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We model asset management as a continuum between active and pas-
sive: managers can deviate from benchmark indices to exploit noise
trader—induced distortions, but agency frictions constrain these devi-
ations. Because constraints force managers to buy assets that they un-
derweight when these assets appreciate, overvalued assets have high
volatility, and the risk-return relationship becomes inverted. Distor-
tions are more severe for overvalued assets than for undervalued ones
because trading against the former entails more risk and tighter con-
straints. We provide empirical evidence supporting our model’s main
mechanisms. Using the data, we infer the constraints’ tightness and
compute a measure of effective arbitrage capital.
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I. Introduction

Financial markets have become highly institutionalized. For example, in-
dividual investors were holding directly 47.9% of US stocks in 1980 but
only 21.5% in 2007, with most of the remainder held by financial institu-
tions, such as mutual funds and pension funds (French 2008). The port-
folios of these institutions are chosen by professional asset managers.

The institutionalization of financial markets has stimulated research
on the performance of professional managers and their effects on equi-
librium asset prices and market efficiency. A vast literature examines
whether actively managed funds outperform passively managed ones.
A related literature investigates whether the growth of passive funds
has made markets less efficient and whether efficiency increases in the
ratio of active to passive.'

Drawing a sharp distinction between passive funds constrained to hold
specific portfolios and active funds investing without constraints can be
misleading. This is because much of active management is done around
benchmark indices, with managers being constrained in how much they
can deviate from them. A common constraint is a bound on tracking er-
ror (TE), defined as the standard deviation of the difference between a
fund’s return and the return of its benchmark index. Bounds can also be
imposed on the deviation between a fund’s portfolio weight in each asset
class, geographical area, or industry sector and the corresponding index
weight.? Viewing asset management as a continuum between active and
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' See, e.g., Elton and Gruber (2013) for a survey of the literature on mutual fund per-
formance and Franzoni, Ben-David, and Moussawi (2017) for a survey of exchange-traded
funds and their effects on market performance.

* For example, the Norwegian Sovereign Wealth Fund, one of the largest institutional
investors globally, reports the following regarding its TE constraint: “The Ministry of Fi-
nance has set limits for how far the fund may deviate from the benchmark index. The most
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passive, depending on the tightness of managers’ constraints, seems a
better description of reality. In this paper, we flesh out that alternative
view, provide empirical evidence for it, and explore theoretically its im-
plications for equilibrium asset prices and market efficiency. We show
that these implications differ significantly from the conventional view.

Asimple example helps motivate our analysis. Suppose that some asset
managers must keep their portfolio weight in each industry sector within
5% of the sector’s weight in a benchmark index. Suppose also that a sec-
tor that the managers view as overvalued has 10% weight in the index,
while the managers give it 5% weight. If the sector appreciates and reaches
20% weight in the index, then its weight in the managers’ portfolio reaches
(approximately) 10% but mustrise further to 15% so that the constraintis
met. Buying pressure by the managers amplifies the sector’s appreciation,
raising its volatility. Overvalued sectors thus have high volatility in addi-
tion to their low expected return, causing the risk-return relationship to
become weak or inverted, consistent with empirical evidence.” Amplifi-
cation does not arise when managers are constrained to hold the index
or when they are unconstrained. The example implies additionally that
overvaluation is harder to correct than undervaluation. Indeed, manag-
ers must stick closer to the index in overvalued sectors: a 5% difference
in weight allows less leeway in relative terms when the sector’s benchmark
weight is large.

Section II presents evidence on the portfolio constraints of asset man-
agers and the behavior they induce. Active funds investing in US equities
exhibit large differences in their TE: the average TE for funds in quin-
tile 5 of TE is about four times as large as for funds in quintile 1. Moreover,
these differences persist over time and can thus be viewed as a fund char-
acteristic: a fund in quintile 1 of TE lies on average in quintile 1.63 after
3 years. Persistence is even stronger for active share (AS), computed by
summing across assets the deviations between an asset’s portfolio weight
in a fund and in the fund’s benchmark index. These findings extend
Cremers and Petajisto (2009).

While the persistence of TE and AS could, in principle, be due to iner-
tia, we present new evidence that it reflects constraints and that the con-
straints’ effects are consistent with our model’s main mechanisms. Funds
buy stocks that they underweight relative to their benchmark indices and
do so procyclically: they buy to a larger extent after the stocks perform well.

important limit is expressed using the statistical concept of expected relative volatility, or
TE. The limit for expected relative volatility has been set at 125 basis points. This means
that the difference between the return on the fund and the return on the benchmark port-
folio is expected to be more than 1.25 percentage points in only one out of every 3 years”
(https://www.nbim.no/en/the-fund/how-we-invest/risk-management/).

* References to the empirical literature on risk-return inversion are in sec. IV.D.
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Conversely, funds sell stocks that they overweight and do so slightly coun-
tercyclically: they sell to a larger extent after the stocks perform well. The
procyclical (momentum) buying of underweighted stocks is stronger for
funds with low TE or AS. Funds in quintile 1 of TE or AS eliminate 40% of
their underweight in overperforming stocks in the two semesters during
and following the overperformance. By comparison, they eliminate 20%
of their underweight in underperforming stocks.

Section III presents the model. Investors can investin a riskless asset and
in multiple risky assets over an infinite horizon. The riskless rate is con-
stant, and each risky asset’s dividend flow per share follows a square root
process. Investors maximize a mean-variance objective over instantaneous
changes in wealth. Some investors are unconstrained, while others face a
constraint limiting the deviation between the portfolio weight they give to
each asset and the asset’s weight in a benchmark index. Investors deviate
from the index to exploit price distortions created by noise traders.

Section IV derives the equilibrium prices of the risky assets, taking the
constraint as exogenous and not distinguishing between investors and
the asset managers they employ. We analyze two polar cases first: no con-
straint, in which case all investors are fully active, and an infinitely tight
constraint, in which case constrained investors hold the index and are fully
passive. In both cases, we derive a closed-form solution for each asset’s
price and show that it is affine in the asset’s dividend flow. An increase in
noise trader demand raises price and lowers expected return. It does not
affect, however, return volatility: the price becomes more sensitive to the
dividend flow, but the effect is proportional to the increase in the price
level. Moving from no constraint (all investors fully active) to an infinitely
tight constraint (constrained investors fully passive) exacerbates the price
distortions created by noise traders. This is because the constraint prevents
constrained investors from absorbing noise trader demand. The constraint
does not affect return volatility, however, because volatility is independent
of demand.

We next analyze the general case. For each asset, the equilibrium in-
volves a region where the constraint on that asset’s portfolio weight does
not bind and a region where it binds. The constraint binds for high values
of the asset’s dividend flow because the asset’s portfolio weight is high.

The equilibrium price of each risky asset is convex in the asset’s divi-
dend flow if the asset is in high noise trader demand and concave if it is
in low demand. The convexity reflects the amplification effect. The con-
cavity reflects the opposite dampening effect: since constrained investors
give higher weight to an undervalued asset relative to the asset’s index
weight, they must sell the asset when it appreciates, dampening the appre-
ciation. These effects map to the evidence in section II on the procyclical
buying of underweighted stocks and countercyclical selling of overweighted
stocks. They generate a negative cross-sectional relationship between
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volatility and expected return. That relationship is most pronounced for
intermediate levels of the constraint (and is absentin the polar cases of no
or infinitely tight constraint, where volatility is independent of noise trader
demand).

Consistent with empirical evidence, the inverted risk-return relation-
ship in our model is driven primarily by the overvalued assets, and distor-
tions for these assets are larger. Our model is also consistent with evidence
that return momentum is more pronounced within overvalued assets.
Overvaluation is often attributed to a combination of heterogeneous be-
liefs and short selling costs (e.g., Harrison and Kreps 1978; Scheinkman
and Xiong 2003; Hong and Stein 2007). Our results suggest that short
selling costs are not necessary for overvaluation distortions to be more se-
vere than undervaluation ones. Indeed, shortselling costs are not present
in our model, and all investors hold long positions in our calibrated ex-
ample. Overvaluation is harder to correct than undervaluation because
overvalued assets make up a larger fraction of the market, so trading
against them entails more risk and tighter constraints.

Because overvaluation is more severe than undervaluation, market seg-
ments with more heterogeneous noise trader demand across their com-
ponent assets earn lower expected returns than segments with less het-
erogeneity and same average demand. An analogous result is shown in
the literature on heterogeneous beliefs and short selling costs, but our
result assumes no short selling costs. Our model implies additionally that
the relationship between heterogeneity and overvaluation is stronger
when managers are more constrained to remain close to their bench-
mark indices.

Section V endogenizes the parameters of the constraint within a simple
contracting model in which investors employ asset managers. Managers
can be skilled and observe noise trader demand and the dividend flow
or unskilled and trade on uninformative signals. Investors optimize over
the wealth they allocate to their managers, a performance-based fee they
pay the managers, and an investment restriction that limits how much the
managers’ portfolio weight in each asset can deviate from the index
weight. The optimal fee aligns managers’ risk preferences with those of
their investors. Investors must guard, however, against the possibility that
their managers are unskilled and do so through the investment restric-
tion. The restriction that investors impose becomes tighter when the frac-
tion of unskilled managers increases.

In a calibrated example, we infer the constraints’ tightness from the data.
Interpreting assets as industry sector portfolios, we find that observed
differences in AS across funds are consistent with a bound on deviations
from sector index weights by managers of constrained funds of around
5%. Investors find it optimal to impose such a bound when they believe
that the fraction of unskilled managers ranges between 20% and 40%.
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One interpretation of the high inferred fraction of unskilled managers is
that 5% reflects not only an explicit bound that investors impose on man-
agers but also an implicit bound that managers impose on themselves to
limit their reputational risk from underperforming the index. Our cali-
brated example also allows us to compute effective capital, defined as the
capital that—if managed without constraints—would reduce price distor-
tions to the same extent as a given capital managed with empirically plau-
sible constraints.

Our paper relates to several strands of work on asset management and
asset pricing. One literature concerns the performance of active versus
passive funds, and theirimpact on market efficiency. That literature builds
on the seminal paper by Grossman and Stiglitz (1980), in which informed
and uninformed investors trade with noise traders, there is a cost to be-
coming informed, and price informativeness increases in the fraction of
the informed. In Subrahmanyam (1991), the introduction of index fu-
tures induces noise traders to trade the index rather than the component
assets. This lowers liquidity for the component assets and has ambiguous
effects on market efficiency. Related mechanisms are at play in Cong and
Xu (2016) and Bhattacharya and O’Hara (2018), who study how exchange-
traded funds affect market efficiency and liquidity, and Bond and Garcia
(2021), who study the effects of lowering the costs of passive investing. Pas-
tor and Stambaugh (2012) and Stambaugh (2014) explain the decline in
active funds’ expected returns based on the increase in the assets they
manage and the decline in noise trading, respectively.* In Garleanu and
Pedersen (2018), active funds’ expected returns decline when investors
are better able to locate skilled managers. In these papers, active funds
invest without investor-imposed constraints, while constraints are central
to our analysis.

In emphasizing constraints, our paper is related to the literature on le-
verage constraints and fire sales (for surveys, see Gromb and Vayanos 2010;
Shleifer and Vishny 2011). In that literature, constraints tighten when as-
set prices fall, generating procyclicality. Moreover, distortions are largestin
down markets. In our model, by contrast, constraints tighten when asset
prices rise, and this generates counterclicality for undervalued assets—
which managers overweight—and procyclicality for overvalued assets.
Moreover, distortions are largest for overvalued assets and in up markets.

Another related literature studies asset management contracts. Within
its strand that takes asset prices as given, our paper relates most closely to
He and Xiong (2013) and Parlour and Rajan (2019), in which investors
constrain managers’ choice of assets to better incentivize them to acquire

* Berk and Green (2004) show that decreasing returns to scale at the level of individual
funds help explain why investors flow into funds with good past performance even though
performance does not persist.
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information or to guard against other forms of moral hazard. Investors in
our model constrain managers to guard against the possibility that they
are unskilled.

Within the strand of the asset management contracts literature that
endogenizes prices, our paper relates most closely to papers that examine
the effects of compensating managers on the basis of their performance
relative to a benchmark index. A common theme in several papers is that
such compensation raises the price of the benchmark index and of assets
covarying highly with it. Brennan (1993), Basak and Pavlova (2013), and
Buffa and Hodor (2018) show this result in settings where managers de-
rive direct utility from relative performance. Kapur and Timmermann
(2005) and Cuoco and Kaniel (2011) show a similar result in settings
where managers receive a linear fee. The latter paper also finds that
the result can reverse when the fee has option-like components. Kashyap
etal. (2021a) explore the result’s implications for real investment.” Tighter
constraints in our model can instead lower the price of the benchmark in-
dex because investors respond to overvaluation by cutting down their invest-
ment with asset managers.

An alternative explanation for risk-return inversion is based on lever-
age constraints (Black 1972; Frazzini and Pedersen 2014): investors pre-
fer assets with high capital asset pricing model (CAPM) beta because they
provide leverage, which investors cannot replicate by investing in low-beta
assets and borrowing. Leverage constraints generate a negative relationship
between CAPM beta and alpha but a positive one between beta and ex-
pected return. In our model, both relationships can be negative.

II. Evidence

A basic premise of our theory is that investment funds must maintain
their deviations from benchmark indices within bounds. Our theory
treats the bound for each fund as a characteristic of the fund, similar
to other basic characteristics, such as the fees the fund charges and the
asset classes the fund invests in. Our theory implies additionally that some
of the trades that fund managers make are triggered by the requirement
to maintain deviations from indices within bounds. These trades are
procyclical for assets that funds underweight relative to the indices and
countercyclical for assets that funds overweight. In this section, we pro-
vide supportive evidence for the basic premise and mechanisms of our
theory.

> Other papers on the equilibrium effects of benchmarking include Qiu (2017) and
Cvitanic and Xing (2018). See Garcia and Vanden (2009), Gorton, He, and Huang
(2010), Kyle, Ou-Yang, and Wei (2011), Malamud and Petrov (2014), Sato (2016), Huang
(2018), and Sockin and Xiaolan (2018) for other models that determine jointly asset man-
agement contracts and equilibrium prices.
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A.  Deviation from Benchmark as a Fund Characteristic

A fund’s deviation from its benchmark index can be measured by com-
paring the return of the fund to that of the index or by comparing the
portfolio weights. A measure that reflects the first comparison is TE. TE
is commonly defined (e.g., Roll 1992; Grinold and Kahn 2000; Jorion
2003) as the standard deviation of the difference between the return
of a fund and the return of its benchmark index:

TEﬁmd,l = \/\/ar(Rfund,L - Rindcx,l)' (1)

A measure that reflects the second comparison is AS. AS is computed
(Cremers and Petajisto 2009) by taking the absolute value of the differ-
ence between an asset’s portfolio weight in the fund and in the fund’s
benchmark index, summing across assets, and dividing by 2:

N
Asfund,t = E |wfund,n,t - u}mdex,n,t |' (2)
n=1

N =

When portfolio weighs are nonnegative, AS lies between 0 and 1.

Table 1 presents evidence on the heterogeneity of TE across funds and
on the persistence of TE over time for a given fund. Table 2 does the same
for AS. These tables extend findings of Cremers and Petajisto (2009) to
our sample period.

