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Abstract

In this paper, we consider Poisson thinning Integer-valued time series models, namely integer-valued
moving average model (INMA) and Integer-valued Autoregressive Moving Average model (INARMA),
and their relationship with cluster point processes, the Cox point process and the dynamic contagion
process. We derive the probability generating functionals of INARMA models and compare to that of
cluster point processes. The main aim of this paper is to prove that, under a specific parametric setting,
INMA and INARMA models are just discrete versions of continuous cluster point processes and hence
converge weakly when the length of subintervals goes to zero.
© 2022 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The Hawkes process, which was first introduced in Hawkes [18,19], is a self-exciting point
process such that its intensity depends on the past of the point process itself. Due to its
simplicity and flexibility, the Hawkes process can be viewed as a contagion process and applied
in different areas, for example seismology in Ogata [33], epidemiology in Kim [26], and
sociology in Mohler et al. [32]. It has gained in popularity in recent years. Finance in particular,
is a very popular area to apply Hawkes processes, see Bowsher [9], Large [29], Embrechts et al.
[17], Bacry et al. [5,6,7,8], Ait-Sahalia et al. [1], and Dassios and Zhao [15,16]. However, in
some context such as modelling the credit contagion in Jarrow and Yu [24], the clustering of
defaults is consistent with the Hawkes process, but the default intensity could be impacted
exogenously by other factors, which means the distribution of cluster centres may not act as a
homogeneous Poisson process in the real financial data. In order to address this, Dassios and
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Zhao [14] introduced the dynamic contagion process by generalizing the Hawkes process (with
exponential decay kernel) and the Cox process with shot noise intensity (exponential decay
kernel) used in Dassios and Jang [13], which allows the cluster centres act as a stochastic
process.

The standard time series models (AR, MA, ARMA, etc.), on the other hand, are used
for sequences of real-valued data. A natural question would be whether we can use time
series models for count data. An early contribution has been done by Jacobs and Lewis
[21,22,23], who introduced the discrete Autoregressive and Moving average model (DARMA)
for stationary discrete time series. However, the correlation structure of DARMA is quite
different from the standard time series model. Later, a new model called Integer-valued
autoregressive (INAR) time series was defined and examined by McKenzie [30] and Al-Osh
and Alzaid [2]. The idea here is to manipulate the operation between coefficients and variables
as well as the innovation terms in a way that the values are always integer. The properties of the
INAR model are explored by Al-Osh and Alzaid [3], Jin-Guan and Yuan [25], and McKenzie
[31]. The Integer-valued Moving Average model (INMA) was introduced and developed by Al-
Osh and Alzaid [4], Brinnds and Hall [10], and Bréinnés et al. [11]. They apply the similar
idea of the INAR model to a standard MA model.

It seems that no one had studied the connection between point processes and integer-valued
time series until Kirchner [27], who showed that Hawkes point processes are continuous-time
versions of Poisson thinning INAR time series with infinite order and vice versa. The author
also mentioned that one can introduce the INARMA model by adding the moving average
part into the INAR model and hence make a connection to the dynamic contagion process,
which is the main motivation of this paper. Basically, we formally define the INMA model
in a similar way to Kirchner and prove that the INMA model with infinite order is actually a
discrete version of a Cox point process. We then define the INARMA and prove that it is also
a discrete version of the dynamic contagion process, as Kirchner expected.

The paper is organized as follows: Section 2 specifies the terminology and reviews the
definitions of three cluster point processes, namely the dynamic contagion process, the Cox
process and the Hawkes process, and their probability generating functionals. Section 3 reviews
the definition of INAR model, defines the INMA model and INARMA model, and derives
their probability generating functionals. Section 4 provides further details on the convergence
of probability generating functionals between the INARMA models and the cluster point
processes. Section 5 establishes the weak convergence result from the INARMA models to
their corresponding cluster point processes. Section 6 verifies the convergence theorem by
calculating the joint probability generating functions numerically through simulation. A few
concluding remarks are in the final section.

2. Cluster point processes

In this section, we will first define the space we are working on and provide some
terminology and notation concerning the integer-valued random measure. Then, we recall the
definitions of three cluster point processes, namely the dynamic contagion process, the Cox
process and the Hawkes process. Finally, we derive their probability generating functionals by
taking advantage of their cluster representation.

2.1. Preliminaries

We will use most of the notation and terminology from Daley and Vere-Jones [12].
Throughout this paper, we work on the probability space ({2, F, P), where F is the o —algebra
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generating by (2. A measure p on the half-line R, , a complete separable metric space, is
boundedly finite if ©(A) < oo for every bounded Borel set A € B(R,). Hence denote th
as the space of all boundedly finite measures and B(M%Jr) as its o —algebra.

Definition 2.1. A point process N on the state space R, is a measurable mapping from a
probability space ({2, F, P) into (Nﬂgw l’j’(/\/]fg+ ), N: 2+ N#+, such that N(A) is an integer-
valued random variable for each bounded A € B(R,). /\/’§+ is the family of all boundedly finite
integer-valued measure u € M%+

For a point process (random measure) N € N #+, they are well-defined only on some
bounded area. Consequently, the distribution of a point process is completely determined by
the finite dimensional distributions, see Proposition 9.2 II in Daley and Vere-Jones [12]

Definition 2.2. The finite dimensional distributions of a random measure N are the joint
distributions for all finite families of bounded Borel sets Ay, ..., Ay of N(Ay), ..., N(Ay)

Fe(Ar, ..., A xy, ., x) =P{N(A) <xii =1,...,k)}. 1)

Usually, for a non-negative random measure, one would use the Laplace functional to
describe the joint distribution of the random measure. As we work on the space (N #+, B(Nﬁ . ),
there are advantages in moving from the Laplace functional to the probability generating
functional (p.g.fl)

Definition 2.3. The probability generating functional (p.g.fl) of a point process N on the
complete separable metric space R is defined by

Gh]=E |:eXp {/ log h(x)N(dx)}i| , heVR,), 2)
Ry

where V(R ) is the class of all real-valued Borel functions # defined on R, with 1 —A vanishing
outside some bounded set and satisfying 0 < h(x) < 1,Vx € R,. Later, we will use Vy(R),
the subset of V(R ) satisfying infycg, A(x) > 0

One can always use G[&] to describe Fj by setting h(x) = h;, x € A;, where h; is a constant.
Then the G[h] will reduce to the joint probability generating function (joint p.g.f).

