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ABSTRACT. In the estimation of nonparametric additive models, conventional methods, such
as backfitting and series approximation, cannot be applied when measurement error is present
in a covariate. This paper proposes an estimator for such models by extending Horowitz and
Mammen (2004)’s two-stage estimator to the errors-in-variables case. In the first stage, to
adapt to the additive structure, we use a series approximation together with a ridge approach
to deal with the ill-posedness brought by mismeasurement. We derive the uniform convergence
rate of this first-stage estimator and characterize how the measurement error slows down the
convergence rate for ordinary/super smooth cases. To establish the limiting distribution, we
construct a second-stage estimator via one-step backfitting with a deconvolution kernel using the
first-stage estimator. The asymptotic normality of the second-stage estimator is established for
ordinary/super smooth measurement error cases. Finally, a Monte Carlo study and an empirical

application highlight the applicability of the estimator.

1. INTRODUCTION

Since their inception, nonparametric additive regression models have received much atten-
tion in the econometrics and statistics literature (see, e.g., Horowitz, 2014, for a review). Their
popularity is primarily driven by their ability to overcome the curse of dimensionality through
imposing additive separability of covariates. Furthermore, this separability ensures easy inter-
pretation and is a natural and realistic assumption in many economic models. For example,
constant elasticity of substitution production functions take this form (Leontief, 1947), as do
many models of consumer behavior (Deaton and Muellbauer, 1980).

In some situations, the curse of dimensionality can be particularly severe; measurement error
in covariates is one such situation. In that case, the degree to which the convergence rate
of nonparametric estimators deteriorates as the dimension of the covariates increases is less
favorable. Unfortunately, economic data is often subject to contamination. Indeed, the frequent
use of imprecise measurements of complex variables such as GDP and inflation, the reliance
on survey data, and the inability to accurately measure intangible variables such as cognitive
ability all lead to measurement error (see, e.g., Bound, Brown and Mathiowetz, 2001, Hu, 2017,
and Schennach, 2020, for surveys in econometrics). Thus, nonparametric additive models can
be particularly useful when dealing with contaminated data. Empirical examples of additive
models which could have benefited from acknowledging measurement error include Xu and Lin
(2015, 2016), who examine the impact of industrialization on carbon dioxide emissions, where

industrialization is measured as industry value added as a proportion of GDP; and Dominici et
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al. (2002), who study the health effects of air pollution, where air pollution is widely held to be
imprecisely measured.
In answer to these issues, this paper studies estimation of the nonparametric additive regression

model with a mismeasured covariate:
Y=p+9(X*)+mi(Z1)+---+mp(Zp) + U, (1.1)

where Y is a response variable, u is an unknown intercept, X* is an error-free but unobservable
covariate, Z = (Z1,...,Zp) are observable covariates, U is an error term, and (g,m1,...,mp)
are unknown functions to be estimated. If X* is observable, it is a standard nonparametric
additive model with the identity link function, which has been well studied in the literature; see,
e.g., Stone (1985, 1986), Buja, Hastie and Tibshirani (1989), Linton and Nielsen (1995), Linton
and Hardle (1996), Opsomer and Ruppert (1997), Mammen, Linton and Nielsen (1999), Opsomer
(2000), Horowitz and Mammen (2004), and Ozabaci, Henderson and Su (2014). However, when
X* is mismeasured, these conventional methods to estimate the unknown functions are generally
inconsistent.

We consider estimation of the nonparametric additive regression model in (1.1)) when the
measurement X on X* involves a classical measurement error. More precisely, throughout the

paper, we assume that the measurement X is generated by
X =X"+¢, (1.2)

where X* is scalar, and € is a measurement error independent of X*. In Remarks 1 and 3 at the
end of Section 2] we discuss generalizations to relax these assumptions.

We develop an estimator for the unknown functions g,mi,...,mp and intercept p using
the observables (Y, X, Z) generated by and and study its asymptotic properties. In
particular, we extend the two-stage approach of Horowitz and Mammen (2004) to deal with the
measurement error using deconvolution techniques. In the first stage, Horowitz and Mammen
(2004) estimated the unknown functions by a series approximation method. In the presence
of measurement error, the coefficients in the series approximation are estimated by the ridge-
based regularized estimator as in Hall and Meister (2007). In the second stage, Horowitz and
Mammen (2004) implemented one-step backfitting based on local linear regression to achieve
asymptotic normality of the estimator. In our case, this step is carried out using a nonparametric
deconvolution kernel regression.

There is an extensive literature on nonparametric additive models when all covariates are
accurately measured; see the papers cited above. A rare exception to assuming the accurate
measurement of covariates is a recent paper by Han and Park (2018). In particular, they also
focus on classical measurement error, and develop a new estimator for additive models by ex-
tending the smoothed backfitting approach of Mammen, Linton and Nielsen (1999). However,
there are two major differences between our work and theirs. First, our second-stage estimator
achieves asymptotic normality, which is useful for statistical inference, while they only derive the
convergence rate of their estimator. Moreover, our first-stage estimator converges at a faster rate

than theirs. Second, our two-stage estimator can handle both ordinary smooth and supersmooth



errors, while their method cannot be easily adapted to the case of supersmooth measurement
error, which is a particularly important class of error distribution as it includes the normal dis-
tribution. As such, this paper contributes to the literature on nonparametric additive models
by developing the first estimator that achieves asymptotic normality in the face of measurement
error in a covariate, and can handle supersmooth errors.

We also contribute to the literature on nonparametric deconvolution methods for measurement
error models. In particular, we employ the ridge-based regularization method by Hall and Meister
(2007) to estimate moments involving error-free unobservable covariates. Also, for backfitting in
the second stage, we apply a nonparametric deconvolution kernel regression; see, e.g., Stefanski
and Carroll (1990), Carroll and Hall (1988), Fan (1991a, 1991b), Fan and Masry (1992), Fan and
Truong (1993), Delaigle, Hall and Meister (2008), and Hall and Lahiri (2008).

The rest of this paper is organized as follows. Section[2]introduces the basic setup and develops
our two-stage estimator. Section [3] presents our main results: we derive the convergence rate
of the first-stage estimator in Section [3.1} and establish the limiting distribution of the second-
stage estimator in Section [3.2] We focus on the case when the measurement error distribution
is known to researchers in Sections [2| and [3| and relax the known error distribution assumption
using auxiliary data in Section [4] Sections [5] and [6] present a simulation study and an empirical
application, respectively. Finally, Section [7] concludes. All proofs are contained in the Appendix.

Notation. Throughout the paper, let || f]l2 = ([ |f(w)[*dw) Y2 be the Lg—norm of a function
f iR = C, Ly(R) = {f : || fll2 < oo} be the Lo-space, and (f1, f2) = [ fi(w)f2(w)dw be the
inner product in Ly(R), where ¢ denotes the complex conjugate of ¢ € C, fft f f(z)el™®dx
be the Fourier transform of f with i = v/—1. Also, let ||A| = [tr(ATA)]'/2 be the Frobenlus norm
of a complex matrix A, where Af denotes A’s conjugate transpose, Amax(A) and Apin(A) be the
largest and smallest eigenvalues of a Hermite matrix A, respectively, and d, 5 be the Kronecker
delta, which is equal to 0 if & # &/, and equal to 1 if k = k’.

2. SETUP AND ESTIMATOR

Before presenting our estimator, we first show that the functions g, m1, ..., mp and intercept
o in the model (|1.1)) can be identified from the distribution of observables (Y, X, Z). To this end,

we impose the following assumptions.

Assumption 1. (1): € is independent of (Y,X*,Z), the density fe of € is known, and
fi(t) #0 for all t € R.

(2): The density fx-z of (X*,Z) is bounded away from zero on T x [—1,1]P, where T
is a known compact subset of the support of X*, and [—1,1] is the support of Zy for
d=1,...,D.

(3): E[U|X*,Z] =0 and g,m1,...,mp are normalized as

[ty = [ e == [ mpyiw=o. (21)



Assumption |1| (1) claims the measurement error is classical in nature and f% is non-vanishing
everywhere, which is commonly used in the literature on nonparametric estimation with mea-
surement error (see, Meister, 2009, for a review). The assumption f being known is restrictive in
economic applications. In Section[d] we discuss how to relax this by using repeated measurements
on X*. Assumption 1| (3) contains normalizations required for identification.

Assumption (1| (2) requires all covariates to be continuously distributed. In Remark [2[ below,
we discuss how to include correctly measured discrete covariates. As in Horowitz and Mammen
(2004), we assume that the observable covariates Z are supported on [—1,1]P. This is an
innocuous assumption as an invertible transformation of Z that satisfies it can be used in place of
Z. However, this argument fails for the unobservable covariate X*. Indeed, such a transformation
does not preserve the additive structure in except when the transformation is linear. Thus,
even though the distribution of € is known, it is difficult to recover the distribution of X* from the
transformation of X through deconvolution. Also, since the support of € is typically unknown,
so too is the support of X*. With these considerations, we do not impose any condition on the
support of X, X* or €, but focus on estimation of the function g over some known compact
set Z of interest. fx« z is assumed to be bounded away from zero on Z x [—1,1]? so that the
conditional expectations (on the event (X*,Z) € Z x [—1,1]P) are well defined.

Under Assumption (1} all unknown objects in model are identified. This result is sum-

marized in Theorem [ as follows.
Theorem 1. Under Assumption[l], the functions g,m1,...,mp and intercept u are identified.

This theorem follows from an application of the marginal integration argument for the non-
parametric additive model combined with the identification of the density fy x+ 7 of (Y, X*, 2)
based on deconvolution methods. The proof is given in Appendix [A]

We now introduce our estimation strategy. For expository purposes, we tentatively assume
that the error-free covariate X* is observed. To estimate u, mg over [—1,1], and g over the
subset Z under the normalization in , the first-stage estimation of Horowitz and Mammen
(2004) is used by minimizing

D &k 2

STHX; €T |Yi—n =Y peXD0R =Y an(Zag)oi| (2.2)
J=1 k=1 d=1 k=1

with respect to 6 = (u,69,...,0%,01,...,0L ... 0P ... 00) where I{-} is the indicator func-
tion, {pr}7>, and {gx}32, are basis functions supported on Z and [—1, 1], respectively, and & is
a tuning parameter characterizing the accuracy of the series approximation. The trimming term
]I{X;-k € T} appears because we are only interested in estimating g over Z.

If X* is mismeasured, the unobservability of X* renders this method infeasible. Also, replac-
ing X ]* with the observable X; and applying least squares estimation for the above criterion
would yield inconsistent estimates in general. To estimate 6 in , we consider the population

counterpart of (2.2)), that is

E[l{X* € T}Y?| + 0'E[P,P.)0 — 2E[Y P.]0, (2.3)



where Py = (po(X*),p1(X*), ..., 0:(X*),q01(Z1), ..., q0x(Z1),...,q01(ZD), ..., q0x(Zp))" with
po(X*) =I{X* € T} and qoi(Z4) = po(X*)qr(Zg) for k=1,...,kand d = 1,...,D. Thus, once
we have estimators for E[P,P!] and E[Y P!], denoted E[P.P!] and E[Y P], respectively, 6 can
be estimated by

0 = (RE[P.P.)"'RE[Y P!, (2.4)
where R{-} denotes the real part of a complex-valued matrix or vector, and the inverse here
may be the Moore-Penrose inverse. Based on this, the first-stage estimators of g and my for

d=1,...,D are given by
9y = pe(a)y,  tha(za) = q(za)0f. (2.5)
k=1 k=1

To implement the estimator in based on (2.4), we must estimate elements of E[P,P.] and
E[YP!].

We first consider estimation of E[Y pg(X™*)], which appears in E[Y P.]. By Plancherel’s isom-
etry (see Lemmall] (1) in Appendix D)), E[Y p(X*)] can be expressed as

1
EYpe(XT)] = (mfx-pp) = o <[mfx*]&7p%>
1 it Ph (=)
= — | B[y tat
o | PV
where m(-) = E[Y|X* = -], and the last equality follows by the law of iterated expectations and

Assumption |1/ (1). A naive estimator of this moment could be obtained by replacing E[Y e*X] by
its sample analog n~* > i1 Y;el'Xi. However, it is well known that n~* > i1 Y;eltXi [ fi(t) is a
poor estimator for fi.(t) in the tails. Intuitively, the estimation error of the sample analog can
be severely amplified in the tails, such that the above integral may not be well-defined. Some
form of regularization is commonly introduced in such a situation. Here we employ the ridge
approach of Hall and Meister (2007) and suggest estimating E[Y py(X™)] by

2 . 1 1~y ix, | PRCOE 0@
BIY pi(X°)] = 5- / n;yjetxj pk{;f§t(t>|vn*<}”2 it (2.6)

where r > 0 is a tuning parameter to control the smoothness of the integrand and n~¢ with
¢ > 0 is a ridge term to keep the denominator away from zero.

Also note that the moments E[Ypy(X*)] and E[Y qox(Z4)], which appear in E[Y P.], and
Elpr(X™)], Elor(Za)l, Elpr(X*)pu(X™)], Elpr(X*)qoi(Za)] and Elqgor(Z4)qoi(Zw)], which ap-
pear in E[P,P.], can all be expressed in a general form E[p(X*)Q] by different choices of a
known function p and a random variable ), where @) is a known function of Y and Z. For ex-
ample, E[p(X™*)Q] equals E[pr(X™*)qo(Z4)] when p(X*) = pp(X™*) and Q = ¢;(Z4). By a similar
argument, the estimator of E[p(X™*)Q] is constructed as

R I N e e Al
Ep(X")Q] = m H;Qjet {|f€ft(7§)\vn*4}r+2 dt.

Then, by applying these estimators to elements in ([2.4]), we obtain the first-stage estimator ([2.5)).