Tables 1 and 2 as well as the rest of the empirical exercise in section II
are calculated for actively managed mutual funds that investin US stocks.
Our sample period is January 1999 to December 2018. We express TE, AS,
returns, and portfolio weights as percentages: for example, an AS of 0.9 as
90 and a portfolio weight of 1% as 1. We compute TE using daily fund re-
turns over a l-year lookback window.

We source asset and fund returns from the Center for Research in Secu-
rity Prices (CRSP), fund portfolio weights from Thomson Reuters, fund
benchmark indices from Morningstar, index returns from Morningstar,
and index weights from CRSP, Morningstar, and Russell. Because our data
setincludes only Standard and Poor’s (S&P) 500 and Russell index weights,
we exclude funds benchmarked on other indices. We also exclude funds

TABLE 1
CROSS-SECTIONAL HETEROGENEITY AND PERSISTENCE OF TE

QUINTILE AFTER

TE 1 Year 2 Years 3 Years
TE quintile 1 2.11 1.37 1.53 1.63
TE quintile 5 8.49 4.65 4.51 4.43

Note.—The table shows the average TE and average TE quintile 1, 2, and 3 years later
for active funds in quintiles 1 and 5 of TE.



ASSET MANAGEMENT AND EQUILIBRIUM PRICES 000

TABLE 2
CROSS-SECTIONAL HETEROGENEITY AND PERSISTENCE OF AS

QUINTILE AFTER

AS 1 Year 2 Years 3 Years
AS quintile 1 52.24 1.27 1.40 1.50
AS quintile 5 91.11 4.81 4.72 4.66

Note.—The table shows the average AS and average AS quintile 1, 2, and 3 years later for
active funds in quintiles 1 and 5 of AS.

whose combined portfolio weight in stocks does not always lie between 80
and 120, funds younger than 1 year, and funds that CRSP flags as index
funds or exchange-traded funds or that have index-related words in their
name.

Our main sample consists of funds whose benchmark indices include large
stocks. These indices in our data are the S&P 500 and the Russell 200, 1000,
and 3000 and their value and growth versions. There are 1,118 funds with
these indices as their benchmarks (as reported by Morningstar). We also
report findings in appendix C for an additional sample of 677 funds
whose benchmark indices include only small or midcap stocks. These in-
dices are the Russell 2000 and 2500, Midcap and Small Cap Complete-
ness, and their value and growth versions.

We compute the statistics in table 1 by sorting funds into quintiles at
the end of each year on the basis of their TE. The average TE for funds
in quintile 1 is 2.11, while the average TE for funds in quintile 5 is 8.49,
about four times as large. The large differences in TE across funds seem
to reflect an underlying characteristic that persists over time in relative
terms. The average quintile where quintile 1 funds in a given year lie 1,
2, and 3 years later is 1.37, 1.53, and 1.63, respectively.

The columns in table 2 are constructed in the same manner as those in
table 1, except that funds are sorted into quintiles at the end of each year
on the basis of their AS. AS is somewhat more persistent than TE in rel-
ative terms. The average quintile where quintile 1 funds in a given year
lie 1, 2, and 3 years later is 1.27, 1.40, and 1.50, respectively.®

B.  Funds Trade to Maintain Deviations within Bounds

One might argue that the persistence of TE and AS shown in tables 1 and
2 is due to inertia. If a fund holds a portfolio close to the benchmark at

% The high persistence of TE and AS for funds in quintile 1 is not driven by closet
indexers, defined as active funds that invest in a near-passive manner. Cremers and
Petajisto (2009) take closet indexers to be the funds with AS below 60. When excluding
these funds from our sample and recomputing the quintiles, we find that the average quin-
tile where quintile 1 funds in a given year lie 3 years later rises from 1.63 to 1.76 in the case
of TE and from 1.50 to 1.68 in the case of AS. Hence, TE and AS remain quite persistent.
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the end of a given year and turns over a small fraction of its portfolio dur-
ing the following year, then the portfolio at the end of that year will be
close to the benchmark as well. The significant persistence of TE and
AS over 2- and 3-year horizons is evidence against the inertia explanation.
We next present more direct evidence by showing that funds with low TE
or AS trade actively to maintain their deviations from benchmark indices
within bounds.

We measure the extent to which a fund underweights or overweights
an asset by active weight, defined as the asset’s portfolio weight in the
fund minus the weight in the fund’s benchmark index:

Awfund,n,t = wfund,n,t - u)iudex,n,t'

We compute funds’ trading activity at a semiannual frequency. If a
fund does not trade during semester ¢, then asset n’s portfolio weight
Wiana.n, 1N the fund at the end of semester tis

u}fund,n,tfl(l + R‘”J)

Z;}fund,n,l = N s (3)
2%':1 W fund, w11 (1 + Rﬂ,/,t)
where wgna,n-1 15 asset 7’s weight at the end of semester ¢ — 1 and R, is

asset n’s return during semester ¢’ The change in asset n’s weight due to
trading during semester ¢is asset 7’s weight at the end of semester ¢ mi-
nus asset n’s no-trade weight:

Awt’und,n,l = wﬂmd,w,/ - wfund,n,l'

The assets held by the funds in our sample are mainly stocks but also in-
clude cash and bonds. We observe the returns on stocks. We take the re-
turn on cash to be the 1-month US Treasury bill rate (rolled over a semes-
ter) and the return on bonds to be that of the Bloomberg (Lehman)
Aggregate Bond Index.

Table 3 presents evidence on how funds trade stocks that they under-
weight or overweight relative to their benchmark index, as a function of
the stocks’ return. At the end of each semester ¢ — 1, we compute active
weight for each fund/stock pair such that the stock belongs to the 100 larg-
est stocks in the fund’s benchmark index. We sort these fund/stock pairs
into deciles based on active weight and then sort within each decile into
quintiles based on the stock’s return during the next semester &. We com-
pute the change in the stock’s portfolio weight in the fund due to trading
during semester ¢ (col. 3) and during the year formed by semesters ¢ and

7 Equation (3) remains valid when the fund trades because of inflows or outflows or be-
cause of assets paying dividends. In the case of flows, we must assume that when the fund
experiences inflows (outflows), it buys (sells) assets according to its current portfolio
weights. In the case of dividends, we must assume that they are reinvested in the assets pay-
ing them and define the return R,, to include the dividends.
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TABLE 3
Funps’ TRADING OF STOCKS AS FUNCTION OF STOCKS” ACTIVE WEIGHT AND RETURN
CHANGE IN
WEIGHT

AcTIvE WEIGHT RETURN 6 Months 1 Year

1) (2) (3) 4)

Active weight decile 1 and return quintile 1 —1.66 —15.53 .08 .16
Active weight decile 1 and return quintile 5 —1.66 21.03 .20 .33
Active weight decile 10 and return quintile 1 2.09 -15.76  —.51 —.87
Active weight decile 10 and return quintile 5 2.09 2825 —56 —1.03

Note.—The table shows the change in weight due to trading for fund/stock pairs in dec-
iles 1 and 10 of active weight and in quintiles 1 and 5 of stock return. The change in weight is
computed over the same semester or over the same and subsequent semester as the return.

t +1 (col. 4). We consider only the 100 largest stocks in each fund’s
benchmark index so that stock returns have a significant effect on index
weights. As a robustness check, we extend the set of stocks to include the
250 largest. The effects are in the same direction but slightly weaker (table C1
in app. C). For the indices in our main sample, the 100 largest stocks ac-
count for 54%-72% of index value and the 250 largest stocks for 71%-—
89%.

Afirst observation from table 3 is that funds tend to buy stocks that they
underweight and sell stocks that they overweight—an effect also docu-
mented in DeVault, Sias, and Starks (2019). The change in portfolio
weight due to trading is positive for fund-stock pairs in decile 1 of active
weight and negative for pairs in decile 10, regardless of whether the stock
earns a low return (quintile 1 of return) or high return (quintile 5).

A second observation from table 3, which is particularly relevant for
our theory, is that funds’ buying of underweighted stocks is procyclical
and selling of overweighted stocks is countercyclical. Funds increase
the portfolio weight of an underweighted stock that underperforms (dec-
ile 1 and quintile 1) by 0.16 in the semesters during and following the
underperformance. Theyincrease the weight of an equally underweighted
but overperforming stock (decile 1 and quintile 5) by 0.33, so twice as
much. Conversely, funds decrease the weight of an overweighted stock
that underperforms (decile 10 and quintile 1) by 0.87. They decrease
the weight of an equally overweighted but overperforming stock (decile 10
and quintile 5) more, by 1.03.

Funds’ buying of underweighted stocks is procyclical for all such stocks
and not only for the stocks with the most negative active weightin decile 1.
Active weight is negative for fund/stock pairs in deciles 1-7, is approxi-
mately zero in decile 8, and is positive in deciles 9 and 10. Active weight is
positive in only two deciles because funds hold a relatively small fraction
of the stocks in their benchmark index—the average fund in our sample
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gives nonzero weight to only 23 of the largest 100 stocks in its benchmark
index. In all deciles 1-7, funds buy stocks on average, and buying is
procyclical. In deciles 9 and 10, funds sell stocks on average. Selling is
procyclical in decile 9 but becomes countercyclical in decile 10. Aggregating
across deciles 9 and 10, we find that selling of overweighted stocks is slightly
countercyclical. (Table C2 extends table 3 to all deciles.®) Thus, procyclical
buying of underweighted stocks is more pervasive than countercyclical sell-
ing of overweighted stocks.

Averaging across all deciles of active weight, our findings imply that
mutual funds engage in procyclical trading. Momentum (procyclical)
trading by mutual funds is documented in Nofsinger and Sias (1999)
and Wermers (1999). We complement these papers by showing that mo-
mentum trading is driven by the stocks that funds underweight.

We next examine how funds’ procyclical trading of underweighted
stocks depends on their TE and AS. We proceed as in table 3, sorting
fund/stock pairs into deciles based on active weight at the end of each se-
mester ¢ — 1. We then sort within each decile into two sets of quintiles
based on the stock’s return during the next semester ¢ and based on the
TE or AS of the fund at the end of semester ¢ — 1. We compute the change
in the stock’s portfolio weight in the fund due to trading during semester ¢
and during the year formed by semesters ¢ and ¢ + 1. Figure 1 plots the
change in weight as a function of the quintile of TE (fig. 14) and of AS
(fig. 1B) for the stocks in decile 1 of active weight. The dashed lines repre-
sent the stocks with the lowest return (quintile 1 of return), and the solid
lines represent the stocks with the highest return (quintile 5). The gray
lines represent the change in weight over semester ¢ (during which return
is calculated), and the black lines represent the change in weight over se-
mesters tand ¢ + 1.

Figure 1 shows that procyclical trading of underweighted stocks is driven
by the funds with low TE or AS. Indeed, for funds in the highest TE or AS
quintile, purchases of underweighted stocks are almost independent of
performance (the dashed and solid lines are close to each other). When
moving to the lower TE or AS quintiles, purchases of underweighted
underperforming stocks rise slightly (the dashed line has a small negative
slope), while purchases of underweighted overperforming stocks rise
sharply (the solid line has a large negative slope). The negative relation-
ship between the procyclical buying of underweighted stocks and TE or
AS (larger negative slope of the solid line than of the dashed line) is statis-
tically significant at the 1% level (table C4).

% We construct a counterpart of table C2 that excludes stocks with zero weights (table C3).
Table C3 resembles a truncated version of table C2 to its larger deciles, with procyclical buying
of underweighted stocks and countercyclical selling of overweighted stocks.
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Fic. 1.—Funds’ trading of stocks in decile 1 of active weight as a function of stocks’ re-
turn and funds’ TE and AS.

The negative relationship between procyclical buying and TE or AS ex-

tends beyond the stocks with the most negative active weight in decile 1.
It remains negative and statistically significant at the 1% level when dec-
iles 1-7 are pooled together, except for TE and the 6-month horizon where
significance drops to 5% (table C5). When each decile is considered in iso-
lation, significance is at the 1% level for AS and deciles 1-7 and for TE and
deciles 1 and 2. In terms of economic significance, funds in the lowest TE or
AS quintile eliminate 40% of their underweight in overperforming stocks in
deciles 1-7 in the semesters during and following the overperformance. By
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comparison, they eliminate 20% of their underweight in underperforming
stocks in the same deciles.

When restricting our analysis to funds whose benchmark indices in-
clude only small or midcap stocks, we still find procyclical buying of under-
weighted stocks, countercyclical selling of overweighted stocks, and a
negative relationship between procyclical buying and TE or AS (table C6;
fig. C1). The procyclicality is weaker, which is consistent with our theory be-
cause the weights of the largest stocks in small or midcap indices are smaller
than for large-cap indices.

We finally perform the same analysis at the level of industry sectors
rather than stocks. We classify the stocks held by each active fund into
11 industry sectors, using the Global Industry Classification Standard
(GICS), and compute the fund’s industry portfolio weights. We compute
the same weights for the fund’s benchmark index. Active weight for sec-
tors is distributed more symmetrically around zero than for stocks: it is
negative for fund/sector pairs in deciles 1-5, is approximately zero in
decile 6, and is positive in deciles 7-10. Thus, funds include stocks from
most sectors in their portfolio, even though each sector may be represented
by a few stocks. Funds buy underweighted sectors procyclically. They sell
overweighted sectors procyclically in deciles 7-9 and countercyclically in
decile 10 (table C7). Funds’ procyclical buying of underweighted sectors
is more pronounced for funds with low TE or AS (fig. C2).

C. Asset-Level versus Portfolio-Level Constraints

TE and AS are portfolio-level measures of a fund’s deviation from its
benchmark index, and bounds on these measures are portfolio-level con-
straints. In our model, we assume instead constraints at the level of indi-
vidual assets, which we interpret as stocks or industry sectors. The evi-
dence on procyclical trading of underweighted stocks or sectors—and
on a negative relationship between that trading and TE or AS—is consis-
tent with portfolio- or asset-level constraints. We next provide evidence
that asset-level constraints matter.

One testis whether trading of underweighted stocks remains procyclical
when TE or AS does not change. Asin table 3, we sort fund/stock pairs into
deciles based on active weight at the end of each semester ¢ — 1. We focus
on decile 1 and sort within itinto two sets of quintiles based on the stock’s
return during the next semester ¢ and based on the no-trade change in AS
during semester £. The no-trade change in AS is the change computed un-
der the assumption that the fund does not trade during semester ¢, in
which case portfolio weights are given by (3). If the no-trade change in
AS is zero, then constraints on AS should not induce trade by the fund.
We do not compute a no-trade change for TE because of measurement
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issues explained in appendix C, but we supplement our analysis with ac-
tual change in TE and AS.

We find that changes in weights are similar to those in table 3 across the
first four quintiles of no-trade change in AS—including in the third quin-
tile, in which the no-trade change in AS is almost zero (table C8). This
suggests that asset-level constraints matter. Changes in weights are larger
in the fifth quintile, and procyclicality is about 50% larger than in the other
quintiles. Since the no-trade change in AS is largest in the fifth quintile,
portfolio-level constraints seem to matter as well. We corroborate these
findings with a regression analysis, with no-trade change in AS as a contin-
uous variable (table C9). The findings are similar when using actual change
in TE or AS.