G[h] =E |exp {/ logh(x)N(dx)”
R4

=E |exp (f i log h(x)N(dx)):|
Ui=1,... kAi

Li=I

In other words, the p.g.fl G[A] is the limit version of the joint p.g.f where the set A; has the
length dx — 0 and k — oo. When describing the finite dimensional distributions Fy, the p.g.fl
and the joint p.g.f are therefore equivalent. For convenience, we will also use the term ‘p.g.flI’
for those INARMA models to describe their joint p.g.f in Section 3.
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2.2. The dynamic contagion process
We first define a generalized version of the dynamic contagion process as in [14]

Definition 2.4. The generalized dynamic contagion process is a cluster point process NP€P),
with stochastic intensity AP?C?) such that

N[* N{(DCP)
}LEDCP) _ Z T f(t —ci)+ Z xin(t — t), 3)
iic; <t 17 <t

where

e N/ = {ci}i=1,2,. are the arrival times of the Poisson process with the constant rate p > 0

° N,(DCP ) = {ti}i=1.2... are the arrival times of the generalized dynamic contagion process

e {7;} are i.i.d externally excited jump sizes, realized at times {c;}, with distribution H (x),
mean 1 and Laplace transform h(u)

e {x;} are i.i.d self-exciting jump sizes, realized at times {t;}, with distribution G(y), mean
iy and Laplace transform g(u). They are independent of {1;}

e f(u) is an Riemann integrable function for any bounded interval in R

e 1(u) is another Riemann integrable function for any bounded interval in R

Note that the stationary condition for this point process would be fooo f(u)du < oo and
My fooo n(u)du < 1. Following from this definition, we define the other two cluster point
processes — the Cox process and the Hawkes process as special cases.

Definition 2.5. The (Marked) Cox process with shot-noise intensity, also called doubly
stochastic process, is a cluster point process N‘©) with stochastic intensity A‘“) such that
Ny
c
MO = Y Nife—c. “
iici <t
It is clear that this is a special case of the dynamic contagion process by letting n(u) =
0,Yu € R,;. On a bounded area [0, T] where T > 0, the process can be considered as
a cluster process in which the cluster centres ¢; arrive as a homogeneous Poisson process
N* ~ Pois(p). Conditional on the arrival of ¢;, we then have a cluster whose size follows
N,l ~ Pois(T; f(t —c;)) with ¢; <t < T. These clusters are mutually independent and cluster
centres are not included in N‘©). In order words, the arrivals of cluster centres are indicators
that some events will happen around them.

Definition 2.6. The (Marked) Hawkes process is a self-exciting point process N with
stochastic intensity A" such that

N
H
M =v4 Y i — ), ©)
it <t
where v is a positive constant.
Similarly, this is another special case of the dynamic contagion process by replacing the
‘Cox component’ in A;DCP) by a positive constant v. From Hawkes and Oakes [20], the Hawkes
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process can also be interpreted as a cluster point process. The immigrants (cluster centres) arrive
as a homogeneous Poisson process Pois(v). Each immigrant generates a Galton—Watson type
branching process with expected branching ratio p, fooo n(u)du. A cluster is then formed by
including all the generations (include the immigrant) from the branching process.

Back to the dynamic contagion process, it is actually a Hawkes process with immigrants
arriving as a Cox process rather than a homogeneous Poisson process. Here are the probability
generating functionals for these cluster point processes.

Proposition 2.1. Let z(.) € Vo(Ry) such that 1 — z(.) vanishes outside [0, T], where T > 0.
The probability generating functional (p.g.fl) of the Cox process N© on [0, T] is given by

T
Gz () =exp {p / (FO@E)e) - 1>dc}
0
T—c (6)
FOGEOe) = h (— / Fu)(z(c +u) — l)du> .
0

Proof. See Appendix A.1. O

Proposition 2.2. Let z(.) € Vo(R) such that 1 — z(.) vanishes outside [0, T], where T > 0.
The probability generating functional (p.g.fl) of the generalized dynamic contagion process
NPEP) on [0, T] is given by

T T—u
GPP(a() = exp {p / (ﬁ <_/ (FRCOw 0 =D/ d”) B 1) d”}
0 0

T—u (7)
FEOl) = z(w)§ (—/ (F Ol +v) — l)n(v)dv> :
0

where FU(z()|u) is the p.g.fl of a cluster generated by an immigrant (cluster centre) arriving
at time u, and including that immigrant. While F(z(.)|lu) = F(z,(.)) and z,(.) = z(u + .) is
simply the translation of z().

Proof. See Appendix A.2 [

Corollary 2.1. Let z(.) € Vo(Ry) such that 1 — z(.) vanishes outside [0, T], where T > 0. The
probability generating functional (p.g.fl) of the Hawkes process N0 on [0, T] is given by

T
G (z() = exp {v / (F(z()lu) — 1) du}
0
T—u (®)
FM(z()u) = z(u)g (—/0 (F(z()|u +v) — l)n(v)dv) )

Proof. This result generally follows from Theorem 2 in [20]. We can also derive it from
Proposition 2.2 by simply letting A'©) = v in Eq. (34). O

3. Poisson thinning Integer-valued time series model

In this section, we will review the Poisson thinning INAR model from Kirchner [27]. Then
we will define the INMA and INARMA models in a similar way to the INAR model, and derive
their probability generating functionals. To conform with the preliminaries of point process,
the integer-valued models will be defined on the positive state space R..
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3.1. Integer-valued Autoregressive model - INAR(oco)

The following results (Definition 3.1, Propositions 3.1, 3.2) are mainly from Kirchner [27].
However, the INAR model in our case is defined on the positive state space R, and so the
results are slightly different from [27].

