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Abstract. For a commutative unital ring R, and n P N, let
SLnpRq denote the special linear group over R, and EnpRq the sub-
group of elementary matrices. LetM` be the Banach algebra of all
complex Borel measures on r0,`8q with the norm given by the to-
tal variation, the usual operations of addition and scalar multiplica-
tion, and with convolution. It is first shown that SLnpAq “ EnpAq
for Banach subalgebras A of M` that are closed under the oper-
ation M` Q µ ÞÑ µt, t P r0, 1s, where µtpEq :“

ş
E

p1 ´ tqxdµpxq
for t P r0, 1q, and Borel subsets E of r0,`8q, and µ1 :“ µpt0uqδ,
where δ P M` is the Dirac measure. Using this, and with auxil-
iary results established in the article, many illustrative examples
of such Banach algebras A are given, including several well-studied
classical Banach algebras such as the class of analytic almost pe-
riodic functions. An example of a Banach subalgebra A Ă M`,
that does not possess the closure property above, but for which
SLnpAq “ EnpAq nevertheless holds, is also constructed.
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1. Introduction

The aim of this article is to establish SLnpRq “ EnpRq, where SLnpRq
is the special linear group over R, EnpRq is the group of elementary
matrices, and R is a certain Banach algebra of measures on the half-
line r0,`8q. We elaborate on this below.

Definition 1.1 (SLnpRq and EnpRq).
Let R be a commutative unital ring with multiplicative identity 1 and
additive identity element 0. Let n P N “ t1, 2, 3, ¨ ¨ ¨ u.

‚ Let Rnˆn denote the set of matrices over R with n rows and n

columns. We denote by In the identity matrix in Rnˆn, i.e.,
the matrix with all diagonal entries equal to 1 P R and off-diagonal
entries 0 P R.

‚ The special linear group SLnpRq denotes the group (with matrix
multiplication) of all matrices M P Rnˆn whose entries belong to R

and the determinant detM of M is 1. The general linear group

GLnpRq consists of all invertible matrices in Rnˆn.

‚ An elementary matrix Eijpαq over R has the form Eij “ In ` αeij ,
where i ‰ j, α P R, and eij is the n ˆ n matrix whose entry in the
ith row and jth column is 1, and all the other entries of eij are zeros.

‚ EnpRq is the subgroup of SLnpRq generated by the elementary
matrices.

A classical question in algebra is:

pQq For all n P N, is SLnpRq “ EnpRq?

The answer depends on the ring R. For example:

‚ If R “ C, then the answer to (Q) is ‘Yes’, and is an exercise in linear
algebra; see for instance [2, Chap.2, §2, Exercise 18(c), p.71].

‚ Let R “ Crz1, ¨ ¨ ¨ , zds.
If d “ 1, then the answer to (Q) is ‘Yes’: This follows from the
Euclidean division algorithm in Crzs.
If d “ 2, then the answer to (Q) is ‘No’: A counterexample is ([6]):

„
1 ` z1z2 z21

´z22 1 ´ z1z2


P SL2pCrz1, z2sqzE2pCrz1, z2sq.

For d ě 3, the answer to (Q) is ‘Yes’: This is the K1-analogue of
Serre’s conjecture, which is the Suslin stability theorem [26].

‚ Rings of continuous real- or complex-valued functions on a topological
space X were considered in [27].
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‚ For the ring OX of holomorphic functions on Stein spaces in Cd, the
question (Q) was posed as an explicit open problem by Gromov in
[11], and was solved in [14]. See also [13] and [15].

‚ The question (Q) for some rings of ‘sequences’ (with termwise
operations) such as

ℓ8pZdq (bounded),
c0pZdq (converging to 0), and
s1pZdq (at most polynomially growing),

were considered in [25]. The ring s1pZdq is isomorphic to the ring of
periodic distributions on Rd with the multiplication operation given
by convolution.

‚ In [8], it was shown that for a unital commutative ring R, if n ě 2
and if the Bass stable rank of R is 1, then the answer to (Q) is ‘Yes’.
Using this result, and a result from [17, §7] (Proposition 1.3 below),
many examples of Banach algebras of holomorphic functions in one
and several variables, like the polydisc/ball algebras, were considered
for which the answer to (Q) is ‘Yes’.

