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Hurwitz generation in groups
of types F4, E6, 2E6, E7 and E8

Emilio Pierro

Communicated by Christopher W. Parker

Abstract. A Hurwitz generating triple for a group G is an ordered triple of elements
.x; y; z/ 2 G3, where x2 D y3 D z7 D xyz D 1 and hx; y; zi D G. For the finite quasi-
simple exceptional groups of types F4, E6, 2E6, E7 and E8, we provide restrictions on
which conjugacy classes x, y and z can belong to if .x; y; z/ is a Hurwitz generating
triple. We prove that there exist Hurwitz generating triples for F4.3/, F4.5/, F4.7/, F4.8/,
E6.3/ and E7.2/, and that there are no such triples for F4.23n�2/, F4.23n�1/, E6.73n�2/,
E6.7

3n�1/, SE6.7n/ or 2E6.7n/ when n � 1.

1 Introduction

It was proven by Hurwitz [11] that ifG is a group of orientation-preserving isome-
tries of a compact Riemann surface of genus g, then the order of G is bounded
above by 84.g � 1/; groups which attain this bound are known as Hurwitz groups.
The question of which groups are Hurwitz can be translated purely into the lan-
guage of group theory by the following, since the above is equivalent to G being
a finite quotient of the Fuchsian group:

� WD �.2; 3; 7/ D hx; y; z j x2 D y3 D z7 D xyz D 1i:

A Hurwitz triple in a groupG is an ordered triple .x; y; z/ of elements x; y; z 2 G
such that o.x/ D 2, o.y/ D 3, o.z/ D 7, xyz D 1. A Hurwitz generating triple is
a Hurwitz triple in G such that hx; yi D G. We say that G is a Hurwitz group if it
admits a Hurwitz generating triple. We refer the reader to two of the most recent
articles [7, 27] which survey the landscape of this problem. Since quotients of �
are perfect, a natural reduction is to consider which non-abelian finite quasisimple
groups are Hurwitz. Recall that a perfect group G is quasisimple if G=Z.G/ is
simple. By the Classification of Finite Simple Groups, the non-abelian finite sim-
ple groups fall into three families: the alternating groups, the finite simple groups
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of Lie type (divided into the classical and the exceptional groups) and a finite fam-
ily of sporadic groups.

The determination of which alternating groups are Hurwitz was completed by
Conder [6]; for the sporadic groups, the problem was completed by Wilson [31]
with a large contribution by Woldar [32]. For classical groups, the problem is un-
derstandably quite broad, and we mention only a handful of results in this area.
For small rank groups, a summary of all Hurwitz groups which are subgroups of
PGL7.q/ is given by Pellegrini and Tamburini in [22]. For large rank groups, it was
shown by Lucchini, Tamburini and Wilson that SLn.q/ is Hurwitz for all n � 287
and all prime powers q (see [18]). In between, the picture is a lot more patchy, and
we simply mention the articles of Vsemirnov [30] and Vincent and Zalesski [29]
which tackle various classical groups in dimension 7 � n � 287.

In the case of the exceptional groups, the groups 2B2.q/ have order coprime
to 3 and so are never Hurwitz groups. The status of all members of the families
2G2.q/

0, 2F4.q/0,G2.q/0 and 3D4.q/ is known [12,19,20]. Their proofs are based
primarily on structure constant arguments; similar arguments can be used to show
that F4.2/ is not a Hurwitz group, as can be found in earlier work of the author [23]
where it is also shown thatE6.2/ is not a Hurwitz group. It was first shown by Nor-
ton in unpublished work, also using structure constants, that 2E6.2/ is a Hurwitz
group. We draw the interested reader’s attention to the seemingly less well-known
work of Tchakerian [28] where beautiful arguments involving Chevalley genera-
tors are used to produce explicit Hurwitz generators for the groups G2.3n/.

This leaves the remaining exceptional groups of types F4, E6, 2E6, E7 and
E8 to which we now turn. Our original motivation for this paper was a result
of Larsen, Lubotzky and Marion [13, Corollary 1.5] which suggested there may
exist an infinite family of groups of type E6 which are not Hurwitz. We shall
also consider the non-simple quasisimple groups SE6, 2SE6.q/ and SE7.q/. Our
approach, as in the aforementioned papers dealing with the classical groups, is to
use the following specialisation of a theorem of Scott [24].

Theorem 1.1 (Scott). Let �WG ! GL.n; V / be a representation of G, and let dVG
denote the dimension of the fixed point space of G in V . Let G� denote the dual
representation ofG on V �, the dual of V . Let x, y, z 2 G be such that hx; yi D G
and xyz D 1. Then

dVx C d
V
y C d

V
z � nC d

V
G C d

V
G� :

Proof. With our notation, Scott’s Theorem [24, Theorem 1] states that

.n � dVx /C .n � d
V
y /C .n � d

V
z / � .n � d

V
G /C .n � 1d

V
G�/

from which our inequality can easily be rearranged.
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In our case, we shall consider both the standard and adjoint representations of
the exceptional groups in question. Our aim is to then determine so-called “admis-
sible” triples of conjugacy classes for each group which we define as follows.

Definition 1.2. Let G be a group, and let x; y; z 2 G be such that hx; yi D G
and xyz D 1G . If there exists a representation �WG ! GL.n; V / such that the
bound in Theorem 1.1 is not satisfied, then we say that .x; y; z/ is not admissible.
Otherwise, we say that G is admissible.

Our main theorem is the following.

Theorem 1.3. The groups

F4.2
3n�2/; F4.2

3n�1/; E6.7
3n�2/; E6.7

3n�1/; SE6.7
n/ and 2E6.7n/;

where n � 1, are not Hurwitz groups.

We are also able to determine the following.

Theorem 1.4. Let G be isomorphic to one of F4.q/, E6.q/, SE6.q/, 2E6.q/,
2SE6.q/, E7.q/, SE7.q/ or E8.q/. If there exists an admissible Hurwitz triple
.x; y; z/ for G, then G and the conjugacy classes to which x, y and z belong
appear in Tables 2, 5, 10 and 13.

Having identified admissible Hurwitz triples, in a handful of cases, we are able
to explicitly find Hurwitz generating triples, and we prove the following.

Theorem 1.5. The groups F4.3/, F4.5/, F4.7/, F4.8/, E6.3/ and E7.2/ are Hur-
witz groups.

Unfortunately, the groupE6.73/was much too large for us to perform a random
search in, and so we are unable to prove or disprove its status as a Hurwitz group.

1.1 Notation

Unless otherwise specified, x, y and z will refer to elements of orders 2, 3 and
7 respectively. Conjugacy classes of unipotent elements will be denoted by their
Carter notation as in [14], from where our data is obtained. Conjugacy classes of
semisimple elements will be denoted by Atlas [8] notation, i.e. 2A, 3B , etc. We
abuse notation and terminology by referring to a conjugacy class when we may
mean a family of conjugacy classes as follows. For example, if x and xk ¤ x have
the same order, but belong to two different conjugacy classes, we shall refer to “the
conjugacy class of x”, since for the purpose of our investigation, x and xk perform
the same role. Where we write for brevity, for example, that .A7; 3A=3D; 7F=7K/
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is an admissible Hurwitz generating triple for E7.pn/, p ¤ 2; 3; 7, we mean that
each of the triples .A7; 3A; 7F /, .A7; 3A; 7K/, .A7; 3D; 7F / and .A7; 3D; 7K/
are admissible triples.

