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ABSTRACT. By extending de Paula and Tang (2012) and Aradillas-Lopez and Gandhi (2016),
we derive testable restrictions for uniqueness of equilibrium in games with multi-dimensional
actions. We discuss two models of payoff functions which imply certain covariance restrictions
for players’ actions. These restrictions can be used to construct an identified set of strategic

parameters under multiple equilibria.

1. INTRODUCTION

Multiplicity of equilibria often causes problems when researchers estimate game theoretic
models. de Paula and Tang (2012) proposed a test for uniqueness of equilibrium and derived
partial identification results for incomplete information games where players take binary actions.
Aradillas-Lopez and Gandhi (2016) extended their results to games where players have ordered
choices. Their tests and identification strategies are based on covariance restrictions between
actions and strategic parts of players’ payoff functions. Although their results are quite insightful,
they focus on the case where each player’s choice set is one-dimensional. This note extends
Aradillas-Lopez and Gandhi’s (2016) analysis and derives covariance restrictions in games where

players take multi-dimensional actions.

2. MAIN RESULTS

There are two players p = 1,2, and each player has two-dimensional action space AP =
AP x AL C R2. Let YP = (YP, YY) € AP be player p’s action. A lowercase yP represents p’s
potential action. Let ZP be a random vector of player p’s payoff shifter, which can be decomposed
into observable exogenous variables X and p’s private payoff shock P, i.e., ZP = (X, EP). X and
EP can be correlated in an arbitrary way, and the dimension of £ is unrestricted. A lowercase
&P = (z, €P) represents a potential value of ZP. Player p’s payoff function is given by vP(y?, y?; &P),
where y? is another player ¢’s action.

We impose the following assumption on players’ information structure.

Assumption 1. X is public information, £ is observed only by player 1, and E? is observed
only by player 2. €' and £? are independent conditional on X. The distribution of (X, &', E?)

and payoff structures are common knowledge for the players 1 and 2.

The conditional independence assumption on the private shocks is prevalent in the literature
on estimation of games using covariance restrictions (see, de Paula and Tang, 2012; Aradillas-
Lopez and Ghandi, 2016). We note that the elements of &' or £2 can be arbitrarily correlated.



Player p’s expected payoff is written as
€)= D oly?) P (P y % EP),
yi€Ad

where ¢ is another player and 0% : A7 — [0,1] is p’s belief over ¢’s action. A typical solution
concept of static incomplete information games is Bayesian Nash equilibrium (BNE), in which
each player chooses an action that maximizes its expected utility given the equilibrium belief.
Given that players’ shocks are independent (Assumption 1), BNE can be characterized as a
collection of choice probabilities o, (x) = {o%(-|z) : AP — [0,1]|p = 1,2} conditional on X = =z,

where
W o (4P [) = Espix {H {yp — arg max 77 (y: zp)}' X = 4 ,
yeAr

for each y? € AP and z, where I{-} is the indicator function. Hereafter, we assume that
arg maxye 4r U5, (y; ZF) is singleton with probability one. This assumption is widely employed in
the literature.

The next assumption requires that the observed data are generated according to some BNE.

Assumption 2. Fach observation is generated according to a BNE, i.e., forp=1,2,
Y? =argmax v? (y;ZEP)  for some BNE 0.(X),

yeAr *

with probability one.

We allow that observations are generated from multiple equilibria after conditioning on X.
We note that this assumption does not impose any equilibrium selection mechanisms.

Aradillas-Lopez and Gandhi (2016) considered the case of a univariate action variable with an
ordinal structure on the action set, and derived a covariance restriction between p’s action and
some strategic component of p’s payoff function, which can be used for inference on the strategic
component. Their key idea for deriving testable implications is to explore certain separability
and monotonicity conditions for the payoff function. This paper extends their analysis to the
case of multi-dimensional action variables, where it is not trivial how to extend shape constraints

on the payoff functions, such as separability and monotonicity.

2.1. First model: Multi-dimensional separability. We first consider an extension of the
separability assumption in Aradillas-Lopez and Gandhi (2016, Assumption 1) to the multi-

dimensional case. In particular, we impose the following assumption on p’s payoff.
Assumption 3. The payoff function vP can be expressed as
2
b
PP,y €F) = P (yPs 60) = Y R (s ) - (v @),
k=1
for some vP2(+), Vﬁ’b(-), and np(-) with k= 1,2.

In words, the payoff function can be decomposed so that the strategic part (i.e., the second
term) is additively separable with respect to each dimension of the action. For the univariate

case, this assumption reduces to Aradillas-Lopez and Gandhi (2016, Assumption 1).