Definition 3.1. The INAR(c0) is defined as

X, = o o Xp—r + €n
2 ©)

=Ol10Xn_1+-~-+dn_1OX1+8n
where

® {X;}x=..—2.-1,0 = 0 as the process is defined on positive state space R
° o > O (reproduction coefficients)

e &, e Pois(ap), with ap > 0 (immigration parameter)
e The thinning operator o is defined as
Xn—k
g o Xp_p = Z ef"’k) (" b i Pois(ay),
i=1

(n,k)

where ¢, are independent over n € Z, k€N, i e N

Note that the stationary condition for this model is ) ;- i < 1. In the early study of the
integer-valued time series models, the operator o is defined as a binomial thinning operator,
which means ¢; are Bernoulli random variables. However, Kirchner defines it as a Poisson
operator, which will lead to the simpler formulas of probability generating functional. In
addition, the p.g.fl derived later can be compared directly to that of the Hawkes process. The
following proposition gives the branching representation of the INAR model.

Proposition 3.1. The INAR(co) process X, has the following representation
&f
X, éZZF,? 7, (10)
ieZ j=1

where F:_Jl) are independent over i, j and they are the copies of a branching process F, which
is defined by

i © ez (1)

g=0

The generation G, are constructed recursively by

(gD
n Gn—k

GO =14 G® = Zak oGE) =" 3" ko nez, geN, (12)
k=1 m=1

with &, (nk.8) re independent over n, k, g, m and also independent of ¢;, i € 7. Furthermore,
we have the following distributional equality for the generic family-process (F,)
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(l>
d i,j
(Fnez = | in=o) +ZZF,§_*J,> : (13)

i=1 j=1

i=1

G¥M(z) = exp {Zaow(z.m - 1)}
(14)

FE)(z]i) =z exp {Zak (F(z|li +k)— 1)} ,

k=1

where FXn(z |t) = FXn)(z,, ) is the p.g.fl of the cluster generated by an immigrant (cluster
centre) arriving at time t.

Proof. The (discrete) p.g.fl is given by

GX)(z) = E[Hzf "T=Eexp Zlogz, ZZ F;(Eij)

i=1 j=1
n &j n
@)
~Eew 33" loga
i=1 j=I1 t=i

The sum Y, (' ! ) can be interpreted as the cluster, which includes all the generation from

time i to time n, generated by one of the immigrants in &;. Condltlonally on the immigration
sequence &; and exploiting its independence from the family process F ?_ we have

G¥n(z) = HE H]Eexp {Zlogz,F(’ ])}
Jj=

— 1_[ E [F(Xn)(zﬁ)ﬁi]

i=l1

=exp {Zao(F(X”)(Z,Ii) —~ 1)} :

i=1

where the p.g.fl of the cluster FX)(z |i) satisfies the following recursive equation

F(X”)(Z‘H) — Eexp Z log uFi }

- G

(k,j)

=Eexp Z logzits | 1y=0) + Z Z FZ
=0 k=1 j=1
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(1
n—i Gy

=z HE HEexp {nXI:IOgZi+tFt(k}cj)}
k=1 | j=1 1=k

= z; exp {Zak (F*(zli + k) — 1)} . O
k=1

Since the sequence {X,};—i ., takes only integer values, if we fix a bounded area [0, T']
and let X, count the number of points for the equal-length area ((t — 1)A, t A] where A = %
the p.g.fl of {X;};=1 .., will look like the discrete version of the p.g.fl of the Hawkes process.

,,,,

Proposition 3.3. Consider the following parametric setting.

o Fix the bounded area [0, T], T < oo

o Choose n > 0, the number of all subintervals over [0, T']

e Set the length of subintervals A = % the immigrant parameter oy = vA and the
reproduction coefficient ay = x;n(kA)A, k > 0

e x; are iLi.d random variables corresponding to the cluster centre X;a arriving at i A,
with Laplace transform g(u) = E[e™"%i]

e Let 7; = z(i A), where z(.) € Vo(Ry)

. becomes

.....

G (z() = exp {v Y (FEOIA) - I)A}

i=1

n—i (]5)
FX(z()]iA) = z(i A)g (- Y (FOIG +k)4) - 1)n(kA)A> :

k=1

Proof. By substituting ay = x;n(kA)A, k > 0 into Proposition 3.2, the p.g.fl of the cluster
FXn(z.[i) = FXn(z(.)|i A) becomes

n—i

Gg) n—i
FED(z()]iA) = z(i A) l_[ E l—[ Eexp {Z log z((i + I)A)Ff(k}(j)}

k=1 j=1 1=k

=z(i AR |:exp {Z xintk )A (FE Ol + k) A) — 1) ”

k=1

=2(4)8 (— D (FEOIG + k) A) — 1);7(kA)A) :
k=1

By substituting og = vA, the whole p.g.fl of the INAR sequence {X,},—1..., becomes

exp | Y ao(F¥(z |i) — 1)]

i=l1

.....

GO ()

exp :v Y (FEIEONA) - 1)A} . O
i=1
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3.2. Integer-valued Moving Average model

Definition 3.2. The stationary Poisson thinning INMA(co) model is defined as

Y, = o0&, _
;:Bk %‘ k (16)

:ﬁoogn"f_ﬁl O%_nfl +"'+,3nfl o'g:la
where

e B > 0 are some non-negative coefficients

e & are i.i.d and follow Pois(u) with © > 0

o {&}k=...—2.—1.0 = 0 as the process is defined on positive state space R
e The thinning operator o is defined as

§n—k
Broti=y ul™ u™ "~ Pois(h,

i=1
Note that the stationary condition for this model is Y ;- Br < oo. The parameters S and p
have a similar interpretation to those in the INAR model. B; are reproduction coefficients while
w is the arrival intensity of cluster centre. From this model point of view, we can regard &, as
the cluster centres. They enter the system starting at time n and trigger other events at each time
period (n — Zf”zl " n+1 - Zf”zl u"Y ). Y, is then a counting variable to report
the total number of the triggered events from &,,&,_;, ..., & over the current time period n.
Here are two assumptions we need before proceeding to its probability generating functional.
(n,k)

Assumption 1. u; "’ are mutually independent of each other forn € N, k e N,7 e N.

