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Abstract: The multi-agent-based supply chain network is a dynamic system consisting of multiple
subchains connected by information flows, material flows and capital flow, etc. The consensus of
multi-agent systems is often applied to the cooperation between subchains and inventory manage-
ment in supply chain networks. Considering the ubiquitous external disturbances, this paper mainly
considers the fixed-time consensus of a stochastic three-echelon multi-agent-based supply chain
system. A nonlinear feedback fixed-time control protocol is constructed for ensuring the consensus of
the considered supply chain network. Using the stability theory of stochastic differential equations,
sufficient conditions for the fixed-time consensus and the upper bound estimation of the settling time
are obtained. Finally, the validity of the control protocol and the correctness of the theoretical analysis
are revealed by numerical simulation.

Keywords: fixed-time tracking control; multi-agent systems; nonlinear communication; supply chain
networks; stochastic disturbance

1. Introduction

The supply chain is a system composed of suppliers, manufacturers, warehouses,
logistics, channels, retailers, and customers that carry raw materials from original collection
to production and final distribution to customers [1]. In this network, suppliers provide
raw materials, which are processed by manufacturers, and finally products are sent to
customers through wholesalers and retailers. There is information, logistics, and capital
flow among these fully autonomous or semi-autonomous agents. The supply chain is for the
enterprise individual and processes can be integrated, reduce waste and duplication, and
then through the close cooperation of related enterprises, improve business performance
and service level [2]. Global competition and rapid change in consumer demand has
forced companies to constantly change their product style and supply chain structure
which forms the traditional centralized, fragmented way of supply chain management, due
to its scalability, congenital deficiency of reconstruction, and the aspect of fault tolerance
ability being greater, thus it cannot adapt to today’s dynamic and complex supply chain
environment [3–5].

Effective supply chain control not only leads to the minimization of production, inven-
tory, and transportation costs, but also enhances consumer satisfaction. The introduction of
supply chains, however, has diversified market competition and individualized customer
needs as living standards have improve, increasing the uncertainty of market demand. It
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should be noted that the existence of such things as stochastic disturbance and nonlinear
communication in the actual supply chain network can affect the operation of logistics,
information flow, and capital flow, thus affecting business efficiency. Therefore, how to
reduce this impact is the core purpose of supply chain control [6–8]. In this paper, we will
reduce the impact of stochastic disturbance and nonlinear communication demand on the
system under the framework of control theory, so that the system can achieve the desired
control effect.

The multi-agent system is a network composed of multiple agents, and all the agents
in a multi-agent system can communicate and coordinate with each other to solve complex
tasks that cannot be accomplished by a single agent. Moreover, the multi-agent system not
only has high efficiency, but also has strong robustness and reliability in solving complex
problems. Because of this, many scholars began to model supply chain networks based
on multi-agent systems [9–13]. The multi-agent supply chain network is composed of
multiple subchains connected by information flows and material flows.

The consensus of multi-agent systems aims to use the state information between agents
and their neighbors to design distributed protocols to control the system and drive all
agents to converge to a common state. It is the basis for studying the cooperation of multi-
agent systems and is often applied to the cooperation between subchains and inventory
management in supply chain networks. For example, [14] proposed a control protocol
based on the concept of sliding and a Chebyshev neural network estimator to consider
distributed consensus based on a supply chain network with variable-order fractional
multi-agent. In [15], H∞ consensus of multi-agent-based supply chain systems under
switching topology and uncertain demands was studied via switching controller. The
authors designed a new fault-tolerant and chatter-free protocol to investigate the finite-
time consensus tracking control for a chaotic multi-agent-based supply chain network.
In [16], based on the finite-time super-torsion algorithm, the authors proposed a control
method for distributed consensus tracking of nonlinear uncertain systems to achieve finite-
time consensus.

It is necessary to point out that the consensus mentioned above is either asymptotic or
finite-time consensus [17–19]. Asymptotic consensus means that the states of all agents in
the system reach the same value when the time approaches infinity. While the finite-time
consensus ensures that all agents can converge to the same state in a finite time, its settling
time depends heavily on the initial value of the system. In real networks, the initial value
of the system is often difficult to know in advance. This means that these two forms of
consensus will encounter great obstacles in practical application. However, the fixed-time
consensus [20–23] not only has a fast convergence rate but also has a uniform upper bound
that is independent of the initial value on its settling time. Therefore, it is worth studying
the fixed-time consensus of the multi-agent-based supply chain networks.