Another test is whether portfolio spillover effects are small. Under
portfolio-level constraints, a high return by a heavily underweighted stock
n should induce a fund to not only buy stock » but also execute similar-
size purchases of other heavily underweighted stocks and sales of heavily
overweighted stocks. We characterize spillovers associated with stock n by
adding (negative) weight changes due to trading for stocks other than n
that the fund overweights and subtracting (positive) weight changes for
stocks other than n that the fund underweights. We compute the procycli-
cality of the resulting quantity by comparing it for high and low values of
stock n’s return. We find that the high minus low difference aggregated
across all industry sectors other than stock »’s is less than 40% of the same
difference in stock n’s sector (table C10). Thus, spillover effects across sec-
tors appear to be small, providing further evidence for asset-level constraints.

III. Model

Time ¢is continuous and goes from zero to infinity. The riskless rate is
exogenous and equal to r > 0. There are N risky assets. Asset n =
1,..., N pays a dividend flow D,, per share and is in supply of 0, > 0
shares. The price §,, per share of the risky asset is determined endoge-
nously in equilibrium.

The return per share of risky asset » in excess of the riskless rate is

dR! = D,.dt + dS,, — rS,,dL, (4)
and its return per dollar in excess of the riskless rate is

— dRAz? _ Dntdt + dSnt

d
Rﬂt Snt Snt

— rdt. ()
We refer to dR;} as share return, omitting thatitis in excess of the riskless
rate. We refer to dR,, as return, omitting that it is per dollar and in excess
of the riskless rate.
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The dividend flow D,, of risky asset n follows the square root process

anf = Kn(Dn - Dnt)dt + 0, \% DntdBrLt’ (6)
where {k,, D,, 0,},-1 . y are positive constants and B,, is a Brownian mo-
tion. For simplicity, we take the Brownian motions {B,},-, . v to be in-

dependent, thus assuming that assets have independent dividends.

The square root specification (6) allows for closed-form solutions while
also ensuring that dividends remain positive. A property of the square
root specification that is important for our results is that the volatility
(standard deviation) of dividends per share D,, increases with the level
of dividends. This property is realistic: if a firm becomes larger and keeps
the number of its shares constant, then its dividends per share become
more uncertain.’

Investors form a continuum with measure 1. They are of two types: un-
constrained investors, who can invest in all assets without any limitations,
and constrained investors, who are limited in the risk they can take. Uncon-
strained investors are in measure 1 — x € (0, 1), and constrained inves-
tors are in the complementary measure x. We denote by W, and W,
the wealth of an unconstrained and a constrained investor, respectively,
and by z,, and z,, the number of shares of risky asset » that they hold.

At time ¢, investors choose their asset positions to maximize the mean-
variance objective

E(dW,) — g\/ar,wm), (7)

subject to the budget constraint

N N
dVViL = (VVU - EZinlSnl) Tdt + EzinL(Dmdt + dSnL)
n=1 (8)

n=1

N
= VVif Tdt + E Zint dRr‘zlfl >

n=1

where p is a risk aversion coefficient common to all investors, i = 1 for
unconstrained investors, and ¢ = 2 for constrained investors. The mean

? Two alternative common specifications of dividends are geometric Brownian motion
(GBM) and arithmetic Brownian motion (ABM). The volatility of dividends per share is pro-
portional to the dividend level under GBM and is independent of the dividend level under
ABM. Our main results would hold under GBM, but we do not adopt that specification be-
cause it does not yield closed-form solutions. ABM yields closed-form solutions, but our
main results would hold only under the AS-based constraint (10) and not under the TE-
based constraint (12). Indeed, under ABM and the TE-based constraint, equilibrium prices
would be linear functions of dividends, volatility per share would be constant, and the con-
straint would not tighten when dividends increase. An additional drawback of ABM is that
dividends and prices can become negative, complicating calculations of returns. Dividends
remain positive under GBM (as they do under the square root specification).
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and variance in the objective (7) are computed over the infinitesimal
change in investor wealth. That change is equal to the riskless rate paid
on wealth between ¢and ¢ + di plus the sum over risky assets of the cap-
ital gains from each risky asset in excess of the riskless rate. The capital
gains for risky asset n are equal to the number of shares z,, times the
share return dR;}.

The objective (7) renders our equilibrium analysis tractable because of
two key properties: (i) the coefficient of absolute risk aversion is inde-
pendent of wealth and (ii) there is no intertemporal hedging demand.
Investors with the objective (7) can be interpreted as infinitely lived,
but in that case (7) does not follow from a Von Neumann-Morgenstern
(VNM) utility over intertemporal consumption.'” Alternatively, investors
can be interpreted as overlapping generations living over infinitesimal
periods. In that case, (7) follows from all VNM utilities, with p equal to
—U"(W)/U' (W) and Wequal to the investors’ initial wealth.

The constraint limits the deviation of each constrained investor’s risky
asset portfolio from a benchmark index. We denote by 4, the number of
shares of risky asset n in the index and interpret it as the number of
shares sold by the issuing firm. The supply 8, of asset n can differ from
7, because it includes demand by other (unmodeled) traders. We refer
to these traders as noise traders. Their demand can differ across assets
in a way not proportional to 1,. We take their demand to be constant over
time (capturing slow mean reversion) and treat it as a model parameter
in section IV. Because demand differs across assets, however, it is effec-
tively random at the stage when the parameters of the constraint are de-
termined in section V.

We consider two specifications of the constraint. The first specification
is in the spirit of AS, defined in (2). Suppose that a constrained investor
allocates wealth W;,,in a fund investing in the risky assets and possibly in
the riskless asset and allocates the remaining wealth W, — W.,, in the risk-
less asset. The weight of asset 7 in the fund is z,, S,/ W.,. The weight of
asset n in the benchmark index is ﬁnS,l,/Z‘:leman. Requiring the two
weights to differ by no more than . > 0 yields the constraint

ZQn,fSnt _ ’;]n, Snt < i‘
N - 4
VVQ” En’:l Nt Sn’t

a simplified version of which we adopt below. The constraint (9) is in the
spirit of AS because AS is based on the difference in portfolio weights. We
impose a bound not on AS but on the difference in portfolio weights asset

9)

' In the polar cases where the constraint is absent or is infinitely tight, our equilibrium
analysis remains tractable and the results are similar when investors have negative expo-
nential utility over intertemporal consumption. This is shown in an early version of this pa-
per (Buffa, Vayanos, and Woolley 2014).
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by asset. This helps eliminate spillover effects, whereby price movements
in one asset impact the constraint’s tightness for other assets. The evi-
dence in section Il motivates an asset-level constraint because spillover ef-
fects are small. To fully eliminate spillover effects, rendering our analysis
more tractable, we approximate Ej\;:lﬁnr Sy in (9) by its unconditional ex-
pectation—an approximation that becomes more accurate as the number
Nof independent risky assets increases. We also take Ws,, to be a constant
Wa.—an assumption that is in the spirit of the previous approximation
and consistent with the overlapping generations interpretation. Under
these assumptions, (9) simplifies to

|22 — M| S < L (10)

for all n, where 5, = [Wa./E(ZY_19,0,:S,.)]%, and L = LWs,. Equation (10)
is our first specification of the constraint. We refer to 7, as the benchmark
position.

The second specification is in the spirit of TE, defined in (1). As with
the AS-based constraint, we impose a bound not on TE but on the stan-
dard deviation of the difference between fund and index return that is
generated by each specific asset. Since assets are independent, the stan-
dard deviation that is generated by asset n is the absolute value of the dif-
ference in portfolio weights times the standard deviation of the asset re-
turn. The constraint for asset n thus is

Z?ntSm‘, _ \ﬁn,A?;;f \/art(dRm) S z (11)
VVQ” 2;,,’:1 U Sn't dt

When E‘Z:]ﬁannr, is approximated by its unconditional expectation and
Ws., is a constant Ws,, (11) simplifies to

sh
o — g ) (12)
dt

for all n. Equation (12) is our second specification of the constraint.

The constraints (10) and (12) depend on the parameters (W, L.
These parameters determine L and 7, for all n. When Lis infinite, there
is no constraint and constrained investors are fully active. When instead
L = 0, constrained investors hold the benchmark index and are fully pas-
sive. For intermediate values I. € (0, ), constrained investors combine
elements of active and passive: they are active in the sense that they have
some leeway when choosing their position in each risky asset but passive
in the sense that they cannot deviate much from the index. We take the
parameters (Wa,, L) as exogenous in section IV and endogenize them in
section V.
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IV. Equilibrium with Exogenous Constraint
A.  No Constraint

We first derive the equilibrium when the bound L in the constraint is in-
finite and constrained investors are identical to unconstrained investors.
We look for an equilibrium in which the price S,, of each risky asset nis a
function of that asset’s dividend flow D,, only. Denoting that function by
S.(D,,) and assuming that it is twice continuously differentiable, we can
write the share return dR; as

dR)) = D,dt + dS,(D,,) — S,(D,,)dt

_ 1
Dnt + Kn(Dn - Dn,t)S:a,(Dnt) + EO-:DMS”(DM) - TSn(DnI) dt (13)

+ an \% DnlS/(Dn[)dBnh

where the second step follows from (6) and Ito’s lemma.
Using the budget constraint (8) and the mutual independence of the
Brownian motions {B,},-; .. v, we can write the objective (7) as

N

Sz E(dRY) — gz?n,\/ar,(dR:;?).

n=1
The first-order condition with respect to z,, is
E.(dR)) = pz,Var,(dRy)). (14)

The expected share return E.(dR;}) is the drift term in (13), and the share
return variance Var,(dR;}) is the square of the diffusion term.

Since unconstrained and constrained investors are identical, the market-
clearing condition

(1 - x)Zlnl + XZont = en (15)

implies z;,, = %, = 0,. Each investor’s position in asset n is thus equal to
the asset’s supply 0,, which coincides with the supply per investor since in-
vestors form a continuum with mass 1. Setting z,, = 6, in (14), we find the
following ordinary differential equation (ODE) for the function S,(D,.):

Dnl + Kn(Dn - Dm)S;z(Dm) + %O%LDIHS:I/(D’M) - TS(D‘VU) = Pena?szS;(Dm)?-
(16)

The ODE (16) is second order and nonlinear and must be solved over
(0, ©). We require that its solution S,(D,,) has a derivative that converges
to finite limits at zero and infinity. This yields one boundary condition at
zero and one at infinity.
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We look for an affine solution to the ODE (16):
Sn(Dnt) = Qo + ananh (17)

where (a,, a,) are constant coefficients. This function satisfies the
boundary conditions since its derivative is constant. Substituting this
function into (16) and identifying terms, we can compute (a,o, @.).

ProPOSITION 1. Suppose L = o and 0, > —[(r + «,)’/4p02]. An af-
fine solution S,(D,;) = @, + auD,, to (16) exists, with

a0 = = a,D,, (18)
r

2

r+ Kk, + \/(r + «,)° + 400,07

(19)

an1 =

The price S,(D,,) of asset n and the sensitivity S,(D,,) of the price to
changes in the dividend flow D,, are decreasing and convex functions
of the asset’s supply 0,.

The intuition for (18) and (19) is as follows. The coefficient a,, is the
sensitivity S,(D,,) of the price of risky asset n to changes in the asset’s div-
idend flow D,,. Consider a unit increase in D,,. When the asset’s supply
0, is equal to zero, (19) implies that the price S, increases by a,; =
1/(r + k,). This is the present value of the increase in future expected
dividends discounted at the riskless rate r. Indeed, a unit increase in D,,
raises the expected dividend flow E,(D,,) at time ¢ > ¢ by e (=0 Hence,
the present value of future expected dividends increases by

o li—t) —r(o— 1
¢ K (1 t)e r(? t)dt/ — )
' r + k,

When the supply 6, is positive, the price S,(D,,) increases by a, <
1/(r + k,) in response to a unit increase in D,,. This is because the in-
crease in D,,not only raises expected dividends but also makes them risk-
ier because of the square root specification of D,. Moreover, since in-
vestors hold a long position, the increase in risk makes them more
willing to unwind their position and sell the asset. This results in a smaller
price increase than when 6, = 0. When instead 0, < 0, investors hold a
short position, and the increase in risk makes them more willing to buy
the asset. This results in a larger price increase than when 6, = 0, that
is, @ > 1/(r + k,). Equation (19) confirms that a,, decreases in 0,.

The effect of 0, on a,, is stronger when 0, is small, implying that the
price sensitivity S,(D,,) is convex in 6,. Convexity is related to a,, being de-
creasing in 0, and bounded below by zero. Indeed, these properties imply
that the derivative of a,, with respect to ¢, converges to zero when 0, be-
comes large (while it is negative for smaller values of 0,).
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The coefficient a,, is equal to the price level when the dividend flow
D,, is zero. If the mean-reversion parameter k, were equal to zero—
and thus the dividend flow were to stay at zero forever—then a,, would
be equal to zero. Because, however, k, is positive—and thus the dividend
flow returns with certainty to positive values—a,, is positive. Moreover,
a,o inherits properties of a,, since the larger a,, is, the more the price in-
creases when the dividend flow becomes positive. In particular, a,, is de-
creasing and convex in the supply 0, of the risky asset, and so is the price
S = an + aqD,. Corollary 1 examines how 0, affects the asset’s expected
return and the return volatility.

CoroLLARY 1. Suppose L = o and 0, > —[(r + «,)°/4p0?]. An in-
crease in the supply 6, of risky asset n raises the asset’s conditional
expected return E,(dR,) and leaves the return’s conditional volatility

Var,(dR,) unaffected. The effects on the unconditional values
E(dR.) of expected return and /Var(dR,,) of volatility are the same as
on the conditional values.

Recall from (5) that the return of the risky asset is

D, ds,,

dt +

anl =
Snt Snt

— rdt.

Return volatility is caused by the term dS,, /S., thatis, the capital gains per
dollar invested. Since an increase in 0, lowers the sensitivity @, of the
price S,, to changes in the dividend flow D,, it makes the capital gains
ds,, = a,dD,, per share less volatile. At the same time, the share price
S, = an + aqD, decreases. Because 0, has the same percentage effect
on a,,and a,,, the capital gains dS,, /Su per dollar invested do not change,
and neither does return volatility Var,(dR,). On the other hand, ex-
pected return E(dR,,) increases because of the term (D,./S,.)dt, that is,
the dividends per dollar invested. An increase in 6, does not affect the div-
idend flow D,, per share but lowers the share price S,..

B.  Infinutely Tight Constraint

We next derive the equilibrium when the bound L in the constraint is zero
and constrained investors hold the benchmark position of , shares in each
risky asset n. Since the constrained investors’ position z,, is equal to 1,, the
market-clearing condition (15) implies z,, = (6, — x5,)/(1 — x). Substi-
tuting z,,, into (14) for i = 1, we find the ODE

_ 1 .
Dnt + Kn(Dn - Dnt)S':z(Dnt) + §szDntS':ll(Dnt) - TSn(Dnt)
(20)
07: - n 9 /
= p(lixn)aiDmSn(Dm)?.
- X
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The ODE (20) is identical to (16) except that supply 6, is replaced by
(6, — x,)/(1 — x). The solution S,(D,,) of the ODE can be derived from
proposition 1 with the same substitution.