This assumption is made to simply the calculation of probability generating functional and
that be compared to the point process counterpart much easier. This means that the number of
events ul(."k), triggered by one of the cluster centre in &_; and counted by the system Y;, will
not affect the number of events ul(.tﬂ kD) triggered by the same cluster centre and counted by
the system Y, ; of any future time j > 0.

.....

.....

G (z) = exp {u > (FT(z | — 1)}
t=1

)
F(z 1) = exp{ > BeiGeror — 1)} .

k=1

Proof. The aggregated process S, = » ,_, ¥, is actually a cluster point process such that

n t—1

Sp=)_Yi=) 3 Biok
t=1

t=1 k=0
n n—t
=D Biok
t=1 k=0
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n &

_ Z Z(“:(‘Z’O) FultD 0y 0 poiggy
=1 i=1
n &

n—t
< Z Zuf, ul ~ Pois(z Bi).
k=0

t=1 i=1

(18)

The last equality follows from the independence of the Poisson random variables. It is now
clear that the aggregated process S, is a cluster process such that

e £, generates the cluster centres independently.
e u! is a cluster generated by one of the cluster centre from &, with the size of
cluster (exclude the cluster centre) following Poi s(zz;(t) Br)

The (discrete) p.g.fl of Y; is defined as

n v
Gz)=E[] [z/].
j=0
Now we can derive the p.g.fl of this process by following the similar argument in

Proposition 2.1. Conditionally on the arrivals of cluster centres generated by &;, the p.g.fl of
cluster u} is

nor ek n—t
FW | =E] [z 1=exp {Zﬂk(z,+k — 1)} :

k=0 k=0
The cluster centres generated by &, are mutually independent. Then the p.g.fl of Zf‘: L ulis

G(z.) = E[F"(z |)*] = exp {w(F"(z |t) — D} .

1S
G () =[]Gix) = exp {u S F G - 1)} . O
t=1 t=1

Similar to the INAR model, due to the integer-valued nature of the INMA model, if we
fix an bounded area [0, T] and let Y; count the number of points for the equal-length area

.....

discrete version of the p.g.fl of the Cox process under some specific parametric setting.

Proposition 3.5. Consider the following parametric setting.

o Fix the bounded area [0, T], T < oo

e Choose n > 0, the number of all subintervals over [0, T]

e Set the length of subintervals A = % u=pAand By = 1, f(kA)A, k>0

e T, are i.i.d random variables corresponding to the cluster centre & A arriving at t A, with
the Laplace transform fl(u) =E[e 7]

o Let 7 = z(kA) where z(.) € Vo(R,)
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Then the probability generating functional of the sequence {Y;};—1... ., becomes

.....

G)(z() = exp {p S (PO A) 1>A}

t=1

19)
n—t+1
FI ()t A) = h (_ Z FkA)z(t +k—1)A) — I)A) .

k=1

Proof. By substituting g = 7; f(kA)A, k > 0 into Proposition 3.4, the p.g.fl of the cluster
part FY)(z|t) = FY(z(.)|t A) becomes

n—t
u(H—k,k)

F ()t d) = B | 2%,
k=0

E [exp {Z T f D) AG ik — 1)”

k=0

n—t+1
h (— Z FkADZ((t +k — 1)A) — 1)A> .

k=1

Then substituting u = p A, the p.g.fl of the INMA sequence {Y,},—;..._, becomes

.....

G(4)(z()) = exp {u S FT O A) ~ 1)}

t=1

= exp {,0 Z(F(Y")(z(.)ltA) - 1)A} .0

=1
3.3. Integer-valued Autoregressive Moving Average model

Definition 3.3. The stationary Poisson thinning INARMA(co, 0o) model is defined as

o0
Zak 0Zy i+ 7Y,
k=1

o0 oo
= Y woZui+ Y Biokn
k=1 j=0

= aoZ,1+--+o_10Z1+Byok, + -+ Bi—10&1,

Zy

(20)

where

e &; are i.i.d and follow Pois(u) with u > 0

o {£}i=. . —2—10=0and {Z;}k=. 21,0 = 0 as the process is defined on R
e «; and B; are positive coefficients

e The thinning operator o is defined as

Zn—k iid
& k) i .
Qg0 Zn_y = E ei(" ) ef" V' Pois(ay)
i=1
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Sn—k

k k) iid .
Beokui=y ul  u" = Pois(By).
i=1

€0 and ™

[ ] .
i l

are mutually independent over n € N,i e N, k € N.

Note that the stationary condition for this process is Y oja; < 1, > iy B < oo. The
INARMA model simply combines the INAR components and the INMA components from
previous sections. It is a generalized INAR model whose immigrants process ¢, is replaced by
the INMA model ¥,,.

,,,,,

AAAAA

G(z) = exp {u > (exp : 3 BFO @ i+ k) — 1)} - 1)}
in:_li k=0 (21)
FY"(z |i) = z; exp {Zak (F*(z |i 4+ k) — 1)} :
k=1

where FX(z |t) is the p.g.fl of the cluster generated by an immigrant (cluster centre) arriving
at time t, and including that immigrant. While F*" (z |t) = F%n)(z,,.) is simply the translation

of 7.

Proof. The FX"(z |i) is exactly the same as the one in INAR model, because this is the
cluster generated by the autoregressive structure in the INARMA model and it is irrelevant to
Y;. Hence we can apply the result directly from Proposition 3.2

FY"(z |i) = zi exp {Zak (F¥ (i + k) — 1)} :

k=1
Then we can apply a similar argument to the INAR model such that

n Y; n
G(Zn)(z.) — HE HEexp {Z log ZtFr(Eij)}
i=1 | j=I t=i

=[[E[F*@1)"].
i=1

Now apply the p.g.fl of the INMA model from Proposition 3.4

G = [[E[F™@1n"]

i=l1

=exp {,uz (exp {Zﬂk(F(X")(Zﬁ + k) — 1)} — 1)} . 0O

i=1 k=0
Similar to the INAR model, due to the integer-valued nature of INARMA model, if we
fix a bounded area [0, T] and let Z, count the number of points for the equal-length area

.....

discrete version of the p.g.fl of the generalized dynamic contagion process.

