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Abstract

Following the breakthrough work of Tardos (Oper Res 34:250-256, 1986) in the
bit-complexity model, Vavasis and Ye (Math Program 74(1):79-120, 1996) gave the
first exact algorithm for linear programming in the real model of computation with
running time depending only on the constraint matrix. For solving a linear program
(LP) max cTx, Ax =b, x >0, A € R™*" Vavasis and Ye developed a primal-dual
interior point method using a ‘layered least squares’ (LLS) step, and showed that
O (n3> log(ja + n)) iterations suffice to solve (LP) exactly, where x4 is a condition
measure controlling the size of solutions to linear systems related to A. Monteiro
and Tsuchiya (SIAM J Optim 13(4):1054-1079, 2003), noting that the central path
is invariant under rescalings of the columns of A and c, asked whether there exists
an LP algorithm depending instead on the measure ¥, defined as the minimum x4 p
value achievable by a column rescaling AD of A, and gave strong evidence that
this should be the case. We resolve this open question affirmatively. Our first main
contribution is an O (m2n? + n3) time algorithm which works on the linear matroid
of A to compute a nearly optimal diagonal rescaling D satisfying xap < n()'(;‘;)3.
This algorithm also allows us to approximate the value of x4 up to a factor n( )‘(j;)z.
This result is in surprising contrast to that of Tungel (Math Program 86(1):219-223,
1999), who showed NP-hardness for approximating i 4 to within 2P0 (rank(4)) The key

This work was done while SH was at Centrum Wiskunde & Informatica, and BN was at the London
School of Economics and Political Science. This project has received funding from the European
Research Council (ERC) under the European Union’s Horizon 2020 research and innovation programme:
DD and SH from Grant Agreement No. 805241-QIP, BN and LAV from Grant Agreement No.
757481-ScaleOpt. A preliminary version of this paper has appeared in the proceedings of the 52nd Annual
ACM Symposium on Theory of Computing (STOC) [8].

B Laszl6 A. Végh
L.Vegh@Ise.ac.uk

Centrum Wiskunde & Informatica, Amsterdam, The Netherlands
2 Columbia University, New York, USA
Georgia Institute of Technology, Atlanta, USA

London School of Economics and Political Science, London, UK

Published online: 29 April 2023 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10107-023-01956-2&domain=pdf
http://orcid.org/0000-0001-5577-5012
http://orcid.org/0000-0003-2633-014X
http://orcid.org/0000-0002-8068-3280
http://orcid.org/0000-0003-1152-200X

D.Dadush et al.

insight for our algorithm is to work with ratios g;/g; of circuits of A—i.e., minimal
linear dependencies Ag = O—which allow us to approximate the value of x} by
a maximum geometric mean cycle computation in what we call the ‘circuit ratio
digraph’ of A. While this resolves Monteiro and Tsuchiya’s question by appropriate
preprocessing, it falls short of providing either a truly scaling invariant algorithm or an
improvement upon the base LLS analysis. In this vein, as our second main contribution
we develop a scaling invariant LLS algorithm, which uses and dynamically maintains
improving estimates of the circuit ratio digraph, together with a refined potential
function based analysis for LLS algorithms in general. With this analysis, we derive
an improved 0(712‘5 log(n) log(x s + n)) iteration bound for optimally solving (LP)
using our algorithm. The same argument also yields a factor n/ log n improvement on
the iteration complexity bound of the original Vavasis—Ye algorithm.

Keywords Linear programming - Interior point methods - Layered least squares
methods - Circuit imbalances

Mathematics Subject Classification 90C05 (Linear programming) - 90C51 (Interior
point methods)

1 Introduction

The linear programming (LP) problem in primal-dual form is to solve

min ¢ x max y'b
Ax =b Aly+s=c (LP)
x >0, s >0,

where A € R™*" rank(A) = m,b € R™, ¢ € R" are given in the input, and x, s € R",
y € R™ are the variables. The program in x will be referred to as the primal problem
and the program in (y, s) as the dual problem.

Khachiyan [23] used the ellipsoid method to give the first polynomial time LP algo-
rithm in the bit-complexity model, that is, polynomial in the bit description length of
(A, b, ¢). An outstanding open question is the existence of a strongly polynomial algo-
rithm for LP, listed by Smale as one of the most prominent mathematical challenges for
the 21st century [46]. Such an algorithm amounts to solving LP using poly(n, m) basic
arithmetic operations in the real model of computation.! Known strongly polynomi-
ally solvable LP problems classes include: feasibility for two variable per inequality
systems [33], the minimum-cost circulation problem [50], the maximum generalized
flow problem [41, 61], and discounted Markov decision problems [65, 67].

Towards this goal, the principal line of attack has been to develop LP algorithms
whose running time is bounded in terms of natural condition measures. Such condition
measures attempt to measure the “intrinsic complexity” of LPs. An important line of
work in this area has been to parametrize LPs by the “niceness” of their solutions

! In the bit-complexity model, a further requirement is that the algorithm must be in PSPACE.
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(e.g. the depth of the most interior point), where relevant examples include the Goffin
measure [ 19] for conic systems and Renegar’s distance to ill-posedness for general LPs
[43, 44], and bounded ratios between the nonzero entries in basic feasible solutions
[6, 24].

Parametrizing by the constraint matrix A second line of research, and the main
focus of this work, focuses on the complexity of the constraint matrix A. The first
breakthrough in this area was given by Tardos [51], who showed that if A has integer
entries and all square submatrices of A have determinant at most A in absolute value,
then (LP) can be solved in poly(n, m, log A) arithmetic operations, independent of the
encoding length of the vectors b and c. This is achieved by finding the exact solutions to
O (nm) rounded LPs derived from the original LP, with the right hand side vector and
cost function being integers of absolute value bounded in terms of n and A. From m
such rounded problem instances, one can infer, via proximity results, that x; = 0 must
hold for every optimal solution for some index i. The process continues by induction
until the optimal primal face is identified.

Path-following methods and the Vavasis—Ye algorithm In a seminal work, Vavasis
and Ye [63] introduced a new type of interior-point method that optimally solves (LP)
within O (n3 log(xa + n)) iterations, where the condition number x4 controls the
size of solutions to certain linear systems related to the kernel of A (see Sect. 2 for the
formal definition).

Before detailing the Vavasis—Ye (henceforth VY) algorithm, we recall the basics of
path following interior-point methods. If both the primal and dual problems in (LP) are
strictly feasible, the central path for (LP) is the curve ((x (), y(n), s(n)) : u > 0)
defined by

x(w)is(w)i =, Vi €[n]
Ax(n) = b, x(u) > 0, (CP)

ATy(p) +s(p) =c, s(u) >0,

which converges to complementary optimal primal and dual solutions (x*, y*, s*) as
w — 0, recalling that the duality gap at time u is exactly x(u) "s(u) = nu. We
thus refer to  as the normalized duality gap. Methods that “follow the path” generate
iterates that stay in a certain neighborhood around it while trying to achieve rapid
multiplicative progress w.r.t. to ., where given (x, y, s) ‘close’ to the path, we define
the normalized duality gap as u(x, y, s) = Y ;_, x;s;/n. Given a target parameter 1’
and starting point close to the path at parameter u, standard path following methods
[20] can compute a point at parameter below o in at most O (\/n log(u /1)) iterations,
and hence the quantity log(u/u’) can be usefully interpreted as the length of the
corresponding segment of the central path.

Crossover events and layered least squares steps At a very high level, Vavasis and
Ye show that the central path can be decomposed into at most (;) short but curved
segments, possibly joined by long (apriori unbounded) but very straight segments.
At the end of each curved segment, they show that a new ordering relation x; (i) >
xj(u)—called a ‘crossover event’—is implicitly learned. This inequality did not hold
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at the start of the segment, but is guaranteed to hold at every point from the end of the
segment onwards. These (;) relations give a combinatorial way to measure progress
along the central path. In contrast to Tardos’s algorithm, where the main progress
is setting variables to zero explicitly, the variables participating in crossover events
cannot be identified; the analysis only shows their existence.

At a technical level, the VY-algorithm is a variant of the Mizuno—Todd-Ye [39]
predictor—corrector method (MTY P-C). In predictor—corrector methods, corrector
steps bring an iterate closer to the path, i.e., improve centrality, and predictor steps
“shoot down” the path, i.e., reduce p without losing too much centrality. Vavasis
and Ye’s main algorithmic innovation was the introduction of a new predictor step,
called the ‘layered least squares’ (LLS) step, which crucially allowed them to cross
each aforementioned “straight” segment of the central path in a single step, recalling
that these straight segments may be arbitrarily long. To traverse the short and curved
segments of the path, the standard predictor step, known as affine scaling (AS), in fact
suffices.

To compute the LLS direction, the variables are decomposed into ‘layers’ J; U J, U
...UJ, = [n]. The goal of such a decomposition is to eventually learn a refinement of
the optimal partition of the variables B* U N* = [n], where B* := {i € [n] : x} > 0}
and N* := {i € [n] : s} > 0} for the limit optimal solution (x*, y*, s*).

The primal affine scaling direction can be equivalently described by solving a
weighted least squares problem in Ker(A), with respect to a weighting defined accord-
ing to the current iterate. The primal LLS direction is obtained by solving a series of
weighted least squares problems, starting with focusing only on the final layer J,,. This
solution is gradually extended to the higher layers (i.e., layers with lower indices). The
dual directions have analogous interpretations, with the solutions on the layers obtained
in the opposite direction, starting with J;. If we use the two-level layering J; = B*,
Jo = N*, and are sufficiently close to the limit (x*, y*, s*) of the central path, then
the LLS step reaches an exact optimal solution in a single step. We note that standard
AS steps generically never find an exact optimal solution, and thus some form of “LLS
rounding” in the final iteration is always necessary to achieve finite termination with
an exact optimal solution.

Of course, guessing B* and N* correctly is just as hard as solving (LP). Still, if we
work with a “good” layerings, these will reveal new information about the “optimal
order” of the variables, where B* is placed on higher layers than N*. The crossover
events correspond to swapping two wrongly ordered variables into the correct ordering.
Namely, a variable i € B* and j € N* are currently ordered on the same layer, or j is
in a higher layer than i. After the crossover event, i will always be placed on a higher
layer than j.

Computing good layerings and the x4 condition measure Given the above discus-
sion, the obvious question is how to come up with “good” layerings? The philosophy
behind LLS can be stated as saying that if modifying a set of variables x; barely affects
the variables in xp,)\; (recalling that movement is constrained to Ax € Ker(A)), then
one should optimize over x; without regard to the effect on x[,}\7; hence x; should be
placed on lower layers.
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VY’s strategy for computing such layerings was to directly use the size of the
coordinates of the current iterate x (where (x, y, s) is a point near the central path).
In particular, assuming x; > x2 > ... > Xy, the layering J1 U L, U ... U J, = [n]
corresponds to consecutive intervals constructed in decreasing order of x; values. The
break between J; and J;1| occurs if the gap x,/x,4+1 > g, where r is the rightmost
element of J; and g > 0 is a threshold parameter. Thus, the expectation is that if
x; > gxj, then a small multiplicative change to x;, subject to moving in Ker(A),
should induce a small multiplicative change to x;. By proximity to the central path,
the dual ordering is reversed as mentioned above.

The threshold g for which this was justified in the VY-algorithm is a function of
the x4 condition measure. We now provide a convenient definition that immediately
yields this justification (see Proposition 2.4). Letting W = Ker(A) and n; (W) =
{x; : x € W}, we define x4 := xw as the minimum number M > 1 such that for any
B #1 C [n]and z € (W), there exists y € W with y; = zand ||y|| < M||z||. Thus,
a change of norm € in the variables in / can be lifted to a change of norm at most x4¢€
in the variables in [n] \ /. Crucially, x is a “self-dual” quantity. That is, xw = X1,
where W+ = range(A ") is the movement subspace for the dual problem, justifying
the reversed layering for the dual (see Sects. 2 for more details).

The question of scale invariance and j; While the VY layering procedure is power-
ful, its properties are somewhat mismatched with those of the central path. In particular,
variable ordering information has no intrinsic meaning on the central path, as the path
itself is scaling invariant. Namely, the central path point (x (i), y(u), s(n)) w.r.t. the
problem instance (A, b, c) is in bijective correspondence with the central path point
(D~ 'x(w), Dy(u), Ds(11))) w.r.t. the problem instance (AD, Dc, b) for any positive
diagonal matrix D. The standard path following algorithms are also scaling invariant
in this sense.

This lead Monteiro and Tsuchiya [36] to ask whether a scaling invariant LLS algo-
rithm exists. They noted that any such algorithm would then depend on the potentially
much smaller parameter

Xh = inf Xap . ey

where the infimum is taken over the set of n x n positive diagonal matrices. Thus,
Monteiro and Tsuchiya’s question can be rephrased as to whether there exists an exact
LP algorithm with running time poly(n, m, log x}).

Substantial progress on this question was made in the followup works [28, 37].
The paper [37] showed that the number of iterations of the MTY predictor—corrector
algorithm [39] can get from gy > 0 to n > 0 on the central path in

0 (n*%10g 15 + min{n? loglog(1"/n), log(n’ /n)})

iterations. This is attained by showing that the standard AS steps are reasonably close
to the LLS steps. This proximity can be used to show that the AS steps can traverse the
“curved” parts of the central path in the same iteration complexity bound as the VY
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algorithm. Moreover, on the “straight” parts of the path, the rate of progress ampli-
fies geometrically, thus attaining a log log convergence on these parts. Subsequently,
[28] developed an affine invariant trust region step, which traverses the full path in
on3? log( )_(j; + n)) iterations. However, the running time of each iteration is weakly
polynomial in b and c. The question of developing an LP algorithm with complexity
bound poly(n, m, log %) thus remained open.

A related open problem to the above is whether it is possible to compute a near-
optimal rescaling D for program (1)? This would give an alternate pathway to the
desired LP algorithm by simply preprocessing the matrix A. The related question of
approximating x4 was already studied by Tuncel [54], who showed NP-hardness for
approximating ¥ 4 to within a 2P (fank(4) factor, Taken at face value, this may seem
to suggest that approximating the rescaling D should be hard.

A further open question is whether Vavasis and Ye’s cross-over analysis can
be improved. Ye showed in [66] that the iteration complexity can be reduced to
O (n* log(xa + n)) for feasibility problems and further to O (n'= log(j4 + n)) for
homogeneous systems, though the O (1> log(x4 + n)) bound for optimization has
not been improved since [63].

1.1 Our contributions

In this work, we resolve all of the above questions in the affirmative. We detail our
contributions below.

1. Finding an approximately optimal rescaling. As our first contribution, we give an
O(m’n® 4+ n?) time algorithm that works on the linear matroid of A to compute
a diagonal rescaling matrix D which achieves xap < n()'(f\)3, given any m X n
matrix A. Furthermore, this same algorithm allows us to approximate x4 to within
a factor n( )"(2)2. The algorithm bypasses Tuncel’s hardness result by allowing the
approximation factor to depend on A itself, namely on jx}. This gives a simple first
answer to Monteiro and Tsuchiya’s question: by applying the Vavasis—Ye algorithm
directly on the preprocessed A matrix, we may solve any LP with constraint matrix
A using o3> log(x 4 + n)) iterations. Note that the approximation factor n( )'(f\)z
increases the runtime only by a constant factor.

To achieve this result, we work with the circuits of A, where a circuit C C [n]
corresponds to an inclusion-wise minimal set of linearly dependent columns. With
each circuit, we can associate a vector g€ € Ker(A) with supp(g€) = C that is
unique up to scaling. By the ‘circuit ratio’ k;; associated with the pair of nodes (i, j),
we mean the largest ratio | gjc / gic | taken over every circuit C of A such thati, j € C.
As our first observation, we show that the maximum of all circuit ratios, which we call
the ‘circuit imbalance measure’, in fact characterizes x4 up to a factor n. This measure
was first studied by Vavasis [56], who showed that it lower bounds x 4, though, as far
as we are aware, our upper bound is new. The circuit ratios of each pair (i, j) induce
a weighted directed graph we call the ‘circuit ratio digraph’ of A. From here, our
main result is that )} is up to a factor n equal to the maximum geometric mean cycle
in the circuit ratio digraph. Our algorithm populates the circuit ratio digraph with
approximations of the «;; ratios for each i, j € [n] using standard techniques from
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matroid theory, and then computes a rescaling by solving the dual of the maximum
geometric mean ratio cycle on the ‘approximate circuit ratio digraph’.

2. Scaling invariant LLS algorithm. While the above yields an LP algorithm with
poly(n, m,log x1) running time, it does not satisfactorily address Monteiro and
Tsuchiya’s question on a scaling invariant algorithm. As our second contribution, we
use the circuit ratio digraph directly to give a natural scaling invariant LLS layering
algorithm together with a scaling invariant crossover analysis.

At a conceptual level, we show that the circuit ratios give a scale invariant way
to measure whether ‘x; > x;’ and enable a natural layering algorithm. Assume for
now that the circuit imbalance value «;; is known for every pair (i, j). Given the
circuit ratio graph induced by the «;;’s and given a primal point x near the path, our
layering algorithm can be described as follows. We first rescale the variables so that x
becomes the all ones vector, which rescales «;; to k;;x; /x ;. We then restrict the graph
to its edges of length «;;x; /x; > 1/poly(n)—the long edges of the (rescaled) circuit
ratio graph—and let the layering J; U J, U ... U J, be a topological ordering of its
strongly connected components (SCC) with edges going from left to right. Intuitively,
variables that “affect each other” should be in the same layer, which motivates the
SCC definition.

We note that our layering algorithm does not have access to the true circuit ratios
kij; these are in fact NP-hard to compute. Getting a good enough initial estimate for
our purposes however is easy: we let k;; be the ratio corresponding to an arbitrary
circuit containing i and j. This already turns out to be within a factor ( )"(2)2 from
the true value «;j—recall this is the maximum over all such circuits. Our layering
algorithm learns better circuit ratio estimates if the ‘lifting costs of our SCC layering,
i.e., how much it costs to lift changes from lower layer variables to higher layers (as
in the definition of x4), are larger than we expected them to be based on the previous
estimates.

We develop a scaling-invariant analogue of cross-over events as follows. Before

the crossover event, poly(n)( )‘(;’;)” > kjjxi/xj, and after the crossover event,
poly(n)(x3)" < kijx;i/x; for all further central path points. Our analysis relies on
X4 in only a minimalistic way, and does not require an estimate on the value of ;.
Namely, it is only used to show thatif i, j € J,, for alayer g € [p], then the rescaled
circuit ratio «;;x; /x; is in the range (poly(n))"(j)io(“‘i‘). The argument to show this
crucially utilizes the maximum geometric mean cycle characterization. Furthermore,
unlike prior analyses [36, 63], our definition of a “good” layering (i.e., ‘balanced’
layerings, see Sect.3.5), is completely independent of x }.
3. Improved potential analysis. As our third contribution, we improve the Vavasis—Ye
crossover analysis using a new and simple potential function based approach. When
applied to our new LLS algorithm, we derive an O (n%> logn log( X + n)) iteration
bound for path following, improving the polynomial term by an Q(n/logn) factor
compared to the VY analysis.

Our potential function can be seen as a fine-grained version of the crossover events
as described above. In case of such a crossover event, it is guaranteed that in every
subsequent iteration, i is in a layer before j. We analyze less radical changes instead:
an “event” parametrized by t means that i and j are currently together on a layer of
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size < t, and after the event, i is on a layer before j, or if they are together on the
same layer, then this layer must have size > 2t. For every LLS step, we can find a
parameter T such that an event of this type happens concurrently for at least T — 1
pairs within the next O (y/nt log( X + n)) iterations,

Our improved analysis is also applicable to the original VY-algorithm. Let us
now comment on the relation between the VY-algorithm and our new algorithm. The
VY-algorithm starts a new layer once xr(;) > gXxr(i+1) between two consecutive
variables where the permutation 7 is a non-increasing order of the x; variables, and
g = poly(n) . Setting the initial ‘estimates’ K;; = jy 4 for a suitable polynomial, our
algorithm runs the same way as the VY algorithm. Using these estimates, the layering
procedure becomes much simpler: there is no need to verify ‘balancedness’ as in our
algorithm.

However, using estimates k;; = 4 has drawbacks. Most importantly, it does not
give a lower bound on the true circuit ratio «;;—to the contrary, g will be an upper
bound. In effect, this causes VY’s layers to be “much larger” than ours, and for this
reason, the connection to )‘(Z is lost. Nevertheless, our potential function analysis can
still be adapted to the VY-algorithm to obtain the same €2 (n/logn) improvement on
the iteration complexity bound; see Sect. 4.1 for more details.

1.2 Related work

Since the seminal works of Karmarkar [22] and Renegar [42], there has been a tremen-
dous amount of work on speeding up and improving interior-point methods. In contrast
to the present work, the focus of these works has mostly been to improve complexity
of approximately solving LPs. Progress has taken many forms, such as the develop-
ment of novel barrier methods, such as Vaidya’s volumetric barrier [55] and the recent
entropic barrier of Bubeck and Eldan [5] and the weighted log-barrier of Lee and
Sidford [29, 31], together with new path following techniques, such as the predictor—
corrector framework [34, 39], as well as advances in fast linear system solving [30, 48].
For this last line, there has been substantial progress in improving IPM by amortizing
the cost of the iterative updates, and working with approximate computations, see e.g.
[42, 55] for classical results. Recently, Cohen, Lee and Song [7] developed a new
inverse maintenance scheme to get a randomized on® log(1/¢))-time algorithm for
g-approximate LP, which was derandomized by van den Brand [57]; here w ~ 2.37
is the matrix multiplication exponent. A very recent result by van den Brand et al.
[60] obtained a randomized é(nm +m?) algorithm. For special classes of LP such
as network flow and matching problems, even faster algorithms have been obtained
using, among other techniques, fast Laplacian solvers, see e.g. [15, 32, 58, 59]. Given
the progress above, we believe it to be an interesting problem to understand to what
extent these new numerical techniques can be applied to speed up LLS computations,
though we expect that such computations will require very high precision. We note
that no attempt has been made in the present work to optimize the complexity of the
linear algebra.