In the literature on nonparametric deconvolution methods, the kernel approach is more fre-
quently used than the ridge. However, the kernel-based method is not adaptive. This is because,
to obtain the optimal convergence rate, the smoothness of the target function must be known
so that the kernel function can be chosen to adapt to it. Indeed, this disadvantage of the kernel
approach becomes more severe when there are multiple targets to be estimated simultaneously.
In such situations, even if the smoothness of all targets are known, choosing a kernel function to
adapt for each component is a nontrivial task. It would be even more challenging when the num-
ber of targets grows with the sample size, as is the case considered in this paper. Compared to
the kernel-based method, the ridge approach can adapt remarkably well to targets with different
smoothness via cross-validation, as shown in Hall and Meister (2007). On the other hand, the
kernel approach requires fewer tuning parameters. In particular, the ridge approach involves two
tuning parameters, » and ¢, while the kernel approach uses only one: the bandwidth. However,
we claim that while the choice of the ridging parameter ( is important to the performance of our
estimator, the choice of r is far less so. A detailed discussion on the choice of r and ( is left to
Section [3.11

To conduct statistical inference, we construct a second-stage estimator for which we can es-
tablish its asymptotic distribution. If X* is observable, we can implement one-step backfitting
as in Horowitz and Mammen (2004), where the second-stage estimator of g is given by a non-
parametric regression of the residuals of the first stage, Y; — fi — ZdD:1 mq(Zaq,;), on the covariate
X7. When X* is mismeasured and unobservable, we modify this second-stage by applying a
deconvolution kernel regression. In particular, let

Kp(w) = L /e_itw K (th) dt,
2m fE(®)

be the deconvolution kernel, where K is a kernel function and h is a bandwidth. The second-stage

estimator of g is defined as

i K@ = X)[Y; - =Ygk a(Zag)]
a > i1 Kp(z* — Xj) '

The second-stage estimator of mg, however, cannot use a direct application of the deconvo-

g(z") (2.7)

lution kernel regression because the unobservable X™* is now present in the dependent variable
Y; — = g(X7) — b 2a™Ma(Za j). Moreover, it enters in a nonlinear fashion, instead of sim-
ply acting as a covariate. One initial thought would be to first estimate g(z*) + mg(zq4) by
the deconvolution kernel regression of Y; — fi — Zfl),#d ma (Za ;) on (X7, Zg;), then deduct
g(z*). This, however, would make the estimator of my dependent on the choice of z*, which
would not be welcome in practice. Alternatively, we consider the standard kernel regression of
Y;—ji— 237&(1 Mg (Zg j) on Zg ;, and then deduct an estimator of E[g(X*)|Z4] to estimate mg.
The conditional moment E[g(X*)|Z4] can be estimated based on estimates of g and the joint
density of X* and Zy. For the joint density of X* and Z;, we use the deconvolution density esti-
mator. For the unknown function g, it is natural to employ its first-stage estimator §. However,

since g(z*) is a valid estimator of g(z*) only when z* € Z, the second-stage estimation of mg



should be conditional on X* € Z. In particular, we consider
ma(za) = E[Y — = g(X*) = ma(Za)|Zg = 2, X" € I}
d'#d
[FE[Y —p—g(X*) - doditd ma (Za)| 2% = 24, X* = 2*] f7, x+ (24, 2" )d*
fI chhX* (Zd,{L‘*)d{L‘* ’

which suggests the following second-stage estimator of my:

ma(za) = 2 JrBn(@” = X[ — = §(") = Pirpa i (Za )] da” Kn(za ~ Zaj) 8)
e S, Kala” — X;)da Knza — Zag) @

with Kp(w) = K(w/h) for a (conventional) kernel function K.

Remark 1. [Case of vector X| We note that the proposed method can be generalized to the

case of vector X, i.e.,
Y =p+g(Xy)+ - +g0(X]) +mi(Z1) + - +mp(Zp) + U,

where X7,..., X] are unobservable, and instead we observe noisy measurements Xi,..., Xr.
Suppose the measurement errors €1, ..., €7, are classical and mutually independent. In this case,
the first-stage estimator can be constructed similarly. The second-stage estimator can then be

obtained as
L * o -~ * D - *
Z?:l le, [Tv—: Kn(zp — X ) [Yj M Zl’;él gu(x]) = 2= md(Zd,j)} dxj_
L * *
251 le, 1oy Ka(afs — X )day_
L * ~ L ~ * A *
g oy Kl = Xo ) [Y5 — = 2000 9(a)) = Xgrza a (Za )] da* Kp(2a — Za,j)
5 Jr Ty Kn(aj — Xuvj)da* Kn(za = Zaj)

forl=1,...,Landd=1,...,D,whereZ;_ =T; X-- - XL 1 xLjy1 X+ xIp, T=Ty x--- XTIy,

dry_ = dxi...dx{ (dzj, ,...dr}, and dz* = dz7...dx]. We expect that analogous results to

gi(ay) =

Y

ma(za)

i

those in the next section can be established for this estimator as well.

Remark 2. [Case of correctly measured discrete covariates| Even though Assumption (1| (4)
requires all covariates to be continuous, the proposed method can be generalized to the case

where some correctly measured covariates are discrete (with finite support), i.e.,

YV =p+WPB+g(X*)+mi(Z1) +---+mp(Zp) + U, (2.9)
where W = (Wh,...,Wg)' is a vector of indicators for specific values of correctly measured
discrete covariates and 8 = (B, ..., 8s)" are the corresponding slope parameters. In this case,

the first-stage estimator can be constructed using P, = (po(X*)W1, ..., po(X*)Ws, P.) instead
of P, as in 1} and 1 , and the second—stage~estimator follows by using f/] =Y, — - WJ’ B
in place of Y; as in 1} and 1 , where i and (8 are the first-stage estimators of y and 3 based

on Py.

Remark 3. [Non-classical measurement error| The classical measurement error assumption is
restrictive in many cases and has often come under criticism; see, e.g., Bound, Brown and

Mathiowetz (2001) and Hyslop and Imbens (2001). Consequently, many papers have begun to



move beyond this assumption to provide results for the non-classical error case; see, e.g., Hu and
Schennach (2008), Gottschalk and Huynh (2010), Bonhomme and Robin (2010), Hu and Sasaki
(2015), and An, Wang and Xiao (2020). See also Schennach (2020, Section 3.6) for a survey on
the developments to deal with non-classical measurement errors. Furthermore, Schennach (2019)
showed that nonparametric deconvolution methods can be applied under a weaker assumption
than independence, known as subindependence. However, in each of these cases, this research
built on earlier work on the same models with classical measurement error. For the additive
regression model, there is still much work to be completed in the classical error case; thus, we
see our work as a stepping stone to the more widely applicable case of non-classical error.
Although the estimator is constructed based on the classical measurement error assumption,
there are cases with non-classical error that our method can be applied to. As an example,
consider the case where W is a noisy measurement of W* which entails a measurement error
W*(v — 1), where v is a random error that is independent of W*. In this case, our estimator
can be applied after implementing a log-transformation and by treating log(W) as X, log(W™*)
as X*, and log(v) as e. As another example, consider the case where X is a noisy measurement
of X* which entails a measurement error (¢ — 1) X* 4 v, for constant ¢ # 1, where v is a random
error that is independent of X*. In this case, if ¢ # 0, we can treat ¢.X* as the true underlying

covariate instead of X *E| and our estimator can be directly applied to estimate g,m1,...,mp.

3. ASYMPTOTIC PROPERTIES

3.1. First-stage estimator. We now study the asymptotic properties of the first-stage estima-
tor in (2.5). Let For = {f € La(R) : [[f*(t)]2(1 + |t|*)*dt < c} denote the Sobolev class of
order a > 0 and ¢ > 0E| We impose the followmg assumptions.

Assumption 2. (1): {Y;, X5, Z;})_y is ani.i.d. sample of (Y, X, Z) satisfying , ,
E[Y?|X* 7] < 00, and fz is bounded.

(2): fX*; fX*‘ZdZZdi fX*|Zd:Zd,Zd/=Zd/’ E[Y|X*}fX*7 and E[Y|X* = '7Zd = Zd]fX*|Zd=Zd
belong to Forc,, foralld,d =1,...,D and zq, z € [—1,1].
(3): {pr}i2y and {qi}72, are basis functions supported on I and [—1,1], respectively, and

satisfy [ pr(w)dw = [ g(w)dw =0 and (px, prr) = (qk, qrr) = Ox e for all k, k'
(4): Amin(E[P:PL]) 2 A > 0 for all k, sup g yezx(—11)0 [|1Pa(@", 2)[| = O(k'?) as k — oo,
and there exists 0y = (o, 09,63, . ..,08) such that

sup |g(z*) — Pro(z*)00| = O(x72),  sup |ma(za) — Pl 4(za)05] = O(x2),
z*el 24€[-1,1]

1f ¢X* is treated as the true underlying covariate and ¢ # 0, we have Y — y— my(Z1) —--- —mp(Zp) — U =
G(¢X™), with g(-) = g(-/¢). Then the normalization required in Assumption 1 (6) becomes [; g(w)dw = 0, with
7= {® = ¢w : w € Z}. Since Z is the range of X ™ chosen by researchers, instead of 7 (which is unknown without
a specific value of ¢), we may directly decide the range of interest of $X* based on limited knowledge of ¢ (for
example, a set of possible values of ¢).

2Even though it seems somewhat different, the Sobolev condition 1mposed here is essentially equivalent to
the one used in Meister (2009, eq. (2. 30)), which imposes [ |f™(¢)|?[t|**dt < c. First, it is easy to see that
[ @ P+ |t| )*dt < c implies [ |f"(t)[? |t|20‘dt < c. For the other direction, we have [ |f™()[>(1 + [¢|*)*dt <
2¢ fmg \fft( V|2dt + 2% [|f(t)|?|t|**dt < ¢, where the first inequality follows by 2*[¢|** > (1 + [t|*)* & |t| > 1,
and the second inequality follows by f € LZ(R) and Meister (2009, eq. (2.30)).



where Py o(x*) = (p1(x*), ..., px(x¥)) and Py, 4(za) = (¢1(24), - - -, qx(2q)) ford =1,...,D.
(5): r>0,(>0, and Kk — o0 as n — 0.

Assumption [2f (1) is standard for cross-section data. Extensions to more general data envi-
ronments are beyond the scope of this paper. Assumption [2f (2) lists the Sobolev conditions for
several densities and regression functions, these restrict the smoothness of the underlying objects
to control orders of the bias terms from estimation. Assumption [2] (3) contains conditions on
the basis functions {py}7°, and {gx}72,. Similar conditions are used in Horowitz and Mammen
(2004) for the first-stage estimator without measurement error. Assumption [2| (4) is commonly
used for series-based estimation; see, e.g., Newey (1997, Assumptions 2 and 3). Assumption (5)
contains mild requirements on the tuning constants, r and ¢, for the ridge regularization, and s
for the series approximation. See the remark at the end of this subsection for further discussion.

Although Assumptions 2| (2) and (4) both contain smoothness conditions, they focus on dif-
ferent objects for different purposes: Assumption [2[ (2) imposes smoothness of densities and
products of densities and regression functions to control the estimation bias, while Assumption
(4) is imposed on each of the nonparametric components of the regression function to control
the series approximation error. This approximation bias term contributes to the last terms of
the convergence rates in Theorem [2| below and indicates that the series length s needs to diverge
fast enough to achieve the desired convergence rate. As explained in Newey (1997, pp.150), for
spline basis functions, since our nonparametric components are all univariate, Assumption [2f (4)
essentially requires that g and my are twice continuously differentiable, which is consistent with
Assumption [2] (2) when o = 2.

It is known in the literature that the convergence rate of a deconvolution-based estimator
depends on the smoothness of the measurement error density f.. Intuitively, the deconvolution-
based estimators typically involve the characteristic function of € in the denominator. The
smoother f. is, the faster its characteristic function decays to zero in the tails, slowing down
the convergence of the resulting estimator. Therefore, for the density of the measurement error
fe, we consider the following two categories that are commonly employed in the deconvolution
literature.

fe is said to be ordinary smooth of order 3, if there exist constants cos1 > cos,0 > 0 and S > 0
such that

Cono(L 4 [E) 7 < [SH(E)] < cons (L+ )P forall ¢ € R

fe is said to be supersmooth of order -, if there exist constants cg;1 > css0 > 0, u > 0, and
~v > 0 such that

cssoexp(—plt]") < |fE(1)] < esspexp(—plt]") for all ¢ € R,

In particular, the characteristic function of an ordinary smooth error distribution decays at
a polynomial rate, while the characteristic function of a supersmooth error distribution decays

at an exponential rate. Typical examples of ordinary smooth densities are the Laplace and



gamma densities, and examples of supersmooth densities include the normal and Cauchy densi-
ties. To facilitate the discussion of the convergence rate of the first-stage estimator, we impose

the following assumptions to specify the smoothness of the error distribution.

20+5-1

_ 2a¢
Assumption 3. f. is ordinary smooth of order B > 1/2 and max{x>n ykn~ B} — 0 as

n — 0OQ0.

2a
Assumption 4. f. is supersmooth of order v > 0, r =0, 0< { < %, and k(logn)” » — 0 as

n — o0.

Besides the supersmooth condition on the measurement error distribution, Assumption [4f con-
tains further requirements on smoothing parameters r and (. Given r = 0, Assumption
guarantees that the variance of the first-stage estimation error converges to zero at a polynomial
rate and is dominated by the bias of the first-stage estimation error, which converges to zero at
a logarithmic rate in the supersmooth case. Under these assumptions, the convergence rate of
the first-stage estimator in is obtained as follows.

Theorem 2. Suppose that Assumptions[1] and[9 hold true.
(1): Under Assumption |3, it holds

< 1 al
sup [j(a") = g(a")| = Op (3nS T35 4o % 4 x7E),
z*el
7 3 ¢4 S -1 _ac 3
sup ‘md(zd) - md(Zd)‘ = Op (,‘an 272 4 kn B 4k 2) ,
z4€[—1,1]
ford=1,...,D.

(2): Under Assumption[]), it holds
16— 60ll = Op (k (ogn) ™% +572),

Al % * —-& -3
sup |9(2%) = g(a*)| = Oy (k(logn) ™% +K73) |
z*el
~ _a 3
sup |Mma(zq) — ma(zq)| = Op (n(logn) T4+ K 2) ,
ZdE[—l,l]

ford=1,...,D.

It is worth noting that the number of regressors D does not appear in the convergence rate
obtained in Theorem [2} this is due to the additive structure of the regression function combined
with the series approximation. This immunity of the additive model to the curse of dimensionality
is well-documented for the error-free case; we contribute to the literature by showing it continues
to hold in the face of measurement error.

The first two terms in the convergence rates of Theorem [2| (1) and the first terms in Theorem
(2) are due to estimation variances, which indicate that to achieve the desired convergence
rate, the series length x cannot diverge too quickly.

The last terms in the convergence rates above characterize the magnitudes of the series ap-

proximation errors, which are identical to those of the error-free case; see Horowitz and Mammen
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(2004, Theorem 1). For g and 74 in the ordinary smooth case, the first two terms n%nﬁﬁ_%
and mf%( in the convergence rates characterize the magnitudes of the estimation bias and vari-
ance, respectively. For the supersmooth case, the term r(log n)_% characterizes the magnitude
of the estimation bias, while the variance of the estimation error is dominated under Assumption
[ If the smoothness parameters «, 3, and v are known, we can choose £ and ¢ to achievg the

optimal convergence rates. In particular, when f. is ordinary smooth, by setting x = n7e+105+5

_ 3a
and ¢ = ﬁ[gﬁ%, the optimal convergence rate of § and My is obtained as n~ 7o+108+5, When f.

2a
is supersmooth, by setting k = (logn)37, the optimal convergence rate of § and 7, is obtained

3a
as (logn) 5.