Considering the ubiquitous external interference and the diversity of information
communication modes, this paper mainly studies the fixed-time consensus of multi-agent-
based supply chain systems subject to stochastic disturbance and nonlinear communication.
The contribution is given as follows: Firstly, a stochastic three-echelon chaotic supply chain
network that takes into account safety stock, information distortion, and retailer order
fulfillment is introduced. Then, based on the local nonlinear communication interactions,
a fixed-time control protocol is constructed for ensuring the consensus of the considered
supply chain network. Afterward, by means of graph theory, matrix inequalities, and fixed-
time stability of stochastic differential equations, the sufficient conditions for fixed-time
consensus and the upper bound estimation of the settling time, which is independent of
the initial value of the supply chain network, are obtained through theoretical analysis.
Finally, the simulation results validate our conclusion.

The organization of the rest of the paper is arranged as follows: In Section 2, a stochas-
tic three-echelon chaotic supply chain network is introduced. In Section 3, preliminary
knowledge of algebraic graph theory, definitions, and lemmas are provided. In Section 4,
a fixed-time control protocol is constructed to ensure consensus in the considered supply
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chain network. In Section 5, a simulation example is given to demonstrate the validity of
the theoretical result. Finally, the conclusion of this paper is presented in Section 6.

Notations: Rn×n represents the set of real matrices; 1n = (1, 1, · · · , 1)T ∈ Rn. For
a vector z = (z1, z2, · · · , zn)T , |z|α = (|z1|α, |z2|α, · · · , |zn|α)T , and sign(z) = (sign(z1),
sign(z2), · · · , sign(zn))T , where sign(·) denotes the signum function. And sigα(z) =
(sigα(z1), sigα(z2), · · · , sigα(zn))T , where sigα(zi) = |zi|αsign(zi). For a matrix A, λmax(A)
and λmin(A) represent the maximum eigenvalue and minimum eigenvalue, respectively.
The notation ⊗ denotes the Kronecker product and ‖·‖ indicates the Euclidean norm
(2-norm).

2. Multi-Agent Three-Echelon Supply Chain Networks

A supply chain network is a complex system consisting of multiple subchains con-
nected by information flow, logistics, capital flow, etc. Each subchain can be regarded as a
single agent, and the subchains (agents) interact with each other through information and
collaborate, then accomplish complex tasks [24]. From this, it can be seen that a multi-agent
system has many commonalities with a supply chain system, so a multi-agent system
paradigm can be a feasible approach for supply chain network modeling.

Recently, a three-echelon chaotic supply chain model was proposed in [25]. In addition,
based on this model, Liu et al. [16] developed the following multi-agent-based supply
chain network:

ẋ1j(t) =mx2j(t)− (n + 1)x1j(t) + d1j(t) + u1j(t),

ẋ2j(t) =rx1j(t)− x2j(t)− x1j(t)x3j(t) + d2j(t) + u2j(t),

ẋ3j(t) =x1j(t)x2j(t) + (k− 1)x3j(t) + d3j(t) + u3j(t),

(1)

where dj(t) = (d1j(t), d2j(t), d3j(t))T , uj(t) = (u1j(t), u2j(t), u3j(t))T(j = 1, 2, 3, 4) repre-
sent the state vector, disturbances, control input of the j-th subchain, respectively. m, n, r,
and k denote the customer demand satisfaction rate of the retailer, the inventory level of
the distributor, the safety stock factor of the manufacturer, and the distortion rate of the
product information required by the retailer for the j-th subchain, respectively.

In the supply chain network, stochastic disturbances are ubiquitous [26,27]. For
example, the subchains are disturbed when demand fluctuations or disruptions occur in
the market at a certain moment. These stochastic disturbances have a great impact on the
system’s performance and may lead to chaos, bifurcation, or instability of the system.

Based on the above analysis, we provide a third-echelon stochastic multi-agent-based
supply chain network (2),

dx1j(t) =mx2j(t)− (n + 1)x1(t) + u1j(t) + g1(xij(t), x2j(t), x3j(t))dω(t),

dx2j(t) =rx1j(t)− x2j(t)− x1j(t)x2j(t) + u2j(t) + g2(xij(t), x2j(t), x3j(t))dω(t),

dx3j(t) =x1j(t)x2j(t) + (k− 1)x3j(t) + u3j(t) + g3(xij(t), x2j(t), x3j(t))dω(t),

(2)

where g(·) : Rn → Rn is the noise intensity function with g(0) = 0. ω(t) is a one-
dimensional Brownian motion defined on the complete probability space and satisfies
E{dω(t)} = 0 and E{dω2(t)} = dt.

