

>

weQit

Y, t[TTw,t+1+Qu,t+1 — (1 +1)Quw,t] =Vit€it+1+ Gy, (B.13)

where Gt is known in period t, then they are optimal because the first-order condition (B.11) is
met. Positions satisfying (B.13) are not unique, and we present one implementation at the end of

this proof. Eq. (B.13) implies that the dynamics of wealth of i-investors are the same as in Section

3.2. Indeed, multiplying (B.12) by yw,t and summing across w € Qjt, we find

( aA ) p\
L] > Ywit[Mwt+1 +dw,t+1 — (1 +1)Quw,t] exp _m(yi't_'_ Ui,t)ei,t+l =0. (B.14)
t wWEQit |
Moreover, the maximization in (A.16) implies that
{ C oa )}
Et Vit(Dit+ €ir1) exp ~ g aVit UD€t =0 (B.15)

Substituting Zwegm Ywt[MTw,t+1+qw,t+1 — (1 +1)quw,t] from (B.13) into (B.14), and comparing with
(B.15), we find Gt = ®it. Substituting Gt = ®jtinto (B.13), we find that budget constraint (B.5)

of i-investors becomes identical to the budget constraint (14) in Section 3.2. Since the dynamics of
the wealth of i-investors are the same as in Section 3.2, the conjectured value function (15) satisfies

the Bellman equation.

We next study optimization by arbitrageurs. We proceed in two steps: in Step 1 we show that

the dynamics of arbitrageur wealth are deterministic, and in Step 2 that they are as in Section 3.2.

Step 1: To show deterministic dynamics, we show that if arbitrageurs choose in period t a
portfolio of contracts whose aggregate payoff in period t+1 is risky, then there exists another
portfolio that is riskless and has a return that is at least as high as the expected return of the
risky portfolio. We construct a “dominant” riskless portfolio for each market i separately, and then
aggregate across markets. From the budget constraint (B.6), the (excess) return that arbitrageurs

earn on their portfolio of contracts in market i is

Xw,t [Mw,t+1 + Qu,t+1 — (1 +1)qu,t] - (B.16)

WEQ;t
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Consider first a market i without an endowment shock, i.e., uit = 0. Since Zit = 0, (B.8)
implies that

Qu.t= Et(IMw.t+1+Qu,t+1 | €it+1 =€) + Et (Mo, t+1 + Qo t+1 | €1 =—€) _ Et(TMw,t+1+Qw t+1)
’ 2(1+r) 1+r ’

and hence the expected return in (B.16) is zero. A dominant riskless portfolio is one with zero

positions.

Consider next a market i with an endowment shock. If the expected return in (B.16) is non-
positive, then a dominant riskless portfolio is one with zero positions. If the expected return in
(B.16) is positive, then we will construct a dominant riskless portfolio that involves positions in
markets i and —i. As an intermediate step in this construction, we show that the original risky
portfolio has the same expected return and ties up the same amount of arbitrageur wealth as a unit

long position in a single contract éythat is traded in market i and has binary payoffs. The payoffs

of &y are

S (1H)V it =0 +(1+ I‘)Vi’t’

E 0 X 1T, + € =c
U e wt (Mw,t+1 + Juw,t+1) €it+1 =€

> Xt (TTw,t+41 + Qu t+1) €it+1= —€; Jr@+rvit= Q

E, +(1+r)vi't,

it+1
wWEQit

in period t+1 and states €jt+1 = €i-and €i1+1 = —€j, respectively, and zero afterwards. The price
of &in period tis

[ ] [ ]
exp(—Zit) Qi1 +(1+1)Vit +exp(ZLit) Q, iy F(A+N)Vi

1+r)[exp(—Zit)+exp(Zit)]

> exp(=Zi) Et(IMw,t+1+qw t+1| €i1+1 =€) +exp(Zi) Et(Mw tr1+ Qoo t+1 | €itr1 = —€7)
_ Xaw,t (1+r)[exp(—=Zi)+exp(ZLiy)]