467



Z. Chen and A. Dassios Stochastic Processes and their Applications 147 (2022) 456480

Theorem 3.1. Consider the following parametric setting.

o Fixed the terminal time T, T < o0

e Choose n > 0, the number of all subintervals over [0, T]

o Set the length of subintervals A = %, the parameters of INAR part o, = x;in(kA)A, k >0
and the parameters of INMA part p = pAt, ; = 1; f(jA)A, j =0

Y; are i.i.d random variables corresponding to each cluster centre & o arriving at i A,
with the Laplace transform fl(u) =FE[e“7i]

Xi are i.i.d random variables corresponding to each INAR cluster centre Z; o arriving at
i A, with the Laplace transform g(u) = E[e "% ]

o Let 7, = z(t A) with z(.) € Vo(R ).

The probability generating functional of the INARMA sequence {Z;},—,.. , becomes

.....

G%4)(z() = exp {p 3 (h (— S FEEIEOIG + k) A) — 1)f(kA)A> - 1) A}

i=1 k=0
FE ()i A) = 21 A)g (- Z (FECON + k) A) — 1) n(kA)A) .
k=1

(22)
Proof. By substituting o, = x;n(kA)A into Proposition 3.6, the p.g.fl F&(z |i) = F(z(.)|i A)
is exactly the same as the one in Proposition 3.3

k=1

FX)(z())i A) = z(i AE |:exp {Z xintk )A (FE Ol + k) A) — 1) ”

=z2(i4)8 (— D (FEOIG + k) A) — l)n(kA)A) .

k=1

By substituting gr = 71;f(kA)A, the p.g.fl of the whole INARMA sequence {Z;};—1. . .»

becomes the p.g.fl of INMA sequence {Y;};=1...»- Then we can apply Proposition 3.5

.....

&) () = GE(FH ()i A)

= exp : > (ﬁ <— S (FEEONG + k) A) = 1) f(kA)A) - 1) A} :
i=1

k=0

where the z(.) is replaced by F&"(z()]i A) in GEZ‘;. O

4. Convergence of probability generating functionals

In this section, we will prove the convergence results of the p.g.fl.s between the INARMA
models and the cluster point processes.
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4.1. Dynamic contagion process and INARMA model

The p.g.fl of the generalized dynamic contagion process is given by

T T—u
GPEP)(z()) = exp { 0 / <h <— / (F® O +v)—1) f(v)dv) — 1) du}
0 0

T—u (23)
F Ol = z(u)g (— f (FP Ol +v) — l)n(v)dv> :
0

The p.g.fl of the INARMA model with specific parametric setting in Theorem 3.1 is given by

G4 (2()) = exp {p > (fz (— S FEEIEOIG + I A) — 1)f(kA)A> - 1) A}

i=1 k=0

FE (i) = 21 A)8 (- D (FEOIG + k) A) — l)n(kA)A) .

k=1
(24)

Lemma 4.1. If r(u) is an Riemann integrable function over an interval [a, b] such that r(u)
is bounded and the set D, the discontinuities of r(u), has Lebesgue measure 0, then there exist
positive constants M and k that satisfy the following inequality

b
/ r(w)du — R,| < MA* ~ 0(AY, n >0, (25)
where
e n - number of subintervals over [a, b] which has the partition {xg, x, ..., X,} such that
Aa=X) <X <+ <Xp_1 <X, =Db

o R, = Z:’:I r(t)A;, where x; € [x;_1,xi], A; = x; — xi_1 and A = max;—; _, 4A;

.....

Proof. From the definition of Riemann integral, for every € > 0, there exists 6 > 0 such that

b
/ r(u)du — R,

Then conversely, for every choice of §, there exists € such that the above inequality holds and
it converges to 0 when § — 0 from which we can infer that the € is the function of A with
a positive power. Then we let § = A and let € = M A* > 0 for some positive M and k such
that the above inequality also holds for the case of equality . [

<€, for A<3.

Proposition 4.1. Let © be the parameter space to specify the generalized dynamic contagion
process and the INARMA model and z() € Vo(R.). There exists a positive constant k such that
the rate of convergence for the absolute difference of the log p.g.fl.s between the generalized
dynamic contagion process and the INARMA model is given by

DPP(2(), A16) = [log G P (z() — log G(Z)z()| ~ 0(4Y)

(26)
lim DPCP)(z(.), A|©@) = 0.

Proof. See Appendix A.3. O
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Corollary 4.1. Let O be the parameter space to specify the Cox process and the INMA model
and z(.) € Vo(Ry). There exists a positive constant k such that the rate of convergence for the
absolute difference of the log p.g.fl.s between the Cox process and the INMA model is given
by

DO(z(), A|0) = |log G(z()) — log G4 (z())| ~ O(AY)

27
lim D©(z(.), A|©) = 0. &7

Proof. See Appendix A.4. O

Corollary 4.2. Let © be the parameter space to specify the Hawkes process and the INAR
model and z() € Vo(Ry). There exists a positive constant k such that the rate of convergence
for the absolute difference of the log p.g.fl.s between the Hawkes process and the INAR model
is given by

D(z(), A|©) = |log G (z(.)) — log Gy (z())]| ~ O(AY)

28
lim D (z(.), A|©) = 0. 28)

Proof. See Appendix A.5. O

5. Links between the INARMA models and the cluster point processes

In this section, we will construct a family of random measures {N,},—; > on B(ND’{Jr)
by aggregating the integer-valued time series and explain how the discrete time models can
mimic the behaviour of those continuous time cluster point processes N. We prove that, under
the weak convergence theorem, N, will converge weakly to N as n — oo.

5.1. Preliminaries and definition

As discussed in the previous section, we can always fix a bounded area [0, T] and choose
a number n > 0, large enough. Then a continuous point process N((0, T]) can be treated
as the sum of the bin-size count {N((t — 1)A,tA)},—1_, with A = % Conversely, for
example the INAR model, we let the sequence {X,},—;
count {N((t—1A, tA)}—....
models carefully and if n is large enough, we would expect the aggregation of the integer-valued
time series can approximate the continuous cluster point process.