3. Preliminaries

Graph G(A) = (χ,=, A) is usually used to denote the topological communication
of a multi-agent system, where χ = {x1, x2, · · · , xn} is the set of agents, = = {(xi, xj),
i, j = 1, 2, · · · , n} is the set of all edges and A = (aij)n×n is the weighted adjacency matrix.
Each communication edge (xi, xj) indicates that agent xi can obtain information from agent
xj. If (xi, xj) ∈ χ, then aij > 0; otherwise, aij = 0. In this paper, we default aii = 0
(i = 1, 2, · · · , n), i.e., we do not consider the case of self-loops. The Laplacian matrix of the

graph G(A) is defined as LA = D−A = (lij)n×n, where D = diag{
n
∑

j=1
a2j,

n
∑

j=1
a2j, · · · ,

n
∑

j=1
anj}
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is the in-degree matrix. A series of edges (xi, x1
i ), (x1

i , x2
i ), · · · , (xk

i , xj) with different agents
x1

i , x2
i , · · · , xk

i are called a path from agent xi to xj. G(A) contains a spanning tree if there exists
an agent (named root) that has a path to any other agent. If there is at least one path between any
pair of different agents, then the undirected graph G(A) is connected.

For a leader-following multi-agent system, we assume that the leader moves au-
tonomously. Its topological graph is represented as Ḡ(A), consisting of n followers (cor-
responding to the graph G(A)) and a leader. B = diag{b1, b2, · · · , bn} is used to denote
the adjacency matrix of the leader, where bi > 0(bi = 0) means that the i-th follower can
(cannot) get information directly from the leader.

Lemma 1 ([28]). If G(A) is undirected and the leader is the root of graph Ḡ(A), then LA + B is
positive definite.

Lemma 2 ([29,30]). If the undirected graph G(A) is connected, then one has:
(1) The Laplacian matrix LA has a zero eigenvalue with multiplicity 1, and all eigenvalues of LA
satisfy 0 = λ1(LA) < λ2(LA) < λ3(LA) < · · · < λn(LA);
(2) xT LAx > λ2(LA)xTx, for all x ∈ Rn satisfing xT1n = 0.

Lemma 3 ([31]). For non-negative real numbers ζ1, ζ2, · · · , ζn, we have the following inequalities:

(1)
n
∑

i=1
ζ

p
i >(

n
∑

i=1
ζi)

p, when 0 < p 6 1;

(2)
n
∑

i=1
ζ

p
i > n1−p(

n
∑

i=1
ζi)

p, when p > 1.

Definition 1 ([32]). Consider the following n-dimensional stochastic differential equation:

dx = f (x)dt + g(x)dω(t), (3)

where x ∈ Rn is the state vector, f ∈ L1(R+, Rn), g ∈ L2(R+, Rn) satisfies f (0) = g(0) = 0.
For V ∈ C2(Rn; R+), we define the operator LV corresponding to Equation (3) as follows:

LV = (
∂V
∂x

)T f +
1
2

trace[gT ∂2V
∂x2 g], (4)

where ∂V
∂x = ( ∂V

∂x1
, ∂V

∂x2
, · · · , ∂V

∂xn
)T , ∂2V

∂x2 = ( ∂2V
∂xi∂xj

)n×n.

Lemma 4 ([33]). For system (3), if there exists a radically unbounded, positive definite and
regular function V(x) : Rn → R+ and positive constants a, b, c > 0, 0 ≤ p < 1 < q and
α < min{pβ, γ}, such that

LV(x(t)) ≤ aV(x(t))− bVp(x(t))− cVq(x(t)), ∀x(t) ∈ Rn,

then the origin of system (3) is globally stochastically fixed-time stable in probability, and the
corresponding settling time T(x, ω) is estimated by E[T(x, ω)] ≤ 1

(1−p)(b−a) +
1

(c−a)(q−1) for any
initial state.