WEQIt

_ 2 XwQw,t+Vit
WEQIt

= Qit+ Vit

where the first step follows from (B.8), the second by using the definitions of (Q; +1, Qi) and

rearranging terms, and the third from (B.8). Therefore, the wealth Qi+ Vit that arbitrageurs tie
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up in market i is the same as under the original risky portfolio. The expected return from buying

N

is
1= RIS 1 Y
5 Qit+l (I +r)vie 5 et I+r)Vit —(1+1)(Qit+Vit)
- 21 (ai,t+1 + _Qi,t+1) — (@+NQir
L
=w§n Xwt 5 [Et (w1 + Qu,t+1|€it+1 = €) + Et (Mw,t+41 + qu 1| €041 = —€)] — (1 + 1wt

> XwtEt[Mwt+1 + dw,t+1 — (1 +1)Awit]

wWEQit

where the third step follows from the definitions of (Qi,tTQi,t+1a Q. 141)- The expected return from
buying &is thus the same as under the original risky portfolio. To complete the analysis of &y we
must show that it is a proper contract in the sense that its payoffs are non-negative. Multiplying

(B.4) by —%w,t for those w € Qi for which %t <0, and summing across w, we find

>
(—Rw,t)(Mw t+1+ Qoo t+1)
wWEQ; t
Xw,t<0
> DI .

< (1+r) (—Sw.t) W t+ (=R D) Ww,w t(Mw' t+1 + Ao’ t+1)

wWEeQ; t WEQ; ¢ ‘U'GQi,t

Kw,t<0 *0,t<0 fw,h>Hw' 1)
_ . > _g T g
=1 +r)vit+ ( Xw,t)Ww,w ,t(rrw 1 T Qw ,t+1)

w'€it WE Q¢
Hw,)>fw ,t) and X, t<0

=(1+r)vit+ X0t (M t+1+ Q' t+1) (B.17)

w'eit
where the second step follows from (B.1) and the third from (B.2). Eq. (B.17) implies that

(— S .)(TTw t+1 + Qu t+1) < (1 + Vit + XSt (Moo, t+1+ oo, t+1)
wWeQit wWEQIt

>
= (1+r)vit+ Xw,t((TMw,t+1 + qQu,t+1) = 0. (B.18)

wWeQit

Taking expectations in (B.18) conditional on € +1 = € and €111 = —€;, we find that Q4 +(1+

Nvit and Q.

it+1 T (1 +1)Viy, respectively, are non-negative.

71



We next combine the unit long position in the contract @with a unit short position in a contract

Gui that is traded in market —i, has the same payoffs as & and is collateralized with v—it units
of the riskless asset. The price of @i in period tis

L ] [ ]
exp(=Z-i) Qip1+(A+NVie +exp(Z-i) Q.  +(1+r)vit

(1+r1) [exp(—Z-it) +exp(Z-it)]
exp(Zi) Qi1 + exp(—=Zi0)Q; 4
1+r)[exp(Z )ixrexp(Z )]t + Vit
Qi1+ Qjpag

— . +V.
147 Qit+Vit

Q-it+Vit, (B.19)

where the first step follows from (B.8), the second because Z-it = —Zit, and the third from the
definition of Qit. The wealth that arbitrageurs tie up in market —iis

—(Q=it+Vip)+V—it

and is equal to the wealth that they tie up in market i if

V—it=Qit+Q—it+2Vit. (B.20)

The expected return from shorting & is

1[0 1 1l 1
_; Qitr1 + (1 +T)Vit —27 Qi,t+1+(1+r)Vi,t +(1+r)(Q—it+Vit)

1 (— )
—_ " Qi,t+1 +Qi,t+1 +(1+rNQ—it

2( )
1\ _ )
- i Qj 1 + Qi+l (1+NQir,

where the third step follows from the definition of Q-it. Therefore, the expected return of the
short position in & is the same as that of the long position in &. To complete the analysis of

Gu-i, we must show that arbitrageurs do not default on their short position. Eq. (B.4) implies that
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default does not occur if
max{ Qi1 Q, y } + (1 + DVt < (1+1)V-i
S max{ Qi1 Q; . F < (1+1) (Qit+Q—it+Vig)
S max{ Qi1 Q; (1} S Qi1 + Q. +(1+NVy, (B.21)

where the second step follows from (B.20) and the third from the definition of Q-it. Eq. (B.21)

holds because the payoffg Qi1+ (1 +r)vitand Q.. . + (1+r)vit of &pare non-negative.