In this article, we will consider certain Banach algebras of measures.
Our main tool will be the known result stated as Proposition 1.3 below
(see [17, §7]). Before stating this result, we elaborate on the Banach
algebra structure of Anˆn for a Banach algebra A.
Let pA, } ¨ }q be a commutative unital Banach algebra. Then Anˆn is

a complex algebra with the usual matrix operations. Let Anˆ1 denote
the vector space of all column vectors of size n with entries from A

and componentwise operations. Then Anˆ1 is a normed space with the
‘Euclidean norm’ defined by }v}22 :“ }v1}

2`¨ ¨ ¨`}vn}2 for all v in Anˆ1,
where v has components denoted by v1, ¨ ¨ ¨ , vn P A. If M P Anˆn, then
the matrix multiplication map, Anˆ1 Q v ÞÑ Mv P Anˆ1, is a continuous
linear transformation, and we equip Anˆn with the induced operator
norm, denoted by } ¨ } again. Then Anˆn with this operator norm is a
unital Banach algebra. Subsets of Anˆn are given the induced subspace
topology.

Definition 1.2 (Null-homotopic element of SLnpAq).
Let A be a commutative unital Banach algebra, and n P N. An element
M P SLnpAq is null-homotopic if M is homotopic to the identity matrix
In, that is there exists a continuous map H : r0, 1s Ñ SLnpAq such that
Hp0q “ M and Hp1q “ In.

We now state the result from [17, §7].
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Proposition 1.3.
Let A be a commutative unital Banach algebra, n P N, and M P SLnpAq.
Then the following are equivalent:

‚ M P EnpAq.
‚ M is null-homotopic.

The statement of our first result (Theorem 2.3) will be given in the
following section, where we introduce the Banach algebras of complex
Borel measures on r0,`8q that we will consider. We will prove Theo-
rem 2.3 in Section 3. In Section 4, using Theorem 2.3, and with aux-
iliary results established there, many illustrative examples of such Ba-
nach algebras A are given, including several classical Banach algebras
such as the class of holomorphic almost periodic functions. An exam-
ple of a Banach subalgebra A Ă M`, that does not possess the closure
property specified in Theorem 2.3, but for which SLnpAq “ EnpAq nev-
ertheless holds, is also constructed in Section 4.

2. Banach algebras of measures

We recall the following classical Banach algebra M` of measures on a
half-line; see for example [12, §4, pp.141-150] or [21, Chapter 6].

Definition 2.1 (The Banach algebra M`).
Let M` denote the set of all complex Borel measures on R with sup-
port contained in r0,`8q. Then M` is a complex vector space with
addition ` and scalar multiplication ¨ defined as usual, and it becomes
a complex algebra if we take the operation ˚ of convolution of measures
as the operation of multiplication.
Let |µ| denote the total variation measure of µ P M`; see for example

[21, Chap.6, p.117]. Recall that |µ| is a positive measure defined on
all Borel subsets of r0,`8q, and that |µ|pEq ě |µpEq| for all Borel
subsets E Ă r0,8q. The norm of an element µ P M` is taken as the
total variation measure |µ| of r0,`8q, i.e., }µ} “ |µ|pr0,`8qq. Then
pM`,`, ¨, ˚, }¨}q is a commutative unital complex Banach algebra. The
unit element (i.e., identity with respect to convolution) is the Dirac

measure δ, given by

δpEq “

"
1 if 0 P E,

0 if 0 R E.

Definition 2.2. If µ P M` and t P r0, 1q, define µt P M` by

µtpEq :“

ż

E

p1 ´ tqx dµpxq, for all Borel sets E Ă r0,`8q.

If t “ 1, then define µ1 P M` by µ1 :“ µpt0uq ¨ δ.
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We provide motivation for Definition 2.2 in Remark 3.3. Our first result
is the following.

Theorem 2.3. Let A be a Banach subalgebra of M` pwith the induced

normq, such that it has the following property:

(P) For all µ P A, and all t P r0, 1s, µt P A.

Then for all n P N, SLnpAq “ EnpAq.

3. Proof of Theorem 2.3

For µ P M`, it can be seen that }µt} ď }µ} for all t P r0, 1s. Also,
δt “ δ for all t P r0, 1s. For µ, ν P M`, and t P r0, 1s, we have

pµ ` νqt “ µt ` νt. (1)

The following two results were shown in [23].

Lemma 3.1. Let µ, ν P M` and t P r0, 1s. Then pµ ˚ νqt “ µt ˚ νt.

Proof. See [23, Lemma 3.1]. �

Recall the following consequence of the Radon-Nikodym theorem (see
for example [21, Theorem 6.12]): If µ P M`, then there exists ‘polar
decomposition’ of µ, that is, there exists a measurable function h such
that |hpxq| “ 1 for all x P r0,`8q, and dµ “ h d|µ|. Using this, the
following result can be established.

Lemma 3.2. Let µ P M` and t0 P r0, 1s. Then lim
tÑ t0

µt “ µt0 .