Subsequent to the conference version of this paper [8], some of the authors
extended Tardos’s framework to the real model of computation [14], showing
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that poly(n, m,log x4) running time can be achieved using approximate solvers
in a black box manner. Combined with [57], one obtains a deterministic
O (mn®H! logo(l)(n) log(x4)) LP algorithm; using the initial rescaling subroutine
from this paper, the dependence can be improved to x % resulting in a running time of
O (mn®t! logO(l) (n) log( )"(j +n)). A weaker extension of Tardos’s framework to the
real model of computation was previously given by Ho and Tungel [21].

With regard to LLS algorithms, the original VY-algorithm required explicit knowl-
edge of x4 to implement their layering algorithm. The paper [35] showed that this
could be avoided by computing all LLS steps associated with n candidate partitions
and picking the best one. In particular, they showed that all such LLS steps can be
computed in O (m?n) time. In [36], an alternate approach was presented to compute an
LLS partition directly from the coefficients of the AS step. We note that these methods
crucially rely on the variable ordering, and hence are not scaling invariant. Kitahara
and Tsuchiya [27], gave a 2-layer LLS step which achieves a running time depending
only on j and right-hand side b, but with no dependence on the objective, assuming
the primal feasible region is bounded.

A series of papers have studied the central path from a differential geometry per-
spective. Monteiro and Tsuchiya [38] showed that a curvature integral of the central
path, first introduced by Sonnevend, Stoer, and Zhao [47], is in fact upper bounded by
0 (n3? log( %4 +n)). This has been extended to SDP and symmetric cone programming
[26], and also studied in the context of information geometry [25].

Circuits have appeared in several papers on linear and integer optimization (see
[13] and references within). The idea of using circuits within the context of LP algo-
rithms also appears in [12]. They develop a circuit augmentation framework for LP (as
well ILP) and show that simplex-like algorithms that take steps according to the “best
circuit” direction achieves linear convergence, though these steps are hard to com-
pute. Recently, [11] used circuit imbalance measures to obtain a circuit augmentation
algorithm for LP with poly(n, log(x4)) iterations. We refer to [16] for an overview
on circuit imbalances and their applications.

Our algorithm makes progress towards strongly polynomial solvability of LP, by
improving the dependence poly(n, m,log x4) to poly(n, m,log x}). However, in
a remarkable recent paper, Allamigeon, Benchimol, Gaubert, and Joswig [1] have
shown, using tools from tropical geometry, that path-following methods for the stan-
dard logarithmic barrier cannot be strongly polynomial. In particular, they give a
parametrized family of instances, where, for sufficiently large parameter values, any
sequence of iterations following the central path must be of exponential length—thus,
X4 will be doubly exponential. We note that very recently, Allamigeon, Gaubert, and
Vandame [3] strengthened this result, showing that no interior point method using a
self-concordant barrier function may be strongly polynomial.

As a further recent development, Allamigeon, Dadush, Loho, Natura, and Végh
[2] complement these negative results by giving a weakly polynomial interior point
method that always terminates in at most O(2"n!3logn) iterations—even when
log x is unbounded. Moreover, their interior point method is ‘universal’: it matches
the number of iterations of any interior point method that uses a self-concordant barrier
function up to a factor O (n'- logn). The ‘subspace LLS’ step used in the paper is a
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generalization of the LLS step, using restricted movements in general subspaces, not
only coordinate subspaces.

1.3 Organization

The rest of the paper is organized as follows. We conclude this section by introducing
some notation. Section?2 discusses our results on the circuit imbalance measure. It
starts with Sect. 2.1 on the necessary background on the condition measures x4 and x ;.
Section 2.2 introduces the circuit imbalance measure, and formulates and explains all
main results of Sect. 2. The proofs are given in the rest of the sections: basic properties
in Sect. 2.3, the min-max characterization in Sect. 2.4, the circuit finding algorithm in
Sect. 2.5, the algorithms for approximating j } and x4 in Sect.2.6.

In Sect.3, we develop our scaling invariant interior-point method. Interior-point
preliminaries are given in Sect.3.1. Section3.2 introduces the affine scaling and
layered-least-squares directions, and proves some basic properties. Section3.3 pro-
vides a detailed overview of the high level ideas and a roadmap to the analysis.
Section 3.4 further develops the theory of LLS directions and introduces partition lift-
ing scores. Section 3.5 gives our scaling invariant layering procedure, and our overall
algorithm can be found in Sect. 3.6.

In Sect.4, we give the potential function proof for the improved iteration bound,
relying on technical lemmas. The full proof of these lemmas is deferred to Sect. 6;
however, Sect. 4 provides the high-level ideas to each proof. Section4.1 shows that our
argument also leads to a factor Q2 (n/logn) improvement in the iteration complexity
bound of the VY-algorithm.

In Sect. 5, we prove the technical properties of our LLS step, including its proximity
to AS and step length estimates. Finally, in Sect. 7, we discuss the initialization of the
interior-point method.

Besides reading the paper linearly, we suggest two other possible ways of navi-
gating the paper. Readers mainly interested in the circuit imbalance measure and its
approximation may focus only on Sect.2; this part can be understood without any
familiarity with interior point methods. Other readers, who wish to mainly focus on
our interior point algorithm may read Sect.2 only up to Sect.2.2; this includes all
concepts and statements necessary for the algorithm.

1.4 Notation

Our notation will largely follow [36, 37]. We let R4 denote the set of positive reals,
and R the set of nonnegative reals. Forn € N, welet[n] = {1, 2, ..., n}.Let e e R
denote the ith unit vector, and e € R” the all 1s vector. For a vector x € R", we let
Diag(x) € R"*" denote the diagonal matrix with x on the diagonal. We let D denote
the set of all positive n x n diagonal matrices and I; denote the k x k identity matrix.
For x, y € R", we use the notation xy € R" to denote xy = Diag(x)y = (x; yi)ie[n]-
The inner product of the two vectors is denoted as x | y. For p € Q, we also use the
notation x? to denote the vector (xl.‘" )ieln]- Similarly, for x, y € R", we let x /y denote
the vector (x;/y;)ie[n]. We denote the support of a vector x € R” by supp(x) = {i €
[1] : x; # O}.
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For an index subset I C [n], we use 77 : R” — R/ for the coordinate projection.
That is, ;(x) = xj, and for a subset S C R”", m;(S) = {x; : x € S}. We let
R} = {x € R" : xp\; = 0}

For a matrix B € R™K I < [n]and J C [k] we let B 1.J denote the submatrix of
B restricted to the set of rows in / and columns in J. We also use B; . = By ] and
By = B. j = Bjn,s. We let BT € RF*” denote the pseudo-inverse of B.

We let Ker(A) denote the kernel of the matrix A € R™*". Throughout, we assume
that the matrix A in (LP) has full row rank, and that n > 3.

We use the real model of computation, allowing basic arithmetic operations +,
—, X, /, comparisons, and square root computations. We keep (exact) square root
computations for simplicity but we note that these could be avoided.

Subspace formulation Throughout the paper, we let W = Ker(A) € R” denote the
kernel of the matrix A. Using this notation, (LP) can be written in the form

min ¢ x max dT(c—s)
xeW+d seWt+c ()
x >0, s >0,

where d € R” satisfies Ad = b. One can e.g., choose d as the minimum norm solution
d = argmin{||x| : Ax = b} = AT(AAT)"!b. Note that s € W + ¢ is equivalent
to 3y € R™ such that ATy 4+ ¢ = 5. Hence, the original variable y is implicit in this
formulation.

2 Finding an approximately optimal rescaling

2.1 The condition number ,i'

The condition number 4 is defined as

—1
Ya = sup{nAT (ADAT) AD| : D ¢ D}

AT
= sup{ ” i ﬁ}H : y minimizes HDI/Z(ATy — p)” forsome0# peR"and D e Dy .
p
3

This condition number was first studied by Dikin [9, 10], Stewart [49], and Todd [52],
among others, and plays a key role in the analysis of the Vavasis—Ye interior point
method [63]. There is an extensive literature on the properties and applications of x4,
as well as its relations to other condition numbers. We refer the reader to the papers
[21, 36, 63] for further results and references.

It is important to note that x4 only depends on the subspace W = Ker(A). Hence,
we can also write xw for asubspace W € R”, defined to be equal to x 4 for some matrix
A € RF*" with W = Ker(A). We will use the notations x4 and yw interchangeably.

The next lemma summarizes some important known properties of x 4.
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Proposition 2.1  Let A € R™*" with full row rank and W = Ker(A).

() If the entries of A are all integers, then ¥ 4 is bounded by 204 where L 4 is
the input bit length of A.
(i) xa = max{||B~'A|l : B non-singular m x m- submatrix of A}.
(iii) Let the columns of B € R =™ form an orthonormal basis of W. Then

xw=nmx“BBLu:@¢1c[m].

(iv) Xw = XwL-
Proof Part (i) was proved in [63, Lemma 24]. For part (ii), see [53, Theorem 1] and

[63, Lemma 3]. In part (iii), the direction > was proved in [49], and the direction <
in [40]. The duality statement (iv) was shown in [18]. ]

In Proposition 3.8, we will also give another proof of (iv). We now define the lifting
map, a key operation in this paper, and explain its connection to 4.

Definition 2.2 Let us define the lifting map L) : 71 (W) — W by
L} (p) = argmin {|jz]| : 2/ = p,z € W}.

Note that L} is the unique linear map from 7r; (W) to W such that (L} (p)), = p
and L}}V(p) is orthogonal to W N R’[“n]\l.

Lemma 2.3 Let W C R” be an (n — m)-dimensional linear subspace. Let the columns
of B € R"™"=™) denote an orthonormal basis of W. Then, viewing L;V as a matrix
in R \I\’

LY =BB] ..

Proof If p € m;(W),then p = Bj.yforsomey € R"~". By the well-known property
of the pseudo-inverse we get B} p = argmin [ly]l. This solution satisfies

P=Bj.y
(B B;. p) = pand BB;. p € W.Since the columns of B form an orthonormal basis
of W, we have ||BB;.p|| = ||B}L’.p||. Consequently, BB;_p is the minimum-norm
point with the above properties. O

The above lemma and Proposition 2.1(iii) yield the following characterization. This
will be the most suitable characterization of xw for our purposes.

Proposition 2.4 For a linear subspace W C R",
v =max [ILY) 1 <1 £0)

The following notation will be convenient for our algorithm. For a subspace W C
R"™ and an index set I C [n], if 7; (W) #£ {0} then we define the lifting score

eV = \/ILY 2 1. “)
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Otherwise, we define £V (1) = 0. This means that for any z € 7;(W) and x = L}}V(z),
lxpns Il < €YDzl

The condition number )_(;’; For every D € D, we can consider the condition number
XDW = )_(ADfl. We let

Xw = x4 =inf{xpw : D € D}
denote the best possible value of x that can be attained by rescaling the coordinates

of W. The main result of this section is the following theorem.

Theorem 2.5 (Proof in Sect. 2.6) There is an O (n*m? + n3) time algorithm that for
any matrix A € R™*" computes an estimate & of xw such that

£ < qw <n(xy)%E

and a D € D such that

2.2 The circuit imbalance measure

The key tool in proving Theorem 2.5 is to study a more combinatorial condition
number, the circuit imbalance measure which turns out to give a good proxy to x4.

Definition 2.6 For a linear subspace W C R” and a matrix A such that W = Ker(A),
a circuit is an inclusion-wise minimal dependent set of columns of A. Equivalently, a
circuit is a set C C [n] such that W N R’é is one-dimensional and that no strict subset
of C has this property. The set of circuits of W is denoted by Cy .

Note that circuits defined above are the same as the circuits in the linear matroid
associated with A. Every circuit C € Cy can be associated with a vector g€ € W
such that supp(g©) = C; this vector is unique up to scalar multiplication.

Definition 2.7 For a circuit C € Cy and i, j € C, we let

c
w £
N (©) = . ®)
|sf |
Note that since g€ is unique up to scalar multiplication, this is independent of the
choice of g€. Forany i, j € [n], we define the circuit ratio as the maximum of Ki‘;/(C )
over all choices of the circuit C:

/ci‘}lzmax{/ci‘;y(C): CeCw.i,j ec}. (6)
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By convention we set /ci‘;/ = 0 if there is no circuit supporting i and j. Further, we
define the circuit imbalance measure as

Kw = max {Ki‘;-/ 1i,j € [n]} .
Minimizing over all coordinate rescalings, we define
ky =minf{kpw : D € D} .

We omit the index W whenever it is clear from context. Further, for a vectord € R1 R

s d _ Diag(d)W d _,d _ . .
we write Kii =K and k¢ = Ky, = KDiag(d)W -

We want to remark that a priori it is not clear that «y, is well-defined. Theorem 2.12
will show that the minimum of {kpw : D € D} is indeed attained.

We next formulate the main statements on the circuit imbalance measure; proofs will
be given in the subsequent subsections. Crucially, we show that the circuit imbalance
kw is a good proxy to the condition number . The lower bound was already proven
in [56], and the upper bound is from [14]. A slightly weaker upper bound v/ 1 + (k)2
was previously given in the conference version of this paper [8].

Theorem 2.8 (Proof in Sect. 2.3) For a linear subspace W C R",

V14 (ew)? < xw < nkw.

We now overview some basic properties of k. Proposition 2.4 asserts that xw is
the maximum ¢, — ¢, operator norm of the mappings L}V over I C [n]. In [14], it
was shown that «w is in contrast the maximum £; — £, operator norm of the same
mappings; this easily implies the upper bound yw < nkw.

Proposition 2.9 [14] For a linear subspace W C R",

ILY (P)llos
Ky =max § ———
Ipl

:Ig[n],l#@,PGﬂl(W)\{O}}-

Similarly to xw, kw is self-dual; this holds for all individual Ki‘}/ values as well.

Lemma 2.10 (Proof in Sect. 2.3) For any subspace W C R" and i, j € [n], /cl.‘;/ =
WJ_
ji -

The next lemma provides a subroutine that efficienctly yields upper bounds on
Y (1) or lower bounds on some circuit imbalance values. Recall the definition of the
lifting score £% (I) from (4).

K

Lemma 2.11 (Proofin Sect. 2.3) There exists a subroutine VERIFY- LIFT(W, I, 0) that,
given a linear subspace W C R", an index set I C [n], and a threshold 6 € R4 .,
either returns the answer ‘pass’, verifying £V (I) < 6, or returns the answer “fail’,
and a pairi € 1, j € [n]\ I such that0/n < Kl-‘;/. The running time can be bounded

as O(n(n —m)?).
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The proofs of the above statements are given in Sect.2.3.

A min-max theorem We next provide a combinatorial min-max characterization of
K;‘V. Consider the circuit ratio digraph G = ([n], E) on the node set [r] where (i, j) €
Eifk;; > 0,thatis, thereexists acircuit C € Cwithi, j € C. Wewillrefertox;; = K,.W
as the weight of the edge (i, j). (Note that (i, j) € E if and only if (j, i) € E, but the
weight of these two edges can be different.)

Let H be a cycle in G, that is, a sequence of indices iy, i, ..., ik, ix+1 = i1. We
use |H| = k to denote the length of the cycle. (In our terminology, ‘cycles’ always
refer to objects in G, whereas ‘circuits’ refer to the minimum supports in Ker(A).)

We use the notation x (H) = kw(H) = ]_[l;=1 Ki‘;yij“. For a vector d € R} ,, we
denote Kﬁ, (H) = kpiag(ayw (H). A simple but important observation is that such a
rescaling does not change the value associated with the cycle, that is,

Kl (H) = kw(H) Yd e R"_ forany cycle Hin G . (7
Theorem 2.12 (Proof in Sect. 2.4) For a subspace W C R", we have
Ky = gljg/cfv = max {Kw(H)l/lHl : Hisacyclein G} .
The proof relies on the following formulation:

Ky = min ¢
kijdj/di <t Y(,j)eE
d > 0.

Taking logarithms, we can rewrite this problem as

min s
logkij+z;—zi <s V(,j)€E

z e R".

This is the dual of the minimum-mean cycle problem with weights log «;;, and can be
solved in polynomial time (see e.g. [4, Theorem 5.8]).

Whereas this formulation verifies Theorem 2.12, it does not give a polynomial-time
algorithm to compute «y,. The caveat is that the values Kl-‘}] are typically not available;
in fact, approximating them up to a factor 20 is NP-hard, as follows from the work
of Tuncel [54].

Nevertheless, the following corollary of Theorem 2.12 shows that any arbitrary

circuit containing i and j yields a (x*)? approximation to «; e

Corollary 2.13 (Proof in Sect. 2.4) Let us be given a linear subspace W C R" and
i,j€[nli# j,andacircuit C € Cy withi, j € C. Let g € W be the corresponding
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vector with supp(g) = C. Then,

The above statements are shown in Sect.2.4. In Sect.2.5, we use techniques from
matroid theory and linear algebra to efficiently identify a circuit for any pair of vari-
ables that are contained in the same circuit. A matroid is non-separable if the circuit
hypergraph is connected; precise definitions and background will be described in
Sect.2.5.

Theorem 2.14 (Proof in Sect. 2.5) Given A € R"™*", there exists an O(n*m?) time
algorithm FIND- CIRCUITS( A) that obtains a decomposition of M(A) to a direct sum
of non-separable linear matroids, and returns a family ¢ of circuits such that if i and
J are in the same non-separable component, then there exists a circuit in C containing
both i and j. Further, for each i # j in the same component, the algorithm returns
a value k;j as the the maximum of |g;/g;| such that g € W, supp(g) = C for some

C € C containing i and j. For these values, kij < kij < (K*)Z/?,-j.

Finally, in Sect.2.6, we combine the above results to prove Theorem 2.5 on
approximating Xy, and «y,.

Section 2.5 contains an interesting additional statement, namely that the logarithms
of the circuit ratios satisfy the triangle inequality. This will also be useful in the analysis
of the LLS algorithm. The proof uses similar arguments as the proof of Theorem 2.14.
A simpler proof of this statement was subsequently given in [16].

Lemma 2.15 (Proof in Sect. 2.5)

(i) Forany distincti, j, k in the same connected component of Cy, and any g€ with
i,j € C, C € Cy, there exist circuits C1,Cy € Cw, i,k € Cy, j,k € Cy such
Cy, C Ci, C
that |8 /{1 = 1877 /8,1 - 18" /8; '
(ii) For any distinct i, j, k in the same connected component of Cw, Kij < Kik - Kkj.

2.3 Basic properties of Kk

Theorem 2.8 (Restatement). For a linear subspace W C R",

V14 (ew)? < xw < nkw.

Proof For the first inequality, let C € Cy be the circuit and i # j € C such that
|gj/gil = kw for the corresponding solution g = g€. Let us use the characterization
of yw in Proposition 2.4. Let I = ([rn] \ C) U {i}, and p = g;é¢', that is, the vector
with p; = g; and py = 0 for k # i. Then, the unique vector z € W such that z; = p
is z = g. Therefore,

lgil2 + Ig; 12
jw> min A2 _lel JELTRT mrs

w = = =
W.z=p llpll gl gl
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The second inequality is immediate from Propositions 2.4 and 2.9, and the inequalities

between £1, £, and £, norms. The proof of the slightly weaker xw < /1 + (ncw)?
follows from Lemma 2.11. O

The next lemma will be needed to prove Lemma 2.11 and also to analyze the LLS
algorithm. Let us say that the vector y € R" conforms to x € R" if x; y; > 0 whenever

yi #0.

Lemma2.16 Fori € I C [n] with e’} € (W), let z = Lyv(e’}). Then for any
J € supp(z) we have Ki‘;/ > |zjl.

Proof We consider the cone F C W of vectors that conform to z. The faces of F are
bounded by inequalities of the form z;y;x > 0 or yx = 0. The edges (rays) of F are of
the form {og : o > 0} with supp(g) € Cyw. Itis easy to see from the Minkowski—Weyl
theorem that z can be written as

h
=) g,
k=1

where h < n, Cy, Ca, ..., Cy € Cwy are circuits, and the vectors gl, gz, e, gh eW
conform to z and supp(gk) = Cy for all k € [h]. Note thati € Cy, for all k € [h], as
otherwise, z/ = z — g* would also satisfy o= e’), but ||Z’|| < |Iz|| due to g being
conformal to z, a contradiction to the definition of z.

Yho |g];-|
ZZ:] gf-‘

w ky k
Hence we ﬁndlcij > Igj/gi | > 1zl O

At least one k € [h] contributes at least as much to |z ;| =

as the average.

Lemma 2.11 (Restatement). There exists a subroutine VERIFY- LIFT(W, I, 0) that,
given a linear subspace W C R", an index set I C [n], and a threshold 6 € R4,
either returns the answer ‘pass’, verifying EW(I ) < 6, or returns the answer ‘fail’,
and a pairi € I, j € [n]\ I such that0/n < Ki‘?/. The running time can be bounded

as O(n(n — m)2).