Remark 4. |[Comparison with Han and Park (2018)] In the ordinary smooth case, we can
compare our rate results to those obtained in Han and Park (2018) for their smoothed backfitting
estimator. In particular, when a = 2 and 8 > 1/ 2E| Han and Park (2018) showed that their
backfitting estimator of g achieves the uniform convergence rate niﬁ, which is slower than the
convergence rate niﬁ of our first-stage estimator g The difference is due to backfitting.
In particular, the estimation variance of the backfitting estimator of Han and Park (2018) is
dominated by two components. One comes solely from the measurement error, which would
still exist if D = 1. The other arises from backfitting in conjunction with measurement errors,
which dominates if 8 > 1/2. As we consider the estimation of all nonparametric components
simultaneously in the first stage, our first-stage estimator § converges faster than the backfitting
estimator of Han and Park (2018). However, Han and Park (2018) can handle the case when
B < 1/2, which cannot be covered in this paper since § > 1/2 is required by the ridge-based
regularization as in Lemma (1)E|

Remark 5. [Comparison with the error-free case| In the error-free case, by Horowitz and Mam-
men (2004, Theorem 1), the optimal convergence rate to estimate g and my is nf%, which is
obtained by setting x = n5. When fe is ordinary smooth of order f > 1/2 and o = 2E| the
optimal convergence rate of our g and my is slower than n_%; thus, it is slower than n~1. In
the case of supersmooth f., § and my converge at a logarithmic rate, which is certainly slower
than the polynomial rate obtained in Horowitz and Mammen (2004). However, these slower

convergence rates are quite reasonable given the contaminated nature of the sample.

Remark 6. [Choice of tuning parameters| To implement the first-stage estimator, we need to

choose three tuning parameters, k, r, and (. For the series length &, to the best of our knowledge,

3We set o = 2 because Han and Park (2018) assumed that f; is twice continuously differentiable in their As-
sumption K4. See Meister (2009, Section A.2) for the relationship between order of differentiability and choice of
a.

“Even though Han and Park (2018) considered a different setup where all covariates are mismeasured, the conver-
gence rate of their smoothed backfitting method would remain the same when only one covariate is mismeasured,
as it is independent of their number of covariates d. This is a natural result when the regression function has an
additive structure. Therefore, the uniform convergence rate presented in Han and Park (2018, Corollary 3.5) can
be directly compared to Theorem [2| when the smoothing parameters o and S are the same.

5We note that if B > 1/2, then f. is bounded and continuous.

6Similarly to the previous case, here we set & = 2 because Horowitz and Mammen (2004) assume that m; is twice
continuously differentiable in their Assumption A2.
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there is no theoretical study on the optimal choice even for the error-free additive model. As
suggested in Horowitz and Lee (2005), one practical way is to construct a BIC-type criterion
function for k, and choose k to minimize it. In our setup, the BIC-type criterion is obtained from
the sample counterpart of the least squares objective function with a penalty term for .
For the tuning parameters r and ( in the ridge-type regularization, we can follow the suggestions
in Hall and Meister (2007). The choice of r, which controls the shape of the smoothing regime, is
less important. For example, Hall and Meister (2007) set = 2 for the ordinary smooth case and
r = 0 for the supersmooth case in their numerical study. On the other hand, ¢ plays the role of
the ridge smoothing parameter, and its choice is crucial. For example, the moment estimator in
is interpreted as the one for E[Yp,(X*)] = [ m(z) fx+(z)py(z)dz. Thus, we can adapt the
cross-validation method in Hall and Meister (20077 pp- 1539—40), which minimizes an estimate
of [|m(z fX*( ) —m(z) fx+(z)|?dx with respect to (, to the criterion weighted by py ().

3.2. Second-stage estimator. In this subsection, we derive the asymptotic distribution of the

second-stage estimators g and my. To this end, we impose the following additional assumptions.

Assumption 5. (1): fx~+ is continuously differentiable, || fx|lco < 00, and g is twice con-
tinuously differentiable.
(2): sup, E[|JU**"|X = 2] < oo for some constant n > 0.
(3): [wK(w)dw =0, [w?K (w)dw < oo, |[K|s < 00, and ||K% || < co.
(4): h—0 asn— .

Assumption [5[ (1) contains smoothness conditions on the density fx+ and the regression func-
tion g, which are used to control the estimation bias. Assumption 5| (2) is used to apply Lya-
punov’s central limit theorem. Assumption [5| (3) concerns the kernel function K, which is
commonly employed to control the bias from nonparametric estimation. Assumption [5| (4) is
standard for kernel-based estimators (as used in the second-stage estimator).

For the ordinary smooth case, we impose the following assumptions.

Assumption 6. (1): [f¥lae < o0, [sIP|fE(5)] — ce, and [sPFS¥ ()] — Bec for some
constant ¢ > 0 as |s| — oo.
(2): f|8|ﬁ{|Kft (8)] + [K™ (s)|}ds < oo, [|s]*|K"(s)[?ds < oo,

q ag
(3): ©B3n* BN 50 and kn” F — 0 as n — oo,

Assumption|[6] (1) is commonly used in deconvolution problems with an ordinary smooth error.
It goes further than Assumption |3, as Assumption@ (1) characterizes the exact limit, rather than
the upper and lower bounds, of the error characteristic function and its derivative in the tails.
Assumption [] (2) requires smoothness of the kernel function K. Assumption [f] (3) is required to
eliminate estimation error from the first stage. According to Theorem 2] it guarantees that the
first-stage estimator is uniformly consistent when the measurement error is ordinary smooth of

order 3. To derive the asymptotic distribution of g, we add the following assumptions.

Assumption 7. (1): For each z* € I, E[|g(X*) + U — g(z*)|?|X = 2] as a function of ©

18 continuous for almost all x.
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(2): nh?P+1 = 00 as n — oo.

Assumption [7| (1) is a technical assumption. Given Assumption [5| it would be satisfied if all
densities are continuous. Assumption [7| (2) imposes an upper bound on the speed at which the
bandwidth h decays to zero; this controls the estimation variance brought by the measurement
error, and thus is characterized by the smoothness order of the measurement error distribution.

For the supersmooth case, we impose the following assumptions.

Assumption 8. (1): K is supported on [—1,1].
(2): /ﬁ(logn)f% — 0 as n — oo.

Assumption [§] (1) assumes the kernel function K is of infinite-order, rather than adapting the
smoothness of the kernel function to that of the measurement error density as in the ordinary
smooth case. Assumption [§ (2), parallel to Assumption [6] (3), asymptotically eliminates esti-
mation error from the first stage. According to Theorem [2] it guarantees that the first-stage
estimator is uniformly consistent when the measurement error density is supersmooth. To derive

the asymptotic distribution of §, we add the following assumptions.

Assumption 9. (1): nhe 2" — 00 as n — 0.
(2): E|G1na|*he 27 — 00 asn — oo, where G 1 is defined in Appendix .

Assumption |§| (1) requires the bandwidth h to go to zero at a logarithmic rate at most, this
is due to the error characteristic function in the denominator decaying at an exponential rate.
Assumption |§| (2) is a technical assumption used to verify Lyapunov’s condition in the proof of
Theorem [3| Primitive conditions, as in Fan and Masry (1992, Condition 3.1), could be derived.
To keep the exposition simple, following Delaigle, Fan and Carroll (2009), we stick to the current
form of Lyapunov’s condition.

Under these assumptions, the asymptotic distribution of the second-stage estimator g is ob-
tained as follows. Let Bias{g(z*)} = g(2*) — E[g(z*)] and Var[g(z*)] be the variance of g(x*).

Theorem 3. Suppose Assumptions|[1], [4 and[3 hold true.
(1): Under Assumptions |3, [6, and[] it holds

") —gla") — Biuslaa)) o
Var[g(z*)]
(2): Under Assumptions[4, [§ and[9 it holds

0,1).

i(a) —gla") — Bias{i(a)} 4

_ 0,1).
Var[g(z*)]

The asymptotic normality of g is provided in a normalized form. It is interesting to note that
the measurement error barely has any effect on the bias term Bias{g(z*)}. Indeed, it can be
shown that the dominant term of Bias{g(z*)} is the same as that of Horowitz and Mammen’s
(2004) second-stage estimator of g, which is of order h2. On the other hand, the measurement
error affects the manner of divergence of Var[g(z*)] to infinity. In particular, when f. is ordinary
smooth, as shown in Appendix Var[g(z*)] explodes at the rate h~(#+1). In the case of
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supersmooth f, deriving the exact exploding rate of Var[g(z*)] is difficult in general. Thus, the
lower bound on the exploding rate of Var[j(z*)] is obtained under Assumption [J rather than
the exact rate, as shown in Appendix [B.2]

Similarly to the second-stage estimator of Horowitz and Mammen (2014) in the error-free
case, our second-stage estimator is oracle in the sense that its asymptotic distribution is the
same as if all other nonparametric components were known. In particular, as shown in Appen-
dix C, the asymptotic distribution of g is characterized by the deconvolution kernel regression
estimator with dependent variable Y — p — ZdD:1 mq(Zq) and bandwidth h, and the choice of
the bandwidth A is independent of the choice of the first-stage tuning parameters x and {. In
fact, both Assumption [6] (3) and Assumption [§] (2), which are separately imposed to guarantee
the asymptotic negligibility of the first-stage estimation error for the ordinary smooth case and
the supersmooth case, respectively, only involve x and ¢ but not h.

Since X* is not directly observable, it is difficult to adapt the penalized least squares method
in Horowitz and Mammen (2004) to select the bandwidth parameter h in the second-stage es-
timator. Even for the conventional nonparametric deconvolution regression, it is not clear how
to implement a standard data-driven selection of h, such as cross-validation (see, pp. 123-5
of Meister, 2009). One practical way to select h is to apply the SIMEX-based cross-validation
method in Delaigle and Hall (2008) by setting the dependent variable as Y; — i — S22 mq(Za,j)
in the second-stage estimation. However, the theoretical analysis of this is beyond the scope of
this paper.

We now consider the asymptotic distribution of mg4. For the ordinary smooth case, we impose

the following assumptions.

Assumption 10. (1): Z =suppg = [b1, ba].
(2): fe is ordinary smooth of order 3 > 2.
(3): E[|g(X*) +mg(Zg) + U —mg(29)|?|X = x, Zy = 2] is continuous ford =1,...,D and
almost all (z,z) € Z x [-1,1].
(4): sup, g™ (=%) %] = 0 as n — oco.
(5): nh*® = 00 as n — oo.

Assumption (1) assumes that Z equals supp X* and is a closed interval with known boundary
points by < be. It is stronger than Assumption [1| (4), where we assume that Z is a compact
subset of supp X*. However, this assumption is difficult to avoid in the current derivation of the
asymptotic normality of mg because there is an additional integration of * over Z in the definition
of mg, and we must be specific regarding the smoothness of this integration. In Assumption [10]
(2), we require B > 2, which is a technical assumption to guarantee [ |K(s)||s|®~2ds < oc.
Assumption (3) plays a similar role as Assumption [7| (1). Again, given Assumption 5] it
would be satisfied if all densities are continuous. Assumption [10| (4) is an additional smoothness
condition on ¢ to ensure the estimation noise of § is negligible in the estimation of my. In
particular, it requires that ¢ should decay to zero fast enough. Assumption (5) imposes an
upper bound on the decay rate of h to zero. This is different from Assumption (7| (2) due to the

additional integration with respect to z* in the definition of my.
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To derive the asymptotic distribution of mg4 for the supersmooth case, we impose the following

assumptions.

Assumption 11. (1): Z =suppg = [b1, ba].
(2): nh3e 2477 5 00 as n — oo.
(3): E'\G‘lj’n’l|2h36_2/‘hﬂ — 00 as n — 00, where G‘I{n’l is defined in Appendz':r for
d=1,...,D.

Assumption (2) plays a similar role as Assumption |§| (1). This assumption requires the
bandwidth h to decay at an even slower rate due to the extra integration in the definition of my.
Assumption (3) is a technical assumption used to verify Lyapunov’s condition in the proof
of Theorem || which is imposed to keep the presentation simple. Similar to Assumption |§| (2),
primitive conditions, like Fan and Masry (1992, Condition 3.1), could be derived.

The asymptotic distribution of the second-stage estimator mg for my is obtained as follows.

Let Bias{mg(zq4)} = ma(zq4) — E[ma(zq)] and Var[mg(zq)] be the variance of mq(zq).

Theorem 4. Suppose Assumptions |1}, [4 and[3 hold true.
(1): Under Assumption[f and[10, it holds
ma(za) — ma(zq) — Bias{ma(zq4)}
Var(ma(zq)]
(2): Under Assumption[},[8 and it holds

mq(za) — ma(zq) — Bias{ma(zq)} d
Var[ma(zq)]

4 N(0,1).

N(0,1).

Similar to g, the asymptotic normality of mg is also provided in a normalized form. Again,
it can be shown that the dominant term of Bias{m4(z4)} is the same as that of the error-free
second-stage estimator of my as in Horowitz and Mammen (2004), which has the order h%, while
the measurement error slows down the divergence rate of Var[mg(zq)] to infinity. In particular,
when f. is ordinary smooth, as shown in Appendix Var[mg(zq)] diverges at the rate h=2%,
which is slower than that of § due to the additional integration with respect to z*. In the case of
supersmooth fe, again, the lower bound on the divergence rate of Var[mg(zq)] is obtained under
Assumption [IT] rather than the exact rate, as shown in Appendix [B.3] By similar arguments for
g, as for the second-stage estimator of Horowitz and Mammen (2004) in the error-free case, mg
is oracle in the sense that its asymptotic distribution is the same as if all other nonparametric

components were known.

4. CASE OF UNKNOWN MEASUREMENT ERROR DISTRIBUTION

4.1. Setup and estimator. A major limitation of our estimator is the assumption that the
measurement error density f. is known, which is unrealistic in many settings. In this section, we
relax this assumption by considering f. to be unknown but repeated measurements on X* are
available. Suppose we have two independent noisy measurements of the error-free covariate X*,
ie.,

Xj=X;+¢, and X] =X+, (4.1)
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for j =1,...,n. The following assumption is imposed for identification of f.

Assumption 12. €" has the same distribution as €, and is independent of (Y, X* €). Further-

more, f% is real-valued.

These assumptions are commonly used in the literature when the measurement error distribu-
tion is symmetric around zero. In particular, Assumption [12] requires that €” is an independent
copy of €, and feft is real-valued if f, is symmetric around zero. Under Assumption the mea-
surement error distribution can be identified by f(t) = |E[cos{t(X — X7)}]|'/2. Given an i.i.d.
sample {X;, X7}7_; of (X, X"), following Delaigle, Hall and Meister (2008), £t can be estimated

by
1/2

n
) = |23 cosft(X; — X7}
j=1
Based on this estimator of f, we propose to estimate g and mg4 by
K K
9@™) =Y @), malza) = ar(za)07, (42)
k=1 k=1

where 6 = (RE[P,P.])"'RE[Y P!], and elements of E[Y P!] and E[P,P] are constructed as

- . 1 1 X, (=) fi(t)
Ep(X*)Q] = 27r/ n;@ﬁ X {?Eft(t)\/n—C}th’

which is obtained by replacing f in E [p(X*)Q] by the estimator f* and using the fact that
fit(—t) = f7(t) and f() > 0 for all ¢ € R.