For each belief 09, the expected payoff for p from choosing yP can be expressed as

2
PP Er) = Y o) PPy €)= PP €)= vl (W €0) - b (),
yicAd k=1
where 7, () = 37 ac 40 09(y7) - 13 (y%; ). Hereafter we focus on inference for parameters con-
tained in the component n}(-). Then for each y5 € AL, &P, pair of actions v > u in A}, and
pair of beliefs o and o', we obtain the following characterization for the changes in the expected

payoff between (v, ) and (u, yb):

[ﬂg(v7 3/120, é.p) - ﬂg(ua yga é-p)] [ (U y27£p) (’U, y27£p)]
(2) = [y (2) =, (@)] - P (0;67) = 20 (u; €7)).
We note that due to separability in Assumption 3, the right hand side of this expression is
independent of yb.

. . o . S . . b
To derive moment inequalities from this characterization, we impose monotonicity of v (+)

with respect to the first argument.
Assumption 4. For each v > u in A} and &P, it holds Vl’b(v;fp) > ul”’(u;gp).
Under this assumption and (2), the inequality "7?1@3) > 7, (x) implies

Vp(v y27£p) - Vp(u y27§p) (v y2?§p) _V (u y2?§ )7

for each v > u in A} and &P. Based on this, we obtain the following lemma for optimal choices
under given beliefs. Let y5(£P) = (ygl({p) yaz(fp)) = arg maxye 4r V5 (y; £P), which is assumed

to be singleton in R2.

Lemma 1. Suppose Assumptions 1-4 hold true. Pick any x, o, o', and &P such that ﬁgl( ) >

Mo 1(2) and yg 5 (&) = yp., 5(EP). Then it holds I{yy 1 (&) < yi} > Lyg, 1 (€P) < yi} for each
i € Al

Based on this lemma, we can derive the covariance restrictions (or moment inequalities) for

observables.

Theorem 1. Suppose Assumptions 1-4 hold. Then, for each v} € AL, it holds
E{YY <y} - m (Y45 X)X, YY) > E[I{Y] <y HX,YE]- Elny (Y X)X, Yy,
with probability one.

Intuitively Lemma 1 characterizes co-movement of 77 | (z) and I{y; (£P) < y7'} across differ-
ent equilibria s = o, 0’ given that y§2(§p) =y 2(§p), and this co-movement implies non-zero
correlation for observables I{Y? < ¢/} and 7 (Y'?%; X) given (X, Y7). This intuition is analogous
to the ones in de Paula and Tang (2012) and Aradillas-Lopez and Gandhi (2016) except for
conditioning on YJ due to multi-dimensional actions.

We can also show that if the BNE is unique, then the above moment inequalities become

equalities. This is an immediate implication of the assumption of conditional independence



between €' and £2. Thus, we can conduct a statistical test for uniqueness of the BNE by testing
the zero covariance restrictions. Such a test is considered as a multi-dimensional version of de
Paula and Tang’s (2012) test for uniqueness of the BNE.

If there are multiple equilibria, we can use these moment inequalities to conduct inference on
parameters that specify n} (Y% X) = n} (Y%, X|67). To implement inference on 6, we can employ
several existing econometric methods for (conditional) moment inequalities, such as adaptations
of Andrews and Shi (2013) and Chernozhukov, Lee and Rosen (2011), and the method proposed
in Aradillas-Lopez and Gandhi (2016). Since our moment inequalities are conditional on Y7,
richer support of Y7 will lead to more restrictions which can help to obtain more informative

identified regions for 7.

Remark 1. Assumptions 3 and 4 are needed to derive the restriction on 7}. However, we do not
have to impose any restrictions on the shape of another player ¢’s payoff function v4(y?, y?; £P).

We also allow that VQ’b(yg ;€) is not monotone with respect to y5.

Remark 2. The results in this paper can be extended to more general setups with multi-
players and multi-dimensional actions.! Each player p € {1,..., P} has KP-dimensional action
space AP = fzpl A?, where A} denotes player p’s action set for the k-th dimension. Let Y7 =
(YP, ..., Yg,) € AP be player p’s action variable. We use A7 =[], A7 and Y77 = (Y9) 4, to
denote the action space and a profile of action variables of all players other than p, respectively.
Let YP . be p’s action variable other than k-th dimension. Suppose p’s payoff function v can be
expressed as
KP
VP(yP gy 7P EP) = PO (yP; €P) — Z p,b( PoeP) Py P )
yay I y7 l/k ykvf nky ,Z’,
k=1
where the lowercase letters represent potential actions. Then, under similar assumptions as

above, we can derive the following covariance restriction
EIYP < 2} - (Y i X)|X, Y7 > BI{YY < f}X,Y7,] - Elf(Y 7 X)|X, Y7,