PROPOSITION 2. Suppose L =0and6,> xg, — {{(1T = x)(r + KH)Q]/
4p02}. An affine solution S,(D,) = a, + a.D,, to (20) exists, with a,
given by (18) and

i = 2 @

r k) {Ap(6, — xm,)]/(1 = )}l

Relative to the case 1. = oo

* S,(D,) is lower when 8, > 7, and higher when 0, <17,.
* S,(D,,) is lower when 6, > 7, and higher when 6, < ,.

Under an infinitely tight constraint (L. = 0), noise trader demand has
a larger effect on the price than under no constraint (L = ®). Recall
from proposition 1 that when I = oo, the price decreases in the supply
0, of the risky asset. In particular, the price is higher when 0, < ,, corre-
sponding to high noise trader demand, than when 6, > 7,, corresponding
to low noise trader demand. When [, = 0, the difference is exacerbated:
the price is even higher when 0, <7, and is even lower when 0, > 7,. In-
tuitively, the constraint exacerbates the effect that noise trader demand
has on the price because it prevents constrained investors from absorbing
that demand. Indeed, if the constraint is imposed, constrained investors
must change their position from 6, to ,. Therefore, they must buy the as-
set when 0, < 7,, which is when noise trader demand is high, and must
sell the asset when 6, > 7, which is when noise trader demand is low.

The constraint exacerbates the effects of noise trader demand not only
on the price level but also on the price sensitivity to changes in the divi-
dend flow D,,. Recall from proposition 1 that when L= oo, the price is
more sensitive to D,, (i.e., S,(D,,) is larger) when 6, <7, than when
0, > n,. When L= 0, the difference in sensitivities is exacerbated be-
cause 0, is replaced by (6, — x7,)/(1 — x): the price becomes more sensi-
tive to D,, when 6, < 5, because (6, — x1,)/(1 — x) <#6,, and it becomes
less sensitive to D,, when 6, > 5, because (6, — x1,)/(1 — x) > 6,.

While an infinitely tight constraint exacerbates the mispricing, it does
not affect return volatility. Indeed, since volatility is independent of 9,, it
does not change when 6, is replaced by (0, — x3,)/(1 — x).

COROLLARY 2. Suppose L = 0 and 0, > xn, — {[(1 — x)(r + «,)7]/
4p02}. The conditional volatility y/Var,,(dR,,) and the unconditional vol-
atility /Var(dR,,) of risky asset n’s return are independent of the asset’s
supply 6, and are the same as when L. = co.
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C. General Case

We next derive the equilibrium for L. € (0, ). The equilibrium is described
by an unconstrained region, where the constraint does not bind, and a con-
strained region, where it binds. We nest the constraints (10) and (12) into

|Z'2nt - nn|Gn(Dnt) S L’ (22)

where G,(D,,) = S,(D,;) in the case of the AS-based constraint (10) and
G,(D,)) = 0,/D,S,(D,) in the case of the TE-based constraint (12).
The value of G,(D,,) for the TE-based constraint follows from (13) and
assuming that S,(D,,) increases in D,, (which we confirm is the case in
equilibrium).

In the unconstrained region, all investors are identical. Therefore,
their positions z,, and z,, are equal to the supply 0,, and the function
S,.(D,,) solves the same ODE (16) as when the constraint never binds. Sub-
stituting z,, = 0, into (22), we find that the unconstrained region is de-
fined by

|0n - 7In|Gn(Dm) < L. (23)

In the constrained region, (22) holds as an equality. Using the market-

clearing condition to write z,, as a function of z,, and substituting into
(14) for ¢ = 1, we find

_ 1,
Dnl + Kw (Dn - Dnl)Sr,l(Dnl) + § O—fLDnlS:zl(Dm) - TSn (Dnl) (24)
— 071 — XZow (72D S/ (D )2
p 1 — x ntnt~n nt .

Abinding constraint forces the position of constrained investors closer to
7, while keeping it on the same side of 1, as for unconstrained investors.
When, for example, 0, <17,, unconstrained investors hold a position
Ziw < 14, and constrained investors hold a position z,, € (21, 7.). Substi-
tuting zs,, from (22), which holds as an equality in the constrained re-
gion, into (24) and noting that %, — 1, has the same sign as 0, — 1,
we find the ODE

1 .
Dnl + Kn(Dn - Dnl)S:L(DnL) + EaftDnlSZ(Dm) - TSn(Dm)
‘ , (25)
p(en - xnn) 2 _ psgn(en - T],,)XL oiDmS;z(an)

= %LDN Sr’z Dn B s
1= O DuSi(Dn) 1—« G.(Dw)

where sgn(f, — 7,) is the sign function equal to 1 if 6, > 5, and to —1 if
0, <n,. The constrained region is defined by the opposite inequality to
(23), that is,
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160, — 1.|G.(D,..) > L. (26)

The price function S,(D,,) solves the ODE (16) in the unconstrained
region (23) and (25) in the constrained region (26). The two ODEs are
second order and nonlinear and must be solved as a system over (0, o).
As in sections IV.A and IV.B, we require that S,(Dy) converges to finite
limits at zero and infinity.

At a boundary point D, between the constrained and the uncon-
strained region, the values of S,I(DZ< ) implied by the two ODEs must be
equal, and the same is true for the values of §, (D:) These are the
smooth-pasting conditions, and they follow from S,(D,,) being twice con-
tinuously differentiable. The boundary point(s) between the constrained
and the unconstrained region must be solved together with the ODEs.
This makes the problem a free-boundary one.

The system of ODEs (16) and (25) does not have a closed-form solu-
tion. We can prove, however, that in the case of the TE-based constraint (12),
a solution exists and has a number of key properties. In the case of the
AS-based constraint (10), we do not have a general proof but compute
the solution numerically and show that it has the same properties.

TaEOREM 1. Suppose G,(D,) = 0,/D.S,(D..), Le(0,0), 6,>
xn, — {[(1 = x)(r + ,)*]/4p02}, and «,D, > 0>/4. A solution S,(D,) to
the system of ODEs (16) in the unconstrained region (23) and of (25)
in the constrained region (26), with a derivative that converges to finite
limits at zero and infinity, exists and has the following properties:

e It is positive and increasing in D,

« It lies between the affine solution derived for I. = o and that de-
rived for L = 0.

e Its derivative S'(D,,) lies between the derivative of the affine solution
derived for I. = o and that derived for . = 0.

* It is concave when 6, > 7, and convex when 6, < 7,.

* The unconstrained and constrained regions are separated by only
one boundary point D;.

Theorem 1 confirms that an increase in the dividend flow D,, raises the
price S,. It also shows that §,, lies between the values that it takes in the po-
lar cases I. = wand 1. = 0. For given D,, the difference in price between
0, <n,and0, >, is positive when there is no constraint (L = o), higher
when there is a constraint (L € (0,0)), and even higher when the con-
straint is infinitely tight (L = 0). The same comparisons hold for the dif-
ference in price sensitivity S,,(D,,) between 8, <7, and 6, > 7,.

A key difference with the polar cases I. = cand I. = 0 is that the price
is nonlinear in D, itis concave for 8, > 7, and convex for 8, < n,, while it
is affine in the polar cases. The nonlinearities are driven by the trading
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that the constraint induces and in turn drive the risk-return inversion. In
the polar cases, there is no constraint-induced trading either because the
constraint never binds (I. = o) or because constrained investors hold
the index (L = 0).

The intuition for the nonlinearities is as follows. Suppose that 8, > 1,
and D, is in the constrained region. Following an increase in D,,, inves-
tors’ positions go up in value and their volatility rises. To continue meet-
ing the constraint, constrained investors must bring their positions closer
ton,.Since 0, > 7,, they must sell some shares of asset n to unconstrained
investors. This dampens the price rise. The dampening effect is weaker
when D,,is smaller and in the unconstrained region because it concerns
not actual sales but an expectation that sales might occur in the future.
The price increase is thus larger for smaller D,, resulting in concavity.
Conversely, suppose that 0, < 9, and D, is in the constrained region. Fol-
lowing an increase in D,,, constrained investors must bring their positions
closer to 7,. Since 0, < 7,, they must buy some shares of asset » from un-
constrained investors. This amplifies the price rise. The amplification ef-
fectis weaker when D,,is smaller and in the unconstrained region, result-
ing in convexity.

To illustrate our results in this and subsequent sections, we use a calibrated
example. We set the risk aversion coefficient p and the number of shares
7, of eachriskyasset n = 1, ..., Nin the benchmark index to 1. These are
normalizations. In the case of p, we redefine the numeraire in the units of
which wealth is expressed. In the case of 7),, we redefine one share of each
asset by rescaling the dividend flow. We set the wealth W, to E(2)_,7,/,S,.).
This implies that the benchmark position 7, in the constraints (10) and
(12)isn = 7, = 1. We assume thatassets differ in their supply 6, and that
supply is distributed symmetrically around n = 1.

We set the number Nof risky assets to 10 and interpret them as industry
sector portfolios. An advantage of calibrating our model on industry sec-
tors rather than on individual stocks is that the former are of comparable
size (measured in our model by the average dividend per share D,), while
size varies sharply across the latter. The evidence in section Il is consistent
with constraints at the level of industry sectors.

We assume that the values of («,, D,, 0,) are identical across assets and
set them to (k, D, ) = (0.05, 0.15, 0.4). We choose these values on the ba-
sis of the asset-level volatility and Sharpe ratio. Within our model, we com-
pute unconditional versions of these quantities using the stationary distri-
bution of D,,, which is gamma, with mean D = 0.15 and 95th percentile
Dy; = 0.873. The unconditional volatility averaged across assets is 20.07,
and the unconditional Sharpe ratio is 0.27. (As in sec. II, we express TE,
AS, returns, and portfolio weights as percentages, and we do the same for
return moments.) For comparison, the average volatility of the 11 value-
weighted GICS industry sector portfolios within the S&P 500 index is
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18.72 during our sample period. Moreover, the average Sharpe ratio of
these portfolios is 0.34. While we use three parameters (k, D, 0) to target
two moments (volatility and Sharpe ratio), the third degree of freedom
has a small effect on our numerical results. We set the interest rate r to
3%. This parameter has a small effect on our main results.

We set the fraction x of constrained investors to x = 0.6; that is, 60% of
investors are constrained and 40% are unconstrained. Identifying the set
of unconstrained and constrained investors with that of active funds, we
can interpret unconstrained investors as the funds in the top two AS quin-
tiles and constrained investors as the funds in the bottom three quintiles.

We assume that the supply 0, of the 10 assets takes the 10 values (0.6,
0.7,0.8,09,1,1,1.1, 1.2, 1.3, 1.4). We choose the spread of the distribu-
tion of 0, around n = 1 on the basis of the AS of the aggregate portfolio of
unconstrained and constrained investors. (The supply 6, corresponds to
the aggregate holdings of asset n by unconstrained and constrained in-
vestors.) Under our chosen values, this AS is 10.17. The empirical coun-
terpart of this quantity is the AS of the aggregate portfolio of all active
funds, constructed at the industry sector level. We construct that portfo-
lio in two steps. First, we compute industry portfolio weights for each ac-
tive fund in our sample by classifying the stocks held by the fund into the
11 GICS industry sectors. Second, we aggregate these portfolio weights
across all active funds by weighting the portfolio of each fund by that
fund’s assets under management. We compute the AS of the resulting
portfolio weights relative to the same weights for the S&P 500 index.
AS is 10.81 during our sample period. Repeating this exercise only for
funds with S&P 500 as their benchmark yields an AS of 9.78.

We assume the AS-based constraint (10). The results for the TE-based
constraint (12) are similar (app. D). We set the upper bound L on the de-
viation between the weight of an asset in the portfolio of constrained in-
vestors and in the index to 5 (same as in the simple example in the intro-
duction). We choose L on the basis of the difference between the AS of
the portfolio of unconstrained investors and that of constrained inves-
tors: a smaller L implies a tighter constraint and a larger AS difference.
The AS, constructed at the industry sector level, of the aggregate portfo-
lio of all S&P 500-benchmarked active funds in the top two (stock-level)
AS quintiles is 13.57 during our sample period. Its counterpart for the
funds in the bottom three quintiles is 9.93. The difference thus is 3.64,
and it rises to 9.00 when using only the top quintile instead of the top
two quintiles. For L = 5, the difference is 4.97 (AS of unconstrained in-
vestors is 13.74 and of constrained investors is 8.78). We also consider the
value I. = 4, under which the difference is 6.23 (AS of unconstrained in-
vestors is 14.77 and of constrained investors is 8.55).

Figure 2A plots the price of an asset nas a function of the asset’s dividend
flow D,,. The thick lines represent the price when there is a constraint
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(L € (0,0)). The thin lines represent the price in the two polar cases
where there is no constraint (I = «) and where the constraint is infinitely
tight (L = 0), with the price in the latter case corresponding to the more
extreme values. In all three cases, the dashed grayline is drawn for the asset
nwith 6, = 0.6 (highest noise trader demand), and the solid black line is
drawn for the asset nwith §, = 1.4 (lowest noise trader demand). The area
between the price in the two polar cases is shaded. Consistent with theo-
rem 1, the gray lines lie above the black lines, and the thick lines lie inside
the shaded area.

Figure 2A shows additionally that noise trader demand has larger ef-
fects on prices when it is high (0, = 0.6) than when itis low (6, = 1.4).
Moreover, the asymmetry is more pronounced when the constraint is
tighter. We return to the asymmetry in subsequent sections.

Figure 2B plots the portfolio weight of the asset n with 0, = 0.6 as a
function of the asset’s dividend flow D,,. The dotted line represents the
asset’s benchmark weight. The solid and dash-dotted lines represent
the weight in a constrained and an unconstrained investor’s portfolio, re-
spectively. The dashed line represents the weight in a constrained inves-
tor’s portfolio when he does not trade away from his D,, = 0 position
when D,, increases. That weight almost coincides with its counterpart
no-trade weight for an unconstrained investor (not plotted). When D, in-
creases within the constrained region, constrained investors buy asset n
from unconstrained investors: the difference between the solid and the
dashed line (shaded area) increases, and so does the difference between
the dashed and the dash-dotted line. Figure 2 Cplots the counterpart port-
folio weights of the asset n with 6, = 1.4. When D,, increases within the
constrained region for that asset, constrained investors sell the asset to un-
constrained investors. A key implication of the portfolio weight panels is
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that constrained investors hold larger positions than unconstrained inves-
tors in overvalued assets and smaller positions in undervalued assets.

D. Risk-Return Inversion

In the polar cases I. = o and I. = 0, the volatility of an asset’s return is
the same and is independent of the asset’s supply 6,. For intermediate val-
ues of L in (0, 0), volatility differs from the polar cases and depends on
supply. When 0, < 9,, volatility is higher than in the polar cases. This is
because of the amplification effect, which generates the price convexity
in theorem 1. When instead 60, > 7,, volatility is lower than in the polar
cases. This is because of the dampening effect, which generates the price
concavity. Hence, volatility is higher for an asset nwith 6, < 7, than foran
asset #’ with 6, > 5, and identical other characteristics.

ProrosiTION 3. Consider assets (n, n') with 0, <1,, 0, > 1,, and
identical other characteristics. If their prices have the properties in the-
orem 1, then:

« asset n has higher conditional volatility \/Var,(dR,,) and uncondi-
tional volatility y/Var(dR,,) than asset »’; and

* the conditional and unconditional volatilities of asset n are higher
than their counterparts for L = o and L = 0, while those of asset 7'
are lower.