2 Admissible Hurwitz triples in F4.q/

In this section, we determine admissible Hurwitz generating triples for the excep-
tional groups of type F4.q/. We consider both a 26-dimensional minimal repre-
sentation M and the 52-dimensional adjoint representation L of F4.q/. In char-
acteristic p � 5, both of these representations are irreducible [17, Table 2.2], and
hence their fixed point spaces are zero-dimensional. In characteristic 2, the min-
imal representation is irreducible, but the adjoint representation is not: it splits
into the direct sum of two non-isomorphic 26-dimensional representations, inter-
changed by an exceptional outer automorphism [17]. Nevertheless, this represen-
tation still has zero-dimensional fixed point space. In characteristic 3, the adjoint
representation is irreducible, but there is an irreducible 25-dimensional quotient
of the 26-dimensional representation [10, Section 3.5]. There are thus two 26-
dimensional representations of F4.q/ in characteristic 3: one of shape 1=25, one
of shape 25=1, and these are dual to one another. The salient point is that, given the
data for a semisimple element of F4.q/ in the 26-dimensional representation, it is
clear what its eigenvalues are on a 25-dimensional representation, but for unipo-
tent elements, it is less clear. The sum of their fixed point spaces is equal to 1,
and so, in characteristic 3, nC dMG C d

M
G� D 27. Counterintuitively, we obtain

slightly stronger results by considering a 26-dimensional representation in charac-
teristic 3. Otherwise, nC dMG C d

M
G� D 26 and nC dLG C d

L
G� D 52. Where we

refer to the “minimal” representation of F4.q/, we abuse terminology and refer to
a 26-dimensional module.

2.1 Conjugacy classes in F4.q/

The conjugacy classes of unipotent elements and their Jordan block structure on
the minimal and adjoint representations can be found in [14, Tables 3 and 4] re-
spectively. From there, it is routine to determine the dimensions of their fixed point
spaces. For the conjugacy classes of semisimple elements and their fixed point
space dimensions, we reproduce the information given in [4, Table 2] which holds
for semisimple elements over fields of characteristic p > 0. For consistency, we
maintain their notation. We gather all of this information in Table 1. For reference,
elements from the classes 2A and 2B are represented by t1 and t4 respectively in
[9, Table 4.5.1]; elements from the classes 3A, 3C and 3D are represented by t1,
t2 and t4 respectively in [9, Table 4.7.3A].
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x dMx dLx

A1 20 36
QA1 16 36
QA
.2/
1 16 31

A1 C QA1 14 28

2A 14 24
2B 10 36

y dMy dLy

A1 20 36
QA1 16 30
A1 C QA1 14 24
A2 14 22
QA2 9 22
A2 C QA1 10 18
QA2 C A1 9 18

3A 14 22
3C 8 16
3D 8 22

z dMz dLz

A1 20 36
QA1 16 30
A1 C QA1 14 24
A2 14 22
QA2 8 22
A2 C QA1 10 18
B2 10 16
QA2 C A1 8 16
C3.a1/ 8 14
F4.a3/ 8 12
B3 8 10
C3 4 10
F4.a2/ 4 8

z dMz dLz

7A 14 22
7H 6 12
7I 8 12
7J 8 10
7L 4 12
7N 2 10
7O 4 8
7Q 8 22

Table 1. Conjugacy classes of elements of orders 2, 3 and 7 in F4.q/

2.2 Admissible triples

We are now ready to prove the following.

Lemma 2.1. Let G Š F4.2n/. If .x; y; z/ is an admissible Hurwitz triple for G,
then it is of type .A1 C QA1; 3C; 7O/. Moreover, n is divisible by 3.

Proof. First we consider the restrictions on x given by the adjoint representa-
tion. Since dLy C d

L
z � 16C 8 D 24, it follows that dLx � 52 � 24 D 28 and so
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x 2 A1 C QA1. Since dLx D 28 in this case, it follows that dLy D 16 and dLz D 8,
forcing y 2 3C and z 2 7O . Finally, the class 7O only appears when n is divisible
by 3 (see [25]), completing the proof.

The following lemma will facilitate the proofs in the remaining characteristics.

Lemma 2.2. Let G Š F4.pn/, where p ¤ 2. If .x; y; z/ is an admissible Hurwitz
triple for G, then x 2 2A.

Proof. We consider the adjoint representation of G. Across all characteristics
p � 3, we have the bounds dLy � 16 and dLz � 8 and so dx � 52 � 16 � 8 D 28.
Hence x 2 2A.

We now turn to characteristic 3.

Lemma 2.3. Let G Š F4.3n/. If .x; y; z/ is an admissible Hurwitz triple for G,
then it is of type .2A;A2 C QA1; 7N / or .2A; QA2 C A1; 7N=7O/.

Proof. By Lemma 2.2, x 2 2A. Then, by considering the adjoint representation,
dLy � 52 � 24 � 8 D 20 and so y 2 A2 C QA1 or QA2 C A1. Similarly, we have
dLz � 52 � 24 � 18 D 10 and so z 2 7J , 7N or 7O . We now consider the mini-
mal representation where dMx C d

M
y C d

M
z � 27, since we are in characteristic 3.

If y 2 A2 C QA1, then dMz � 27 � 14 � 10 D 3 and so z 2 7N . If y 2 QA2 C A1,
then dMz � 27 � 14 � 9 D 4 and so z 2 7N or 7O .

The following lemma also facilitates the proof in the remaining characteristics.

Lemma 2.4. Let G Š F4.pn/, where p � 5. If .x; y; z/ is an admissible Hurwitz
triple for G, then y 2 3C .

Proof. By Lemma 2.2, we know that x 2 2A. Across all characteristics, we have
the bound dLz � 8 and so dLy � 52 � 24 � 8 D 20. Hence y 2 3C .

Corollary 2.5. Let G Š F4.pn/, where p � 5, and let .x; y; z/ be an admissible
Hurwitz triple for G.

(1) If p D 7, then .x; y; z/ is of type .2A; 3C;C3=F4.a2//.

(2) If p ¤ 7, then .x; y; z/ is of type .2A; 3C; 7L=7N=7O/.
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G x y z Condition

F4.2
n/ A1 C QA1 3C 7O 2n � ˙1 .7/

F4.3
n/ 2A A2 C QA1 7N

2A QA2 C A1 7N

2A QA2 C A1 7O 3n � ˙1 .7/

F4.7
n/ 2A 3C C3, F4.a2/

F4.p
n/,

p ¤ 2; 3; 7

2A 3C 7N

2A 3C 7L, 7O pn � ˙1 .7/

Table 2. Admissible Hurwitz triples for the groups F4.q/

Proof. By the preceding lemmas, x 2 2A and y 2 3C , and hence

dLz � 52 � 24 � 16 D 12 and dMz � 26 � 14 � 8 D 4:

We see that the only conjugacy classes of elements of order 7 satisfying these
bounds are the unipotent classes C3, F4.a2/ and the semisimple classes 7L, 7N
and 7O .

