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Abstract

We give a 2-approximation algorithm for the Maximum Agreement Forest problem on
two rooted binary trees. This NP-hard problem has been studied extensively in the past
two decades, since it can be used to compute the rooted Subtree Prune-and-Regraft
(rSPR) distance between two phylogenetic trees. Our algorithm is combinatorial and
its running time is quadratic in the input size. To prove the approximation guarantee,
we construct a feasible dual solution for a novel exponential-size linear programming
formulation. In addition, we show this linear program has a smaller integrality gap
than previously known formulations, and we give an equivalent compact formulation,
showing that it can be solved in polynomial time.
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1 Introduction

Evolutionary relationships are often modeled by a rooted tree, where the leaves repre-
sent a set of species, and internal nodes are (putative) common ancestors of the leaves
below the internal node. Such phylogenetic trees date back to Darwin [11], who used
them in his notebook to elucidate his thoughts on evolution. For an introduction to
phylogenetic trees we refer to [12, 24].

The topology of phylogenetic trees can be based on different sources of data, e.g.,
morphological data, behavioral data, genetic data, etc., which can lead to different
phylogenetic trees on the same set of species. Such partly incompatible trees may
actually be unavoidable: there exist non-tree-like evolutionary processes that preclude
the existence of a phylogenetic tree, so-called reticulation events, such as hybridiza-
tion, recombination and horizontal gene transfer [17, 18]. Irrespective of the cause
of the conflict, the natural question arises to quantify the dissimilarity between such
trees. Especially in the context of reticulation, a particularly meaningful measure of
comparing phylogenetic trees is the Subtree Prune-and-Regraft distance for rooted
trees (rSPR-distance), which provides a lower bound on a certain type of these non-
tree evolutionary events. The problem of finding the exact value of this measure for a
set of species motivated the formulation of the Maximum Agreement Forest Problem
(MAF) by Hein, Jian, Wang and Zhang [16].

In the definition of MAF by Hein et al. we are given two rooted binary trees and a
bijection from the leaves of each tree to a given set of labels £. The problem is to find
a minimum set of edges to be deleted from the two trees, so that the rooted trees in
the resulting two forests form isomorphic pairs. Here, and throughout the paper, two
rooted trees are said to be isomorphic if (i) the labelled nodes of the two trees have
the same subset of labels, say A, and (ii) the two trees give rise to the same tree if we
take the minimal subtree spanning the nodes labelled by A and repeatedly identify a
node with its child if it only has a single child.

Since the introduction by Hein et al. in [16], in which they also proved NP-hardness,
MAF has been extensively studied, mostly in its version of two rooted binary input
trees. After Allen and Steel [1] pointed out that the claim by Hein et al. that solving
MAF on two rooted directed trees computes the rSPR-distance between the trees is
incorrect, Bordewich and Semple [5] presented a subtle redefinition of MAF, whose
optimal value does coincide with the rSPR-distance. In this redefinition, the set of
labels is extended with a label p, which is assigned to the roots of the two input
trees. As before, we want to find a minimum set of edges so that the trees in the
resulting forests form isomorphic pairs; note that the fact that the roots of the input
trees have labels means that now there must be an isomorphic pair of trees in the
resulting forests containing the (original) roots. This has now become the standard
definition of MAF, for which Bordewich and Semple [5] showed that NP-hardness
still holds, and Rodrigues [20] showed that it is in fact APX-hard.

The problem has attracted a lot of attention, and indeed has become a canonical
problem in the field of phylogenetic networks. Many variants of MAF have been
studied, including versions where the input consists of more than two trees [6, 7], and
where the input trees are unrooted [29, 30] or non-binary [22, 27]. We will concentrate
on MAF in its classical form with two rooted binary input trees, and we will be
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concerned with the worst-case approximability of the problem. The literature includes
many other approaches to the problem, including fixed-parameter tractable algorithms
(e.g., [28, 30]) and integer linear programming [31, 32]. But the quest for better
approximation algorithms has become central within the MAF literature.

The first approximation algorithm for the problem with a fully correct analysis was
given by Bonet et al. [3] in 2006; they obtain an approximation factor of 5, with a
running time that is linear in the number of leaves. (The algorithm follows closely
the approach taken by Hein et al. [16] and Rodrigues et al. [21], who both claimed
3-approximation algorithms; but both papers turned out to have flaws in the analysis.)
This was followed by a sequence of three papers, each obtaining a 3-approximation
algorithm. The first, by Bordewich et al. [4], had a running time of 0(n5), where n
denotes the number of leaves; Rodrigues et al. [22] substantially improved the running
time to O (n?). Finally, Whidden and Zeh [28] simplified the analysis and improved
the running time to O (n), matching the running time of the previous 5-approximation.

These algorithms all take a similar approach, and make decisions that are in a certain
sense based on “local” information. We focus here on the algorithm and analysis of
Whidden and Zeh [28] (based on [22]), since it is the cleanest. The algorithm maintains
a tree 7| and a forest T; initially, these are precisely the two input trees. 7| and
T, always have the same leaf set, which shrinks as the algorithm progresses; a leaf
is removed when the part of the algorithm’s solution involving that leaf has been
determined. The algorithm proceeds by considering any pair of leaves a, b in T that
are siblings (two nodes are siblings in a tree if they have the same parent). Consider
their situation in 7. If they are also siblings in T, then there is clearly no reason to
separate a and b in a solution, and they can be contracted together in both 7} and T} to
yield a smaller instance. Otherwise, the algorithm deletes the edges directly above a
and b in both 7| and T, resulting in two “trivial” trees consisting of a single leaf each
that can essentially be removed from the instance; and also makes one further cut in
T,, which will be the edge directly above a sibling of either a or b in T,. The process
of merging and deleting edges is then continued on the new instance, until eventually
a valid solution is found. (Note that the algorithm might at first glance appear to create
many trivial trees consisting of only a single leaf; however, single leaves later in the
algorithm may represent larger collections of leaves that have been merged together
in earlier iterations.) A fairly direct combinatorial charging argument is used to show
that in each iteration of the algorithm (where the algorithm makes three cuts), at least
one edge deleted in the optimal solution can be uniquely charged for this iteration.

The next improvement in approximation factor, to a 2.5-approximation (at the cost
of an increased quadratic running time) came from Shi et al. [25]. Their approach, like
the 3-approximation algorithm described above, starts by choosing a pair of leaves a,
b that are siblings in the first tree. However, it pays more attention to the configuration
of the second tree and the positioning of @ and b within it when deciding what edges to
cut. Since larger structures are considered, the analysis is substantially more involved.
A further improvement to a factor of 7/3 was then obtained by Chen, Machida and
Wang [10]; their algorithm also runs in quadratic time. Again, larger combinatorial
structures play a role; further, it does not begin with an arbitrary pair of sibling leaves
in the first tree, but chooses the pair more carefully.
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The first 2-approximation algorithm was given by a subset of the authors of
the current work [23] (independently and essentially concurrently with the 7/3-
approximation algorithm of Chen et al. [10]). They do not explicitly discuss (or attempt
to optimize) the running time of the algorithm, beyond showing that it is polynomial
time. Subsequently, Chen, Harada and Wang [8] (see also [9]), building on the 7/3-
approximation algorithm [10], gave a very different factor 2 approximation algorithm,
with a cubic running time.

The 2-approximation algorithm presented in the current paper may be viewed as the
full version of the algorithm in [23]. However, while the algorithm presented here is
similar in spirit, it differs in many details, and the exposition is entirely new. Although
the algorithm and analysis remain quite subtle, this version is significantly shorter and
clearer. Moreover, we show how our algorithm can, with some care, be implemented
in quadratic time ( [23] discusses only a polynomial time bound). This improves over
the cubic running time of Chen et al. [8].

Our 2-approximation algorithm differs from previous works in two key aspects.

e Our algorithm takes a global approach; choices made by the algorithm may depend
on large parts of the instance. This is in contrast to the “local” algorithms discussed
above. The cubic 2-approximation by Chen et al. [8] also requires non-local sub-
structures, suggesting this may be a crucial factor in achieving this approximation
bound.

e We introduce a novel integer linear programming formulation for the analysis.
Our approximation guarantee is proved by constructing a feasible solution to the
dual of this linear program, rather than arguing locally about the objective of the
optimal solution. We thus bring a powerful tool from the theory of approximation
algorithms to bear, one that has not been exploited in the study of MAF so far.
We use the integer linear programming formulation, and in particular, its linear
relaxation, only in our analysis. The algorithm itself is purely combinatorial. It
is essentially a dual-fitting algorithm: the analysis explicitly constructs a dual
solution with objective value at least half the cost of the primal solution returned
by the algorithm.

Although we do not need to solve the linear programming (LP) relaxation, it is
an interesting object of study, and it is natural to ask if it can indeed be efficiently
optimized. This is not immediately clear, since the formulation has an exponential
number of variables. Being able to solve the LP may, for example, be of future utility
in obtaining better approximation guarantees using LP-rounding techniques. We show
that the relaxation can be reformulated as a compact LP, with only a polynomial
number of variables and constraints. This immediately implies that it can be optimized
efficiently (in polynomial time). This may make the integer linear program amenable
for use with commercial integer programming solvers. There is a previous formulation
due to Wu [31], but our formulation is significantly stronger: the integrality gap of the
relaxation of Wu is at least 3.2, whereas for ours we show it is at most 2, and in fact
the worst example that we are aware of has integrality gap 1.25 (see the Appendix).

We have implemented and tested our algorithm, as well as the compact formulation
[19]. The implementation has been designed so that it is easy to step through the
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algorithm and explore its behaviour on a given instance; the reader may find it helpful
when examining the technical details of the algorithm.

Outline We define the problem and introduce necessary notation in Sect. 2. Section 3
describes the algorithm, and proves that it produces a feasible solution to MAF. In
Sect. 4, we introduce the linear program, and describe a feasible solution to its dual
that can be maintained by the algorithm. We then show the objective value of this
dual solution is always at least half the objective value of the MAF solution, which
proves the approximation ratio of 2. In Sect. 5, we show a compact formulation of
the (exponential sized) linear program used for the analysis. Section 6 gives some
concluding remarks and directions for further research. Finally, in the appendices, we
provide the details on how to implement our algorithm so that it runs in time quadratic
in the size of the input, and we give an example that shows that a previously known
integer linear program [31] is not as strong as the formulation introduced here.

2 Preliminaries

The input to the Maximum Agreement Forest problem (MAF) consists of two rooted
binary trees 77 and 7>. There is a bijection from the leaves of each tree to a given set
of labels L.

Let Vi and V, denote the node sets of 71 and 7> respectively, and let V = V| U V5.
We will take a small liberty, and treat £ as being a subset of V; and a subset of V5.
We call all nodes in V \ L internal nodes. We let L(u) denote the set of leaves that
are descendants of anode u € V.

We will use the following notational conventions: we use # and v to denote arbitrary
nodes (including leaves); if the node we refer to is an internal node in V;, we will use
i and v; and we use the letters x, y and w to refer to leaves.

For A C L we use V;[A] to denote the set of nodes in 7; that lie on a path between
any two leaves in A for i € {1, 2}, and define V[A] := Vi[A] U V,[A].

Definition 1 We say thata set A C L coversanode u € V if u € V[A]. We say that
A, A" C L overlap if V[A] N V[A'] # @, we also say that A overlaps A’ in U, for
UCV,if VIAINV[A'1NU # @. We say a partition P of L overlaps in U C V if
there exist A, A’ € P, A # A’, such that A and A" overlap in U.

To give some intuition for the use of this definition, recall from the introduction
that the goal of the MAF problem is to find a minimum set of edges to be deleted from
the two input trees, so that the trees in the resulting two forests can be matched up into
isomorphic pairs. One of the requirements for a pair of trees to be isomorphic is that
they have the same set of labelled nodes. In other words, the trees in the two forests
induce the same partition P of £, and the fact that the forests are formed by deleting
edges from the input trees means that no two sets in P overlap.

Next, we will give a definition that allows us to precisely express the other require-
ment for a pair of trees to be isomorphic. For A C £, we let Ica; (A) denote the lowest
common ancestor of A in 7;. We will sometimes omit braces of explicit sets and write,
e.g., Icaj(x1, x2, x3) instead of Ica; ({x1, x2, x3}). For nodes u, v in the same tree, we
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use # < v to indicate that u is a descendant of v and ¥ < v if u is equal to v or a
descendant of v.

Definition2 A set L C L is compatible if for all x1, xo, x3 € L
Icay (x1, x2) < Icaj(x1, x2, x3) & Icaz(x, x2) < lcaz(xy, x2, x3).

We call a set of leaves incompatible if it is not a compatible set. Note that L C L
is compatible precisely if the minimum subtree spanning L in 7} and the minimum
subtree spanning L in 73 are isomorphic.

A feasible solution to MAF is a partition P = {A], Ao, ..., Ax} of L such that
every component A; is compatible, and A; does not overlap A, for any i # j. The
cost of this solution is defined to be |P| — 1. This cost corresponds to the number of
edges that must be deleted from 77, as well as the same number from 7>, so that in
both of the resulting forests, each A; € P is the leaf set of a single tree.

Remark In order for MAF to correspond to the rSPR distance, it is necessary to add
an additional label p to L (see figure below), that is assigned to the roots of 71 and 7>.
This is the distinction between the original definition of MAF by Hein [16] and the
correction by Bordewich and Semple [5]. To maintain the property that only leaves
have labels, we instead add a new root to 77 and 75, which has as its two children a
leaf labelled p and the original root. We simply assume that this addition is already
included in the input instance, after which there is no need to distinguish this additional
leaf from the others.