Proof. See [23, Lemma 3.2]. �

In the final section, we will use the Laplace transform of measures
µ P M`: For µ P M`, we define for s P Cě0 :“ ts P C : Repsq ě 0u,

pµpsq “

ż

r0,`8q

e´sxdµpxq.

Let dµ “ eiwpxqd|µ|pxq for a measurable function w. For all s P Cě0,

|pµpsq|“
ˇ̌
ˇ
ż

r0,8q

e´sxdµpxq
ˇ̌
ˇ“

ˇ̌
ˇ
ż

r0,8q

e´ iwpxqe´sxd|µ|pxq
ˇ̌
ˇď

ż

r0,8q

1d|µ|pxq“}µ}.

For t P r0, 1q, s P Cě0 and µ P M`, pµtpsq “ pµps ´ logp1´ tqq. Indeed,

pµtpsq“

ż

r0,8q

e´sxp1´ tqxdµpxq“

ż

r0,8q

e´sxex logp1´tqdµ“ pµps ´ logp1´ tqq.

Recall that µ1 “ µpt0uqδ. As pδpsq “ 1 for all s P Cě0, pµ1psq “ µpt0uq.
As with the Laplace transforms of L1 functions, the same proof, mutatis
mutandis, shows zµ ˚ νpsq “ pµpsq pνpsq for s P Cě0 and µ, ν P M`.
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We provide some motivation for Definition 2.2 in the following remark.

Remark 3.3. We want to create a homotopy taking µ P SLnpM`q to
In (with all diagonal entries equal to δ). In the case of disc algebra,
one uses dilations f ÞÑ fpt ¨q, t P r0, 1s to take In to f P SLnpApDqq.
Motivated by this, and bearing in mind that the Laplace transform pµ
of µ P M` satisfies the following analogue of the Riemann-Lebesgue
lemma (we include a proof of this in the Appendix)

lim
RQsÑ `8

pµpsq “ µpt0uq,

it is natural to try and construct a homotopy by ‘translating’ the
Laplace transform and then taking the inverse Laplace transform. As
lim
tÑ1´

´ logp1 ´ tq “ `8, we try

Hptq :“ µt :“ Inverse Laplace transform of ppps ÞÑ pµps ´ logp1 ´ tqqqqq.

To determine µt, we writeż

r0,`8q

e´ps´logp1´tqqxdµpxq“

ż

r0,`8q

e´sxp1´tqxdµpxq“

ż

r0,`8q

e´sxdµtpxq,

where µt is as in Definition 2.2. ˚

Finally, we are ready to prove Theorem 2.3.

Proof. (of Theorem 2.3): We need to show SLnpAq Ă EnpAq. Let

M “

»
—–
µ11 ¨ ¨ ¨ µ1n

...
. . .

...

µn1 ¨ ¨ ¨ µnn

fi
ffifl P SLnpAq.

For t P r0, 1s, define

Hptq “ Mt “

»
—–

pµ11qt ¨ ¨ ¨ pµ1nqt
...

. . .
...

pµn1qt ¨ ¨ ¨ pµnnqt

fi
ffifl .

Thanks to (1), as M P SLnpAq, we have Mt P SLnpAq for all t P r0, 1s,
since δ “ δt “ pdetMqt “ detpMtq. The continuity of r0, 1s Q t ÞÑ
Mt P SLnpAq follows from Lemma 3.2. We note that M1 “ Cδ, where
C P SLnpCq is the constant matrix

C “

»
—–
µ11pt0uq ¨ ¨ ¨ µ1npt0uq

...
. . .

...

µn1pt0uq ¨ ¨ ¨ µnnpt0uq

fi
ffifl .

But SLnpCq is path connected, and so there exists a homotopy, say
h : r0, 1s Ñ SLnpCq, taking C to the identity matrix In P SLnpCq.
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Combining H with h, we obtain a homotopy rH : r0, 1s Ñ SLnpAq that
takes M to In P SLnpAq:

rHptq “

$
’&
’%

Hp2tq if t P
”
0,

1

2

ı
,

hp2t ´1qδ if t P
”
1

2
, 1

ı
.

So M P SLnpAq is null-homotopic. By Proposition 1.3, M P EnpAq. �

4. Examples

Using Theorem 2.3, and with auxiliary results, we give many illustrative
examples of classical Banach algebras A for which SLnpAq “ EnpAq.