Proposition 3 implies a negative cross-sectional relationship between
volatility and expected return. For asset n with 0, <7,, expected return
is low, so that investors are induced to hold small positions, and volatility
is high. For asset #' with 8,, > 7, instead, expected return is high, so that
investors are induced to hold large positions, and volatility is low. High
volatility goes together with overvaluation (low expected return) because
they are both driven by high noise trader demand. Indeed, to accommo-
date the high demand, investors underweight asset n relative to the
benchmark position 5,. When the market goes up, the constraint forces
them to underweight less and hence to buy the asset. This yields amplifi-
cation and high volatility.

A negative cross-sectional relationship between volatility and expected
return has been documented empirically and is known as the volatility
anomaly because it is at odds with standard theories. Haugen and Baker
(1996) and Ang et al. (2006) document the volatility anomaly in the cross
section of US stocks.

Figure 3 illustrates risk-return inversion in the calibrated example. Fig-
ure 3A and 3B plot the unconditional average of the price and of return
volatility, respectively, as functions of L. In both panels, the dashed gray
line is drawn for the asset nwith §, = 0.6 (highest noise trader demand),
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and the solid black line is drawn for the asset #' with 6, = 1.4 (lowest

noise trader demand). Consistent with propositions 1 and 2, the differ-
ence between the prices of the two assets increases when the constraint
tightens (L decreases). Consistent with proposition 3, the difference be-
tween the assets’ return volatilities is largest for intermediate values of L.
When L is below 0.5 or above 10, the volatility difference does not exceed
1, and both volatilities are close to 20. When instead L lies between 2.5
and 4.5, the volatility difference exceeds 4. The increase is driven primar-
ily by the amplification effect for the asset in high noise trader demand
(0, = 0.6). Its volatility rises to above 23, while the volatility of the asset
in low demand drops to about 19.

Figure 3C plots unconditional expected return as a function of return
volatility for L = 5.The triangles correspond to the assets with 0, <5 = 1,
the circles to the assets with 0, > n = 1, and the square to the assets with
0, = n = 1. Consistent with proposition 3, variation driven by 6, generates
a negative relationship between volatility and expected return.

An additional measure of risk that we can relate to expected return is
CAPM beta. The CAPM predicts a positive relationship between beta and
expected return. Empirically, however, a flat or negative relationship has
been documented and is known as the bela anomaly. Black (1972), Black,
Jensen, and Scholes (1972), and Frazzini and Pedersen (2014) document
a flat relationship in the cross section of US stocks. Baker, Bradley, and
Wurgler (2011) find that the relationship turns negative in recent de-
cades. Asness, Frazzini, and Pedersen (2014) find that the beta anomaly
holds across industry sectors as well as within sectors.

Our model generates a negative cross-sectional relationship between
beta and expected return. This is because with independent dividend
flows, an asset’s beta is proportional to the asset’s return variance times
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the asset’s weight in the market portfolio. An asset n with 0, <5, has
higher beta than an asset #’ with 6,, > n, = 7, because it has both higher
return volatility (proposition 3) and higher market portfolio weight due
to its higher price (theorem 1). In the calibrated example, the beta of
asset nwith 6, = 0.6 (highest noise trader demand) exceeds that of asset
n' with 8, = 1.4 (lowest noise trader demand) by 0.65 when L = 4and
by 0.56 when L = 5.

ProrosiTiON 4. Consider assets (n, #') with 6, <7, = 9, <60, and
identical other characteristics. If their prices have the properties in the-
orem 1, then asset n has higher conditional and unconditional CAPM
beta than asset 7.

In addition to generating volatility and beta anomaly patterns, our
model makes two predictions about these anomalies, both of which are
borne out in the data. The first is that investors whose deviations from in-
dices are constrained more tightly give larger weight to high-volatility and
high-beta assets than less constrained investors. This prediction is consis-
tent with the empirical finding in Christoffersen and Simutin (2017) that
mutual fund managers who manage pension fund assets—and hence are
evaluated more tightly relative to benchmarks—hold a larger fraction of
their portfolios in high-beta stocks. Christoffersen and Simutin (2017)
also find that these managers achieve lower CAPM alphas, consistent with
our model.

The second prediction is that the profitability of the volatility and beta
anomalies derives primarily from the overvalued assets. For example, in
figure 3C, the expected return of the highest-volatility assets lies at a larger
distance below the median than the expected return of the lowest-volatility
assets lies above. This reflects the asymmetric effects of noise trader de-
mand: larger effects when demand is high than when itis low. The asym-
metryis consistent with the empirical finding in Stambaugh, Yu, and Yuan
(2012) that the profitability of anomalies comes primarily from the stocks
that are sold short. It is also consistent with the finding in Stambaugh, Yu,
and Yuan (2015) that the cross-sectional relationship between volatility and
expected return is negative for overvalued stocks and positive for under-
valued stocks. Indeed, the negative cross-sectional relationship driven by
0, dominates the standard positive relationship, driven in our model by
the dividend volatility coefficient o,, when noise trader demand has large
effects, which is when it is high.

A third prediction can be derived from an extension of our model in
which constrained investors can trade only gradually to meet their con-
straint, consistent with the evidence in section II. Assuming that gradual
future trading is not fully reflected in current prices (as, e.g., in the ratio-
nal theory of momentum in Vayanos and Woolley 2013), procyclical buy-
ing for overvalued, underweighted assets would generate return momen-
tum. This is consistent with the empirical finding in Favilukis and Zhang
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(2021) that the momentum anomaly is more profitable within the set of
overvalued (low alpha) stocks. It is also consistent with the finding in
Lou, Polk, and Skouras (2019; table 8, panel C) that momentum in intra-
day returns is more profitable for stocks that mutual funds underweight.
Indeed, according to their finding, intraday returns are driven by institu-
tional trading to a larger extent than overnight returns.

E.  Overvaluation Bias

Since noise trader demand has asymmetric effects on prices, it does not
cancel out when aggregating assets into portfolios, but it introduces an
overvaluation bias. To show overvaluation bias, we assume that the asset mar-
ket consists of segments and each segment consists of two subsegments.
We identify the assets in our model with the subsegments and assume that
noise trader demand differs across them. Propositions 1 and 2 imply that
in the polar cases I =wand [ = 0, the price is a convex function of 0,.
Hence, a segment in which 0, varies across subsegments trades at a higher
price than a segment with lower such variation and same average 0,.

PROPOSITION 5. Suppose . = wor . = 0,and 8, > xn, — {[(1 — x)(r +
K”)Q]/4p(f?l} for all » =1,...,N. For a segment consisting of assets
(n, n') and a segment consisting of assets (7, #’) with 8, <8, <8, <#0,,
6,+06,)/2=(0,+0,)/2=0,9,=n, =n, =1, =nand other char-
acteristics being identical across assets,

O(D,) = [S.(D)) + Sy (D)) — [Si(D)) + Su(D,)] > 0. (27)

Moreover, O(D,) is larger when L = 0 than when L = o under the suf-
ficient condition 6 < 1.

Proposition 5 implies a negative relationship between the variability of
noise trader demand—or, equivalently, of expected returns—within a seg-
ment and the segment’s own expected return. The negative relationship
arises because the price sensitivity S,(D,,) to the dividend flow D,, decreases
in 0, (proposition 1). When 0, is large, volatility per share is low because
price sensitivity is low. Hence, an increase in the number of shares 0, causes
asmall price drop. When instead 6, is small, volatility per share is high, and
hence an equal decrease in 0, causes a large price rise. When we average
across the two cases, a segment with more extreme values of 6, trades at a
higher price than a segment with less extreme values.

Proposition 5 shows additionally that the negative relationship between
within-segment variability of noise trader demand and segment expected
return strengthens when the constraint tightens (from L. = o to L. = 0).
This is because the constraint prevents constrained investors from absorb-
ing noise trader demand, increasing the demand’s effective variability.

Figure 4 illustrates overvaluation bias in the calibrated example. We
group the 10 assets into the five segments (0.6, 1.4), (0.7, 1.3), (0.8, 1.2),



000 JOURNAL OF POLITICAL ECONOMY

A SEGMENT PRICE B SEGMENT EXPECTED RETURN, % C SEGMENT EXPECTED RETURN, %

o o

— Af, = 0.8
—=206,=0 | 72 o 7.2 o

o e]

6.8,

6.6

6.4

.5% .4% o
6ol . . . . . . J ol . . . . . . .
0 2 4 6 8 10 00 05 10 L5 20 25 30 35 00 05 L0 15 20 25 30 35
CONSTRAINT BOUND £, % EXPECTED RETURN DISPERSION, % EXPECTED RETURN DISPERSION, %

FiG. 4.—Opvervaluation bias.

(0.9, 1.1), and (1, 1). Figure 4A plots the unconditional averages of the
prices of the two extreme segments as functions of L: the segment with
6.,,0,) = (0.6,1.4), represented by the thick line, and the segment with
(6:,0%) = (1,1), represented by the thin line. Consistent with proposi-
tion 5, the former segment trades at a higher price, and the price differ-
ence increases when I, decreases. Since the price of the latter segment
does not depend on L (the constraint does not bind for assets (#, #') be-
cause §;, = 0, = n = 1), the price of the former segment increases when
L decreases. This reflects the asymmetry shown in figures 2 and 3: the
constraint raises the price of the asset with 8, = 0.6 more than it lowers
the price of the asset with 8, = 1.4.

Figure 4B and 4C plot expected return at the segment level as a func-
tion of the dispersion in expected returns within the segment. Figure 4B
is drawn for . = 5and figure 4Cfor L. = 4. Both show a negative relation-
ship between within-segment dispersion in expected returns and seg-
ment expected return. The slope of the relationship is steeper (more
negative) when 1. = 4, consistent with the comparison that proposition 5
derives between L. = oo and L = 0.

V. Equilibrium with Endogenous Constraint
A.  Information and Contracts

In this section, we endogenize the parameters of the constraint within a
static contracting model, which we next embed into our dynamic equilib-
rium model. We sketch the contracting model briefly here and develop it
more fully in appendix A. An investor can invest in multiple independent
risky assets through a fund run by a manager. Contracting between the
investor and the manager takes place in period 0, information is observed
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and assets are traded in period 1, and assets pay off in period 2. The man-
ager is either skilled or unskilled. A skilled manager observes an infor-
mative signal about the payoff distribution of each asset. An unskilled
manager observes an uninformative signal that she wrongly treats as
informative. The probability that the manager is unskilled is A € [0, 1).
The uninformative signal makes the unskilled manager excessively opti-
mistic or excessively pessimistic, with equal probabilities. The investor al-
locates wealth W, to the fund in period 0. The manager can invest W, in
the risky assets and possibly also in the riskless asset.

The contract between the investor and the manager consists of a fee
and an investment restriction. The fee can be any nonnegative and in-
creasing function f(W.) of the investor’s wealth W, held by the fund in
period 2. The investment restriction requires that the distance between
the fund’s portfolio weight in each risky asset and the asset’s weight in
a benchmark index lies in a closed set £. The investor chooses his wealth
W, allocated to the fund and the contract parameters ( f( W), £)) to max-
imize his expected utility. He is subject to the manager’s incentive com-
patibility constraint, whereby the manager chooses positions in the risky
assets to maximize her expected utility derived from the fee.

Proposition Al characterizes the solution to the investor’s optimiza-
tion problem. The optimal set £ has the form [0, 1:], with L. > 0. Hence,
the investor allows portfolio weights in the fund to differ from index
weights as long as the distance does not exceed a positive bound L.
The position chosen by the skilled manager in each asset is the optimal
position given the investor’s risk preferences if the resulting distance in
portfolio weights is smaller than L. Otherwise, the position is the maxi-
mum or the minimum allowed by the constraint. The unskilled manager
chooses the maximum or the minimum position.

Intuitively, the optimal fee f{ W.,) aligns the manager’s risk preferences
with the investor’s. Absent the constraint, the skilled manager would
choose the investor’s optimal position for all realizations of her signal,
but the unskilled manager would choose extreme positions. The invest-
ment restriction limits extreme positions. This is desirable when the ex-
treme positions are chosen by the unskilled manager but undesirable
when they are chosen by the skilled manager (observing an extreme in-
formative signal). An increase in the probability A that the manager is un-
skilled results in a smaller value for the optimal I:, that is, a tighter con-
straint. When A goes to 1, the optimal L goes to 0; that is, the investor
renders the constraint infinitely tight, replicating passive investing.

The contracting model endogenizes the constraint (9) only in a para-
metric sense; that is, it yields optimal values for the parameters (W, L).
The general form of the constraint—as a function of the distance in port-
folio weights asset by asset—remains exogenous. Nevertheless, the exer-
cise has two advantages. First, by deriving the parameters (W, L) in the
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constraint as a function of more primitive parameters, such as the prob-
ability A that the manager is unskilled, we can map our asset pricing an-
alysis to these primitives. Second, the exercise resolves the tension in sec-
tion IV that a constrained investor optimizes over positions but constrains
himself over that choice. Under the contracting model, the skilled man-
ager chooses the position that is optimal for the investor because the op-
timal fee aligns her risk preferences with the investor’s. Moreover, the con-
straint exists to guard against the unskilled manager.

We next embed the static contracting model into our dynamic equilib-
rium model. As in our calibrated example, we set the number of shares 7,
of each risky asset n in the benchmark index to 1 (a normalization) and
assume that assets differ in their supply 6, but not in their other charac-
teristics (k,, D,, 0,). We denote the latter characteristics by (, D, 0)). We
assume that unconstrained investors can invest in the risky assets directly
and observe (0,, D,,) for all n. By contrast, constrained investors do not
observe (0,, D,,) and can invest through a fund. As in the static contract-
ing problem, they choose their wealth W, allocated to the fund and the
contract parameters ( /(W.), £) to maximize their expected utility. They
compute expected utility using the cross-sectional distribution for 6, and
the unconditional time series distribution for D,,. Since they do not ob-
serve (0,, D,), their optimal values for (W, f(W,), L) do not depend
on (0,, D,,). Fund managers can be skilled or unskilled. Skilled managers
observe (0,, D,,) for all n. The parameters (W, IAJ) determine the param-
eters (n,, L) in the constraint, as in section III. The benchmark position 7,
is the same across assets, since 1, is, and we denote it by 7.

Implicit in our formulation is that constrained investors do not con-
tract dynamically and do not learn over time. These assumptions can
be imposed as restrictions on infinitely lived investors or can follow more
directly by interpreting investors as overlapping generations living over
infinitesimal periods.