X1 X2 X3 X4 X1 X3 X2 X4

When we describe and analyze our algorithm, the following extended notion of
compatibility is convenient.

Definition 3 Given K C £,wesayaset L C Lis K-compatibleif LNK is compatible.
A partition P = {Ay, Ay, ..., Ag} of L is K-compatible if A; is K-compatible for all
i=1,2,... k.

3 The Red-Blue algorithm

The algorithm maintains a partition P of £, which at the end of the algorithm will
correspond to a feasible solution to MAF. The algorithm will maintain the invariant
that P does not overlap in V,. Observe that this is equivalent to defining P to be the
leaf sets of the trees in a forest, obtained by deleting edges from 7>. Initially P = {L}.

Very informally, an iteration begins by coloring the leaves with three colors, red,
blue, and white. The coloring is such that in 77, there is a node u that has the red and
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blue leaves as its descendants; the set B of blue leaves is the set of “left” descendants
of u and the set R of red leaves is the set of “right” descendants of u. The remaining
leaves W are white. Furthermore, it will be the case that the current partition is feasible
for the problem restricted to R and for the problem restricted to B. The current iteration
will work to make the partition feasible for the problem restricted to R U B (in fact,
it will be feasible for the problem restricted to R U B U {w} for all w € W). Observe
that a forest corresponding to a feasible solution to the full instance can have at most
one tree that has leaves of multiple colors, because if there were two such trees then
their leaf sets overlap on node u in 77. Also, a multicolored tree in a feasible solution
must be such that there is a node # in 7T» such that (i) no white leaf of the tree
is a descendant of i, and (ii) the blue and red leaves of the tree are left and right
descendants of #. We say the component is (R U B)-compatible if (ii) holds. The
iteration will refine the multicolored components of the partition into (all but one)
unicolored components. The natural idea would be to do this by intersecting each (or
all but one) component with each color, but then the resulting partition might overlap
in V3; if not, we call the original partition splittable. So we first refine the partition
such that it is splittable. In order to achieve the desired approximation guarantee,
we need to be careful about the ordering of the steps we take to make the partition
splittable, so that we can simultaneously maintain a feasible dual LP solution with
an objective value that tracks the number of components; we do this by first making
it (R U B)-compatible (which works toward splittability as well). Once the partition
is (R U B)-compatible and splittable, we refine the partition by splitting all but at
most one component into unicolored components. Finally, we look for a split that
can be undone; the careful order in which the components are refined also serves to
guarantee that such a merging of components is possible where needed to prove the
approximation guarantee. We now give a precise definition, using the notation from
the previous section.

As explained above, our algorithm works towards feasibility by iteratively refining
P, focusing each iteration on a set of leaves L(u) for some u € Vi; u is a node such
that the current partition is infeasible for £(u) in some (quite narrowly defined) way.
At the end of the iteration the solution is feasible if we restrict our attention to £(u),
and even if we consider £(u) U {w} for any arbitrary w € £\ L(u).

We use the following definition to specify which sets £(u) the algorithm considers.

Definition 4 Given an infeasible partition P that does not overlap in V,, we callu € V;
a root of infeasibility if at least one of the following holds:

(a) P is not L(u)-compatible;

(b) P overlaps in V{[L(u)];

(c) Pis L(u)-compatible, and there exists a component A € P suchthat A\ L(u) # @
and (A N L(u)) U {w} is incompatible for all w € A \ L(u).

While the first two conditions can be naturally interpreted as failures of feasibility
within V| [L(«)], condition (c) is more subtle. It says that while A is £(u)-compatible,
everyleaf w € A\ L(u) provides a certificate that A is in fact incompatible. A different
view of this is that every leaf in A \ L£(u) lies below Icay (AN L(u)) in T». We note that
replacing condition (c) by requiring only the existence of at least one such leaf leads
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PN SN\

By By Ry Ry Wi Ws By Ry By Wy Ry Wy

Fig. 1 If P = (L}, then node u satisfies case (a) of Definition 4; if P = ({{B;}, {B2, Wi},
{R1, Ry, Wy, W3}}, it satisfies case (b) and if P = {{R1}, {B1, B2, Wi, Ry, W3}, {W3}}, it satisfies (c)

to an algorithm that appears to be “too greedy”; more precisely, the approximation
guarantee we can prove in that case is worse than 2.

Observe that if u € V] is a root of infeasibility, then any ancestor of u is a root of
infeasibility as well. We will say an internal node u in tree 7; is the “lowest” node with
property I if property I" does not hold for any of ©’s descendants in 7;. The algorithm
will thus identify a lowest node u# € V; that is a root of infeasibility.

We illustrate the three conditions of a root of infeasibility in Fig. 1. Ry, Ry, By,
By, Wi, W, and W3 represent nonempty subtrees that appear in both 77 and 7p —
for the examples it suffices to think of these as a subtree consisting of a single leaf.
We will adopt this viewpoint and, with a slight abuse of notation, we will refer to the
labels of these leaves as Ry, Ry, By, Ba, Wi, W5 and W3, respectively. If P = {L},
u satisfies (a). Note that u is indeed a lowest root of infeasibility, since {R1, R2, W3}
and {Bj, B2, W3} are compatible sets, so u; and u, do not satisfy (c) (nor (a) or
). If P = {{B1}, {B2, W1}, {R1, R2, W2, W3}}, node u satisfies (b). Again, u is a
lowest root of infeasibility (clearly u, and u, do not satisfy (a) or (b); they also do
not satisfy (c) since {By, W1} is compatible, as is {Ry, Rz, W3}). Finally, if P =
{{R1}, {B1, B2, W1, Ry, W}, {W3}}, node u satisfies (c). Observe that in this case u
is again a lowest root of infeasibility. For u’ € {u¢, u,}, (a) and (b) are clearly not
satisfied; neither is (c) because the only A € P suchthat A\ L(u') # @, ANL(u') # 0
isA = {By, By, Wi, Ry, W}, butthen ANL(u") U{w} is notincompatible for w = W,
(and also not incompatible for w = Wy if u’ = u,).

Given aroot of infeasibility u € T, we partition £ into R, B, W, where R = L(u,)
and B = L(uy) for the two children u, and u, of u. We will refer to this partition as
a coloring of the leaves; we will refer to the leaves in R as red leaves, the leaves in B
as blue leaves and the leaves in W as white leaves. We note that u, and uy are Icaj (R)
and Icaj (B), respectively, and we use these interchangeably. We call a component of
P tricolored if it has a nonempty intersection with R, B and W, and bicolored if it has
a nonempty intersection with exactly two of the sets R, B, W. A component is called
multicolored if it is either tricolored or bicolored, and unicolored otherwise.

Observation 1 Let u be a lowest root of infeasibility for P, and consider the coloring
R, B, W, where R = L(u,) and B = L(uy) for the two children u, and u; of u.
Then the set of multicolored components of P consists of either at most two bicolored
components or exactly one tricolored component.

Proof If u is a lowest root of infeasibility, P does not overlap in V{[R] and V|[B],
and so at most one component of P covers u, = lcaj(R), and at most one covers
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uy = lcaj(B). Since any multicolored component covers at least one of Ica; (R) and
Ica; (B), there can be at most two multicolored components. Furthermore, because
any tricolored component covers both Icaj(R) and Ica;(B), if there is a tricolored
component there can be no other multicolored component. O

We note that the above observation can be refined; it is possible to show that P contains
either one tricolored component or exactly two bicolored components; see Lemma 12
in Sect. 4.3.

We now give the overall algorithm. In the description, but also in the descriptions
of the various procedures that follow, the » in front of certain lines will be used to refer
to these lines in the analysis in Sect. 4.2.

RED- BLUE ALGORITHM

P <~ {L}.
pairslist <« (.
while P is not feasible do
* Letu € Tp be a lowest root of infeasibility, with children u, and
Up.
Let R = L(u,), B=L(ug)and W = L\ (RU B).
MAKE- (R U B)- COMPATIBLE(P, (R, B, W)).
MAKE- SPLITTABLE(P, (R, B, W)).
SPLIT(P, (R, B, W)).
FIND- MERGE- PAIR(pairslist, P, (R, B, W)).
end while
MERGE- COMPONENTS(pairslist, P).

The various procedures in the Red-Blue Algorithm will be described in detail in
the subsequent subsections, along with lemmas regarding the properties they ensure.
For now, we give a very high-level description.

An iteration of the main while-loop starts by finding a lowest root of infeasibility
u, yielding a coloring (R, B, W) of the vertices; if there is no root of infeasibility,
then the current partition is feasible, and the main loop terminates. The goal of the
iteration, essentially, is to ensure that by the end of the iteration, u is no longer a
root of infeasibility, while maintaining the invariant that the partition does not overlap
on V5. Until the very end of the algorithm, the partition is only ever refined; since
each iteration must modify the partition, the number of iterations is bounded by |L]|.
(Alternatively, our analysis shows that if u is chosen for some iteration of the algorithm,
then from the end of the iteration until the very end of the algorithm, u will never again
be a root of infeasibility.)

The process of refining the partition to make # no longer a root of infeasibility
proceeds in two main stages. First, the procedure Make-(R U B)-compatible refines
the partition if necessary so that it is (R U B)-compatible, i.e., so that condition (a)
fails to hold. The procedures SPLIT and MAKE- SPLITTABLE will together ensure that
conditions (b) and (c) also both fail to hold, so that u is no longer a root of infeasibility
at the end of the iteration. In particular, they ensure that the partition does not overlap
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m MAKE-(R U B)-COMPATIBLE m

By Ry By Wy Ry W Bl Ry By Wi Ry W,

Fig. 2 Illustration of MAKE- (R U B)- COMPATIBLE(P, (R, B, W)). Because P and P’ do not overlap in
V,, we can represent these partitions as the leaf sets of trees in a forest obtained by deleting edges from 75.
In this figure and the following figures the dashed edges represent deleted edges. In this example P = {L}.
Then MAKE- (RU B)- COMPATIBLE(P, (R, B, W)) must choose & = Icay (R|, By), and refines the partition
to {{B1, R1}, {B2, W1, Ry, Wy, W3}}, which is (R U B)-compatible

in Vi[£(u)], and that the final partition is (R U B U {w})-compatible for every w € L
(which is stronger than (c) not holding).

Finally, FIND- MERGE- PAIRS and MERGE- COMPONENTS are needed for the approx-
imation bound only. All the other steps in the algorithm only refine the current partition.
In some particular cases, it is possible and necessary to undo some of these refinements.
This is done in a careful way at the very end of the algorithm by MERGE- COMPONENTS,
using information prepared by FIND- MERGE- PAIRS. The reason that the merges are
done at the end, rather than during the main loop, is primarily for analysis purposes.

In order to simplify the statement of the lemmas, we will make statements
like “let P’ be the partition after PROCEDURENAME(P, (R, B, W))”. This implic-
itly assumes that (R, B, W) was a coloring chosen in the beginning of the current
iteration of the Red-Blue Algorithm (and thus, that Ica;(R U B) was a lowest root
of infeasibility at that moment), and that P’ is the partition resulting from calling
PROCEDURENAME(P, (R, B, W)) in the current iteration.

3.1 Make-(R U B)-compatible

If P is not (R U B)-compatible, we start by refining P with the following procedure
so that each of its components is (R U B)-compatible.

procedure MAKE- (R U B)- COMPATIBLE(P, (R, B, W))
while there exists A € P that is not (R U B)-compatible do
* Let 1 be a lowest internal node in V5[A] s.t. A N L(u) intersects
both R and B.
P« P\N{AJU{ANL®@), A\ L(@)}.
end while
end procedure

An example is given in Fig. 2. We note that in general, the choice of & does not
have to be unique, and that multiple refinements may be needed to make the partition
(R U B)-compatible.

As observed above, for any partition P that does not overlap in V», there is a set
of edges in T, such that P consists of the leaf sets of the trees in the forest obtained
after deleting these edges. Our refinement is equivalent to deleting the parent edge of
i1, and hence the resulting partition does not overlap in V; if the original partition did
not overlap in V5.
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Lemma 1 Let P’ be the partition after MAKE- (R U B)- COMPATIBLE(P, (R, B, W)).
Then P’ is a refinement of P that does not overlap in V, and is (R U B)-compatible.

Proof First, observe P is R-compatible and B-compatible, since u’s children are not
roots of infeasibility. If P is (R U B)-compatible then P is not modified by the
procedure, and the lemma is vacuously true. Otherwise, the procedure refines P, and,
as argued above, the resulting partition P’ does not overlap in V, provided that P
does not overlap in V,. The procedure ends when there are no sets in P that are not
(RU B)-compatible, so the only thing left to show is that this procedure halts. Because
i was chosen to be the lowest internal node in V>[A] such that A N £(i&) intersects
both R and B, the children of i, say i, and iig, are so that A N L(it,) and A N L(i1g)
can only intersect one of R and B. Therefore A N L(i&) is (R U B)-compatible, where
A was not, and thus the number of (R U B)-compatible components in P increases,
which can only happen at most || times. O

Observe that if P is (R U B)-compatible, then any refinement of P is also (R U B)-
compatible, and hence we may assume that the partition at any later point in the current
iteration of the Red-Blue Algorithm is (R U B)-compatible.

3.2 Make-splittable

The goal of the next two procedures is to further refine the partition so that there is no
overlap in V{[R U B]. We will do this in two steps. The first of these procedures will
make the partition “splittable”. To describe this informally, we view the components
of the partition as the trees of the forest obtained by deleting edges from 7. We call
a component A that intersects k colors splittable, if there are k — 1 edges that can
be deleted from 7> to “split” the tree into k unicolored components. We can phrase
this property succinctly using the notion of overlapping: if the sets AN R, AN B and
A N W do not overlap in V3, then there are disjoint trees in 75 that have each of these
sets as leaf sets, and we can therefore split the tree associated with A in 7 into these
three trees by deleting at most two edges.