4.1. The measure algebra M`.
Trivially, the full algebra M` has the property (P). So for all n P N,
SLnpM`q “ EnpM`q.

4.2. The Wiener-Laplace algebra δC ` L1r0,`8q.
Consider the Wiener-Laplace algebra W` of the half plane, of all func-
tions defined in the half plane Cě0 :“ ts P C : Repsq ě 0u that differ
from the Laplace transform of an L1r0,`8q function by a constant.
The Wiener-Laplace algebra W` is a Banach algebra with pointwise

operations, and the norm } pf `α}W` “ }f}1 ` |α|, for all α P C and all
f P L1r0,`8q, where

}f}1 :“

ż `8

0

|fpxq|dx.

Then W` is precisely the set of Laplace transforms of elements of the
Banach subalgebra A “ δC`L1r0,`8q ofM` consisting of all complex
Borel measures µ “ µa ` αδ, where µa is absolutely continuous (with
respect to the Lebesgue measure) and α P C. Recall that µa P M` is
absolutely continuous if there exists an f P L1r0,`8q such that, with
the Lebesgue measure on r0,`8q denoted by dx, we have

µa “

ż

¨
f dx, i.e., µapEq “

ż

E

fpxqdx for all Borel E Ă r0,`8q.

The M`-norm of µ P A“δC`L1r0,`8q Ă M` is

}µ}“}f}1`|α| for µ “ αδ `

ż

¨
f dx.
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This Banach subalgebra A “ δC ` L1r0,`8q of M` has the property
(P), and so for all n P N, we have

SLnpδC ` L1r0,`8qq “EnpδC ` L1r0,`8qq, and

SLnpW`q “EnpW`q.

4.3. Measures without a singular nonatomic part.
If λ ě 0, then we use the notation δtλu P M` to denote the Dirac
measure with support tλu, that is, for all Borel subsets E Ă r0,`8q,

δtλupEq “

"
1 if λ P E,

0 if λ R E.

(So δ “ δt0u.) Define the subalgebra A` of M` consisting of all com-
plex Borel measures that do not have a singular non-atomic part.
The algebra A` is the set of all µ P M` that have a decomposition

µ “
ż

‚

f dx `
ÿ

0“λ0ăλ1,λ2,λ3,¨¨¨

fnδtλnu,

where

f P L1r0,8q,

dx is the Lebesgue measure on r0,`8q,

λn P r0,`8q for all n P Zě0 :“ t0, 1, 2, 3, ¨ ¨ ¨ u,

pfnqně0 is an absolutely summable sequence of complex numbers,

i.e., }pfnqně0}1 :“ sup
F finite
F ĂZě0

ÿ

nPF

|fn| ă 8.

The M`-norm of µ P A` Ă M` reduces to

}µ} “ }f}1 ` }pfnqně0}1 for µ “
ż

‚

f dx `
ÿ

0“λ0ăλ1,λ2,λ3,¨¨¨

fnδtλnu P A`.

The Banach subalgebra A` of M` possesses the property (P). Hence
SLnpA`q “ EnpA`q for all n P N. We remark that the Bass stable rank
of A` is 8 (see [16]).

4.4. The analytic almost periodic Wiener algebra APW`.
Define the subalgebra A`

0 of M` to be the set of all measures µ P M`

that are of the form
µ “

ÿ

0“λ0ăλ1,λ2,λ3,¨¨¨

fnδtλnu,

where the sequence of coefficients pfnqně0 is absolutely summable. The
M`-norm of µ P A`

0 Ă M` is given by }µ} “ }pfnqně0}1 for µ P A`
0 .

The algebra A`
0 is a Banach subalgebra of M`, and has the property

(P). Hence for all n P N, SLnpA`
0 q “ EnpA`

0 q.
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Recall the classical Banach algebra APW` of almost periodic functions
f , whose Bohr-Fourier coefficients pfλqλPR, are summable, and fλ “ 0
for λ ă 0. The algebra operations in APW` are defined pointwise, and
the norm is given by

}f}1 “
ÿ

λě0

|fλ|.

(See the following Subsection 4.5 for an explanation of the key terms.)
The Banach algebra A`

0 is isomorphic as a Banach algebra to APW`

via the isomorphism

A`
0 Q µ “

ÿ

0“λ0ăλ1,λ2,λ3,¨¨¨

fnδtλnu ÞÑ
ÿ

0“λ0ăλ1,λ2,λ3,¨¨¨

fne
iλnx P APW`.

So for all n P N, SLnpAPW`q “ EnpAPW`q.