2.2. Second model: Strategic interaction through one channel. As another example, this
subsection considers the situation where only one channel directly affects the strategic interaction

term. We now impose the following assumption.
Assumption 5. vP can be expressed as
VP (yP, y s €)= vP 0 (yP; ) — v (s €F) - P (i, y s ),
for some vP2(-), vPb(-), and nP(-).
In this case, the expected payoff for player p of choosing y? under belief o can be written as

ByPie) = > oly?) Py, Y% €F) = VP (yP; €0) — PPy ) - ik (1 ),
yQEAq

1Details are available in the working paper version of this paper: https://www.sanken.keio.ac.jp/publication/ KEO-
dp/161/KEO-DP161.pdf.



where 75 (Y5, z) = queAq a9(y?) - nP(yh,y%; x). Then for each yh € AL, €P, pair of actions v > u
in A%, and pair of beliefs o and ¢/, we obtain the following characterization for the changes in

the expected payoff between (v, y%) and (u,yb):
(75 (v, 433 67) — 25 (u, y5; €°)] — 7 (0,935 €7) — 75 (u, 33 €7)]
(3) = [T (y5 x) — (b, 2)] - P (03 €7) — vPP (s €P)).

In addition, we maintain the assumption on monotonicity of v??(-) with respect to the first

argument.
Assumption 6. For each v > u in A} and P, it holds vP*(v; &P) > vPP(u; €P).
Under this assumption (3), the event 75 (y5, z) > 7%, (y5, ) implies
5 (v, yh; EP) — vh(u, yhs €7) < 8, (v, 43 EF) — v (u, yh; EF),
for each v > u and &P. Based on this, we obtain the following lemma for optimal choices under

given beliefs. Let y5(£P) = (y) 1(€P), 4 2(€P)) = argmaxye a» 5 (y; €P) which is assumed to be

singleton in R2.

Lemma 2. Suppose Assumptions 1-2 and 5-6 hold true. Pick any x, o, o', and &P such

that 76 (yy, x) > To.(y5,x) and yb ,(EP) = yg,z(gp) = yh. Then it holds T{y} (£P) < yI} >
H{yl, 1 (€P) <y} for each yf € AT,

Based on this lemma, we can derive covariance restrictions (or moment inequalities) for ob-

servables.

Theorem 2. Suppose the Assumptions 1-2 and 5-6 hold. Then, for each yt € AY, it holds
EI{YY <yi}-n"(Yy, Y4 X)X, YY) > E[I{YY < o} X Y7]- ElP(Yy, Y9 X)X, YT,

with probability one.

Similar comments to Theorem 1 apply. A test for the uniqueness of the BNE and inference

on parameters to specify n?(YS,Y%; X) can be conducted by the existing econometric methods.

Remark 3. As with the first model, we can consider more general games with multi-players

and multi-dimensional actions. Suppose P can be expressed as
_ b _
VPP y s E0) = v (P 6F) — v (i3 €F) - P (Yl y T ).

In words, there exists only one channel y} which directly affects the strategic interaction term

vP?_ Then, under the similar conditions, we can derive the following covariance restrictions.

EI{YY <yi}-n" (Y2, Y X)X, YE | = E[I{YY < o} X, Y] B[P (Y2, Y7 X)X, YE ).

3. SUPPLEMENTARY MATERIAL: NUMERICAL ILLUSTRATION

In the supplementary material, we provide some numerical examples to illustrate identified

sets of payoff parameters for multi-dimensional action games obtained from our theorems. We



present the identified sets for two-player games with two-dimensional binary actions and payoff
functions satisfying Assumption 3. Our examples illustrate situations where the sign of an
interaction effect can be identified and also variations in = can help to shrink the identified sets.
Also in our examples, we find that the equilibrium selection mechanism has a negligible impact
on the identified set as long as it selects each equilibrium with strictly positive probability.
Although it is beyond the scope of this paper, it is interesting to further investigate how
the identified sets changes (or collapses to singleton) by various elements to specify the multi-
dimensional action games, such as equilibrium selection mechanisms (including the case of unique
equilibrium), support of covariates and actions, number of players, dimensions of actions, and

shapes of payoff functions.

APPENDIX A. MATHEMATICAL APPENDIX

Since the proofs of Lemma 2 and Theorem 2 are similar to those of Lemma 1 and Theorem 1,

respectively, here we only present the proofs for Lemma 1 and Theorem 1.