4. Main Results
4.1. Problem Formulation

Without loss of generality, the dynamic of the i-th follower subchain is set as follows:

dxi(t) = ( f (xi(t))+ui(t))dt + g(xi(t))dω(t), i = 1, 2, · · · , n, (5)

where xi(t) ∈ Rm represents the state of the i-th subchain, ui(t) is the control input, and
f (·) : Rm → Rm denotes the nonlinear functions.
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The dynamic of the leader subchain is considered as:

dx0(t) = f (x0(t))dt + g(x0(t))dω(t),

where x0(t) ∈ Rm represents the state of the leader.
For simplicity, we omit the symbol t in the time-dependent notations.

Assumption 1. For the nonlinear function f (·) in system (5), there is a positive constant ρ1
satisfying the following inequality:

‖ f (x1)− f (x2)‖ ≤ ρ1‖x1 − x2‖, ∀x1, x2 ∈ Rm.

Assumption 2. For the noise intensity function g(·) in system (5), there is a positive constant ρ2
satisfying the following inequality:

‖g(x1)− g(x2)‖ ≤ ρ2‖x1 − x2‖, ∀x1, x2 ∈ Rm.

Definition 2. The fixed-time tracking problem in probability for system (3) is solved if there exists
a time T independent of the initial state, such that

P{lim
t→T
‖xi(t)− x0(t)‖ = 0} = 1, i = 1, 2, · · · , n.

4.2. Control Design and Stability Analysis

In order to make system (5) reach fixed-time tracking in probability, a new fixed-time
consensus tracking algorithm is proposed as

ui(t) =− c1(
n

∑
j=1

aijsigα(h(xi)− h(xj)) + bisigα(h(xi)− h(x0)))

− c2(
n

∑
j=1

aijsign(h(xi)− h(xj)) + bisign(h(xi)− h(x0))),
(6)

where α > 1 is the power parameter, c1, c2 > 0 are the control strengths to be designed, and
h(x) = (ĥ(x1), ĥ(x2), · · · , ĥ(xn)) is the nonlinear communication mode between subchains.

Remark 1. In our control protocol, h(·) represents a more general way of information communica-
tion, i.e., nonlinear communication. It is often considered in complex network control [34–37]. This
is because in real networks, there is often a need for nonlinear sensors to be used, or for information
encryption. Therefore, in multi-agent-based supply chain networks, we consider this as a more
general way of communication, which is able to obtain more applicable fields.

Assumption 3 ([34]). For any real number x, y, there exists a positive constant β such that ĥ(·)
satisfies the following inequality,

ĥ(x)− ĥ(y)
x− y

≥ β.

The state error is defined as ei = xi − x0, then the error system can be expressed as

dei =( f (xi)− f (x0)− c1(
n

∑
j=1

aijsigα(h(xi)− h(xj)) + bisigα(h(xi)− h(x0)))

− c2(
n

∑
j=1

aijsign(h(xi)− h(xj)) + bisign(h(xi)− h(x0))))dt

+ (g(xi)− g(x0))dω(t).

(7)
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Theorem 1. Suppose that all assumptions hold, undirected graph G(A) is connected, and the
leader is the root node. If the control strengths c1, c2 in protocol (6) satisfy

c1 >
2(ρ1 + ρ2

2)

βα(nm)1−αλ
α+1

2
min(LA1 + B1)

,

and

c2 >
2(ρ1 + ρ2

2)

λ
1
2
min(LA2 + B2)

,

where A1 = (a
2

α+1
ij )n×n, B1 = diag{(2b1)

2
α+1 , (2b2)

2
α+1 , · · · , (2bn)

2
α+1 }, LA1 is a Laplacian

matrix of the graph G(A1). A2 = (a
1
2
ij )n×n, B2 = diag{(2b1)

1
2 , (2b2)

1
2 , · · · , (2bn)

1
2 }, LA2 is a

Laplacian matrix of the graph G(A2).
System (5) will reach fixed-time tracking in probability, and the expectation of the estimated

settling time is

E[T(x, ω)] 6
2

(α− 1)(2αc1βα(nm)1−αλ
α+1

2
min(LA1 + B1)− 2ρ1 − 2ρ2

2)

+
2

c2λ
1
2
min(LA2 + B2)− 2ρ1 − 2ρ2

2

.
(8)

Proof. Based on the differential inclusion theory [38], the solutions of system (5) are obtained

dei ∈( f (xi)− f (x0)− c1(
n

∑
j=1

aijsigα(h(xi)− h(xj)) + bisigα(h(xi)− h(x0)))

− c2(
n

∑
j=1

aijSIGN(h(xi)− h(xj)) + biSIGN(h(xi)− h(x0))))dt

+ (g(xi)− g(x0))dω(t).