Finally, we summarise the various admissible triples determined in this section
according to their characteristic in Table 2. We also note that the classes 7L and
7O only appear when pn � ˙1 mod 7 (see [26]).

3 Admissible Hurwitz triples in E �
6
.q/ and SE �

6
.q/

In this section, we treat the cases whereG is isomorphic toE6.q/, 2E6.q/, SE6.q/
or 2SE6.q/. As is common, we writeE�6.q/, where � D 1 designates the untwisted
group and � D �1 designates the twisted group. Similarly for SE�6.q/. The centre
of SE�6.q/ has order d D .3; q � �/.

The groups SE�6.q/ have a minimal representationM of dimension 27 which is
irreducible in all characteristics; the adjoint representation L of G has dimension
78 and is irreducible except in characteristic 3 where dLG C d

L
G� D 1.

3.1 Conjugacy classes

We now turn to the conjugacy classes of the various versions of these groups. For
the unipotent case, we refer to [14, Tables 5 & 6]; for the semisimple elements of
E�6.q/, we refer to [9, Tables 4.5.1 & 4.7.3A], whose notation we refer to as the
“GLS class”, and for SE�6.q/, we refer to [4, Table 2], whose notation we follow.
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In characteristic p ¤ 3, the number of semisimple classes of elements of order 3
varies according to the version of the group and the congruence of q modulo 9.
There are four cases to consider which we describe now and summarise in Table 3.
For the remainder of this subsection, we let q � � mod 3. The cases are then

(1) G Š SE�6.q/,

(2) G Š E�6.q/, where q � � mod 9,

(3) G Š E�6.q/, where q is not congruent to � mod 9,

(4) G Š E��6 .q/ Š SE��6 .q/.

In case (1), G has centre of order 3 and has five non-central conjugacy classes
of elements of order 3: the elements of the class 3B are not conjugate to their
inverses, so we take one of these classes as their representatives.

In case (2), G is the quotient of a group in case (1) by its centre. The elements
from classes 3A and 3B in case (1) are fused, and we denote the image of this class
in G as 3A. The class consisting of the images of elements from 3C is denoted
3C and similarly for the class 3D. In addition, there are four conjugacy classes
of elements of order 3 whose preimages in SE�6.q/ have order 9. These elements
are not conjugate to their inverses, and so we only need to consider two additional
classes: 3E and 3F .

In case (3),G is again the quotient of a group in case (1) by its centre. We again
denote the images of the classes appearing in (1) as 3A, 3C and 3D. The additional
classes appearing in (2) now belong to Aut.G/ n Inn.G/ (see [9, Table 4.7.3A]),
and so there are no additional classes.

In case (4), we have three conjugacy classes of elements of order 3 which we
denote 3A, 3C and 3D maintaining the consistency with their GLS notation.

By contrast, the unipotent conjugacy classes of elements of order 3 and the con-
jugacy classes of elements of orders 2 and 7 are much easier to describe. As usual,
we reproduce the information for the unipotent classes from [14, Tables 5 & 6] and
for the semisimple classes of elements of orders 2 and 7 from [4]. Elements from
the classes 2A and 2B have GLS notation t2 and t1 respectively. These appear in
Table 4.

3.2 Admissible triples

We begin by determining which classes elements of orders 2 or 7 can belong to. If
a triple can be shown not to be admissible for the simple group, the preimages of
this triple are not admissible for the quasisimple group as well. Care must be taken
that the order of an element in the preimage is the same, but since we are able to
rule out the classes 3E and 3F , we see that this is true for all admissible classes.
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x dMx dLx GLS

A1 21 56
2A1 17 46
3A1 15 40

2A 15 38 t2
2B 11 46 t1

y dMy dLy

A1 21 56
2A1 17 46
3A1 15 38
A2 15 36
A2 C A1 12 32
2A2 9 31
A2 C 2A1 11 28
2A2 C A1 9 27

SE6 class dMy E6 class dLy GLS class Condition

3A 15 3A 36 t4
3B 6 3A 36 t4
3C 9 3C 24 t3
3D 9 3D 30 t1;6
— — 3E 46 t˙11 q � � .9/

— — 3F 28 t˙16 q � � .9/

Table 3. Conjugacy classes of elements of orders 2 and 3 in E�6.q/ and SE�6.q/,
q � � mod 3

Lemma 3.1. LetG Š SE�6.p
n/ orE�6.p

n/, and let .x; y; z/ be an admissible Hur-
witz triple for G.

(1) If p D 2, then .x; y; z/ is of type .3A1; 3C; 7M=7N/.

(2) If p ¤ 2, then x 2 2A.

Proof. Consider the adjoint representation L of G. Across all characteristics,

dLy � 24 and dLz � 12:

If p ¤ 3, then dLx � 78 � 24 � 12 D 42 and so x 2 3A1 or 2A depending on
whether p D 2 or not. If p D 3, then dLx � 79 � 24 � 12 D 43, so again x 2 2A.

Now suppose that p D 2. The adjoint representation applies in all cases, giving
dLy � 78 � 40 � 12 D 26 and so y 2 3C . If G Š E�6.2

n/, then the preimage of y
in SE�6.2

n/ also belongs to the class 3C , and so the bounds obtained from the
minimal representation apply to all G. Along with the bounds from the adjoint
representation, we obtain dMz � 27 � 15 � 9 D 3 and dLz � 78 � 40 � 24 D 14.
It follows then that z 2 7M or 7N . Notice that the class 7N exists for all n, but
the class 7M only exist when pn � � mod 7.
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z dMz dLz

A1 21 56
2A1 17 46
3A1 15 38
A2 15 36
A2 C A1 12 32
2A2 9 30
A2 C 2A1 11 28
A3 11 26
2A2 C A1 9 24
A3 C A1 9 22
D4.a1/ 9 20
A4 7 18
D4 9 18
A4 C A1 6 16
A5 5 14
D5.a1/ 6 14
E6.a3/ 5 12

z dMz dLz

7A 15 36
7B 0 28
7C 5 26
7D 1 26
7E 2 20
7F 4 20
7G 4 18
7H 7 18
7I 9 20
7J 9 18
7K 2 16
7L 5 16
7M 3 14
7N 3 12
7O 5 12
7P 0 46
7Q 9 30
7R 0 30

Table 4. Conjugacy classes of elements of order 7 in E�6.q/, � D ˙1

Lemma 3.2. LetG Š SE�6.p
n/ orE�6.p

n/, and let .x; y; z/ be an admissible Hur-
witz triple for G.

(1) If p D 3, then .x; y; z/ is of type .2A; 2A2 C A1; 7M=7N/.

(2) If p ¤ 3, then y 2 3C or 3F .

Proof. Suppose first that p D 3, so that G Š SE6.3n/ Š E6.3n/. In this case,
we can utilise both the minimal and adjoint representations. By Lemma 3.1, we
know that x 2 2A and so dMz � 27 � 15 � 9 D 3 and dLy � 79 � 38 � 27 D 14.
This means z 2 7M or 7N and so dMz � 3. Then dMy � 27 � 15 � 3 D 9 and
dLy � 79 � 38 � 12 D 29 and so y 2 2A2 C A1.

Now suppose that p ¤ 3, and consider the adjoint representation of G. Since
dLx � 38, we see that dLy � 78 � 38 � 12 D 28 and so y 2 3C or 3F .