A.l. Proof of Lemma 1. Pick any z, o, o', and £ such that 77, , (x) > 75, | (x) and y} 5(§P) =
yP, o(&P) = yb. Furthermore, take any ¢ € AJ. Then define

I (y1» v5; §7) = max min {7} | (v, y5; EF) — v5 1 (u, y5; €F) < 0}.

u<yl v>yf

By Assumption 4, the inequality 7, | (x) > 7, | (z) implies

(4) (yh, 45 67) > 10, (4 h; €7).
Also, when yg,Q(fp) = yﬁ,,Q(gp) =y, the definition of I5(-) yields
(5) Hyp 1 (67) < wi} =Ty, v5:€P), Tyl (€7) < of} = T (o7, y5; 6F).

Combining (4) and (5), the conclusion follows.

A.2. Proof of Theorem 1. The proof is analogous to that of Aradillas-Lopez and Gandhi (2016,
Theorem 1). Given X = z, let {o,;(x) 3-]:1 be the set of BNE and P]S(x) be the probability that
the equilibrium o, (z) is selected. The probability that equilibrium o,;(x) is selected conditional
on Y =y} is written as
PP (x) - of; (yh]w)
J Y
Zj’:l Pﬁ(a:) ' Ufj/(y§|$)

where with slight abuse of notation, afj(-\:c) represents the conditional density function of

S
Pj (z, yg) =

YP|X = z under the equilibrium o;(z). Pick any ¢y} € A}. Observe that for almost every



z and yb,

EI{YY <y} (Y5 X)X =2,Yy = yj)

J
= Y PP@th) - Boopxyp[Mvh,, ,(B7) <} (e, (B9 X)X = 2,V = o]
j=1
J
= Y PP(@,98) - Bzpxyp[{ul,, (BP) <P HX = 2,Y] = b - Bzox [0} (42, (E9); X)|X = 2]
=1

J
= Ezoxyy | D PP YD) Ty (BP) <}y (X)| X =2, Y] =48],
j=1

where the second equality follows from ZP 1 29X and Y7 1 Z9/X (by Assumption 1). We also

P
have that for almost every = and s,

EI{YP <yl}X =2,Y) =ob] - Ef (Y4 X)X = 2,Yy = y5)

= Y PP(,98) - By ok, (BP) <y }HX =2,Y] = yf)]

J
x> P (z,48) - Bzapx [} (y2,, (E9); X)|X = 2
j=1

x y2 ﬁg*jJ (l’)

HM&

J
= Z (2,95) E=p|XYP[ {ycr*]l( ") Syl HX = 2,7y = 5]

J J
- EEP|X,YQP Z F)]S(X7 Y2p> : H{yg*jyl(Ep) < yzl)} X Z PJS(Xv }/ép) : "75*]-71 (X) X = xz, Yép = yg
Jj=1 Jj=1

Combining these equations, we obtain
EI{Y <yi}-m (Y5 X)X = 2,Y) = yf]
—BI{Y! < y{}X = 2,Y7 = 3] - Bl (Y4 X)|X = 2,3 = 1]

J
= EEP|X,Y2P Z P;'S(Xa Yy)- H{yijJ(Ep) <y} ﬁg*jJ(X)
j=1

J J
SPIXYD) Tk E) < b | < [ SoPPXYD) il (X)) || X =2 YE =4
j=1 j=1

for almost every = and y5. Note that conditioning on YZ = ¢} is equivalent to conditioning on

the event {y} ,(ZP) = ¢ 19(EP)}. Now the object inside the above conditional expectation is



nonnegative since for each (z, vy, y%) and each &P such that y£’2(§p) =y ,(&P), we have

J
Z PJS(%?Jg) ) H{yg*j,l(fp) < yf} : 7_75*]-1(33)

Jj=1

J J
Z (2,95) - Hyb (&) <of} | x | D PP (,98) -7 1 (x)
= j=1
J J
= 2.2

1j=1

PKS (z yz Ps(x 1/2) H{ya*], (€F) < yp} (1- ]I{ya*z 1(€7) < yl}) ) {ﬁg*ﬂ(x) - ﬁg*m(x)}
(=
> 0,

where the inequality follows from Lemma 1. More specifically, if 77 | (z) — 7! () < 0 and
*5 *05
Hyg,, 1(&7) <91t =1, then Lemma 1 implies 1 —I{y;_ ,(€7) < 97} = 0, and thus I{y; (&%) <
yiy- (1 —T{yl 1 (€P) < oi}) - {ng*j’l(x) —1y_,1(2)} cannot be negative.
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SUPPLEMENTARY MATERIAL FOR “INFERENCE ON INCOMPLETE
INFORMATION GAMES WITH MULTI-DIMENSIONAL ACTIONS”