Proof Take any minimal I’ C I such that dim(r;/(W)) = dim(z;(W)). Then we
know that 7;/(W) = R’ and for p € (W) we can compute L;V(p) = L;‘,/(pp).
Let B € RUUNDXI" be the matrix sending any ¢ € 7yp(W) to the corresponding
vector (L}/‘,/(q))[n]\p The column B; can be computed as (L}/‘//(ell/))[n]\[ fore), € R’
We have L) () = IIpI* + L} (pr)pavl® < IpI* + I1BIPlpr|l? for any
p € (W), and so e = \/ ||L¥V||2 — 1 < ||BJ|. We upper bound the operator
norm by the Frobenius norm as |B|| < ||B||lr = /Zﬁ sz'i < nmaxj; |Bj;|. By
Lemma 2.16 it follows that |Bj;| = |(L}4//(ei Nl < Ki‘;-/. The algorithm returns the
answer ‘pass’ if n max;; |Bj;| < 6 and ‘fail’ otherwise.

To implement the algorithm, we first need to select a minimal I’ C I such
that dim(mr;/(W)) = dim(mw;(W)). This can be found by computing a matrix
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M e R™ (=™ guch that range(M) = W, and selecting a maximal number of lin-
early independent columns of M;... Then, we compute the matrix B € RU\Dx!’
that implements the transformation [L;‘,’][n]\ 1: wp(W) — mpp g (W). The algorithm
returns the pair (i, j) corresponding to the entry maximizing | Bj;|. The running time
analysis will be given in the proof of Lemma 3.15, together with an amortized analysis
of a sequence of calls to the subroutine. O

Remark 2.17 We note that the algorithm VERIFY- LIFT does not need to compute the
circuit as in Lemma 2.16. The following observation will be important in the analysis:
the algorithm returns the answer ‘fail” even if EW(I ) <0 < n|Bjil.

We now prove the duality property of the circuit imbalances.

Lemma 2.10 (Restatement). For any subspace W C R" and i, j € [n], Ki‘;v = K;/}/L.
Proof Choose acircuit C € Cy and corresponding circuit solution g := g€ € WNRE

such that «;; i = = k;ij(C) = |g;/gi|. We will construct a circuit solution in W+ that

certifies Kﬁ/ > KVJV
Define h € R€ by h; = gj,hj = —giand hy = O forall k € C\ {i, j}. Then,
h is orthogonal to g¢ by construction, and hence & € (mc(W N RY ))l = (W),

Furthermore, we have supp(h) € C, w1y since h € RC is a support minimal vector

orthogonal to g€.

Take any vector 1 € W+ satisfying hc = h that is support minimal subject to these
constraints. We claim that supp(h) € Cy 1. Assume not, then there exists a non-zero
v € Wt with supp(v) C supp(h) Since supp (¢ (v)) € supp(rc (h)) = supp(h),
we must have either ve = 0 or ve = sh fors # 0. If vc = 0, then h — av is also
in wt satisfying 7¢ (hc —av) = h for all @ € R, and since v # 0 we can choose o
such that 4 — orv has smaller support than /2, a contradiction. If s # 0 then v/s € W=
satisfies 7 (v/s) = h and has smaller support than &, again a contradiction.

By the above construction, we have

A :
IC/‘V;/l = _—l = L = g—j = Ki?/ .
hj hj 8i
By swapping the role of W and W and i and j, we obtain K‘;V > /cjvf . The statement
follows. =

2.4 A min-max theorem on «j,

The proof of the characterization of «y, follows.

Theorem 2.12 (Restatement). For a subspace W C R”", we have

Ky = 1;111(}/(“%, = max {Kw(H)]/lﬂl : Hisacyclein G} .
>
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Proof For the direction xw (H)'/1H! < Ky weuse (7). Letd > O be ascaling and H a

cycle. Wehave/cidj < /c%, foreveryi, j € [n],andhencexw (H) = K€V(H) < (Kfv)”ﬂ.
Since this inequality holds for every d > 0, it follows that ky (H) < (/ca,)‘H I

For the reverse direction, consider the following optimization problem.

min ¢
kijdj/di <t V(i,j)€eE (8)
d > 0.

For any feasible solution (d, t) and A > 0, we get another feasible solution (Ad, t)
with the same objective value. As such, we can strengthen the condition d > 0 to
d > 1 without changing the objective value. This makes it clear that the optimum
value is achieved by a feasible solution.

Any rescaling d > 0 provides a feasible solution with objective value k¢, which
means that the optimal value * of (8) is t* = «*. Moreover, with the variable
substitution z; = logd;, s = log¢, (8) can be written as a linear program:

min §
logkij+zj—zi<s VY(U,j)ekE ©)]
zeR".

This is the dual of a minimum-mean cycle problem with respect to the cost func-
tion log(x;;). Therefore, an optimal solution corresponds to the cycle maximizing
> ijen 10g«ij/|H|, or in other words, maximizing K (H)VIHI, |

The following example shows that x* < x* can be arbitrarily big.

Example 2.18 Take W = span((0, 1,1, M)", (1,0, M, 1)), where M > 0. Then
{2,3,4} and {1, 3, 4} are circuits with k35 ({2,3,4}) = M and k)5 ({1,3,4}) = M.
Hence, by Theorem 2.12, we see that k* > M.

Corollary 2.13 (Restatement). Let us be given a linear subspace W C R" and i, j €
[n], i # j, and a circuit C € Cy withi, j € C. Let g € W be the corresponding
vector with supp(g) = C. Then,

Proof The second inequality follows by definition. For the first inequality, note that

the same circuit C yields |g;/g;| < /cﬁ./(C) < K/Vi] Therefore, |g;/gil > 1//<j‘.}f.
From Theorem 2.12 we see that K}?’K}Y < (k},)?, giving l/lcﬁ./ > /cy/(/cg‘v)z,

completing the proof. O
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2.5 Finding circuits: a detour in matroid theory

We next prove Theorem 2.14, showing how to efficiently obtain a family C C Cy such
that for any i, j € [n], C includes a circuit containing both i and j, provided there
exists such a circuit.

We need some simple concepts and results from matroid theory. We refer the reader
to [45, Chapter 39] or [ 17, Chapter 5] for definitions and background. Let M = ([n], Z)
be a matroid on ground set [1] with independent sets Z € 2”1, The rank rk(S) of a
set S C [n] is the maximum size of an independent set contained in S. The maximal
independent sets are called bases. All bases have the same cardinality rk([n]).

For the matrix A € R™*", we will work with the linear matroid M(A) =
([n], Z(A)), where a subset I C [n] is independent if the columns {A; : i € I}
are linearly independent. Note that rk([r]) = m under the assumption that A has full
row rank.

The circuits of the matroid are the inclusion-wise minimal non-independent sets.
Let I € 7 be an independent set, and i € [n]\/ such that I U {i} ¢ Z. Then, there
exists a unique circuit C (1, i) € I U{i} that s called the fundamental circuit of i with
respect to /. Note thati € C(1,i).

The matroid M is separable, if the ground set [n] can be partitioned to two
nonempty subsets [n] = SUT suchthat I € Zifandonlyif INS,INT € 1.
In this case, the matroid is the direct sum of its restrictions to S and 7. In particular,
every circuit is fully contained in S orin 7'.

For the linear matroid M (A), separability means that Ker(A) = Ker(Ag) X
Ker(Ar). In this case, solving (LP) can be decomposed into two subproblems,
restricted to the columns in Ag and in A7, and k4 = max{kag, Ka;}.

Hence, we can focus on non-separable matroids. The following characterization
is well-known, see e.g. [17, Theorems 5.2.5, 5.2.7 —5.2.9]. For a hypergraph H =
([n], £), we define the underlying graph Hg = ([n], E) such that (i, j) € E if there
is a hyperedge S € £ with i, j € S. That is, we add a clique corresponding to each
hyperedge. The hypergraph is called connected if the underlying graph G = ([n], E)
is connected.

Proposition 2.19 For a matroid M = ([n], I), the following are equivalent:

(1) M is non-separable.
(ii) The hypergraph of the circuits is connected.
(iii) For any base B of M, the hypergraph formed by the fundamental circuits
CB ={C(B,i) :i € [n]\B} is connected.
(iv) Foranyi, j € [n], there exists a circuit containing i and j.

Proof The implications (i) < (ii), (iii) = (ii), and (iv) = (ii) are immediate from the
definitions.

For the implication (ii) = (iii), assume for a contradiction that the hypergraph
of the fundamental circuits with respect to B is not connected. This means that we
can partition [n] = S U T such that for each i € §, C(B,i) € S, and for each
i eT,C(B,i) CT.Consequently, rk(S) = |BN S|, tk(T) = |B N T|, and therefore
rk([n]) = rk(S) +1k(T). Itis easy to see that this property is equivalent to separability
to S and T; see e.g. [17, Theorem 5.2.7] for a proof.
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Finally, for the implication (ii) = (iv), consider the undirected graph ([n], E) where
(i, j) € E ifthereis acircuit containing both i and j. This graph is transitive according
to [17, Theorem 5.2.5]: if (i, j), (j, k) € E, then also (i, k) € E. Consequently,
whenever ([n], E) is connected, it must be a complete directed graph. O

We give a different proof of (iii) = (iv) in Lemma 2.21 that will be convenient for
our algorithmic purposes. First, we need a simple lemma that is commonly used in
matroid optimization, see e.g. [17, Lemma 13.1.11] or [45, Theorem 39.13].

Lemma 2.20 Let I be an independent set of a matroid M = ([n],I), and U =
{ur,uz, ...,ug} S I,V ={vg,va,...,v¢} C [n]\ I such that I U {v;} is dependent
foreachi € [£]. Further, assume that foreacht € [€],u; € C(I, vs)andu; ¢ C(I, vp)
forallh < t. Then, IN\U)UV € 1.

We give a sketch of the proof. First, we note that for each r € [£], u; € C(I, vy)
means that exchanging v, for u; maintains independence. The statement follows by
induction on £: we consider the independent set I’ = (I'\{ug¢}) U {v¢}. We can apply
induction for I’, U' = {uy, u3,...,u¢—1}, and V' = {vy, vz, ..., vg—1}, noting that
the assumption guarantees that C(I’, v;) = C(I, v;) for all r € [¢ — 1]. Based on this
lemma, we show the following exchange property.

Lemma2.21 Let B be a basis of the matroid M = ([n],Z), and let U =
{ur,uaz,...,up} € B,and V = {vy,v2, ..., 0, vg4+1} C [n]\B. Assume C(B, v1) N
U =A{u1}, C(B, ve11)NU = {ug}, andforeach2 <t < €, C(B, v))NU = {u;—1, us}.
Then (B\U) UV contains a unique circuit C, and V C C.

The situation described here corresponds to a minimal path in the hypergraph C? of
the fundamental circuits with respect to a basis B. The hyperedges C (B, v;) form a
path from v; to ve11 such that no shortcut is possible (note that this is weaker than
requiring a shortest path).

Proof of Lemma 2.21 Note that S = (B\U)UV ¢ I since |S| > |B| and B is a basis.
Foranyi € [£+1], we canuse Lemma 2.20 to show that S\ {v;} = (B\U)U(V\{v;}) €
7 (and thus, is a basis). To see this, we apply Lemma 2.20 for the ordered sets V' =
{vl, ey Vi1, Vg1, Vpy oy v,~+1} and U/ = {ul, e U1, U, Up—1, e, I/t,'}.
Consequently, every circuit in § must contain the entire set V. The uniqueness of
the circuit in S follows by the well-known circuit axiom asserting that if C, C" € C,
C # C’andv € CNC’,thenthere exists a circuit C” € C suchthat C” € (CUC")\{v},
contradicting the claim that every circuit in S contains the entire set V. O

We are ready to describe the algorithm that will be used to obtain lower bounds on
all «;; values.

Theorem 2.14 (Restatement). Given A € R™*", there exists an O(n>m?) time algo-
rithm FIND- CIRCUITS(A) that obtains a decomposition of M(A) to a direct sum of
non-separable linear matroids, and returns a family ¢ of circuits such that if i and j
are in the same non-separable component, then there exists a circuit in ¢ containing
both i and j. Further, for each i # j in the same component, the algorithm returns
a value kij as the the maximum of |g;/g;| such that g € W, supp(g) = C for some

C € C containing i and j. For these values, K;j < kjj < (K*)ZIG,-J-.
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Proof Once we have found the set of circuits C , and computed &; ; as in the statement,
the inequalities &;; < «;; < (k*)%k; ; follow easily. The first inequality is by the
definition of «;;, and the second inequality is from Corollary 2.13.

We now turn to the computation of C. We first obtain a basis B C [n] of Ker(A)
via Gauss-Jordan elimination in time O (nm?). Recall the assumption that A has full
row-rank. Let us assume that B = [m] is the set of first m indices. The elimination
transforms it to the form A = (I,|H), where H € R™*"~™ corresponds to the
non-basis elements. In this form, the fundamental circuit C (B, i) is the support of the
ith column of A together with i foreverym +1 <i <n.WeletC B denote the set of
all these fundamental circuits.

We construct an undirected graph G = (B, E) as follows. For each i € [n] \ B,
we add a clique between the nodes in C(B, i) \ {i}. This graph can be constructed in
O (nm?) time.

The connected components of G correspond to the connected components of C?
restricted to B. Thus, due to the equivalence shown in Proposition 2.19 we can obtain
the decomposition by identifying the connected components of G. For the rest of the
proof, we assume that the entire hypergraph is connected; connectivity can be checked
in O (m?) time.

We initialize C as CB. We will then check all pairs i, j € [n], i # j.If no circuit
C e C exists with i, j € C, then we will add such a circuit to C as follows.

Assume first i, j € [n] \ B. We can find a shortest path in G between the
sets C(B,i)\{i} and C(B, j)\{j} in time O(mz). This can be represented by the
sequences of points V. = {vf,v2,...,ve41} € [n]\ B, vi = i, ve41 = J,
and U = {uj,us,...,ug} < B as in Lemma 2.21. According to the lemma,

= (B \ U) UV contains a unique circuit C that contains all v;’s, including i
and j.

We now show how this circuit can be identified in O (m) time, along with the
vector g€. Let Ag be the submatrix corresponding to the columns in S. Since g = g€
is unique up to scaling, we can set g, = 1. Note that for each ¢ € [£], the row of
Ag corresponding to u, contains only two nonzero entries: Ay,y, and Ay,y, . Thus,
the value g, = 1 can be propagated to assigning unique values to gy, , guss - - - » vy -
Once these values are set, there is a unique extension of g to the indices t € BN S in
the basis. Thus, we have identified g as the unique element of Ker(Ag) up to scaling.
The circuit C is obtained as supp(g). Clearly, the above procedure can be implemented
in O (m) time.

The argument easily extends to finding circuits for the case {i, j} N B # @. If
i € B, then for any choice of V = {vi,v2,...,ve41} and U = {uy,us, ..., us}
as in Lemma 2.21 such that i € C(B,vy) and i ¢ C(B, v;) for t > 1, the unique
circuit in (B\U) U V also contains i. This follows from Lemma 2.20 by taking V' =
{ves1, ve, ..., v1} and U’ = {uy, ..., uy, i}, which proves that S\ {i} = (B\U’) U
V' € 7. Similarly, if j € B with j € C(B,vgy1) and j ¢ C(B,v;) fort < £ + 1,

taking V' =V and U” = {uy, ..., uy, j} gives S\ {j} € Z.
The bottleneck for the running time is finding the shortest paths for the n(n — 1)
pairs, in time O (m?) each. O
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The triangle inequality An interesting additional fact about the circuit ratio graph is
that the logarithm of the weights satisfy the triangle inequality. The proof uses similar
arguments as the proof of Theorem 2.14 above.

Lemma 2.15 (Restatement).

(i) For any distincti, j, k in the same connected component of Cy, and any g€ with
i,j € C, C € Cy, there exist circuits C1,Cy € Cw, i,k € Cy, j,k € Cy such
Cy, C C, C
that |8 /{1 = 1877 /8,1 - 18" /8; ')
(ii) For any distinct i, j, k in the same connected component of Cw, kij < Kik - Kkj.

Proof Note that part (ii) immediately follows from part (i) when taking C € Cy such
that «;; (C) = «;j. We now prove part (i).

Let A € R™*" be a full-rank matrix with W = Ker(A). If C = {i, j}, then the
columns A;, A; are linearly dependent. Writing A; = AA;, wehave A = — gjc / g,.C.Let
h be any circuit solution with i, k € supp(h), and hence j ¢ supp(k). By assumption,
the vector i’ = h — h;e; + Ah;e; will satisfy Ah’ = 0 and have i ¢ supp(h’), j, k €
supp(#’). We know that /2’ is a circuit solution, because any circuit C' C supp(h’)
could, by the above process in reverse, be used to produce a kernel solution with strictly
smaller support than %, contradicting the assumption that 4 is a circuit solution. Now
we have |h’j/h;<| < Nhi/hi| = Ih;./hi| = |A| by construction. Thus, & and k' are the
circuit solutions we are looking for.

Now assume C # {i, j}.Ifk € C, the statement is trivially true with C = C| = C3,
soassume k ¢ C.Pick/ € C,1 ¢ {i, j} and set B = C\ {/}. Assume without loss
of generality that B C [m] and apply row operations to A such that Ap p = Ipxp
is an identity submatrix and A\ p,p = 0. Then the column A; has support given
by B, for otherwise g€ could not be in the kernel. The given circuit solution satisfies
gtC = —A,ngc for all t € B, and in particular gjc/gl.c =Aj /A,

Take any circuit solution 7 € Ker(A) such that [,k € supp(h) and such that
C Usupp(h) is inclusion-wise minimal. Such a vectors exists by Proposition 2.19(iv).
Now let J = supp(h) \ C. Because Apypp,c = 0 and Ah = 0, we must have 0 #
hy € Ker(Apu)\B,s). We show that we can uniquely lift any vector x € Ker(Ag, cu})
to a vector x’ € Ker(Acyy) with x/cu « = X. Since this lift will send circuit solutions
to circuit solutions by uniqueness, it suffices to find our desired circuits as solutions
to the smaller linear system.

We first prove that dim(Ker(Appp,7) = 1. For suppose that
dim(Ker(A[np\B,s)) = 2, then |[J| > 2 and there would exist some vector
y € Ker(Apu)\B,s) linearly independent from s, with k € supp(y). This vector
could be uniquely lifted to a vector y € Ker(A), and we could then find a linear
combination /2 + «y such that supp(h +ay) C C U J butl, k € supp(h + «y). The
existence of such a vector contradicts the minimality of C U supp(/). As such, we
know that dim(Ker(A[,p\B,s)) = 1.

This clear linear relation between any two entries in J for any vector in
Ker(Apn\B,s) implies that we can apply row operations to A such that Ag ; has
non-zero entries only in the column Ap (). Note that these row operations leave
Ac unchanged because Ay p,c = 0. From this, we can see that any element in
Ker(Ap,cuik)) can be uniquely lifted to an element in Ker(Acyy). Hence we can
focus on Ker(A g, cux})-
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If Aix = Ajr = 0, then any x € Ker(Ap cuiy) satisfies x; + A; jx; = xj +
A 1x; = 0 and, in particular, any circuit /, k € CccCcu {k} contains {i, j} C C and
fulfills |g§ /g | = 14,1/ A1l = 185 /{1 = 185 /8¢ 18 /& |. Choosing C = C2 =
C concludes the case.

Otherwise we know that A; x # O or A ; # 0, meaning that Ker(Ay; jy i, j.0.k})
contains at least one circuit solution with k in its support. Observe that any circuit in
Ker(Ay; jy.1i,j.1,k)) can be lifted uniquely to an element in Ker(A g, cux}) since Ap g
is an identity matrix and we can set the entries of B \ {i, j} individually to satisfy the
equalities. Note that this lifted vector is a circuit as well, again by uniqueness of the
lift. Hence we may restrict our attention to the matrix Ay; jj ¢, j..k)- If the columns
Ay jvks Agi,jy,1 are linearly dependent, then any circuit solution to Ay jy i, ;.0
0, x; # 0,suchas 85,]‘,1}s is easily transformed into a circuit solution to Ay; j (i, j k)X =
0, xx # 0 and we are done.

If Ag; jy.k, Ay, jy,0 are independent, we can write Ay jy (i, j.0.k) = ((1)(1);)’2), where
g]C/giC = b/a. For « = ad — bc, which is non-zero since « = det((z 2)) # 0 by the
independence assumption, we can check that («, 0, —d,b) " and (0, a, ¢, —a) " are
the circuits we are looking for. O

2.6 Approximating ,i'and ,i'*

Equipped with Theorems 2.12 and 2.14, we are ready to prove Theorem 2.5. Recall
Diag(d)W
ij

/?idj = k;jd;j/d;, and /?fij approximates Kl-dj just as in Theorem 2.14.

that we defined Kidj =K = kjjdj/d; when d > 0. We can similarly define

Theorem 2.5 (Restatement). There is an O (n*m? + n>) time algorithm that for any
matrix A € R™*" computes an estimate & of xw such that

£ < xw < n(gy)E
and a D € D such that
X < xpw <n(xp)’ .
Proof Let us run the algorithm FINDING- CIRCUITS(A) described in Theorem 2.14 to
obtain the values £;; such that &;; < k;; < (K";,)zléij. We let G = ([n], E) be the
circuit ratio digraph, thatis, (i, j) € E if k;; > 0.

To show the first statement on approximating j, we simply set § = max; jyeg Kij-
Then,

E<ikw < xw < nicw < n(iciy)?€ < n(xi)’€

follows by Theorem 2.8.
For the second statement on finding a nearly optimal rescaling for )y, we consider
the following optimization problem, which is an approximate version of (8) from
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Theorem 2.12.

min ¢
I%,'jdj/di <t V(i,j)eE (10)
d > 0.

Let d be an optimal solution to (10) with value . We will prove that K‘? < (K;,kv)?’.

First, observe that lc,.d;. = Kijc?j/c?i < (fc";,)zkijc?j/cii < (k)% for any (i, j) € E.
Now, let d* > 0 be such that k4" = /c;’i,. The vector d* is a feasible solution to (10),
and so 7 < max;; Kijd/df < maxizjiijd; /df = 4" . Hence we find that d gives
arescaling with

Iwp < nk? <n@i)® <nGw)?,

where we again used Theorem 2.8.