Remarkably, we are able to completely rule out the case that G Š SE6.7n/
or 2E6.7n/.

Lemma 3.3. If G Š SE6.7n/ or 2SE6.7n/, then G is not a Hurwitz group.
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Proof. Let G be as in the hypothesis and, for a contradiction, assume that there is
an admissible Hurwitz triple forG. By Lemmas 3.1 and 3.2 x 2 2A and y 2 3C or
3F . The class 3F does not belong to SE6.7n/. Letting 7n � � mod 3, we see that
� D 1 for all n and so 2SE6.7

n/ Š SE��6 .7n/ which again does not contain the
class 3F . Hence y 2 3C . Since G Š SE6.7n/ or 2SE6.7n/, we can consider the
minimal representation of G in either case. This yields dMz � 27 � 15 � 9 D 3
which is not satisfied by any z in G. Hence no such triple exists, and G is not
a Hurwitz group.

Since 2SE6.7n/ Š 2E6.7
n/ it remains to consider the groups E6.7n/.

Lemma 3.4. Let G Š E6.7n/. If there exists an admissible Hurwitz triple for G,
then it is of type .2A; 3F;E6.a3// and n is divisible by 3.

Proof. Let G Š E6.7n/ and suppose .x; y; z/ is an admissible Hurwitz triple
for G. By Lemmas 3.1 and 3.2, we know that x 2 2A and y 2 3C or 3F . If
y 2 3C , then the preimages of x, y and z in SE6.7n/ will also be an admissi-
ble Hurwitz triple. This contradicts Lemma 3.3 and so y 2 3F . The class 3F only
exists if n is divisible by 3. Finally, from the adjoint representation, we see that
dLz � 78 � 38 � 28 D 12 and so z 2 E6.a3/.

Finally, we turn to the restrictions of semisimple elements of order 7.

Lemma 3.5. Let G Š E�6.p
n/ or SE�6.p

n/, where p ¤ 2; 3; 7. If .x; y; z/ is an
admissible Hurwitz triple for G, then it is of type

.2A; 3C; 7K=7M=7N/ or .2A; 3F; 7N=7O/:

Proof. Let G be as in the hypothesis, and let .x; y; z/ be a Hurwitz generating
triple for G. By Lemmas 3.1 and 3.2, we know that x 2 2A and y 2 3C or 3F .

Suppose first that y 2 3F so that G Š E�6.p
n/ and hence we can only utilise

the adjoint representation of G. Then dLz � 78 � 38 � 28 D 12 and so z 2 7N or
7O . Next, if y 2 3C , we can utilise both the minimal and adjoint representations
from which we find dMz � 27 � 15 � 9 D 3 and dLz � 78 � 38 � 24 D 16. This
yields z 2 7K, 7M or 7N . Note that the classes 7K and 7M only exist when
pn � � mod 7.

We summarise the results of this section in Table 5.
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G x y z Conditions

E�6.2
n/ 3A1 3C 7N

3A1 3C 7M 2n � � .7/

E�6.3
n/ 2A 2A2 C A1 7N

2A 2A2 C A1 7M 3n � � .7/

E6.7
n/ 2A 3F E6.a3/ 7n � 1 .9/

E�6.p
n/,

p ¤ 2; 3; 7

2A 3C 7N

2A 3C 7K, 7M pn � � .7/

2A 3F 7N pn � � .9/

2A 3F 7O pn � � .63/

SE�6.2
n/ 3A1 3C 7N

3A1 3C 7M 2n � � .7/

SE�6.p
n/,

p ¤ 2; 3; 7

2A 3C 7N

2A 3C 7K, 7M pn � � .7/

Table 5. Admissible Hurwitz triples for the groups E�6.q/ and SE�6.q/

4 Admissible Hurwitz triples in E7.q/ and SE7.q/

We now turn to the groups E7.q/ and SE7.q/. The centre of SE7.q/ has cen-
tre of order d D .q � 1; 2/. Throughout this section, we let M denote the 56-
dimensional minimal representation of SE6.q/, which is irreducible in all char-
acteristics, and we let L denote the 133-dimensional adjoint representation L of
E6.q/, which is irreducible in all characteristics, except in characteristic 2 where
dLG C d

L�

G D 1.

4.1 Conjugacy classes

We begin by determining the conjugacy classes of elements of order 2, 3, and 7
in E7.q/ and SE7.q/. As in the case of E6, the presence of a non-trivial centre
means the conjugacy classes of semisimple involutions require a little care.

In the case of the unipotent elements, we turn again to [14, Tables 7 & 8] and
present these along with the dimensions of their fixed points spaces on M and
L in Tables 6, 7 and 8. For the conjugacy classes of semisimple elements, our
references are [9, Tables 4.5.1, 4.5.2 & 4.7.3A] and [3, Table 7]. We mostly use
the notation of [3] but include the “GLS class”, referring to [9, Table 4.5.1], in
Tables 6, 7 and 9.
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x dMx dLx

A1 44 99
2A1 36 81
.3A1/

00 28 80
.3A1/

0 32 71
4A1 28 70

SE7 class dMx E7 class dLx GLS class

2A 32 2A 69 t1
2B 24 2A 69 t1
— — 2C 63 t4 or t 04
— — 2D 79 t7 or t 07

Table 6. Conjugacy classes of elements of order 2 in E7.q/ and SE7.q/

y dMy dLx

A1 44 99
2A1 36 81
.3A1/

00 27 79
.3A1/

0 32 69
A2 32 67
4A1 27 63

y dMy dLx

A2 C A1 26 57
A2 C 2A1 24 51
2A2 20 49
A2 C 3A1 21 49
2A2 C A1 20 45

y dMy dLy GLS

3A 14 49 t4
3B 2 79 t7
3C 20 43 t2
3D 20 49 t6
3E 32 67 t1

Table 7. Conjugacy classes of elements of order 3 in E7.q/ and SE7.q/

We briefly describe the conjugacy classes of involutions in odd characteristic;
the number of which will differ according to whether jZ.G/j D 1 or 2 (see [9, Ta-
ble 4.5.1 and 4.5.2]). In the case that G Š SE7.q/, there are two non-central con-
jugacy classes of involutions which we denote 2A and 2B , both of which project
onto the class 2A in G=Z.G/. Following [3], we distinguish the classes by letting
2A consist of elements x such that dMx D 32. If G Š E7.q/, then there are three
conjugacy classes of involutions. To avoid confusion with the class 2B , we refer
to them as 2A, 2C and 2D. Their representatives are denoted t1, t4 (or t 04) and t7
(or t 07) respectively in [9].

4.2 Admissible triples

We first determine admissible Hurwitz generating triples in characteristic 2.

Lemma 4.1. LetG Š E7.2n/, and suppose that .x; y; z/ is an admissible Hurwitz
generating triple. Then .x; y; z/ is of type .4A1; 3C; 7F=7K=7O/.