HIDEYUKI TOMIYAMA AND TAISUKE OTSU

1. NUMERICAL EXAMPLE

In this supplement, we provide some numerical examples to illustrate identified sets for multi-
dimensional action games obtained from our theorems. There are two players, p and g. For the
sake of simplicity, we assume both players are symmetric. Player p makes a two-dimensional
choice, y? = (v}, y5) € {0,1} x {0,1}, and hence, there are 16 possible outcomes. We assume

the following payoff functions
(Y, y% €7) = i (2] + oy + BTt + Blavs) + ya (5 + oyl + By + Baays) +2(y”),

where (y?) follows the (i.i.d.) Type-I extreme value distribution, a = (af,ab) and g =
(BT1, BYa, 851, B5,) are parameters, and af (for k = 1,2) is a covariate that affects only player

p’s payoff from the k-th dimension action. This model fits into Assumption 3 in the paper by

setting
vPUyP EP) = il 4 yhah + (of + ab)ylys +e(yP),
7b . —
Vﬁ (yiugp) - yia
mrsx) = —(BLyl + Bravs),

for k = 1,2. Since the payoff function is symmetric, hereafter, we focus on the identified set of
BY, and BY,. To derive the identified set, we implement the following simulation procedure.

P b 21 1) with support X, we characterize the BNE (i.e., 4 x 2

e For each value of x = (z
choice probabilities o.(z)) by using 1000 randomly drawn starting points for the fixed
point iteration based on eq. (1) in the paper.

e We assume the true equilibrium selection probabilities are consistent with the 1000 gener-
ated equilibria. For instance, suppose we obtain o (z) = ((0.2,0.4,0.2,0.2),(0.2,0.4,0.2,0.2))
250 times and o*(z) = ((0.2,0.2,0.4,0.2), (0.2,0.2,0.4,0.2)) 750 times. Then, we assume
the equilibrium selection mechanism picks o.(x) = ((0.2,0.4,0.2,0.2), (0.2,0.4,0.2,0.2))
with probability 0.25 and o, (x) = ((0.2,0.2,0.4,0.2), (0.2,0.2,0.4,0.2)) with probability
0.75.

e Based on the simulated BNE and equilibrium selection probabilities, we search (87}, 575)

that satisfies the inequality constraint in Theorem 1 for every x € X and 34 € {0, 1}.

Figure 1 depicts the identification sets using different parameter values and cardinalities of X.
Note that (8%, 87,) can be identified up to scale. In Figure (A), we set of = o = -2, g, =
By =5, By = B4, = 1, and X = {(0,0,0,0)} (i.e.,, X is singleton). Then, we can identify



FIGURE 1. Identified sets

Identified Set Identified Set

Identified Set Identified Set

-10 -5 0 5 10 -10 -5 0 5 10

B B
() (D)

Note: (A) sets of = of = =2, 7} = B85, =5, B, =5, =1, and = € {(0,0,0,0)}; (B) sets
ﬁ’—a =-2, 80, —522:5 512—521 =1, andxe{ 2,-1,0,1,2}%; (C) sets o = b = 1,
11 = g 51102 = 1 B = -1, ﬁ%Q =5 5, and z € {(0,0, 0,0)} anil (D) sets of = aob = —1
P = Py=1,085 =-1, 85 =5 and z € {-2,-1,0,1,2}*.

P, > BY,. This is consistent with the result of de Paula and Tang (2012), which identifies the sign
of interaction effect using only one value of x. Since nz(yp ; ) contains two parameters (87, 87,),
we can identify only the sign of 87, — 8I,. However, we can shrink the identified set using
variation of x. In Figure (B), we use the same parameter value but set X = {—2,-1,0,1,2}*
(i.e., cardinality of X is 54). Then, we can identify g7, > g1,, g, > 0, and g7, > 0. Figure
(C) sets of = of = =1, Y}, = =5, g1, =1, g5, = =1, B8, = 5 and X = {(0,0,0,0)}. The
identified set is not informative because the equilibrium is unique. However, as with the case of
Figure (A) and (B), we can shrink the identified set using a variation of X. In Figure (D), we
set X = {—2,-1,0,1,2}* and can identify the sign of BY, and fB7,. In any setting, we obtain the
same identified set even when we try different sets of 1000 starting points, which typically yield
different equilibrium selection mechanisms. This indicates that in this numerical example, the
equilibrium selection mechanism has a negligible impact on the identified set as long as it selects

each equilibrium with strictly positive probability.
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