,,,,,

Definition 5.1. For n > 0, let {X,},=1..n, {Yi}i=1...» and {Z;},=1... . be the INAR sequence,
the INMA sequence and the INARMA sequence defined in Section 3 with the parametric setting
A= % oo =vA, o = xintkA)Afork > 0,8, = 1; f(jA)A for j > 0and u = pA. Define
the following three families of point processes,

N@A) = )y X

AAAAA

t:tA€A
NOA =Y, (29)
titA€A
NP = )z,
1t A€A
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where A is a bounded set in B(R;) and T is a constant such that 7 > sup A. The joint
distribution of these point processes is uniquely determined by their p.g.fl.s derived in Section 3.

The idea here is basically followed from Kirchner [27]. To prove the weak convergence,
he defined the INAR model and constructed a family of point processes N2 by aggregating
the INAR sequence over A € B(R), the Borel o-algebra on R. Then he proved the weak
convergence of N® to the Hawkes process N from the definition point of view, see definition
5 and Theorem 2 in Kirchner [27]. He also mentioned this can be proved in a different way by
showing the convergence of the Laplace functional of N2, In our case, we will use probability
generating functionals.

5.2. Weak convergence

From Definition 2.1 in section 2 and Proposition 9.2.1I in Daley and Vere-Jones [12], we can
say that the distribution of a random measure (point process) ¢ on (N; #+, B(N§+ )) is completely
determined by its finite-dimensional distributions. Then for the weak convergence of random
measure on N¥ | it is sufficient to prove the convergence of finite dimensional distributions,
which is established by Theorem 11.1. VII in [12].

Proposition 5.1. Let X be a complete separable metric space and let P, {P,} be distributions
on (M¥,, BIM*,)). Then P, — P weakly if and only if the finite-dimensional distributions of
‘P, converge weakly to those of P.

In our case, the state space is X = R,. Also, there is one-to-one mapping from finite
dimensional distributions to its probability generating functional. Hence it is sufficient to
prove the convergence of the p.g.fl.s between point processes. This is confirmed by another
Proposition 11.1.VIII in [12]. We only write down part of it here.

Proposition 5.2. Each of the following conditions is equivalent to the weak convergence
P, — P, assuming the function f ranges over the space of continuous functions vanishing
outside a bounded set.

e The distribution of [ v fd¢ under P, converges weakly to its distribution under P
e For point process, the p.g.fl.s G,[z] converge to G|z] for each continuous z € Vy(X)

Before establishing the convergence theorem, we need to first show the probability measures
of those point processes defined in 5.1 are uniformly tight. Here we refer and combine the
results of Lemma 1 and 2 in Kirchner [27]. We also derive a similar one for N{©) and N{P€),

Lemma 5.1. For any bounded interval [a, b] on Ry, we can always find a constant T > b
and define A = % € (0, 8) for some constant § > 0 as long as n > [%] Let N\ pe the point
process defined in 5.1 Then there exists a constant B'") such that

E[N([a, b])] < (b — a + 28)vBH)
g _ A=K7, ifK <1
14+ K+ K>+---+K™), otherwise (30)

K=y ) kA
k=1
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Proof. The coefficients (b — a + 28)v denote the upper bound of the expected number of
immigrants over the fixed time interval [a, b], whose derivation is given in Kirchner [27]. In the
stationary case where the branching ratio K < 1. The expected size of a cluster for INAR(c0)
over a long time horizon is evaluated as (1 + K 4+ K?+---) = (1 — K)~!. In the non-stationary
case, since the offspring is produced by Poisson distribution, there is a positive waiting time
before a new generation is produced. So over the bounded interval [a, b], there exists a constant
m > 0 and the size of a cluster is the sum of m generations (1 + K + K>+ ---+ K™) 0O

Lemma 5.2. For any bounded interval [a, b] on Ry, we can always find a constant T > b
and define A = % € (0, 8) for some constant § > 0 as long as n > [%] Let N\©) and N{P€P)
be the point processes defined in 5.1. Then there exist constants BY) and L(T) such that

E[N'“([a, b])] < (b — a + 28)pL(T)

31
E[NPCP([a, bD)] < (b — a +28)pL(T)B™, 31)

where L(T) = ,uT(fOT f®dt + c). The constant c is defined as ¢ = ‘fOT f()dt
— Xy k)4

Proof. From the definition of INMA model, the expectation is
ElY,] =E[Boo& + -+ Bi—10&1]

n—1
=E[&] ) E[B]
k=0

n—1

=pAY urfkdA
k=0

T
< pAur (/ f(di +c>
0
< pL(T)A.
The number of subintervals over [a, b] is [b%“] +1< % + 2. Finally we have

EIN([a,bD] = Y E[Y]

t,t A€la,b]

b—a
=< (I:Tj| + 1) pL(T)A

bma ., L(T)A
< [
A P
< (b—a+28)pL(T).
The upper bound for E[N{P“?)([a, b])] can be derived similarly as that of E[N‘")([a, b])]. We
need to replace v by pL(T) O

Lemma 5.3.  The families of the probability measures PC, P{H) PPCP) o (./\/Dir, BWE, ))
corresponding to the point processes N,EC), N,EH ), NP CP) respectively are uniformly tight.
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Proof. For any bounded interval [a, b] on R, we can always find a constant 7 > b and
define A = % such that A € (0, §) for some constant § > 0 as long as n > [%] To show the

tightness, for every € > 0, we can let M) = (b —a + 28)%([”, MO = (b—a+28)pL(T)!
H
and MPP) = (b — a +28)2LDEY quch that

E[ND([a, b BH)
PN (ia, b)) > M) < S UG PDL oy VB
n € M(H) M(H)
€ €
(©) _
PIN(la. b)) > M©) < E[N”Mgf)’ D G- L?If))pL(T) —e
E[NPP([a, b])] pL(T)BH)
P(NISDCP)([G’ b]) > ME(DCP)) = M(H) < (b —a+ 28)W = €
€ €

Here we apply the Markov inequality. [

Theorem 5.1. Let N N©O NDPCP) pe the Hawkes process, the Cox process and the
generalized dynamic contagion process defined in Section 2. For n > 0, let N\®), N{© and
N{PCP) pe the point processes defined in 5.1. Then we have the following weak convergence
results

N 2 )
NIEC) e NGO (32)

N,EDCP)—W> NPEP) a5 n — 0.