B.  Equilibrium

Solving for equilibrium involves a fixed-point problem: asset prices must
clear the market given the constraint, and the parameters (9, L) in the
constraint must be optimal given equilibrium prices. The determination
of equilibrium prices given the constraint is as in section IV. The only
change is that constrained investors whose manager turns out to be un-
skilled do not invest optimally subject to the constraint. Half of them em-
ploy a manager who is excessively optimistic about asset n and invests the
maximum value of z,,, that meets the constraint. The remaining half em-
ploy a manager who is excessively pessimistic and invests the minimum
value. Since the average of the maximum and the minimum value is 7
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and the measure of uninformed investors employing an unskilled man-
ager is \x, the market-clearing condition (15) is replaced by

(1 = x)zi + (1 = N)xzop, + A = 0,,. (28)

The definition of the unconstrained and the constrained regions is mod-
ified similarly. Since in the unconstrained region z,, = zs., (28) implies
zou = (0, — Axn)/(1 — Ax). Substituting into the constraint (22), we find
that the unconstrained region is defined by

0, — n|
1— Ax

Gn(Dm) S

L, (29)

which replaces (23). The ODE system is modified similarly, as shown in
the proof of proposition 6. The investment restriction in the static con-
tracting model yields the AS-based constraint with G,(D,) = S,(D.).
Modifying that model so that the investment restriction concerns the
standard deviation of the difference between the fund and the index re-
turn yields the TE-based constraint with G,(D,,) = 0v/D,,S,(D,;). Under
either constraint, the determination of the optimal values of (7, L) fol-
lows in proposition Al. Proposition 6 characterizes these values.

ProrosiTiON 6. The optimal values of (5, L) have the following
properties:

* When 6, is the same across assets, n = 6 and L = 0, where 6 is the
common value of 0,.

* When 0, differs across assets, € (0uin, Omax ), Where 0,,,, is the mini-
mum and 0, is the maximum value of §,. Moreover, . = o when
AN =0, L e (0,0) when A\ > 0, and lim,_,L = 0.

When asset supply 0, takes the same value 6 for all assets, holding an
equal number of shares of each asset is optimal for an investor. Moreover,
the optimal number of shares of each asset is 0: since investors form a
mass 1 continuum, 6 is the asset supply per investor. Constrained inves-
tors achieve the optimal outcome by requiring the fund to hold the index
(L = 0)and allocating to itwealth W, such that the number of shares that
it holds of each assetis n = 6.

When 0, differs across assets, holding an equal number of shares of
each asset is not optimal. If all managers are skilled, then constrained in-
vestors achieve the optimal outcome by not restricting the fund (1. = ).
If instead some managers are unskilled, then constrained investors im-
pose a restriction (L € (0,)). The wealth W. they allocate to the fund
is such that the benchmark position 7 is smaller than E(6,). This choice
of W._reflects an optimal response of (rational) constrained investors to
the asymmetric effects of noise trader demand. To explain the intuition,
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suppose for simplicity that constrained investors always require the fund
to hold the index (L = 0), in which case 7 is the number of shares that
the fund holds of each asset. Suppose also that 6, takes the same value
0 for all assets, in which case constrained investors set W, such that
n = 0. Suppose next that noise traders buy some shares of one asset
and sell an equal number of shares of another asset, so that E(6,) remains
equal to 0. Because of the asymmetry, the price of the latter asset rises
more than the price of the former asset drops. Constrained investors re-
spond to the aggregate overvaluation by changing W, so that the fund
holds a smaller number of shares 5 of each asset.

The optimal response of constrained investors tempers the asymmetry
but does not eliminate it. This is shown in figure 5A and 5B, which are the
counterparts of figure 34 and 3Bfor the endogenous constraint. The two
panels plot the unconditional average of the price and of return volatility
as functions of the fraction N\ of unskilled managers. Parameter values are
asin the calibrated example of section IV, except that (W,, L) are solutions
to the contracting problem and functions of A. Noise trader demand has
larger effects on price and volatility when itis high (6, = 0.6) than when it
islow (8, = 1.4). The asymmetry thus remains but is weaker than in figure 5.
In particular, the maximum spread in return volatilities, which is mainly
driven by the high-demand asset, drops to 1.82% from 4.49% in figure 3.

Figure 5C plots the optimal values of L (left scale) and 7 (right scale)
as functions of \. Consistent with proposition 6, the optimal L becomes
large when A goes to 0 and decreases to 0 when A goes to 1. The optimal 5
is smaller than E(f) = 1 and decreases in \.

Figure 5Cshows that for a fraction A of unskilled managers up to 30%,
the constraint is laxer than implied by the data. When N = 10 %, the
bound L in the constraint is 10.1, and the difference between the AS of

A PRICE B RETURN VOLATILITY, % C OPTIMAL CONSTRAINT
—_—t = / \ —_—
16 6,=06 R / \ \ o “
P / \
V2 20.5 / \
4 / \
1.4] ,/ / \
PR / \
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‘e / \
/ N\,
Vi \,
/ ~
1.0
19.5
08 \
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0 20 40 60 80 20 40 60 80 0 20 40 60 80
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o

Fic. 5.—Endogenous constraint.
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unconstrained and of constrained investors is 1.67—smaller than its em-
pirical counterpart of 3.64 (or 9.00 when identifying unconstrained in-
vestors with the funds in the top AS quintile). When A rises to 20%, L
drops to 7.4, and the AS difference rises to 2.62. It takes \ to rise all the
way to 40% for L to drop to 5, as in the calibrated example of section V.
For that value of A\, the AS difference becomes 4.12.

When the constraint is specified in TE rather than AS terms, its data-
implied tightness is consistent with values of A smaller than 30%. For ex-
ample, when N = 20%, the AS difference is 4.05."" Nevertheless, the frac-
tion of unskilled managers that it takes to generate a constraint of the
observed tightness remains significant. One interpretation of this result
is that constraints incorporate not only an explicit bound that investors
impose on managers but also a bound that managers impose on them-
selves to limit their reputational risk from underperforming the index.

C.  Effective Capital

We finally use our model to compute effective capital. According to the
market efficiency view, noise trader—induced distortions should be small
because institutions such as mutual funds and pension funds can deploy
large pools of capital to trade against them. According to the limits of ar-
bitrage view, that capital can be ineffective because agency problems be-
tween the managers in these institutions and the investors who own the
capital limit the managers’ ability to take risk. Our model can inform the
debate between the two views because it determines how agency-induced
constraints on asset managers affect equilibrium asset prices. Suppose that
a given amount of capital is invested with constrained asset managers. What
is the equivalent amount of capital that—if managed without constraints—
would result in the same price distortions?

To compute effective capital, we assume that a subset of constrained in-
vestors with measure y < x can invest with skilled managers, to whom they
(optimally) impose no constraints, and the remaining subset, with mea-
sure x — y, invests in the index. We determine the value of y such that
price distortions are the same as when all constrained investors can invest
with managers of unknown skill, to whom they impose constraints. We re-
fer to yas effective capital and express it as a fraction of x, to which we re-
fer as total capital. We measure price distortions by the average difference

"' The AS- and TE-based specifications differ in the relationship between A and the op-
timal L because of the dependence of conditional return volatility on the dividend flow.
Since the volatility of dividend per share D,, goes to zero when D,, goes to zero, and the
price S,, does not go to zero, return volatility goes to zero. With low return volatility in
the unconstrained region, the cost to investors of a large investment by unskilled managers
is small, and investors can afford to raise L. This effect is absent under the TE-based con-
straint, as that constraint is specified in volatility terms and thus becomes laxer when vol-
atility drops.
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TABLE 4
EFFECTIVE CAPITAL
AAS = 4 AAS = 6
AS Based TE Based AS Based TE Based
Fraction of unskilled managers N (%) 38.4 19.6 55.8 37.0
Constraint bound L (%) 5.2 1.6 3.8 1.1
Effective to total capital y/x (%) 42.6 52.0 23.2 28.4

Note.—Effective to total capital y/xis shown as a function of the type and severity of the
constraint.

between the price of assets in high noise trader demand and the price of
assets in low demand.

We compute y/x within our calibrated example under both the AS-
based and the TE-based constraint. Under either constraint, we consider
two values of \: one that generates a difference between the AS of uncon-
strained and of constrained investors of 4 and one that generates a differ-
ence of 6. The implied value of \ is sensitive to the specification of the
constraint, but effective capital (shown in table 4) is less so. For an AS dif-
ference of 4, effective capital is around 50% of total capital. For an AS dif-
ference of 6, effective capital drops to around 25%.

VI. Conclusion

We argue that asset management should be viewed as a continuum be-
tween active and passive rather than as two polar extremes. Active manag-
ers are not required to hold benchmark indices. Yet they are often re-
quired to maintain their deviations from indices within bounds. These
bounds differ significantly across funds and can be viewed as a character-
istic of each fund.

We provide new empirical evidence supporting the continuum view
and interpret findings in the literature in that light. We also explore the-
oretically the implications of the continuum view for equilibrium asset
prices and market efficiency. We show that constrained asset managers
buy underweighted assets procyclically, and this generates a positive asso-
ciation between overvaluation and high volatility. We also show that over-
valuation is harder to correct than undervaluation, even in the absence of
short sale costs. These mechanisms have attracted policy attention be-
cause of their links with asset bubbles.'*

'* For example, a 2003 report by the Committee on the Global Financial System (Bank
for International Settlements 2003, 19) notes, “Overvalued assets/stocks tend to find their
way into major indices, which are generally capitalization-weighted and therefore will more
likely include overvalued securities than undervalued securities. Asset managers may there-
fore need to buy these assets even if they regard them as overvalued; otherwise they risk
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Our research can be extended in a number of directions. One direction
is to explore the optimal design of benchmark indices—which we show
matter not only for passive funds but also for active funds.'® For example,
should asset managers be required to remain close to an index portfolio or
to an average portfolio of other managers? A related and broader direc-
tion is to explore the optimal design of asset manager contracts and con-
straints. Linking the contracts to equilibrium asset prices, as we do in this
paper, raises welfare questions as well. Would a social planner internalizing
the links between contracts and prices employ the same contracts as pri-
vate investors?'*

An additional extension is to introduce dynamic contracts and repu-
tational concerns. Our calibrated example suggests that constraints
may partly reflect managers’ concern to limit their reputational risk
from underperforming their benchmark index. A number of papers
show that reputational concerns of asset managers generate herding
and a preference for negative skewness.'” The links between reputational
concerns and the asset pricing effects that we derive in this paper, such as
risk-return inversion, could be explored.

Appendix A
Endogenous Constraint

There are three periods: 0, 1, and 2. In period 0, contracts are written. In period
1, information is observed and assets are traded. In period 2, assets pay off. There
is one riskless asset and N risky assets. The riskless asset has return r. Risky asset
n =1, ..., N trades at price S, per share and has return R, in excess of the riskless
asset.

An investor has wealth W. In period 0, he allocates W — W, to the riskless asset
and W. > 0 to a fund run by a manager. The manager can invest W. in the risky
assets and possibly also in the riskless asset. The investor has prior distribution IT,
on {(S,, R,)},-1. . » in period 0. Under I1,, the pair (S,, R,) is independent across
assets. We denote expectations under II, by [E,.

violating agreed tracking errors. In a similar spirit, a 2015 International Monetary Fund
working paper (Jones 2015) notes, “Another source of friction capable of amplifying bub-
bles stems from the ‘captive buying’ of securities in momentum-biased market capitalization-
weighted financial benchmarks. Underlying constituents that rise most in price will see their
benchmark weights increase irrespective of fundamentals, inducing additional purchases
from fund managers seeking to minimize benchmark tracking error.”

'* Recent evidence that benchmarks matter for active funds is in Pavlova and Sikorkaya
(2022), who examine active funds’ trading around dates when benchmark composition
changes.

' Kashyap et al. (2021b) compare privately and socially optimal contracts in a two-period
model of asset management.

' See, e.g., Froot, Scharftstein, and Stein (1992), Dasgupta and Prat (2008), Dasgupta,
Prat, and Verardo (2011), and Guerrieri and Kondor (2012).
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The manager is either skilled or unskilled. A skilled manager observes informa-
tive signals {s, },-, . » about asset returns {R,},-, _ y. An unskilled manager ob-
serves uninformative signals about returns, but she wrongly treats them as infor-
mative.'® Signals are independent across assets. Both the skilled and the unskilled
manager observe prices {S,},-,, . Signals and prices are observed in period 1.
The posterior distribution that a skilled manager has on R, after observing signal
s,1s I1,(s,). The posterior distribution II, that an unskilled manager has on R, is
either an optimistic one IT{ or a pessimistic one IT},, with the two outcomes equally
likely. The probability that the manager is unskilledis X € [0, 1). The investor and the
manager have negative exponential utility over consumption in period 2, with coef-
ficient of absolute risk aversion equal to p for the investor and p for the manager.

The signal s, that a skilled manager observes about R, is continuous, and yields
a posterior distribution II,(s,) that gives positive probability to positive and to
negative values of R,. As a consequence, the position zj(s,l) that maximizes the
investor’s expected utility conditional on s, is finite. We take the range of z, (s,)
to be the real line. The unskilled manager gives positive probability only to pos-
itive values of R, under the optimistic posterior distribution IT{ and only to neg-
ative values under the pessimistic distribution IT,. Thus, the unskilled manager
believes that each asset n either has no downside or has no upside.

If the investor allocates wealth W, > 0 to the fund in period 0, then he offers the
manager a contract. If the manager accepts the contract, then she observes prices
and her private signals about returns in period 1 and chooses a portfolio for the
investor. The portfolio consists of {z,},-, . y shares in the risky assets and
W, — 2,28, dollars in the riskless asset. The investor’s wealth held by the fund
in period 2 is W, = W,(1 + r) + SN2, S.R,,.

The contract consists of a fee, which depends on the investor’s wealth W, held
by the fund in period 2 and on an investment restriction. The fee can be a general
function f{W.), subject to a nonnegativity and a monotonicity constraint. The
nonnegativity constraint is f(W.) > 0 and arises because the manager has limited
liability. The monotonicity constraint is that f{W,,) is increasing and could arise
from moral hazard in period 2. Indeed, a decreasing fee could incentivize the
manager to engage in wasteful activities that reduce W, so to increase her fee.
Anondecreasing fee could also incentivize such activities if they yield an infinites-
imally small private benefit to the manager. An additional reason to assume an
increasing fee is to rule out the implausible outcome that the investor can induce
the manager to choose any positions {z,},,. .. v just by offering her a constant fee
and exploiting her indifference. To ensure that an optimal fee exists, we formu-
late the monotonicity constraint as a weak rather than a strict inequality:
J'(Wa) > eg'(W,) > 0, where € is a positive constant and g(W,,) is an increasing
and bounded function defined over (—o, ). We derive the optimal fee for each
e and take the limit when e goes to zero.

The investment restriction concerns the positions {z,},-, .y chosen by the
manager in period 1. We assume that the investor observes the distance

' See Vayanos (2018) for a related model in which the unskilled manager is rational,

and takes extreme positions despite observing uninformative signals because she is less
risk-averse than the skilled manager.
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|(2,8,/W.) = (7,8,/ZN_19.:S,)| between the portfolio weight z,S, / W. of each risky
asset nin the fund and the asset’s weight1,,S, / SN %Sy inabenchmark index that
includes 7, shares of asset n. The investor restricts that distance to lie in a closed set
L, same for all assets. To ensure that the investor allocates positive wealth in the
fund, we assume that the index earns nonnegative unconditional expected return
in excess of the riskless asset, that is, Eo (2=, S, R, /Z0=17.S,) > 0.

The investor chooses in period 0 wealth W, > 0 allocated to the fund as well as
contract parameters (f(W,), £) if W, > 0 to maximize his expected utility. He is
subject to the manager’s incentive compatibility constraint, whereby the manager
chooses positions in the risky assets to maximize her expected utility derived from
the fee. He must also ensure that the fee satisfies nonnegativity and monotonic-
ity. Nonnegativity ensures that the manager’s individual rationality constraint is
satisfied.