By applying the measurable choice theorem [38], it follows that there exist measurable
functions γ1(t) ∈ SIGN(h(xi) − h(xj)) and γ2(t) ∈ SIGN(h(xi) − h(x0)), such that the
following equation holds

dei =( f (xi)− f (x0)− c1(
n

∑
j=1

aijsigα(h(xi)− h(xj)) + bisigα(h(xi)− h(x0)))

− c2(
n

∑
j=1

aijγ1(t) + biγ2(t)))dt + (g(xi)− g(x0))dω(t).

Choose the following positive definite function

V(t) =
1
2

n

∑
i=1

eT
i ei.

Applying Ito’s formula to the function V(t) along the error system (6), one has the
operator LV(t) as follows:
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LV(t) =
n

∑
i=1

eT
i ( f (xi)− f (x0))− c1(

n

∑
i=1

n

∑
j=1

aijeT
i sigα(h(xi)− h(xj)) +

n

∑
j=1

bieT
i

× sigα(h(xi)− h(x0)))− c2(
n

∑
i=1

n

∑
j=1

aijeT
i γ1(t) +

n

∑
i=1

bieT
i γ2(t))

+
n

∑
i=1

(g(xi)− g(x0))
T(g(xi)− g(x0))dω(t).

(9)

From Assumption 1, one has

n

∑
i=1

eT
i ( f (xi)− f (x0)) 6 ρ1

n

∑
i=1

eT
i ei = 2ρ1V. (10)

From Lemmas 2, 3 and Assumption 3, we have

−c1(
n

∑
i=1

n

∑
j=1

aijeT
i sigα(h(xi)− h(xj)) +

n

∑
j=1

bieT
i sigα(h(xi)− h(x0)))

=− c1(
n

∑
i=1

n

∑
j=1

aijeT
i diag{sign(h(xj)− h(xi))}

∣∣h(xj)− h(xi)
∣∣α

+
n

∑
i=1

bieT
i diag{sign(h(xi))}|h(xi)|α)

6− c1βα(
n

∑
i=1

n

∑
j=1

aijeT
i
∥∥xi − xj

∥∥αsign(xi − xj) +
n

∑
i=1

bieT
i ‖xi − x0‖αsign(xi − x0))

=− c1βα(
n

∑
i=1

n

∑
j=1

aijeT
i
∥∥ei − ej

∥∥αsign(ei − ej) +
n

∑
i=1

bieT
i ‖ei − e0‖αsign(ei))

=− c1

2
βα(

n

∑
i=1

n

∑
j=1

aij
∥∥ei − ej

∥∥α+1
+

n

∑
i=1

2bi‖ei‖α+1)

=− c1

2
βα(

n

∑
i=1

n

∑
j=1

(a
2

α+1
ij

∥∥ei − ej
∥∥2
)

α+1
2 +

n

∑
i=1

((2bi)
2

α+1 ‖ei‖2)
α+1

2 )

6− c1

2
βα(nm)1−α(

n

∑
i=1

n

∑
j=1

a
2

α+1
ij

∥∥ei − ej
∥∥2

+
n

∑
i=1

(2bi)
2

α+1 ‖ei‖2)
α+1

2

=− c1

2
βα(nm)1−α(2eT(LA1 + B1)⊗ Ime)

α+1
2

6− 2αc1βα(nm)1−αλ
α+1

2
min(LA1 + B1)V

α+1
2 ,

(11)

where e = (eT
1 , eT

2 , · · · , eT
n )

T , it should be noted that G(A1) has the same set of edges and
nodes as G(A), so LA1 is a Laplacian matrix of the graph G(A1), and LA1 + B1 is positive
definite.

Similarly, one can obtain

−c2(
n

∑
i=1

n

∑
j=1

aijeT
i γ1(t) +

n

∑
i=1

bieT
i γ2(t))

=− c2

2
(

n

∑
i=1

n

∑
j=1

aij
∥∥ei − ej

∥∥+ n

∑
j=1

2bi‖ei‖)

6− c2

2
(2eT(LA2 + B2)⊗ Ime)

1
2

6− c2λ
1
2
min(LA2 + B2)V

1
2 .

(12)
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Similarly, G(A2) has the same edge set and node set as G(A), thus LA2 is the Laplacian
matrix of graph G(A2). In addition, LA2 + B2 is positive definite.