Definition 5 Given a coloring (R, B, W) of L, aset A C L is splittable if A N R,
AN B and AN W do not overlap in V5. A partition is splittable if every component in
the partition is splittable.

procedure MAKE- SPLITTABLE(P, (R, B, W))
while there exists A € P that is not splittable do
* Let & be a lowest internal node in V5[A] such that A N L(i) is
bicolored and A \ L(&) intersects precisely the same colors as A.
P« P\{AYU{ANL@), A\ L(@)}.
end while
end procedure

As a first example of MAKE- SPLITTABLE, consider P = {{Bj, R1}, {B2, W1, R2,
W,, W3}} that was the output of MAKE- (R U B)- COMPATIBLE depicted in Fig. 2. In
this example P is already splittable. In Fig. 3 a more interesting example is given.
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T .

AN MAKE-SPLITTABLE
By Ry By Wiy Ry W W3 By Ry By Wiy Ry W W3
Fig. 3 Illustration of MAKE- SPLITTABLE(P, (R, B, W)). P = {{R1}, {B1, By, Wi, Ry, W3}, {W3}},

and the set A = {Bjy, By, W, Ry, W5} is not splittable. MAKE- SPLITTABLE(P) would choose &i =
lcay (By, Wq) and replace A by {B>, W1} and {By, Ry, Wp}

Lemma 2 MAKE- SPLITTABLE is well-defined, in that a node u satisfying the desired
properties in line x can always be found.

Proof If A is bicolored and not splittable, then there exists iz € V>[A] such that both
AN L) and A\ L(i) are bicolored: just take & to be a lowest node in V2[ANC(]N
V12[A N C3] for distinct Cy, Co» € {R, B, W}; such a node exists because A is not
splittable, and the fact that i is in Vo[A N C;] fori = 1, 2 implies that A N L£(i) and
A\ L(n) intersect C;.

It remains to prove the lemma for the case that A is tricolored. For this to hold, we
need that P is (R U B)-compatible, which by Lemma 1 is indeed true when MAKE-
SPLITTABLE s called. So suppose A is tricolored and not splittable. Note that Vo[ ANR]
and V>[A N B] cannot intersect because A is (R U B)-compatible. Assume without
loss of generality that Vo,[A N R] N V2[A N W] # @, and let &t be a lowest node in
Va[ANRINV,[ANW]. Note that both AN L (i) and A\ £(i) must intersect W and R,
and that A N £(&) cannot intersect B, since then A would not be (R U B)-compatible.
So A N L(u) is bicolored , and A \ L(&) is tricolored. O

Lemma3 Let P’ be the partition after MAKE- SPLITTABLE(P, (R, B, W)). Then P’
is a refinement of P that does not overlap in V, and in which every component is
splittable.

Proof By Lemma 2, and since each iteration increases the number of components in P,
MAKE- SPLITTABLE must terminate, and by its definition, the final partition P’ contains
only splittable components. Clearly P’ is a refinement of P; it does not overlap in V,
by the same arguments as used in the proof of Lemma 1. O

Before continuing, we summarize the properties of the partition resulting after
MAKE- SPLITTABLE that will be useful in the proof of the approximation guarantee in
Sect. 4. To describe these, we need the notion of a top component.

Definition 6 If A is a component in the partition at the beginning of an iteration,
and A is multicolored, then A is a top component. If A is a top component of the
current partition, and A gets subdivided into A \ L£(i#) and A N L(&1) by MAKE-
(R U B)- COMPATIBLE or MAKE- SPLITTABLE, then A \ L(&) (butnot A N L(i1)) is a
top component of the resulting partition.

We note that by Observation 1, there are always either exactly one or two top
components at the start of the iteration, and hence throughout (until the call to SPLIT,
after which the notion is no longer defined).
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Lemma4 Let PO denote the partition at the start of a given iteration, and (R, B, W)
the coloring of the leaves that is selected, let PV denote the partition after MAKE- (RU
B)- COMPATIBLE(P© (R, B, W)), and let P® denote the partition after MAKE-
SPLITTABLE(PW), (R, B, W)). Then the following properties hold:

1. Only multicolored components are subdivided by the iteration, i.e., if A € PO \
PP, then A is multicolored.

2. The number of tricolored components in P® is the same as in PY.

3. Any tricolored component in PV or P that is not a top component contains no
compatible tricolored triple.

4. Anybicolored component A in P® that is not a top component satisfies thatlcas (A)
is not covered by A N C for any color C € {R, B, W}. In other words, L(ii;) N A
and L(it,) N A are unicolored where ity and i, are the children of 1cay(A).

5. If xw is in component A in PO, and xw is not a descendant of Icar(A N (R U B))
(and thus xw is a white leaf) , then either A € P or xy is in a top component in
P,

Proof The fact that property 1 holds can be read from the description of MAKE-
(RUB)- COMPATIBLE and MAKE- SPLITTABLE. Property 2 follows from the description
of MAKE- SPLITTABLE.

For property 3, we prove that when a non-top component is created from a top
component, this non-top component cannot have compatible tricolored triples. This
implies that no non-top component can have a compatible tricolored triple. First
consider non-top components created by MAKE- (R U B)- COMPATIBLE from a top
component A. The fact that node i picked in MAKE- (R U B)- COMPATIBLE is always
chosen as low as possible implies that when the non-top component A’ = AN L(&) is
created, itholds thatlcay (xg, xg) = éi foranyxg € A'NR, xp € A'NB. Therefore, for
any xy € A’NW, it must be the case that either Icap (xw, xg) < & orlcay(xw, xg) <
i. But then {xg, xp, xw} is incompatible, because lca| (xg, xp) < Icaj(xg, xp, Xw).
So non-top components in P! can indeed not have compatible tricolored triples. Non-
top components created by MAKE- SPLITTABLE from a top component are bicolored
by definition, so these cannot have compatible tricolored triples either. Therefore,
property 3 holds.

A similar argument shows property 4. First, consider a non-top component A created
by MAKE- (RU B)- COMPATIBLE. A intersects R and B, so if A is bicolored, it contains
no white leaves, so Icay (A) is not covered by ANW = (. Now, because Icay (A) is the
node i picked in MAKE- (R U B)- COMPATIBLE, which is as low as possible, Icay(A)
is not covered by A N R nor A N B. For a non-top component A created by MAKE-
SPLITTABLE, the fact that Icay (A) is the node # picked in MAKE- SPLITTABLE which
is chosen as low as possible again implies that Icay(A) is not covered by A N C for
any color C € {R, B, W}.

For property 5, if A ¢ P®, consider a node # selected by MAKE- (R U B)-
COMPATIBLE or MAKE- SPLITTABLE that leads to a subdivision of A. It suffices to
argue that i < Icap (A N (R U B)), because then the fact that xy is not a descendant of
Icap (A N (R U B)) implies that xy always remains in a top component. For # selected
by MAKE- (R U B)- COMPATIBLE this fact holds because i is a lowest node such that
A N L(u) intersects R and B. For i selected by MAKE- SPLITTABLE this fact holds
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because 1 is a lowest node such that A N L&) is bicolored, and A \ L(i) intersects
the same colors as A. O

3.3 Split

We now “split” the multicolored components of the partition: essentially, we further
refine the partition by intersecting each multicolored component with R, B and W.
Thus a component intersecting k colors will be split into k unicolored components.
The fact that the components of the partition were splittable ensures that the resulting
partition does not overlap in V2. We will, however, need to be slightly more careful in
order to achieve the approximation guarantee; in particular, we will sometimes need
to perform what we call a SPECIAL- SPLIT.

procedure SPLIT(P, (R, B, W))
for each multicolored component A do
if A is tricolored, and there exists a tricolored triple in A that is
compatible then
SPECIAL- SPLIT(A, P, (R, B, W))
else
P« P\{AJU{ANR, AN B, AN W} (where empty sets
are not added)
end if
end for
end procedure

Remark Our analysis in Sect. 4 needs the SPECIAL- SPLIT, FIND- MERGE- PAIR and
MERGE- COMPONENTS procedures only in one (of three) cases that will be described
in Lemma 12. Without these procedures, it is trivial to see that the resulting partition
is feasible, and we will see in Sect. 4 that the proof of the approximation ratio is
quite simple in these cases. On first reading, the reader may thus choose to skip
the description of these procedures, and also read Sect. 4 only up to the proof of
Proposition 14.

We emphasize that the SPECIAL- SPLIT procedure is only called if A is tricolored,
and there is at least one tricolored compatible triple in A. Hence, by property 3 of
Lemma 4, SPECIAL- SPLIT is only applied to tricolored top components.

procedure SPECIAL- SPLIT(A, P, (R, B, W))
if every tricolored triple in A is compatible then
P« P\N{AJU{ANR,A\R}.
else
* Letit =Icar(AN (R U B)).
P« P\N{AJU{A\ L@),A NR, A" NB,A" N W} where
A= ANL®G).
end if
end procedure
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T . T3 .
\\\\ SPLIT \\\\
Blm BW EW W B Ry B£\W1 R, W
T T 4 o-
//// SPLIT ////
Bl/xu1 Bo Wi R W, Wy B{/\m BW BW W

Fig.4 Two illustrations of SPLIT(P, (R, B, W)). In the top example P = {{R1}, {Ba, W1}, {B1, Ry, W},
{W3}} and SPLIT(P) would simply refine each set of PP by intersecting it with the three color classes. The
result is that every leaf is a singleton in 7P’. In the bottom example, P = {{B1, R1}, {B2, Wi, Ry, Wa, W3}}.
The set A = {By, W1, Ry, Wp, W3} is tricolored and contains triple {By, Ry, W3} that is tricolored and
compatible, but not every tricolored triple in A is compatible, e.g., { By, Ry, W3} is not compatible. In this
case, the SPECIAL- SPLIT replaces A by {{ B}, {R>}, {W1, W3}, {W3}}

We refer to Fig. 4 for examples of the split operations in the two cases.

We now describe the property that the partition produced by SPLIT will have,
which goes beyond merely being (R U B)-compatible and non-overlapping in V, and
Vi[R U B].

Definition 7 Let K C L. A partition P is K -feasible if for all w € £, P is K U {w}-
compatible, and no two components in P overlap in V, U V{[K].

We will simply say P is feasible if it is L-feasible, which we note does indeed coincide
with the definition of a feasible solution to MAF. We make two additional remarks
about the notion of K -feasibility:

e This stronger compatibility notion will be used in Lemma 7 to show that if P is
(R U B)-feasible, then future iterations of the Red-Blue Algorithm will not further
subdivide (the restriction of the partition to) R U B. This is not necessarily true if
P is only (R U B)-compatible and does not overlap in V, U Vi[R U B]. See Fig. 5
for an example.

e Ifu € Vjisarootof infeasibility for P, then P is not L (u)-feasible. The converse is
not true, however: if P contains a single component containing £ (u) which is £ (u)-
compatible, but this component contains both w € £\ L(u) such that £(u) U {w}
is compatible, and w’ € £\ L(u) such that £(u) U {w’} is not compatible, then P is
not L(u)-feasible, but u is not a root of infeasibility. See Fig. 6 for an example. The
stronger notion of a u being a root of infeasibility versus not being £ (u)-feasible
is needed when we prove the approximation guarantee in Sect. 4.

Before we prove that the outcome of SPLIT is (R U B)-feasible, we prove the
following technical lemma that gives sufficient conditions for a partition to not overlap
in Vi[R U B].
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KN N

Bi By Ry Wi Wa By W, B, Wa Ry

Fig. 5 An example where P is (R U B)-compatible and does not overlap in V, U V{[R U B], but that is
not (R U B)-feasible. In this example, P = {L}, which clearly does not overlap in any node. If we stop the
current iteration with P, then Ica ({ By, B3}) and Icay ({W7, W»}) are lowest roots of infeasibility; no matter
which one is chosen, the next iteration would further subdivide the partition restricted to R U B. Because we
want to ensure this does not happen, the current iteration of the Red-Blue Algorithm will further subdivide
the partition induced on R U B: it will create components {B1, W1}, {B2, W2, Ry} in MAKE- SPLITTABLE
and split everything into singleton components in SPLIT

AN A

1 X2 w1, W2 r1 Wy To X3z W2

Fig.6 Anexample where P is not £ (u)-feasible, but u is not a root of infeasibility. (To emphasize that u is
not a root of infeasibility, the leaves are labelled with x1, x2, x3, w1 and wy, in contrast to earlier figures.)
In this example, P = {L}, which does not overlap in any node, and P is £(u)—compatible because the
triple £(u) is compatible. But P is not £ (u)-feasible because £(u) U {w1} is not compatible. On the other
hand, u is not a root of infeasibility because £(u) U {wy} is compatible

Lemma5 Let P be the partition and (R, B, W) be the coloring at the start of an
iteration. Let P’ be a refinement of P that does not overlap in V, and that is (R U B)-
compatible. Then P’ does not overlap in Vi[R U B] if the following two conditions
are met:

(i) P’ has at most one multicolored component;

(ii) for the multicolored component A* € P’ (if it exists), either Icap(R U B) <
Icap (A*) or any node v with Icay(A*) < v < lca(R U B) is covered only by
components in P’ that are subsets of W, or that are also components of P.