We can obtain the optimal value 7 of (10) by solving the corresponding maximum-
mean cycle problem (see Theorem 2.12). It is easy to develop a multiplicative version
of the standard dynamic programming algorithm of the classical minimum-mean cycle
problem (see e.g. [4, Theorem 5.8]) that allows finding the optimum to (10) directly,
in the same O (n?) time.

It is left to find the labels d; > 0, i € [n] such that k;;d;/d; < fforall (i, j) € E.
We define the following weighted directed graph. We associate the weight w;; =
log —logk; j withevery (i, j) € E, and add an extra source vertex r with edges (r, i)
of weight w,; = O for all i € [n].

By the choice of 7, this graph does not contain any negative weight directed cycles.
We can compute the shortest paths from r to all nodes in O (1) using the Bellman-
Ford algorithm; let o; be the shortest path label for i. We then set d; = exp(o;). One
can avoid computing logarithms by using a multiplicative variant of the Bellman-Ford
algorithm instead.

The running time of the whole algorithm will be bounded by O (n?> m? + n3). The
running time is dominated by the O (n*> m?*) complexity of FINDING- CIRCUITS(A) and
the O (n*) complexity of solving the minimum-mean cycle problem and shortest path
computation. O

3 A scaling-invariant layered least squares interior-point algorithm
3.1 Preliminaries on interior-point methods

In this section, we introduce the standard definitions, concepts and results from the
interior-point literature that will be required for our algorithm. We consider an LP
problem in the form (LP), or equivalently, in the subspace form (2) for W = Ker(A).
We let

Pt ={x eR": Ax = b, x > 0},
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D ={(y,s) e R"" : ATy +5=c,s > 0}.

Recall the central path defined in (CP), with w(n) = (x(n), y(n), s(n)) denoting
the central path point corresponding to u > 0. We let w* = (x*, y*, s*) denote the
primal and dual optimal solutions to (LP) that correspond to the limit of the central
path for u — 0.

For a point w = (x, y, s) € PTT x DT, the normalized duality gap is pu(w) =
x's/n.

The £>-neighborhood of the central path with opening > 0 is the set

).

Furthermore, we let N (B) := cl(NM(B)) denote the closure of A (B). Throughout the
paper, we will assume S is chosen from (0, 1/4]; in Algorithm 2 we use the value
B = 1/8. The following proposition gives a bound on the distance between w and
w(w) if w € N (B). See e.g., [20, Lemma 5.4], [36, Proposition 2.1].

Proposition 3.1 Let w = (x,y,s) € N(B) for B € (0,1/4] and u = u(w), and
consider the central path point w(u) = (x(un), y(u), s(n)). Foreach i € [n],

N(B) = {wep++ x Dt Hi—e
p(w)

al < b 'xini(M)EL, and
1428~ 1-8 -8

u Sl_zﬂ'sifsi(ﬂ)fs—i-
1428~ 1-8 -8

We will often use the following proposition which is immediate from definiton of
B.

Proposition 3.2 Letw = (x, y, s) € N(B) for B € (0, 1/4], and u = pu(w). Then for
eachi € [n]

(1 =B/ < sixi <1+ B/

Proof By definition of A/(®) we have for all i € [n] that |% —1] < ||% —e|l|l <8
and so (1 — B)u < x;s; < (1 4+ B)u. Taking roots gives the results. ]

A key property of the central path is “near monotonicity”, formulated in the
following lemma, see [63, Lemma 16].

Lemma3.3 Ler w = (x, y, s) be a central path point for p and w' = (x’, y', s") be
a central path point for i/ < ju. Then ||x'/x + s'/s|loo < n. Further, for the optimal
solution w* = (x*, y*, s*) corresponding to the central path limit © — 0, we have
Ix*/xlli + lls*/sllh = n.

Proof We show that ||x'/x||; + ||s'/s|li < 2n for any feasible primal x" and dual
(y', s") such that (x') s’ < x s = nu; this implies the first statement with the weaker
bound 2n. For the stronger bound ||x’/x + 5" /5|00 < n, see the proof of [63, Lemma
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16]. Since x —x’ € W and s — s’ € W, we have (x — x') T (s — s’) = 0. This can
be rewritten as x ' s’ + (x') s = x s + (x’) 's’. By our assumption on x” and s’, the
right hand side is bounded by 2nu. Dividing by u, and noting that x;s; = w for all
i € [n], we obtain

x/

X

!

n / /
S :

1 L=t

The second statement follows by using this to central path points (x’, y’, s’) with
parameter 1, and taking the limit ' — 0. O

3.2 The affine scaling and layered-least-squares steps

Givenw = (x, y, s) € Pt x D+, the search directions commonly used in interior-
point methods are obtained as the solution (Ax, Ay, As) to the following linear system
for some o € [0, 1].

AAx =0 (11
ATAy+As =0 (12)
SAX +xAs =oue — xs (13)

Predictor—corrector methods, such as the Mizuno—Todd—Ye Predictor—Corrector
(MTY P-C) algorithm [39], alternate between two types of steps. In predictor steps,
we use o = 0. This direction is also called the affine scaling direction, and will be
denoted as Aw? = (Ax?, Ay?, As?) throughout. In corrector steps, we use o = 1.
This gives the centrality direction, denoted as Aw® = (Ax¢, Ay®, As®).

In the predictor steps, we make progress along the central path. Given the search
direction on the current iterate w = (x, y, s) € N'(B), the step-length is chosen such
that the line segment between the current and next steps remain in A/(28), i.e.,

a® < sup{a €[0,1] : Vo' € [0, 0] : w + o’ Aw® € N(28)}.

Thus, we obtain a point wt = w 4 a®Aw® € N'(28). The corrector step finds a next
iterate w® = wt + Aw®, where Aw° is the centrality direction computed at w™. The
next proposition summarizes well-known properties, see e.g. [64, Section 4.5.1].
Proposition 3.4 Letw = (x, y,s) € N (B) for B € (0, 1/4].

(i) For the affine scaling step, we have w(w™) = (1 — a)u(w).
(i) The affine scaling step-length can be chosen as

B, laxas }
NS Bu(w)

o? > max{

(iii) For wt € N(2B) with w(w™) > 0, let Aw® be the centrality direction at w.
Then for w® = wt 4+ AwS, we have u(w®) = pw(w™) and w° € N (B).
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(iv) After a sequence of O(+/nt) predictor and corrector steps, we obtain an iterate
w = ',y s") € N(B) such that w(w’) < pu(w)/2".

Minimum norm viewpoint and residuals For any pointw = (x, y, s) € PTtxD*+
we define

§=08w)=s"x"12eR". (14)
With this notation, we can write (13) for o = 0 in the form
SAx + 871 As = —s1/2x1/2, (15)

Note that for a point w() = (x(u), y(u), s(u)) on the central path, we have
Si(w(w)) = si(w)/ /1 = J/i/xi(u) for all i € [n]. From Proposition 3.1, we
see that if w € A'(B), and & = pu(w), then for each i € [n],

VI=28-68i(w(w) =< &i(w) < di(w(w)) - (16)

1
J1—28
The matrix Diag(8 (w)) will be often used for rescaling in the algorithm. That is, for the

current iterate w = (x, y, s) in the interior-point method, we will perform projections
in the space Diag(é(w))W. To simplify notation, for § = §(w), we use L‘} and Kfj

as shorthands for Lll)lag(a)w and Kglag(a)w. The subspace W = Ker(A) will be fixed
throughout.

It is easy to see from the optimality conditions that the components of the affine
scaling direction Aw? = (Ax?, Ay?, As?) are the optimal solutions of the following

minimum-norm problems.

Ax® = argmin{[|§(x + Ax)[|?> : AAx = 0}
AxeR?
(Ay*, As®) = argmin  {|67 (s + A9)|?: ATAy + As = 0}
(Ay,As)eRm xR"

7)

Following [37], for a search direction Aw = (Ax, Ay, As), we define the residuals
as

_ S+ Ay Ry S5+ A9) (18)

NI Vi

We let Rx* and Rs? denote the residuals for the affine scaling direction Aw?. Hence,
the primal affine scaling direction Ax? is the one that minimizes the £;-norm of the
primal residual Rx?, and the dual affine scaling direction (Ay?, As®) minimizes the
£-norm of the dual residual Rs?. The next lemma summarizes simple properties of
the residuals, see [37].

Rx

Lemma3.5 For B € (0, 1/4] such that w = (x, y,s) € N(B) and the affine scaling
direction Aw = (Ax?, Ay?, As?), we have
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®

1/2.1/2
RxaRsazw Rxa+RSHZX/S/

, 19
P NG (19)

(i)
IR*|* + IRs*|* = n,

(iii) We have ||Rx||, |Rs*|| < 4/n, and for eachi € [n], max{Rx?, Rsi} > %(1 - B).
(iv)
1

1
Ri* = ———81As?, Rs* = ———8Ax2.
VI N/

Proof Parts (i) and (iv) are immediate from the definitions and from (11)-(13) and
(15). In part (ii), we use part (i) and (Rx*)TRs* = 0. In part, (iii), the first statement
follows by part (ii), and the second statement follows from (i) and Proposition 3.2. O

For a subset I C [n], we define

€f(w) = r?gallxmin{|Rx?|, IRs}[}, and €*(w) = €y (w). (20)

The next claim shows that for the affine scaling direction, a small €(w) yields a
long step; see [37, Lemma 2.5].

Lemma3.6 Letw = (x,y,s) € N(B) for B € (0, 1/4]. Then the affine scaling step
can be chosen such that

n(w + o*Aw?)

B 2/ne*(w) }
p(w) ’ '

§min{1——

v B

Proof Let € := €*(w). From Lemma 3.5(i), we get ||Ax*As?||/u = |[Rx*Rs*||. We
canbound ||Rx*Rs?|| < €(||[Rx*||+||Rs?||) < 2e+/n, where the latter inequality follows
by Lemma 3.5(iii). From Proposition 3.4(ii), we get o® > max{8/+/n, 1 — 2./ne/B}.
The claim follows by part (i) of the same proposition. O

3.2.1 The layered-least-squares direction

Let 7 = (J1, J2, ..., Jp) be an ordered partition of [n)2 Fork € [p], we use the
notations Jox := J1 U... U 1, Jop := Jry1 U... U J), and similarly J<; and
J>k. We will also refer to the sets Ji as layers, and J as a layering. Layers with lower
indices will be referred to as ‘higher’ layers.

2 In contrast to how ordered partitions were defined in [37], we use the term ordered only to the p-tuple
Jiyeens Ip), which is to be viewed independently of §.
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Givenw = (x, y, s) € PTT x DT, and the layering .7, the layered-least-squares
(LLS) direction is defined as follows. For the primal direction, we proceed backwards,
withk = p, p — 1,..., 1. Assume the components on the lower layers Axik have
already been determined. We define the components in J; as the coordinate projection
Axljlk = 1, (Xx), where the affine subspace Xy is defined as the set of minimizers

Xy = argmin{“Sjk(xJk +Ax)|?: AAx =0, Axy, = Ax9>k} .
AxeR?
The dual direction As!! is determined in the forward order of the layersk = 1,2, ..., p.

Assume we already fixed the components Asl} on the higher layers. Then, Asljl =
<k k
7, (Sk) for

2 moAT _ A
:dyeR" A Ay+As—0,Asj<k—AsJ<k .

(22)

Sy = argmin {H&;kl (sg + ASJk)‘
AseR"

The component Ay is obtained as the optimal Ay for the final layer k = p. We use
the notation Rx!' and &"(w) analogously to the affine scaling direction. This search
direction was first introduced in [63].

The affine scaling direction is a special case for the single element partition. In this
case, the definitions (21) and (22) coincide with those in (17).

3.3 Overview of ideas and techniques

A key technique in the analysis of layered least-squares algorithms [28, 36, 63] is
to argue about variables that have ‘converged’. According to Proposition 3.1 and
Lemma 3.3, for any iterate w = (x,y,s) € AN (B) and the limit optimal solution
w* = (x*, y*, 5¥), the bounds x < O(n)x; and s < O(n)s; hold. We informally
say that x; (or s;) has converged, if x; < O(n)x} (s; < O(n)s}") hold for the current
iterate. Thus, the value of x; (or s;) remains within a multiplicative factor 0(n?
for the rest of the algorithm. Note that if & > ' and x; has converged at u, then

si () /si (W)
i
parameter.

c [0(1112)’ O(nz)]; thus, s; keeps “shooting down” with the central path

Converged variables in the affine scaling algorithm Let us start by showing that at
any point of the algorithm, at least one primal or dual variable has converged.

Suppose for simplicity that our current iterate is exactly on the central path, i.e., that
xs = pe. This assumption will be maintained throughout this overview. In this case,
the residuals can be simply written as Rx* = (x + Ax?)/x, Rs* = (s + As?)/s. Recall
from (17) that the affine scaling direction corresponds to minimizing the residuals Rx?*
and Rs?. From this choice, we see that

x*

X

S*

N

x + Ax?

X

s + As?

N

(23)
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We have ||[Rx*||> + ||Rs*||> = n by Lemma 3.5(ii). Let us assume ||[Rx*||> > n/2; thus,
there exists a i € [n] such that x} > x;/ V2. In other words, just by looking at the
residuals, we get the guarantee that a primal or a dual variable has already converged.
Based on the value of the residuals, we can guarantee this to be a primal or a dual
variable, but cannot identify which particular x; or s; this might be.

For ||[Rx*||> > n/2, a primal variable has already converged before performing
the predictor and corrector steps. We now show that even if ||Rx?| is small, a primal
variable will have converged after a single iteration. From (23), we see that there is
an index i with x/x; > ||[Rx*||//n.

Furthermore, Proposition 3.4(ii) and Lemma 3.5 imply that 1 — « <
IRx®| - |Rs*||/B < /n||Rx*||/B, since |Rs®|| < «/n. The predictor step moves to

xTi=x +aAx? = (1 —a)x +alx + Ax?). Hence, xT < (% + ||Rxa||>x.
Putting the two inequalities together, we learn that xl.+ < O(n)x;" for some i € [n].
Since wt = (x*, y*,sT) € N(28), Proposition 3.1 implies that x; will have con-
verged after this iteration. An analogous argument proves that some s; will also have

converged after the iteration. We again emphasize that the argument only shows the
existence of converged variables, but we cannot identify them in general.

Measuring combinatorial progress Tying the above together, we find that after a

single affine scaling step, at least one primal variable x; and at least one dual variable
Xi(M/)/X_/(M/) c [ " O(n4)uj|_
xi(w)/xj () omHu > W ’
thus, the ratio of these variables keeps asymptotically increasing. The x;/x; ratios

serve as the main progress measure in the Vavasis—Ye algorithm. If x; /x; is between
1/(poly(n) x) and poly(n) x before the affine scaling step for the pair of converged
variables x; and s, then after poly(n) log x iterations, the x; /x; ratio must leave this
interval and never return. Thus, we obtain a ‘crossover-event’ that cannot again occur
for the same pair of variables. In the affine scaling algorithm, there is no guarantee
that x; /x; falls in such a bounded interval for the converging variables x; and s;; in
particular, we may obtain the same pairs of converged variables after each step.

The main purpose of layered-least-squares methods is to proactively force that in
every certain number of iterations, some ‘bounded’ x;/x; ratios become ‘large’ and
remain so for the rest of the algorithm.

In our approach, the first main insight is to focus on the scaling invariant quanti-
ties Ki‘;yxi /x; instead. For simplicity’s sake, we first present the algorithm with the

assumption that all values Kiw are known. We will then explain how this assumption

can be removed by using gradually improving estimates on the values.

The combinatorial progress will be observed in the ‘long edge graph’. For a primal-
dual feasible point w = (x,y,s) and 0 = 1/0(n6), this is defined as G s =
([n], Ey,o) with edges (i, j) such that Kiv}/xi/xj > 0. Observe that forany i, j € [n],
at least one of (i, j) and (j, i) are long edges: this follows since for any circuit C with
i, j € C, we get lower bounds |g.C/giC| < Ki‘;/ and |gic/gjc| < K]Vi/

Intuitively, our algorithm will enforce the following two types of events. The anal-
ysis in Sect.4 is based on a potential function analysis capturing roughly the same

progress.

s; has converged. This means that for any ' < p,
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Fig. 1 Top-down we have a chart of primal/dual variables and the estimated subgraph of the circuit ratio
digraph (Definition 3.11) for three different iterations: 1) All variables except x; are far away from their
optimal values. 2) On Jp there is a primal variable (i) and dual variable () that have converged, i.e. x; is
close to x;‘ and s; is close to S‘l* 3) j moves to layer J, due to a change in the underlying subgraph of the
circuit ratio digraph

e For an iterate w and a value u > 0, we have i, j € [n] in a strongly connected
component in G,  of size < 7, and for any iterate w’ with u(w’) > w, if i, j are
in a strongly connected component of G, , then this component has size > 27.

e For an iterate w and a value u > 0, we have (i, j) ¢ Ey, », and for any iterate w’
with u(w’) > u we have (i, j) € Eyy .

Atmost O (n? log ) such events can happen overall, so if we can prove that on average
an event will happen every O (y/nlog(¥} +n)) iterations or the algorithm terminates,
then we have the desired convergence bound of O (n?3 log(n) log(} +n)) iterations.

Converged variables cause combinatorial progress We now show that combinatorial
progress as above must happen in the affine scaling step in the case when the graph
G .o 18 strongly connected. As noted above, for the pair of converged variables x; and
s after the affine scaling step, x; /x, and thus Kl-‘}/x,' /xj, will asymptotically increase
by a factor 2 in every O (y/n) iterations.

By the strong connectivity assumption, there is a directed path in the long edge
graph from i to j of length at most n — 1. Each edge has length at least o, and by
the cycle characterization (Theorem 2.12) we know that (Kﬁ/x /%) ol < (K;‘V)”.
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As such, /cjvi./xj/x,- < (K;‘V)”/o"’l. Since K};V
/ci?/x,-/xj > o”’l/(K;‘V)".

This means that after O (y/n log((k}, /o)")) = O(n'? log(k?, + n)) affine scaling
steps, the weight of the edge (i, j) will be more than (7, /o)*". There can never
again be a length n or shorter path from j to i in the long edge graph, for otherwise
the resulting cycle would violate Theorem 2.12. Moreover, by the triangle inequality
(Lemma 2.15), any other k # i, j will have either (i, k) or (k, j) of length at least
(k3 / )", similarly causing a pair of variables to never again be in the same connected
component. As such, we took O (n!? log(/c;;, +n)) affine scaling steps and in that time
at least n — 1 combinatorial progress events have occured.

K/‘.Z./ > 1, we obtain the lower bound

The layered least squares step Similarly to the Vavasis—Ye algorithm [63] and sub-
sequent literature, our algorithm is a predictor—corrector method using layered least
squares (LLS) steps as in Sect.3.2.1 for certain predictor iterations. Our algorithm
(Algorithm 2) uses LLS steps only sometimes, and most steps are the simpler affine
scaling steps; but for simplicity of this overview, we can assume every predictor
iteration uses an LLS step.

We define the ordered partition J = (J1, J2, ..., Jp) corresponding to the strongly
connected components in topological ordering. Recalling that either (i, j) or (j, i) is
a long edge for every pair i, j € [n], this order is unique and such that there is a
complete directed graph of long edges from every Ji to J for 1 <k <k’ < p.

The first important property of the LLS step is that it is very close to the
affine scaling step. In Sect.3.4.1, we introduce the partition lifting cost £V () =
maxz<k<p ZW(JZk) as the cost of lifting from lower to higher layers; we let 2Yx ()
be a shorthand for ¢P€1/)W (7 Note that this same rescaling is used for the affine
scaling step in (17), since § = ,/it/x if w is on the central path. In Lemma 3.10(ii),
we show that for a small partition lifting cost, the LLS residuals will remain near the
affine scaling residuals. Namely,

IRx" — Ra* ||, [IRs" — Rs*|| < 6n>/2e1/* (7).

Recall that the LLS residuals can be written as Rx! = (x + Ax")/x, Rs!' = (s +
As'") /s for a point on the central path. For 7 defined as above, Lemma 2.11 yields
eV¥(T) < nmaxies., jeso kelpl ki) Xi/x;. This will be sufficiently small as this
maximum is taken over ‘short’ edges (notin Ey;, ;).

A second, crucial property of the LLS step is that it “splits” our LP into p separate
LPs that have “negligible” interaction. Namely, the direction (Axlllk, Asljlk) will be
very close to the affine scaling step obtained in the problem restricted to the subspace
Wiix=1{xy :x e W,x;, =0} (Lemma 3.10(1))

Since each component Ji is strongly connected in the long edge graph G4, if
there is at least one primal x; and dual s; in J; that have converged after the LLS
step, we can use the above argument to show combinatorial progress regarding the
/cl.‘;/xi /x; value (Lemma 4.3).

Exploiting the proximity between the LLS and affine scaling steps, Lemma 3.10(iv)
gives a lower bound on the step size o« > 1 — %’Z max;e(n] min{|Rx}l|, |Rs?|}. Let Ji
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be the component where m1n{||Rx || ||Rs ||} is the largest. Hence, the step size «
can be lower bounded in terms of mm{ ||Rx || ||Rs ||}

The analysis now distinguishes two cases. Let wt = w+aAs' be the point obtained
by the predictor LLS step. If the corresponding partition lifting cost £1/* i (J) is still
small, then a similar argument that has shown the convergence of primal and dual
variables in the affine scaling step will imply that after the LLS step, at least one
x; and one s; will have converged for i, j € Ji. Thus, in this case we obtain the
combinatorial progress (Lemma 4.4).