Proof. Suppose that G Š E7.2n/. By first considering the adjoint representation,
we see that dLy � 134 � 70 � 19 D 45 and so y 2 3C . Then, since dLz � 19,
we see that dLx � 134 � 43 � 19 D 72 and so x 2 .3A1/0 or 4A1. Next we have
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z dMz dLz

A1 44 99
2A1 36 81
.3A1/

00 27 79
.3A1/

0 32 69
A2 32 67
4A1 27 63
A2 C A1 26 57
A2 C 2A1 24 51
A3 34 49
2A2 20 49
A2 C 3A1 21 49
.A3 C A1/

00 17 47
2A2 C A1 20 43
.A3 C A1/

0 20 41
D4.a1/ 20 39
A3 C 2A1 17 39
D4 20 37

z dMz dLz

D4.a1/C A1 16 37
A3 C A2 16 35
A4 16 33
A3 C A2 C A1 15 33
.A5/

00 9 31
D4 C A1 15 31
A4 C A1 14 29
D5.a1/ 14 27
A4 C A2 12 27
.A5/

0 12 25
A5 C A1 9 25
D5.a1/C A1 12 25
D6.a2/ 9 23
E6.a3/ 12 23
E7.a5/ 9 21
A6 8 19

Table 8. Conjugacy classes of elements of order 7 in E7.7n/ and SE7.7n/

z dMz dLz

7A 12 37
7B 0 49
7C 10 29
7D 10 27
7E 0 37
7F 8 21
7G 4 29
7H 6 25

z dMz dLz

7I 0 33
7J 2 29
7K 6 21
7L 2 47
7M 12 27
7N 2 31
7O 8 19
7P 0 47

z dMz dLz

7Q 12 23
7R 20 39
7S 0 79
7T 20 49
7U 16 33
7V 32 67
7W 20 21

Table 9. Semisimple conjugacy classes of elements of order 7 in E7.q/ and SE7.q/

dLz � 134 � 70 � 43 D 21 and so z 2 7F , 7K, 7O or 7W . We now consider the
minimal representation and find that dMz � 56 � 28 � 20 D 8 and so z … 7W .
Moreover, dMz � 6 and so dMx � 56 � 20 � 6 D 30 and so x … .3A1/0. Hence
x 2 4A1.
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Next we consider characteristic 3.

Lemma 4.2. If G Š SE7.3n/ and .x; y; z/ is an admissible Hurwitz triple for G,
then .x; y; z/ is of type .2B; 2A2 C A1; 7O/.

Proof. Let G and .x; y; z/ be as in the hypothesis. By considering the adjoint rep-
resentation, we see that dLy � 133 � 69 � 19 D 45 and so y 2 2A2 C A1. Simi-
larly, dLz � 19 and so z 2 7O . By then considering the minimal representation,
we see that dMx � 56 � 20 � 8 D 28 and so x 2 2B .

Lemma 4.3. If G Š E7.3n/ and .x; y; z/ is an admissible Hurwitz triple for G,
then .x; y; z/ appears in Table 10.

Proof. We let G and .x; y; z/ be as in the hypothesis and consider the adjoint
representation of G. Since dLx � 133 � 45 � 19, x 2 2A or 2C . If x 2 2A, then
dLy D 45 and dLz D 19, hence y 2 2A2 C A1 and z 2 7O . Otherwise, x 2 2B , in
which case, dLy C d

L
z � 133 � 63 D 70. The pairs .y; z/which satisfy this bound

appear in Table 10.

In characteristic 7, we have the following.

Lemma 4.4. Let G be a group, and let .x; y; z/ be an admissible Hurwitz triple
for G.

(1) If G Š SE7.7n/, then .x; y; z/ is of type .2B; 3C;E7.a5/=A6/.

(2) If G Š E7.7n/, then .x; y; z/ appears in Table 10.

Proof. LetG be a group, and let .x; y; z/ be a Hurwitz generating triple forG. We
first consider the adjoint representation since it applies to both cases. If dLx D 69,
then dLy � 133 � 69 � 19 D 45 and so y 2 3C . In addition,

dLz � 133 � 69 � 43 D 21

and so z 2 E7.a5/ or A6. If G Š SE7.7n/, then we show x … 2A as usual, but
cannot improve the restriction on z. This proves (1).

Now suppose that G Š E7.7n/. We see that .2A; 3C;E7.a5/=A6/ is an ad-
missible triple by the above argument. Now suppose that x … 2A, in which case,
x 2 2C . Then dLy � 133 � 63 � 19 D 51 and so y 2 3A, 3C or 3D. If y 2 3A
or 3D, then dLy D 49 and dLz � 133 � 63 � 49 D 21 and again z 2 E7.a5/=A6
Otherwise, y 2 3C and so dLz � 133 � 63 � 43 D 27 and z belongs to one of
D5.a1/,A4CA2, .A5/0,A5CA1,D5.a1/CA1,D6.a2/,E6.a3/,E7.a5/ orA6.
This completes the proof.
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G x y z Conditions

E7.2
n/ 4A1 3C 7O

4A1 3C 7F , 7K 2n � ˙1 .7/

E7.3
n/ 2A 2A2 C A1 7O

2C A2 C 2A1 7O

2C 2A2, A2 C 3A1,
2A2 C A1

7O , 7W

2C 2A2, A2 C 3A1,
2A2 C A1

7F , 7K 3n � ˙1 .7/

2C 2A2 C A1 7F , 7H , 7K 3n � ˙1 .7/

E7.7
n/ 2A, 2C 3C E7.a5/, A6

2C 3A, 3D E7.a5/, A6
2C 3C D5.a1/, A4 C A2,

A5 C A1
2C 3C D5.a1/C A1,

D6.a2/, E6.a3/

E7.p
n/,

p ¤ 2; 3; 7

2A, 2C 3C 7O , 7W
2A, 2C 3C 7F , 7K pn � ˙1 .7/

2C 3C 7D, 7H , 7M , 7Q pn � ˙1 .7/

2C 3A, 3D 7O , 7W
2C 3A, 3D 7F , 7K pn � ˙1 .7/

SE7.3
n/ 2B 2A2 C A1 7O

SE7.7
n/ 2B 3C E7.a5/, A6

SE7.p
n/,

p ¤ 2; 3; 7

2B 3C 7O

2B 3C 7F , 7K pn � ˙1 .7/

Table 10. Admissible Hurwitz triples for E7.q/ and SE7.q/

Finally, we turn to the general case.

Lemma 4.5. Let G be a group, and let .x; y; z/ be an admissible Hurwitz triple
for G.

(1) If G Š SE7.pn/, where p ¤ 2; 3; 7, then .x; y; z/ is of type

.2B; 3C; 7F=7K=7O/:

(2) If G Š E7.pn/, where p ¤ 2; 3; 7, then .x; y; z/ appears in Table 10.
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Proof. The proof follows the same procedure as that of Lemma 4.4. In the case
dLx D 69, it follows that y 2 3C , dLz � 21 and so z 2 7F , 7K, 7O or 7W . If
G Š SE7.p

n/, the minimal representation can again be used to show x … 2A and
z … 7W . If G Š E7.pn/, we again have x 2 2A and z 2 7F , 7K, 7O or 7W .

Otherwise, G Š E7.pn/, x 2 2C , y 2 3A, 3C or 3D. If y 2 3A or 3D, then
dLy D 49 and so dLz � 21 and again z 2 7F , 7K, 7O or 7W . If y 2 3C , then
dLy D 43, dLz � 27 and so z 2 7D, 7F , 7H , 7K, 7M , 7O , 7Q or 7W . This com-
pletes the proof.