4.2. Asymptotic properties. To study the asymptotic properties of g,m1,...,mp, we focus
on a special case where Z coincides with the support of X*. Even though it is rare in practice,
this simplifying assumption allows us to characterize the additional challenges that must be
met in order to extend our methods to the case when f. is unknown. Alternatively, we could
assume that the density of X* is bounded away from zero over the range of integration; such an
assumption is not uncommon in works of this type. The known support assumption, together
with some additional assumptions used to derive the convergence rates of §,7m1,...,mp, are

summarized as follows.

Assumption 13. (1): Z is the support of X*.
(2): Ele]**s < oo for some ¢ > 0.
(3): maxg_1,.p Elqp(Z4)|? < 00 and [ |pit(t)|dt < 0o fork=1,....

Assumption (2) is a mild condition required by Lemma |11} in Appendix D, which is used
to characterize the uniform convergence rate of the empirical characteristic function of € — €”
over an expanding region. Assumption |13| (3) contains additional conditions on the basis func-
tions than Assumption In particular, the first part is imposed to guarantee that terms like
1 > j=1lak(Za ;)| and 1 > i=11ak(Zaj)a(Zy j)| are stochastically bounded, and the second part

is a regularity condition on p; used to characterize the convergence rates of §,m1,...,mp.
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For the tuning parameter x, when f. is unknown, in addition to Assumption [3|and [@ we make

the following assumptions for the ordinary smooth case and supersmooth case, respectively.
n~1/21og (c})gﬁnc/ﬁ — 1) ,

& — 0 asn— 0.
maXxi<i<g \t|>c¥%n</5—1 |pk (t)’dt

Assumption 14. x%n3¢ max

n=12log (n™/7 log(css, 1))

Assumption 15. x%n% max o
maxi<g<x [t]>p=1/7 log(css,onS) 1/ ‘pk (t)|dt

}—>Oasn—>oo.

In the ordinary smooth case, Assumption [[4] guarantees that if n is large enough, the moment
matrix E[P,P!] for the case when f. is estimated using repeated measurements on X* is close
to the moment matrix E [P, P!] for the case when f, is directly known, which is used in the
proof of Theorem [} Assumption [15| plays a similar role in the proof of Theorem [5| when f. is
supersmooth.

Under these assumptions, the convergence rates of the estimators for the case of unknown f.

are obtained as follows.

Theorem 5. Suppose Assumption[]] holds except fe is unknown, and Assumptions|3, and[13
hold true.

(1): Under Assumptions |3 and[14], it holds

. < 1 _a¢
16— 8ol = O (nn 372 4 win™F 4572402 L),
<1 _a¢
sup |g(z*) — g(z™)| = O, (/ﬁ]%n<+2ﬁ 2 4L kn B + K3 + Hl/QX(l)fng,Q) )
x*ez b 1S

max  sup |mg(zq) — mg(zq)| = O (/@%nG%_%
1=d<D ;,e[-1,1] ?

_ag _3
+rnTF 4R+ ml/{"xiﬁlm) ,

where Xosn, ¢ = K2n~1/2+3¢ log(c(l)gﬁncw — 1) + k20 max) <<y f|t‘>cl/%n</ﬁil |p%(t)|dt.
(2): Under Assumptions[{] and[15, it holds ’
; 1 _e 1/2
16— boll = Oy (w3 (logm) ™ +n2 43102 ).
- « a3 1/2

su%]g(w )—g(z")] =0, (/ﬁ(logn) THR2 A4 Hl/QXss/,n,C,ﬁ) ,

T*e
max sup |rina(4) — ma(za)| = Op (nllogn) ™% +r7% 4 k202 ),
1§dSD Zde[—l,l] p SSv’”ﬁC?H

— 2,3 ft
where XSSv”vC:R =kKTn C maXlSkSH ..f‘t|>'u,*1/"/ log(css’OnC)l/’Y |pk‘ (t)|dt

Theorem [5| (1) presents the convergence rates of §,m1,...,mp when f is ordinary smooth.
Compared to Theorem [2| (1) where f. is known, the additional components that contain Xos n,¢.x
characterize the estimation error of feft In particular, the first component of xs ¢« captures the
estimation error of feft over an expanding region, and the second component is the upper bound
of the estimation error of feft in the tails, obtained through the regularity of the basis functions
pr and the smoothness of f.. Theorem [5| (2) presents the convergence rates of §,7h,...,mp
when f. is supersmooth. Similarly to the ordinary smooth case, the additional components that

contain Xgsn¢,, characterize the estimation error of f;ft In contrast to the ordinary smooth
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case, since k can only diverge at a logarithm rate, the additional component that captures the
estimation error of feft over an expanding region is dominated and does not appear in the final

rate.

5. FINITE SAMPLE PROPERTIES

In this section, the finite sample properties of our estimator are investigated and compared
to the estimators of Han and Park (2018) and Horowitz and Mammen (2004). Note that the
estimator of Horowitz and Mammen (2004) is not designed to deal with measurement error, so
this constitutes simply ignoring the measurement error issue.

The following data generating process is considered
Y =1+ g(X") +mi(Z1) + ma(Z2) + U,

where (X*Z, Z5) are each drawn from N (0,1/3) with correlation of 0.25 between each variable,
and U is drawn from N(0,1/3) and is independent of (X*Z, Z3). While X* is assumed unob-
servable, we suppose X = X™* + € is observed, where ¢ is mutually independent and independent
of (X*,Z1,Z2,U). We consider two cases for the density of e. For the ordinary smooth case, €
has a zero mean Laplace distribution with variance of 1/9. For the supersmooth case, € has a
normal distribution with zero mean and variance of 1/9.

For the regression functions, we take m1(z) = z — 22, ma(z) = sin(nz), and consider three

specifications for g(z):
DGP1 :g(z) = z — 22,
DGP2 :g(z) = arctan(mz),
DGP3 :g(z) = cos(mz).

Note that each function is further standardized such that Assumption [1| (6) is satisfied, where
we truncate the range of integration at the 5% and 95% quantiles of X*.
Throughout the simulation study, we use the kernel proposed in Fan (1992) which has a Fourier

transform given by
K% =1{|t] < 1}(1 - t?)%.

This kernel satisfies all necessary assumptions given in Section As basis functions for our
approach, we use polynomials standardized to satisfy Assumptions (4) and (5). For the choice of
tuning parameters for the first-stage estimator, we follow the suggestions in Remark 6 of Section
while the bandwidth for the second-stage estimator is selected using the SIMEX approach
of Delaigle and Hall (2008). The bandwidth for the estimator of Han and Park (2018) was also
chosen using this SIMEX approach. For the method of Horowitz and Mammen (2004), we use
cross-validation to choose the bandwidths and use the same polynomials as for our estimator.
Results for two sample sizes, 500 and 1000, are provided. The mean integrated squared error

(multiplied by 10) for each estimator under each setting is given in Tables 1 - 3 and are based on
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1000 Monte Carlo replications. ‘DOT’ refers to the estimator of this paper, while ‘HP’ and ‘HM’
refer to the methods of Han and Park (2018) and Horowitz and Mammen (2004), respectively.

Table 1: DGP 1

Estimator g mi mo

Error Type OS SS 0S SS (O] SS

Sample Size 500 1000 500 1000 500 1000 500 1000 500 1000 500 1000

DOT 0.30 0.26 042 0.38 026 023 0.24 021 0.18 0.11 0.16 0.10

HP 0.22 0.15 039 032 021 0.18 0.18 0.15 035 0.27 0.34 0.27

HM 0.51 046 058 0.55 024 021 0.24 0.21 0.16 0.10 0.16 0.10

Table 2: DGP 2

Estimator g mi mo

Error Type OS SS 0S SS (O] SS

Sample Size 500 1000 500 1000 500 1000 500 1000 500 1000 500 1000

DOT 0.21 0.16 049 040 026 023 0.25 0.22 019 0.12 0.17 0.11

HP 0.30 0.22 0.57 0.45 0.12 0.07 0.11 0.07 033 0.25 031 0.24

HM 0.73 0.64 090 0.81 0.24 022 024 0.22 016 0.10 0.16 0.10

Table 3: DGP 3

Estimator g mi mo

Error Type 0OSs SS OSs SS oS SS

Sample Size 500 1000 500 1000 500 1000 500 1000 500 1000 500 1000

DOT 047 034 1.13 098 026 023 024 0.22 019 0.11 0.18 0.11

HP 0.53 035 149 1.30 0.21 0.16 0.19 0.16 035 0.27 0.34 0.27

HM 1.40 1.27 1.79 1.67 024 0.22 024 022 0.17 0.11 0.17 0.11

First, as would be expected, the MISE for each estimator falls as the sample size increases
and when the function to be estimated is closer to linearity. Furthermore, as suggested by the
theoretical results, the performance of the estimators is better in the case of ordinary smooth
measurement error than with supersmooth error. It is also unsurprising to see that m; and my
are estimated with a lower MISE than g since the regressor associated with ¢ is the only one to

suffer from measurement error.
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In all settings, the method of Horowitz and Mammen (2004) is clearly dominated by the other
two methods when estimating g; this is to be expected since the approach of Horowitz and
Mammen (2004) is designed to be used only with perfectly measured regressors. However, it is
interesting to note that this estimator performs admirably when estimating m; and ms, showing
a marginal improvement over the method of this paper and generally giving lower MISE than
the estimator of Han and Park (2018).

When comparing the estimator of this paper to that of Han and Park (2018), it appears that
neither approach dominates the other. When the function to estimate is closer to linearity, i.e.
g in DGP 1 and m; in all three DGPs, the estimator of Han and Park (2018) is preferable.
However, when the function exhibits more nonlinearity, our estimator dominates. Interestingly,
the difference between the estimators does not appear to depend on the smoothness of the
measurement error density. This suggests that although Han and Park (2018) do not discuss the
asymptotic properties of their estimator under supersmooth error, it is likely to remain consistent

in this case.

6. EMPIRICAL APPLICATION

In this section, we use our estimator to analyze the black-white wage gap. In particular,
we aim to shed light on the differing wage-returns to cognitive ability, tenure, and education
across race. This topic dates back to at least Blinder (1973) and has received much attention
in the economics literature (see, for example, Card and Lemieux, 1996, Chay and Lee, 2000,
and Lang and Manove, 2011). While many papers include cognitive ability as a control - or
explicitly estimate the return to cognitive ability - few account for the inherent measurement
error present in this variable. Schennach (2007) is one such exception. In that paper, she presents
a nonlinear - but parametric - model of the black-white wage gap while taking seriously the issue
of measurement error. See Lang and Lehman (2012) for a comprehensive review of this vast
literature.

For our study, we use data from the National Longitudinal Survey of Youth 1979 (NLSY79).
The dataset contains a sample of Americans who were aged between 14-22 when first interviewed
in 1979. As is typical in work using the NLSY79 dataset, we restrict the sample to males who
work in the formal labour market (Neal, 2004). One part of this extensive survey is the Armed
Services Vocational Aptitude Battery (ASVAB), a series of multiple-choice tests designed to
measure cognitive ability. The individuals are then periodically interviewed, with the most
recent interview conducted in 2016. Among other variables, information on education, tenure,
and wages is provided in these surveys.

Our interest lies in estimating the effect of cognitive ability, tenure, and education on wages
as measured in 2016, and how these effects differ across race. Thus, we estimate an additive
regression model using the approach of this paper where the log of hourly wages is the dependent
variable and cognitive ability measured by the ASVAB test score (averaged over the ten tests
administered), years of tenure, and years of education act as the regressors. All variables are

standardized to have unit variance. To allow for the effect of race to be unconstrained, we
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estimate the model separately for blacks and whites. The sample size for blacks is 600, and for
whites 1232.

We consider the ASVAB score to be a noisy measure of cognitive ability, where the noise is
unrelated to the true underlying ability (see Dong, Otsu and Taylor, 2020, for evidence to the
suitability of the classical measurement error assumption in this context). In contrast to the
Monte Carlo evidence in Section [3 here we assume the distribution of the measurement error
to be known, thus, we must specify choices. We assume the error distribution is normal and
give results for a standard deviation of 0.1 and 0.3, respectively; this allows an examination of
the sensitivity of the results to this choice. The parameters for the estimator are chosen in the
same manner as in Section ] In Figures - we plot each of the additive functions between
the 1% and 99% quantile of the respective regressor. The blue lines refer to results for black
individuals and the red lines for white individuals. The solid lines use a standard deviation of
0.1 for the measurement error and the dashed lines use 0.3.

First, it is interesting to see that the estimates for whites are quite insensitive to the assumed
standard deviation of the measurement error. However, for blacks, this is not the case for all
estimated functions; this likely reflect the smaller sample size for black men. Unsurprisingly, there
is a positive effect for each of cognitive ability, tenure, and education on wages, with cognitive
ability showing the largest effect. It is also clear from these plots that the relationship between
each regressor and the outcome is nonlinear. Thus, a nonparametric analysis seems necessary in
this setting. Finally, in line with much of the previous literature, the estimated wage-returns for
these different attributes are higher for blacks than whites (see, for example, Lang and Manove,
2011).
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Cogpnitive Ability

FIGURE 6.1. Plot of § between the 1% and 99% quantile of the ASVAB test score using the
NLSY79 dataset. The blue lines give results for black individuals and the red lines for white
individuals. The solid lines use a standard deviation of 0.1 for the measurement error and the

dashed lines use 0.3.
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Tenure

FIGURE 6.2. Plot of /1 between the 1% and 99% quantile of tenure (in years) using the
NLSY79 dataset. The blue lines give results for black individuals and the red lines for white
individuals. The solid lines use a standard deviation of 0.1 for the measurement error and the
dashed lines use 0.3.
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FIGURE 6.3. Plot of /2 between the 1% and 99% quantile of education (in years) using the
NLSY79 dataset. The blue lines give results for black individuals and the red lines for white
individuals. The solid lines use a standard deviation of 0.1 for the measurement error and the
dashed lines use 0.3.

7. CONCLUSION

In this paper, we develop a novel nonparametric estimation strategy for additive models where
one covariate is contaminated with classical measurement error. The estimation procedure is di-

vided into two stages. In the first stage, to adapt to the additive structure of the regression
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function, we derive the first-stage estimator based on an orthonormal series approximation com-
bined with a ridge parameter deconvolution; the ridge approach being used to deal with the
ill-posedness brought by the measurement error.