Based on Assumption 2, one has

n

∑
i=1

(g(xi)− g(x0))
T(g(xi)− g(x0))

6 ρ2
2

n

∑
i=1

(xi − x0)
T(xi − x0)

= 2ρ2
2

n

∑
i=1

eT
i ei

= 2ρ2
2V.

(13)

Combined with Equations (9)–(14), it can be obtained that

LV(t) 62(ρ1 + ρ2
2)V(t)− c2λ

1
2
min(LA2 + B2)V(t)

1
2

− 2αc1βα(nm)1−αλ
α+1

2
min(LA1 + B1)V(t)

α+1
2 .

According to Lemma 4, in order to ensure that V(t) converges to zero in a fixed time,
one should have

2(ρ1 + ρ2
2) 6 2αc1βα(nm)1−αλ

α+1
2

min(LA1 + B1),

and
2(ρ1 + ρ2

2) 6 c2λ
1
2
min(LA2 + B2),

i.e.,

c1 >
2(ρ1 + ρ2

2)

βα(nm)1−αλ
α+1

2
min(LA1 + B1)

,

and

c2 >
2(ρ1 + ρ2

2)

λ
1
2
min(LA2 + B2)

.

At this time, system (5) reaches fixed-time tracking in probability, and the correspond-
ing settling time is estimated as

E{T(x, ω)} 6 2

(α− 1)(2αc1βα(nm)1−αλ
α+1

2
min(LA1 + B1)− 2ρ1 − 2ρ2

2)

+
2

c2λ
1
2
min(LA2 + B2)− 2ρ1 − 2ρ2

2

.

Remark 2. In [16], the control protocol proposed can only enable chaotic multi-agent-based supply
chain networks to reach finite-time consensus tracking. The settling time of the finite-time consensus
is an unbounded function of the system’s initial value, which limits its application in engineering
control. In contrast to [16], the fixed-time consensus tracking whose settling time is uniform in
initial value is considered in our paper.

If the stochastic disturbance is not considered, the following deterministic system can
be obtained as {

xi(t) = f (xi(t)) + ui(t), i = 1, 2, · · · , n,
x0(t) = f (x0(t)),

(14)

For the deterministic system (14), using the control protocol (3), the following conclu-
sions can be drawn.
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Corollary 1. Suppose that Assumptions 1 and 3 hold, undirected graph G(A) is connected, and
the leader is the root node. If the control strengths c1, c2 in protocol (6) satisfy

c1 >
2ρ1

βα(nm)1−αλ
α+1

2
min(LA1 + B1)

,

and
c2 >

2ρ1

λ
1
2
min(LA2 + B2)

,

then system (5) will reach fixed-time consensus tracking, and the estimated settling time is

T 6
2

(α− 1)(2αc1βα(nm)1−αλ
α+1

2
min(LA1 + B1)− 2ρ1)

+
2

c2λ
1
2
min(LA2 + B2)− 2ρ1

.
(15)

Remark 3. In [16], the authors proposed a control protocol based on a super-torsion algorithm that
enables finite-time consensus control of nonlinear systems. Our proposed control protocol involves
only the state information between subchains and neighboring subchains, and the control protocol
enables the settling time to be free of the initial value, and the convergence effect of the system is not
affected by stochastic disturbances.

Remark 4. Compared with the deterministic system considered in [16], our stochastic model (5) is
more realistic. From the results proposed in this section, it can be seen that our control protocol is
effective for both deterministic and stochastic disturbance systems, and it can also be said that the
control protocol is highly robust.

5. Illustrative Example
5.1. Model Description

In this section, a numerical example is provided to verify the effectiveness of the
theoretical analysis. The multi-agent-based supply chain network is assumed to be a leader
subchain and five follower subchains, whose topology is shown in Figure 1. Thus, in the
presence of external disturbances and control inputs, the equation of follower agents is
given by system (2). The dynamic equation of the leader is as follows:

dx01(t) =mx01(t)− (n + 1)x01(t) + g1(x01(t), x02(t), x03(t))dω(t),

dx02(t) =rx01(t)− x02(t)− x01(t)x02(t) + g2(x01(t), x02(t), x03(t))dω(t),

dx03(t) =x01(t)x02(t) + (k− 1)x03(t) + g3(x01(t), x02(t), x03(t))dω(t),

with the parameters m = 10, n = 9, r = 28, k = 2.