Proof Suppose the conditions of the lemma hold for P’. First, observe that P’ having
at most one multicolored component implies that P’ contains at most one component
covering Ica; (R U B). Hence, if we suppose for a contradiction A’, A” € P’ exist
that overlap in Vi[R U B], then they must overlap in V1[R] or Vi[B]. Without loss
of generality, assume that A, A” € P’ overlap in V{[R]. Since they do not overlap
in Ica;[R U B], we may assume also without loss of generality that A” € R and
A" CRUBUW.

Since Ica; (R U B) was chosen as a lowest root of infeasibility, Ica; (R) was not
a root of infeasibility for P. This implies that no two components of P overlap in
Vi[R], so it must be the case that A" and A” were both part of a single component
in P and were split. Also, P must have been R-compatible, so (A’ U A”) N R is
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a compatible set. We will show that these facts imply that if A’ and A” overlap in
Vi[R], then they must overlap in V,[R], thus contradicting that P’ does not overlap
in Vs.

Let v be a lowest node in Vi[R] such that A’ N L(v) # @ and A" N
L(v) # @ where we note that v exists since A’, A” overlap in some node
in Vi[R]. Observe that a child of v cannot be in both Vi[A’] and V;[A”], as
this contradicts the choice of v, and v itself is in V{[A’] and V{[A”] only if
A’ and A” also contain leaves in £ \ L(v). Let x’,x” be in A’ N L(v) and
A” N L(v) respectively, and choose y’,y” in A" \ L(v) and A” \ L(v). Note
that x’, ¥/ € R because A’ € R, and x” € R because x” is a descendant of
v € Vi[R], and the coloring guarantees that all descendants of nodes in V{[R] are
red.

First, assume both A’ and A” are unicolored (that is, both red). Then also y” € R, so
{x’,x”,y’,y"} C Ris acompatible set. Note that Ica; (x", x”") = v < lca;(x’, x”, y)
and similarly Ica; (x’, x”") < Icay(x’, x”, y"). Since {x', x”, y’, y”} is compatible, we
must also have Icay(x’, x”) < lcay(x’, x”,y’) and Icay(x’, x”) < lcay(x’, x”, y").
But then Icay (x’, x”) is on the path from x’ to y’ as well as on the path from x” to y”.
Hence, A’ and A” overlap in Icay (x’, x”7) € V,, contradicting that P’ does not overlap
in Vs.

Now, suppose that while A’ is unicolored, A” is multicolored. Since {x’, x”, y'} C
R is compatible, Icap(x’, x”) < Icap(x’,x”,y’), so the fact that x',y’ € A’
implies that Icay(x’,x”) € V»[A’]. Now, it must be the case that lcap(A”) <
Icay(x’, x”), because x” € A” and otherwise A" and A” overlap in lcay(x’, x”),
contradicting that P’ does not overlap in V,. The fact that x’, x” € R implies
that Icar(x’, x”) < lcap(R U B). So Ica(A”) < lIcar(x’,x”) < Ica(R U B),
and by property (ii), it must thus be the case that lcay(x’, x”) is covered only
by components in P’ that are subsets of W or that are also components of P.
But this is a contradiction because Icap(x’, x”) is covered by A" € P’ \ P.

O

The next lemma states that the partition resulting after SPLIT is (R U B)-feasible.

Lemma 6 Let P’ be the partition after SPLIT(P, (R, B, W)). Then P’ is a refinement
of P that is (R U B)-feasible.

Proof 1t is easy to see that every component is (R U B U {w})-compatible for all
w € L: each component is either unicolored (and thus (R U B U {w})-compatible
by the fact that the partition is R-compatible and B-compatible), or it is the result
of a SPECIAL- SPLIT on a component in which all tricolored triples are compatible,
and hence, since all triples in R U B are compatible by the fact the component is
(R U B)-compatible, it was already (R U B U {w})-compatible for all w € L before
the SPECIAL- SPLIT.

To see that P’ does not overlap in V5, note that the fact that P does not overlap in
V, and is splittable (by Lemma 3) implies that AN R, AN B, ANW do not overlap in
V, forany A € P.If A is split by a SPECIAL- SPLIT into AN R and AN (B U W), then
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Ais (R U B U {w})-compatible for all w € £ (again, because A has no incompatible
tricolored triples and A is (R U B)-compatible). This implies that there is a node
i, € Vo suchthat AN L(it,) = AN R; hence, AN R and A \ R do not overlap in
Vs.

It remains to show that no two components in P’ overlap in Vi[R U B]. We
check the sufficient conditions in Lemma 5. The only possible multicolored com-
ponents of P’ are bicolored components created by SPECIAL- SPLIT on a component
in P that is tricolored and in which every tricolored triple is compatible. By prop-
erty 3 of Lemma 4, the only tricolored components that have a compatible tricolored
triple are top components. By Observation 1, the partition at the start of the itera-
tion had at most one tricolored component, and thus there can be at most one top
component, say A, that is tricolored in P. Since A is (R U B U {w})-compatible
for all w € L, there is a node u, € V» such that A N L(4,) = A N R. SPLIT
subdivides A into A N R and A \ R, where A \ R is the unique multicolored
component in P’. Let A* = A \ R, and suppose that there exists a component
A’ € P’ that covers a node ¥ on the path from Icay(A*) to lcap(L£). Then lcay(A”)
must be on this path, too, so lcap(A*) =< Icap(A’). Observe that A’ cannot be
A\ A* = AN L®@,). Also, since A was the unique top component in P, no
component created in the current iteration has a lowest common ancestor above
Icaz(A). So A’ must have been a component in the partition at the start of the
iteration, and by Lemma 5 we conclude that P’ does not overlap in V{[R U B].

O

3.4 Find-merge-pair and merge-components

The astute reader may have noted that the Red-Blue Algorithm sometimes increases
the number of components by more than necessary to be (RU B)-feasible. One example
of this is given in Fig. 5. More generally, it follows from the arguments in the proof
of Lemma 6 that if there is a tricolored component in which every tricolored triple is
compatible, then not further subdividing this component would also leave a partition
that is R U B-feasible. FIND- MERGE- PAIR and MERGE- COMPONENTS aim to merge
two components of the partition produced at the end of SPLIT, so that the partition with
the merged components is still (R U B)-feasible. FIND- MERGE- PAIR thus looks for
a pair of components that can be merged, by scanning the components of the current
partition, and finding two leaves in R U B that are in different sets of the partition
now, but that were in the same component at the start of the current iteration. We note
that a pair of components may also be found when no SPECIAL- SPLIT is done on a
tricolored component in which every tricolored triple is compatible; in other words,
FIND- MERGE- PAIR and MERGE- COMPONENTS can do more than simply reversing
those splits on tricolored components in which every tricolored triple is compatible.
In the proof of the approximation guarantee (in particular, in Proposition 15), we will
show the existence of very specific components that can be merged. However, merging
any pair of components created in the current iteration leads to the same approximation
guarantee.
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procedure FIND- MERGE- PAIR(pairslist, P, (R, B, W))
if exists x1, xo € R U B such that
x1 and x» were in the same component at the start of the current
iteration,
x1 and x; are in distinct components A and A in P, and
P\{A, A2} U{A| U A3} is (R U B)-feasible
then
pairslist < pairslist U {(x1,x2)}
end if
end procedure

Although we could simply merge the components containing x| and x; for the pair
found by FIND- MERGE- PAIR, we will not do so until the very end of the algorithm. The
reason we keep such “superfluous” splits is because they increase the objective value
of the dual solution we use to prove the approximation guarantee of 2 (see Sect. 4).
We “reverse” these superfluous splits (i.e., we will merge components) at the end of
the algorithm; this is reminiscent of a “reverse delete” in approximation algorithms
for network design [13]. The reason to delay these merges is thus to simplify the
description of the dual solution in the analysis only.

procedure MERGE- COMPONENTS(pairslist, P)
for each pair (x1, xp) inpairslist do
Let Aj and A5 be the sets in P containing x| and x;, respectively.
P «—P\{A1, A2} U{A] U A}
end for
end procedure

The proof that we will be able to merge the components containing the pair of
leaves identified by FIND- MERGE- PAIR at the end of the algorithm will rely on the
fact that (i) because the partition is (R U B U {w})-compatible for any w € £, merging
the components containing the identified leaves xj,x € R U B cannot increase
the number of incompatible triples contained in a component, and (ii) because the
partition is (R U B)-feasible, future iterations of the algorithm will not further refine
the partition induced on R U B. This is the reason why we do not allow FIND- MERGE-
PAIR to choose leaves in W (and only choosing leaves in R U B is sufficient to prove
the claimed approximation guarantee).

Lemma?7 Let (R, B, W) be the coloring during some iteration of the Red-Blue Algo-
rithm, and let ‘P be the partition at the end of the iteration. Then the algorithm does
not refine the partitioning restricted to RU B in later iterations: for any x, x’ € RUB
that are in the same component of P, x and x' are in the same component in any
partition at any later point of the algorithm’s execution.

Proof Suppose for a contradiction that a later iteration with coloring (R’, B’, W')
separates two leaves x,x’ € R U B in the same component of P. Let A be the
component containing x and x’ at the start of this iteration. Since P is (R U B)-
feasible, no v € Vi[RU B]is aroot of infeasibility, and hence all leaves in RU B, and
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in particular x and x’, must have the same color in the coloring (R’, B’, W’). Notice
that by the definition of SPLIT, x and x’ cannot be separated during SPLIT. Hence, they
must be separated during Make-(R U B)-compatible or MAKE- SPLITTABLE. In both
cases there must exist some & € V, such that A N L (&) is multicolored with respect to
the coloring (R’, B’, W’), and A N L(i) contains precisely one of x, x’. By relabeling
if needed, assume that x € A N L(@) and x’ € A\ L(it). Let w € A N L(1%) be any
leaf with a color (in the coloring (R’, B/, W")) different from x, and note that

lcas(x, w) < @i < lcay(x, x’, w). )

Because all leaves in RU B, have the same colorin (R’, B, W’), and because w hasa
different color than x in (R’, B, W’), we know that Ica;(x, x’) < lca;(x, x’, w). But,
since P is (R U B U {w})-compatible, this implies that if w is in the same component
as x and x’ in (a refinement of) P, then Icas (x, x’) < Icaz(x, x’, w), contradicting (1),
because only one of Icay (x, x’) and lca; (x, w) can be strictly below lcas (x, x’, w).

O

3.5 Correctness of the algorithm

Theorem 8 The Red-Blue Algorithm returns a feasible solution to MAF.

Proof In each iteration through the main loop of the algorithm, the partition is strictly
refined. Thus there are less than | L] iterations. When the main loop terminates, Ica; (£)
is not a root of infeasibility, and so the partition at this stage is feasible. It remains to
prove that merging components using MERGE- COMPONENTS maintains the feasibility
of the partition.

We prove this by induction on k, the number of pairs in pairslist. If k = 0,
MERGE- COMPONENTS does nothing, and so the returned partition is indeed feasible.

So suppose k > 0. Observe that the result of MERGE- COMPONENTS applied to
a partition P is the unique finest coarsening of P in which every pair of nodes in
pairslist is in the same component, and hence does not depend on the order in
which the pairs in pairslist are considered. We may thus assume without loss of
generality that they are considered in the reverse order in which they were added to
pairslist.

Let P’ be the partition obtained during MERGE- COMPONENTS after the components
have been merged for all pairs on pairslist, except the pair (x1, x2) that was added
to pairslist first. Let P be the partition at the moment when (x{, x2) was added
to pairslist during the main loop of the algorithm, i.e. the partition at the end of
SPLIT in the iteration where (x, x) was added to pairslist;let R, B, W be the
three color sets of that iteration. In all subsequent iterations P was further refined,
and any of the pairs aside from (x, x2) added to pairslist consists of two leaves
that were in the same component in the partition at the start of the iteration in which
were they added topairslist, and hence in the same component of P. Thus, P’ is
arefinement of P and P’ is a coarsening of the partition at the end of the last iteration.
Thus by Lemma 7, P and P’ induce the same partition of R U B. Moreover, by the
induction hypothesis, every component of P’ is compatible.
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Let A1, A be the components in P containing x1, x respectively. By the choice
of x1, x2, (A; U Ap) is R U B U {w}-compatible for every w € £, and A; U A, does
not overlap any component of P \ {A1, Az} in V, U VI[R U B].

If A1, A; are unicolored, they both contain leaves in R U B only, because x1, x» €
RU B by definition of FIND- MERGE- PAIR. As argued above, P’ contains components
A1 and A as well. Furthermore, in this case, the set A; U A, is a subset of R U B
and thus R U B U {w}-compatibility for all w € £ implies the set is compatible. Since
Vi[A1 U A3] € VI[RU B], A1 U A cannot overlap any set A € P\ {A1, Ax}; this
implies it also does not overlap any set A’ € P’ \ {A], Ay}, since P’ is a refinement
of P.

If A; and A3 are not both unicolored, observe that only one of Ay, A, is bicolored
and contains leaves in B U W, because P does not overlap in V{[R U B] so it can only
have one multicolored component, and the only type of multicolored components after
SPLIT, are subsets of B U W. Suppose without loss of generality that A is unicolored
and A; contains leaves in B U W. As mentioned before, by Lemma 7, P’ and P have
the same components restricted to R U B, whence P’ contains component A and a
component A, € Ap, where A, N (RU B) = A, N (RU B).

We need to show that A; U A/, is compatible and does not overlap any component
inP \{Aj, A’z}. For the latter, suppose in order to derive a contradiction that A1 U A’2
overlaps A” € P"\ {Aj, A}}. Observe that the only nodes in V[A; U A}] that are
not in V[A|] U V[A’z] are in Vo U VI[R U B], so the overlap must be on a node
v € V, U Vi[R U B]. Since P’ is a refinement of P, there must exist A € P such that
A’ C A, and thus A U A’2 overlaps A in v as well. But then A; U A, also overlaps A
in v contradicting that P \ {A1, A2} U {A; U Az} is (R U B)-feasible.