i,t+1

The riskless portfolio that dominates the original risky portfolio in market i consists of a half-
unit long position in &and a half-unit short position in @i. Since a unit long position in &wand
a unit short position in &ti each has the same expected return as the original risky portfolio, the
combination of two half-unit positions also has the same expected return. The same applies to the
amount of arbitrageur wealth that is tied up: it is the same under the combination of two half-unit
positions as under the original risky portfolio. Therefore, the arbitrageurs’ financial constraint is

still met. Finally, the portfolio is riskless because &wand & have the same payoffs.

Step 2: From Step 1, we can assume that the portfolio of arbitrageurs in period t is as follows:
(i) in each market i with uit > 0, arbitrageurs hold a long position in a contract with one-period
payoffs, (ii) in each market —i with uit <0, arbitrageurs hold a short position of the same size as in
market i and in a contract with the same payoffs, (iii) the payoffs of the contracts in markets i and
—iare binary and contingent on €;t+1, (iv) the short position in market —i is collateralized with
an investment in the riskless asset such that the arbitrageur wealth tied up in market —i equals

that in market i, (v) in each market i with ujt=0, arbitrageurs hold a zero position.
Since the long position in the contract traded in each market i with uit > 0 must have positive
expected return, (B.8) implies that the contract must have larger payoff when €it+1 = € than when

€it+1 = —€i. Moreover, we can take the payoff when €t+1 = —€j to be zero since the contract
price would then be lower, and hence arbitrageurs would be able to tie up less wealth in their long
position in market i. We normalize the payoff when € +1 = € to 26, and denote by w'i the contract
in market i and by w : the contract in market —i. We also denote by xit the number of units of

the long position in w and of the short positioninw’ , by g; the price of w, and by g-i the price
i —i [

ofw .
i
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The budget constraint (B.6) of arbitrageurs can be written as

>
Wiri=A+rNWi+(1+r)  Xit(g—it—dit) — Ct+1
iEAt

=(1+I")Wt+szi,t[€T_ (1+r)qit] — Ce+1, (B.22)
iGAt

where the second step follows because the same calculations as in (B.19) imply that

2€i

Since arbitrageurs must tie up wealth X; Qi in each of markets i and —i, their financial constraint
(B.3) becomes

>
Wi = 2 Xi,tqi,t- (B.23)
iGAt

Egs. (B.22) and (B.3) become identical to (27) and (32), respectively, by setting
Dit =€ — (1 +71)Qit
Because of this equivalence, if the dynamics of ®j; are as in Section 3.2, then arbitrageurs’ optimal

positions Xit and the dynamics of their wealth are also as in that section. Using (B.8) to substitute

for git, we find

_ 2 exp(=Ziy&i _e exp(Zi,t) = exp(=Zi,1)
D:i=€ — = .
=€ exp(—Z it)+exp(Zit) exp(—Zit )+exp(Zit)

This coincides with @it given by (25) when €it+1 has a binomial distribution. Therefore, ar-
bitrageurs’ optimal positions Xit and the dynamics of their wealth are the same as in Section
3.2. Eq. (B.13) implies that the optimal positions of i-investors are yit, as in Section 3.2. Since

HiVYit + Xi.t = 0, markets clear. B

An alternative implementation of the equilibrium derived in Proposition B.1 is through the
contracts assumed in Section 2. Two contracts are traded in market i. The first is asset i, with
short positions in that contract being collateralized by the riskless asset. The second is a contract
with a riskless payoff, with short positions in that contract being collateralized by asset i. The

first contract is level 1, and the second is level 2. The collateral for each contract is the minimum
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required so that the no-default condition (B.4) is met. A short position of arbitrageurs in the first
contract, combined with the required collateral, yields zero if €+1 =€ and 2¢ if €+1 = —€1. A

short position of arbitrageurs in the second contract, combined with the required collateral, yields
26; if €1 = € and zero if €w1 = —€.” The former is equivalent to the short position in w'’ _yand

the latter is equivalent to the long position in wl
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