4.5. The algebra AP` of analytic almost periodic functions.
We refer the reader to [7] and [5] for details on almost periodic func-
tions. For λ P R, let eλ :“ eiλ ¨ P L8pRq. Let T be the space of
trigonometric polynomials, i.e., T is the linear span of teλ : λ P Ru.
Define AP to be the closure of T with respect to the L8pRq-norm } ¨}8.
Then AP is a Banach algebra with pointwise operations, and the norm
} ¨ }8. The space T is equipped with the inner product

xp, qy “ lim
RÑ `8

1

2R

ż R

´R

ppxqqpxqdx pp, q P T q,

where ¨ denotes complex conjugation. The limit exists since

xeλ, eλ1y “

"
1 if λ “ λ1,

0 if λ ‰ λ1.

For λ P R and f P AP, the Bohr-Fourier coefficient fλ is defined as
follows: If ppnqn is a sequence in T converging to f in AP, then

fλ “ lim
nÑ 8

xpn, e´λy.

Define the Bohr spectrum of f to be the set σpfq “ tλ P R : fλ ‰ 0u,
which is at most countable. Let AP` be the subspace of AP given by

AP` “ tf P AP : σpfq Ă r0,`8qu.

Each f P AP` has a holomorphic extension to the upper half-plane

U :“ tz P C : Imz ą 0u.

The set APW` is a dense subset of AP` (since the trigonometric
polynomials are dense in AP`). We will use this, and the follow-
ing consequence Proposition 1.3, to show that for all n P N we have
SLnpAP`q “ EnpAP`q. We remark that the Bass stable rank of AP`

is 8; see [18]. We have the following result.
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Theorem 4.1.
Let A be a commutative unital Banach algebra such that for all n P N,

SLnpAq “ EnpAq. Let S be a Banach algebra containing the unit of A

such that

‚ S is a full subalgebra of A, pi.e., if S X GL1pAq “ GL1pSqq,
‚ the inclusion map is continuous, and

‚ S is dense in A.

Then for all n P N, SLnpSq “ EnpSq.

Proof. Let f P SLnpAq. As S is dense in A, we can find an element
g P S such that

}g ´ f} ă
1

}f´1}
.

Then for all t P r0, 1s,

}tf´1pg ´ fq} ă 1 ¨ }f´1} ¨
1

}f´1}
“ 1.

So In ` tf´1pg ´ fq P GLnpAq. As

g “ f ` g ´ f “ fpIn ` f´1pg ´ fqq,

g P GLnpAq. Thus det g P S X GL1pAq, giving det g P GL1pSq. Also,
pIn ` tf´1pg ´ fqq´1g P GLnpAq for all t P r0, 1s, which implies

∆ptq :“ detppIn ` tf´1pg ´ fqq´1gq P GL1pAq

for all t P r0, 1s. For t P r0, 1s, define the matrix Hptq P Anˆn to
be the matrix obtained by scaling (any one, say) the first column of
pIn ` tf´1pg ´ fqq´1g by p∆ptqq´1. Then

detpHptqq “ p∆ptqq´1 detppIn ` tf´1pg ´ fqq´1gq

“ p∆ptqq´1∆ptq “ 1.

Hence Hptq P SLnpAq, and the map r0, 1s Q t ÞÑ Hptq P SLnpAq is
continuous. We have Hp1q “ f . Also, Hp0q is the matrix obtained by
scaling the first column of g by pdet gq´1. So Hp0q P SLnpSq “ EnpSq.
By Proposition 1.3, there exists a homotopy h : r0, 1s Ñ SLnpSq such
that hp0q “ In and hp1q “ Hp0q. Thanks to the fact that the inclusion
map for S Ă A is continuous, h : r0, 1s Ñ SLnpAq is also continuous.

By combining h and H , we get a homotopy rH : r0, 1s Ñ SLnpAq such

that rHp0q “ In and rHp1q “ Hp1q “ f . By Proposition 1.3, f P EnpAq.
Consequently, SLnpAq “ EnpAq for all n P N. �

Corollary 4.2. For all n P N, SLnpAP`q “ EnpAP`q.
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Proof. For f P APW`, we have }f}8 ď }f}1, showing that the inclusion
map is continuous. We have APW` is a dense subset of AP`. The full
subalgebra assumption can be seen to hold by using the corona theorem
for APW` (see e.g. [20, Theorem 2.4]). Moreover, we have seen in the
previous subsection that SLnpAPW`q“EnpAPW`q for all n P N. �

4.6. APW`
S and AP`

S . Recall that an additive sub-semigroup of the

group pR,`q is a subset S Ă R with the properties 0 P S, and λ`λ1 P S

whenever λ, λ1 P S. Given an additive sub-semigroup S Ă r0,8q, we
define the Banach subalgebra APW`

S of APW` by

APW`
S :“ tf P APW` : σpfq Ă Su,

with the induced norm } ¨ }1 from APW`. Similarly, we define the
Banach subalgebra AP`

S of AP` by

AP`
S :“ tf P AP` : σpfq Ă Su,

with the induced norm } ¨}8 from AP`. Thus if S “ r0,8q, the APW`
S

and AP`
S are APW` and AP`, respectively.