To show that A; U A, is compatible, note that A, is a component of P’, and thus,
by the induction hypothesis, A, is compatible. By the choice of Ay, A1, we know
A1UA), C AjUA; is (RUBU{w})-compatible for all w € L. So to show that A; U A),
is compatible, it suffices to consider x, w, w’ € A; U A}, withx € Ay and w, w’ €
A, N W.Fix any xg € A, N B, and note that x € R U B. Therefore, Ica; (xp, w) =
lca; (x, xp, w) = lca; (x, w) fori = 1, 2,sincelca; (x, xp) < lca; (x, xp, w)isimplied
by Aj U A; being RU B U {w}-compatible. So {x, w, w’} is compatible exactly when
{xp, w, w'} is compatible. Because, as we noted, A’2 is compatible, we conclude that
A1 U A is compatible. a

4 Proof of the approximation guarantee
We showed in the previous section that the Red-Blue Algorithm returns a feasible

solution P. In order to prove that our algorithm achieves an approximation guarantee
of 2, we will use linear programming duality.

4.1 The linear programming relaxation

Let C be the set of all compatible subsets of L. Introduce a variable x; for every
compatible set L € C, where in an integral solution, x; = 1 indicates that L forms part
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of the solution to MAF. The constraints ensure that in an integral solution, {L : x; = 1}
is a partition, and that V[L]NV[L'] = @ for two distinct sets L, L' withx; = x;» = 1.
The objective encodes the size of the partition minus 1.

minimize Y x; — 1,

LeC
s.t. oxp=1 VvelL,
L:vel (LP)
> xp<1VveV\L,
L:veV[L]
x>0 VL eC.

The equality constraint on the leaves can be replaced by the inequalities
Y rwer XL = 1 forall v e L. For given a solution % for which the constraint for
some leaf v is not tight, we can simply choose some set L containing v with x; > 0,
and decrease Xy, while (if |[L| > 1) increasing X1\ (v}. This cannot increase the cost of
the solution, and clearly maintains feasibility. By repeating this process, we obtain a
solution to (LP) of cost no larger than the cost of the original x.

In fact, it will be convenient for our analysis to expand the first set of constraints
(in their inequality rather than equality form) to contain a constraint for every (not
necessarily compatible) set of leaves A, stating that every such set must be intersected
by at least one component in the chosen MAF solution. All these constraints of this
expanded set are clearly implied by the constraints for A a singleton, which are exactly
the first set of constraints in (LP).

minimize ) xp — 1,

LeC
S.t. Z xp >1VACL A#D
L:ANL# (LP)
> oxp<1VveV\L,
L:wweV[L]
x>0 VL € C.

This expanded formulation provides us a more expressive dual:

maximize ). y,+ Y. za—1,

veV\L ACL,A#D

s.t. > v+ Y za<1VLeC(, ,
veVILI\L A:ANLA£Y (D)
yw <0 YoeV\L,
24 >0 VACL, A#D.

We will refer to the left-hand side of the first family of constraints, i.e., ), eVIINL YT
ZA:AOL#) Za, as the load on set L, and denote it by load(y, ;)(L). By weak duality,
we have that the objective value of any feasible dual solution provides a lower bound
on the objective value of any feasible solution to (LP), and hence also on the optimal
value of any feasible solution to MAF. Hence, in order to prove that an agreement
forest that has |P| components is a 2-approximation, it suffices to find a feasible dual
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solution with objective value %(|P| — 1), i.e., for every new component created by the
algorithm, the dual objective value should increase by % (on average).

4.2 The dual solution

The dual solution maintained is as follows. Throughout the main loop of the algorithm,
z4 = 1 if and only if A is a component in P. In the last part of the algorithm, when
we merge components according to pairslist, we do not update the dual solution;
these operations affect the primal solution (i.e., ) only.

Initially, y, = Oforallv € (VU V,)\ L. Atthe start of each iteration, we decrease
vy by 1, where u = Ica; (R U B). Whenever in the algorithm we choose a component
A and anode i € V,[A], and separate the component A into A N L(&t) and A \ L(&1),
we decrease y; by 1. To be precise this happens in MAKE- (R U B)- COMPATIBLE,
MAKE- SPLITTABLE and in one case in SPECIAL- SPLIT (where we actually further
refine A U L(«)). The lines where such nodes are chosen are indicated by « in the
description of the algorithm and the procedures it contains.

Lemma 9 The dual solution maintained by the algorithm is feasible.

Proof We prove the lemma by induction on the number of iterations. Initially, z4 = 0
for all A # £ and z = 1 and hence every compatible set L has a load of 1.

At the start of an iteration, we decrease yica, (ruB) by 1, thus decreasing the load by
1 on any multicolored compatible set L. We show that the remainder of the iteration
increases the load by at most 1 on a multicolored compatible set and that it does not
increase the load on any unicolored compatible set.

First, observe that MAKE- (R U B)- COMPATIBLE and MAKE- SPLITTABLE do not
increase the load on any set: Separating A into A N L(i) and A \ £(&) increases the
load on sets L that intersect both AN L (i) and A\ L(&), since z4 gets decreased from
1t0 0, and z4nz(5) and z 4\ £(z) increase from 0 to 1. However, in this case &2 € V[L],
and thus decreasing y; by 1 ensures that the load on L does not increase.

To analyze the effect of SPLIT, we use the following two claims.

Claim 10 In the procedure SPLIT(P, (R, B, W)) the load on any compatible set L is
increased by at most the number of components A € ‘P such that LN A is multicolored.

Proof. If the load on L is increased because SPLIT splits a bicolored component A into
two unicolored components, then L must intersect both new components, so L N A is
bicolored (and thus multicolored) and the load on L is increased by 1.

Consider the case where the load on L is increased because a tricolored component
Aissplitinto AN R, AN B and AN W. This split happens when all tricolored triples
in A are incompatible. Therefore L N A cannot be tricolored. Since the load on L
increased by splitting A, we conclude that L N A must be bicolored and the load on L
is increased by 1.

Finally, suppose the load on L is increased because SPECIAL- SPLIT(A, P, (R, B,
W)) is executed for a component A. We consider the two cases of SPECIAL- SPLIT. In
the first case, A is split into two components, one of which contains all red leaves in A.
Theload onaset L thus increases by 1 if LN A is multicolored and LNANR # and by
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0 otherwise. In the second case, A is split into four components; we think of this as first
splitting A into AN L (i) and A\ L(i1), and then splitting AN L (i) by intersecting with
R, B and W. Since y; is decreased by 1, splitting A into ANL(iz) and A\ L£(i) does not
affect the load on any set L. Splitting AN £(&) by intersecting with R, B, W increases
the load on L by 1 if L N A N L(&) is bicolored and by 2 if it is tricolored. We show
below that LN ANL (&) cannot be tricolored, which implies that the load on L increases
by at most 1 if A N L is multicolored, thus proving the claim. Suppose L N A N L(i1)
contains a triple xg € B, xg € R, xw € W. The fact that A is (R U B)-compatible
implies that Icap (xp, xg) = Icap (A N (R U B)) = i. Since xw € L(i), we thus have
either lcax(xp, xw) < @ = lcap(xpg, xg) or lcar(xg, xw) < i = lcar(xp, xg). In
either case, {xp, xg, xw} is incompatible, contradicting that L is compatible. <>

Claim 11 If L is compatible, and A and A’ do not overlap in V,, then LN A and LN A’
cannot both be multicolored.

Proof. Assume that |A| > 2,|A’| > 2 (otherwise, the claim is vacuously true).
Since V,5[A] and V,[A’] are disjoint, we may assume without loss of generality that
Icap(x,y) < lcaz(x,y,x’) for all x,y € A and x’ € A’. Hence, if L N A and
L N A’ are both multicolored sets, then there exist x,y,x’,y" € L where x,y
have different colors, x’, y’ have different colors, Icay(x, y) < lcax(x, y, x’), and
Icay(x, y) < lcap(x,y,y’). We claim this implies {x, y, x’, y'} is incompatible, a
contradiction since x, y, x’, y € L and L is compatible.

Clearly one of x, y has the same color as one of x’, y’. Suppose without loss
of generality that x, x’ have the same color. If x and x’ are both red, y is either
blue or white. x and x’ being red implies Ica; (x, x") < Ica;(x, y, x’), which, since
Icaz(x, y) < lcax(x, y, x"), shows that {x, x’, y} is an incompatible triple. The case
when x and x” are blue is analogous. If x and x’ are both white, then y and y’ are in RUB.
This impliesIca; (y, y') < Icaj(x, y, '), and so, since Icay (x, y) < Icaz(x, y, '), this
implies {x, y, ¥’} is an incompatible triple. o

It follows immediately from the two claims that SPLIT increases the load by at most
1 on any multicolored compatible set and that it does not increase the load on any
unicolored set, which completes the proof of the lemma. O

4.3 The primal and dual objective values

Let P, pairslist be the partition and pairslist at the end of an iteration, and
let D=3 cy\z ¥v+IP|— 1 be the objective value of the dual solution at this time.
In this section, we show that every iteration of our algorithm maintains the invariant
that

2D > (|P| — 1 — |pairslist]). 2)

Observe that the approximation guarantee immediately follows from this inequality,
since the objective value of the algorithm’s solutionis P — 1 — [pairslist| (where
P,pairslist are the partition and pairslist at the end of the final iteration),
and by weak duality D gives a lower bound on the optimal value of the MAF instance.

To prove that the algorithm maintains the invariant, we will show that a given
iteration increases the left-hand side of (2) by at least as much as the right-hand
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side. We let AD be the change in the dual objective during the iteration and AP
be the increase in the number of components minus the number of pairs added to
pairslist (either O or 1) during the current iteration.

Since at the start of the algorithm, the partition consists of exactly one component,
and y, = O forall v € V \ L, (2) holds before the first iteration. So to show (2), it
suffices to show that

2AD > AP 3)

for any iteration.

In what follows, we use the following to refer to the state of the partition at various
points in the current iteration: P(?) at the start; P! after MAKE- (RUB)- COMPATIBLE;
P after MAKE- SPLITTABLE; and P after SPLIT.

We begin by showing that the coloring (R, B, W) and the partition P satisfy the
conditions of one of three cases.

Lemma 12 Given an infeasible partition PO that does not overlap in Vs, let u €
V1 be a lowest root of infeasibility, and let u, and u, be u’s children in T|. Let
R = L(u,), B = L(ug), and W = L\ (R U B). Then PO is R-compatible and
B-compatible and satisfies exactly one of the following three additional properties:

Case I PO has exactly one multicolored component, say Ag, where A is tricolored,
not (R U B)-compatible, and there exists xw € Ag \ L(Icaz(AgN (RU B))),
i.e., Ao contains a compatible tricolored triple.

Case 2 PO has exactly two multicolored components, say Ag, Ar, where ApNR =
Wand AR "B =0.

Case 3 PO has exactly one multicolored component, say Ag, where A is tricolored,
(R U B)-compatible and Aq contains no compatible tricolored triple.

We will see in the proof below that Cases 1, 2 and 3 correspond to a lowest root of
infeasibility satisfying (a), (b) and (c) respectively in Definition 4. We refer the reader
to Fig. 1 for an illustration of the three cases.

Proof Observe that if P© is infeasible, then the root of 77, i.e., lca; (£) is a root of
infeasibility, and that no v € L is a root of infeasibility. Hence, u is well-defined and
R and B are non-empty. Note that P¥) is R-compatible and B-compatible, since u’s
children are not roots of infeasibility.

We will show that if u satisfies condition (a) in the definition of a root of infeasibility,
then the conditions of Case 1 are satisfied, if (b) holds, the conditions of Case 2 are
satisfied, and if (c) holds, then the conditions of Case 3 are satisfied.

We start with (b): P© overlaps in Vi[L(u)]. Observe that, because u is a lowest
root of infeasibility, the only node in V{[L(x)] on which PO overlaps is u, and
thus there must be at least two multicolored components if (b) holds. If there are
two multicolored components, both containing, say, red leaves, then they overlap in
u, = lcaj(R), which implies u, is a root of infeasibility, contradicting the choice of u.
Similarly, there is at most one multicolored component containing blue leaves. Hence,
the conditions of Case 2 are satisfied.

If (b) does not hold, i.e., the partition does not overlap in V{[L(u)], then there is at
most one multicolored component; the conditions in (a) and (c) both imply there is at
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least one. Thus there is exactly one multicolored component, which we will call Ay.
Welet Ro = RN Ay, By = BN Ag and i1 = Icar(Rg U By) = lcar(Ag N (RU B))
(where we stress that 7 is a node in V5, whereas u is a node in V).

If (a) holds, then Ag is not (R U B)-compatible, and thus Ry # @, By # #. To
derive a contradiction, suppose that Case 1 is not implied, i.e., there does not exist
xw € Ao \ L(caz(Ag N (R U B))), i.e., Ag C L(u). Observe that, because Ag is
not (R U B)-compatible, Icay(Rg) = i or Icap(By) = . Suppose the former holds
without loss of generality. But then Ica; (Rp) is a root of infeasibility satisfying (c),
because Ag \ Ro # ¥, and for all w € Ag \ Ro, Rop U {w} is incompatible, by the fact
that w € L(lcaz(Ryp)), and w ¢ L(cai(Rp)). Butlca;(Rp) is a descendant of u, thus
contradicting the choice of u.