The remaining case is when £!/* i (J) becomes large. In Lemma 4.5, we show that
in this case a new edge will enter the long edge graph, corresponding to the second
combinatorial event listed previously. Intuitively, in this case one layer “crashes” into
another.

Refined estimates on circuit imbalances In the above overview, we assumed the
circuit imbalance values /cl.W are given, and thus the graph G, , is available. Whereas
these quantities are difficult to compute, we can naturally work with lower estimates.
For each i, j € [n] that are contained in a circuit together, we start with the lower

bound 12 = | g; / 8 €| obtained for an arbitrary circuit C with i, j € C We use the
graph Gw s = ([n], Ew o) corresponding to these estimates. Clearly, £y o € Ey o,
but some long edges may be missing. We determine the partition 7 of the strongly
connected components of Gw » and estimate the partition lifting cost £1/*(7). If this
is below the desired bound, the argument works correctly. Otherwise, we can identify
a pair i, j responsible for this failure. Namely, we find a circuit C with i, j € C such
that /%i?/ < |g.C / giC |. In this case, we update our estimate, and recompute the partition;
this is described in Algorithm 1. At each LLS step, the number of updates is bounded
by n, since every update leads to a decrease in the number of partition classes. This
finishes the overview of the algorithm.

3.4 Alinear system viewpoint of layered least squares
We now continue with the detailed exposition of our algorithm. We present an equiva-
lent definition of the LLS step introduced in Sect. 3.2.1, generalizing the linear system

(12)—(13). We use the subspace notation. With this notation, (12)—(13) for the affine
scaling direction can be written as

SAX® + xAs? = —xs, Ax*e W, and As*e W, (24)

which is further equivalent to §Ax?® + § 1 As® = —x1/251/2,
Given the layering 7 and w = (x, y, s), for each k € [ p] we define the subspaces

Wyr={xp:xeW,xy, =0} and ij = x5, :x e Wh xy_, =0}.

We emphasize that W7 ; and Wj  live on the variables in layer k. That is,
W7k, W; S R/k_ Tt is easy to see that these two subspaces are orthogonal comple-
ments. Our next goal is to show that, analogously to (24), the primal LLS step Ax!!is
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obtained as the unique solution to the linear system

SAX" +67 As = —x"12 0 AN e W, and Ase Wi, x-x W7,
(25)

and the dual LLS step As'! is the unique solution to

SAx +871As" = —x1/212 Ax e Wy x--xWg,, and Asl e wt,
(26)

It is important to note that As in (25) may be different from As'!, and Ax in (26) may
be different from Ax'. In fact, As" = As and Ax"" = Ax can only be the case for
the affine scaling step.

The following lemma proves that the above linear systems are indeed uniquely
solved by the LLS step.
Lemma3.7 Fort e R", W C R", § e R, and J = (J1, ]2, ..., Jp), let w =
LLS'7 () be defined by

Sw+sTlv=25, weW, veWj x--xW; .
Then LLS?’S(I) is well-defined and

H(S/k (g — ka)H = min { ”81k (ty — Zlk)” rzeW,zp, = wl>k}

for every k € [p].

In the notation o_f the above lemma we have, for ordered partitions J =
(i, Joo oI, T = (Up,Ip=t1,..., 1), and (x,y,s) € Pt x DTt with
8 = 5172712, that Ax" = LLS ¥ (—x) and As" = LLS‘W;"S_I (—s).

Proof of Lemma 3.7 We first prove the equality W N (W; L XX W; ,) = {0}, and

by a similar argument we have W+ N Wg,1x---x Wg ) = {0}. By duality, this
last equality tells us that

WENWg g x o x Wy )t =W+ W5 x - x ij) =R".

Thus, the linear decomposition defining LLS?’S(I) has a solution and its solution is
unique.

Suppose y € W N (Wl s X WL ) We prove y;, = 0 by induction on
k, starting at k = p. The mductlon hypothesm is that y;_, = 0, which is an empty
requirement when k = p. The hypothesis y; , = 0 together with the assumption
y € Wis equivalentto y € W NR’_, and implies y;, € 7, (WNR]_ ) := Wy .

Since we also have y;, € Wj- « by assumption, which is the orthogonal complement
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of W x, we must have y;, = 0. Hence, by induction y = 0. This finishes the proof
that LLS"° (1) is well-defined.

Next we prove that w is a minimizer of min {8, ¢y, —zy,)| :z € W, 2y, =w,_, }. The
optimality condition is for 8, (t, —z, ) to be orthogonal to 6 5, u forany u € W7 ;. By
the LLS equation, we have §;, (t;, —wy,) = Syklv J.» Where vy, € W\Jj’ - Noting then
that (8, u, Sjklv) = (uy,,vy) = 0foru € Wy, the optimality condition follows
immediately. O

With these tools, we can prove that the lifting costs are self-dual. This explains the
reverse order in the dual vs primal LLS step and justifies our attention on the lifting
cost in a self-dual algorithm. The next proposition generalizes the result of [18].

Proposition 3.8 (Proofin Sect. 5) For alinear subspace W C R" andindex set I C [n]
with J = [n]\I,

1
1LY < max{1, LY |I}.

In particular, e = ZWL J).
We defer the proof to Sect. 5. Note that this proposition also implies Proposition 2.1(iv).

3.4.1 Partition lifting scores

A key insight is that if the layering 7 is “well-separated”, then we indeed have x As" +
sAx! ~ —xs, that is, the LLS direction is close to the affine scaling direction. This
will be shown in Lemma 3.10. The notion of “well-separatedness” can be formalized
as follows. Recall the definition of the lifting score (4). The lifting score of the layering
J =1, J2, ..., Jp) of [n] with respect to W is defined as

V() = max €V (Jsp).
2<k=<p

For 8 € R% ., we use £V-3(1) := ¢Paeg@W (1) and ¢V-3(7) := ¢P1ae®W (7). When
the context is clear, we omit W and write €2 (1) := ¢%-3(I) and €2 (7) := ¢V:3( 7).
The following important duality claim asserts that the lifting score of a layering
equals the lifting score of the reverse layering in the orthogonal complement subspace.
It is an immediate consequence of Proposition 3.8.
Lemma 3.9 Let W C R" be alinear subspace, § € RLF. For an ordered partition J =
J1, 2, ..., Ip), let J = (Jp, Ip—1, ..., J1) denote the reverse ordered partition.
Then, we have

ATy =" (.

Proof Let U = Diag(8)W. Note that U+ = Diag(8~")W+. Then by Proposition 3.8,
for 2 < k < p, we have that

L i 1 oe—1 =
Vo) = Y (o) = 0V (Jtm1) = €Y (s pisa) = €V70 (Js pis2).
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In particular, WSy = EWL"YI (j), as needed. O

The next lemma summarizes key properties of the LLS steps, assuming the partition
has a small lifting score. We show that if A (J) is sufficiently small, then on the one
hand, the LLS step will be very close to the affine scaling step, and on the other hand,
on each layer k € [p], it will be very close to the affine scaling step restricted to this
layer for the subspace Wy ;. The proof is deferred to Sect.5.

Lemma 3.10 (Proof on p. 46) Let w = (x, y,s) € N(B) for B € (0,1/4], let u =
p(w) and § = §(w). Let 7 = (J1, ..., J,) be a layering with €2(J) < B/(32n?),
and let Aw" = (Ax", Ay, As'Yy denote the LLS direction for the layering J. Let
furthermore €' (w) = max;e[n] min{|Rx%l|, IRs%l|}, and define the maximal step length
as

o == supla’ €[0,1]:Va € [0,a'] : w + aAw' € N(2B)}.

Then the following properties hold.

(i) We have
11 -1 1 1/2 1/2 6 8 Vk d )
||51kAxJk+6Jk AsJk—l-xJk Sy | <6ne’(J)J/1, € [p], an 27
[8AxT + 57 A 4+ x1/2612) < 6n®20% () 1t - (28)

(ii) For the affine scaling direction Aw? = (Ax?, Ay?, As?),
IRx" — Rx*|, [IRs" — Rs"|| < 6n7/2£°(7) .
(iii) For the residuals of the LLS steps we have |Rx"||, |Rs"|| < ~/2n. For each

i € [n], max{|Rx!], |Rs!} > 1 — 3.
(iv) We have

*

11
af>1-— M , 29)
p
and for any a € [0, 1]
p(w +eadw') = (1 —ap,

(v) We have €"(w) = 0 if and only if «* = 1. These are further equivalent to
w4+ Aw! = (x + Ax", y + Ay s + As'Y) being an optimal solution to (LP).

3.5 The layering procedure
Our algorithm performs LLS steps on a layering with a low lifting score. A further

requirement is that within each layer, the circuit imbalances K;Sj defined in (6) are
suitably bounded. The rescaling here is with respect to § = §(w) for the current iterate
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w = (x, y, s). To define the precise requirement on the layering, we first introduce an
auxiliary graph. Throughout we use the parameter

B

The auxiliary graph For a vector § € R, | and o > 0, we define the directed graph
Gs.o = ([n], Es,5) suchthat (i, j) € Es ifK?j > o. This is a subgraph of the circuit
ratio digraph studied in Sect. 2, including only the edges where the circuit ratio is at
least the threshold 0. Note that we do not have direct access to this graph, as we cannot
efficiently compute the values Kfj

At the beginning of the entire algorithm, we run the subroutine FIND- CIRCUITS(A)
as in Theorem 2.14, where W = Ker(A). We assume the matroid M (A) is non-
separable. For a separable matroid, we can solve the subproblems of our LP on the
components separately. Thus, for each i # j, i, j € [n], we obtain an estimate
kij < kjj. These estimates will be gradually improved throughout the algorithm.

Note that K;Sj = «;j8;/8; and IQI‘S] = Kk;j8;/8i. If 121‘3] > o, then we are guaranteed
(i ’ ] ) € ES,U .

Definition 3.11 Define G,g,,, = ([n], Ea,a) to be the directed graph with edges (i, j)
such that /2;3]. > o; clearly, Gs o is a subgraph of G .

Lemma3.12 Let § € R . Foreveryi # j, i, j € [n], Efj -/??l. > 1. Consequently,
forany 0 <o <1, at least one of (i, j) € Es s or (j,i) € Es .

Proof We show that this property holds at the initialization. Since the estimates can
only increase, it remains true throughout the algorithm. Recall the definition of &;;
from Theorem 2.14. This is defined as the maximum of |g;/g;| such that g € W,
supp(g) = C for some C € ¢ containing i and j. For the same vector g, we get
kji > |gi/g;l|. Consequently, k;; - kj; > 1, and also /ij . k?i > 1. The second claim
follows by the assumption o < 1. O

Balanced layerings We are ready to define the requirements on the layering in the
algorithm. In the algorithm, § = §(w) will correspond to the scaling of the current
iterate w = (x, y, ).

Definition 3.13 Let§ € R’ | . Thelayering J = (Ji, J2, ..., Jp) of [n]is §-balanced
if

(i) £(J) <y,and
(ii) J is strongly connected in Gs,,, /5 for all k € [p].

The following lemma shows that within each layer, the Klfsj values are within a

bounded range. This will play an important role in our potential analysis.

Lemma3.14 Let0O <o < landt > 0,andi, j € [n], i # j.
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(1) If the graph G5 contains a directed path of at most t — 1 edges from j to i,
then

(i1) If Gs,o contains a directed path of at mostt — 1 edges from i to j, then

5 o\
k> —) .
tj <K*)

Proof For part (i), let j = iy,i2,...,i, =i be apathin G5, in J from j to i with
h < t. That is, «? > o for each ¢ € [h]. Theorem 2.12 yields

igig41 —

(*)' > Kl-‘sj Lol s Ki‘sj ol
since h <t and o < 1. Part (ii) follows using part (i) for j and i, and that Kfj ~/cfi >1
according to Lemma 3.12.

Description of the layering subroutine Consider an iterate w = (x, y, s) € N(B)
of the algorithm with § = §(w), The subroutine LAYERING(S, k), described in Algo-
rithm 1, constructs a §-balanced layering. We recall that the approximated auxilliary
graph ég,y/n with respect to £ is as in Definition 3.11

Algorithm 1: LAYERING(S, K)

Input :§ € R’} and & €R£+.
Output: §-balanced layering J = (J1, ..., Jp) and updated values & € ]Rir.
1 Compute the strongly connected components C1, Co, ..., Cy of G&V /n- listed in the ordering
imposed by CA;M,/,,;
E <« E(g!},/n;
fork=2,...,¢do
Call VERIFY- LIFT(Diag(8) W, C>, y) that answers ‘pass’ or ‘fail’;
if the answer is ‘fail’ then
Leti € C>, j € Cy, and t be the output of VERIFY- LIFT such that y /n <t < K?j ;

QU B W N

<

'31']' <« t5; /8j;
8 E < EU{G. )k
9 Compute strongly connected components Jyi, J2, ..., Jp of ([n], E), listed in the ordering imposed

by G5,y /n;
10 return J = (J1, J2, ..., Jp). k.

We now give an overview of the subroutine LAYERING(S, k). We start by computing
the strongly connected components (SCCs) of the directed graph G5, /. The edges of
this graph are obtained using the current estimates /21‘3/ According to Lemma 3.12, we

have (i, j) € E,;,y/n or (j,i) € 12“5,7,/,, for every i, j € [n],i # j. Hence, there is a
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linear ordering of the components Cy, C», ..., Cg such that (4, v) € 12"5,), /n Whenever
ueCi,veCj,andi < j. We call this the ordering imposed by (Aia,y/,,.
Next, for each & = 2,...,¢, we use the subroutine VERIFY-

LirT(Diag(8) W, Csk, y) described in Lemma 2.11. If the subroutine returns ‘pass’,
then we conclude ¢¢ (C>k) < vy, and proceed to the next layer. If the answer is
‘fail’, then the subroutine returns as certificates i € Cs¢, j € C, and ¢ such that
y/n <t < /cf/.. In this case, we update léfj to the higher value t. We add (i, j) to

an edge set E; this edge set was initialized to contain E(g,y /n- After adding (i, j), all
components C; between those containing i and j will be merged into a single strongly
connected component. To see this, recall that if i’ € Cp and j' € Cy for £ < ¢/, then
i, j)e Ea,y/n according to Lemma 3.12.

Finally, we compute the strongly connected components of ([n], E). We let
Ji, J2, ..., Jp denote their unique acyclic order, and return these layers.

Lemma3.15 The subroutine LAYERING(8, k) returns a §-balanced layering in
O(nm2 + n?) time.

The difficult part of the proof is showing the running time bound. We note that the
weaker bound O (n?m?) can be obtained by a simpler argument.

Proof We first verify that the output layering is indeed §-balanced. For property (i)
of Definition 3.13, note that each J; component is the union of some of the Cy’s.
In particular, for every g € [p], the set J>, = C5 for some k € [£]. Assume now
£5(Cs) > y. At step k of the main cycle, the subroutine VERIFY- LIFT returned the
answer ‘fail’, and a new edge (i, j) € E was added withi € Cxg, j € C;. Note that
we already had (j, i) € E(g,y/,,, since j € C, forsome r < k,andi € C, forr’ > k.
This contradicts the choice of J>, as a maximal strongly connected component in
([n], E).

Property (ii) follows since all new edges added to E have «;; > y/n. Therefore,
([n], E) is a subgraph of Gs, /.

Let us now turn to the computational cost. The initial strongly-connected compo-
nents can be obtained in time O (n2), and the same bound holds for the computation of
the final components. (The latter can be also done in linear time, exploiting the special
structure that the components C; have a complete linear ordering.)

The second computational bottleneck is the subroutine VERIFY- LIFT. We assume
amatrix M € R™ =™ js computed at the very beginning such that range(M) = W.
We first explain how to implement one call to VERIFY- LIFT in O (n(n — m)?) time. We
then sketch how to amortize the work across the different calls to VERIFY- LIFT, using
the nested structure of the layering, to implement the whole procedure in O (n.(n —m)?)
time. To turn this into O (nm?), we recall that the layering procedure is the same for
W and W+ due to duality (Proposition 3.8). Since dim(W~) = m, applying this
subroutine on W+ instead of W achieves the same result but in time O (nm?).

We now explain the implementation of VERIFY- LIFT, where we are given as input
C C [n] and the basis matrix M € R"*"=™) a5 above with range(M) = W. Clearly,
the running time is dominated by the computation of the set / € C and the matrix
B € RUMNOXI satisfying LY (x)iu¢ = Bxy, for x € mc(W). We explain how
to compute / and B from M using column operations (note that these preserve the
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range). The valid choices for I € C are in correspondence with maximal sets of
linear independent rows of Mc ., noting then that |/| = r where r := rk(Mc..).
Let Dy = [n —m —r] and D> = [n — m]\[n — m — r]. By applying columns
operations to M, we can compute / < C such that M; p, = I, (r x r identity)
and Mc,p, = 0. This requires O (n(n — m)|C|) time using Gaussian elimination. At
this point, note that mc(W) = range(Mc,p,), /(W) = R! and range(M. p,) =
wnN R’fn]\c. To compute B, we must transform the columns of M. p, into minimum
norm lifts of e; € w7 (W) into W, foralli € I. For this purpose, it suffices to make the
columns of M,)\c, p, orthogonal to the range of M,)\c, p,. Applying Gram-Schmidt
orthogonalization, this requires O((n — |C|)(n — m)(n — m — r)) time. From here,
the desired matrix B = M[,)\c,p,. Thus, the total running time of VERIFY- LIFT is
O(n(n —m)|C|+ (n—|C(n —m)(n —m —r)) = O(n(n —m)?).

We now sketch how to amortize the work of all the calls of VERIFY- LIFT during
the layering algorithm, to achieve a total O (n(n — m)?) running time. Let C1, ..., Cy
denote the candidate SCC layering. Our task is to compute the matrices By,2 < k < £,
needed in the calls to VERIFY- LIFTon W, C>;,2 < k < £,intotal O (n(n —m)z) time.
We achieve this in three steps working with the basis matrix M as above. Firstly, by
applying column operations to M, we compute sets Iy € Cy and Dy = [|[ 1<k |I\[|1<k]],
k € [£], such that My, p, = L, where ry = ||, and Mc_, p_, = 0,2 < k < £.Note
that this enforces Zi:l rx = (n — m). This computation requires O (n(n — m)?) time
using Gaussian elimination. This computation achieves range(Mc, p,) = 7c, (W N
R’éq), range(Mc.,.p.,) = 7wc., (W) andrange(M. p_,) = WﬂR’éq, forall k € [£].

From here, we block orthogonalize M, such that the columns of M. p, are orthog-
onal to the range of M.p_,, 2 < k =< {. Applying an appropriately adapted
Gram-Schmidt orthogonalization, this requires O (n(n — m)?) time. Note that this
operation maintains My, p, = I,,, k € [£], since Mc., p_, = 0. At this point, for
k € [£] the columns of M. p, are in correspondence_with minimum norm lifts of
e; € mp_,(w) into W, for all i € [. Note that to compute the matrix By we need the
lifts of ¢; € Tp., (W), forall i € I instead of justi € I.

We now corﬁpute the matrices By, ..., B> in this order via the following iterative
procedure. Let k denote the iteration counter, which decrements from ¢ to 2. For
k = £ (first iteration), we let By = M¢_, p, and decrement k. For k < £, we eliminate
the entries of My, p_, by using the columns of M. p,. We then let By = Mc_, p.,
and decrement k. To justify correctness, one only has to notice that at the end of
iteration k, we maintain the orthogonality of M. p., to the range of M. p_, and that
Mp.,.p.;, = 11, is the appropriate identity. The cost of this procedure is the same as
a full run of Gaussian elimination and thus is bounded by O (n(n — m)2). The calls to
VERIFY- LIFT during the layering procedure can thus be executed in O (n(n — m)?))
amortized time as claimed. O

3.6 The overall algorithm
Algorithm 2 presents the overall algorithm LP- SOLVE(A, b, c, wo). We assume that

an initial feasible solution w® = (xo, yo, so) € N(B) is given. We address this in
Sect. 7, by adapting the extended system used in [63]. We note that this subroutine
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Algorithm 2: LP- SOLVE(A, b, ¢, w")

Input : A € R"*" b e R™, ¢ € R, and an initial feasible solution w® = (x©, y0, 59) € A/(1/8)
to (LP).
Output: Optimal solution w* = (x*, y*, s*) to (LP).

1 Call FIND- CIRCUITS(A) to obtain the lower bounds &; j foreachi, j € [n],i # Jj;

2k <0, <0

3 repeat

4 /* Predictor step */

5 Compute affine scaling direction Aw? = (Ax?, Ay?, As?) for w;

6 if €?(w) < 10n3/2y then // Recall e€*(w) defined in (20)

7 § «— (Sk)l/2(xk)71/2;

8 (J, k) <LAYERING(S, K);

9 Compute Layered Least Squares direction Awll = (Ax!! A y“, As'l) for the layering J and
w;

10 Aw <« Awu;

11 L a<—1—24ﬁell(w); // As in Lemma 3.10(ii)

12 else

13 Aw <~ Aw?;

14 | o < min{1/(8\/n),1—8|Ax*As?|/u(w)}; // As in Proposition 3.4 (ii)

15 w <~ wk + aAw;

16 /* Corrector step */

17 Compute centrality direction Aw® = (Ax®, Ay®, As®) for w';

18 whtl — w' + AwS;

19 k<«—k+1;

20 until u(wk) =0,

21 return wk = (xk, yk, sk).

requires an upper bound on x*. Since computing x * is hard, we can implement it by
a doubling search on log x *, as explained in Sect.7. Other than for initialization, the
algorithm does not require an estimate on x *.