5 Admissible Hurwitz triples in E8.q/

We at last turn to the groups E8.q/. The Schur multiplier of E8.q/ is trivial for
all q, and we only consider the smallest representation, which is the adjoint repre-
sentation, L of dimension 248. This representation is irreducible in all character-
istics.

For the conjugacy classes of unipotent elements and the dimensions of their
fixed point spaces, we refer to [14, Table 9] and follow the notation there; for the
semisimple elements, we refer to [3, Table 4] and follow the notation there. We
reproduce this data in Tables 11 and 12.

We begin with the following.

Lemma 5.1. Let G Š E8.2n/, and suppose .x; y; z/ is an admissible Hurwitz
triple for G. Then .x; y; z/ is of type .4A1; 3A; 7D=7E=7F=7H/.

x dLx GLS

A1 190
2A1 156
3A1 138
4A1 128

2A 136 t8
2B 120 t1

y dLy

A1 190
2A1 156
3A1 136
A2 134
4A1 120
A2 C A1 112
A2 C 2A1 102
A2 C 3A1 94
2A2 92
2A2 C A1 88
2A2 C 2A1 84

y dLy GLS

3A 80 t4
3B 86 t7
3C 92 t1
3D 134 t8

Table 11. Conjugacy classes of elements of orders 2 and 3 in E8.q/
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z dLz

A1 190
2A1 156
3A1 136
A2 84
4A1 120
A2 C A1 112
A2 C 2A1 102
A3 100
A2 C 3A1 94
2A2 92
2A2 C A1 86
A3 C A1 84
D4.a1/ 82
D4 80
2A2 C 2A1 80
A3 C 2A1 76
D4.a1/C A1 72
A3 C A2 70
A4 68
A3 C A2 C A1 66

z dLz

D4 C A1 64
D4.a1/C A12 64
A4 C A1 60
2A3 60
D5.a1/ 58
A4 C 2A1 56
A4 C A2 54
A5 52
D5.a1/C A1 52
A4 C A2 C A1 52
D4 C A2 50
E6.a3/ 50
A4 C A3 48
A5 C A1 46
D5.a1/C A2 46
D6.a2/ 44
E6.a3/C A1 44
E7.a5/ 42
E8.a7/ 40
A6 38
A6 C A1 36

z dLz

7A 64
7B 52
7C 50
7D 40
7E 40
7F 36
7G 54
7H 38
7I 50
7J 82
7K 92
7L 68
7M 134
7N 80

Table 12. Conjugacy classes of elements of orders 7 in E8.q/

Proof. Let G and .x; y; z/ be as in the hypothesis. Since dLy C d
L
z � 80C 36

in characteristic 2, it follows that dLx � 248 � 80 � 36 D 132 and so x 2 4A1.
Then, since dLy � 248 � 128 � 36 D 84, y 2 3A. Finally, those classes for which
dLz � 248 � 128 � 80 D 40 are 7D, 7E, 7F and 7H . This completes the proof.

Lemma 5.2. Let G Š E8.q/, where q is odd, and suppose .x; y; z/ is an admissi-
ble Hurwitz triple for G. Then x 2 2B , y … 3D and dLy C d

L
z � 128.

Proof. LetG and .x;y;z/ be as in the hypothesis. Across all characteristics p¤ 2,
we see that dLy � 80 and dLz � 36 so dLx � 248 � 80 � 36 D 132 and so x 2 2B .
Since dLx D 120, it follows that, for an admissible Hurwitz triple,

dLy C d
L
z � 248 � 120 D 128:

Since dLz � 36, we see that y … 3D.
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The precise combinations of conjugacy classes which yield admissible Hurwitz
triples for E8.q/ when q is odd are then immediate. We summarise them in the
following corollary.

Corollary 5.3. Let G Š E8.pn/, where p ¤ 2, and suppose .2B; y; z/ is an ad-
missible Hurwitz triple for G. One of the following holds:

(1) p D 3, y 2 2A2 C 2A1 or 2A2 C A1 and z 2 7D, 7E, 7F or 7H ;

(2) p D 3, y 2 2A2 and z 2 7F ;

(3) p D 7, y 2 3A and z 2 A4 C A3, A5 C A1, D5.a1/C A2, D6.a2/,
E6.a3/C A1, E7.a5/, E8.a7/, A6 or A6 C A1;

(4) p D 7, y 2 3B and z 2 E7.a5/, E8.a7/, A6 or A6 C A1;

(5) p D 7, y 2 3C and z 2 A6 C A1;

(6) p ¤ 3; 7, y 2 3A or 3B and z 2 7D, 7E, 7F or 7H ;

(7) p ¤ 3; 7, y 2 3C and z 2 7F .

Proof. Let G, y and z be as in the hypothesis. By Lemma 5.2, we know that
dLy C d

L
z � 128. Those pairs which satisfy this inequality can easily be deter-

mined as follows. First suppose that p D 3. If y 2 2A2 C 2A1, then dLz � 44; if
y 2 2A2 C A1, then dLz � 40; and if y 2 2A2, then dLz � 36. Now suppose that
p ¤ 3. If y 2 3A, then dLz � 48; if y 2 3B , then dLz � 42; and if y 2 3C , then
dLz � 36. Those classes z which satisfy the above bounds appear as stated.

6 New examples of Hurwitz groups

Using the results of the previous sections, we turn to Magma [2] to search for
explicit Hurwitz generating triples for groups of a tractable size; unfortunately,
E8.2/ is out of reach for us; its order is approximately 2248, whereas the largest
group we consider, F4.8/, has order approximately 2156.

In general, we do not wish to search through the entire group, and so our strategy
exploits the theory of .B;N /-pairs. Roughly speaking, we construct a suitable
subgroup of B , as a group of upper triangular matrices of G, and then choose an
element from N which does not belong to a maximal parabolic subgroup of G
containing B .

Concretely, we employ the explicit generators given in [10] for the minimal rep-
resentations of the above groups. We begin with a Sylow p-subgroup S consisting
of upper triangular matrices, where p is the defining characteristic. If p is even,
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G x y z Conditions

E8.2
n/ 4A1 3A 7H

4A1 3A 7D, 7E, 7F 2n � 1 .7/

E8.3
n/ 2B 2A2 C A1,

2A2 C 2A1

7H

2B 2A2 C A1,
2A2 C 2A1

7D, 7E, 7F 3n � 1 .7/

2B 2A2 7F 3n � 1 .7/

E8.7
n/ 2B 3A A4 C A3, A5 C A1

2B 3A D5.a1/C A2, D6.a2/
2B 3A E6.a3/C A1
2B 3A, 3B E7.a5/, E8.a7/, A6
2B 3A, 3B , 3C A6 C A1

E8.p
n/,

p ¤ 2; 3; 7

2B 3A, 3B 7H

2B 3A, 3B 7D, 7E, 7F pn � ˙1 .7/

2B 3C 7F pn � ˙1 .7/

Table 13. Admissible Hurwitz triples for E8.q/

we let S0 D S ; if p is odd, we let S0 be the subgroup generated by S along with
an admissible involution from NG.S/ so that jS0j D 2jS j.