Since the constraint |(z,S,/W.) = (7,S,/2y-17.Sy)| € £ implies z, = 0 when
W. = 0, we can nest the case W, = 0 within the case W, > 0 when solving the in-
vestor’s maximization problem. That is, we can assume that even when the inves-
tor allocates wealth W. = 0 to the fund, he offers the manager a contract. Under
that contract, positions z, are zero, and so is the manager’s fee f(W.,) (for the only
possible value W, = 0).

Our contracting model is in the spirit of the literature on optimal delegation
(e.g., Alonso and Matouschek 2008; Amador and Bagwell 2013). A key result in
that literature is that instead of taking an action based on information sent by the
agent, the principal can equivalently let the agent take the action within a re-
stricted delegation set. The delegation literature generally precludes monetary
transfers between the principal and the agent. We allow monetary transfers
but—in the spirit of the delegation literature—restrict the fee function f{W,)
to not depend on information sent by the agent. We also restrict the delegation
set £ to depend on only some statistics of the agent’s action. That restriction
could be arising from investors’ limited ability to observe or process information.

Proposition Al shows that in the limit when e goes to zero, the investor allocates
wealth W, > 0 to the fund and chooses a delegation set £ of the form [0, I:), with
L > 0. The proposition also characterizes the optimal values of (W,, L) and the
optimal fee f{W.). We denote by z, and %, the maximum and minimum values,
respectively, of z, that meet the constraint |(z,S,/W.) — (#,S,/ZV_19.:80)| < I.

ProrosiTiON Al. In the limit when € goes to zero:

¢ The investor allocates wealth W, > 0 to the fund.

+ The optimal delegation set £ has the form [0, L], with L > 0.

* The position zg,(s,) in asset n chosen by the skilled manager is z, when
z:(sn) >3%,, %, when z (s,) <%, and Z (s.) otherwise.

* The position z;, in asset n chosen by the unskilled manager is z, when her
posterior is I1? and %, when her posterior is IT,.

* The optimal values of (W, L) solve

max [, [_(1 _ )\)e*P(W(l+1’)+E’\":lz(..,(\',,)S.,R“> _ )\e—p(wm+7)+E;:,z“,,x,,n,,)]. (Al)

(W.,L)e[0,00)*

* The optimal fee f{W.,) converges to zero for all W,.
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Appendix B
Proofs
B1.  Proof of Proposition 1

Substituting the affine price function (17) into the ODE (16), we find

Dy + k,(D, — Du)an — 1(aw + anD,) = p0,05D,.a. (B1)

Equation (B1) is affine in D,,. Identifying the terms that are linear in D,, yields
the equation

00,0%at, + (r+x)an —1=0. (B2)

Equation (B2) is quadratic in @,;. When 6, > 0, the lefthand side is increasing
for positive values of a,;, and (B2) has a unique positive solution, given by (19).
When 6, <0, the left-hand side is hump shaped for positive values of a,;, and
(B2) has two positive solutions, one positive solution, or no solution. Condi-
tion 0, > —[(r + K,,)2/4p0§] ensures that two positive solutions exist when 6, < 0.
Equation (19) gives the smaller of the two solutions, which is the continuous ex-
tension of the unique positive solution when 6, > 0. Identifying the constant
terms yields the equation

k,Dya, — ra, =0,

whose solution is (18).
To show that S,(D,,) and S, (D,,) are decreasing and convex in 6,, we note that
a,, takes the form

1
A+ VB o,

for positive constants (A, B, C). The function ¥ (6,) is decreasing. It is also con-
vex because its derivative

¥(0.)

C 1
2VB+CO, (A+ B+ (9,)"

is increasing. Hence, a,, is decreasing and convex in 0,. These properties extend
to a, from (18) and to S'(D,,) = a,, and S(D,,) = a, + a,D,,. QED

¥(6.) =

B2. Proof of Corollary 1

Substituting the price from (17) into (13), we find that the share return of asset n
is

dR:I/z = [Dm + K?L(Dn - Dn/)anl - T(anO + anle)}dt + 0,V DnlanldBnl
(B3)
= penoiDnraildt + 0,V DnlanldBntv

where the second step follows from (B1). Substituting the share return from
(B3) and the price from (17) into (5), we find that the (dollar) return of asset
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nis

dR.. = pOnO%Dma;zll dt + OnV Dﬂlanl dBnt
nt T

o + anDy

_ ponangnlanl dt + o, V D, dB,,
(Kﬂ/r)Dﬂ + Dn/ (B4)

{(2p0n0%Dn,dt)/(7 + Kk, + 4/ (r + K,,)2 + 4p0no§)] + 0,7/D,.dB,,
(k,/r)D, + D,, ?

where the second step follows from (18) and the third step follows from (19).
The conditional expected return is the drift coefficient in (B14) times dt,

200,0%D,,dt

E(dR,) = )
(r +k, +1/(r + K,,)2 + 4p0,,(7i) [(k./7r)D, + D,

It takes the form ®(6,){(200%D,,dt)/[(k./r)D, + D,]}, where

071
A+ B+ (0,

for positive constants (A, B, C). The function ®(0,) is increasing, and hence the
conditional expected return is increasing in 6,. (The derivative of ®(6,) has the
same sign as

D(9,)

c 1 o,
A++/B+C, ———— 0, =A+—— B+ .
2B + (8, VB + (9, ( 2 )

This expression is positive for B + Cf, > 0, a condition that is required for the
term in the square root to be positive.) The unconditional expected return is
the unconditional expectation of the conditional expected return,

E(dR,) = E(E,(dR.)),

because of the law of iterative expectations. Since E,(dR,) is increasing in 6, for
any given D,,, E(dR,,) is increasing in 0,.
The return’s conditional volatility is the diffusion coefficientin (B4) times v/ dt,

o/ D,,dt

\/ar[(dRm) = m
n n nt

(B5)

Itis independent of 6,. The return’s unconditional variance is the unconditional
expectation of the return’s conditional variance,

Var(dR,,) = E(Var,(dR,,)). (B6)
Since Var,(dR,,) is independent of § for any given D,,, Var(dR,,) is independent of

6, and so is the return’s unconditional volatility \/Var(dR,,). Equation (B6) is im-
plied by the law of total variance
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Var(dR,,) = E(Var,(dR,,)) + Var(E,(dR,,)) (B7)

and because in continuous time the second term in the right-hand side of (B7) is
negligible relative to the first: the second term is of order dt* while the first is of
order dt. QED

B3. Proof of Proposition 2

Since the ODE (20) is identical to (16) except that 6, is replaced by
(0, — x1,)/(1 — x), (21) can be derived from (19) with the same substitution.
The comparisons with the case L = w follow because the function ¥ (6,) defined
in the proof of proposition 1 is decreasing. Since (6, — x7,)/(1 — x) > 6, when
0, > n,, (19) and (21) imply that a,, is smaller in the case L = 0 than in the case
L = o. Conversely, since (6, — xn,)/(1 — x) <6, when 6, <n,, (19) and (21) im-
ply that a,, is larger in the case I. = 0 than in the case [. = 0. These comparisons
of a,, extend to a,, S'(D,) = a., and S,(D,) = a, + anD,. QED

B4. Proof of Corollary 2

The price in the case I. = 0 can be derived from the price in the case L. = o by
replacing 8, by (6, — xn,)/(1 — x). Since the conditional and unconditional vol-
atility in the case I. = oo are independent of 8, (corollary 2), they are also inde-
pendent of 0, in the case I. = 0, and they are equal across the two cases. QED

B5.  Proof of Theorem 1

The proof of theorem 1 is in appendix E. The existence part of the proofis along
similar lines as in Kondor and Vayanos (2019). We start with a compact interval
le, M] © (0,0) and show that there exists a unique solution to the ODEs with
one boundary condition at e and one at M. The boundary conditions are derived
from the limits of §'(D,) at zero and infinity. In the case of M, for example, the
requirement that S’ (D;) has a finite limit at infinity determines that limit uniquely,
and we set 8’ (M) equal to thatvalue. To construct the solution over [e, M ], we use
§'(M) and an arbitrary value for " (M) as initial conditions for the ODEs at Mand
show that there exists a unique S”(M) such that the boundary condition at € is
satisfied. Showing uniqueness uses continuity of solutions with respect to the ini-
tial conditions as well as a monotonicity property with respect to the initial con-
ditions that follows from the structure of the ODEs. We next show that when ¢
converges to zero and M to infinity, the solution over [e, M| converges to a solu-
tion over (0, o). The monotonicity property of solutions with respect to the initial
conditions is key to the convergence proof because it yields monotonicity of the
solution with respect to e and M. QED

B6.  Proof of Proposition 3

Substituting asset n’s share return from (13) into (5) and setting S,, = S,(D,,), we
find that the asset’s dollar return is
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AR = [Dn/ + Kn(Dn - Dm)Sr,L(I)n/) + (1/2)J%DnIS7,I’(D711)]dt + 0,V DnlS;l(Dnl)dBnl
nt S, (D,,,)

— vdt. (BS)

The conditional volatility of asset »’s return is the diffusion coefficient in (B8)

times \/@:

VD, S, (D
Var,(dR,) = 220 DOV S 55(15 )"’)‘@.

(B9)
The conditional volatility under the affine solutions derived for . = Oand . = o
is given by (B5). Comparing (B5) and (B9), we find that the conditional volatility
of asset n’s return is higher than under the affine solutions if

Zn(DnL) S;: (Dn[)(KnDn + VDm) - T‘grl(Drzl) > 0.

Likewise, the conditional volatility of asset #’s return is lower than under the af-
fine solutions if

Zn'(Dn’l) = S;L’(Dn't)(Kn’Dn' + TDn’l) - VS,,L’(D,,'/) <0.

Since S, (D;) converges to a finite limit when D,, goes to zero, D,.S!(D,) converges
to zero. Since, in addition, G,(D,,) > L/(]6, — 1.]) > 0 in the constrained region,
(16) and (25) imply Z,(0) = 0. Convexity of S,(D,,) and Z,(0) = 0imply Z,(D,.) >
0, and hence the conditional volatility of asset »’s return is higher than under the
affine solutions. Likewise, concavity of S, (D,,) and Z,(0) = 0 imply that the con-
ditional volatility of asset 7’s return is lower than under the affine solutions. The
comparison of conditional volatility across assets n and ' follows from the com-
parison of each case with the affine solutions since volatility under the affine so-
lutions is the same for the two assets.

Since the return’s unconditional variance is the unconditional expectation of
the return’s conditional variance, the comparisons derived for conditional vola-
tility carry over to unconditional volatility. QED

B7.  Proof of Proposition 4
The conditional beta of asset n is

w = B10
Var, ( dRMz) ( )

where dR,, denotes the return of asset n and dR,;, denotes the return of the mar-
ket portfolio. Assuming that the market portfolio includes 5, shares of asset m =
1,..., N, its return is

dRy} N o madRY N 9,8, y
ARy = —* = E"i;"’ - = D R, = SwudR,,  (BIl)
S Emzlnmsmr m=1 Em:]nmsﬂrl m=1

where S,, denotes the market portfolio’s price and

7’ m Sml
E ,\n 1M St

Wy =



000 JOURNAL OF POLITICAL ECONOMY

denotes asset m’s weight in the market portfolio. Equation (B10) implies that the
conditional beta of asset n exceeds that of asset 7' if

COV!(anLdR\u) > COV1(an’I, dR\u)
< w,Var,(dR,) > w,Var,(dR,,) (B12)
< Wn*ngt\/arz(anz) > nn’Sn’r\/arr(an’r)v

where the second step follows from (B11) and the independence of returns
across assets.

Suppose next that 6, <, = 5, < 0, and that other characteristics of assets n
and 7 areidentical (k, = k,,D, = D,,0, = o,,and D,, = D,,).Since a,, decreases
in 6, (proposition 1), the affine solution derived for [ = ois larger for 0, than for
#,. Since, in addition, S, lies above the affine solution for 6, while S, lies below the
affine solution for#,, S,, > S,.. Since, finally, Var,(dR,,) > Var,(dR,,) (proposition 3),
(B12) implies Cov(dR,;, dRy,) > Cov,(dR,., dRy,) and hence B, > B,

The unconditional beta of asset n is

_ COV( dR,, dR.w) IE( Cov, ( AR, dRyy ))

B = Var(dRw) | E(Var(dRw))

Since the conditional covariance of Cov,(dR,,, dRM,) is larger for asset n than for
asset 7, the same is true for the unconditional covariance and hence for the un-
conditional beta. QED

BS8.  Proof of Proposition 5
Since (18) implies S(D,) = a[(k/r)D + D], (27) is equivalent to
a, + ary — (i + @) > 0. (B13)
When L = oo, proposition 1 implies that (B13) is equivalent to
P(0,) +¥(0.,) — [¥(0:) + ¥(6:)] > 0, (B14)

where the function ¥ (0) is defined in the proof of proposition 1. Setting £ = 6 —
6,=0,—0>0and £ =0—10, =0, —0 < (0,0), we can write (B14) as

YO -0 +PO+0) - [PO—-O)+PO+0)] >0

¢ y
JA‘P'(E + x)dx — J‘A‘P'(é — x)dx >0 (B15)

{ X
= J <J w6 + y)dy) dx > 0.
14 —x

Equation (B15) holds because () is convex. When L =0, proposition 2 im-
plies that (B13) is equivalent to (B14), with the function ¥((§ — xn)(1 — x)) in-
stead of W(6). Since W((8 — x1)(1 — x)) is convex, the modified (B14) holds.

Propositions 1 and 2 imply that the comparison between I. = o and L = 0 in
the corollary is equivalent to
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) () B o)
1—x 1—x 1—x 1—x

> W(6,) +W(0.) — [¥(6;) + ¥(6;)]
0 — xy l 0 — xy l
c>\P(1*x_l*x)—i_LIJ(lfx—’_l*x>
_ - - ~ (B16)
0 — xn l 0 — xn L
T(l—x_l—x>+\y<l—x+l—x)]
SWE—0) + W@+ 0) — [tp(é—?)wp(é

0/(1-x) / x 09— xn Crx _
= JA (J ‘I’”( + y) dy) dx > JA(J (0 +y) dy) dx.
0/(1=x) \J—x 1—x LN\ =«

Since ¥(0) is convex and x € [0, 1),

0/ (1-x) x n_ [t/=n)]+e=t y px a_
J J B 6 = +y|dy)dx> J J p 6 = xn +y)dy | dx
i/01-x) \J -x 1—x i/1-x) . 1—x

+
)

Since, in addition,

c? 1 c? 1
v(0) = S+
4B+ CO" (A+vVB+ o)’ 2B+ CO)(a+VB+ Co)’
is decreasing, (B16) holds under the sufficient condition (6§ — x9)/(1 — x) <,
which is equivalent to § < 5. QED

B9.  Proof of Proposition Al

We proceed in three steps. In the first step, we show that for any € > 0, the inves-
tor’s expected utility under any contract does not exceed the utility (Al). This is
the utility that the investor achieves when (W, £) are as in the proposition and the
fee f{W.) is zero. In the first step, we also show that the difference in utilities is
bounded away from zero when the parameters (W, £) in the contract or the man-
ager’s positions are not as in the proposition. In the second step, we show that
there exists a contract with parameters (W,, £) and manager’s positions as in
the proposition, under which the investor’s expected utility converges to the util-
ity (Al) when e goes to zero. In the third step, we show that the maximum in (Al)
is achieved for W, > 0 and L>0.