The algorithm starts with the subroutine FIND- CIRCUITS(A) as in Theorem 2.14.
The iterations are similar to the MTY Predictor—Corrector algorithm [39]. The main
difference is that certain affine scaling steps are replaced by LLS steps. In every
predictor step, we compute the affine scaling direction, and consider the quantity
€(w) = max;e[, min{|Rx?|, |[Rs?|}. If this is above the threshold 10n°/2y, then we
perform the affine scaling step. However, in case €*(w) < 10132y, we use the
LLS direction instead. In each such iteration, we call the subroutine LAYERING(S, k)
(Algorithm 1) to compute the layers, and we compute the LLS step for this layering.

Another important difference is that the algorithm does not require a final rounding
step. It terminates with the exact optimal solution w* once a predictor step is able to
perform a full step with ¢ = 1.

Theorem 3.16 For given A € R™*", b € R™, ¢ € R", and an initial feasible solu-
tion w® = (x2, y°, s e N'(1/8), Algorithm 2 finds an optimal solution to (LP) in
O(n*> logn log(x} + n)) iterations.

Remark 3.17 Whereas using LLS steps enables us to give a strong bound on the total
number of iterations, finding LLS directions has a significant computational overhead
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as compared to finding affine scaling directions. The layering J can be computed in
time O(nm?) (Lemma 3.15), and the LLS steps also require O (nm?) time, see [35,
63]. This is in contrast to the computational cost O (n®) of an affine scaling direction.
Here w < 2.373 is the matrix multiplication constant [62].

We now sketch a possible approach to amortize the computational cost of the LLS
steps over the sequence of affine scaling steps. It was shown in [37] that for the MTY
P-C algorithm, the “bad” scenario between two crossover events amounts to a series of
affine scaling steps where the progress in p increases exponentially from every iteration
to the next. This corresponds to the term O(min{n2 loglog(mo/n), log(o/n)}) in
their running time analysis. Roughly speaking, such a sequence of affine scaling steps
indicates that an LLS step is necessary.

Hence, we could observe these accelerating sequences of affine scaling steps, and
perform an LLS step after we see a sequence of length O(logn). The progress made
by these affine scaling steps offsets the cost of computing the LLS direction.

4 The potential function and the overall analysis

Let > O and 8(p) = s(u)2x(u)~1% = /i/x(n) = s(1)/ /i correspond to the
point on the central path and recall the definition of y in (30). For i, j € [n],i # J,
we define

8(1)
ij
log (4nlc;§,/y) ’

log
pr(, J) =

and the main potentials in the algorithm as

Wh(i, ) :=max{1,min{2n, inf pﬂ’(i,j)” and
O<p/ <p

W) = Y logW"(,j).

i,jen)i#j

The motivation for o (i, j) and W (i, j) comes from Lemma3.14,usingo = y/(4n).
Thus, log Kfj(“ ) /1log (4nk}, /y) can be seen as a lower bound on the length of the
shortest j—i path. Recall that the layers are defined as strongly connected components
of ég’,,/n, which is a subgraph of G, /@4n) (using the bound (16)). Consequently,
whenever p* (i, j) > n, the nodes i and j cannot be in the same strongly connected
component for the normalized duality gap . Thus, our potentials W* (i, j) can be seen
as fine-grained analogues of the crossover events analyzed in [36, 37, 63]: the definition
of WH(i, j) contains aminimizationover0 < u’ < w;therefore, W* (i, j) > nimplies
that / and j may never appear on the same layer for any u’ < u. On the other hand,
these potentials are more fine-grained: even for ¢ < n, if W*(i, j) > ¢ then whenever
a layer contains both i and j for ' < u, this layer must have size > r.

By definition, for all pairs (i, j) € [n] x [1n] we have \I/“/(i, Jj) = W, j) for
0 < i/ < w; and we enforce W (i, j) € [1, 2n]. The upper bound can be imposed
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since values W (i, j) > n do not yield any new information on the layering. Hence,
the overall potential W () is between 0 and O (n?logn). The overall analysis in
the proof of Theorem 3.16 divides the iterations into phases. In each phase, we can
identify a set J C [n], |J| > 1 arising as a layer or as the union of two layers in the
LLS step at the beginning of the phase. We show that W (i, j) doubles for at least
|J| — 1 pairs (i, j) € J x J during the subsequent O (/n|J|log(}* + n)) iterations;
consequently, W (u) increases by at least |J| — 1 during these iterations. This leads to
the overall iteration bound O (n2- log(n) log()* 4+ n)). In comparison, the crossover
analysis would correspond to showing that within O (n'? log()* + n)) iterations, one
of the W* (i, j) values previously < n becomes larger than n. The following statement
formalizes the above mentioned properties of W* (i, j).

Lemma4.l Letw = (x,y,s) € N(B) for B € (0,1/4]. Leti, j € [n], i # j, and let
u = pu(w).

1. Ifég,y/n contains a path from j to i of at mostt — 1 edges, then p"(i, j) < t.

2. Iféa,y/n contains a path from i to j of at mostt — 1 edges, then p" (i, j) > —t.

3. If WK(i, j) > t, then in any §(w')-balanced layering, where w' = (x',y',s') €
N(B) with p(w') < p,

e i and j cannot be together on a layer of size at most t, and
e j cannot be on a layer preceding the layer containing i.

Proof From (16), we see that for any i, j,

5' < K8 < (1 _ zﬁ)flk.;sj(ll) < 4/(2(“) .

Kij = Kij =

Consequently, G(g,y /n is a subgraph of Gs(,),,/4n)- The statement now follows from
Lemma 3.14 with o = y /(4n). O

In what follows, we formulate four important lemmas crucial for the proof of Theorem
3.16. For the lemmas, we only highlight some key ideas here, and defer the full proofs
to Sect. 6.

For a triple w € N (B), Aw!! refers to the LLS direction found in the algorithm, and
Rx" and Rs" denote the residuals as in (18). For a subset I C [n] recall the definition

e}l(w) = malx min{le}l|, |Rs?|}.
IAS
We introduce another important quantity £ for the analysis:
&/ (w) := min{[|Rx} ], | Rs}1l} (31
for a subset I C [n]. For alayering J = (J1, J2, ..., Jp), we let
£l (w) = max €1l (w).
J kep1 7k
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The key idea of the analysis is to extract information about the optimal solution w* =
(x*, y*,s) from the LLS direction. The first main lemma shows that if ||Rxljl | is
large on some layer J,, then for at least one index i € Jg, xl.*/xi > 1/poly(n), i.e.,
the variable x; has “converged”. The analogous statement holds on the dual side for
||Rsl}q | and an index j € J,.

Lemma 4.2 (Proof in Sect. 6) Let w = (x,y,s) € N(B) for B € (0,1/8] and let
w* = (x*, y*, s*) be the optimal solution corresponding to u* = 0 on the central
path. Letfurther 7 = (J1, ..., Jp) be a§(w)-balanced layering (Definition 3.13), and
let Aw" = (Ax", Ay, As'Yy be the corresponding LLS direction. Then the following
statement holds for every q € [p]:

(i) There existsi € Jg such that

2xi

1l
x; > N (IRxj, || = 2yn). (32)
(ii) There exists j € Jq such that
2s;
* J 11
s = N (IRsy, I = 2yn). (33)

We outline the main idea of the proof of part (i); part (ii) follows analogously using
the duality of the lifting scores (Lemma 3.9). On layer ¢, the LLS step minimizes
||<SJq (qu + Aqu)H, subject to AXJ>q = Axl}>q and subject to existence of AXJ<q

such that Ax € W. By making use of Z‘s(w)(.@q) < y due to §(w)-balancedness, we
can show the existence of a point z € W + x™ such that ||61q (z;q — qu) || is small,
and z;_, = x5, + Axﬂ)q. By the choice of Axyq, we have [187,24, || > 1184, (xs, +
Axly)| = /RIRx] | Therefore, [|6,, x5 //k| cannot be much smaller than [|Rx} ||
Noting that 8]qqu VNI qu /X, we obtain alower bound on x;*/x; for somei € J,.

We emphasize that the lemma only shows the existence of such indices i and j, but
does not provide an efficient algorithm to identify them. It is also useful to note that
forany i € [n], max{|Rx?|, |Rs§l|} > % - %,B according to Lemma 3.10(iii). Thus, for
each g € [p], we obtain a strong and positive lower bound in either case (i) on x; /xi*
or case (ii) on s; /s;" for some i € J,.

The next lemma allows us to argue that the potential function W' (-, -) increases for
multiple pairs of variables, if we have strong lower bounds on both x* and s;‘ for some
i, j € [n], along with a lower and upper bound on p* (i, j).

Lemma 4.3 (Proof in Sect. 6) Let w = (x,y,s) € NQB) for B € (0,1/8], let
w = u(w)and § = §(w). Let i, j € [n] and 2 < t < n such that for the optimal
solution w* = (x*, y*, s*), we have x| > ﬂx,-/(ZlOnS‘S) ands;’f > ﬁsj/(210n5'5), and
assume pt(i, j) = —t1. After O(B~'/nt log(x* + n)) further iterations the duality
gap W fulfills W (i, J) = 21, and for every € € [n]\ {i, j}, either W (i, 0) > 21,
or WM (¢, j) > 27.
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We note that i and j as in the lemma are necessarily different, since i = j would
imply 0 = x¥s} > B21/(2%n'1) > 0.

Let us illustrate the idea of the proof of WH (i, j) = 2t.Fori and j as in the
lemma, and for a central path element w’ = w(u’) for u’ < p, we have x/ > x7*/n >
Bx;/(2'%53) and s} > sj/n > ﬂsj/(210n6'5) by the near-monotonicity of the central
path (Lemma 3.3). Note that

/ 1! 2 2 2
o — e Sj_K_. NS Bxsp BB s
ij =g =R =R 520,13, ©— 20,13 Nij T 70
3; 7 295 299n 7

where the last inequality uses Proposition 3.2. Consequently, as u’ sufficiently

decreases, /cf// will become much larger than /cf/.. The claim on £ € [n]\{i, j} can

be shown by using the triangle inequality &y - kx; > «;; shown in Lemma 2.15.
Assume now E}Iq (w) > 4yn for some g € [p] in the LLS step. Then, Lemma 4.2

guarantees the existence of i, j € J, such that x;"/x;, s%/s; > %yn > B/(2193).
Further, Lemma 4.1 gives p*(i, j) > —|J,;|. Hence, Lemma 4.3 is applicable for i
and j with T = |J4|.

The overall potential argument in the proof of Theorem 3.16 uses Lemma 4.3 in
three cases: E}}(w) > 4yn (Lemma 4.2 is applicable as above); S}}(w) < 4yn and
0" (J) < 4yn (Lemma 4.4); and g}(w) < 4ynand 0 (J) > 4yn (Lemma 4.5).
Here, 81 refers to the value of § after the LLS step. Note that 81 > 0is well-defined,
unless the algorithm terminated with an optimal solution.

To prove these lemmas, we need to study how the layers “move” during the LLS
step. We let B = {t € [n] : |Rs!!| < 4yn}and N = {t € [n] : |Rx]'| < 4yn}. The
assumption Sj}(w) < 4yn means that for each layer Ji, either Jy € B or Jy € N;
we accordingly refer to B-layers and N-layers.

Lemma 4.4 (Proof in Sect. 6) Let w = (x,y,s) € N(B) for B € (0,1/8], and
let 7 = (J1,...,Jp) be a §(w)-balanced partition. Assume that 5}}(11)) < 4yn,

and let wt = (xt, yt,s7) € N(2B) be the next iterate obtained by the LLS step
with p* = p(w™) and assume ut > 0. Let g € [p] such that E}}(w) = Syq (w).
IfK‘S+ (J) < 4yn, then there exist i, j € J, such that x} > ﬂxi‘"/(16n3/2) and
s;’f > ﬁs;'/(l6n3/2). Further, for any £, 0’ € Jg, we have ot (e, o) > —|Jyl.

For the proof sketch, without loss of generality, let éf} = f;‘l}q = ||Rx]}q I, thatis, J, isan
N-layer. The case S}Iq = ||Rsl}q || can be treated analogously. Since the residuals ||Rx1}q I
and ||Rs]}q | cannot be both small, Lemma 4.2 readily provides a j € J; such that
sl’;/sj > 1/(64/n). Using Lemma 3.3 and Proposition 3.1, s;‘/s;.L = s;.‘/sj ~sj/sj+ >

(1—B)/6(1+4p)n*?) > B/(16n/2).

The key ideas of showing the existence of an i € J, such that x* > x;r /(16n3/%)
are the following. With ~, < and Z, we write equalities and inequalities that hold up
to small polynomial factors. First, we show that (i) ||5 qu;; I < wt/ /I, and then,

that (ii) 184,27 | & w*/ /i
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If we can show (i) and (ii) as above, we obtain that ||(ququ I Z |I81qx;; ||, and thus,

* Z x;" for somei € Jj.

Let us now sketch the first step. By the assumption J, C N,onecanshowx /x; ~
q Jq q

X

wt/u, and therefore

+ + +
w I w
||(ququ | ~ TH(SquJq |~ —Vn=—1.

1 vz

The second part of the proof, namely, lower bounding ||, qu ||, is more difficult. Here,
we only sketch it for the special case when J; = [n]. That is, we have a single layer
only; in particular, the LLS step is the same as the affine scaling step Ax!! = Ax?®. The
general case of multiple layers follows by making use of Lemma 3.10, i.e. exploting
that for a sufficiently small £%(7), the LLS step is close to the affine scaling step.

Hence, assume that Ax"" = Ax?. Using the equivalent definition of the affine
scaling step (17) as a minimum-norm point, we have [|8x*|| > [|8(x + Ax)|| =
VEIR| = /€Y. From Lemma 3.6, ut/u < 24/ne*(w)/B < 2/n&’} /. Thus,
we see that [|8x*|| > But/(2/nw).

The final statement on lower bounding ,0"+ £, ) = —|J,| forany ¢, ¢ € J, fol-
lows by showing that 82‘ / 527 remains close to 8¢ /8, and hence the values of P o, )
and (€, £) are sufficiently close for indices on the same layer (Lemma 6.1).

Lemma 4.5 (Proof in Sect. 6) Let w = (x, y,s) € N(B) for B € (0,1/8], and let
J = (J1,...,Jp) be a §(w)-balanced partition. Assume that Eg(w) < 4yn, and
let wt = (xt,yt,st) e N2B) be the+next iterate obtained by the LLS step with
pt = p(wt) and assume pt > 0. If €8 (J) > 4yn, then there exist two layers J,
and Jy and i € Jg and j € J, such that x] > xi+/(8n3/2), and s;f > s}"/(8n3/2).
Further, ,0“+(i,j) > —|Jy U J|, and for all £,0" € J; U J., £ # £ we have
WL, 0y < |y U Jyl.

Considernow any £ € J; € B.Then, since inzl is multiplicatively close to 1, xZL x Xy,
on the other hand sZ will “shoot down” close to the small value Rslz1 - s¢. Conversely,
fort € Jy C N, sZ’ ~ s¢, and x[ will “shoot down” to a small value.

The key step of the analysis is showing that the increase in 2 (J) can be attributed
to an N-layer J, “crashing into” a B-layer J,. That is, we show the existence of an
edge (i', j') € Es+ j(an fori’ € Jyand j' € J,, wherer < gand J, € B, J, C N.
This can be achieved by analyzing the matrix B used in the subroutine VERIFY- LIFT.

For the layers J;, and J,, we can use Lemma 4.2 to show that there exists an
i € J, where x[/x; is lower bounded, and there exists a j € J, where s;‘ /s is lower

bounded. The lower bound on ,0“+ (i, j) and the upper bounds on the W (¢, £) values
can be shown by tracking the changes between the k3, ¢) and Pl (2, ¢ values, and
applying Lemma 4.1 both at w and at w™.

Proof of Theorem 3.16 We analyze the overall potential function W (w). By the iteration
at © we mean the iteration where the normalized duality gap of the current iterate is

u.
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By Proposition 3.4(ii) and Lemma 3.10(ii), the predictor step gives w’ € N (1/4)
in every iteration, and thus by Proposition 3.4(iii), if w(w’) > 0, the iterate w® after a
corrector step fulfills w® € N'(1/8).If u™ = 0 at the end of an iteration, the algorithm
terminates with an optimal solution. Recall from Lemma 3.10(v) that this happens if
and only if el(w) = 0 at a certain iteration.

From now on, assume that u= > 0. We distinguish three cases at each iteration.
These cases are well-defined even at iterations where affine scaling steps are used. At
such iterations, S‘l}(w) still refers to the LLS residuals, even if these have not been

computed by the algorithm. (Case 1) é‘}}(w) > 4yn; (Case 1I) Eg(w) < 4yn and

£5+(j) < 4yn; and (Case III) Sg(w) < 4yn and 8" (J) > 4yn.

Recall that the algorithm uses an LLS direction instead of the affine scaling direction
whenever €2 (w) < 1013/ 2)/. Consider now the case when an affine scaling direction
is used, that is, €2 (w) > 10n3/2y. According to Lemma 3.10(ii), |[Rx"! — Rx?||, ||Rs" —
Rs®|| < 6n3/2y. This implies that é}}(w) > 4n3/2y > 4ny. Therefore, in cases Il and
III, an LLS step will be performed.

Starting with any given iteration, in each case we will identify a set J C [n] of
indices with | J| > 1, and start a phase of O (y/n|J|log(x* +n)) iterations (that can be
either affine scaling or LLS steps). In each phase, we will guarantee that W increases
by atleast |J|— 1. By definition, 0 < W () < n(n—1)(logy n+1),and if 4’ < u then
W(u') > W(w). As we can partition the union of all iterations into disjoint phases,
this yields the bound o3> lognlog(x™* 4 n)) on the total number of iterations.

We now consider each of the cases. We always let i denote the normalized duality
gap at the current iteration, and we let g € [ p] be the layer such that E}} (w) =% }1‘{ (w).

Case I: S}(w) > 4yn. Lemma 4.2 guarantees the existence of x;,s; € J; such
that x7/x;, s;‘/sj > 4yn/(3y/n) > 1/(2'%37). Further, according to Lemma 4.1,
pH(i, j) = —|J4|. Thus, Lemma 4.3 is applicable for / = J,. The phase starting at
comprises O (y/n]Jy|log(j* +n)) iterations, after which we get a normalized duality
gap ' such that WH (i, j) > 2|J,|, and for each £ € [n]\{i, j}, either W* (i, £) >
21Jyl, or WH (L, j) = 2]J,].

We can take advantage of these bounds for indices £ € J,;. Again by Lemma 4.1,
for any ¢, ¢" € J;, we have WH (¢, ¢") < pH(¢,¢") < |Jy]. Thus, there are at least
|J4| — 1 pairs of indices (¢, £) for which W/ (¢, £') increases by at least a factor 2
between iterations at  and u’. The increase in the contribution of these terms to W ()
is at least | J;| — 1 during these iterations.

We note that this analysis works regardless whether an LLS step or an affine scaling
step was performed in the iteration at u.

Case II: é‘l}(w) < 4yn and " (J) < 4yn. As explained above, in this case we
perform an LLS step in the iteration at u, and we let w™ denote the iterate obtained
by the LLS step. For J = J,;, Lemma 4.4 guarantees the existence of i, j € J; such

that xl?k/xl.‘", s;.‘/sf > B/(16n°/%), and further, ,()"Jr (i, J) > —|J4|. We can therefore
apply Lemma 4.3. The phase starting at u includes the LLS step leading to u+ (and
the subsequent centering step), and the additional O(y/n|J,|log(x* + n)) iterations
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(B is afixed constant in Algorithm 2) as in Lemma 4.3. As in Case I, we get the desired
potential increase compared to the potentials at 1 in layer J,.

Case I1I: S}}(w) < 4yn and €5+(J) > 4yn. Again, the iteration at p will use an
LLS step. We apply Lemma 4.5, and set J = J, U J, as in the lemma. The argument
is the same as in Case II, using that Lemma 4.5 explicitly states that W+ (£, £') < |J|
forany £,¢ € J, £ # ¢, O

4.1 The iteration complexity bound for the Vavasis-Ye algorithm

We now show that the potential analysis described above also gives an improved bound
0?3 logn log(xa + n)) for the original VY algorithm [63].

We recall the VY layering step. Order the variables via 7w such that (1) < 87(2) <
... < 8z (n)- The layers will be consecutive sets in the ordering; a new layer starts with
(i + 1) each time 8;(; 1) > g85(;), for a parameter g = poly(n) x 4.

As outlined in the Introduction, the VY algorithm can be seen as a special imple-
mentation of our algorithm by setting k;; = gy /n. With these edge weights, we have
that l%fl > y/n precisely if g§; > 83

With these edge weights, it is easy to see that our LAYERING(S, k) subroutine finds
the exact same components as VY. Moreover, the layers will be the initial strongly con-
nected components C; of Gs,,,/,: due to the choice of g, this partition is automatically
d-balanced. There is no need to call VERIFY- LIFT.

The essential difference compared to our algorithm is that the values k;; = gy /n are
not lower bounds on «;; as we require, but upper bounds instead. This is convenient to
simplify the construction of the layering. On the negative side, the strongly connected
components of CA},S,}, /n May not anymore be strongly connected in Gs,/,. Hence, we
cannot use Lemma 4.1, and consequently, Lemma 4.3 does not hold.

Still, the &;; bounds are overestimating «;; by at most a factor poly(n) y 4. Therefore,
the strongly connected components of éa,n /y are strongly connected in G , for some
o = 1/(poly(n) %4).

Hence, the entire argument described in this section is applicable to the VY algo-
rithm, with a different potential function defined with j4 instead of x . This is the
reason why the iteration bound in Lemma 4.3, and therefore in Theorem 3.16, also
changes to x4 dependency.

It is worth noting that due to the overestimation of the «;; values, the VY algorithm
uses a coarser layering than our algorithm. Our algorithm splits up the VY layers into
smaller parts so that £°(7) remains small, but within each part, the gaps between the
variables are bounded as a function of x} instead of j4.