Next, as it turns out, for each of the groups we consider, a suitable power of the
explicit Coxeter element n given for each group in [10] belongs to an admissible
class of elements of order 3, which we denote as usual by y. We then search ran-
domly through admissible involutions in S0 until we find an x such that o.xy/ D 7
and .x; y; z/ is an admissible triple.

To prove generation in a naïve way, i.e. ask Magma if our elements generate the
whole group, is an incredibly expensive operation and in general does not produce
an answer (in any reasonable amount of time). On the contrary, to show that our
subgroupH D hx; yi acts irreducibly is very cheap. Thus, when our above search
yields an irreducible group H , we are able to use results from the literature to de-
termine whetherH is in factG. The complete classification of maximal subgroups
of the groups treated in this paper has recently been completed by David Craven.
However, we shall use the results of Liebeck and Seitz [16] since they determine
the subgroups which act irreducibly. Our goal is then to prove Theorem 1.5.
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6.1 Proof of Theorem 1.5

We begin by determining for the groups in question the maximal subgroups which
act irreducibly on the minimal representation. In the following lemmas, for a
group M , we denote by F �.M/ the generalised Fitting subgroup of M . Recall
that F �.G/ D F.G/E.G/, where F.G/ is the Fitting subgroup (the product of
all nilpotent normal subgroups) and E.G/ the subgroup generated by the compo-
nents of G, where a component is a quasisimple subnormal subgroup of G. The
salient point is thatM=F �.M/ is soluble and so, if a perfect group, such as a Hur-
witz group, is contained in M , then it is contained in F �.M/.

We begin with a few preliminary lemmas, first in the case whereG is of type F4.

Lemma 6.1. Let G Š F4.p/, where p is odd, and suppose that M is a maximal
subgroup of G that acts irreducibly on the minimal representation of G. Then one
of the following holds:

(1) p D 7 and M Š G2.7/;

(2) F �.M/ is isomorphic to one of the following:

33:L3.3/; L2.25/; L2.27/; L3.3/;
3D4.2/; U3.3/:

Proof. See [16, Corollary 2].

Corollary 6.2. Let G Š F4.p/, where p is odd, and let H be a Hurwitz subgroup
of G. If H acts irreducibly on the minimal representation and has order divisible
by 5, then H Š G.

Proof. Let G and H be as in the hypothesis. Since H acts irreducibly on the
minimal representation, it is contained in a subgroupM isomorphic to one of those
listed in the previous lemma. Since 5 divides jM j, M must be L2.25/, which is
not Hurwitz since 7 does not divide jM j. HenceH D G, completing the proof.

Lemma 6.3. Let G Š F4.8/, and let H be a Hurwitz subgroup of G. If H acts
irreducibly on the minimal representation of G and both 73 and 109 divide jH j,
then H D G.

Proof. Let G Š F4.8/, let H be any perfect subgroup of G, and suppose that
H acts irreducibly on the minimal representation of G. By [16, Corollary 2], H
is contained in one of the following: F4.2/, 2F4.8/, 2F4.2/0, P�C8 .8/, �9.8/,
33:L3.3/, L2.25/, L2.27/, L3.3/, A9, A10 or L4.3/. Since none of these groups
have order divisible by both 73 and 109, it follows that H D G.
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Eventually, we shall use an explicit construction of F4.q/, and across all q
that we consider, we are able to use a fixed representative for y. In the follow-
ing lemma, we demonstrate that, for all q, y belongs to an admissible class of
elements of order 3. We let Ei;j denote the matrix whose entries are 0 everywhere
except for a 1 in the .i; j /-th position.

Lemma 6.4. LetG Š F4.pf / with generators as given in [10, Section 3.5] so that
G 6 GL26.pf /. The element y WD n4, where

n WD E1;5 CE4;7 CE5;9 CE6;10 CE7;12 CE9;20 CE11;21

CE13;14 CE18;23 CE19;16 CE20;24 CE21;18

CE22;17 CE23;19 CE24;25 CE25;26 CE26;22

�E2;1 �E3;2 �E8;3 �E10;4 �E12;11 �E14;13

�E14;14 �E15;6 �E16;15 �E17;8;

has order 3. If p D 3, then y 2 QA2 C A1, otherwise y 2 3C .

Proof. Following the construction of G in [10, Section 3.5], the element n is
shown to be a Coxeter element of G, hence o.n/ D 12. This is a 26-dimensional
minimal representation for G (except when p D 3), and we can then easily com-
pute dyM D 9. Since n is a Coxeter element of G, and all such elements are con-
jugate in G, it is sufficient to find a Coxeter element in an adjoint representation
of G and determine the corresponding dyL . We can construct such a Coxeter ele-
ment nL in the adjoint representation of G in Magma, and then compute dLy . If
q D 3, then dLy D 18, otherwise dLy D 16. This determines the conjugacy of y, as
claimed.

The corresponding lemmas can be proved similarly by direct computation for
E6.3/ and E7.2/.

Lemma 6.5. Let G Š E6.3/ with generators as given in [10, Section 3.4] so that
G 6 GL27.3/. The element y WD n4, where n is a Coxeter element of G, belongs
to 2A2 C A1.

Proof. By checking both the minimal and adjoint representations, this can easily
be verified.

Lemma 6.6. Let G Š E7.2/ with generators as given in [10, Section 3.3] so that
G 6 GL56.2/. The element y WD n6, where n is a Coxeter element of G, belongs
to 3C .

Proof. The proof is as in the previous lemmas.
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Next we prove the remaining analogous results for E6.3/ and E7.2/.

Lemma 6.7. Let G Š E6.3/, and suppose that H is a Hurwitz subgroup of G.
If H acts irreducibly on the minimal representation and 757 divides jH j, then
H D G.

Proof. Let G and H be as in hypothesis. Since H contains an element of order
757 D 36 C 33 C 1, H contains a maximal torus of this order. Since, in addition,
H acts irreducibly, we see from [16, Corollary 2] and [15] that H must be con-
tained in a subgroup isomorphic to L3.27/. Since this is not a Hurwitz group [5],
it follows that H D G.

In the case ofE7.2/, the classification of its maximal subgroups was determined
in [1], which will aid the proof of the following lemma.

Lemma 6.8. Let G Š E7.2/, and let H be a Hurwitz subgroup of H . If H acts
irreducibly on the minimal representation M of G and if 13 divides jH j, then
H D G.

Proof. Let G and H be as in hypothesis. If H acts irreducibly on M , then by
[16, Corollary 2] and [1], H is contained in a subgroup isomorphic to one of the
following:

L8.2/:2; U8.2/:2; .L2.2/
7/:L3.2/; 3

7:.2 � Sp6.2//:

In fact, when q D 2, we have .L2.2/7/:L3.2/ 6 37:.2 � Sp6.2// (see [15, Proof
of Lemma 2.5]). Since H is perfect, we can assume that H is contained in L8.2/,
U8.2/ or 37:Sp6.2/. Since 13 divides jGj, but does not divide the orders of L8.2/,
U8.2/ or 37:Sp6.2/, the conclusion holds.