The uniform convergence rate of our first-stage estimator is separately derived for cases of
ordinary /super smooth measurement error. In particular, we find that the presence of mea-
surement error slows down the convergence rate in general. In the case of ordinary smooth
measurement error, our first-stage estimator can achieve a uniform convergence rate as fast as
n_ﬁ, which is faster than n~ 7 as in Han and Park (2018) under the same smoothness
condition when aw = 2 and 8 > 1/2. In the case of supersmooth measurement error which was not
addressed by Han and Park (2018), our first-stage estimator can achieve a uniform convergence
rate as fast as (log n)_%x These rate results, however, are slower than the error-free rate n=1
as in Horowitz and Mammen (2004), which is expected given the contaminated nature of the
sample. To establish the limiting distribution - which is important for statistical inference - we
consider the second-stage estimator obtained by one-step backfitting using a deconvolution ker-
nel based on our first-stage estimator. The method of constructing our second-stage estimator,
however, depends on whether the nonparametric component to be estimated is associated with
a mismeasured covariate or a correctly measured one. The asymptotic normality is established
for both types of second-stage estimator, and for cases of ordinary/super smooth measurement
error. Finally, a Monte Carlo study and an empirical application highlight the applicability of
our estimator.

Further research is needed to explore optimal convergence rates, adaptive estimation, and

extensions to models with non-identity link functions.
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APPENDIX A. PROOFS FOR SECTIONZ|

A.1. Proof of Theorem Let z = (21,...,2D), 2—a = (21,1 2d—1, 2d+1,- -+, 2D), A(Z) be

the length of the set Z, and f{},XZ(y, 5 2)(t) = [ frix.z(y,x, 2)edx, where fy x 7 is the density

of (Y, X,Z). By Assumption |I| (1) and Lemma (2), fy,x*,z is identified as

e Iex 2 2)()
fE&@)

and the conditional mean E[Y|X* Z] is also identified under Assumption 1| (2). Thus, using

Assumption |1] (3), the intercept p and the functions g and mgy for d = 1,..., D are identified as

. 1
fY,X*,Z(yvm ’Z) = /6 dta

21

p o= 27PA@)™! // EY|X* =2, Z = z|dz"dz,
Ix[-1,1]P
g(z*) = 2_D/ EY|X* =2",Z = z]dz — p,
[_171]D

ma(zq) = 2_(D—1)/[ - EY|X*=a"Z = z|ldz_q — pp — g(x™).

APPENDIX B. PROOFS FOR SECTION [3]
B.1. Proof of Theorem [2| . First, we show the convergence rate of ||§ — 6*||2. Let M, =
RE[P.P!], C.. = RE[Y P!], M,, = E[P,P], C, = E[P.Y], 0* = M7'C,, and r, = E[Y|X*, Z] —
P!/6y. Observe that

16 = 0% = 1M Ch = M Cul® = | M (C = Co) + M (Mg — Mie)0* ||
< 20NN (Cr = Co)lP + 20 M (M — Me)o |2
< max(M){IC = Cull® + [V — M |17},

where the penultimate step follows from Jensen’s inequality, and the last step follows from
Amax(A) = sups=1 0" Ad and Apax(A’A) < || Al

Since | M, — M,||? < |E[P.P.] — My|? and ||C — C,||? < |E[P.Y] — Cx||?, the orders of
| M, — M,||? and ||C, — Ci]? follow from Lemma For Amax(M:2), we have

Amax (M%) = A=2 (M) > { inf 6" (M, — M,.)8 + Amin (M)},

K min
llé]1=1

N 2 A
where (inf||5H:1 8 (M, fM,{)é) < ||M, — M,||? & 0 under Assumptionor and Amin (M) >
A > 0 as in Assumption [2| (4). For ||6*]|?, we have

160%]|? = C.M2C < Apax (M HC.M1C. < A'E[E[Y|X*, Z)?] < o0,

where the third step follows from Cy, = E[P,E[Y|X*, Z]] and Theorem 1 of Tripathi (1999), and

the last step follows from the boundedness of g, m1,--- ,mp. Combining these results, we obtain
< _2a¢
16— 67| Op k22T gn TR ) under Assumption
_ - 20
O, (k(logn)™ ~ ) under Assumption [
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Therefore, the convergence rate of || — || follows from the triangle inequality and
16 = 6oll2 = BIPLrI M 2E[Pyrg] < Amox (M ) EIPL M E[Pary) < AV B[rE] = O(sY),

where the first step follows from 6* = 6y + M ! E[P,ry], the third step follows from Theorem 1
of Tripathi (1999), and the last step follows from Assumption [2] (4).
Next, we prove the convergence rates of § and mg. Since the proof is similar, we focus on g.

Let 6° be the vector of estimated coefficients in 6 corresponding to Py o. Then, we have

sup [§(z*) — g(z")| < sup [Puo(a*) (67 — 60)] + sup |g(a*) — PLo(X*)6f|

a*€T a*eT @+l
< swp 1Pl - 16° = 631l + O(x~2)
O, m%ner%*% + finf% + H_%> under Assumption [3]
B O, ( k(log n)_% + Iﬁ_%> under Assumption

where the second step uses the Cauchy-Schwartz inequality and Assumption [2| (4), and the
last step follows from sup,.cz |Peo(@*)| < $up(ee syezu(1p | Pe(a®, ), Assumption [ (4),
16° — 63| < [|6 — 6o]|, and the convergence rate of [|§ — 6o||.

B.2. Proof of Theorem [3|. To simplify the presentation, in the following discussion we sup-
press dependence on x*, the point at which g is evaluated. Let A, = % Z?:l Kp(z*—X;) and a =
fx=(z*) f K(w)dw. Decompose §—g = % Z?Zl Gn,j, where G, j = G1,j+ G20, j+G30j+Gan,;
and

D

e KM .
Gl,n,_] - 27Ta / € J fEft (t) |:Y7 M ; md(Zd,]) g(l' ):| dt’
D D
L[ eeox,) KT (th) N . ‘
Gon,j = 2ma € ! fEft (t) [/‘ + ; md(ZdJ) H ; md(Zd,J)] dt,
a— A, a— A,
G3nj A, Ginjs Ganj = TnGz,n,j-

The proof is divided into three steps. First, we consider the case where f. is ordinary smooth.

Step 1: Show
> =1 G — nE[G1n]

nVar|Gin1]
By Lyapunov’s central limit theorem, it is sufficient for (B.1]) to show

E|Gina
nn/2 [E|G17n71’2

4 N(0,1). (B.1)

2+n
}(2+n)/2 =0

nl;rgo (B.2)
for some constant n > 0. Let pgo4y(z) = E[|g(X*) + U — g(z*)|*™"|X = z]fx(z). By the law
of iterated expectations, we can write E|G17n,1|2+’7 as

1 () KTE(ER)
2 —it(z*—=x
AG = [ |5 [ T

2+n
Iig,24n(T)dz. (B.3)
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2
fg,2+n()d

If n > 0, we have
—(B+1)n ft n 28+1 - ft
h h,ﬁ+1/ K (th)|dt x h / /elt(:z: fx)K (th) dt
(27)nal>+m) & @)l ar Jo |/ &)

= O(h~B+Dm+2+1y (B.4)

where the equality follows by Lemmas 5l and [/} On the other hand, if n = 0, we have

p—(28+1) (2641 o KR(@R) P
E n 2 — —it(z*—x) dt
[G1nal 2\ i / / [0

:“g,2+n(93)d5'3>

_ WPy a(a) / 5211 (s) Pds {1+ 0p(1)} .

2ma?c?

where the second equality follows by Lemma Thus, (B.4)) and (B.5| - together imply that (| -
holds true if nh — oo as n — oo.
Step 2: Show

> i1 Goyg — nE[Gapn ] 2,

(B.6)
nVar|Gin1]

For the numerator, we note

ZGQW E[Gapn1] = O, (MnEng,n,l 2), (B.7)

and
2

e el(7)
/te Ha"—z) feft((t))dt fx(x)dz

E|Ganal

310y

- [

D 2
< <|M M|+Z sup  |rg(zq) — md(zd)|>

D
2
‘;L—f—ZTnd Zdl) Z’I’?Ld(zdjl)‘ |X:fL‘]
d=1

d=1

d= 1Zri€[ 1,1]
h26+1 e KT (th) 2
21 —(26+1 —it(x*—x
A5 >{4ﬁ2/ [ B ooy
0, (RO 2= 004 | oy 55)

where the last equality follows by Theorem 2] and Lemma [7] For the denominator,
ElGina] = /6_1” K" (th){E["™X" g(X")] — B[e"X ]g(z")}dt
= E[Kn(z" = X")g(X")] — E[Kp (2" — X7)]g(z")

— /Kh$ —w)g(w) fx+(w)dw — g(x /KhJU —w) fx«(w)dw
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where the last equality follows by the second-order differentiability of fx~, the third-order dif-
ferentiability of g, the symmetry of K, [ K (w)w?dw < 0o, and the fact that

[ Knta® =~ wiglw)fx-(w)dw - g(a) [ Kila® = w) - (w)d
= fX*(a:*)g”(:z:*)/K(w)deth + o(h?).
Then and (B.5)) imply that Var[Gy 1] is strictly dominated by E|G1 ,1|? for large n. Now

by (B.5)), we have
1

—— = O(h?+), B.10
Var[Gipn] ( ) ( )
¢ ag
Thus, (B.6) holds true if ﬂ%nﬁﬁ_% +kn B + K73 = 0asn — oo

Step 3: Show

nVar|Gin]
for k = 3,4. For this, it is sufficient to show A, —a = 0,(1). To see this, note

0, (B.11)

An = E[An] + 0, (n_1/2 [E[Ky (2" — X)[2] 1/2). (B.12)
For the first term in (B.12)), we have
ElA)] = E [;ﬂ / I;;((’;};)e—it@*—)f)dt] = % / e K (th) £ (t)dt
= EB[Kn(a* — X*)] = /K(u)fx*(:c* — uh)du = a + O(h), (B.13)

where the second equality follows by Assumption [1| (1), the third equality follows by Plancherel’s
isometry (Lemma (1| (1)), the fourth equality follows by a change of variables, and the last
equality follows by the differentiability of fx«. For the second term in , by Lemma (7] we
have E|Kj(z* — X)|?> = O(h~*#*1) and thus

Ap —a = O(h) + Oy(n~ V2= BF1/2), (B.14)

which implies that (B.11)) follows by (B.1)) and if h — 0 and nh?#*! — cc.
Combining (B.1)), (B.6), and (B.11), we have
i) = gla) = Bins(ale)} o o
Var [Gl,n,l]

where Bias{g(z*)} = E[Gp1]. To conclude for the ordinary smooth case, note Var[g(z*)] =
%Var [ Zi:l G k,n,l] . By the Cauchy-Schwartz inequality, the covariance terms are dominated by

the variance terms, then for Var[g(z*)]/Var[G1n1] > 1, it is sufficient to show Var[Gy.1]/Var[Gi.1] =

0 for k = 2,3,4, which immediately follows by (B.8]), (B.10]), and (B.12).

The proof for the supersmooth case is similar to that of the ordinary smooth case, so we only

state the differences here. First, we update the upper bound results. In Step 1 of the ordinary
smooth case, to verify the Lyapunov condition (B.2), by (B.3]), parallel to (B.4), for n > 0, we
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have

2

SUpPg Mg,2+77 /|Kft / /eit(a:*x) Kft(th) dt! dx
(2ma)>*n fE() v |/t FE(#)

) (h (L) gh(ZHmh ™ ”), (B.15)

E|Gy [t

IN

where the last equality follows by Lemma [8 and sup, fig,244(x) < co. For the latter, we note

llglloc < ¢4 for some ¢4 > 0 and
9 -9\ =9 g\x ~ C < C Co ,
9(X™*) + U — g(a*) Pt < {|g(X*)| + [U| + |g(a™) [} < {2¢q + [U]}*T" < c1 + co|UPT

for constants ¢; = 2177(2¢,)** and ¢ = 2117, Hence, sup,, pig.91n(x) < oo follows by || fx |l <
oo and sup, E[|U|*T"|X = z] < co. By a similar argument as in (B.15]), we have

ft 2 ft 2
/ /e—it(x*—m) K (th) dt /e—it(x*—x) K (th) dt
x |JE t

fe@is < fxle [
0 il ], 0

= O(h—le%h’”), (B.16)
where the equality follows by || fx|lcc < o0 and Lemma |8 Therefore, for the parallel result to
(B8). by Theorem F] and (B-I5).

dzx

E|Gopil* = 0, (H(log n) ERTle2h T Fr%h*e%h”) : (B.17)
For the parallel result to (B.12]), using (B.16]), we have
An—a=O0(h)+0, (nfl/Qh*I/%“h‘”) , (B.18)

which implies that still holds if h — 0 and nhe 2*""" — .

To verify Lyapunov’s condition and to check that the first-stage estimation error is
negligible as in , besides , we also need the parallel result to (B.5). However, it is
difficult to derive the parallel result to Lemma [7] in general for the case of supersmooth fe. In
the deconvolution literature, the lower bound of F |G17n,1|2 is commonly used to verify in
the case of supersmooth f.. Primitive conditions, like Fan and Masry (1992, Condition 3.1), can
be imposed to this end. In this paper, to avoid unnecessary complication, we directly assume
the lower bound of E|Gj,1/|* in Assumption (8 (3). Hence, under Assumption [8 (3), both
and hold true, and the conclusion follows.

B.3. Proof of Theorem [4] . Similar to the proof of Theorem [3] in the following discussion we

suppress dependence on z4, the point at which mg is evaluated. Let Aﬁ = % E?Zl oreT Kp(x* —

X;)da*Kp(2a—Za;) and a® = [ . cer fxe Zd z*, zg)da* ([ K(w )2 First, similar to the proof of
Theoreml we have mg(zq) —ma(zq) = ijl n.j» Where Gd Gcfnj +GY . +G4 . +GY nj
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1 N .
Glog = d/ Kn(2" = Xj)da"Kn(za = Za,5) [Yj — K= Z ma (Za ;) — md(zd)]
a” Jgrez oy
/ Kh — ) ( )dac Kh(zd — Zd )
d _ A ”
GQWJ - ad / Kh z* — )dl‘ Kh(zd - Zdj |:M + (%;dmd/ Zd/ aal d%;dmd/(Zd/’j)}
1 * ~ * * *
i IKh(:E — Xi){9(27) — g(2") pdz" Kn(za — Zaj),
*e
ad — Ad — Ad
G3n,] = An Gln]7 G4n,j An GQnJa

and the rest of the proof follows in three steps. First, we consider the ordinary smooth case.