5 Properties of the layered least square step

This section is dedicated to the proofs of Proposition 3.8 on the duality of lifting scores
and Lemma 3.10 on properties of LLS steps.

3 For simplicity, in the Introduction we used gx; > x; instead, which is almost the same in the proximity
in the central path.
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Proposition 3.8 (Restatement). For a linear subspace W C R" and index set I C [n]
with J = [n\I,

1
ILY Il < max{1, LY}

In particular, €V (I = £V (J)

Proof We first treat the case where 77 (W) = {0} or 7w, (WL) = {0}. If 7; (W) = {0}
then ||L}}V|| = ¢W(I) = 0. Furthermore, in this case R/ = (W) = 7, (W= NRY),
and thus {(0, wy) : w € W+} € W, In particular, ||L‘JV|| < 1 and EWL(J) = 0.
Symmetrically, if 7;(WL) = {0} then ||L‘}’L|| — V) = o, ILV] < 1 and
V(I =0.

‘We now restrict our attention to the case where both 7; (W), J(WJ_) = {0}. Under
this assumption, we show that | L} || = ||L§VL || and thus that £ (1) = ¢"~ (J). Note

that by non-emptyness, we clearly have that ||L¥V Il ||L‘JVl | > 1.

We formulate a more general claim. Let {0} # U,V C R”" be linear subspaces
such that U +V = R" and U NV = {0}. Note that for the orthogonal complements
in R”, we also have {0} # UL, V-, UL + VI =R and UL N V+ = {0}.

Claim 5.1 Let {0} # U,V C R”" be linear subspaces such that U +V = R" and
UNYV = {0}. Thus, for z € R", there are unique decompositions 7 = u + v with
uelUveVandz=u +v withu € Ut andv € VX Let T : R — V be
the map sending Tz = v. Let T' : R" — V- be the map sending T'z = v'. Then,
1T = IIT"].

Proof To prove the statement, we claim that it suffices to show that if ||7T'|| > 1 then
IT’|| = |IT||. To prove sufficiency, note that by symmetry, we also get thatif || 77|| > 1
then ||T|| > ||IT’|. Note that V, V1 % {0} by assumption, and Tz = z forz € V,
T’z = zforz € V1. Thus, we always have |||, ||7'|| > 1, and therefore the equality
IT|| = ||T’|| must hold in all cases. We now assume ||T'|| > 1 and show ||T’|| > ||T|.
Representing 7' as an n x n matrix, we write 7 = ) i, 0; viulT using a singular
value decomposition with o1 > --- > o} > 0. As such, vy, ..., vg is an orthonormal
basis of V, since the range(7)) = V, and uq, ..., uy is an orthonormal basis of U,
since Ker(T') = U, noting that we have restricted to the singular vectors associated
with positive singular values. By assumption, we have that | T|| = ||Tu|| = o1 > 1.
The proof is complete by showing that

|T" (1 — ur/oD)| = o1llvi — ui /o1l (34)

and that ||[v; —u1 /o1 || > 0, since then the vector v) —u /o will certify that | T|| > o7.
The map T is a linear projection with 72 = T'. Hence (u;, v;) = crfl and (u;, v;) =
Oforalli # j.
‘We show that v —61_1141 can be decomposed as vi —oju1 + (01 —ol_l)ul such that
v —oqu; € V4 and (o7 — Glil)u] € U~. Therefore, T' (v — 01711/!1) =v] —o1uU].
The containment (o] — af])ul € U+ is immediate. To show v; — oju; € V1, we
need that (v — oquy, v;) = O0foralli € [k]. Fori > 2, this is true since (u;, vj) =0

@ Springer



A scaling-invariant algorithm for linear programming...

and (v;,v;) = 0. Fori = 1, we have (v; — ojuy,v;) = 0 since [[vi|| = 1 and
(g, v1) = a]_l. Consequently, T’ (v — al_]ul) =V —ou].

We compute H’” —o(‘uIH = /1—072>0,since oy > 1, and v — o1 || =

,/012 — 1. This verifies (34), and thus ||T’|| > o1 = || T||. m]

To prove the lemma, we define 7 = (J,I), U = W‘Jj’l X sz and V = W
andlet T : R* — V and T’ : R® — V= be as in Claim 5.1. By assumption,
{0} # 7/ (W) = {0} # V and {0} # 7y (W) = W5, = {0} # U. Applying
Lemma 3.7, U, V satisfy the conditions of Claim 5.1 and T = LLS?’1 In particular,
7’| = || T|. Using the fact that U+ = W7 | x W7, and V+ = W, we similarly
get that 7' = LLS?LJ, where J = (I, J). By (21) we have, for any ¢ € nRy(W),
that 7r = LLS ' (1) = L} (7). Thus, | T|| > IL}/ | > 1.

To finish the proof of the lemma from the claim, we show that || T'|| < || L}}V I|.Bya
symmetric argument we get ||T’|| = ||L$VL Il

Ifx e R’}, thenTx e W N R" because any s € Wj )t €m (W) withs +¢t =0

must have s = ¢t = 0 since W; ) is orthogonal to r; (W). But W N R” and WL
are orthogonal, so |Tx|| < ||x| because x = Tx + (x — Tx) is an orthogonal
decomposition.

Ify e R” then y; = Oand hence (Ty); = (Ty—y)y.Since (Ty—y); € W\Jj’l =
a;(WNR" )J- we see that Ty € (W N R")J- As such, for any x € R, y € R, we
see that x J_ yand Tx L Ty. For x, y # 0, we thus have that

ITG+ I _ITOIP+ITD)I {IIT(x)I|2 ||T(y)||2}

lx+y12 — lxl2+ 2] Ix12 " lyl2
{ ||T(y>||2}
< max 1,—2 .

[

Since ||L}}V|| > 1, we must have that ||T¢]|/||¢]| is maximized by some ¢ € RY.
From Ker(7T) = U it is clear that || T¢|/||¢|| is maximized by some t € U~. Now,
UJ-HR’} = TR (W), soany t maximizing ||T't||/||¢|| satisfies T't = L})V(II). Therefore,
L1 = 1T O

Our next goal is to show Lemma 3.10: for a layering with small enough £°(7), the
LLS step approximately satisfies (13), that is, Ax!! + 671 As!l ~ —x1/251/2, This
also enables us to derive bounds on the norm of the residuals and on the step-length.

We start by proving a few auxiliary technical claims. The next simple lemma allows
us to take advantage of low lifting scores in the layering.

Lemmab5.2 Let u,v € R" be two vectors such thatu — v € W. Let I C [n], and
8 € R ,. Then there exists a vector u' € W + u satisfying u’;, = vy and

180t ey s — upan DI < D87 ur — vl
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Proof We let
W =u+8 LSS (vr —up)).

The claim follows by the definition of the lifting score £ (I). O

The next lemma will be the key tool to prove Lemma 3.10. It is helpful to recall the
characterization of the LLS step in Sect. 3.4.

Lemma5.3 Letw = (x, y,s) € N(B) for B € (0,1/4], let u = p(w) and § = 5(w).
LetJ = (J1, ..., Jp) bead(w)-balanced layering, andlet Aw" = (AxY, Ay”, Ash
denote the corresponding LLS direction. Let Ax € X,le Wk and As € X,le ij
as in (25) and (26), that is

SAX" + 87 As + x1/2512 =0, (35)
SAx + 8 TAs! 4+ x1/25172 = 0. (36)

Then, there exist vectors Ax € XIf:l Wk and As € XIf:l W? ¢ Such that

18,5 (A%, — Al < 200 (T) it Vk € [p] and (37)
185, (ASy, — Ash)Il < 208 ()i VK € [p]. (38)

Proof Throughout, we use the shorthand notation A = Al (J). We construct Ax; one
can obtain A§, using that the reverse layering has lifting score A in W+ Diag(s~!)
according to Lemma 3.9.

We proceed by induction, constructing Ax,;, € Wy fork = p, p—1,..., 1. This
will be given as Axj = Axy;) for a vector Ax®) € W such that Axyi)k = 0. We
prove the inductive hypothesis

p
‘gzxﬂ 3 V. (39)

q=k+1

k
o7 (axff, - asll)

Note that (37) follows by restricting the norm on the LHS to J; and since the sum on
the RHS is < n.

For k = p, the RHS is 0. We simply set Ax®) = Ax! that is, A)Ejp = Axgp,
trivially satisfying the hypothesis. Consider now k < p, and assume that we have a

(k1) satisfying (39) for k + 1. From (35) and the induction hypothesis,

AxJkJrl = Axfk+1

we get that

-1
Ji+1

12 (172
k1" Jiet1

p
/2 1/2
<22 420y 3 ] = VT+ Byl + 20/ < 2yl dil

q=k+2

= = 1l
”8Jk+1 ijk+1 +46 ASJ/(H ” =< ||X ” + ||8./k+1 (Axlk+1 - ijk+])||
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using also that w € N'(B), Proposition 3.2, and the assumptions 8 < 1/4, A <
B/(32n?). Note that A%y,,, € Wy, and Asy,,, € Wé « are orthogonal vectors. The
above inequality therefore implies

1851 AX gy I < 24/ ] Ji41] .

Let us now use Lemma 5.2 to obtain Ax® for u = Ax* D, y = 0,and I = J-¢.
That is, we get Axyi)k =0, Ax% ¢ W, and

k k+1 k+1
18/ (Ax ) = AxED) | < a8, AxTY)
= )‘||8Jk+1 A)kaJrl ” =< 2)"\/ /’L|Jk+1| .

By the triangle inequality and the induction hypothesis (39) for k + 1,

k k k+1 k+1
18 (Ax2 = AxG_ I = 1872 (AxS) — AxfD) 4 185, (Ax D — Axlf_ )|
p
< 2n/uldistl +20 Y Juldl,
q=k+2
yielding the induction hypothesis for k. O

Lemma 3.10 (Restatement). Let w = (x,y,s) € N(B) for B € (0,1/4], let p =
pn(w) and § = §(w). Let 7 = (Ji, ..., J,) be a layering with £2(J) < B/(32n?),
and let Aw" = (Ax", Ay, As'Yy denote the LLS direction for the layering J. Let
furthermore eu(w) = max;e[,] min{ |Rx%l|, |Rs%l|}, and define the maximal step length

as
o* ;= supfe’ € [0,1]:Va € [0,a']: w+aAw' € N(2B)}.

Then the following properties hold.

(i) We have
165, x4+ 851 As 4+ )25 P < ne® (D). VEelp). and (27
I6Ax" 4+ 67 As! + x V2512 < 6n3/200(T) 1 - (28)

(ii) For the affine scaling direction Aw? = (Ax?, Ay?, As?),
IRE" — Rx[I, [Rs" — Rs*|| < 6n°/2€°(T) .
(iii) For the residuals of the LLS steps we have |Rx"||, |Rs"|| < ~/2n. For each
i € [n], max{|Rx}|, IRs}}) = 5 — 3B.

(iv) We have

11
i o g V)

29
> 5 (29)
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and for any a € [0, 1]
pw +adw') = (1 - au,

(v) We have €' (w) = 0 if and only if «* = 1. These are further equivalent to
w+ Aw! = (x + Ax", y + Ay s + As'Y) being an optimal solution to (LP).

Proof Again, we use A = £5(7).
Part (i). Clearly, (27) implies (28). To show (27), we use Lemma 5.3 to obtain Ax
and A5 as in (37) and (38). We will also use Ax € X,le Wk and As € X,le ij
as in (35) and (36).

Select any layer k € [p]. From (35), we get that

_ _ 1/2 1/2 =
165, A% + 85" Asy 4325} 2 1 = 185, (A%, — AxY)I < 200/l (40)

Similarly, from (36), we see that

— - 1/2 172 — -
167, A5y, + 85, Axg, + 5251 = 18, (ASs, — ASI)I < 200y

From the above inequalities, we see that
18, (A%, — Axg) + 87 (Asy — AF)Il < 4nh/in .

Since 6, (Axy, — Axy,) and 8j_k1(As J, — Asy,) are orthogonal vectors, we have

187 (A% — Axg)l, 1185, (Asy — AT < 4na /i

Together with (37), this yields ||, (Axl}k — Axy)| < 6ni, /. Combined with (26),
we get

_ 1/2 1/2
185, Axy, + 87" As), +xJ{ sJk/ I = 1185 (Ax}, — Axy)ll < 6niy/it,

thus, (27) follows.

Part (ii). Recall from Lemma 3.5(i) that ,/uRx* + ,/uRs* = x1/251/2 From part (i),
we can similarly see that

From these, we get
I(Rx" — Rx®) + (Rs" — Rs®)|| < 6n°/%x.

The claim follows since Rx"' — Rx* € Diag(8)W and Rs'! — Rs® € Diag(s~)W+ are
orthogonal vectors.
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Part (iii). Both bounds follow from the previous part and Lemma 3.5(iii), using the
assumption 8T < ,3/(32112).

Part (iv). Let w = w + e Aw'". We need to find the largest value & > 0 such that
wT € N(2B). To begin, we first show that the normalized duality gap w(w™) fulfills
w(w™t) = (1 — a)u for any a € R. For this purpose, we use the decomposition:

(x + ozAx“)(s + ozAs“) =1 —-a)xs+alx+ Ax”)(s + As”) —a(l — (x)AxHAs”.
(41)

Recall from Part (i) that there exists Ax € X/f:l Wgk and As € X,‘?=1 W‘Jj L asin

(35) and (36) such that sAx" + § " 'As = —8x and §Ax + 8 'As!! = =5~ 5. In
particular, x + Ax"' = —§72As and s + As" = —8? Ax. Noting that Ax"" L As" and
Ax L As, taking the average of the coordinates on both sides of (41), we get that

pw+aAw!) = 1 —a)uw) +alx + Ax", s + As"y/n — a1 — a)(Ax", As")/n
=1 —a)uw)+ a8 2As, 8*Ax)/n
= (1 —a)pw), 42)

as needed.
Let € := &''(w). To obtain the desired lower bound on the step-length, given (42)

it suffices to show that forall0 <a < 1 — # that

(x + aAxMy(s + aAs") B
(1I-o)pu

ell <28. (43)

We will need a bound on the product of the LLS residuals:

2125172 saxl 4 =1 Asl 4 x1/261/2
VI N
<6(1+28)n?x <

1
HRXHRSH — A Al
7

(44)

)

EN e

using Proposition 3.1, part (i), and the assumptions A < §/ (32n2), B < 1/4. Another
useful bound will be

2 2

, Rs}1 }

2 2
||R)cHRsH||2 = Z ‘Rx?‘ ‘Rs}l‘ < €2 Z max{ ‘Rx%l
i ieln

€[n]

(45)

< E(RM? + IRs"I1P) < 2ne?.
The last inequality uses part (iii). With (41) we are ready to get the bound in (43), as
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) (x + anH)(s + aAsn) H
—e

o 11 11 AR W ||
(x+Ax)(s+As") — —Ax As H
A —ap — o[ I

1
=B+ H (IL — a)IL\cHRs” + a(Rx“RsH — foHAs“> H
S w

2
o 1
<B+ 1T-a HRxHRsllll + aHRxHRsH — = Axlasl H
—a w

2ne 2ns
+ é 7;3 +

<
e v Y

This value is < 28 whenever 2./ne/(1 —a) < 3/ = a <1 — f , as needed.

Part(v). From part (iv), it is immediate that €''(w) = 0 implies « = 1. Ifa=1,we
have that w + Aw'! is the limit of (strictly) feasible solutions to (LP) and thus is also
a feasible solution. Optimality of w + Aw'' now follows from Part (iv), since o = 1
implies /4 (w + Aw'") = 0. The remaining implication is that if w + Aw! is optimal,
then €"'(w) = 0. Recall that Rx!l = §; (x; + Ax!)/ /mand Rs!' = 8, (s; + As}D) / /1.
The optimality of w + Aw'! means that for each i € [n], either x; + Ax}1 = 0or
si + As}l = 0. Therefore, €'(w) = 0. O

6 Proofs of the main lemmas for the potential analysis

Lemmad4.2 Letw = (x,v,5) € N(B) for B € (0,1/8] and let w* = (x*, y*, s%)
be the optimal solution corresponding to u* = 0 on the central path. Let further
J = (1, ..., Jp) be a 5(w)-balanced layering (Definition 3.13), and let Aw'l =
(AxX", Ay, Asy be the corresponding LLS direction. Then the following statement
holds for every q € [p]:

(i) There existsi € J, such that

x5 = 3\/— - (1R L= 2yn). (32)

(ii) There exists j € J, such that

*
. >
Sj_

3\/— - (IR} L —2yn). (33)

Proof of Lemma 4.2 We prove part (i); part (ii) follows analogously using Lemma 3.9.
Let z be a vector fulfilling the statement of Lemma 5.2 foru = x*, v = x + Ax!, and
I=1J.,.ThenzeW+x,z;, =x5,+ Axl}>q and by £°(7) < O

800y @3y = 20| = v 3, (65, = oy + A5 )]
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Restricting to the components in J,, and dividing by /i, we get

<

+y IRl (46)

*
8Jq (qu - Zlq)

NG
(SJ X%

>q7" Jq

Vi

Since w € N(B), from Proposition 3.1 and (16) we see that for i € [n]

N

81,55, — e, + A ) H

8 L swe) 11
f VTS Ji VIS un

and therefore

Sy x%
J>q J>q

Vi

n

= JI=28"

1 -1 % 1 -1 %
= 7=z [P < = i,

where the last inequality follows by Lemma 3.3.
Using the above bounds with (46), along with ||Rx1}>q I < IIRXY| < +/2n from

Lemma 3.10(iii), we get

using that 8 < 1/8 and n > 3. Note that z is a feasible solution to the least-squares
problem which is optimally solved by x for layer J, and so

* *
5jqqu

N

87,24,

Ji

+

+2yn,

+ y~2n < H

m

87,2
IRx! ) < ey

It follows that
) Jq X Z

N

> || Rx}; = 2yn.

Let us pick i = arg max;e . |8;x;|. Using Proposition 3.2,

X1 sxr IR I=2yn o IR 1~ 2m),
_2_ > > x; | —2yn
+8 Ji (I+pB)v/n  ~ 3yn
completing the proof. O

@ Springer



D.Dadush et al.

Lemma 4.3 (Restatement). Let w = (x,y,s) € N(2B) for B € (0,1/8], let p =
w(w) and § = 6(w). Leti, j € [n] and 2 < t < n such that for the optimal solution
w* = (x*, y*,s%), we have x} > Bxi/(2'9%33) and s;’-‘ > ,3sj/(210n5'5), and assume
"G, j) = —t. After O(B~"/ntlog(x* + n)) further iterations the duality gap 11’
fulfills W (i, j) > 27, and for every £ € [n]\ {i, j}, either W (i, £) > 27, or
W (e, j) > 2t

Proof of Lemma 4.3 Let us select a value u’ such that

*

£ >+3110gn+44—410gﬂ.

, 4n
logw —logu’ > 5t log

The normalized duality gap decreases to such value within O (8~!/nt -log(}* +n))
iterations, recalling that log(x *+n) = ® (log(k*+n)). The step-lengths for the affine
scaling and LLS steps are stated in Proposition 3.4 and Lemma 3.10(iv). Whenever
the algorithm chooses an LLS step, €*(w) < 10n3/y. Thus, the progress in x will
be at least as much (in fact, much better) than the 1 — B/./n guarantee for the affine
scaling step in Proposition 3.4.

Let w' = (x/,y’,s’) be the central path element corresponding to u’, and let
8’ = 8(w’). From now on we use the shorthand notation

4nic*
I' :=log .
Y

Fp”/(i,j) >4I't + 18logn + 221log2 — 2log B (C9))

We first show that

for i/, and therefore, rww (i, j) = min(2'n,4I't + 18logn +221log2 —2log B) >
2I't as t < n. Recalling the definition Klfsj = «;j0;/8;, we see that according to
Proposition 3.2,

!/
s Kij XiS;j / xisj
Thus,

o™ (i, j) = Tp™ (i, ) +log u — log u” + 2log(1 — B) + log x] — log x; +logs} —logs;
> TpH(i, j) + 5Tt +31logn + 44 — 4log B + 2log(1 — B) + logx; — log x;
+logs;- —logs;.

Using the near-monotonicity of the central path (Lemma 3.3), we have x| > x/n
and s;. > s;‘/n. Together with our assumptions x; > Bxi/(219%33) and st >
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Bsi/(21%733), we see that
log x/ —log x; + IOgS} —logs; > —13logn —20log2 4+ 2log B.

Using the assumption p* (i, j) > —t of the lemma, we can establish (47) as 8 < 1/8.

Next, cons1der any £ € [n]\ {i, j}. From the triangle 1nequahty Lemma 2.15(ii)
it follows that K < KBK Kg] , which gives ,0/‘ @i, 0 + ,o“ “,j) = ,o” @i, j). We
therefore get

/ / 1 / @7
max{Tp" (i, £), Tp" (£, j)} > sz“ (i,j) > 2Tt +9logn+ 11log2 — log B.

We next show thatif Tp# (i, £) > 2T t+9logn+111log2—1log B, then W (i, £) >
27. The case Tpk (€, j) > 2I't + 9logn + 111log2 — log B follows analogously.

Consider any 0 < & < u’ with the corresponding central path point w = (X, ¥, §).
The proof is complete by showing Tp/ (i, £) > ot (i, £)—9 logn—111log2+logB.
Recall that for central path elements, we have Kisjl = KijX] /x}, and K;Sj = KijXi/X;.
Therefore

Tpl(, j) =Tpt (i, j) + log % — logx; — log ¥; +logx .