Our strategy for the remainder of the proof is then the following. Since the
groups themselves are quite large, we use the generators given in [10] to construct
upper triangular Sylow p-subgroups S ofG, where p is the defining characteristic,
in Magma. If p is even, we let S0 D S ; otherwise, we construct S0 WD S Ì hhi,
where h is an admissible involution belonging to a maximal torus normalising S .
We let y be as given in Lemma 6.4, 6.5 or 6.6 as appropriate. We then perform
a random search of admissible involutions x in S0 until we find an x such that
o.xy/ D 7. If p ¤ 2, then by construction, since 4 does not divide the order of
S0, any such involution will be conjugate to h, which makes our search easier.
Finally, we construct the subgroup H WD hx; yi and use the preceding lemmas to
prove that H D G by checking that H acts irreducibly and contains elements of
the necessary orders, which are both very cheap operations.
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The code for this paper, including the generating matrices in Magma format,
can be found online at arXiv:2003.12595. This file also includes the generic code
(except for F4 in even characteristic, which can easily be modified from the odd
characteristic case).

G Š F4.3/

Lemma 6.9. There exists a Hurwitz generating triple for F4.3/ of type

.2A; QA2 C A1; 7N /:

Proof. Using the generators for G Š F4.3/ 6 GL26.3/ given in [10, Section 3.5]
and implemented in Magma, we proceed as follows. We let y be as in Lemma 6.4
so that y 2 QA2 C A1. We then generate the subgroup S 6 G as follows:

S WD hxA.1/; xB.1/; xC .1/; xD.1/; h2BCC;�i;

where � generates F�3 . We can compute dh2BCC;�G D 14 and, since the Sylow 2-
subgroup order of S has order 2, all involutions in S are conjugate and belong
to 2A. Following a random search through S -conjugates of h2BCC;� , we find
such an x (provided in the accompanying files) where o.xy/ D 7 and dxyG D 2,
so xy 2 7N . Next we construct H WD hx; yi and find that it contains elements of
order 5. Using Parker’s Meataxe in Magma, we find F263 H has a 25-dimensional
irreducible quotient H 0, and so, by Corollary 6.2, we conclude that H D G.

G Š F4.5/

Lemma 6.10. There exists a Hurwitz generating triple for F4.5/ of type

.2A; 3C; 7N /:

Proof. Our method is identical to the preceding lemma. We use the generators for
G Š F4.5/ 6 GL26.5/ as in [10, Section 3.5] and let y be as in Lemma 6.4. We
then construct the following subgroup:

S WD hxA.1/; xB.1/; xC .1/; xD.1/; h
2
2BCC;�i;

where � generates F�5 , so that h22BCC;� belongs to 2A and a Sylow 2-subgroup
of S has order 2. We then search through random S -conjugates x of h22BCC;�
until we find an x (provided in the accompanying files) such that o.xy/ D 7 and
xy 2 7N . Letting H WD hx; yi, we find that H contains elements of order 5 and
use Parker’s Meataxe to determine that H is irreducible. Then, by Lemma 6.2,
H D G.

http://arxiv.org/abs/2003.12595
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G Š F4.7/

Lemma 6.11. There exists a Hurwitz generating triple for F4.7/ of type

.2A; 3C; F4.a2//:

Proof. Our proof is similar to those of the preceding lemmas. Using the construc-
tion of F4.7/ 6 GL26.7/ given in [10, Section 3.5], we let S denote the upper
triangular Sylow 7-subgroup of G. The element x0 WD h32BCC;� belongs to 2A,
and so we let S0 WD hS; x0i so that a Sylow 2-subgroup of S0 has order 2. We
let y WD n4, where n is the Coxeter element of G given in their construction, so
that, by Lemma 6.4, y 2 3C . We then search randomly through S0 conjugates of
x0 until we find an x (provided in the accompanying files) such that z WD xy has
order 7 and dzM D 4. The invariant factors of z can be determined in Magma, and
we then see that z 2 F4.a2/. Letting H WD hx; yi, we are able to find random el-
ements of order 5, and using Parker’s Meataxe, we see that H is an irreducible
subgroup. Then, by Corollary 6.2, it follows that H D G.

G Š F4.8/

Lemma 6.12. There exists a Hurwitz generating triple for F4.8/ of type

.A1 C QA1; 3C; 7O/:

Proof. Using the generators in [10, Section 3.5], we construct in Magma the full
upper triangular Borel subgroup of G Š F4.8/ 6 GL26.8/:

B WD hxA.1/; xB.1/; x2BCC .1/; xC .1/; xD.1/; hA;� ; hB;� ; hC;� ; hD;�i;

where � is a primitive element of F�8 . Letting y be as in Lemma 6.4, we search
through random elements x of order 2 in B which belong to A1 C QA1 such that
o.xy/ D 7 and dxyM D 4. We eventually find such an x (provided in the accompa-
nying files). We check that H WD hx; yi acts irreducibly, which it does, and that
H contains elements of order 73 and 109, which it does. Then, by Lemma 6.3,
.x; y; xy/ is a Hurwitz generating triple for G of type .A1 C QA1; 3C; 7O/.

Remark 6.13. Of the groups appearing in Theorem 1.5, F4.8/ is the largest in
cardinality having order approximately 2156. The cardinality of E8.2/ is approx-
imately 2248, and so we did not attempt to search for a Hurwitz generating triple
in E8.2/.
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G Š E6.3/

Lemma 6.14. There exists a Hurwitz generating triple for E6.3/ of type

.2A; 2A2 C A1; 7N /:

Proof. As in the case of the groups of type F4, we take generators for an up-
per triangular Sylow 3-subgroup S of G 6 GL27.3/ from [10, Section 3.3]. The
involution x0 WD ha;�, where � generates F�3 , has eigenvalue 1 with multiplic-
ity 15, and so x0 2 2A. We then let S0 WD hS; x0i so that the Sylow 2-subgroup
of S0 has order 2 and let y be as in Lemma 6.5 so that y 2 2A2 C A1. Finally,
we search through random S0-conjugates of x0 until we find a conjugate x of x0
such that o.xy/ D 7 and dxyM D 3 (provided in the accompanying files). We check
that H WD hx; yi is an irreducible subgroup of G using Parker’s Meataxe, and
that H contains an element of order 757, which both hold for this choice of x.
Hence .x; y; xy/ is a Hurwitz generating triple for G, by Lemma 6.7, and thus
xy 2 7N .

G Š E7.2/

Lemma 6.15. There exists a Hurwitz generating triple for E7.2/ of type

.4A1; 3C; 7O/:

Proof. As before, we construct S 6 G 6 GL56.2/, the Sylow 2-subgroup consist-
ing of upper triangular matrices using the generators in [10]. We set

x WD xb.1/xc.1/xe.1/xg.1/ and y WD n6 2 3C:

It can be determined that x 2 4A1 by computing dxM and dxL or (more satisfyingly)
by inspection of the unipotent conjugacy classes of G (see [21]). By Lemma 6,
y 2 3C . Next we search through S -conjugates of x in order to find an xy of or-
der 7 (such an x is provided in the accompanying files). For the given x, we check
that dzM D 8, which is necessary for z 2 7O . It could be the case that z 2 7F ;
however, by checking that H WD hx; yi is irreducible and contains an element of
order 13, by Lemma 6.8, H D G and .x; y; z/ is a Hurwitz generating triple (and
hence admissible). Thus z 2 7O , completing the proof.
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