Step 1: Show
2+n

E‘G(li,n,l -0
2+n)/2 7

lim
n—oo

(B.19)
i/ |E|GY,, \ 2]

for some constant n > 0. For the numerator, by Jensen’s inequality,

o(1+m) 241

< (a2t ‘/ Kp(x* — X)dz* K (24 — Za){ima(Za) + 9(X*) + U — ma(za) }

2(1+n 241
(a7 ‘/ Kn(z* = X)g(2*)de" Kn (24 — Za)

For the first term, we have

2+n

/ Ky (2" — X)do* Kp(za — Za){ma(Za) + g(X™) + U — mqa(za) }

ft
_ b | K ( th
EGE
where the first equality follows by the law of iterated expectations, ||mgllco < 00, [|g]lco < 00,
SUPy,v EHUP_H?‘X =u,Zq = 'U] < 00, and

E / Kh(x* — X)dx*Kh(Zd — Zd)
z*€l

2
) = O(h~(r+2)8=2m)

E [[ma(Za) + 9(X") + U = ma(za) P 1X = u, Za = v]
< 4 @Amal 27+ g7+ BIUPIX = w, Zo =),

and the second equality follows by Lemmas [f] and [0
By a very similar argument, we have

2+n

E / Kp(x* — X)g(z®)dz" Kp(zq — Zq) = O(h—(ﬂ-f-?)ﬁ—?n)’
x*el

which implies E|GY,, ,|*™ = O(h~(172)8=21) " Also, by Lemma @ there exists a constant ¢ > 0
such that E]G‘li’n,ﬂ2 > ¢h=2P for all n large enough. Thus, |) holds true if nh* — oo as

n — oQ.
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Step 2: Show
E|Gg,n,1 ’2

— o 0. (B.20)
Var(G%,n,l)

For the numerator, we have

d
E|G2,n,1

2 * * ~ A

2 < 2p / Kn(a" — X)da" Kn(za — Z) [+ S mar(Za) — o= 3 v (Za)]
a x*el d’;ﬁd d’;ﬁd

2

2
—F B.21
+a2d ( )

/ Bl = X)) gla) e K (za = o)

For the first term, we have

E / Kh(x* — X)dx*Kh(zd - Zd) [M + Z md/(Zd/) - ﬂ - Z md/(Zd/)}
zr€l d'#d d'#d
2
= / E e+ Zmd’(Zd/) o Zmd/(zd’) X=u,Zs=v
v d'#d d'#d
2
fx z,(u,v)dudv
2

= pl+ > sup |rig(za) — ma(za)| | R {h%E
d#d e €11

X

/ Kp(z* — u)dx* Kp(zq — v)
z*el

IN

)

/ Kp(z* — X)de*Kp(zq — Zq)
x*el

where the first equality follows by the law of iterated expectations and the last equality follows

by Theorem [2 and Lemma [9] By a similar argument, we have

2
E

[ Bl = X0(ala) — gla) o i~ Z)

= 0y (W PRI S8 4 h 0 L h Bt

< 1

_ag
which implies E|G§l,nJ|2 =0,y (h_Qﬂ/ﬂ%nG 2872 4 h2Pn”F + h_w/@_%) For the denomina-
tor, by Lemma |§|, we have E\G‘f7n71]2 > ch™2%. Also, we note

BGL) = [ g [ R ) B maZe) + (X} e = ZIX )Y ()t

_/ W/e—itr*Kft(th) {E[Ky(2a — Za)| X" fx 3 (t)dtda™
z*el 2m

= ). Bllma(Za) + (X"} (o" = XKy (20 — Za)lde®

- / I{md(zd) + g(x)YE[Kp (2% — X*) K, (24 — Zg))dz* = O(h?), (B.22)

where the first equality follows by Assumption (1| (1), the second equality follows by the convolu-
tion theorem (Lemmal[l|(2)), and the last equality follows by the twice continuous differentiability
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of g, mq, and fx~« z,, the symmetry of K, fK(w)w2dw < 00, and the following fact

[ Bl — ) K = wa)g(wn) + mawn) e 2w, wn)dw

o) + male)} [ Kila® = w)Kn(za ~ w) e 2,0, w0)d

[ K@K 02"~ wnh) + ma(ea — wsh)] - z,(5" ~ wih 24— wab)do
o) + maCea)} [ KK @) fxe 25" — wih, 70— wah)du

Ixe z,(@*, za){g" (z*) —I—mg(zd)}/K(w)wzdw/K(w)dth + o(Rh?).

Since Var[Gi 1] is dominated by E|G1,1/%, we obtain

1

— = O0(h*). B.23
Varlet, ]~ ") (2
oo 3 (451 —26 _3
Thus, (B.20) holds true if k2n>"28" 2 4+ kn 8 4k 2 — 0 as n — 0.
Step 3: Show
Ai —at= op(1). (B.24)
To see this, we note
971/2
A =EAY 40, | n V2 |E / Kp(z* — X)da* Kp,(2q4 — Z4)
z*el
For the first term E[AY], we have
1 -
Blat) = [ oo [ KN B G - 20X e} (e
zxe <T Jt

_ / BR (" — XK (0~ Z)ld'

= / K(u)K (v) fx+ z,(x* — uh, zg — vh)dudvdz* = a® + O(h?),
z*el Ju,v

where the first equality follows by the law of iterated expectations, the second equality follows

by Plancherel’s isometry (Lemma [1| (1)), the third equality follows by a change of variables,

and the last equality follows by the standard bias reduction argument using the twice continuous

differentiability of fx~« z,, the symmetry of K, [ K (w)w?dw < oo, and the compactness of Z. For
the second-order term, by Lemma@ we have F U:p*ez Kp(x* — X)dax* Kp(zq — Zd)}Q = O(h™28),

and it follows

AL — a? = O(h) 4+ O, (n~1/2n=5),

which implies (B.24)) holds true if h — 0 and nh*® — oo as n — co.
Combining (B.19)), , and (B.24)), by a similar argument as in the proof of Theorem

we have

ma(za) — ma(zq) — Bias{ma(zq)} d

Var[ma(zq)] N0, 1),

where Bias{mg(zq)} = E[Gg}l].
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The proof for the supersmooth case follows a similar route as the ordinary smooth case so we

only state the differences as follows. First, by Lemmas [§ and [I0] for n > 0, we have

247
E / Kp(a* — X)da" Kn (24 — Za){ma(Za) + (X*) + U — ma(za)}
*eT
ft n 2
= O|h" < Wdt) E / Kh(x* — X)dx*Kh(Zd — Zd) =0 (h*(277+3)6(77+2)#h_7> )
| fE @) o€l

By a similar argument, we have

2+n

E Kp(z* — X)g(z")da* Ky (zq — Z4g) =0 (h_(2’7+3)e("+2)”h77) .

x*el
Thus, by Assumption (B.19) and (B.23]) hold true.
Also, by Lemma we have

AL — a® = O(h) + Op(n~ /203%™,

d

which implies A? — a? = 0,(1) if h — 0 and nh3e 2" — o0, and the conclusion follows.

ApPENDIX C. PROOFS FOR SECTION [4]

C.1. Proof of Theorem |5} Let M, = RE[P,P!] and C,, = RE[Y P.]. The proof follows from
a similar route as that of Theorem [2| except that instead of the orders of ||E[PHP,Q] — M,||* and
|E[P.Y]—CL]||?, we need to quantify the orders of | E[P,P.] — M,||? and || E[P.Y]— C,||2, which

are given by
|E[P.PL) — M,||* < 2||E[P.Pl] — My|? + 2| E[P.P}] — E[P.Pl]|%,
IE[P.Y] = Ci|? < 2| E[P.Y] — C,|? + 2| E[P.Y] — E[P.Y]|%,
and Lemma[f and [[2] Then, the conclusion follows from Assumptions [ and or Assumptions
and which together with Lemma 4| and [12] implies || M, — My||? < |E[P.P.] — M|*> % 0.
APPENDIX D. LEMMAS

For ¢ > 0, let G ¢ = {t € R:|f(t)| < n=¢} be the region over which the ridge regularization
is implemented, and Gg,n,g = R\G¢,pn ¢ be the complement of G ,, ¢. First, we introduce Lemmas

[I13] to prepare for the proof of Lemma [ which is used in the proof of Theorem [2]

Lemma 1. For fi, fa, f € L1(R) N La(R) and ¢ € R, we have

(1): (f1, f2) = 2= (f1% f2)

(2): {[ frlw — @) fo(w)dw}* (t) = f*(t) f3(2)
(3): {fif2}(t) = 5= [ fi'(t — ) f3'(s)ds

(4): [t — ) = {f(w)e =} (t)

(5): fM(ct) = {f(w/c)/c} ()

Proof. Lemmal[l](1) is known as Plancherel’s isometry and its proof can be found in Meister (2009,

Theorem A.4). One useful special case is when f; = fo = f, which gives Parseval’s identity,
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1£113 = 11£%13. Lemma (2) is known as the convolution theorem and its proof can be found
in Meister (2009, Lemma A.1 (b)). Lemma (3) follows from (2) and f(w) = = {f*}(—w).
Lemma (1] (4) follows from the definition of the Fourier transform. Lemma (1| (5) is known as the
linear stretching property of the Fourier transform, and its proof can be found in Meister (2009,
Lemma A.1 (e)). O

Lemma 2. Suppose Assumptions[1] and[3 hold true.
(1): If fe is ordinary smooth of order > 0, then
2a¢

_2a¢ -5
/G % (t)dt = O (n k ) : sup /G £ 2= (DPdt = O <” ’ ) ’
NS
sup /G ’fft*|Zd=Zd7Zd/:Zd’ (t)’2dt =0 <n_7> )
e,n,C

Zde[flvl] €,n,C
zd,2qr €[—1,1]

en

(2): If fc is supersmooth of order v > 0, then
_2a _ 2a
| oPa=0(togn F),  sw [ i, 0P =0 (1ogm) ).
Genyc G
_2a
sup /G P gz e, (D2 = O ((logn) 5 ) .

Zde[_]-v]-] e,n,C
zd, 2y €[—1,1] e, e

Proof. Since the proof is similar, we focus on [ . |2, (t)|?dt. For (1), if f. is ordinary smooth
of order B, we have coso(1+ [t])™” < n~¢ for t € G, ¢. Note that Jensen’s inequality (1+[t]) <

2«

—2a aa¢
V2(1+)Y/2 implies (1 +¢2)~% < 2%(1 + [t|)~2, and it follows (1 +12)~® < 2%, 0n ° . Also
note that [, ) AL @1+ t2)2dt < [ )21+ #2)%dt < csob by fx+ € Faen,- Then we

have
/.

| (1) Pt = / S0P+ 2)2(1+ )0t

€,n,¢ €n,¢
a _27& —29¢ ft 2 2\ —2a¢
< Peugn 0 [ IR @PAEE)d =00 ), (D.1)
€,n,¢

For (2), if fc is supersmooth of order v, we have cg g exp(—p|t|?) < n=Cfort e Gen,c- Note that
css0exp(—plt])) <n™¢ = |7 > p ! [log(css) + ¢ log(n)]
_2 2
= 1+ |t|2 >1+pu 7 [log(cS&O) + Clog(n)] 2l
2\ —«a -2 2\ —a
= (14+t*) < (1 +u [log(css,o) + Clog(n)] W) ,

2
which implies there exists a constant C' > 0 such that (1 +¢%)"* < C(logn)™ 7 for t € Geny-

Then, similarly to the previous ordinary smooth case, we have
[ i@Pa= [P+ 2Ry
Ge,n,C

Ge,n,(
< o(logn)?’/ 2, (0)2(1 + £2)%dt = O((logn) ™ ). (D.2)

€n,¢

Lemma 3. Suppose Assumptions[1] and[3 hold true.
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(1): If fc is ordinary smooth of order B with 8 > 1/2, then

|fft |2r+2 d B O C(Q%‘Fl)
/fuﬁ|vn<ww4t (7).

(2): If fe is supersmooth of order v > 0, then

fft ‘2r+2 2¢(r12)
/{]fft dt = O(n ).

| v n C}2'r—|—4

Proof. For (1), decompose
1
L)) T2t + / et (D.3)
Gem,

fft |27‘+2
/ df — n26(r+2) /
{IfE@)] v et G RIAGIE

First, note that | ()| < cos1(1 + [¢])7 for t € R and coso(1 + [t]) ™ < n¢ for t € Gepy,
_280+D)=1=n c(2p(r41)—1-n)
which implies (1 + [¢[)~280+D+1+n < Coso n 5 for t € Gepc and for any

constant 7 € (0,26(r + 1) — 1). Also note that [ c(l + [t))~1"dt — 0 as n — oo because

€n,¢

1

5 <
[(1+[t))~17"dt < oo for any 1 > 0 and |¢| > cfsﬂnﬁ — 1 for t € Gepn¢. Then, for the first term

of (D.3), we have

/ |f€ft(t)|2r+2dt < Cg:l&/ ( + |t|) 23 r+1)+1+n( 1+ |t|)_1_ndt
G

€n,¢ €n,¢

M C(2B(r+1)—1—n) _¢(B(r+1)—1-n)
< i n,sz; (1+ 1) 7dt = o(n~ "), (D)

€n,¢

For the second term of (D.3)), note that |f&(#)|72 < n* and |t| < ‘30%5,1”% for t € G¢,, -, which
implies
/ 7 (6)]~2de < n2</ dt < 2c2 0“5 = 0™, (D.5)
Then, (1) follows fr;);l combining (D.3)), -C, and (D.5).
For (2), note that |f(¢)] v n=¢ > n=C and |f8(¢)| < cgs1 exp(—plt|?), which implies
/ TAO . dt < 927 T2,20(r+2) /+Oo exp(—(2r + 2)u|t|?)dt. (D.6)
{|fft ()| vV n- C}2r+4 — “7ss, 0

Also note that t? and exp((2r +2)u|t|?) are strictly increasing and there exists a constant § such
that exp((2r + 2)ult|?) > t2 for any ¢t > §. Then, since exp(—(2r + 2)u|t|?) < 1 for t > 0, we

have

400 1 +00
/0 exp(—(2r + 2)ult|")dt = {/O +/6 Yexp(—(2r + 2)p|t|")dt

“+00
) +/ t72dt =6+ 6 < o0. (D.7)
4
Then, (2) follows from combining and (D.7)). O

Let Zy, = {(p, @) : E[p(X*)Q)] is an element of M} be the index set characterizing the com-
ponents of My, where p is a product of {pg, p1, ..., px} and Q is a product of {1, ¢1(Z1),...,9:(Zp)}.
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_2a¢
To keep notation simple throughout the proof of Lemma let o& denote n~ # under Assump-
_2a S
tion |3l and (logn) » under Assumption and o) denote n*T5~! under Assumption [3| and
n*(+2)=1 under Assumption

Lemma 4. Suppose Assumptions[1] and[9 hold true.