Proof. Uniform tightness of the three families of point processes is followed by Lemma 5.3.
From the preliminaries in Section 2, the distribution of a random measure N on ./\/]gJr is
completely determined by the finite dimensional distributions see Proposition 9.2.1II in [12],
i.e. the joint distribution for all finite families of bounded Borel sets Aj,..., Ay on Ry of
the random variable N(A;), ..., N(Ay). From the tightness lemma, it is clear that all finite
dimensional distribution for the point processes N’ restricted to [a, b] are uniformly tight.
Consequently, there always exists a constant 7 > b such that we can uniquely describe the finite
dimensional distributions by its probability generating functional on the bounded area [0, T'].
Combining the convergence results in Proposition 4.1, Corollaries 4.1 and 4.2 in Section 4,
i.e. the absolute difference of the log p.g.fl.s between the point processes N and N goes to
0 as A — 0, equivalently n — oo

Tim [log G™(2() ~ log G} ()| = 0
Tim [log G()) ~ log G4)()| =0
lim [log GP°P(2()) — log G&)(z()| =0,

we can now apply Proposition 5.2 and state that the families of point processes N\, N(©) and
NPCEP) converge weakly to NH), N© and NPCP) respectively as n — co. [0

6. Concluding remarks

In this paper, we review the continuous cluster point process in a general parametric setting.
Then we review the Poisson thinning INAR model and introduce the Poisson thinning INMA
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and the INARMA models. We prove that these integer-valued time series models, under some
specific parametric setting, are actually the discrete versions of the cluster point processes
N,(') with continuous stochastic intensity )»5'). We confirm Kirchner’s thought in [27] on the
relationship between the INARMA model and the dynamic contagion process. If there is
a simple and effective estimation procedure for the INARMA model, for example the one
Kirchner did in [28] for the INAR model, then the dynamic contagion process can be applied
to those Hawkes-based processes. However, there are some potential issues left to be addressed.
For example, can we make use of the structure standard ARMA model to perform estimation
for the integer-valued version? How can we deal with random variables in the coefficients of
time series models (random coefficients)? These are all proposed as topics for future research.
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Appendix. Proofs

A.l. Proof of Proposition 2.1

The Cox process is basically a cluster point process such that,

e The arrivals of cluster centres ¢; follow N* ~ Pois(p) a homogeneous Poisson process
e Conditionally on c;, each cluster centre will generate a cluster, the size of which follows
Nj ~ Pois(T; f(T — ci)).

Vere-Jones [34] gives the p.g.fl of a cluster process as
G(z() = Go(F(z()Ir)), (33)

where G(() is the p.g.fl of the process of cluster centres and F(z(.)|¢) is the p.g.fl for a cluster
given that the cluster centre occurs at time t. Combining the second bullet point, we have

FO@z)e) = Elexp f log z(s)N;(ds)]
Ry

T
=Eexp { Ti/ f(s —o)z(s) — l)ds}

T—c

= Eexp { T; fw)(z(c +u) — 1)du}
0

T—c
=h (— / F)(z(c + u) — 1)du) :
0
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Hence the p.g.fl of the Cox process is

G%:() =E [exp f

Ry

log F(C)(z(-)IC)N*(dC)]

T
= exp {p/ (FO@IO)e) — l)a’c}. O
0
A.2. Proof of Proposition 2.2

The generalized dynamic contagion process is a cluster process,

e The arrivals of immigrants follow the Cox process with intensity Aﬁc).

e Each immigrant generates a Galton—Watson type branching process with expected branch-
ing ratio iy fooo n(u)du < 1. The cluster is formed by including all generations from the
branching process.

Let ]—',(C) be the filtration generated by Aﬁc). Conditionally on }',(C), the p.g.fl of the generalized
dynamic contagion process is just the p.g.fl of the Hawkes process with its immigration process
being an inhomogeneous Poisson process. Then we can apply Theorem 2 in [20]

T
GOIF) =exp { f (FI(z()u) — 1) AEPdu}
0

T—u
F () = z(u)g (— / (F™ Ol +v) — l)n(v)dv) .
0

The underlying intensity function is A, = v + ), _, y(t — ;) in [20]. In our case, we are
working on the bounded area [0, T] and 1 — A(u) '= 0 when u lies outside [0, T]. By the
definition of p.g.fl, F(z(.)lu) = 1 when u lies outside [0, T']. The ranges of integrals for
G(z(.)|}",(c)) and F(z(.)|u), therefore, reduce to [0, T'] and [0, T — u] respectively. Then
we substitute y (¢ — ;) with x; f(r — 1;) and take expectation with respect to y;. Finally, the
unconditional p.g.fl of the generalized dynamic contagion process is E[G(z(.)|]—',(c))], which
turns out to be the p.g.fl of the Cox process. Then we can apply the results from Proposition 2.1

T
GPP () =FE [exp { / (F™@()u) — 1)A;C>du”
0
T T—c
= exp {,0/ <h <—f (FO () +¢) — 1)f(u)du> - 1) dc}. O
0 0
(34)
A.3. Proof of Proposition 4.1

Let us define the following quantities
T ~
I =/ h(Ir(u))—1)du
=), (i =1)
T—u
L(u) = / (1 = FEOlu +v) f(v)dv
0

Ry =) (h(h(i — 1HA) - DA
i=1
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n—i+1

Ryi)= Y (1= F™MOIk +i — DA f(k— DA
k=1

n—i+l1

Ry@i)= Y (1= F¥ Ol +i — DAY f((k— DA
k=1

Ji:/f’vx

T—i At n—i
/ (FP GO+ v) — Dn)dv — Y (FP GO+ v)nkA)A
0

k=1

Then DPCP)(z(.), A|O) can be decomposed as

DPEP((), A16) = |log GPP(z() — log G &) ()

T n
p; /0 (h(Dw) — D — 3 (h(Rs(@) — 1A

i=1

Ry =Y (h(Rs(i)) = DA

i=1

<p +p .