Using Proposition 3.1, Lemma 3.3 and the assumption x* > Bx;/(2'%3), we have
X< nx} and

X B BA—Pu _ px

T 210,65 = T 910,75 = ll,715 "

Using these bounds, we get
Fp’_‘(i, j) > Fp”/(i, j) —9logn — 11log?2 + log 8,

completing the proof. O

It remains to prove Lemma 4.4 and Lemma 4.5, addressing the more difficult case
E}} < 4yn. It is useful to decompose the variables into two sets. We let

B:={te[n]:|Rs)| <4yn), and N :={re[n]:|Rx]| <4yn}. (48)

The assumption E}} < 4yn implies that for every layer Ji, either Jy € B or J; € N.
The next two lemmas describe the relations between § and §7.

Lemma 6.1 Let w € N'(B) for B € (0,1/8], and assume () <y and " (w) <
4yn. For the next iterate w™ = (x, yT, sT) € N(28), we have
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(i) Fori € B,
+ st + +
Lo 00 5 (BT g st < oM
2 w8 T w /)

(i1) Fori € N,

N =
=
+
+

oY)
Sie

(iv) Ifi € Nand j € B, then

Proof Part (i). By Lemma 3.10(i), we see that

1/2 1/2
188 AxRlloo < 188 AXE + 85" Ash + x/ %5 % lloo + 155 (Ash + 58) oo

= 165 Axk + 85" Ash + x5} oo + VIR o
< Vi (6n£°(J) +4ny) < 10ny /iu < /64,

by the assumption on £%(.7) and the definition of B.
By construction of the LLS step, |x,.+ — x| = oﬁ|Ax}1| < |Ax}1|, recalling that
0 < a™ < 1. Using the bound derived above, for i € B we get

18 Ax v/ 1

Xt

UE— <
Xi

1l
Ax;

Xi

<

Sixj T 648;x; — 32’

where the last inequality follows from Proposition 3.2. As

8+ xtstoox q 1—2,8,/M+< xjsj<1+2ﬂ,/u+

£ = .= an < <
5i xisi X 1+8 /i X; S 1-8 Ju

by Proposition 3.2 the claimed bounds follow with 8 < 1/8.
To get the upper bound on §; lsl.‘Ir , again with Proposition 3.2

-1+ _ xtst L
8 s, _5i VX <2,/ (1 +28)Vut =i
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Part (ii). Analogously to (i).

Part (iii). Immediate from parts (i) and (ii).

Part (iv). Follows by parts (i) and (ii), and by the lower bound on /u/u* obtained
from Lemma 3.10(iv) as follows

ki 878 1 B

—L = > = > >
K;Sj+ 81-8;_ T 4ut 40 —at) T 12/nell(w) T

4n3.5

O

Lemma 4.4 (Restatement). Let w = (x,v,s) € N(B) for B € (0,1/8], and let
J = (J1,...,Jp) be a §(w)-balanced partition. Assume that E}}(w) < 4yn, and

let wt = (xt, yt,s1) € N(2B) be the next iterate obtained by the LLS step with
uwt = uw(wh) and assume ut > 0. Let g € [p] such that S‘l}(w) = S}Iq (w). If
" (J) < 4yn, then there exist i, j € Jq such that x;" > ,3xl.+/(16n3/2) and s;’f >
ﬁs;.L/(16n3/2). Further, for any £, £’ € J,, we have p“+ £, €)= —|Jyl.

Proof of Lemma 4.4 Without loss of generality, let 5}17 = é}lq = ||Rxljlq | for a layer g
with J; € N. The case S}lq = ||Rs1}q || and J; € B can be treated analogously.

By Lemma 3.10(ii), ||Rsl}q | = 4 — 38> 1+2ny, and therefore Lemma 4.2
provides a j € J, such that sl’;/sj > 1/(64/n). Using Lemmas 3.3 and 3.1 we find

that s}k/sj < 2n and so s;f/s}|r = s;.‘/sj ~sj/s;.' > 1/(12n3/2) > 1/(16n3/?).

The final statement ,o“+ (£, ') = —|Jy| forany £, £" € J, is also straightforward.
From Lemma 6.1(iii) and the strong connectivity of J, in Gs,, /», we obtain that J, is
strongly connected in G+ ,, /4n)- Hence, ,o‘ﬁ (¢, ¢) = —|Jy| follows by Lemma 4.1.

The rest of the proof is dedicated to showing the existence of an i € J,; such that
xi > ,Bx;r /(161/2). For this purpose, we will prove following claim.

Claim 1 [}8,,}, || > Bi

— 8 /nu’

In order to prove Claim 1, we define

. =16t + + . +
z:=(8") T (8J>q(xj>q —xJ>q)) andw :=x*—x" —z,

as in Lemma 5.2. By construction, w € W and wy., = 0. Thus, wy, € Wz, as
defined in Sect. 3.4.
Using the triangle inequality, we get

180,535,102 185, CF, + wa) | = 185,20, (49)
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We bound the two terms separately, starting with an upper bound on |8,z || Since
5" (J) < 4yn, we have with Lemma 5.2 that

=@ o, (4 —xL)H

+
”(quzjq I=q

<d4ny H8+ (x]>q —xj>q

J>
f>q (50)
<dny (||5+x+”oo A=t nu*)
1
3 4
<4ny 5*/M+ . 3n +/npt

< 16n*\/uty,

where the penultimate inequality follows by Proposition 3.2 and Lemma 3.3. We can
use this and Lemma 6.1(ii) to obtain

nyut _ But

NN Gl

+
180,20, 1 < 162,/87 oo - 18 24, <

using the definition of y.
The first RHS term in (49) will be bounded as follows.

Claim2 |8, (x} +wy)| = 3 /RES-

Proof of Claim 2 We recall the characterization (25) of the LLS step AxY e w.
Namely, there exists As € Wél X oee X Wéq that is the unique solution to
8 1 As + 8 Ax!! = —8x. From the above, note that

185, As, I = 182, (g, + Ax Il = VIR, || = /il

From the Cauchy-Schwarz inequality,

187, Asa I 182,07, + wa )l = (87! Asy, . 82,067, +wy))|

(52)
}(5 Aqu, SquJ >) .
Here, we used that Asj, € qu and wy, € Wz ,. Note that

xt=x4+aax =x + Ax" - (11— oc)Ax“ =—82As — (1- oz)Ax”.
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Therefore,

—1 -1 —1 11
Ka,q As,q,(s,qqu)) - Ka,q Asyy. —87 Asy, — (1 —a)(SJqAquH

-1 -1
> ”(qu Asjq ||2 )] M(qu ASJq, SJqAlelq)‘ .
By Lemma 5.3, there exists Ax € W 1 x---x W7 ,suchthat||d,, (Axl}q —Axy ) <
2n(J )/ Therefore, using the orthogonality of As;, and Ak, , we get that
-1 -1 - —1
KSJq AS‘,‘I’ 51‘1 Ax-l]lq)‘ - ‘((qu AS]‘I’ 6Jfl (Axl Ax'l,l >‘ = ZnE‘S (j)\/ﬁ ”(s-lq ASJ!I I

From the above inequalities, we see that

187, G+ will = 1185, Asy, Il = 201 —e)nt® (T Vi = Vigly —2(1 —a)nt® ().
It remains to show (1 — a)n?(J) < S}} /4. From Lemma 3.10(iv), we obtain
(1 —ant®(J) <3028 (EY .

using £ > &1, The claim now follows by the assumption £° (J) < v, and the choice
887 y p
of y. O

Proof of Claim 1 Using Lemma 3.10(iv),
1l
M+ - 3\/55:7“
- B
implying [|8, (x}; +wy )l = BuT/(6./nir) by Claim 2. Now the claim follows using
(49) and (51). O

By Lemma 6.1(ii), we see that

3/npt
+ +
||5J,,qu|| = \/f_l||3jqqu||oo = 7

Thus, the lemma follows immediately from Claim 1: for at least one i € J,, we must
have

X |I8quj || ,3 B
>
IISJq || 160372

O
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Lemma 4.5 (Restatement). Let w = (x,y,s) € N(B) for B € (0,1/8], and let
J = (J1,...,Jp) be a §(w)-balanced partition. Assume that é%(w) < 4yn, and
let wt = (xt,y",sT) € N(2B) be the next iterate obtained by the LLS step with

ut = uwt) and assume p > 0. If@‘SJr (J) > 4yn, then there exist two layers J,
and J, and i € Jg and j € J, such that x} > xf/(8n3/2), and s;‘ > s;“/(8n3/2).

Further, ,o’ﬁ(i,j) > —|Jy; U J|, and for all £,0' € J, U Jp, £ # £ we have
WA, L) < |Jg U Jrl.

Proof of Lemma 4.5 Recall the sets B and N defined in (48). The key is to show the
existence of an edge

(i',j") € Est yjany suchthat i'eJ, € B, j€J. SN, r<gq. (53)

Before proving the existence of such i’ and j’, we show how the rest of the statements
follow. Note that x* < (1—8)"1(1+2- 2,3)nx < 4nx by Lemma 3.3 and Proposition
3.1. Further, we have ||Rxljlq | —2yn > 35— —ﬂ —2yn > % by Lemma 3.10 (iii).

The existence of i € J; such that x* > xi+ /(8n3/2) now follows immediately from
Lemma 4.2, as there is an i € J,; such that

4x 2 x;r (54)

Rl =2
R, =2ym) = 3= S S = I

i—3\/—

With analogous argumentation it can be shown that there exists j € J, such that
s;’f > s;r/(8n3/2). The other statements are that ,()"Jr @, Jj) = —1Jy U Jy|, and for
each £,¢ € J, U J,, £ # 0/, WL, £") < |J; U Jp|. According to Lemma 4.1, the
latter is true (even with the stronger bound max({|J,|, | J-|}) whenever ¢, A= Jy, or
0,0 € Jy,orif £ € J,and £’ € J,. Itis left to show the lower bound on ,o“+ @, J)
and WH (¢, 0) < |J, U Jy|forl’ € J, and £ € J,.

From Lemma 6.1(iii), we have that if £, ¢ € J, € Bor {,¢' € J, € N, then
ng, /4 < Kg; Hence, the strong connectivity of J, and J; in G, implies the strong
connectivity of these sets in G+, /4,). Together with the edge (i’, j'), we see that
every ¢ € J, canreach every £ € J, on a directed path of length < |J, U J,| — 1 in
G+ .y /(an)- Applying Lemma 4.1 for this setting, we obtain W# (¢, ) < p“+ , ) <
|J4 U J;| for all such pairs, and also /o“+ @, )= —=1Jg UJpl.

The rest of the proof is dedicated to showing the existence of i’ and j’ as in (53).
We let k € [p] such that €5+(Jzk) = €5+(.7) > 4ny. To simplify the notation, we let
I = J>k.

When constructing J in LAYERING(8, k), the subroutine VERIFY-
LiFT(Diag(6)W, I, y) was called for the set I = Js, with the answer ‘pass’.
Besides ¢°(I) < y, this guaranteed the stronger property that max ji |Bji| <y for the
matrix B implementing the lift (see Remark 2.17).

Let us recall how this matrix B was obtained. The subroutine starts by finding a
minimal I’ C I such that dim(w;/(W)) = dim(r; (W)). Recall that 7r;/(W) = R
and LY (p) = L9, (py) for every p € mr;(Diag(8)W).

@ Springer



A scaling-invariant algorithm for linear programming...

Consider the optimal lifting L‘} : 7 (Diag(8)W) — Diag(5§)W. We defined B €
RUND*I" 4 the matrix sending any g € 77y (Diag(8) W) to the corresponding vector
[L‘;,(q)][n]\l. The column B; can be computed as [L‘}, (@)1 fore' € RY.

We consider the transformation

B := Diag(576~") B Diag (/) 's1).
This maps 7, (Diag(§ )W) — 7y, 7 (Diag(§ ) W).
Let z € 7;(Diag(8T)W) be the singular vector corresponding to the maximum

singular value of L5+, namely, ||[L‘}Jr @Il > 4nylizll. Let us normalize z such
that ||z;/|| = 1. Thus,

[ @t | > 4ny

Let us now apply Btozp € p(Diag(8T)W). Since L‘f is the minimum-norm lift
operator, we see that

|Bzr| = ” (LY @)l H > 4ny .

We can upper bound the operator norm by the Frobenius norm || B|| < [|B|r =
\/m < nmaxj; |Bj;|, and therefore

mgx|l§’ji| >4y .
Ji

Letus fix i’ € I’ and j’ € [n]\] as the indices giving the maximum value of B. Note
that B j; = Bj,i/sjta,-//(aj,aj/).

Let us now use Lemma 2.16 for the pair i/, j/, the matrix B and the subspace
Diag(8)W. Noting that By = [L3,(e")];/, we obtain K;‘,j, > |Bjy|. Now,

88y 818
st ) it Jt n
Ko, =K., - > |Bjyjyr| - —=— = |Bjy| >4y. (55)
+ I + It
H Y 88 88
The next claim finishes the proof. O

Claim 6.2 Fori' and j' selected as above, (53) holds.

Proof (i’, j') € Es+ ,/an) holds by (55). From the above, we have

+
818

By >4y ——.
|jl| 14 81'/5;;

@ Springer



D.Dadush et al.

According to Remark 2.17, |Bj/;| < y follows since VERIFY- LIFT(Diag(8)W, I, y)
returned with ‘pass’. We thus have

+
5[., ‘Sj’ 1

s:8% 4
J

Lemma 6.1 excludes the scenarios i’, j' € N,i’, j' € B,andi’ € N, j' € B, leaving
i" € B and j' € N as the only possibility. Therefore, i’ € J, € B and j' € J, € N.
Wehaver < gsincei € I = J>and j € [n]\I = J. O

7 Initialization

Our main algorithm (Algorithm 2 in Sect.3.6), requires an initial solution w® =
(x9,y9, 5% e N(B). In this section, we remove this assumption by adapting the
initialization method of [63] to our setting.

We use the “big-M method”, a standard initialization approach for path-following
interior point methods that introduces an auxiliary system whose optimal solutions
map back to the optimal solutions of the original system. The primal-dual system we
consider is

min ¢ x+Me'x  max yTb +2Me'z

Ax—Ax=b Aly+z4s=c
x+Xx=2Me z4+5=0 (Init-LP)
x,x, x>0 —ATy—i-g:Me
s,s,58 > 0.

The constraint matrix used in this system is
A A —A 0
i=(7 )
The next lemma asserts that the x condition number of A is not much bigger than that
of A of the original system (LP).
Lemma?7.1 [63, Lemma 23] j; < 3v2(xa + D).
We extend this bound for x*.

Lemma 7.2 )'(’/} < 3ﬁ()'(j§ + 1).

Proof Let D € D,, and let De D3, the matrix consisting of three copies of D, i.e.

. D
D=1]0
0

o oo
oo
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Then

A AD —-AD O
in=("y 570

Row-scaling does not change x as the kernel of the matrix remains unchanged. Thus,

we can rescale the last n rows of AD, to the identity matrix, i.e. multiplying by
(I, D~ from the left hand side. We observe that

Xip =X ((AID —31) ?)) <3vV2(ap + 1)

where the inequality follows from Lemma 7.1. The lemma now readily follows as

X% =inf(X;p : D € D3y} < inf{3v2(xap + 1) : D € Dy} = 3V2(35 + 1).

>

m}

We show next that the optimal solutions of the original system are preserved for suffi-
ciently large M. We let d be the min-norm solutionto Ax = b,i.e.,d = AT (AAT)"'b.

Proposition 7.3 Assume both primal and dual of (LP) are feasible, and M >
max{(xa+1Dlcll, xalld|l}. Every optimal solution (x, y, s) to (LP), can be extended to
an optimal solution (x, x, X, y, Z, S, 8, §) to (Init-LP); and conversely, from every opti-
mal solution (x, x, X, y, z, S, s, §) to (Init-LP), we obtain an optimal solution (x, y, s)
by deleting the auxiliary variables.

Proof If system (LP) is feasible, it admits a basic optimal solution (x*, y*, s*) with
basis B such that Agx} = b, x* > 0, Agy* = c and ATy* < c¢. Using Proposition
2.1(ii) we see that

Ixgl = 145 6l = 1A5" Ad|| < %alldl < M, (56)
and using that ||A|| = ||A T || we observe
IATY* I = 1AT A el < IATAZ T llllell = 1A Allllell < Xallel < M. (57)

We can extend this solution to a solution of system (Init-LP) via setting x* = 2Me —
x*,x* =0,z =5 =0and s* = Me + AT y*. Observe that x* > 0 and s* > 0 by
(56) and (57). Furthermore observe that by complementary slackness this extended
solution for (Init-LP) is an optimal solution. The property that s* > 0 immediately tells
us that x vanishes for all optimal solutions of (Init-LP) and thus all optimal solutions
of (LP) coincide with the optimal solutions of (Init-LP), with the auxiliary variables
removed. O

The next lemma is from [36, Lemma 4.4]. Recall that w = (x, y,s) € N(B) if
llxs/u(w) —ell < B.
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Lemma7.4 Letw = (x, y,s) € PT"xD ™ andletv > 0. Assumethat | xs /v—e]| <

7. Then (1 —t//n)v < p(w) < (1 +t//m)vand w € N(z/(1 — 1)).

The new system has the advantage that we can easily initialize the system with a
feasible solution in close proximity to central path:

Proposition 7.5 We can initialize system (Init-LP) close to the central path with
initial solution w® = (x°,y%, 5% e N(1/8) and parameter p(w®) ~ M? if
M > 15max{(xa + Dllcll, xalldll}.

Proof The initialization follows along the lines of [63, Section 10]. We let d as above,
and set

70 = Me,xo = Me,)_co =Me—d

yo =0, = —Me

50 =Me,s0 =Me+c,§0 = Me.

This is a feasible primal-dual solution to system (Init-LP) with parameter
w0 = @) (0 s + 1% 5% + (x2,5%) = Gn) ' GnMP + McTe — MdTe) ~ M.

We see that

0 2

x°s

_ _ 1
X050 | —e| =M2cl? +M2d|? < —
XS

220 S
92xx 9

M2

With Lemma 7.4 we conclude that w® = (x°, yo, s eN (%) =N(1/8). O

Detecting infeasibility To use the extended system (Init-LP), we still need to assume
that both the primal and dual programs in (LP) are feasible. For arbitrary instances,
we first need to check if this is the case, or conclude that the primal or the dual (or
both) are infeasible.

This can be done by employing a two-phase method. The first phase decides fea-
sibility by running (Init-LP) with data (A, b,0) and M > xa|ld|1. The objective
value of the optimal primal-dual pair is O if and only if (LP) has a feasible solution. If
the optimal primal/dual solution (x*, x*, x*, y*, z*, s*, s*, §) has positive objective
value, we can extract an infeasibility certificate in the following way.

We can w.l.o.g. assume that x* is supported on some basis B of A. Note that
the objective function of the primal is equivalent to ||x||;. Therefore, clearly || x*||; <
— Zi:dl,<0 d; < ||d|l1andso ||x*|| < ||d||1.Duetothe constraint Ax*—Ax* = b = Ad
we get that

Ix*) = 1B~ A + x| < 1B Al + 1x*1)) < 2%alld]l1- (58)

Therefore, if M > x4lld||1, then x* = 2Me — ||x*|| > 0 so by strong duality, §* = 0.
From the dual, we conclude that z* = 0, and therefore AT y* < ATy* 4+ s* 4+ z* =
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¢ = 0. On the other hand, by assumption the objective value of the dual is positive,
andso (y*) b > (y*)"b +2Me' z* > 0. Hence, y* is the desired certificate.

Feasibility of the dual of (LP) can be decided by running (Init-LP) on data (A, 0, ¢)
and M > (x4 + 1)|lc|| with the same argumentation: Either the objective value of
the dual is O and therefore the dual optimal solution (y*, z*, s*, s*, §%) corresponds
to a feasible dual solution of (LP) or the objective value is negative and we extract
a dual infeasibility certificate in the following way: For the optimal corresponding
primal solution (x*, x*, X*) we have by assumption ¢ x* < ¢"x* + MeTx* < 0.
Furthermore, w.l.0.g. the support of s* is contained in a basis which allows us to
conclude that s* > 0 and therefore x* = 0. So we have Ax* = 0 + Ax™ = 0, which
together with ¢ " x* < 0 yields the certificate of dual infeasibility.

Finding the right value of M While Algorithm 2 does not require any estimate on x *
or x, the initialization needs to set M > max{(xa + 1)|lc|l, xalld||} as in Proposition
7.3.

A straightforward guessing approach (attributed to Renegar in [63]) starts with a
constant guess, say x4 = 100, constructs the extended system, and runs the algorithm.
In case the optimal solution to the extended system does not map to an optimal solution
of (LP), we restart with 4 = 1007 and try again; we continue squaring the guess
until an optimal solution is found.

This would still require a series of loglog x4 guesses, and thus, result in a depen-
dence on x4 in the running time. However, if we initially rescale our system using
the near-optimal rescaling Theorem 2.5, then we can turn the dependence from x4
to x ;. The overall iteration complexity remains O (n*? log n log( X4 + n)), since the
running time for the final guess on x } dominates the total running time of all previous
computations due to the repeated squaring.

An alternative approach, that does not rescale the system, is to use Theorem 2.5 to
approximate X 4. In this case we repeatedly square a guess of x} instead of x4 which
takes O(loglog x 1) iterations until our guess corresponds to a valid upper bound for
XA-

Note that either guessing technique can handle bad guesses gracefully. For the first
phase, if neither a feasible solution to (LP) is returned nor a Farkas’ certificate can be
extracted, we have proof that the guess was too low by the above paragraph. Similarly,
in phase two, when feasibility was decided in the affirmative for primal and dual, an
optimal solution to (Init-LP) that corresponds to an infeasible solution to (LP) serves
as a certificate that another squaring of the guess is necessary.
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