(1): Under Assumption[3, it holds

) 5 ot n S al
BIPP = M2 = 0y (52057 4in™ 5 ), |BIRY] = Cf? = 0y (™5 4™ 5).
(2): Under Assumptzonl Jwithr >0 and 0 < < T+2) it holds
BIPP) ~ M2 = O, (nllogm) ). [EIRY]— Cuf? = 0, ((logm) %)

Proof. Since the proof is similar, we focus on the proof for |E[P.P.| — M|?. Let B,qo =
E{E[p(X*)Q]} — E[p(X*)Q] be the bias of the proposed estimator of the element of M, char-
acterized by p and Q. Let Vo = E[p(X*)Q] — E{E[p(X*)Q]}, and V, ¢, be its component
associated with the j-th observation, i.e., V, g = %Z?Zl Vp,0,j- First, note that random sam-

pling implies

. 1 &
EB[PP] - M? = — Z > E|(Bra+ Vi) Bra + Voas)
=1 (p,Q)€Zm,
1
= Z |Bp7Q|2+E Z EVogil’ =B+ V.
(p,Q)EL s, (P, Q)EZn,,

Using Lemma (1] (1), the law of iterated expectations, and properties of classical measurement

error, we have

Ep(X*)Q] = (E[QIX"]fx,p) = / E[Qe™ |p (—t)d,

R - ft r+2, ft/
BERQN) = - [ Bl {||J;}(<t)>|| T

So, the bias term B can be written as
1 [fi)rT? X", gt
B — _ € — ! t)dt
o [ (gt vaee ~1) El@e W

(pvQ)GIMK
where By,...,B7 are summations of the terms whose (p, @) are in the form of (po,1), (px, 1),

(Prpis 1), (P, qk(Za)), Pk a1(Za)), (po, ak(Za)@i(Za)), and (po, qx(Za)qi(Zar)) separately for k,l =
1. kandd,d =1,....D with d £ d'

2
EB1+"'+B77
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Since the proof is similar for By, By, and Bs, we focus on Bg, for which we have

Bs = g; % <{yf6ft|(ﬁ(3|7:j}r+z —1> () {pep )} (— t)dt2
} k,; A2 //<{!f“‘ff7vl:+z}r+2 _1> - (O (- t—s)p{t(s)dsdt2
B k,l:1 // (*{!fft J;ft—v yvﬂ:z}w - 1) L (u—0)p (—u)pft (v)dudv 2
< yim { <<{|f£t’<i&E U”ljﬁfw 1) ook > }Dp J2do

/X ()[2dt = O(key),

€;n,¢

4m2
where the second step follows from Lemma (1| (3), the third step uses the change of variables
(u,v) = (t + s, ), the last step follows from Lemma |2 and the penultimate step follows from

Lemma (I} (1), the orthonormality of {p;};* , and

2 <<{|feft|£t£uvi 1\}/)|rz+€2‘}7‘+2 - 1> L (u—v),ptt (U)>u

= 4r’ Z ‘<h1(w)€_ivw,pk(w)>w\2 < 4n? th(w)e—ikuz

- H(ﬂfﬁfﬁ!v)l?z}mz 1) x|

<or [ |roP
2 Ge,n,C
where h1 denotes the Fourier inverse of (rrmdel@™ 1) fft (t), the first step follows from
! 7R @IVa=cy772 X+ P
Lemmal[l| (1) and (4), the second step follows from the orthonormality of {ps};_;, and the third
step follows from |e~*| =1 and Lemma (1). Similarly, we have By, By = O(02).

Since the proof is similar for By and Bs, we focus on Bs, for which we have

B ’fft (t) ’r+2 "
b= 233 | [ (s 1) acza

d=1k,l=1
ft (4)|r+2 - )
<<{'fft|f r(v)ll e 1> Ela(Za)e"™ J,p%<t>>t

K 2

2

K

1 D

1 D 2

< iv / SO [ 8 O oz
Ta=17 Gene Uiz
1< .

55 0y R ¥ A eI

1

maXge{1,..,D} SUPz,e[-1,1] fGEYn,( ’f)g*‘zdzzd (t)|2dt } _ O(QB)
X S0 S 124 (za) Pz "

IA
3=
— T
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where the fourth step follows from the orthonormality of {¢;}’_,, the last step follows from Lemma
and the boundedness of fz,, and the third step follows from E[gq,(Zq)e'X"] = [ fft*|Zd:zd ) fz,(za)qi(zq)dzq

and
2 K

2
=47 " [(haga pr)|” < 47| hoyall3
=1

K

fe @ X ft
; <<{|f§t|(t)|(v)|n<}r+2 - 1> Elq(Z4)e"™ ], p} (t)>t

2
< on / \Elq(Z0)eX ] 2dt,
2 G

€,n,¢

= 27

ft (4|72 o
(s s = 1) Bla(ze™ )

where hy ;g denotes the Fourier inverse of (Mgﬁ% - 1) E[qi(Z4)e*™X"], the first step
follows from Lemma (1] (1), the second step follows from the orthonormality of {py}7_,, and the
third step follows from Lemma (1| (1). Similarly, we have By = O(05).

Since the proof is similar for Bg and By, we focus on Bg, for which we have

B6:Z
d=

2

i/ 12
/<{|fft‘(f)|(f/)l1+<}r+2 - 1) Elqr(Za)a(Za)e"™ Ipg (—t)dt

=1

AZ D fft t)|r+2 e 2

- %dg Z: [ (mtomegess —1) Haszanatzae)
(I D k :

< o ; 1/en<zz; X*|Zd —, () f24(2a)qr(2d), ql(zd)>zd dt

AT D &k
= 2(71'); 1/Eng{/’fft*|zd Zd( ) fz4(2a)qk(za)| dzd} dt
< { maXge{1,.,0} SUPz,e[-1,1] fGe,n,g ’fft*|zd:2d(t)]2dt } _ O(ko®)
B X S0 Spes S 1 za(za) Pla(2a) Pdza n)

where the second step follows from the Cauchy-Schwarz inequality and Lemma |1} (1), the third
step follows from E[qy(Zq)q(Zy)etX"] = L., fft*|Zd:Zd(t)fzd(Zd)Qk(Zd)qz(Zd)dZd, the fourth fol-
lows from the orthonormality of {¢;};* ;, and the last step follows from Lemma the boundedness
of fz,, and the unity of g;. Similarly, we have B; = O(oB).

Combining these results, we obtain

2al
O(kn B under Assumption
B=0(kef)={ O T, o
O(k(logn)™ 7)) under Assumption [
We now consider the variance term V. Similarly to the bias term, we decompose

2

Loy FOLE O P (1)
V < —_ /Q itX ft € _ Vl + N + %
- VvV n—¢lr+2 ,
" @Q)ezm i {IFE@®)] v n—<}
where Vi, ..., V7 are summations of non-central second moment terms with (p, @) in the forms

of (po,1), (Px»1), (PP, 1), (Posax(Za)), (Prs@(Za)), (o, ar(Za)a(Za)), and (po, qr(Za)a(Za))
separately for k,l =1,...,kand d,d' =1,...,D with d # d'.
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Since the proof is similar for Vi, Va5, and V3, we focus on V3, for which we have

1 i SECOLEOF i) ()
T EZ: o e G

2

2

ft ft r

2w// etk (= e
ft ft _ r

ZW// . Jz\fft th;))“f\/(nu—g}qr}}r‘gp%( )plft(v)dudv

fo( a1 )| £ (0 — )7 2
< u— v)acf( + )|f( )| ft(u)> } d$2|pft |d1}

4Am2n
Icl

2

47r
k,l:l
1674n //{
fft |2r+2 v
o | T et = Ol

where the second step follows from Lemma (1| (3), the third step uses the change of variables

IN

{1 w—o) Vo

(u,v) = (t + s, ), the last step follows from Lemma |3 and the penultimate step follows from
Lemma (1| (1), the unity of {p;};,, and

(e e S w0l = o) )

{IFf (= o) vnyrez

2

K

D

k=1

_ wz [(ha o (w)e ™, pr(w)), |* < 42| ha o (w)e |3

’27‘-1—2

£
= / 77 (t) |vn (yare

. ft f r
where h3 ; denotes the Fourier inversion of elt:”% for every x in the support of X, the

dt,

first step follows from Lemma[l] (1) and (4), the second step follows from the orthonormality of
{pr}5_,, and the last step follows from |e~"%| = |e!*]| = 1, Lemma (1) and [ff(—t)] = |£2(2)].
Similarly, we have V7, Vs = O(o),).

Since the proof is similar for other terms, we focus on Vs, for which we have

. 2 D « 1 inEft(—t)|fft( )|r ft( ) 2
v n;kgE‘%/ S (T s e
( DITAIONE 2
— M;;/f‘ql )l ZK )| Vn- C}r+2’pg(t)>t fx,2,(2, 2a)dzdzq
ft 2r+2
272 n/{|fftf |\/’n <}2r+4dt22/‘(ﬂ Zd | fz,(za)dzq = (,k;,gn)

d=11=1
where the last step follows from Lemma (3, the boundedness of fz,, and the unity of {g/};" ;.
Similarly, we have V4 = O(kg), ) and Vg, V7 = O(k20),).

Combining these results, we obtain

< _
O(k2n* 571 under Assumption

V =0(r’gy) =
O(k*n*(r+2)=1)  yunder Assumption [
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2a
Under Assumption 4} x can only diverge at a logarithmic rate so that xk(logn)™ v converges

2a
to zero. Therefore, for 0 < ¢ <

2(r+2) and n large enough, we have x?n*(*+2-1 <« k(logn)™ ™,

and the conclusion follows. U
Lemma 5. Under Assumptz’ons@ and@ there exists 1 € L1(R) such that

-l
i) < V)

which implies that there exists a constant ¢ > 0 such that h8T! i & th)‘dt <e.

ifE@r " =

Proof. Since limjy_, o, t|2| f(t)| = c, there exists a constant ¢ such that [¢t|%|f5(t)| > c./2 for

all t > cp. Then for constants c1,co > 0 such that ¢; > hP and ¢y > cph for all n, we have

KNS ymaxgeenn (KT () K (s)]Js]f
h R (s/)] < h iy <oy [75(5) 1{|s| < cph} + (|s|/h)5|feft(s/h)|]l{|s| > cph}
f B8
< et ) K a{fs] < er + 2O _ (D)

€

where integrability of 1(s) follows by | K| < 0o, the ordinary smoothness of f., and [ |K™(s)||s|’ds <

00. The second statement immediately follows by the change of variables t = s/h. (Il
The following lemma is an extension of Fan (1991a, Lemma 2.1) to the multivariate case.

Lemma 6. Suppose K, : R4 — C is a sequence of functions satisfying
K, (z) —» K(x) and sup |K,(x)| < K*(z),
n

where K* satisfies [ |K*(z)|dz < co. If f is bounded and c is a continuity point of f, then for

any sequence h — 0 as n — oo,

/thn(hl(c —2))f(x)dz = f(c) /K(a;)dx + o(1).

'/h_dKn(h_l(c—x)) 2)dz — f /K \dz

' [ Eal) e~ 2h) = f(@))dz| + 170

Proof. Note that

)

[Kn(2) — K(2)]dz

where the inequality follows by the change of variables z = <*. The second term converges

to zero, which follows by K, — K, sup, |K,| < K*, [|K*(z)|dr < oo, and the dominated

convergence theorem. For the first term,

] [ Ea@)irte - ) - (e

< sup |f(c—2)— |/rK* JIdz + (1 loe + 1 (e >|>/ K (2)|dz,

l=ll<é zl1>6/h
where 6 — 0 and §/h — oo as n — oco. The first term on the right-hand side converges to zero

because f is continuous at ¢ and [ |K*(z)|dz < oo, and the second term also converges to zero
because f is bounded and [ |K*(z)|dz < co. 0
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Lemma 7. Suppose f is continuous at x*, fo is ordinary smooth of order (3, erft/”oo < 00,
[s19] £ (s)| = ce, 11" FE ()| = Bee, K™ oo < 00, K™ [loo < 00, [[s]?|K™(s)|ds < oo, and
f\s\ﬁlKﬁ’(s)\dS < 00. Then

ft 2
lim h2,3+1/1 /K (th)e—it(x*—x)dt

f()dz = J;Sfc?) [ 1P 5 )P

n—00 1‘47‘-2 t feft(t)
Proof. First, observe that

e Kft(s) 1 K'(s)|s|? ;
v —isr g — i T —isz g

oo 2 | fE(s/h)¢ YT nB 27r/ (sl/0)Pf(s/m) < @

1 K*(s)|s]? ~ 1 ; ~

- li 1 h —lsz go Kt Ié] —isz g
| {n;n;o(|s|/h)ﬁfg<s/h> sl > er }}6 o= g [ K@l s

where the second and last equalities follow by Lemma[f]and the dominated convergence theorem.
Then it follows

W ENS) | t wa gy
—isx B _—isx
) /feft(s/h)e ds| — e /K (s)|s|”e " ds (D.9)
Moreover, using integration by parts, we have
K's) L[ EY(s) L[ E"s) M (s/h)
—isz e — —isx = € 18T 1. D.10
/ mem T Eeme P ) e o P

Since |s|?|ff(s)| — ¢ and |s|7T| ' (s)| — Bee as s — oo, there exists a constant ¢z > 0 such
that |s|%]f%(s)| > ¢./2 and |s|?T1|f¥ (s)] < 5Bce/4 for any s satisfying |s| > ¢p. Then we have

1 [ K%(s) _, 1 [ K" (s)|
— e ¥ds| < — | ————-ds
m/feft(s/h) 2| J | f5(s/n)|
h [ 2epmasiee [KV () ) | 0P K (s)]sl?
] ming| <, [ fE(s)] | Jissepn (I8I/R)P|fE(s/ D)
Ny -1 Byt (2 8V 1s1Bds — O(h—Blpl~1
< e+ er) KV oo+ () [ 1KV (llsPds = 00 el ), (D11)
and
ft ft’ -1 ft ft’
LR ) i IS ),
izh 5% (s/h) || | f&(s/h)]
1 2cp max|y|<c,p [K(s)| maxiy<.,. | f5 ()] h \Kft(é‘)l!8\571(\8\/@’8“\fgft/(S/h)\ds
|z| ming|<.,. [f&(s)[? 2| Jjs|>crh (Is[/h)2P| fE(s/h)[?
, -8
< prereU e IRl e+ o () [IRE @IS s =00 Pl ). (D2

Thus, Lemma [5 (D.10]), , and (D.12) imply there are a pair of constants ¢;,co > 0 such

that
2

Kft
(5) < min{ey, ealz| 2} (D.13)

f&(s/h)

e—lSiL‘dS

sup h??
n
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Therefore, the conclusion follows by

2

1 KU (th) _jyiar
lim h26+1/47r2 / ( >e_1t(”” “2dt| f(x)dax
t

n—00 fE(®)

, h2o-1 K%s) _ue-o |
GO NR [ Rt o =L PJs?ds,  (D.14)
c2 227 Jo 2

where the first equality follows by the change of variables s = th, the second equality follows

_ 2
by Lemma |§| with K, (z) = 25 | [ f[fffts/h _mds‘ and K*(x) = min{ey, c2|x| =2}, and the third
equality follows by Lemma (1). O

Lemma 8. Suppose Assumptions[f] and [§ hold true. Then there exists a constant ¢ > 0 such

that
Kft B
et [y g |
| fE( .