T
/ (h(I(u)) — du — R,
0

(35)

Here we add the inter-median term R; which is the Riemann sum of its corresponding integral.

Then apply Lemma 4.1 to the first part

T
/ (@) — Ddu — Ry | ~ 0(4"),
0

For the second part, we make use of the property of the convex function h(u) such that

> (G = DA) — DA = (h(Rs(i)) — DA
i=1 i=1
<Y LG = DA) = R3(i) pr A
ijl (36)
< Y (G = 1DA) = Ry(i)| pr A

i=1

+ Y IR(i) = R3(i) ur A,

i=I

Ry =) (h(RS3(i) — HA

i=1

which again separates into two parts. For the first part, apply Lemma 4.1

DB = DA = Ro(i)| jr At ~ O(A2),
i=1
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For the second part,

n—i

|Ry(i) = Ra()| = Y |[FP Ok + ) A) = FEI(O)IKk + ) A)] fkA)A
k=0

n—i

< A Y |[FPCOIK +)4) = FE Ok + ) A)]

k=0

< Y [FDOKA) = FE () k)|

k=0

.....

For the absolute difference | F*)(z(.)[kA) — FX(z()|kA)
i=n,
[FH(z()InA) — F¥(z()[nA)| = 0.
Wheni=n-—1,
|[FH ()l — DA) = FEz(O)l(n — DA,

<2 = DA (18(~11-1) = &=Ru-D| +1§(=Ru1) = &(=R;_)))
1
< Ju 4 Yk DIFP O = 14+ K)4) = FEGOI0n — 1+ k) A)|A
k=1

, we can solve it backwardly. When

n—1,
where we use the condition z(.) € Vy(R,) and z(u) < 1,u € (0, T). Then wheni =n — 2,
|[FP(z(O)l(n —2)4) = F¥ ()l = 2)2)],

< z2((n —2)2) (18(—=1,—2) — §(—Ru—2)| + [8(—=Ry—2) — §(—R%_,)|)
2

< i+ Y kD) FPEOI0 =24 k)A) = FX¥ GO0 — 2+ k) A) A
k=1
< Ju—2 + Ju—1ly n4)A
= Jo2+ 0(AST) ~ 0(4b).
Note that J; is the absolute difference between the Integral and its Riemann sum, hence we
can apply Lemma 4.1

Ji < M; AB < M' AR ~ 0(4%)
M' = max M;.

Wheni=n—j,j=1,2,...,n,
|[FP Ol — j)A) — FE () — j)HA)],
< z2((n = N (18(—1n—j) — 8(=Ru_ )| + 18(—Ru_j) — 8(—R}_))I)

J
< Juj+ Y kD FP O — j+0A) = FE 0l — j + ) A) A
k=1
= Juej + JOART) ~ 0(A5).
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Then the whole sum becomes

D IFMGEO)iA) = FX(z()]iA)| A
=0 (37)

n—1
< A (F+i0(ARTh) ~ 0(AR).
i=0
Then the second part in Eq. (36) becomes

D IRy = Ra@)l prA <y (fmA S IFPEOkA) - F(X'l><z<.>|kA)|>

i=0 i=1 k=0
X mrA~ 0(AM).

Finally, let k = min{ky, ko, k3}. O
A.4. Proof of Corollary 4.1

The results follow from Proposition 4.1. The p.g.fl of the Cox process G') can be derived
from the p.g.fl of the generalized dynamic contagion process G‘P?¢?) by letting n(u) = 0 such
that F*)(z(.)) becomes

Fz(O)lu) = z(w)g(0) = z(u).

Similarly, GEZ’)) can be derived from GEZ")) by letting FX»(z(.)|i A) = z(i A). Then D©(z(.),
A]©) will have the same form as Eqgs. (35) and (36) such that

DOG). A16) = | og GO — log G0

T n
=p / (h(I(u)) — Ddu =Y (h(R3(i) — DA
0

i=1

Ry =Y (h(Rs(i)) — HA

i=1

T
<p /0 (h(L(w)) — Ddu — Ry | +p

+0 ) b — DA = Ry pr A

i=1

T
<o / (D) — Ddu — R,
0

+0 ) IR(i) = R3(i) pr A
i=1

~ 0(A) + 0(4%),

where R»(i) — R3(i) = 0 since FU(z()|iA) = z(i A) = FX"(z(.)|i A). Finally, we can take
k = min{k;, ky}. O

A.5.  Proof of corollary Corollary 4.2

Similarly, this result follows from Proposition 4.1. From the p.g.fl.s point of view, G

can be recovered by replacing p and ﬁ(— fOT_”(F(H)(Z(.)m +v) — 1)f(v)dv) by v and
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F™(z()|u) in GPCP) respectively. G\%) can be derived from G\%) in a similar way. Then
D) becomes

n

T
D™(z(), A|@) = v / (FP GO u) — Ddu — Y (FX(z()]id) — DA
0 i=1

n

T
<v / (FPz()|u) — Ddu —§ (FPO)id) - 1A
0

i=1

+ v Y (FDEOIA) = DA =Y (FX(O)liA) - DA

i=1 i=1

Adopting the similar technique as in Proposition 4.1, we add the term > ;_,(F D (z()iA)—-1)A
which is the right Riemann sum of the integral. Then we can apply Lemma 4.1

T n
/ (FD @O = Ddu — Y (FP(()]i 4) = DA| ~ 0(4Ak), &y > 0.
0

i=1

The second part is

Y FWEOEA) = DA =Y (FEI(:())id) - DA

i=1 i=1

<Y IFPEONA) — FAEO)iA) A ~ 0(AR).

i=1

This result follows from the inequality (37). Finally, we can take k = min{k;, k,}. [
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