Suppose now (c) holds, i.e., P is (R U B)-compatible, and in particular Ag is
(R U B)-compatible. Because Ag is multicolored, we can assume without loss of
generality that Ry # . If By = @, then (c) holds for Ica; (Rp), which is a descendant
of u, thus contradicting the choice of u. Since Ag \ (RoU Bgy) # ¢ by condition (c), we
conclude Ay is tricolored. It remains to show every tricolored triple is incompatible.
Suppose for a contradiction that {x, y, w} € A is atricolored triple that is compatible.
Let w be the white leaf in the triple, then compatibility requires that lcaz(x, y) <
Icaz(x, y, w). On the other hand, the fact that Ag is (R U B)-compatible implies
that Icap (x, y) = lcaz(Ro U Byp). But then any tricolored triple in Ag containing w is
compatible, so that A N (R U B) U {w} is compatible, contradicting that condition (c)
holds. O

Recall that the coloring is defined only at the start of the iteration. The lemma
ensures that the partitions during the iteration always have either one (in Cases 1 and
3) or two (in Case 2) top components. Furthermore, we can use the lemma to show that
the components created by MAKE- (R U B)- COMPATIBLE and MAKE- SPLITTABLE are
multicolored.

Lemma 13 Only multicolored components are created by MAKE- (R U B)-
COMPATIBLE and MAKE- SPLITTABLE, i.e., if A € P® \ PO, then A is multicol-
ored.

Proof 1t follows immediately from the description of MAKE- SPLITTABLE that com-
ponents created by this procedure are multicolored. Observe that MAKE- (R U
B)- COMPATIBLE is used only if P© is not (R U B)-compatible. By Lemma 12,
this implies 7© must have exactly one multicolored component Ag, which contains a
white leaf xy that is not a descendent of Icaz (Ag) N (R U B)). From the description of
MAKE- (R U B)- COMPATIBLE, we (possibly repeatedly) subdivide the top component
Aginto AgNL (&) and Ag\ L(it). From the description of MAKE- (RUB)- COMPATIBLE,
it is clear that the newly created non-top component Ag N £(#) intersects both R and
B, and the new top component Ag \ £(&t) must have a leaf in R U B, because otherwise
Ay is already (R U B)-compatible. So 1 < Icaz(Ag N (R U B)), and xy must also be
in the new top component Ag \ L£(it), thus ensuring that the top component remains
multicolored. O

For Cases 2 and 3, the analysis is quite simple.
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Proposition 14 Let the initial partition P and coloring (R, B, W) satisfy the con-
ditions of Cases 2 or 3 in Lemma 12. Then 2AD > AP.

Proof We first make two observations that apply in Cases 2 and 3: (i) P is already
(R U B)-compatible, so PO = PO and (i) SPLIT(PQ), (R, B, W)) will not per-
form any SPECIAL- SPLIT, because no component of a refinement of P can have
a tricolored triple that is compatible (since we are in Case 2 or 3). From these two
observations we derive that

PO — PP = PP - PO +2. @)

To see this, note that, since no SPECIAL- SPLIT is performed, [P®| — |PP)| is equal
to the number of bicolored components in P? plus twice the number of tricolored
components in P?. By Lemma 13 P has |P®| — |P@| more multicolored com-
ponents than P, and, since PV = PO, property 2 of Lemma 4 implies that
P®@ has the same number of tricolored components as PO® S0 in Case 2, PP has
|P@| — PO 42 bicolored components and zero tricolored components, and in Case
3, PP has |P@| — |PO| bicolored components plus one tricolored component, and
indeed (4) holds.
In addition, we note that

AD = [PO| — PP - 1. 5)

To see this, note that at the start of the iteration, the dual objective value is reduced
by 1 when y, is decreased by 1 for u = Ica;(R U B). MAKE- SPLITTABLE does not
change the dual objective value, because, even though |P| increases by 1 every time
the number of components increases by 1, ) .y, decreases by 1 as well. Finally, since
SPLIT will not perform any SPECIAL- SPLIT, the increase in the dual objective value
due to SPLIT is equal to the increase in the number of components due to SPLIT, which
is [PO| — [P

Note that the size of pairslist may increase but will never decrease, and thus

AP =[PP =[PP+ [P — P
=2(1P@1 - P@)) -2 by (4)
=2AD by (5).
]
We now prove a similar proposition for Case 1, the proof of which is more involved.

Proposition 15 Suppose the initial partition P© and coloring (R, B, W) satisfy the
conditions of Case 1 in Lemma 12. Then 2AD > AP.

Proof In Case 1, we start with P© containing one tricolored component Ag, which
is not (R U B)-compatible. A is the only component that will be subdivided in the
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current iteration (by property 1 of Lemma 4). Note that P! and P® therefore have
exactly one top component.

Let xw be a white leaf in Ag that is not a descendant of Icay (Ag N (R U B)), which
exists by the definition of Case 1. By property 5 in Lemma 4, xy is contained in the
top component of P®, and by Lemma 13 this component is multicolored. Therefore,
the top component of P is either bicolored, or it is tricolored and a SPECIAL- SPLIT
is performed on the top component.

Let x be an indicator variable that is 1 if the top component in P® is tricolored
and has a tricolored triple that is incompatible; in other words, x = 1 if SPECIAL-
SPLIT subdivides the top component into four components. If x = 0, then either the
top component is bicolored or it is tricolored and all its triplets are compatible; in
other words, x = 0 if the top component is subdivided into two components by SPLIT
(possibly via SPECIAL- SPLIT). Thus splitting the top component increases the number
of components by 1 + 2.

Now, let ¢ be the number of tricolored components in P that are not top compo-
nents. We claim that

PO — PP = PP — PO +1+2x +1. (6)

To show this, we need to argue that the increase in the number of components due to
splitting the multicolored non-top components is [P | — |[P©| 4 7. Since P© has
one multicolored component, Lemma 13 implies that P has |[P®| — |P@| 4+ 1
multicolored components. Precisely one of these is a top component, so P has
|P®| —|P©| multicolored non-top components. By property 3, each of the tricolored
components that are not top components do not require a SPECIAL- SPLIT and are thus
subdivided into three components by SPLIT. Hence, splitting the components that are
not top components increases the number of components by |[P®| — |PO| 4+ ¢.
Next, we analyze the increase in the dual objective. We claim that

AD =[PP — PP — 1 —x. )

To see this, note that the dual objective is decreased by 1 when we decrease yica; (RUB)
by 1 at the start of the iteration. As argued in the proof of the previous proposition, the
dual objective is not affected by MAKE- SPLITTABLE. The same argument used there
implies that the same holds for MAKE- (R U B)- COMPATIBLE. Finally, if x = 0, the
increase in the dual objective due to SPLIT is equal to the increase in the number of
components, |P(3)| — PP If x = 1, the same holds, but SPECIAL- SPLIT on the top
component also decreases yj;, by 1.
So we get that

PO = PO = PO =[PP + PP - PO
=2(1P@ = 1POl) — 1 —2¢ — 1 by (6)
=2AD+1—t by (7).
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Hence, if + > 1 we have AP < 2AD as required. So the rest of the proof, which
requires quite some extra technicalities, deals with the situation of Case 1 and t =
0. Recall that AP is equal to [P®| — [P@| minus the number of pairs added to
pairslist in the current iteration; hence, to conclude that AP < 2AD if t = 0,
we need to show a pair is added to pairslist by FIND- MERGE- PAIR.

We will say that a component A € P is able to reach it if & € V[A] or if
Icap (A) < u and all intermediate nodes on the path from Icay(A) to # are not covered
by any component in P . The following lemma (which is actually valid in general,
and not only for Case 1) enumerates precisely the situations when a merge is possible.

O

Lemma 16 Let Ag € P©, and let Q denote the set of components in P that are sub-
sets of Ag. Then there exists a pair of elements in A that can be added topairslist
if and only if at least one of the following is true:

(a) Q contains a bicolored component.

(b) There is a node u € V, that can be reached by two red components or two blue
components in Q.

(c) There is a node ti € V; that can be reached by a red and a blue component in
Q, but is not covered by these components. Furthermore, the node ii must satisfy
that the nodes on the path from i to Icay(Ag) are not covered by any red or blue
component in Q.

Proof Since any two multicolored components overlap in Ica; (R U B) and P® does
not overlap in Ica; (R U B) by Lemma 6, there is at most one tricolored component in
PO, By the definitions of SPLIT and SPECIAL- SPLIT, PO therefore has at most one
multicolored component, which has blue and white leaves and is created by applying
SPECIAL- SPLIT to the tricolored component in P®. If this blue-white component
exists in Q, we denote it by A*.

(a) If Q contains a bicolored component A*, let A U A* be the tricolored component
from which SPECIAL- SPLIT formed a red component A and the bicolored com-
ponent A*. We show that we can merge A and A*, which boils down to undoing
the SPECIAL- SPLIT operation, to obtain a new partition that is (R U B)-feasible.
Since A U A* was not overlapping with any other component in V>, undoing the
SPECIAL- SPLIT yields a component that does not overlap any other component
of the partition in V5. For every w € W, A U A* is (R U B U {w})-compatible
since AU A* is (R U B)-compatible and, by the conditions of the SPECIAL- SPLIT
operation, every tricolored triple in A U A* is compatible. Since A U A* was the
unique top component in P®, any component of P® (and hence of its refine-
ment P3) overlapping a node  such that Icas(A U A*) < § < Icay(R U B)
must be a component in PO Therefore, by Lemma 5, the new partition does not
overlap in V1[R U B].

(b) If Q does not contain a bicolored component A*, suppose A, A’ € Q are distinct
red components in Q so that A and A’ can both reach the same node i in V3.
Then merging A and A" gives a new partition that does not overlap in V;, and
which has no multicolored components. Since Ay N R is compatible, sois AUA’.
By Lemma 5 and the fact that the new partition does not have any multicolored
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components, it does not overlap in Vi[R U B]. Hence, merging A and A’ gives a
new partition that is (R U B)-feasible.
The same applies if A and A’ are both blue components in Q.

(c) If Q does not contain a bicolored component A*, suppose there exist A, A’ € Q
with A red and A’ blue such that (i) there exists it € V,\ (V2[A]U V,[A']) that can
be reached by both A and A’; and (ii) the nodes on the path from # to Icap (Ag) are
not in V,[A”] for any red or blue component A” in Q. Observe that (ii) implies
that any component A” such that V;[A”] contains nodes on the path from & to
Icap(Ag) must be subsets of W: A” must be in Q if V»>[A”] contains a node on
this path, and by the case assumption, Q contains no multicolored component.
Merging A and A’ gives a new partition that does not overlap in V, and the
new component A U A" is (R U B)-compatible by (i). Thus the new partition is
(R U B)-compatible, and since it has no components with white leaves as well as
leaves in R U B, it is vacuously also (R U B U {w})-compatible for any w € L.
A U A’ is the unique bicolored component in this new partition, thus satisfying
condition (i) of Lemma 5. Moreover, it satisfies that any node on the path from
i = lcap(A U A’) to Icap(Ap) is not covered by a component that is not white.
By Lemma 12, Ag must have been the unique multicolored component in P©,
and thus the components of the partition that overlap a node on the path from
Icas(Ap) to Icap (R U B) were not changed in the current iteration. Therefore,
also condition (ii) of Lemma 5 is satisfied, and the lemma implies that the new
partition does not overlap in Vi[R U B]. Hence, merging A and A’ gives a new
partition that is (R U B)-feasible.

We note that the above three cases encompass all possible merge opportunities within
Q. If two components cannot reach the same node iz € V,, then merging them gives a
partition that overlaps in V,. If red and blue components A and A’ can only reach nodes
in V; that are covered by either A or A’, then AU A’ is not (R U B)-compatible. And if a
red and blue component A and A’ canreachanode iz € V, thatisnotin V,[AJUV,[A],
but some node on the path from # to Icap(Ag) is covered by a component A” € Q
that is red or blue, then AU A’ will overlap A” in V{[R] or V{[B]. To see this, assume
A" is red (the blue case is analogous) and let ¥ be the node in V,[A”] closest to & on
the path from i to lcap (Ag). Then 9 = lcap (A U (A” N L(D)) < lcap(A”), and since
A U A” are compatible in R, we should also have Ica; (A U (A” N L(D)) < lcaj(A”).
Thus A” and A overlap on a node on the path from Ica;(A) to Ica; (R U B). O

We are now ready to complete the proof of Proposition 15, by showing that in Case
landiff = 0 (i.e., if P has no tricolored components that are not top components),
then at least one of (a), (b) and (c) in Lemma 16 holds for P®. By the conditions of
Case 1, the unique tricolored component Ag in P© is not (R U B)-compatible, and
there exists xy € Ag \ L(lcaz(Ag N (R U B))).

If (a) holds, we are done, so suppose (a) does not hold, i.e., P® has only unicolored
components. We first make some observations which we later use to conclude that (b)
or (¢) must hold. Let & be the last node chosen in MAKE- (R U B)- COMPATIBLE to
subdivide the top component. Because A is not (R U B)-compatible, at least one
iteration of MAKE- (R U B)- COMPATIBLE has to be executed on the component, so
the existence of i follows. Let A C A be the top component that is subdivided into
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Fig. 7 Tllustration of the last part of the proof of Proposition 15. The sets W’ and R’ described in the proof
are implicitly shown in the figure: W = W{ U W} and R’ = R| U R}

AN L®@) and A\ L(#) at this point (after which the current partition is P1). We
observe some properties of the two new components:

e Letting i, and 4, be the children of &, then A N L(i1g) € B and AN L(i,) C R.
To see this, note that by definition of MAKE- (R U B)- COMPATIBLE, A N L(#iy)
and A N L(#,) each have a non-empty intersection with exactly one of R and B,
and they cannot intersect W because otherwise A N L(i1) is a tricolored non-top
component of P(1), and then P® would also have a tricolored non-top component
by the definition of MAKE- SPLITTABLE, contradicting that r = 0.

e Because A C Ag was the top component at the moment MAKE- (R U B)-
COMPATIBLE subdivided A into A N L(&) and A \ L(®@), A \ L(&%) is the top
component in P, By Lemma 13, A\ £(#) intersects R U B. By the conditions of
Case 1 and property 5 in Lemma 4, it contains a node xy that is not a descendant
of Icap(Ag N (R U B)). Finally, A\ L(«) is the only component in P that can
cover a node on the path in 7> from & to Icay(Ag) (by the fact that Ag was the
unique top component in P and A \ £(#) is the unique top component in P(1).