The Banach algebra APW`
S is isomorphic to the Banach subalgebra

A`
0,S of M` consisting of all measures

µ “
ÿ

λ0,λ1,λ2,λ3,¨¨¨PS

fnδtλnu,

where the sequence of coefficients pfnqně0 is absolutely summable. The
Banach subalgebra A`

0,S of M` has the property (P). So for all n P N,

SLnpA`
0,Sq “ EnpA`

0,Sq, and SLnpAPW`
S q “ EnpAPW`

S q.

To get the result for AP`
S , we again use Theorem 4.1. The algebra

APW`
S is a dense subset of AP`

S . Next we show that APW`
S is a full

subalgebra of APW`
S . Let f P APW`

S be such that there exists a
g P AP`

S such that f ¨ g “ 1, where 1 is the constant function taking
value 1 everywhere on R. Taking the Gelfand transform, we obtain
pf ¨ pg “ 1, where 1 is the constant function taking value 1 everywhere

on the maximal ideal space MpAP`
S q of AP`

S . In particular, pf does
not vanish anywhere on MpAP`

S q. By the Arens-Singer theorem [1,
Theorem 4.1] (see also [4, Theorem 3.1]), the maximal ideal spaces of
AP`

S and APW`
S are homemorphic. Thus the Gelfand transform of

f P APW`
S , namely

pf : MpAPW`
S q Ñ C,

is also nowhere zero on MpAPW`
S q. By the elementary theory of Ba-

nach algebras (see e.g. [9, Theorem 2.7]), it follows that f is invertible
as an element of APW`

S . So APW`
S is a full subalgebra of APW`

S . By
Theorem 4.1, we conclude that for all n P N, SLnpAP`

S q “ EnpAP`
S q.



12

4.7. Nonexample: A Ă M` failing (P), but SLnpAq “ EnpAq.
We show that while the property (P) is sufficient for the Banach sub-
algebra A Ă M` for having SLnpAq “ EnpAq for all n P N, it is not
necessary. We do this by constructing a Banach subalgebra A ofM` for
which the property (P) does not hold, but for which SLnpAq “ EnpAq
for all n P N. This Banach subalgebra was also considered in [24], but
here we will show that its maximal ideal space has topological dimen-
sion 2, which will be used to show SLnpAq “ EnpAq for all n P N.
Let dx denote the Lebesgue measure, and let µ P M` be given by

µ “ δ `
ż

‚

p2x ´ 3qe´xdx.

Then for s P Cě0,

pµpsq “
sps ´ 1q

ps ` 1q2
.

For m P N, we denote the m-fold convolution µ ˚ ¨ ¨ ¨ ˚ µ by µ˚m. Let
A Ă M` be the Banach subalgebra of M` generated by δ, µ, that is,
A is the closure of all ‘polynomials’ in µ:

p “ c0δ ` c1µ ` c2µ
˚2 ` ¨ ¨ ¨ ` cdµ

˚d,

where d is any nonnegative integer, and c0, c1, ¨ ¨ ¨ , cd P C are arbitrary.
Let us first show that A does not have the property (P). We show

that for a certain t, µt R A. In fact, set t “ 1 ´ 1
e

P p0, 1q. Since the

polynomials in µ are dense in A, given ǫ “ 1
10

ą 0, there exists a d P N,
and complex numbers c0, c1, ¨ ¨ ¨ , cd, such that

}µt ´ pc0δ ` c1µ ` c2µ
˚2 ` ¨ ¨ ¨ ` cdµ

˚dq} ă ǫ.

But if ν :“ µt ´ pc0δ ` c1µ ` c2µ
˚2 ` ¨ ¨ ¨ ` cdµ

˚dq, then for s P Cě0,

| pµtpsq ´ pc0 ` c1pµpsq ` c2ppµpsqq2 ` ¨ ¨ ¨ ` cdppµpsqqd| “ |pνpsq| ď }ν} ă ǫ.

We have ´ logp1´ tq “ ´ log 1
e

“ 1, so that the above gives

|pµps ` 1q ´ pc0 ` c1pµpsq ` c2ppµpsqq2 ` ¨ ¨ ¨ ` cdppµpsqqd| ă ǫ.

Setting s “ 0, this givesˇ̌
ˇp0 ` 1qp0 ` 1 ´ 1q

p0 ` 1 ` 1q2
´ c0

ˇ̌
ˇ “ |c0| ă ǫ.