The first and second steps imply that in a contract maximizing the investor’s
expected utility when e goes to zero, the parameters (W,, £) and the manager’s
positions are as in the proposition. Indeed, if a utility-maximizing contract in-
volved different parameters (W, £) or manager’s positions, then it would yield
a utility bounded away from (Al), while the contract involving these parameters
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and positions yields (Al) when e goes to zero. Adding the third step implies that
the investor employs the manager. Indeed, not employing her is equivalent to
setting W. = 0, but this generates a utility bounded away from (Al) because
W. = 0 is not as in the proposition.

B9.1. Step 1

Since the fee f(W,) is increasing and I1{ gives positive probability only to positive val-
ues of R,, an unskilled manager with posterior distribution I12 on R, chooses the
maximum value of z, that meets the constraint |(2,S,/W.) — (7.5./2n-17.S:)| € L.
Conversely, since f(W.) is increasing and I} gives positive probability only to neg-
ative values of R,, an unskilled manager with posterior distribution I1” on R, chooses
the minimum value of z, such that |(z,S,/W.) = (7,S./Zv-1%.,S:)| € L. We denote
these maximum and minimum values by z, and %,, respectively, using the same no-
tation as in the case £ = [0, L]. We denote the resulting position in asset n chosen by
an unskilled manager by z;,. We denote the position in asset n chosen by a skilled
manager by z,(s,).

Since f(W.) is nonnegative, the investor’s expected utility is smaller than the
utility achieved when the manager’s positions remain the same and the fee is
zero. The latter utility is

E [_(1 _ )\)e*p(W(1+7)+2(\’7]z,,(s,,)S,,R,,) _ )\efp(W(l+7)+2)7]:,;,,S,,R,,):|

N (B17)
_ _(1 _ )\)e—pwmw)H[EO I:e*pz,‘(s,‘)S,,R,,:I _ )\g—pw(lw)[EO [e*pE):]zﬁ,,S,,R,,]’

n=1

where the second step follows from independence across assets. Since the con-
ditional expected utility —E, [¢**%®] is concave in z, it is increasing for z, <
z (s,) and decreasing for z, > z;(sn) Therefore, when ij(sn) > %,, conditional ex-
pected utility for z,(s,) is smaller than for z, > z,(s,). Conversely, when Zf(s) <z,
conditional expected utility for z,(s,) is smaller than for 2, < z,(s,). Since, in ad-
dition, conditional expected utility is maximum for z,,*(s,,), the law of iterative ex-
pectations implies

—E, Iiefpz,,(x,‘)s,,R,,] < —F, [e*ﬂva(Sn)SMRu], (B18)
where we denote by z,(s,) the position that is equal to z, when z:(sn) > Zny %0
when zj:(s,,) <z, and z (s,) when Z ($.) € [%,, z,), using the same notation as in
the case £ = [0, i}. Equation (B18) implies that (B17) does not exceed

N
_(1 _ )\)e—pW(Hr)HEO l:e*pzf,,,(s,,)s,,R,,] _ )\e—pW(lﬂ)[EO [e*pE’\”]zn,,S,,R,,}
vl (B19)

=, [_(1 _ )\)e*p(W(l+r)+E)7lz(,,,(r,,)S,J(,,) _ )\efp(""(]+7>+z‘:7‘:ﬁ,‘s,,R,,)}.

Equation (B19) describes also the expected utility when the set £ is replaced by
[0, L] with L = sup L, since (%,, ,) are the same for both sets. Since replacing £
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by [0, L] yields the term in square brackets in (Al), and since (Al) is the max-
imum of that term over (W., ]:), it exceeds the utility under any contract.

For (W, L) not maximizing the term in square brackets in (Al), (B19) is smaller
than (Al). For £ differing from [0, 11] by a positive measure set, (B17) is smaller
than (B19) and hence also than (Al). Indeed, since the range of zn*(s,,) is the real
line, z,(s,) differs from z,,*(sn) in a positive measure set. For z,(s,) differing from
the values in (B19) in a positive measure set (while meeting the constraint |(z,S,/
W) — (7.8./2N_15.S0)| € L), (B17) is smaller than (B19) and hence also than
(Al). Since (Al), (B17), and (B19) are independent of ¢, the difference between
(Al) and the utility under a contract in which the parameters (W, £) or the man-
ager’s positions are not as in the proposition is bounded away from zero.

B9.2. Step 2

Suppose that (W, £) are as in the proposition and

(W) = eg(W,) + e’ (671/8 — eipw;ﬁ)1{W;3>(1/8p)lug(f)}' (B20)

(The term 1;y,.w, is the indicator function equal to 1 if W, > W and 0 other-
wise.) Since the function ¢ '/ — ¢ "™ is positive and increasing for Wy >
(1/8p) log(e), the fee fiW,) satisfies the nonnegativity and monotonicity con-
straints. Since the function g(W.,) is bounded over (—o0, ©) and the function 1 —
€'/8¢7" is bounded over W, > (1/8p) log(e), f{W.,) converges uniformly to zero
when e goes to zero.

Equation (B20) implies that the manager’s utility is

—e M = =1+ pe (e = ¢ ) Loy + €7 R(Wa),  (B21)

where the function k(W) is uniformly bounded when e goes to zero. Since the
dominant term in (B21) in the interval W, > (1/4p) log(e) is an affine transfor-
mation of the investor’s utility, the position that maximizes the skilled manager’s
expected utility when e goes to zero converges to the position that maximizes the
investor’s expected utility. Hence, when e goes to zero, the investor’s expected
utility is given by (Al).

B9.3. Step 3

Using the definitions of (z;,(s.), zs,), we find that the derivative of (Al) with re-
spect to y e {W,, L} is

—p(W(Hr)Jr iz{;n(s")&Rn) N (07, 0z, .
pEo | (1 = N)e " (3}1 l{z,,*(s,,)>z,,} + a_y 1{;?(;,,)<3,,})‘S"R"

(B22)

n=1

,p(W(HrH iZBnSWR"> N [0z, 0z,
ey > g <a_y 1{1-1”:1'1?} + a_y 1{n,,=n,’,‘}) S, R, |.
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The definitions of (z,, 2,) imply

Wi, W.L

= o ot s B23
TS s, s, (B23)
W, W.L
= o (B24)
En':] Nw Sn' Sn
Differentiating (B23) and (B24) with respect to (W, L), we find
0z, i L
=+ —, B25
oW, S s, S, (B25)
aZ?I ﬁ'ﬂ i‘
= = — —, B26
aVVZ Zi\lizlﬁw’sn' Sn ( 2 )
0z, 0z, _ W,
b T (B27)

oL oL S,
When W, =0, (B23) and (B24) imply (%,,%,) = 0 for all n, and hence

(26ns 28,) = 0 forall n. Substituting into (B22) and using (B25) and (B26), we find
that the derivative of (Al) with respectto W.at W, = 0 is

N A .
e, | Znmi TSR ~NLS ( * — 1y )
pe [Eo E:;l”?],lsn + (1 )\)Lngl 1{2; (-\u>>0} R, 1{1” (.\,,)<0} R,)|. (B28)

Since the unconditional expected return on the index is nonnegative, the first
term in (B28) is nonnegative. The second term in (B28) is positive since zj(s,,)
has the same sign as E, (R,). Hence, (B28) is positive, which means that the max-
imum in (Al) is achieved for W, > 0.

When L = 0, (B23) and (B24) implyz, = 2, = (W.4,,/=)_17,S,) for all n, and
hence z¢,(s,) = 2z, = (Wi, /2019, Sy) for all n. Substituting into (B22) and us-
ing (B27), we find that the derivative of (Al) with respect to LatL=0is
p(1 = \)WE, efo[w(l+r)+(WZEL‘ﬁ,,s,,R,,/E,T,,ﬁnSw)]i (l{zf(sn)ﬁ”}Rﬂ - l{zf‘(s,,)q,,}R")}' (B29)

n=1
Since E, (e**%* R,) > 0 for all s, such that zt(s,,) >z, and E, (¢ 5% R,) <0 for
all s, such that z:(sn) < 2,, (B29) is positive, which means that the maximum in
(A1) is achieved for L > 0. QED

B10.  Proof of Proposition 6

The maximum position z, and minimum position %, that meet the constraint
|22 — 1| G, (Dy) < L are

L
Z, =0+ — , B30
n (D) (B30)

L
zZ, =1 - (B31)
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respectively. The position z,(s,) that maximizes an investor’s expected utility
conditional on s, is the position that unconstrained investors hold in equilibrium.
In the unconstrained region, defined by (29), z:(s,) can be derived by setting

Ziw = %, in the market-clearing condition (28) and is
* 0n - )\xn
2w = 2 ($,) = ———.
e (5:) 1— \x

To derive z;k(s,,,) in the constrained region, defined by
16, — |
1 — Ax

we distinguish cases. When 0, > 7, Z:(sn) can be derived by setting z,, = %, in
(28) and is

(;ﬂ(llu) > lu

0, — xn — [(1 = N)xL/ G, (D)
1—x '

U = zf(s,,) =

When instead 6, <7, zf(s,,) can be derived by setting z, = %, in (28) and is

e = 21 (s,) = S+ (L7 N/ G (Du)]

1—x
Hence, when 0, > 1, 2 (s.) € (1, %, in the unconstrained region, and zj:(s,,) > 7,
in the constrained region. When instead 6, <, zt(s,,) € [2,,1) in the uncon-
strained region, and n (s.) <%, in the constrained region.

The ODEs in the unconstrained and constrained region can be derived from
(14) by replacing E,(dR;") by the drift term in (13), Var,(dR{") by the square of
the diffusion term, and z,, by z;(sn) This yields

_ 1
D, + (D — D,)S,(D,,) + = 0°D,,Si(D,) — vS(D.,) (B32)

2
p(e'ﬂ B )\XTI) 2 / 2
= D,,S, (D,
1—N\x o DS )

in the unconstrained region and

_ 1,
D, + K(D - Dnt)‘g‘:b(Dnt) + EO-ZDMSZ(DM) - TS(Dnt)

6, — 6, —n)(1 — N)xL 62D,,S.(D,,)* (B33)
20 ) o, — P80 = D0 = N DD

1—x 1—x G,(D,,)

in the constrained region.
The derivative of (Al) with respect to # and L in the continuous-time limit can
be derived from (B22) by replacing S, R, by dR:" and is

; . " N > Z
ol [(1 — )\)‘fp(“(1+'HE":'Z“("”)'!R”')2 (%Zyn 1{z?‘(:,,)>z,‘} + %; 1{zT<s,,)<5,}) dR;,

n=1

(B34)

i N N Zn Z,
AR ) (aai ooy + % l{H.,:H£7}> dR;’Z}.
y y

n=1

To simplify (B34), we use
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E, (e "™ dR}) = E,((1 — pzdR))dR))

E, (dR) — pzVar, (dR))
(B35)
= plz (s,) — z,]Var, (dR}")

= plz(s,) = 2]0"DuSu(D)*,

where the third step follows because z, (s,) is optimal for unconstrained investors
and hence satisfies the first-order condition (14). We also use

‘Z;" =1, (B36)
4
%7: =1, (B37)
0z, 1
= B38
oL  G,D,)’ (B38)
oz, 1
oL G.(Dy)’ (B39
which follow by differentiating (B30) and (B31).
Using (B35)—(B37), we can write (B34) for y = n as
pe "V, {(1 - X)( S [zi(s) = 2]l 0" DuSL (D)’
n:0,>n
(B40)

) N
+ 3 [ ()~ 21 [e a0 DS, (D,,,)2> +D B[ (s) — 2~ 21 DLSID) .

n:6,<n n=1

Setting (B40) to zero and using (B30) and (B31) to simplify the third term, we
find

[Eo{ S [an(s) = 2l 0 DuSiD)* + 3 [a(s) = 21 0 DSy (D)’
n:0,>n -

n:0,<n
(B41)
N S en ¢t ] o
1— )\Z[Z" (S") 7]]0 S ( m) = 0.
n=1
Using (B35), (B38), and (B39), we can write (B34) for y = L as
B ’ * DS, (D, )2
PIWE 11—\ Hs) — 211 0*D, S, (Du)”
PE 0 |:( )<n;>ﬂ[z (S ) Z } {;,, (.x,,)>zn} Gn(Dn[)
(B42)

0,80\ N, 0*DuSi(D.)°
- o TP b TP T St A IORRAD PV T A AN
E [Z (S") 7}1] {Z (S")<E”} Gn(Dm) QE[JL Zn] G,I(Dm)

n:0,<n

Setting (B42) to zero and using (B30) and (B31) to simplify the third term, we find
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, *D,S,(D,.)* . 0D.S, (D)’
E Z:(S" — Zy I . # — Zn (Sn _ Er/ 1+« . z n \Ln
! ”%”7[ ) ] {ZH ) Z”} (Jn (Dm‘) n§>n[ ) ] {z,, (52) t”} (In (Dnl)
(B43)
N X O-QDTL[‘SV’;L(DH[)2
1=N5 G(D)

n=1

When 7 > 6,,,,, the first term on the left-hand side of (B41) is zero because the
summation is over an empty set of n, the second term is negative because the sum-
mation is over a nonempty set of n and the set of values of D,, such that o (s.) <%,
has positive measure, and the third term is negative because z(s,) <7 when
0, < 7. Hence, the left-hand side of (B41) is negative, which means that the inves-
tor can raise his utility by lowering . When instead 1 < 0,,;,, the first term is pos-
itive because the summation is over an nonempty set of n and the set of values of
D, such that z,(s,) > Z has positive measure, the second term is zero because the
summation is over an empty set of n, and the third term is positive because
z:(sn) > nwhen 0, > 9. Hence, the left-hand side of (B41) is positive, which means
that the investor can raise his utility by raising . Therefore, 1 € [Buin, Omas)-

When 6, can take only one value, 0,,,, and 0., coincide with that value, and so
does 1 € [Buin, Omax ). Moreover, the first and second terms on the left-hand side of
(B43) are zero because the summations are over empty sets of n. Hence, L = 0.

When 0, can take multiple values, the argument showing that the left-hand side
of (B41) is negative when > 0,,..« can be extended to n > 0,,.« because the set of n
such that 0, < 7 is nonempty. Likewise, the argument showing that the left-hand
side of (B41) is positive when 7 < 6,,,, can be extended to n < 0,,,, because the set
of nsuch that, > 7 is nonempty. Therefore, 7 € (0uin, Omax)- FIXINg 7 € (Oinin, Omax)
the first and second terms on the lefthand side of (B43) are positive and bounded
for L > 0 and converge to zero when L goes to infinity. When N = 0, the third
term is zero. Hence, the left-hand side of (B43) is positive, which means that the in-
vestor can raise his utility by raising L to infinity. When \ € [0, 1), the third term is a
linear and decreasing function of L. Hence, the solution L to (B43) is finite. When A
goes to 1, the third term converges to infinity for any finite L. Hence, the solution
L to (B43) converges to zero. QED
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