Proof. The first statement follows by

‘Kft th / ‘Kft
G |

where the first equality follows by the change of variables s = th, the inequality follows by the

2

() K (D)
g i@ —2) dt| dr <e.
/t fE(@) B

1 ft (Is|/h)™ —1 _puh™7
<cg oh™ / K"(s)le* ds =O0O(h™"e ,
I /h 0 |8|§1| (s)] ( )

supersmoothness of f. and the fact that K™ is supported on [—1,1], and the last equality uses
| Koo < o0.
The second statement follows by
ooy K (2h) [ (K" (th)[? K" (s)[?
e it —a) dt| dez = 2n / T dt = 2nh T [ s
/ac /t fE(t) |fE()[? [fE(s/h)?
< 2me A h” / |kt (s)| 220U/ gg = O(h~1e?h ),
[s|<1

ss,0

where the first equality follows by Lemma [1] (1), the second equality follows by the change of
variables s = th, the inequality follows by the supersmoothness of f. and the fact that K™ is
supported on [—1,1], and the last equality uses || K™||o < oco. O

Lemma 9. Under Assumptions[3 [(] and[10, there exist constants ca > ¢1 > 0 such that

2

o <hPE < ¢y,

/ ]Kh(:c* — X)dw*Kh(Zd — Zd)
xz*€l

2

o <hPE / Kn(z* = X)do* Kn(za — Zo)[Y — pp = > ma(Za) — ma(za)]| < ca,
d'#d
for all n large enough. Moreover, if suppg = Z = [b1, ba] and sup, ‘gft(—%)%‘ — 0 as n — oo,
then )

lim h?°FE =0,

n—oo

/ K(e = X)gla)de K (e~ Zo)
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n—oo

lim h?’E Jorez Kn(a” ;X)g(x*)da;* [over Kn(z* — X)da* — 0.
<\ Kn(za = Za)P[Y = p = X gama (Zar) — ma(za)]

Proof. By Z = [b1, ba], decompose

2
hPE / Ky (2* — X)dz* Ky (24 — Z4)
x*el
K26 . [e—ithy _ o—itb2] gftiep, 2
= S e ] T s | st odute = kg
u,v [Jt €
where
i ; 2
h26 . e*ltb1 o efltbg Kft th
e Af Meltu [ it ] fft((t))dtKh(zd_”) fx,z,(u, v)dudv,
u,v < €
2
K28  Te—ithr _ o—ith2 ] gt (4p
= | /|t>M - [ i ] gy e Kza = 0)| Tz, ),
it e—itbl_efitbQ Kft(th)
h28 ft Met [ i } o dt
I3 = 27r2/ R « < " [efitbl_e—itb2:| f[;(f(tt()th) | K (2q — v)| fx,z,(u,v)dudv,
Y >0 € it 0]

and M is a constant such that |f(2)[|t|® > ¢c/2 and | £ ()||t|PT" < 5Bc./4 for any t satisfying
|t| > M. For Ji, note that

. . 2
h26 e*ltbl _ e*ltbg |Kft(th>‘ 5 051
1] < An2 </|t|<M it |FR@)| dt | E|Kn(zqa — Za)|” = O(h ’ )
—ithy _ o —itby

where the second equality follows by ’ = < |ba—b1], | K™||eo < 00, ordinary smoothness

it
of fe, and hE|Kp(24 — Z4)|? = fz,(za) [ K*(v)dv + o(h). Also, for Js,

28 K (th) K (th)
Ja| < = dt = VY HE|K —Z)?
sl < ) A»M TR Bz = Za)

2
™ Jlt|<M

(s O i .
- ¢ (hﬁ i |f£t<s/h>|rs/hrﬂds> = 0w,

where the second equality follows by the choice of M and [ |K'(s)||s|?~1ds < oo.

e—itb1 _ e—itbg

it

So, Jy is the dominant term and can decomposed as Jo = Jo 1 + Jo2 + Jo 3, where

2
hQ’B is(u—by) Kft(S)
= ——dsK — dud
B = 5 [ T T 0| S
2
h%8 / / is(u=by)  KT(s)
Jop = —5 e —————dsKy(zq —v)| fx,z,(u,v)dudv,
22 42 u,w |J|s|>Mh feft(s/h‘)s ( ) d( )
is(u—by) Kft(s)
hQ’B fs Mhn € ft(s/h)s
Joz = 972 » R s is(u—bg)f€ §<f/t2) | Kn(za — U)|2fX,Zd(U’U)dUdU'

XJsl>mn€ " FEGs/R)s
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For Js1 and Js 2, we show

b
T fx,z,(b1, 24) /’Kft 2|28~ QdS/KZ
' 27702
(b
s o DA [ opipoas [ K2 (D15
, 272
h28 _isu K (s

we have

In particular, letting K, (u,v) = f| ST ey ))sdsK(v)

472

Jm—/h?K( “Zd_” Fx.z, (1w, v)dudo,

by — _
Jap = /h_QKn< 2h u’ Zdh ! Ix,z,(u,v)dudv.

Note K, (u,v) — K(u V) = 4 L =z le e KTt (5)s9 - ds K (v )|2 and
[ K(u,v)dudv = 2m2 [1K®(s)? ]3]26 2ds [ K?(v)dv by Plancherel’s isometry. Then by Lemma
[6] if there exists K* such that sup,, |K,| < |K*| and [ K*(u,v)dudv < oo, (D.15)) would follow.

To see this, using integration by parts, we have

[ ) e )
|s|>Mh

i hﬁ —isu Kft(s) /
+ — e FTYIUTEW ds,
—_Mh W Jis|>Mh fe (S/h)S

‘—>01fﬁ>1 and

Fi(s/h)s ™ Tiufi(s/h)s

hﬁe—thqut(Mh)
i fi(M)M

B e—isu Kft(s) / s = e—isu Kft (S)SB ! s e—isu Kft(8)8572 S
" /Mth <f$t<s/h>s> I /swh F (s 1) (5] +/|5|2Mh T (s ) (/)P
o K ) (/1) (/)

+ >0 [15(s/h) (/1))

hBelAlhqut( Mh
iufit(—M))M

where ) ‘ — 0 and ‘

with

—isu Kft/(s)sﬁ ! d
/MZMK FE(s/h)(s/h)?

)
—isu Kft(s) p-2 d
/MZMK FE(s/h)(s/h)P

K ()]s < 2 [ o
/s|>Mh Ifft(s/h)||s/h|/3 | s)|Is[”~ds,

KNI L2 [
= /s|>Mh |fft(s/h)||s/h|ﬂ /| s s,

and
[ K (35 (s/m) s/ )
|s|>Mh /

[f(s/h)(s/h)"]?

/ |KT(s)]]s]P 1 £ (S/h)IIS/hlﬁ+1 s
5> Mh (15 (s/h)|[s/n|?])*

2 [1Kv st as.
Ce

By [ |K™ (s)||s|°'ds < oo and [ 1K™ (s)||s|~2ds < oo, there exists a constant ¢y > 0 such that
calK(v v)[?
u

IN

. Also, we note

[K™(s)]|s |B_1 (o)1
= /|>Mh \fft(S/h)Hs/hW /‘ s)||s]"tds < oo.

Supn |Kn(ua U)| <

Ciow KT(s)
1su d
/|S|>Mh‘3 i (s/h)s "

NE
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2
Then we can choose K*(u,v) = min (cﬂK(v)P,cZUZ#), and it is easy to verify that K*
satisfies the required conditions and (D.15)) is obtained.

For the cross-product term Ja 3, by the Cauchy-Schwarz inequality, we have

2

b (b
\Josl < 2/To1das — VIx,24b1, 2a) fx 2, (b2, Za) /]Kft (s |2~ st/KQ

Thus, by Jo1 + Jo22 — |[J23| < Jo < i {fx,2, (b1, 2a) + fx,z,(b2,24)} >
2\/fx,zd(b1, 2d)fx,z,(b2, z4), there exist constants co > ¢; > 0 such that ¢; < Jy < cp asn — oo,
and the first statement follows by J; = o(1) and J3 = o(1).

By replacing fx, z, with E[|g(X*) + ma(Za) + U — ma(z4)|*| X, Zal fx,z,, a similar argument

yields the second statement.

The proofs of the next two statements are similar, so we focus on the third statement. If
supp g = [b1, b2], we have

2
WP E ‘/Kh(x* — X)g(2*)dz* Ky, (2q — Zq)

h?0 itu ft K" (th)

- it gft (¢ dtKp (2 —

=/ ) [ e (0 g o v
h?h / / iu i, K (th)

= — egt(—t dtKp(zqg — v
4m? u,v |J [t >M ( ) feft(t) ( )

where the last equality follows by a similar argument as in the proof of the first statement. Also,

2
fx,z,(u,v)dudv

2
fx,z,(u,v)dudv + o(1),

B

i K(th
/u e feff(tfdm(zd )

oy ISz
/|s|>Mh‘ H(=s/h)s/) ‘|fft /hms/hw‘“{( B )

2su ft(—s/h)s/h2| || K
¢ Tl IS, o,

Ce

IN

and the conclusion follows because sup, |¢'(—s/h)s/h?| can be arbitrarily small for all n large

enough. The last statement can be shown in the same manner. U

Lemma 10. Under Assumptions EL @ @ and there exist constants ¢, > 0 such that

2
h3e=2mh" <c

i

E / Kh(x* — X)d{B*Kh(Zd — Zd)
z*el

2
he B / Kp(z* — X)g(2")dz" Kp(2a — Za)| <
z*el

)

for all n large enough.
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Proof. Let Z = [by, ba]. For the first statement, we have

2
h3672uh7“’E / Kh(x* — X)d$*Kh(Zd - Zd)
z*el

h3€72,uh_“/ " efitb1 _ efitbg Kft(th)
= < itu tE, (2q —
w L] Tt

by — by) B I(ft th)|
< (247rzl< ] ‘Ifft dt) Pl G 2T

where the inequality follows by Lemma 8| The conclusion follows by Lemma |8 and hE|Kp(zq —

2
fx,z,(u,v)dudv

Za)|* = fz,(za) [ K*(v)dv + o(h). The second statement is shown in the same manner by using
9% loo < o0 O

Lemma 11. Under Assumptions and (1), for any 1, — oo, we have

sup [{f1'(6)}2 = {£E(0)}2] = Op(n™" " log(m)).

|ﬂ§ﬂz

Proof. Since [{f*(#)}? — {fE(®)}?| < |2 > i1 =) — {#f(£)}2], the conclusion follows from
Assumption |13] (1) and Kurisu and Otsu (2020, Lemma 1). O

Lemma 12. Suppose Assumptions[I3 and[I3 hold true. Under Assumption[3 or[f), we have

[B[P.Fl] - E[P.F]? = 0, (ﬁn*/w 10g(pen.c.) + 2™ max / |p%<t>|dt) ,
SRS G ¢,0

1<k<k

|E[P,Y] - E[RY]]* = O, <m‘1/2+3< 10g(penc1) + K™ max / |p%<t>rdt> :
Ge,n ¢,0

where pep ., denotes coé’BnC/B 1 under Assumption@ and u_l/V log(css,LnC)l/7 under Assump-
tzonl and Genc, ={t € R:|t| > penc,} fore=0,1.

Proof. Since the proof is similar, we focus on |E[P,P!] — E[P,P.]|>. Elements of E[P,P!] —
E[P.P!] are in the form of E[p(X*)Q] — E[p(X*)Q], which for r = 0 can be expressed as

Ep(X*)Q] - Ep(X*)Q] = Ripq + Rapq;

where

= fr @) — ) - ARG itX;
Rip0 —/up,Q(t)Wdt» Epq(t) = py— Z}Qjet ;

= t 1 1
R = [ 20320 ey~ e

Here, we use the fact that f*(—t) = f&(¢) and f(t) > 0 for all # € R under Assumption
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First, decompose 1,0 = Ri1,p,Q + Ri12,p,Q, Where Ry, g and Ri2, ¢ are the integration over

GC

e and G ¢, respectively. For Riq ), g, we have

Sl [ LROF - 0P
il < =505 [ O Gt mriste v )

< o= 9] [ |ft Dt s U0 - RO

1-3¢
2mn G,

= Op(n™/** og(pen 1)), (D.16)

where the second step follows from the fact that f*(t) > n=¢ for t € G¢, ., @)y >0, fitt) v

n~¢ > n~¢ and G¢e €GP s and the last step follows from %Z?Zl |Qj] = Op(1) and
i Ipf(t)|dt < oo (Assumptlon (2)), and Lemma For Ri2, g, we have

2 =1y e AT AIORP AIO]
[Ri2pql < 27m/mC Ip" ()] {W}dt

sl o
< 7:”1 2¢ /6nc0| p(t)|dt = p(n /Gen<0| p(t)|de |, (D.17)

where the second step follows from the fact that fi*(t) v n=¢ > n=< [f(t) — f%(t)] < 2, and
Gene & Genyc0, and the last step follows from %2?21 |Q;] = Op(1) (Assumption |13{(2)).
Similarly, decompose Ra ;0 = Ra21p,0 + Ro2,p.q, where Ray , ¢ and Rap p o are the integration

over G¢ ¢ and Gy ¢, respectively. For Rayp g, we have

Tia Q1 [ ey (R0 (R0
2 oo, P t)|{f“(t){f“()vﬂ <}2} “

< 2= 9] [btwla sw 1R OF - (50

1-3¢
2mn G€n<1

= Op(n_1/2+3C IOg(pe,n,C,l))7 (D18)

|R2Lp,Q‘ <

where the first step follows from the fact that ft(t) v n=¢ > ff(¢), the second step follows
from f(t) > n=¢, () vn=< > n¢ and Genc1 C Genyg, and the last step follows from

%Z?Zl |Qj| = Op(1) and [ |p(t)|dt < oo (Assumption [13[(2)), and Lemma For Rys, g, we
have
o < D112 [ R AONERIA
PPOL= o= {F5(t) vn=C}2
] 1 ’QJ

2rni— 34/ | MO = n 7 dt

Q)]
Jlgc/ P (Ol = ( g |pft<t>|dt), (D.19)
m enCO Ge,n,C,O

where the second step follows from n=2¢ — {fff(t) v n=¢}2 = 0 if f(t) < n™¢, the third step
follows from |{f(#)}? —n=2| < {f2(#)}2 — {ff(1)}% <2 for t € Gepne and Gepne S Genco
and the last step follows from %Z?Zl |Qj| = Op(1) (Assumption |13((2)). The conclusion then
follows by combining (D.16|), (D.17)), (D.18)), and (D.19). O
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