On the other hand, with s “ 1, we obtainˇ̌
ˇp1 ` 1qp1 ` 1 ´ 1q

p1 ` 1 ` 1q2
´ c0

ˇ̌
ˇ “

ˇ̌
ˇ2
9

´ c0

ˇ̌
ˇ ă ǫ.

Adding the last two inequalities gives the contradiction that

2

9
ď

ˇ̌
ˇ2
9

´ c0

ˇ̌
ˇ ` |c0| ă 2ǫ “

2

10
.

Hence A does not have the property (P).
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Finally, we show that for the Banach algebra A, SLnpAq “ EnpAq for
all n P N. To do this, we will use the result from [3, Theorem 1.1(3)],
which says that if the topological dimension dimMpRq of the maximal
ideal space MpRq of a commutative unital complex Banach algebra R

is 0, 1 or 2, then SLnpRq “ EnpRq. We will show that the topological
dimension of the maximal ideal space MpAq of our Banach algebra A

is equal to 2. (Recall that for a normal space X , dimX ď d if every
finite open cover of X can be refined by an open cover whose order
ď d ` 1. If dimX ď d and the statement dimX ď d ´ 1 is false, then
we say that the topological dimension of X is dimX “ d. Also, for a
commutative complex semisimple unital Banach algebra R, the maxi-
mal ideal space MpRq (set of all complex homomorphisms) is equipped
with the Gelfand topology, which is the induced subset topology from
the dual space LpR;Cq equipped with the weak-˚ topology.) We will
need the following result; see [9, Theorem 1.4, page 68].

Proposition 4.3. Let B be a finitely generated Banach algebra, generated

by b1, . . . , bm. Then the joint spectrum of b1, ¨ ¨ ¨ , bm in B, namely the

set

σBpb1, ¨ ¨ ¨ , bmq “ tp pb1pϕq, . . . , xbmpϕqq : ϕ P MpBqu pĂ Cmq,

is homeomorphic to the maximal ideal space MpBq of the Banach al-

gebra B. pHere p̈ : B Ñ CpMpBq;Cq denotes the Gelfand transform.q

So in our case, it suffices to show that the joint spectrum of δ and µ in
A has topological dimension 2. We observe that

σApδ, µq “ tp1, pµpϕqq : ϕ P MpAqu “ t1u ˆ tpµpϕq : ϕ P MpAqu

“ t1u ˆ σApµq. (2)

Hence it is enough to show that σApµq Ă C » R2 has topological
dimension equal to 2. We recall the following result, which relates the
spectrum of an element x of a subalgebra of a Banach algebra with the
spectrum of x in the Banach algebra; see [22, Theorem 10.18, p. 238].

Proposition 4.4. Let B be a unital Banach algebra, and S be a Banach

subalgebra of B that contains the unit of B. If x P S, then σSpxq is the

union of σBpxq and a ppossibly emptyq collection of bounded components

of the complement of σBpxq.

We apply this with B :“Cδ`L1r0,`8q (the Wiener-Laplace algebra),
S :“A, and x :“µ P A Ă B“Cδ`L1r0,`8q. The maximal ideal space
of B “C δ`L1r0,`8q can be identified (see e.g. [10, pp. 112-113]) as
a topological space with

ts P pC Y t8uq : and Repsq ě 0u.
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(Here we identify CYt8u with the Riemann sphere.) The identification
is done via the Laplace transform: For

ν “ αδ `

ż

‚

f dx P Cδ ` L1r0,8q,

and s P Cě0,

pνpsq :“ α `

ż 8

0

fpxqe´sxdx, and pνp8q :“ α.

Consequently,

σBpµq“
!
sps´1q

ps`1q2
: s P pC Y t8uq, Repsqě0

)
s“ 1`z

1´z

“
!
z`z2

2
: |z|ď1

)
.

It can be shown that this last set is the interior of a simple closed curve
C shown as the bold curve in Figure 1. Thus the complement of σBpµq
has no bounded components. By Proposition 4.4 we conclude that
σApµq “ σBpµq. So σApµq has topological dimension equal to 2. From
(2), also σApδ, µq “ t1u ˆ σApµq. So σApδ, µq has topological dimension
equal to 2 too. By Proposition 4.3, dimMpAq is equal to 2.

´1

´1 1

1

Figure 1. The simple closed curve C is depicted by the

bold line. The bold curve C, with the dotted curve, is to-

gether the curve θ ÞÑ peiθ ` e2iθq{2 : r0, 2πs Ñ C.