0

4 1

3

2

5

1 1
1

11

1
1

11

Figure 1. Topological structure of the leader-following example.
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According to [39,40], we show that the nonlinear term f (·) satisfies Assumption 1
when ρ1 = 14.025. Since economic and financial systems are often subject to external
disturbances due to environmental impacts, the unknown time-varying disturbance to the
network is considered as follows:

g(xi(t)) =(0.1sin(xi1(t)); 0.1cos(xi2(t)); 0.1tanh(xi3(t)))T , i = 0, 1, 2, · · · , 5,

and g(·) satisfies Assumption 2 with ρ2 = 0.1. Furthermore, in order to reflect the nonlinear
characteristics of the communication mode, we set h(xi(t)) = (xi1(t)+ 0.1 sin xi1(t), xi2(t)+
0.1 sin xi2(t), xi3(t) + 0.1 sin xi3(t)), and obviously, Assumption 3 is true with β = 1.

In order to verify the validity of validation protocol (6), let us select some parameters
and calculate the necessary data: α = 13

9 , c1 = 86, c2 = 37. In addition, the minimum
eigenvalues of L(A1) + B1 and L(A2) + B2 are 0.4013 and 0.5858, respectively. According
to relation (15), the settling time E[T(x, ω)] is not more than 8.079 s. In addition, the
initial values of followers are set as: x1(0) = (3, 1, 16)T , x2(0) = (−4,−8,−6)T , x3(0) =
(−4,−2,−4)T , x4(0) = (8, 12, 6)T , x5(0) = (−2,−3,−2)T . The initial value of the leader is
set as x0(0) = (10, 4,−5)T .

5.2. Simulation Analysis

In this section, the Euler–Maruyama method proposed in [37] is used to numerically
simulate the considered three-echelon multi-agent supply chain system. In addition, the
discrete Brownian path with step dt = 2−12 is calculated to simulate the movement
trajectory of each agent.

The trajectories of the state errors of the follower agents and the leader agent are
shown in Figures 2–6. Figure 2 shows that the 1st subchain can catch up with the leader
subchain before 0.05 s. From Figure 3, we can see that the state errors between the 2nd
subchain and the leader subchain tend to 0 within 0.1 s. Ten paths of the tracing error
between the 3rd subchain and the leader subchain is depicted in Figure 4. Figure 5 tells us
that the state of the 4th subchain changes quickly to that of the leader subchain. In Figure 6,
the convergence trend of the subchain is slower, but the state errors of the 5th subchain and
the leader subchain under 10 paths all converge to 0 within 0.12 s.
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Figure 3. Ten paths of the tracking error between the 2nd subchain and the leader with protocol (6).
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Thus, it shows that the stochastic multi-agent-based three-echelon supply chain net-
work with nonlinear communication we studied is able to achieve tracking in a fixed time
under the action of the control protocol (6). FIGS.2-6 illustrate that under any 10 paths,
each subchain in the three-echelon supply chain system eventually achieves consensus by
imposing a control protocol. That is, the states of each supplier, distributor, and consumer in
the supply chain network reach the equilibrium state, i.e., the coordination and information
matching of the objectives, decisions, and actions among the partners in the supply chain
are realized.

Compared to [14,16], the control protocol proposed here enables the system to achieve
consensus in a finite time, and the settling time is independent of the initial value of the
system. Moreover, the effect of stochastic disturbance factors is considered, which leads
to the difference in our simulation methods. That is why we depict 10 paths for each
supply subchain.

6. Conclusions

Considering the prevalent external disturbances, this paper firstly provide a three-
echelon stochastic multi-agent-based supply chain systems. Then, a protocol with nonlinear
communication mode is proposed for the fixed-time consensus of the considered network.
Using the stability theory of stochastic differential equations, sufficient conditions for the
fixed-time tracking and upper bound estimates for the settling time are obtained. Compared
with the finite-time consensus, the settling time of fixed-time consensus has a uniform
upper bound for any initial values, which is more feasible in real engineering applications.
Moreover, our control protocol is also applicable to deterministic systems. From the final
simulation, one can see that the three-echelon stochastic multi-agent-based supply chain
system reach consensus within 0.2 s. In FIGS.2-6, 10 Brownian paths of the tracking error
show that our control protocol has strong anti-interference and robustness. In our future
work, we will build a more realistic model that takes into account increased costs, supply
chain complexity, consumer demands, the need for improved speed, quality and service,
risk in the supply chain, supply chain volatility, etc.
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