Using the above, we now show we can find two components in P that are subsets
of A and that satisfy condition (b) or (c) of Lemma 16. As argued above, ANL(iig) € B
and AN L(4,) C R,s0 AN L(#) is splittable; SPLIT will subdivide A N £(&) into a
blue component A N L(it¢) and a red component A N L(it,). There are a few cases to
consider (illustrated in Fig. 7).

1. If there is no node on the path in T from i to Icay (Ag) that is covered by a red or
blue component in P3| then we are done because i with AN L(i,) and ANL(i,)
satisfy (c).

2. If there are nodes on the path from i to lcay (Ag) that are covered by red or blue
components, let ¥ be the node closest to & for which this is the case. Suppose
without loss of generality that 0 € V,[R’] for some red component R’. We will
show that there is another red component that can reach 9, so these two components
and v satisfy condition (b).
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(a) If the nodes between # and ¥ are not covered by any components in P, then
the red component A N L(i,) can reach .

(b) Otherwise, let w be the node closest to ¥ on the path from # to v that is
covered by a component in 3. By definition of 9, this component is white,
say W € P . We claim (and prove below) that in MAKE- SPLITTABLE a node
i’ must have been chosen that created a non-top component A’ = W' U R”,
which was subsequently split into the white component W’ and red component
R” to obtain P®). By property 4 in Lemma 4, @&’ is not covered by R” nor
W', so R” and W’ are the leaves in A’ N L(i,) and A" N L), with i), it
being the two children of #i’. Hence, R” can reach ii’. On the other hand, w is
covered by W’, and thus @ < &’ < 0. By definition of w, the nodes on the
path from @’ to ¥ are not covered by any component in P®, and thus R” can
also reach 0.

It remains to prove that in 2(b), MAKE- SPLITTABLE selected a node #’ that created
a non-top component W U R” C L(ii"), which was subsequently split into W', R”
to obtain ). First, observe that W’ and R’ were part of the top component in P!
(because they cover nodes on the path from # to lcay(Ag)). They cannot both have
been part of the top component of P, because by the conditions of Case 1 and
property 5 of Lemma 4, the top component of ) contains a white leaf xy that is
not a descendant of Icap (Ag N (R U B)), and thus W’ U {xw} covers all nodes on the
path from w to Icaz(Ag N (R U B)), which includes 9. So R’ and W' U {xy } overlap
and cannot be in the same component of the splittable partition 7. Thus, MAKE-
SPLITTABLE must have selected some &#’ when W’ and R’ became part of different
components. Note that W’ became part of a non-top component. It remains to show
this component contains no blue leaves. Note that otherwise such a blue leaf xp, and
ared leaf xg € R’ N L(?) and a red leaf yg € R’ \ L£(D) (which exists because ¥ is
the lowest node on the path from # to Icay(Ag) covered by R’) would all belong to
the component A \ £(@1) € PW, but since lcasr (xp, xg) = O < lcas(xg, xg, yr), this
triple would be incompatible, contradicting that P is (R U B)-compatible. O

Theorem 17 The Red-Blue Algorithm is a 2-approximation for the maximum agree-
ment forest (MAF) problem.

Proof By Theorem 8, the Red-Blue Algorithm returns a feasible solution to MAF.
We showed how to construct a feasible solution for the dual linear program (D’); by
Propositions 14 and 15, the objective value of the solution to MAF returned by the
Red-Blue Algorithm is at most twice the objective value of this dual solution. The
approximation guarantee follows by linear programming duality. O

5 A compact formulation of the LP
Here we give a compact formulation for (LP). This shows that it can be optimized

efficiently. While this is not needed in our algorithm, it is possible that an LP-rounding
based algorithm could achieve a better approximation guarantee, in which case this
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formulation will be of use. Moreover, the compact linear program explicitly encodes
the structure of compatible sets in a way that (LP) does not; we believe this may
provide additional structural insights in the future.

We remark that (LP) can also be shown to be polynomially solvable by providing
a separation oracle for the dual. The dual of (LP) is similar to (D’), the dual of (LP),
except that z is indexed only by singletons and not arbitrary subsets of £. This dual has
a polynomial number of variables, but an exponential number of constraints. By the
equivalence of separation and optimization, it suffices to provide a separation oracle
for this dual. In particular, it suffices to solve the problem of finding a most violated
constraint amongst

> ow+d sl VLec,

veVIL\L vel

for some given y and z. If we relabel z, to y,, making y a vector indexed by V, we
can restate this as follows. Given some (positive or negative) weights y on the nodes
of V, find a compatible subset L which maximizes ) .y yv- This is a weighted
variant of the maximum agreement subtree problem; in other words, the maximum
agreement subtree problem is the problem where y, = 1 for all v € L. Similar to the
usual (unweighted) version [26], this can be solved in polynomial time via dynamic
programming.

Assume for convenience that £ = {1, 2, ..., n}. We will deviate from the notational
conventions in the previous sections, and use i and j to denote leaves, and ¢ € {1, 2}
to index the two input trees.

Let Z denote the set of all pairs (i1,iz) € L2 for which iy < ip. Consider a
compatible set L € L. For ¢t € {1, 2}, we will use T;[L] to denote the subtree of T;
on V;[L]. Compatibility implies that 77[L] and T>[L] are isomorphic. What we will
now do is represent the structure of these isomorphic trees by an out-arborescence
F (L), where the nodes of the arborescence are elements of Z, and more precisely, are
asubset of {(i, j) :i,j € L,i < j}. We do this as follows.

e If L contains only a single element i, then F (L) is the arborescence consisting of
the single vertex (i, 7).

e Otherwise, let L1 and L, be the partition of L into the leaves below the two
children of the root of T[L]. Take i1 be the smallest element of L; and i, the
smallest element of Ly; we assume i1 < iy (otherwise, swap L1 and L;). The root
of F(L) will be chosen as r := (i1, i2). Now recursively apply this procedure to
L1 and L,, yielding arborescences F(L1) and F(Ly); let r1 and rp denote their
respective roots. Note that F(L1) and F (L) are necessarily disjoint, since L and
L, are disjoint. Then F(L) is defined to be the union of F' (L) and F(L,), along
with the arcs (r, r1) and (r, rp).

Observe that the pair r; is of the form (iy, i i) for some i i, since i1 remains the
smallest element of L{, whereas r; is of the form (i, ié) for some ié. We call
(r, r1) the left arc and (r, rp) the right arc leaving r.

So put differently, this procedure takes the tree T1[L] (or T2[L]; it makes no dif-
ference), contracts all nodes with only a single child, orients all edges away from the
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root, and then assigns a label to each node. This label consists of a pair of leaves in
L, chosen minimally amongst the leaves in each of the two subtrees below the node
(aside from leaves, which are labelled by repeating the leaf twice). We also note that if
L is not a compatible set, then we could still apply this procedure, but it would return
different results when applied to 7>[L] instead of T1[L].

With this representation of a compatible set in mind, we now construct a certain
directed graph D on the vertex set Z. It essentially contains all possible arcs that could
appear in an arborescence constructed from a compatible set. We will use U, for arcs
that can appear as left arcs, and U, for arcs that can appear as right arcs: the arc set
of D is Uy U U,. With a slight abuse of notation, define Ica,(r) = Ica,(iy, i2) for
any r = (i1, i2) € Z; we can think of lca,(r) as being the node in 7; that the pair r
identifies. Given two nodes r = (i1, i) and s = (1, j2) in Z:

e (r,s) e Uy iflca;(s) < Ica;(r) forallt € {1,2} and i} = j;
o (r,s) € Uyiflca;(s) < Ica;(r) forall t € {1,2} and i, = j;.

For any L C L, define Z; = {(i,i) : i € L}; these are the set of pairs in Z that
appear as labels for the leaves L. Let F denote the set of out-arborescences in D with
leaf set contained in Z and where each internal node has one outgoing arc in U; and
one outgoing arc in U,. Then the above discussion implies that L € C if and only if
there is an F(L) € F with leaf set Z;. Let xr € {0, 1}Y1Y02 be the characteristic
vector of the arc set of F, for any F € F. Let Cr denote the cone generated by
{xr : F € F},ie.,y € Cr if and only if there exists x € RC with x > 0 such that
y= ZLEC:|L\22 XLXF(L)-

We begin by giving a description of C£. For r € Z, let 7 (r) denote the arcs in D
leaving r, and § () the arcs entering r. For § C Uy U Uy, let y(S) = ZaeS Ya-

Lemma 18

Cr={yeRVy¢t(rNnUN =y ()N  VreZ\Zc
YET () NUD =y (1) VreZzZ\Zz ).

Proof Let Y denote the cone described by the right hand side of the claimed equality.
First, we observe that Y © Cr. Consider any F € F. Thenforanyr € FNZ\ Z.,
F has precisely one arc entering r, precisely one arc leaving r that is in Uy, and one
arc leaving r thatis in U,. Hence xr € Y, and therefore any conic combination of the
XrF’sisalsoin Y.

Itremains to show that Y € C . Suppose y € Y; we prove that y € Cr, proceeding
by induction on the number of nonzero elements of y. The claim trivially holdsif y = 0,
since Cr is a cone. So suppose y # 0.

We first claim that for any r € Z for which either r € Z, or y(87(r)) > 0, there
exists an arborescence F' € F rooted at r and contained in the support of y, by which
we mean the set of arcs in D for which y is nonzero. To prove this, we can proceed
by induction on |Ica;(r)|. The claim is trivial if |Ica;(r)| = 1, since then r € Z,
and we take an arborescence consisting only of the node r. Otherwise, choose any
(r,r1) € UyN8T(r)and (r, r2) € Uy NS (r) that are both in the support of y. Notice
that one of them must exist because y(8¥(r)) > 0, and then the other must exist as
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well, because of the equality in the definition of Cr. As a result, y(§~(r1)) > 0,
and so the second constraint in the definition of Y implies that either ri € Z, or
y(8T(r1)) > 0; the same holds for r,. Hence by induction, we obtain arborescences
F1 and F; in the support of y rooted at 7| and r, respectively. We have already noted
that there is no node that both r; and r, can reach; thus Fj and F> are disjoint. We
obtain F' by combining F;, F> and the arcs from r.

Now choose r = (i1, i) € Z such that y(§~(r)) = 0 but y(§*(r)) > 0 (such an r
clearly exists, since D is acyclic and y # 0). By the above, we can find an arborescence
F € F rooted at r and contained in the support of y, Now set y' = y — € x, where
€ is chosen maximally so that y’ > 0. For every node s contained in F that is distinct
from r andnotin Z., xr(87(s)) = xr (8T (s)NU1) = xr(8+(s) NUy) = 1. Further,
xr(~(r) =0 < xpT(r) N U = xrp (T (r) N Uy). It follows that y' € Y. The
choice of € ensures that y’ has strictly smaller support than y, and so by induction, we
deduce that y’ € Cx. Hence y = y’ + € xF is too. O

Using Lemma 18, we now describe our compact formulation that we baptize LP*.
Fort € {1,2}and v € V,, let lca~l(v) = {r € Z : Ica;(r) = v}, i.e., the set of all
pairs of leaves with one leaf in v’s left subtree, and the other in its right subtree.

min Y (YETONUD—yE ) + Yo — 1 (LP*-1)
reZ\Z. iel

st. Yyt NU) =yBTr)NUy) VreZ (LP*-2)
y@tr)NU) =y () VreZ (LP*-3)
Fi=1—y06G,i) VieZ (LP*-4)
> yeteynun <1 VoeV\L (LP*-5)

relea=!(v)

x>0 Viel
Ya =0 Ya € Uy U U,

Lemma 19 (LP*) is equivalent to (LP).

Proof We begin by showing the “easy” direction, that a feasible solution x to (LP)
can be converted to a feasible solution (y, x) to (LP*) with the same objective value.
Set x; = x;y foralli € £,and y = ZLEC:\L|32 XL XF(L)- By the “easy” direction
of Lemma 18 (and the equality ), .c.;c; Xz = 1 forall i € £), we can deduce that
(y, x) is feasible to (LP*). Further, the objective values match: for any L € C with
|L| > 2, the contribution of the term x; x () in y to the objective value is exactly
x1, (only the root of F (L) contributes), and the term Zie £ X; captures the fractional
value of singleton components.

The “hard” direction, that a feasible solution (y, X) to (LP*) can be converted to a
feasible solution x to (LP) of the same objective value, follows in exactly the same
way, but using the “hard” direction of Lemma 18. The constraints (LP*-2) and (LP*-3)
ensure that y € C, and thus wecanexpandy = 3/ cc. 1 >2 XL XF(1) forsomex > 0.
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Extending this x to singleton sets by defining x(;; = X; forall i € £ yields the desired
solution to (LP). O

6 Conclusion

We have described a factor-2 approximation algorithm for the MAF problem with
a quadratic running time. Unlike previous algorithms for the problem, we crucially
exploit the power of linear programming duality in our analysis. A number of clear
directions remain for future work.