4.8. Subalgebras Ad of M` with dimMpAdq “ 2d. In the above, we
constructed a Banach sub-algebra A of M` whose maximal ideal space
MpAq has topological dimension equal to 2. Now, for each d P N, we
construct a Banach subalgebra Ad of M` such that the topological
dimension of their maximal ideal space MpAdq is 2d, and for which
there also holds SLnpAdq “ EnpAdq for all n P N.
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Set D “ tz P C : |z| ă 1u. Let Dd :“ D ˆ ¨ ¨ ¨ ˆ D (d times) be the
d-dimensional polydisc in Cd. Every holomorphic f : Dd Ñ C has a
Taylor expansion, and we denote the Taylor coefficients of f by f

n
:

fpzq “
ÿ

nPpZě0qd

f
n
zn pz “ pz1, ¨ ¨ ¨ , zdq P Ddq,

where Zě0 :“ t0, 1, 2, 3, ¨ ¨ ¨ u, and we use the usual multi-index notation

zn “ zn1

1 ¨ ¨ ¨ znd

d

for z “ pz1, ¨ ¨ ¨ , zdq P Dd and n “ pn1, ¨ ¨ ¨ , ndq P pZě0q
d. The Wiener

algebra is the set W`pDdq of all holomorphic f : Dd Ñ C such that its
Taylor coefficients are summable:

}f}1 :“
ÿ

nPpZě0qd

|f
n
| ă 8.

With pointwise operations, and the norm } ¨ }1, W
`pDdq is a Banach

algebra. The maximal ideal space MpW`pDdqq of W`pDdq is homeo-

morphic to the the closure Dd of Dd in Cd via the map

Dd Q z ÞÑ pppW`pDdq Q f ÞÑ fpzq P Cqqq P MpW`pDdqq.

Hence dimpMpW`pDdqqq “ 2d.
Let the set B “ tei : i P Iu be a Hamel basis for the vector space R

over Q (with vector space addition and scalar multiplication given by
the usual arithmetic operations). We can always replace ei by ´ei to
ensure that all the ei are strictly positive. For d P N, take any distinct
ei1 , ¨ ¨ ¨ , eid belonging to B, and set

S “ tn1ei1 ` ¨ ¨ ¨ ` ndeid : n1, ¨ ¨ ¨ , nd P Zě0u Ă r0,8q.

Then S is an additive sub-semigroup of the group pR,`q, and the
Banach algebra APW`

S is isomorphic as a Banach algebra to W`pDdq
via the map

W`pDdq Q f “
ÿ

nPpZě0qd

f
n
zn ÞÑ

ÿ

nPpZě0qd

f
n
eipn1ei1`¨¨¨`ndeidqx P APW`

S .

We have seen that the Banach algebra A`
0,S is isomorphic as a Banach

algebra to APW`
S . We take Ad “ A`

0,S. We have

dimpMpA`
0,Sqq “ dimpMpAPW`

S qq “ dimpMpW`pDdqqq “ 2d.

We have already seen that for all n P N, SLnpA`
0,Sq “ EnpA`

0,Sq.
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Appendix

Proposition 4.5. Let µ P M`. Then

lim
RQsÑ `8

pµpsq “ µpt0uq.

Proof. First suppose that µ satisfies µpt0uq “ 0. Let ǫ ą 0. There
exists an r ą 0 such that |µ|pr0, rsq ă ǫ, thanks to the assumption that
µpt0uq “ 0. Let w be a Borel measurable function such that µ has the
polar decomposition dµpxq “ e´iwpxqd|µ|pxq. Then

|pµpsq| “
ˇ̌
ˇ
ż

r0,`8q

e´sxe´iwpxqd|µ|pxq
ˇ̌
ˇ

ď
ˇ̌
ˇ
ż

r0,rs

e´sxe´iwpxqd|µ|pxq
ˇ̌
ˇ `

ˇ̌
ˇ
ż

pr,`8q

e´sxe´iwpxqd|µ|pxq
ˇ̌
ˇ

ď

ż

r0,rs

1d|µ|pxq ` e´sr

ż

pr,`8q

1d|µ|pxq ď ǫ ` e´sr|µ|ppr,`8qq.

So lim sup
sÑ `8

|pµ| ď ǫ. As ǫ was arbitrary, lim sup
sÑ `8

|pµ| ď 0. As |pµpsq| ě 0,

lim
sÑ `8

|pµpsq| “ 0, and lim
sÑ `8

pµpsq “ 0.

If µpt0uq ‰ 0, we complete the proof by considering ν :“ µ ´ µpt0uqδ,
which satisfies νpt0uq “ 0 and pν “ pµ ´ µpt0uq. �
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