Most obviously, is the question of whether the approximation factor can be further
improved. The approximation ratio of our algorithm implies an upper bound of 2 on
the integrality gap of our linear program. However, the largest lower bound on the
integrality gap of our linear program that we are aware of is 5/4; Fig. 8 in Appendix 2
shows one of many examples achieving this bound. Despite extensive computational
experiments on instances with a small number of leaves, we have not been able to
find any examples with an integrality gap larger than 5/4. It is thus possible that our
formulation could be used as the basis for an improved algorithm (though we would
expect such an algorithm to be quite different from the algorithm presented here).

One natural idea would be to apply another powerful and successful technique in
the theory of approximation algorithms, namely LP rounding. We have shown that the
LP relaxation can be efficiently optimized via an equivalent compact formulation. It
should, however, be noted that such an approach will be much slower than the purely
combinatorial algorithm presented here, where the ILP formulation is used only in the
analysis. It may thus not be the most promising approach for an algorithm of practical
relevance.

Our ILP formulation may also be useful for exactly solving the MAF problem.
Although it is NP-hard, ILP solvers are very successful in practice. Since our formula-
tion appears to be quite strong, it may work better in practice than simpler formulations,
such as the one of Wu.

Aside from improving the approximation factor, another natural avenue to pursue
is improving the running time. A factor-2 approximation algorithm with a linear or
near-linear running time, to match what has been achieved with a factor-3 approxi-
mation, would clearly be very desirable. It does not seem straightforward to improve
the running time of our current algorithm; quite substantial changes would likely be
needed.

Another very natural direction is to consider other variants of the MAF problem. For
instance, the variation with more than two trees, where the current best approximation
factor is 3 [7]; or the generalization to non-binary trees. It is straightforward to extend
our formulation to both of these setting.

Finally, it must be admitted that our algorithm, and especially its analysis, is far
from simple. A truly simple algorithm for MAF with an approximation factor of 2, if
one can be found, will certainly require understanding its structure even more deeply.
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Appendix A The running time

Itis quite clear from the definition of the Red-Blue Algorithm that it runs in polynomial
time. In this section we show that it can be implementated to run in O (n?) time, where
n denotes the number of leaves. (We work in the random access machine model of
computation, and assume a word size of Q2 (logn).)

We note that our presentation is focused on showing the bound on the running time
as straightforwardly as possible, and there are some places where a more careful imple-
mentation is more efficient. However, we have not been able to find an implementation
with an overall running time of o(n?).

We assume P is a given partition (not overlapping in V»), that is stored such that we
can query the size of any component in constant time, and that for each node i € V>,
we can query Ay, the component in P that covers i (which will be equal to @ if P does
not cover i), and s() = |L(&) N A;|. Note that we can determine this information
by a bottom-up pass of 7> in O (n) time. We will recompute it whenever we refine P;
since there can only be at most n — 1 refinement operations, the total time to maintain
this information is O (n?).

By Harel [14] (see also [2, 15]), we furthermore may assume that the computation
of Ica; (u, v) for given nodes u, v € V; takes constant time (after a linear preprocessing
time). It immediately follows from this that we can determine whether or not u < v
in tree 7; in constant time as well.

We will show that the time between subsequent refinements of P is O(n). This
bounds the time of the main loop of the algorithm by O (n?). The only remaining part
of the algorithm is the MERGE- COMPONENTS step, which will perform at most n — 1
merges, each of which can clearly be done in O (n) time.
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Finding a lowest root of infeasibility

We make a single pass through 77, in bottom-up order (starting from the leaves), until
we find a root of infeasibility. We will spend constant time per node, thus showing
that the time to find a lowest root of infeasibility is O (n).

Foreachnodeu € V| that we have already considered, A, references the component
A € P which covers u, with A, = @ if there are no such components. (If there are
multiple such components, u is a root of infeasibility.) Furthermore, p, is equal to
Icay (A, N L(u)), and s(u) is the size of A, N L(u). Observe that for any x € L, we
know A, the component containing x, and s(x) = 1 and p, = x.

Given a non-leaf node u € Vi, with children u; and u, that have already been
considered, we can determine whether u is a root of infeasibility, and, if not, determine
Ay, Py and s(u), in constant time: If either (or both) of A,, and A,, do not cover u
(which can be determined by checking if A,; = @ or s(u;) = |A;|), set all the values
according to which child (if any) does cover u, and end the consideration of node u.
So assume from now on that both do cover u.

If Ay, # Au,, then u satisfies the second condition of a root of infeasibility, and
we are done. Otherwise, A, = A,, = Ay,. Set p, = lcar(py,, Pu,) and s(u) =
s(ur) + su2). I pu, A Pu Or Pu, A Pu, then L(u) is incompatible, and u satisfies
the first condition of a root of infeasibility. If s(p,) = |A,| and s(u) < |A,| then u
satisfies the third condition for being a root of infeasibility: by s(u) < |A,|, we know
A \L(u) # @.Forany w € Ay\L(u),lca;(A,NL(w)) < u < lcaj(A,NL(uw)U{w}),
while by s(p,) = |A,| we know thatIcay (A, NL(u)) = lcaz(Ay). So A, NL(w)U{w}
is incompatible for any w € A, \ L(u). Otherwise, u is not a root of infeasibility, and
we finish our consideration of u.

Once we have determined the coloring (R, B, W), we compute |A N C| for each
component A € P and C € {R, B, W}. We also compute three additional labels for
eachnode u € Va:sc(u) = |[A;NL@)NC|for C € {R, B, W}. This information can
be determined by a bottom-up traversal of 7> in O (n) time. We assume this information
is updated whenever the partition is refined.

Make-(R U B)-compatible

Consider the nodes of T3 in bottom-up order, until we find a node & such that both
sp(it) > 1 and sg(1) > 1. Since u is a lowest such node, if |A; N R| = sg(%) and
|A;NB| = sp (i), then A; is (RU B)-compatible; otherwise i is precisely as indicated
in MAKE- (R U B)- COMPATIBLE.

Make-splittable

We again consider the nodes in 7> in bottom-up order. For any node # with A; # @,
using sc (@) for C € {R, B, W}, we can check in O(1) time whether A; N L(&) is
bicolored, and that for any C € {R, B, W} with A; N C # @, that sc (@) < |A; N C|
(and hence (A; \ L)) N C # 0).
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Split

Note that aregular split of acomponent A can be done in O (n) time, by simply checking
the color of each leaf in A and partitioning A accordingly. We now show how to check
if A needs a SPECIAL- SPLIT (and if so which of the two possible refinements is applied)
by considering the nodes in V>[A] in bottom-up order.

If A is tricolored, then the fact that A is (R U B)-compatible and splittable implies
that there exist i and & p that are covered by A and for which A N L(iig) = AN R
and AN L(ig) = AN B. Using a bottom-up traversal of V, will find zig and &t g (they
are the first nodes ¥ encountered such that A; = A and s¢(v) = |ANC|forC = R
and B respectively).

Given uap and uap, we check if a SPECIAL- SPLIT is required, by considering
i = lcap(A N (R U B)) = lcay(iig, iip); a SPECIAL- SPLIT is required exactly if
s(lcap (iR, ig)) < |Al, since in that case any xy € A\ L(Icay(iig, up)) forms a com-
patible triple withany xg € ANR, xp € AN B.If, in addition, sy (Icay (iig, i g)) = 0,
we know that every tricolored triple in A is compatible.

Find-merge-pair

We need to determine if there exist two components (both intersecting R U B) that can
be merged, in time O (n). If such components are found, then we can take a non-white
leaf in each component and add this pair to pairslist. Recall Lemma 16, which
enumerates all possible situations where a potential merge may exist.

(a) P has a bicolored component. This component must have been created by an
application of SPECIAL- SPLIT, splitting some component A U A* € P? into A
and A*. As discussed in the proof of Lemma 16, simply undoing this split is a
valid merge. Since SPECIAL- SPLIT is invoked at most once per iteration, we can
simply add a pair to pairslist during SPECIAL- SPLIT.

(b) There is a node ii € V, that can be reached by two red or two blue components
that were part of the same component at the start of the current iteration. By
Lemma 12 (and property 1 of Lemma 4), any two components that are not white
that were created in the current iteration must have been part of the same partition
at the start of the iteration. We may assume that we can check for each component
in constant time whether it was created in the current iteration.

We work bottom-up in 75, and set B; to be the set of red and blue components
that were created in the current iteration, and that can reach i for every u € V5.
If B; contains two components of the same color, these two components can be
merged, and we terminate.

Note that if B; ever contains three components, we will have found a merge
and the algorithm will terminate. This ensures that we can compute this for i in
constant time, given the values of A; and B;, and B;, for the children of i.

(c) There is a node u € V; that can be reached by a red and a blue component
that were part of the same component Ag at the start of the current iteration,
but is not covered by these components. Furthermore, the node it must satisfy
that the nodes on the path from i to 1cay (Ag) are not covered by any red or blue
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component. Note that by Lemma 12, A is the only component that was modified
in the current iteration, so for this second condition we can simply check that no
node on the path from # to the root of V; is covered by a red or blue component
that was created in the current iteration.

If we did not find two components of the same color that can be merged, we have
found B;, for every it € V,, where |B;| < 2. We now work top-down in T5. If we
encounter a node # that is covered by a red or blue component that was created
in the current iteration, we stop and do not consider the descendants of i (since
for any such a descendant, # is on its path to Icap (Ag)). If we encounter a node u
such that |B;| = 2 and # is not covered by any component, the two components
in B3; can be merged, and we may terminate.

Appendix B Integrality gap lower bounds

We show a lower bound on the integrality gap of 15—6 for the integer linear program
formulation of Wu [31]. Recall that a solution to MAF can be viewed as the leaf sets of
the trees in a forest, obtained by deleting edges from the input trees. The formulation
has binary variables x, for every edge e € T1, indicating whether e is deleted from 77.
We use Pi(i, j) to denote the set of edges in 77 on the path between leaves i and j,
and P, (i, j) to denote the set of edges in 7> on the path between leaves i and j. Wu’s
linear program [31] is given by:

minimize er
e
s.t. Z xe > 1 for all incompatible triples i, j, k
e€ Py (i, j))UP (i,k)UPy (j k)

Z X + Z xe > 1

eePrG.)) cePLk.0) for all two pairs (i, ) and («,¢) for which

Py (i, )NP (k,0)=@, and Py (i, )N P, (k,£)#%

The first family of constraints ensures that at least one edge of the paths between i
and j, i and k, and j and k has to be deleted for each inconsistent triple i, j and k.
The second family of constraints ensures that at least one edge is deleted for every
pair of paths between i and j, and k and ¢ that are disjoint in 77, but for which the
corresponding paths in 7> are not disjoint.

. . . . 16
Lemma 20 The integrality gap of the linear program of Wu [31] is at least .

Proof Letn = 2* for some k even. We label each internal node in both 7} and 7> with
a binary string: the roots get the empty string as label, and given an internal node u
its left child gets u’s label with a “0” appended, and its right child gets u’s label with
a “1” appended. In T7, the leaves are labelled in the same way as the internal nodes,
with a binary string of length k. In 7>, the binary string is reversed to give the label of
the leaf. For example, the leftmost leaf (of both trees) has label 00 - - - 0, and the leaf
to the right of it has label 0 - - - 01 in 77, and 10---0 in T>.
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1 2 3 4 5 6 7 8 1 5 8 2 7 3 6 4

Fig. 8 Example with integrality gap of % for the new LP introduced in Section 4. An optimal solution to
the LP-relaxation is indicated by the colors: the compatible sets corresponding to each of the components
{1,2,3},{1,5,8} and {4, 6, 7} (indicated by the colors red, blue and green respectively) have an x-value
of 5, as well as every singleton leaf set, except leaf 1; all other x-values are 0. The objective value of this

solution is %(3 + 7) — 1 = 4. An optimal solution to the ILP has 6 components, i.e., an objective value of
5. (One such optimal solution has the component {1, 2, 3} along with singleton components)

Consider the internal nodes whose labels are strings of length strictly less than k/2;
there are exactly 25/2 — 1 = /n — 1 such nodes in each tree. We claim that any
component A must cover at least | A| — 1 of these internal nodes. To see this, consider
the set of internal nodes in V; that have two children in the subtree of 7; induced by
A fort = 1, 2. We will call such nodes bifurcating. Observe that there are 2(|A| — 1)
such nodes. Furthermore, since A is compatible, there is a 1-1 mapping f from the
bifurcating nodes in V| to the bifurcating nodes in V,, where, L(u)NA = L(f (u))NA.
Now, the label for a bifurcating node u € V; is the maximum length prefix that the
binary strings for the leaves in £(z) N A have in common, and the label for f () is the
reverse of the maximum length suffix the leaves in £(u) N A have in common. Hence,
at least one of u and f(u)’s labels has length less than k /2.

The fact that any component A must cover at least |A| — 1 of the 2,/n — 2 internal
nodes with labels of length less than k /2 implies that any partition that does not overlap
must have at least n — 2,/n + 2 components. Thus the optimal value of the integer
program is at least n — 24/n + 1.

On the other hand, the LP relaxation of the integer program has a feasible solution
with objective value 15—611: set a value of % on the edges to each leaf in the tree (i.e.,
from an internal node with a label of length kK — 1 to a node with a label length k),
and a value of % on all edges between nodes with labels of length k — 2 to nodes with
n—2/n+1

5

. . E n
integrality gap. O

labels of length k — 1. This implies a lower bound of lim,,_, = 15—6 on the

As remarked in the introduction, the largest integrality gap for our formulation that
we are aware of is 5/4. The instance is described in Fig. 8.
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